33. Binomial Distribution

Exercise 33.1
26. Question

A man wins a rupee for head and loses a rupee for tail when the coin is tossed. Suppose that he tosses once and quits if
he wins but tries once more if he loses on the first toss. Find the probability distribution of the number of rupees the
man wins.

Answer

Let X be the number of rupees the man won/lost.

Let n be the number of throws required to get a head.

We have two cases, that is

(i). The man tosses once, head comes up, and he quits. (head means he won)

(ii). The man tosses once; tail comes up then he tosses again, tail comes up. (tail means he lost)

(ii). The man tosses, tail comes up then he tosses again, head comes up. (tail means he lost & head means he won)
In Case (i),

The man tosses once, head comes up, and he quits.

Here, number of throws (n) =1

Amount won/lost (X) =1
1
Probability, P(X) = 2

In Case (ii),
The man tosses once; tail comes up then he tosses again, tail comes up.
Here, number of throws (n) = 2

Amount won/lost (X) = -2

R

1
Probability, P(X) = 2 X

1
= Probability, P(X) = 1

In Case (iii),

The man tosses once, tail comes up then he tosses again, head comes up.

Here, number of throws (n) = 2

Amount won/lost (X) = 0

Probability, P(X) Ll
. : — =
robability, 5 %5

1
= Probability, P(X) = 2

We have the table:

Number of throws (n): |1 (2|2
Amount won/lost (X): (1|0 -2
Probability, P(X): 11171

2 4

Thus, the probability distribution is



X P(X)

-2

e | e | e

Hence, the answer is obtained.
27. Question

Five dice are thrown simultaneously. If the occurrence of 3, 4 or 5 in a single die is considered a success, find the
probability of at least 3 successes.

Answer

Let p denote the probability of getting 3, 4 or 5 in a throw of dice.
Let us find out the value of p.

We know, a dice has 6 faces numbered 1, 2, 3, 4, 5 and 6.

So, the probability of getting a 3, 4 or 5 is given as,

If p denotes the probability of getting success, then let q denote the probability of not getting success.
We can say,

p+qg=1

=2q=1-p

1
=>q=1—£

1

Let X denote the number of successes in the throw of five dice simultaneously.
Let there be total n number of throws of five dice simultaneously.
Then, the probability of getting r successes out of n throws of dice is given by,
P(X=r)="Cpq""
Now, substitute the value of p and q in the above equation.
Also, put n = 5 (Since there are 5 dice throw)
oL\
P =0 =¢.(3) (3)
Now, the probability of getting at least 3 successes is given by
Probability of getting at least 3 successes = P(X = 3) + P(X =4) + P(X = 5)
Thus,
G el
2 “\2
3 2

- 1 1 - IVl - 1371
= Probability of getting atleast 3 successes =° C, (5) (5) +°C, (E) (E) +°C5 (E) (E)

- 1
Probability of getting atleast 3 successes => C, (E)

= Probability of getting atleast 3 successes
4+1
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5+0



S BNV 7 By 1®
= Probability of getting atleast 3 successes = 2 3') ( ) (ﬁ) (E) + (ﬁ) (E)

u

5

Probability of getting atleast 3 -0 (25 6G) +()
= Probability of getting atleast 3 successes = X 1 %3l 71 2 2

1

= Probability of getting atleast 3 successes = E) [10+5+ 1]
1

= Probability of getting atleast 3 successes = (ﬁ) x 16

1
= Probability of getting atleast 3 successes = >

Thus, the probability of getting 3 successes is 1/2.
28. Question
The items produced by a company contain 10% defective items. Show that the probability of getting 2 defective items in

]

-

a sample of 8 items is 28x9 .
10°

Answer
Let p be the probability of getting defective items out of 100 items.

And according to the question, the items produced by a company contain 10% defective items.

So, p = 10%
10

P~ 700
1

“P= 10

And also, aswe knowp +gq=1

If p is the probability of getting defective items out of 100, then q is the probability of not getting defective items out of
100.

=q=1-p
=:-q=1—i
10
10-1
REEET
9

Let X be the number of defective items drawn out of 8 items. (Since 8 is the sample size)

Then, the probability of getting r defective items out of 8 items is given by,
P (X - r) = ncrprqn—r

We know that, n = 8

1

P=70
9

LT

Put all these values in the previous equation.

r 8-r

1 9
0=t ) G
X=n="C({35) (1o
Then, the probability of getting two defective items out of a sample of 8 is given by putting r = 2.

Now,



2

-, (1 (3)

8-2

10/ \10
8! 1127918
=PX=2)= (S—Z)EZEX(E) (E)
g 1 9
=PX=2)=——

o X —
612! 102 10%

8x7x6l 1 96
= PX=2) = — o X s ¥ g6

6

9
=>P(X=2)=28XW

28 x 9°

=PX=2)= o8

28x9°
10

Thus, the probability of getting 2 defective items out of a sample of 8 items is

29. Question

A card is drawn and replaced in an ordinary pack of 52 cards. How many times must a card be drawn so that (i) there is
at least an even chance of drawing a heart, (ii) the probability of drawing a heart is greater than 3/4?

Answer
We know that there are 52 cards in a pack of cards.
And there are 13 cards of each suit.

Let p be the probability of drawing a card of heart from a pack of 52 cards.

Then,
13
P=52

[ there are 13 cards of heart in the pack]

Also,p+qg=1

Where if p is the probability of getting a heart out of 52 cards, then q is the probability of not getting a heart out of 52
cards.

ﬁq:l_p

Putting the value of p in the above equation, we get

L1
=q=1—--
q 4
4-1
=q=—
=73
3
=q=-
1=3

Now, let the card be drawn n times.
And let X denote the number of hearts drawn out of a pack of 52 cards.
Then, the binomial distribution is given by,

P(X=r)="Cpq"'

Putting p = :t and q = % above, we get

P(X=1) ="C, G)l &)

4

Wherer=20,1,2,3...n



(i). We need to find the number of times a card can be drawn so that at least there is an even chance of drawing a heart.

In simple words, since n is the number of times a card is drawn, we need to find the smallest n for which P (X = 0) is less
than 1/4 satisfies. (p = E)
4

So,
1
P(X=0) <3

From equation A, we have
1 0 3 n—0 1
el 6 <
°\4/ \4 4

(n— 0)'0') x1x G)n < %

o
G)x() <3
(

3\ 0
<
)

=

I

1
. Z
4
n

(3) < 0.25
=3 .

First, put n = 0.

34,0
(E) < 0.25
= 1<0.25

But1 < 0.25

Now, put n = 1.

g1
(E) < 0.25

= 0.75 < 0.25
But 0.75 « 0.25

Now, put n = 2.
3 2
(Z) < 0.25
= 2 < 0.25
16
= 0.5625 < 0.25
But 0.5626 « 0.25

Now, put n = 3.

33

(3) <0.25

= E < 0.25
64

=0.42 < 0.25

But 0.42 « 0.25

Now, put n = 4.

4

(3) < 0.25
3 .



81 < 0.25
=_—<0.
256

= 0.31 < 0.25
But 0.31 < 0.25

Now, put n = 5.

= 0.23 < 0.25
Thus, smallest n = 5.
.., we must draw cards at least 5 times.

(ii). We need to find the number of times a card must be drawn so that the probability of drawing a heart is more than
3/4.

If P (X = 0) is the probability of not drawing a heart at all.
Then, 1 - P (X = 0) is the probability of drawing a heart out of 52 cards.

According to the question,

3
Probabality of drawing a heart > 2

3
=:-1—P(X=O)>Z

0 n—0

-s-eefl 7>
:l—[(n%{;)!o!xlx(gnl}%

L Il!xlx(?r)n >3
n! 4 4

4
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4
(3)11< l
= (= Z
4 4
(3)11 < 0.25
== .
4

First, putn = 0.

340
(Z) <025
=1<0.25

But 1 <« 0.25

Now, put n = 1.



g1
(Z) < 0.25

= 0.75 < 0.25
But 0.75 « 0.25

Now, put n = 2.
3 2
(Z) < 0.25
= 2 < 0.25
16
= 0.5625 < 0.25
But 0.5626 « 0.25

Now, put n = 3.

3

(3) < 0.25
2 .

27 <0.25
=—<0.

64
=0.42 <0.25

But 0.42 « 0.25

Now, put n = 4.

3 4

(Z) < 0.25

= E< 0.25
256

=0.31<0.25

But 0.31 « 0.25

Now, put n = 5.

() <ozs
2 .
243 < 0.25
= — .
1024
= 0.23 < 0.25
Thus, smallest n = 5.
., we must draw cards at least 5 times.
30. Question

The mathematics department has 8 graduate assistants who are assigned to the same office. Each assistant is just likely
to study at home as in the office. How many desks must there be in the office so that each assistant has a desk at least
90% of the time?

Answer

Let X be the number of a graduate assistants.

=>X=28

Let p be the probability of the assistant studying at the office.

Then, g be the probability of the assistant studying at home.

According to the question, each assistant is just likely to study at home as in the office.

1



Also, we know that (p + q) = 1.

=2q=1-p

=:-q=1—E

2

R _2-1

1=
R 1
1=3

Now, let there be k number of desks in the office.

We need to find the number of desks in the office so that each assistant has a desk at least 90% of the time.

PX<k) > %0
- i
100

—P(X=k) < 20
= 100

- P(X<k) <1——D
= 100

P(X>Kk) < 10
= 100

=P (X>k) <0.10

Now, we must find a value of k that satisfies the above equation.
Clearly,

P(X>5)=P(X=60orX=7o0rX=28)

= P(X = 5) _8 C6p6q8—6+8C7p?q8—7+8csp8q8—8

[
=k) =" C,.p*q" ¥, where n is the total number of entity & k is the number of successses out of n entity]

-rs2 -0 (3 (0 o ) €) e () )

]

0

= P(X >5) Scé( ) +9c7( ) +9c8(%)

= 6)6) ((8 87')r7r) ((8—8&!!)!8!)]

8

-G
-9 - (3) [(z7g) + (77 + ()]
- o9 = () (V) + (57
= pe>5) = (2) e e
= px> 8) = () x37
=PX=>5)= 23576

=P (X>5)=0.14
Also, P (X>6)=P(X=7o0rX=28)

= P(X > 6) =* C,pq" 7 +2Cop° 2



8

1 a
8 _
+ Cs(z)

~ P(X>6)=2C, G)

= P(X>6) =

(8— 7)'7’) ((8 SEII)'S")]

(
() + s
(

o
ros0-()
s - (Qf[552)+
px>6) = (3) B+
- px> 6= (2) %9
~P(X> 6) =

=P (X >6)=0.035

P(X>6)<0.10
Hence, if there are 6 desks, then there is atleast 90% chance for every graduate assistant to get a desk.
31. Question
An unbiased coin is tossed 8 times. Find, by using binomial distribution, the probability of getting at least 6 heads.
Answer
Let x be the number of heads in the tosses.
Let n be the total number of tosses.
Then, binomial distribution is given by
P (X =x) = "Cyp*q"*
Wherex=1,2,3,...,n
Here, p = probability of getting a head.
And q = probability of getting a tail.

1 1

=)p=§&q=—
Then,

1\ 1
P =" C(3) (5)

We need to find the probability of getting at least 6 head.

n—x

Then, x = 6, 7, 8 [ there are 8 number of tosses]

First, puttingn = 8 & x = 6. We get

P(6) =* Cq G)ﬁ G)
= P(6) =% C, G)é @
= P(6) = (ﬁ) X @

= P(6) = (%) X @

8-6

2

8



8

-0~ (5 )% (3

= P(6) = 28 x G)g (D)

Now, puttingn = 8 & x = 7. We get

P(7)=*C, @7 G)
=P(7)="¢, G)? @
= P(7) = (ﬁ) * G)
= P(7) = (¥) % @8

S P(7) =8 x (2) i

8-7
1

3

Now, putting n = 8 & x = 8. We get

o () ()

-ro=+a )

]

8-8

1]

= P(8) = C, G)

8

*® = (=g9) <)
= e —
(8—8)!8! 2
= p(g) = (1) i
2
The probability of getting at least 6 heads is given by

Probability = P(6) + P(7) + P(8)

Substituting values in (i), (ii) & (iii) in above equation. We get

24 18 24

. 1
= Probability = 28 x (E) +8x (5) + (E)

]

= Probabili ( [28 +8 + 1]

ty =
= Probability = (

)
2
18
E) X 37
7

3
= Probability = 256

Thus, the probability of getting at least 6 heads is %

32. Question

Six coins are tossed simultaneously. Find the probability of getting
i. 3 heads

ii. no heads

iii. at least one head

Answer

Let p be the probability of getting a head in a toss.



If p is the probability of getting a head in a toss, then q is the probability of getting a tail in a toss.

Wehavep+q=1

=q=1-p
1
=>q=1—£
- _2—1
1=
1
=:-q=£

Let X denote a random variable representing the number of heads in 6 tosses of coin. The probability of getting r heads
in n tosses of coins is given by

P (X =r)="Cpq""

We know the values of n, p, and q.

n==6
1
P=3
1
1=3

We can re-write the binomial distribution as,

Pix=p =, (2) (3)6_1‘ (A)

2
(i). We need to find the probability of getting 3 heads.
It is given by,
Probability = P (X = 3)
So, putting r = 3 in equation (A). We get
6-—3

1\* 71
Probability =° C, (5) (5)

3

1y 1
= Probability =5 C, (E) (E)

= Probability = (ﬁ) @

6! 1
= Probability = (ﬁ) (5)

(6)(5)(4)(3!) (1)
3'x3x2 X 2

&

3+3

6

6

= Probability

1

= Probability = 20 x (E)
Probabili _20
= Proba 11‘cy—64

Probability = >

= Probability = 16

Thus, the probability of getting 3 heads out of tosses of 6 coins isi.

(ii). We need to find the probability of getting no head.



It is given by,

Probability = P (X = 0)

So, putting r = 0 in equation (A). We get
1]

1\% /1
Probability = C, (5) (5)

= Probability = (ﬁ) @

6

106
= Probability = (E)

1
= Probability = 7

Thus the probability of getting 0 heads out of tosses of 6 coins isé—l.

(iii). We need to find the probability of getting at least 1 head.

It is given by,

Probability =P (X=1)+P(X=2)+P(X=3)+P(X=4)+P(X=5)+P (X=16)
Or

Probability =1 -P (X = 0)

Let us use the shorter formula.

We know from the result of part (ii),

1
P(X=0)=—
( ) 64
Using this result, let us find out the probability of getting at least one head.
Then,
Probabili 1 !
robability = od
4—-1
64

63
= Probability = 7

6
= Probability =

Thus, the probability of getting at least one head is E.

33. Question

Suppose that a radio tube inserted into a certain type of set has probability 0.2 of functioning more than 500 hours. If
we test 4 tubes at random what is the probability that exactly three of these tubes function for more than 500 hours?

Answer
Let p be the probability of the tube to function for more than 500 hours.

This probability is given as 0.2.

=>p=0.2
2

=p=—

P=710
1
=p=—
P=3

If p is the probability of the tube to function for more than 500 hours, then q is the probability of the tube to not function
for more than 500 hours.

=p+qg=1



=q=1—-
5—-1
=q= £
4
=q=-
1=5

Let X denote a random variable that represents the number of the tube that can function for more than 500 hours out of
the total 4 tubes.

And let n denote the total number of tube taken in the sample, that is, 4.

Then binomial distribution for r tube to function more than 500 hours out of 4 tubes is given by,
P(X=r)="Cpgnr

Puttingn =4, p =2and q = - above, we get

rmn -t (3 ()

We need to find the probability that exactly 3 tubes will function for more than 500 hours.

So, put r = 3. We get

(5

= P(X=3) 4c3() (g

3 4-3

P(X = 3) =* C, (1)

3

)
((4 3).3.)><(;) x()
= p0t=3) = (o) () = (2)
= px=9= (252« (5) x (3

4 x4
5Exbxbxb

=P(X=3)=

=P(X=3)=
=P(X=3)=—

Thus, the probability that exactly 3 tubes will function for more than 500 hours is g.

34. Question

The probability that a certain kind of component will survive a given shock test is 3/4. Find the probability that among
the 5 components tested

i. exactly 2 will survive
ii. at most 3 will survive

Answer

Given that, a certain kind of component will survive a given shock=2

Let p be the probability that component survives the shock test.

Then,
3
P=%

If p is the probability that component survives the shock test, then q is the probability that the component doesn’t



survive the shock test.

=p+q=1
:q:l_p
3
=>q=1—g
4-3
=>q=T
1

Let X denote a random variable that represents the components that survive the shock test out of the 5 components
tested.

The probability that r components out of n components survive the shock test is given by the binomial distribution.
P(X=r)="Cpq"'

Here, n = 5 (sample components tested)

_3
P=3
Andq:i

We can re-write it as,

_ Ty 53-r
— ) =5 2) (2 (A
P(X=1) =>C; (4) (4.) ()
(i). We need to find the probability that among 5 components tested exactly 2 will survive.

Then, put r = 2 in equation (A). We have

-0, ()

s+ )

=P(X=2)= (ﬁ) X G) X Gj

= 70=2) = (577) * (55) (&4

5% 43! 9
:P(XZZ):( 3% 2 )x(1024)

5-2

3

3

9
=>P(X=2)=10Xm

90
1024

=P(X=2)=
=P (X =2)=0.0879

.., the probability that exactly 2 components out of 5 will survive the test is 0.0879.

(ii). We need to find the probability that among the 5 components tested at most 3 will survive.

So, this can be give in two ways:

(a). Probability that out of 5 components at most 3 will survive =P (X=0)+P(X=1)+P(X=2)+P(X=3)
(b). Probability that out of 5 components at most 3 will survive =1 - [P (X =4) + P (X = 5)]

Let us solve it by using the formula in (b).

So, let us find out P (X = 4).

Putting r = 4 in equation (A), we get



4

-0 )

::-P(X=4)=((5 4)r4r)x( ) ( )

-r-0- ()0 )

Srx=9-5x(3) x(3)

5-4

Now, let us find out P (X = 5).

Putting r = 5 in equation (A), we get

P(X=5) =° C; @ G)
= P(X=5) = (ﬁ) X @ X G)

=:-P(X=5)=1><G)5

4]

Using the values of P (X = 4) & P (X = 5) in formula (b), we get
probaiiy = 1 - |[ 5:x (2) x (2) |+ (2)
robability = X 3 X 2 2

5 X 3‘L 8
= Probability =1 — + )

4

(8
- iy =) )+ )
06

= Probability =1 —

Probab 1 162

= Probability = 256
Probabili 256 — 162

= Pr =
robability 256
Probab o

= Proba 11ty—256

= Probability = 0.3672
", the probability that out of 5 components at most 3 will survive is 0.3672.
35. Question

Assume that the probability that a bomb dropped from an airplane will strike a certain target is 0.2. If 6 bombs are
dropped, find the probability that

i. exactly 2 will strike the target.

ii. at least 2 will strike the target.

Answer

We have been given that, the probability that a bomb dropped from an airplane will strike a certain target is 0.2.
Also, that 6 bombs are dropped.

Let p be the probability that a bomb dropped from an airplane will strike a certain target.

Then, q is the probability that a bomb dropped from an airplane will not strike a certain target.

=>p=0.2



2
=p=—
P=710
1
=p=-
P=53

We know that,p+qg=1

=q=1-p
=2q=1-—=
5—-1
=g=——
1=75
_4
ﬁq_B

Let X be a random variable the represents the number of bombs that strike the target.
Then, the probability that r bombs strike the target out of n bombs is given by,
P(X=r)="Cpgr

Wheren =6

Let us put the values of n, p, and q in the above equation.

Probability =¢ ¢, (£)’ (3)6_1' (A)

(i). We need to find the probability that exactly 2 will strike the target out of 6 bombs.
Probability is given by,
Probability = P (X = 2)

So, put r = 2 in equation (A).

‘ N I 1 2 4 6-—2
Probability =° C, A

2 4

14“ 4
= Probability =° C, (E) (E)

= Probability = (ﬁ) X @2 8 @

= Probability = (%) X (é)z X @

= Probability = (M) X (E)z % (E)

4

4

4

41 x 2 5 5
Probabili 3x5x4*
= Probability = £2 5 5t
N 3 x 4%
= Probability = 55
Probabili 768
= Proba 11ty—3125

= Probability = 0.24576

.., the probability that exactly 2 will strike the target out of 6 bombs is 0.24576.

(ii). We need to find the probability that at least 2 will strike the target out of 6 bombs.
Probability is given by,

Probability = P (X = 2)

This can also be written as,



Probability =1 -P (X < 2)
= Probability =1-[P (X =0) + P (X =1)]
Let us find the value of P (X = 0).

For this, put r = 0 in equation (A).

-0 - (4

4
=>P(X=0)=5C0><1><(g)

6—0
6

[}

¢Pm=m=(@;%ﬁﬂxG)

- roe=0)= () <(3)

&

=PX=0)= (g)

Now, let us find the value of P (X = 1).

For this, put r = 0 in equation (A).

P(X=1)=5¢, @1 @
= P(X=1)=°C, @ @

S P(X=1)= (ﬁ) * (%)
5+ (&)
E(3)
:.p(x=1)=6><(g_:)

Now, putting all these valuesin 1 -[P (X =0) + P (X =1)].

= Probability = 1 - [@6 * (6 <(2) @)]
= Probability = 1 — (g)s [@ + @]

1024\ 4+ 6
= Probability =1 — (—) [ ]

6—1

S P(X=1)

= P(X=1)

3125 5
- 1024 /10
= Probability =1 — (ﬁ) (?)
2048
= Probability =1- ﬁ
3125 — 2048
= Probability= W
1077
= Probability = 3128

= Probability = 0.345

-, the probability that at least 2 will strike the target out of 6 bombs is 0.345.



36. Question

It is known that 60% of mice inoculated with serum are protected from a certain disease. If 5 mice are inoculated, find
the probability that

i. none contract the disease

ii. more than 3 contract the disease.

Answer

Given that, the probability that the mice are protected from a certain disease is 60%.
Also, the sample size of mice =5

Let p be the probability of the mice not contracting with a certain disease.

Then, g is the probability of the mice contracting with a certain disease.

~p=60%
60

~ P~ 700
3
=p=—
P=53

And we know that,

p+ag=1
=2q=1-p
3
=>q=1—g
5-3
=:-q=T
2

Let X be a random variable representing a number of mice contracting with the disease.

Then, the probability of r mice contracting with the disease out of n mice inoculated is given by the following binomial
distribution.

P(X=r) ="Cqp""

Putting the values,

(i). We need to find the probability that none of the mice contract with the disease.
For this, putr = 0.

We get the probability as,

Probability = P (X = 0)

From equation (A),

-0, ()

5-0



:p(x=0)=(ﬁ)x”®s

- rox0- G«

= P(X=0) = @

=P(X=0)= ﬂ

3125

=P (X=0)=0.07776

-, the probability that none of the mice contracts with the disease is 0.07776.
(ii). We need to find the probability that more than 3 mice contract the disease.
So, probability =P (X =4) + P (X =5)

- Probability:5 c, @)4 (2)5_4+5C5 (2)5 (2)5—5
= Probability =3 C, @4 @ +Cs @ @0
= Probability = (ﬁ) X @) X @ * [(ﬁ) . @]

— Probability — (%) X @4 X (g)l * [(%) X @l

b blllty— _3 X (—)4— (—)5
= Pr = +
robpabpill _

2\* 2
= Probability = (E) [3 + —]

5
= Probability = (E) x (15 i 2)
56 5
= Probability = 16 X r
256 5
= Probability = 272
1280

= Probability = 0.2125
.., the probability that more than 3 mice contract the disease is 0.2125.
37. Question

An experiment succeeds twice as often as it fails. Find the probability that in the next 6 trials there will be at least 4
successes.

Answer

Let p be the probability of success in the experiment. Then, q is the probability of failure in the experiment.
According to the question,

An experiment succeeds twice as often as it fails.

=>p=2q

Butp+qg=1

=2q+q9g=1["p=2q]

=23q=1

1
=q=z



Then, p = 2q

.
=p=2x=
P 3

2
=1p=—
P=3

Let X be a random variable representing the number of successes out of 6 experiments.
Then, the probability of getting r success out of n experiments is given by,
P(X=r) ="Cp'q""

Here, n = 6,

=1 =°c,(2) () -0

3
Then, probability that there will be at least 4 successes out of 6 is given by,

Probability = P (X = 4) + P (X = 5) + P (X = 6)

G—4 6—3

Putr = 4, 5 and 6 respectively for P (X = 4), P (X = 5) and P (X = 6) in equation (i), we have
2% /1

+#3) 3

°\3/ \3

R

- sy = (3 (5.3 (.0 €

:@4 (((6 4)'4r)x %)) ((ﬁ)x@x@)
((6 66!:)'6'

)
() 0)+ (< )+ () O)

6—6

2141
Probability = 5C4( ) (5)

0

J’_

= Probability =

&1
N 16\[/6x5x4! 1y /(6x5 2\ /4
= probabilty = (57) | (G5 xa) + (5% 5) + 5]
16y115 12 4
= Probability = (a) 9 —+ 3 + 5]
16 15+12+4
= Probability = (ﬁ) x————
16 31
= Probability = a1 X 9

49
= Probability = 729

= Probability = 0.68
", the required probability that in the next 6 trials there will be at least 4 successes is 0.68.
38. Question

In a hospital, there are 20 kidney dialysis machines and that the chance of any one of them to be out of service during a
day is 0.02. Determine the probability that exactly 3 machines will be out of service on the same day.

Answer

Given that, the chance of any one of the 20 kidney dialysis machines to be out of service during a day is 0.02.



Let p be the probability of a kidney dialysis machine to get out of service.

=p=0.02
2
=p=—
P =700

Then, q is the probability of a kidney dialysis machine to not be out of service during a day.

And we know that, p+gq=1

:q:l_p
L2

=97 7700
100 -2

= q=

1= 700
98

=97 T00

Let X be a random variable that represents a number of machines out of service during a day out of n machines.
Then, the probability of r machines out of total n machines taken in the sample to get out of service is given by,
P(X=r)= ncrprqn—r

Here, n = 20 (as given in the question)

Putting the values of n, p & g in the above formula, we get

Pec=1) =2 ¢, (&) (2)7 -0

100 100
We need to find the probability that exactly 3 machines will be out of service on the same day.
So, for this, just put r = 3 in the formula (i),

P0t=3 = (757) (7

20-18

Observe the formula so obtained after substituting the value of r.

The calculation will be huge since the values of p and g are very small.

So, in this case of low probability events, we use Poisson’s distribution rather than Binomial distribution.
Then,

Poisson’s constant can be found out as,

A=np

wheren =20 & p = 0.02.

= A =20 x 0.02

>A=04

Poisson’s distribution is given as,

—A 3
et XA
P(X=r1) = —( )
r!
Putr = 3,
e 0% x 0.43
P(X=3) = 3

Look up in the table for the value of g=0-4,

0.6703 x 0.064

P(X=3) = 6

0.0429
6

=P(X=3)=



=P (X =3)=0.0071
-, the required probability that exactly 3 machines will be out of service on one day is 0.0071.
39. Question

The probability that a student entering a university will graduate is 0.4. Find the probability that out of 3 students of the
university:

i. none will graduate,

ii. The only one will graduate,

iii. All will graduate.

Answer

Given that, the probability that a student entering a university will graduate is 0.4.

Let p be the probability that a student entering a university will graduate.

=>p=04
4

=p=—

P=710
2
=:-p—5

Then, g is the probability of a student not graduating.

But,p+qgq=1
:q:]__p
1 2
=q=1—-—-=
q 5
5—-2
=(qQ=——
=75
3
- a=—
1=3

Let X be a random variable that represents the number of students out of n students graduating after entering a
university.

Then, the probability of r students out of n students graduating after entering a university is given by,
P(X=r)="Cpgnr
Here, a sample size of students, n = 3

Putting the value of n, p, and q in the above formula, we get

pax=1) = ¢, (2)’ ()7

3

(i). We need to find the probability that out of 3 students entering a university, none will graduate.

Put r = 0 in equation (A). We get

-0 ()

=>P(X=0)=(ﬁ)><1x@)

3-0

3

b= 0) (3:)x27
= = N s =
31) * 125
27
P(X=0) = —
=P(X=0)=17¢

= P(X=0) = 0.216

-, the probability that none will graduate is 0.216.



(ii). We need to find the probability that out of 3 students only 1 will graduate.

So, putr = 1 in equation (A). We get

e 9

=>PX=1)= (ﬁ) % @) X (g)

3-1

2

b= 1) (3!) 2% 9
=PE=U=\21) %125
b 1) (3><2:) 18
I W TR R DY
18
=>P(X=1)=3><E
54
P(X=1) = —
= PX=1)=17¢

=P (X=1)=0.432
-, the probability that exactly one will graduate is 0.432.
(iii) We need to find the probability that out of 3 students all will graduate.

So, put r = 3 in equation (A). We get
3

-9 6 (3

3-3

3

=P(X=3)= (ﬁ) X @) X (g)

8
=>P(X=3)=l><(ﬁ)><l

0

8
= P(X) = E

=P (X =3) =0.064
-, the probability that all will graduate is 0.064.
40. Question

Ten eggs are drawn successively, with replacement, from a lot containing 10% defective eggs. Find the probability that
there is a least one defective egg.

Answer
Given that, 10 eggs are drawn successively.
Defective eggs in the lot = 10%

Let p be the probability that the eggs drawn from the lot are defective.

=p=10%
10

=P =700
1

“P= 10

Then, g is the probability that the eggs drawn from the lot is not defective.

And,p+qgq=1
:q:l_p

1
=q=1—-—

10



10—-1

BT

=q= 0
Let X be a random variable that represents defective eggs picked out of n eggs from the lot.
Then, the probability of taking r defective eggs out of n eggs from the lot is given by,
P(X=r)="Cpgq"T"

Here, n = 10

Putting the values of n, p, and q in the above formula, we get

Pox=1) =, (£) (2)"7 )

10
We need to find the probability of getting at least one defective egg from the lot.
This is represented as,
Probability = P (X = 1)
This is also written as,

PX=1)=P(X=1)4+P(X=2)+P(X=3)+P(X=4)+P(X=5+P(X=6+P(X=7)+P(X=8)+P(X=9)+P(
=10)

Or
P(X=1)=1-P(X<1)
>P(X=1)=1-P(X=0)

Puttingr = 0in P (X = r) formula in (i), we get

oz -1- e ()

S>P(X=z1)=1- (ﬁ)x“%}m

SP(X21) = 1—(1—90)10

-, the probability of getting at least one defective egg from the lot is | — (i)w.

10
41. Question

In @ 20-question true-false examination suppose a student tosses a fair coin to determine his answer to each question. If
the coin falls heads, he answer ‘true’; if it falls tails, he answers ‘false’. Find the probability that he answers at least 12
questions correctly.

Answer

Given that, there are 20 questions of true-false exam.
If the coin falls head, he answers “true.”

If the coin falls tail, he answers “false.”

Let p be the probability of a correct answer.

That is, p = getting a head and a right answer to be “true” for a question or getting a tail and a right answer to be
“false” for a question.

1

Then, g is the probability of the answer to be incorrect.
And,p+qg=1

=q=1-p



1

1

Let X denote a random variable representing the number of correct answers out of 20 questions.
Then, the probability of getting r correct answers out of n answered questions is given by,
P(X=r)= ncrprqn—r

Here, n = 20 [ there are 20 questions in total]

Putting values of n, p, and q in the above equation, we get

- (3 ()

20-r

r+20-r

~P(X=1) =2, @

= P(X=T1) =2° C, G)m (i)

We need to find the probability that he answers at least 12 questions correctly.
This can be represented as,

Probability = P (X = 12)

It can be written as,

P(X=12)=P(X=12)+P(X=13)+P(X=14)+P(X=15)+P(X=16)+P(X=17)+P(X=18)+P(X=19) + P
(X = 20) ...(ii)

Putr =12, 13, 14, 15, 16, 17, 18, 19, 20 in equation (i) subsequently and substitute in (ii), we get

P(X

20 20 20 20 20 20 20 20 1 20

1 1 1 1 1 1 1 1

212) =0 5) #9s(5) +0u(3) +Ues(3) +otu(3) +en(z) +0cs(3) +0es(3) +0en(3)
1 .

=PX=12)= (5) X (4200, 4200, ,+29C,5+29C, 629052006200, 0 +20C,,)

20
Sz 12) =

.., we have got the required probability.

42. Question

Suppose X has a binomial distribution with n=6 and p=1/2. Show that X = 3 is the most likely outcome.
Answer

Given that, X has a binomial distribution.

Also,n=6 & p =1/2

And as we know that,p+ g =1

=2q9q=1-p
1

= g=—

1=3

Let us define a binomial distribution with x as a variable out of other n variables.
P (X = x) = "Cyp*q"™

Putting values of n, p and g, we get



X 6—X

5

X+6—X

P(X = x) =S C, G)

=>P(X=x)=°C, (E)

=P(X=x)=°C, G)é

From the derived result, it can be seen that P (X = x) will be maximum if 6C, is maximum.

Let us check at what value of x would 8C, be maximum.

Check at x = 0.
6!
5C __
= M T Te_0)o
6!
6 —_
= C0_6!
ﬂ6C0=1
Check at x = 6.
6!
6C -
=~ T 6_6)e
6!
6 __
=" C=0rer
=°6C6 =1
Check at x = 1.
6!
6C -
T MT oD
6!
=>5C1=§
6 X 5!
[ —
="C; = =
=6C; =6
Check at x = 5.
6!
éc_:7
7 T (6-5)s!
6!
6 -
= G =15
6 x 5!
6 —
= Cs =4,
=6C;=6
Check at x = 2.
6!
6C =
= 2T 6_2)2
6!
6 -
= CG=57
e _6x5x4!
BERCIP YT
=6C, =15

Check at x = 4.



6!

5C=

= T e—a)ral
6!

[} —_

=" C=g

o _6X5x4

T T T

=6C, =15

Check at x = 3.
6!

6C=

7 T 6 -3)13!
6!

6 —

= G =33

. 6X5X4x3!

37 3x2x3!
=6Cc3 =20

Note that at x = 3, C, is maximum.
Hence, we have shown that x = 3 is the most likely outcome.
43. Question

In a multiple choice examination with three possible answers for each of the five questions out of which only one is
correct, what is the probability that a candidate would get four or more correct answers just by guessing?

Answer
We have been given that, there are 3 possible answers of the total 5 questions out of which only 1 answer is correct.

Let p be the probability of getting a correct answer out of the 3 alternative answers.

Then, g is the probability of not getting a correct answer out of 3 alternatives.

And,p+qg=1
:q:l_p
1
=>q=1—§
3—-1
=>q=T
2

Let X be any random variable representing a number of correct answers just be guessing out of 5 questions.

Then, the probability that the candidate would get r answers correct by just guessing out of 5 questions is given by this
Binomial distribution.

P (X = r) = ncrprqn—r
Here, n = 5.

Substitute the value of n, p, and q in the above formula.

Px=1 =5, (2) () 0

3 3
We need to find the probability that a candidate would get four or more correct answers just by guessing.
The probability can be expressed as,

Probability = P (X = 4)



This is in turn can be written as,
P(X=4)=P(X=4)+P(X=5)

Put r = 4, 5 subsequently in equation (i) and then substitute in the above formula.
=0 (5) () v ) 6)
-z =c(3) (5) o) )
= PX=4) = [((5 5;)r4r) ( )] * [((5 5)r5r) (BLJ]
= poc= ) = [ <]+ ()]

=P(X=z4)= G)D x (10+1)

0

1 5
S P(X=4) = 11 % (g)
P(X=4
=PX=4) =73
=P (X =4) =0.0453
Hence, the probability that a candidate would get four or more correct answers just by guessing is 0.0453.
44. Question

A person buys a lottery ticket in 50 lotteries, in each of which his chance of winning a prize is 1/100. What is the
probability that he will win a prize

i. at least once

ii. exactly once

iii. at least twice?

Answer

Given that, a person buys a lottery ticket in 50 lotteries.
The probability of winning a prize is 1/100.

Let p be the probability of winning a prize.
1
Then, p = Toa

And g be the probability of not winning a prize.

We can write,

p+qg=1
:q:l_p
L2
=q=1——
q 100
100 — 1
=97 100
99
=q=—
9= To00

Let X be a random variable representing the number of times the person wins the lottery out of n lotteries.

Then, the probability of the person winning the lottery r times out of n times is given by this Binomial distribution.
P(X=r)="Cpgnr

Here, n = 50



So, putting the value of n, p, and q in the formula of P (X =r), we get

P(X=1) =5°C, (mo) (E)So_r...(A)

100
(i). We need to find the probability that he will win the prize at least once.
The probability is given by,
Probability = P (X = 1)
Or this can be written as,
P(X=1)=1-P(X<1)
=2>P(X=1)=1-P(X=0)...(B)
So, put r = 0 in equation (A) and then substitute in equation (B), we get

P(X=1) =1-(°°C, (1;0) (%)50_0)

- roc =g o) <+ io) |
- oz =G|

P(X=1) =1 (99)0
A== 100

50
Thus, the probability that he will win the prize at least once is 1 — (3) .
100.

(ii). We need to find the probability that he will win the prize exactly once.
The probability is given by,

Probability = P (X = 1)

Put r = 1 in equation (A), we get

1 99 50-1
— 30 -
PX=1)="¢ (100) (100)

= P(X=1 ((50 1)r1r) (130%(%)

= PX=1)= (5 ) (5090)*9

(X = 1) (0><49) (99)“9
= =
49! 100 100

1 ,99,\*
~ P =1 =5 (555)

49
Thus, the probability that he will win the prize exactly once isl(ﬂ) .
2 %100.

(iii). We need to find the probability that he will win at least twice.
The probability is given by,

Probability = P (X = 2)

Or can be expressed as,

P(X=2)=1-P(X<?2)
>P(X=2)=1-[P(X=0)+P(X=1)]...(B)

Putr = 0 and r = 1 in equation (A) one by one and then substitute it in the equation (B), we get



0 30-0

Pxz2) - 1- 0 (o) o)+ () ()
=% [Co 100/ \100 ‘\100/ \100 ]

>P(X22)=1- (ﬁ) (%) * (ﬁ) (ﬁ) (%) l

- o - 1)+ () ()5 |

SP(X=22)=1- (99)50+(M)( 1 )(99)49

[S——)

\100 491 /\100/\100
Px=2 =1 (o) [en+ 3]
T RA=2=2"100/ l10072

=>P(X22)=1— (2)49 (99 + 50)

100 100
P(X22) =1 (99)49(149)
= = =1 —-|— I
100/ \100

49
Thus, the probability that he will win the prize at least twice is1 — (E) (E) :
100 100.

45. Question

The probability of a shooter hitting a target is 3/4. How many minimum number of times must he/she fire so that the
probability of hitting the target at least once is more than 0.99?

Answer
Given that, the probability of a shooter hitting a target is 3/4.
Let p be the probability of hitting a target and q be the probability of not hitting a target.

Then, p = %

But, we knowp +gq=1

=q=1-p

::-q:l—§

4

R _4-3

1=
- 1
=3

Let the shooter shoot n times in total.

Let X be a random variable representing the number of times the shooter hits the target out of total n times.
Then, the probability of hitting the target r times out of total n times is given by Binomial distribution as,
P(X=r)="Cpq""

Substitute the value of p and q in the above formula, we get

P(X=1) ="C, (;)1 G)n_r (i)

We need to find the minimum number of times the shooter must fire so that the probability of hitting the target at least
once is more than 0.99.

It can be represented as,

P(hitting the target atleast once) > 0.99
=P (X=1)>0.99
=>1-P(X<1)>0.99
=1-P(X=0)>0.99



Put r = 0 in equation (i) and then substitute in the above equation, we have

1-2C, @ G)H > 0.99
=1- [((n%;)ror) X 1% G)nl > 0.99

o (@< G

0

> 0.99

= 4" > 100

We need to find the minimum value of n to satisfy this inequality.
Take n = 0.

= 49> 100

=1>100

But 1 » 100.

Take n = 1.

=41 > 100

=4 > 100

But 4 » 100.

Take n = 2.

=42 > 100

=16 > 100

But 16 » 100.

Take n = 3.

= 43> 100

=64 > 100

But 64 » 100.

Take n = 4.

= 4% > 100

=256 > 100

It is true.

Hence, the minimum value of n to satisfy the inequality is 4.
-, the shooter must fire 4 times.

46. Question



How many times must a man toss a fair coin so that the probability of having at least one head is more than 90%?
Answer

Let the man toss the coin n times.

Let p be the probability of getting a head in a toss.

Then, q is the probability of getting a tail in a toss.

Since the coin has only two outcomes, so the probability of getting a head = 1/2

1

Also,p+qg=1

=2q=1-p

=q= 2
1

::-q—2

Let X be a random variable that represents a number of occurrence of the head in n tosses of a fair coin.
Then, the probability of getting r number of heads out of total n tosses is given by this Binomial distribution.
P(X=r)="Cpgnr

Substituting the value of p and q in the above equation, we get

P(X=1) ="C, G) &)

2

We need to find the number of times the man must toss a fair coin so that the probability of having at least one head is
more than 90%.

We can represent it as,

P (getting atleast one head) > 90%

=P (X=1)>90%
=21-P(X<1)>90%[P(X=1)=1-P(X<1)]
=21-P(X=0)>90%["P(X<1)=P(X=0)]

Put r = 0 in equation (i) and then, substituting it in the above equation.

0 n—0

el (7> 0%

(n— 0)'0') x1x @)n) 2 %




=2">10

Now, we need to find the minimum value of n that satisfy this inequality.
Putn = 0.

=20>10

=1>10

But 1 » 10.

Putn = 1.

=21>10

=2>10

But 2 » 10.

Putn = 2.

=22>10

=4>10

But 4 » 10.

Putn = 3.

=23>10

=8>10

But 8 # 10.

Put n = 4.

=24>10

=16 > 10

It is true.

Thus, the minimum n that satisfy this inequality is 4.
Hence, the man should toss the coin 4 or more times.
47. Question

How many times must a man toss a fair coin so that the probability of having at least one head is more than 80%?
Answer

Let the man toss the coin n times.

Let p be the probability of getting a head in a toss.
Then, q is the probability of getting a tail in a toss.
Since the coin has only two outcomes, so the probability of getting a head = 1/2

1

Also,p+qg=1

=2q=1-p

=q= 2
1

::-q—2

Let X be a random variable that represents a number of occurrence of the head in n tosses of a fair coin.

Then, the probability of getting r number of heads out of total n tosses is given by this Binomial distribution.

P(X=r)="Cpgnr



Substituting the value of p and q in the above equation, we get

P(X=1) ="C, ()P(E)“_r...(i)

2

We need to find the number of times the man must toss a fair coin so that the probability of having at least one head is
more than 80%.

We can represent it as,

P (getting atleast one head) > 80%

=P (X=1)>80%
=21-P(X<1)>80%[P(X=1)=1-P(X<1)]
=21-P(X=0)>80%["P(X<1)=P(X=0)]

Put r = 0 in equation (i) and then, substituting it in the above equation.

0 n—0

el ()7 > a0

(n— 0)'0') x1x @)n) 2 %

=22">5
Now, we need to find the minimum value of n that satisfy this inequality.
Putn = 0.
=20>5
=1>5
But 1 » 5.
Putn = 1.
=21>5
=22>5
But 2 » 5.
Putn = 2.
=22>5
=24>5

But 4 » 5.



Putn = 3.

=223>5

=28>5

It is true.

Thus, the minimum n that satisfy this inequality is 3.
Hence, the man should toss the coin 3 or more times.
48. Question

A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the probability distribution of the
number of successes.

Answer

Given that, a pair of dice is thrown 4 times.

And a doublet is considered as a success.

Let p be the probability of getting a doublet in a throw of a pair of dice.

Since, there are 36 possible outcomes in total. {(1, 1), (1, 2), (1, 3), ..., (1, 6), ..., (2, 6), ..., (6 ,6)}
And the 6 possible doublets in 36 outcomes. {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}

So,
P=£
1
—pn=_
P=5%

Andalso,p+qg=1

=2q9=1-p
1 1
=q=1—-
1 6
6—1
=qQ=—
1=7%
5
=:-q—6

Let X denote a random variable representing a number of doublets (successes) out of 4 throws.
So, Binomial distribution of getting r successes out of 4 throws is given by

P(X=r)="Cpq""

Here, n = 4.

Now, substituting values of n, p and q in the formula P (X = r). We get

Px=1) =, () (E) 0

6 &
We need to find the probability distribution of the number of successes.
The probability of 0 success in 4 throws is given by,
Probability = P (X = 0)
Putr=0in (i),

-0 ()

I 4

=>P(X=0)=(ﬁ)><1x(g)

4-0



~r0e=0= ()< Q)

4

5
- P(X=0) = (E)
The probability of 1 success in 4 throws is given by,
Probability = P (X = 1)
Putr=1in (i),

e )G
= P =1 = (= p531) % (6) <)
=P(X=1)= () 1x@3
ﬁptx—l)( !)x%x@

)

3

The probability of 2 successes in 4 throws is given by,
Probability = P (X = 2)
Putr = 2in (i),

2 4-2

P(X=2) =*C, (1) @

ﬁp(x=2)=(ﬁ)x@ x@

M) 2
20X 2

2

= p(x=2)=( x 2

25
=>P(X=2)=6><E

=PX=2)=—
The probability of 3 successes in 4 throws is given by,
Probability = P (X = 3)

Putr = 3in (i),

-n e ()

=>P(X=3)=((4 3).3r) () ()

4 x 3! 5
3!)

= p(x=3) = (

=P(X=3)= &=
The probability of 4 successes in 4 throws is given by,
Probability = P (X = 4)

Putr = 4in (i),



4-4

e - (3

S P(X=4) = (ﬁ) % (%)

4

4

= P(X=4) = @

Thus, the probability distribution is

X 0 1 2 |3 |4

P(X 4 3| 25 | 20
1O 130 51516

49. Question

From a lot of 30 bulbs which include 6 defectives, a sample of 4 bulbs is drawn at random with replacement. Find the
probability distribution of the number of defective bulbs.

Answer

Given that, there are 30 bulbs, which include 6 defective bulbs.
A sample of 4 bulbs is drawn at random with replacement.

Let p be the probability of defective bulbs.

Since 6 bulbs are defective out of 30 bulbs.

6

“P=3
1
ap_t
P=3

Then, let q be the probability of fine bulbs.

And we know,p+qg=1

=q=1-p
5-1
== —
=73
_4
::-q—5

Let X denote a random variable representing a number of defective bulbs out of 4 bulbs drawn at random.
So, Binomial distribution of getting r successes out of 4 bulbs drawn at random is given by

P(X=r)= ncrprqn—r

Here, n = 4.

Now, substituting values of n, p and q in the formula P (X = r). We get

P(X=1) =% C, (z)(i)“‘ 0!

3

We need to find the probability distribution of the number of successes.
The probability of 0 defective bulb in 4 sample bulbs is given by,
Probability = P (X = 0)

Putr=0in (i),

- (3

4-0



4

= PX=0)= ((4 o)ror) x1x (E)

- rov-0- (8)+()

4

= P(X=0) = @

The probability of 1 defective bulb in 4 sample bulbs is given by,
Probability = P (X = 1)

Putr=1in (i),

rc-0 6 (3) ()
SP(X=1) = ( 1).1r)x©x@
=P(X=1)= () lx@

=PX=1)= (

4-1

3

3

RS

4

S P(X=1) = @

The probability of 2 successes in 4 throws is given by,
Probability = P (X = 2)
Putr=2in (i),

P(X=2) =*C, @2 &
=P(X=2)= (ﬁ) X e) X @

P(X = 2) (4><3><2!) P (1)“
R W TIVE N e 3

4-2

2

14-
::-P(X=2)=6><16><(g)

= P(X=2) = 9% @4

The probability of 3 successes in 4 throws is given by,
Probability = P (X = 3)

Putr = 3in (i),

rec=9) = cs g) (3
= P(X=3) = (ﬁ) X @ X @

- -9 = (5 a3

4

4-3

=>P(X=3)=16 (%)



The probability of 4 successes in 4 throws is given by,

Probability = P (X = 4)

Putr=4in (i),

P(X=4) =*C, @4 @H

= P(X=4) = (ﬁ) X @
=P(X=4)= (%)4

Thus, the probability distribution is

X 0 1 2 3 4

P(X) (;_%) (%) qs(é) 16@)4 (%)

50. Question

Find the probability that in 10 throws of a fair die a score which is a multiple of 3 will be obtained in at least 8 of the
throws.

Answer

Given that, obtaining multiple of 3 in a throw of a die is a success.

There are total 10 throws of a fair die.

Let p be the probability of getting multiple of 3 in a throw of a die.

Since there can be a total 6 outcomes in a throw of a die. That is, {1, 2, 3, 4, 5, 6}.

And a multiple of 3 in a die is {3}, {6}.

Then, let g be the probability of not getting a multiple of 3 in a throw of a die.

And we know,p+qgq=1

=q=1-p

::-q:l—E

3

- 3-1

=75
L2
1=3

Let X be a random variable representing a number of successes (getting multiple of 3 in die) out of 10 throws of a die.
Then, the probability of getting r successes out of n throws of die is given by,

P(X=r)="Cpgnr

Here n = 10.

Now, put values of n, p, and q in the above equation.
4 10 E r E 10— .
Px=n)=c.(3) () -0
We need to find the probability of getting a multiple of 3 in at least 8 of the throws out of 10 throws of a fair die.
It is given,

Probability = P (X = 8)



This can be written as,

P(X=8)=P(X=8)+P(X=9)+P(X=10)

Just outr =8, 9, 10 in equation (i) to find the value of P (X = 8), P (X

5 el G ) 6

) ea) 6) roels)

((10 8)*8' (3“’)]+[((10 9),9,)><($)]
o=tommw)<6) |

G+ @) ]+ |G) <2< ()

11%r/10% 9 x 8! 10 x 9!
=>P(X28)=(§ [(72><8' ><4)+( o1 ><2)+1]

8 10-8 9 10-9 10 2 10-10

=P(X=8)=10C, (;)
=P(X=8)=10C, @)

=P(X=8)=

10

=P(X=8)= + "

()]

= P(X=8) = @) [180 + 20 + 1]

10
= P(X=8)=201x (g)

201
P(X=8) = ﬁ

=9),P(X=

10) respectively, then substitute in the

Thus, the probability of getting a multiple of 3 in at least 8 of the throws out of 10 throws of a fair die is 201/3°.

51. Question

A die is thrown 5 times. Find the probability that an odd number will come up exactly three times.

Answer
Given that, a die is thrown 5 times.

Let p be the probability of getting an odd number in a throw.

Since there are 6 possible outcomes in a throw of a die. That is, {1, 2, 3,4, 5, 6}

And there are 3 odd numbers out of these 6 outcomes. That is, {1, 3, 5}

3
=:-p—6

1
=p =
P=3

Then, let q be the probability of getting an even number in a throw.

And we know that, p+gq=1

=2q9q=1-p

=q=1—-<
1
=g=—
173

Let X be a random variable representing a number of odd numbers in n throw of a die.

Then, the probability of getting r odd numbers out of n throw of the die can be given as,

P(X=r)="Cpq""

Here,n =5



Putting values of n, p, and q in the above formula. We get

s-n s () ()

1 r+3-r
P(X=r1) =" C,(—)
= P(X=0 =", 5
= P(X = 1-) =5 Cr (é) ..(0)
We need to find the probability that an odd number will come up exactly three times.
It is given by,
Probability = P (X = 3)

Put r = 3 in equation (i) to find P (X = 3), we get

L P(X=3)=°C, @)

= P(X=3) = (ﬁ) X G)J

= P(X=3) = (%) X G)

5x4x3! (1)5

= PX=3)=—33 2

=:-P(X=3)=5><2><G)D

5
= P(X=3) =7,

Thus, the probability of getting an odd number to come up exactly three times is 5/16.

52. Question

The probability of a man hitting a target is 0.25. He shoots 7 times. What is he probability of his hitting at least twice?
Answer

Given that, the probability of a man hitting a target is 0.25.

And he shoots 7 times in total.

Let p be the probability of hitting the target.

Then,

p=0.25

25
" 100

1

=p

Then, g be the probability of not hitting the target.

And we know that,

ptg=1
=q=1-p
::-q:l—E
4
4-1
=qQ=—

4



=:-q=Z

Let X be a random variable representing the number of times the man hits the target out of n shoots.
Then, the probability of hitting the target r times out of n times is given by,

P(X=r)="Cpq""

Here,n =7

Putting the values of n, p, and q in the above equation, we get

pex=1) =7 ¢, (2) (3) 0

4 4
We need to find the probability of hitting the target at least twice.
This can be expressed as,
Probability = P (X = 2)
Or
P(X=2)=1-P(X<?2)
sP(X=22)=1-[P(X=0)+P(X=1)]
So, putr =0, 1 in equation (i) to get P (X = 0) and P (X = 1) respectively and then, substitute in the above formula.

We get

oz 1-06( (e ('

ororzn - 1-refl) ve ) ()’

- o1 () )+ (g o+ 0

7!

seean =1 |[(L)xsxsex(l) )+ (@) xsex ()

= roz ) =130 () s+ ()

6!
P(X22)=1 ( 729 10)
T HA=a= 16384
p(x > 7) _ 16384 = 7290
TR =)= T e384
p(x > 2) = 20%
= PR =2)= 16384
b s 2) = 2547
T A =2 5102

Thus, the probability of hitting the target at least twice is 4547/8192.
53. Question

A factory produces bulbs. The probability that one bulb is defective is 1/50, and they are packed in boxes of 10. From a
single box, find the probability that

i. none of the bulbs is defective
ii. exactly two bulbs are defective
iii. more than 8 bulbs work properly.

Answer



Given that, the probability that one bulb is defective is 1/50.
The bulbs are packed in boxes of 10.

Let p be the probability of bulb being defective.

Then,

1

P =55

Let g be the probability of the bulb not being defective.

Also, we know that

p+q=1
=2q=1-p
1
=>q=1—5
50—-1
= 9= 75
49
= q =:E55

Let X be a random variable representing a number of defective bulbs out of n bulbs.
Then, the probability of r bulbs to be defective out of n bulbs is given by,
P(X=r)="Cpg"

Here, n = 10

Putting the values of n, p, and q in the above equation. We get

P(X=1) =°C, (_i) i (f) o . (A)

50 50
(i). We need to find the probability that none of the bulbs is defective.
The probability is given by,
Probability = P (X = 0)
Put r = 0 in equation (A),

- (5 ()

10-0

9 10

=P(X=0)= (L)xlx(ﬂr—)
(10— 0)'0! 50
S px=0) = () (2)”
10! 50
49\1°
= p(x=0)= 5]
=, the probability that none of the bulbs is defective is (49/50)10.
(ii). We need to find the probability that exactly two bulbs are defective.
The probability is given by,
Probability = P (X = 2)
Put r = 2 in equation (A),

-0 e (& ()

10-2

2

=P(X=2)= (ﬁ) % (5_10) % (g)



100\ 49°

= PX=2) = (8!2!) X 5010
px 2y 10X 9x8! 498
SRR =4 =2 5o

8

= P(X=2) =45 X co0s

.., the probability that none of the bulbs is defective is 45 ( 49° )

T
(iii). We need to find the probability of more than 8 bulbs working properly.

This can also be interpreted as, the probability that at most 2 bulbs are defective.

This can be represented as,

Probability = P (X = 2)

Or

P(X=2)=P(X=0)+P(X=1)+P(X=2)

Putr=0,1,2tofind P(X=0), P (X=1)andP (X = 2) and then, substitute in the above equation.

s = (g) (@) ) G el ()
(10—6)!0! 50

50/ \50
()6 )|

S P(X<2)= [(L) x (@) i
[z < ) <)

10-0 10-1 10-2

+

10

P(X <2) (49) + (10!)><499><(1)w + (10!)><498><(1)m
= =|— R R - _
- 50 9! 50 g!a! 50
P(X < 2) 49SXP91+GDx93 GOx9me

= = = _

5010 8'x2

8
— 2

= P(X £ 2) = £155 X [49° + 490 + 48]

49
= P(X £ 2) = £155 X [2401 + 490 + 45]

49°
= P(X<2) = 2936 (75

4

99
5010)'

.., the probability of more than 8 bulbs working properly is 2936(

54. Question

A box has 20pens of which 2 are defective. Calculate the probability that out of 5 pens drawn one by one with
replacement, at most 2 are defective.

Answer
Given that, a box has 20 pens out of which 2 are defective.

Let p be the probability of a number of pens being defective out of 20 pens.

2
“P=50

1
po L
P=70

Then, g be the probability of a number of pens not being defective.
Also,p+qg=1

=2q9q=1-p



!
=q=1——
q 10
10-1
= (0=
=10
9
a2
LT

Let X be a random variable representing a number of defective pens out of 5 pens.
Then, the probability of getting r defective pens out of n pens is given by,
P(X=r)="Cpq""

Here,n =5

Putting all the values of n, p, and q in the above equation, we get

Px=1) =5 ¢, (1) (£) 7 0

10 10.
We need to find the probability that at most 2 pens are defective out of 5 pens.
This can be represented as,
Probability = P (X = 2)
Or
P(X=2)=P(X=0)+P(X=1)+P(X=2)

Putr =0, 1, 2 in equation (i) to find P (X = 0), P (X = 1) and P (X = 2), and then substitute in the above equation. We
get,

5-0 1 5-1

rxem - (3 ()" G e () ()

A (e R (N RG)
NEESRERE)

< sozr= (3 (@) (5 )<< ()]

3

9 L [5x4 5% 4 x 3!
=>PX<2)=15 [9 ( 4 )XQ“L( 32 )]

5-2

93
= P(X<2) = 75z % [81 + 45 + 10]

93
P(X=2)=136
- px<2) = 136 (1)

Thus, the probability that at most 2 pens are defective out of 5 pens is136 (%;).

Exercise 33.2

1. Question

Can the mean of a binomial distribution be less than its variance?
Answer

Let X be a binomial variate with parameters in and p.

Mean = np

Variance = npq

Mean - Variance = np - npq

=np(l-q)



=np?>0

So, Mean - Variance > 0

= Mean >Variance

So, mean can never be less than variance.

2. Question

Determine the binomial distribution whose mean is 9 and variance 9/4.
Answer

Let X denote the variance with parameters n and p

p+q=1=q=1-p

9
Given,mean = np = 9 and variance = npq = 2

9
11}3(1:3
9
=>9q=z
=1-p=-—
3
Now, np =9
3 9
=1Nn—- =
114
=>n=12

3
~n = 12andp = 2

The required binomial distribution is given by,
r 12—-r
P(X = 1) = 12Cr (E) (E) Jforr = 0,1,2,......,12
3. Question
If the mean and variance of a binomial distribution are respectively 9 and 6, find the distribution.
Answer
Let X denote the variance with parameters n and p
p+g=1=q=1-p

Given, mean = np = 9 and variance = npq = 6

npq =6
=299 =6
2
=0 = —
1=3
=1—-p =7
1
=:-p—3

Now, np =9



1
~n = 27andp = 3

The required binomial distribution is given by,
r 27-r
P(X = 1) = 27Cr (5) (Z) Jforr = 0,1,2,......,27
4. Question
Find the binomial distribution when the sum of its mean and variance for 5 trials is 4.8.
Answer
Given that,
n=>5
Also, Mean+ Variance = 4.8
=np + npq = 4.8
=np(l+q) = 4.8
=5p(l+q) = 4.8
=5(1 - g)(1+q) = 4.8 [Since, p + q = 1]

=5(1-q%) = 4.8

e 4B
L1 X8
d 5
48
2:1__
0.2
2 _
1
2 _ -
=4 = 35
1
=q= -
1= 3
. 4
p=1-q=¢
4 1

So,n = 5,p = g,q = 3

The required binomial distribution is given by,
r 12-r
P(X = 1) = 5Cr (E) (E) Jforr = 0,1,2,...,5
5. Question
Determine the binomial distribution whose mean is 20 and variance 16.
Answer
Let X denote the variance with parameters n and p
p+g=1=q=1-p
Given, mean = np = 20 and variance = npq = 16
npq = 16
=20qg = 16



Now, np = 20

! 20
=0z =

=n =100

~n=100andp =

ul |

The required binomial distribution is given by,

100-r

PX =1 = lOOCr(g) (E) Jforr = 0,1,2, ... ,100

6. Question

In @ binomial distribution, the sum and product of the mean and the variance are 25/3 and 50/3 respectively. Find the
distribution.

Answer
Let n and p be the parameters of the required binomial distribution. So,

l-p=q

25
Mean + Variance = 3
=np + npq = -

=np(l+q) =

25

2™ =300

Also,

, 50
mean x varlance = ?

5
=mpXnpq = —

50
= n’p?q = 3

[3(1+q)] 1=
= 625q = %[9(1+ q)?]

=625q = 150[(1+9)2]
=25q = 6[(1+q)?]

=6 + 602 + 12q - 259 =0
=60%-139 + 6 =0
=692-9q-49 + 6 =0
=3q(29-3)-2(29-3) =0



=(29-3)(39-2)=0
=(29-3)=00r(3g-2)=0

2
=>q= ,5

B W

As, g=1

25
As,np(l+q) = 3

(1)(1+2) 25
=3 3/ 73

-a()E)- %

=n =15

The required binomial distribution is given by,

r 15-r

P(X = r) = 15Cr (—) (—) Jforr = 0,1,2,... ... .15
3/ \3

7. Question

The mean of a binomial distribution is 20, and the standard deviation 4. Calculate the parameters of the binomial
distribution.

Answer

Standard deviation = /npq = 4

= npq = 16

Therefore, np = 20, npg = 16

Let X denote the variance with parameters n and p
p+g=1=q=1-p

mean = np = 20 and variance = npg = 16

npg = 16
=209 =16
4
=>q—5
n 4
=1—p = —
P=3
Now, np = 20
! 20
= 1N—- =
115
=n =100

1
~n = 100andp = 3



8. Question

If the probability of a defective bolt is 0.1, find the (i) mean and (ii) standard deviation for the distribution of bolts in a
total of 400 bolts.

Answer

Let p = probability of selecting defective bolt, so

p=0.1

1
“P =70
g=1-p

1 1
—-q=1-——
q 10

9
—qg= =
1= 10
Given, n = 400,
(i) mean = np
400)(1
- 10

= mean = 40

(ii) Standard deviation = /npq

N
= 400x = x>
10 10
= \.’%
.. Standard deviation = 6
So, mean = 40, standard deviation = 6
9. Question
Find the binomial distribution whose mean is 5 and variance 10/3.
Answer

Let X denote the variance with parameters n and p

p+q=1=q=1-p

10
Given, mean = np = 5 and variance = npq = 3
10
npq = 3
. 0
= =
1=73
2
= = —
1=3
=1-p=2
1
= = —
P=3
Now, np =5
! 5
=N— =
113



1
~n = 15andp = 3

The required binomial distribution is given by,

T 2 15—r
P(X = r) = 15Cr (5) (5) Jforr = 0,1,2,... ... .15

10. Question

If on an average 9 ships out of 10 arrive safely to ports, find the mean and S.D. of ships returning safely out of a total of
500 ships.

Answer
Let p be the probability of a ship returning safely to ports, so

9
10
9

- 1-—
q 10

Given, n = 500

Mean = np

=500 X —
10

=450
.. Mean = 450

Standard deviation = _/npq

v
500 x E X L
10 10

= V45

=6.71
So, mean = 450, standard deviation = 6.71
11. Question

The mean and variance of binomial variate with parameters n and p are 16 and 8 respectively. Find P (X = 0), P (X = 1)
and P (X = 2).

Answer
Given that parameters for binomial distribution are n, p

Also,mean = np = 16 and variance = npgq = 8

npq = 8
= 16q = 8
1
= = —
1=3
L 1
= p—2
1
=p = —
P=3
Now, np = 16
1
=n- = 16

2



=n=32
32 and L
A n = an p—2

The required binomial distribution is given by,

r 32-r
P(X = r) = 32Cr (5) (5) Jforr = 0,12, ...... .32

4]

s200(3) (3)

32-0

P(X = 0)

1zt 1321
32C1{ =] |z
(2) (2)

31

o
~
=]
Il
=
R
II

-G

P(X=2) =1-[P(X=0) + P(X = 1)]

00
() G)

P(X = 0) = G)gz,mx 1= G)z?,P(xzz) -3

12. Question
In eight throws of a die 5 or 6 is considered a success, find the mean number of successes and the standard deviation.
Answer

Let p be the probability of success

. the p = probability of getting 5 or 6

s3]
|

=p =

12
1= 7373

Given,n =8

Mean = np

5 1
><_

3
= 2.66

Standard deviation = /npq



oW

=1.33

Therefore, mean = 2.66, standard deviation = 1.33.

13. Question

Find the expected number of boys in a family with 8 children, assuming the sex distribution to be equally probable.
Answer

Let n and p be the parameters of the binomial distribution.

Let, p = probability of having a boy in the family

Given,p =q

Since,p+qg=1

=p+p=1
=22p=1
1
1

Given,n =8

The expected number of boys = np

The expected number of boys = 4
14. Question

The probability is 0.02 that an item produced by a factory is defective. A shipment of 10,000 items is sent to its
warehouse. Find the expected number of defective items and the standard deviation.

Answer

Let p be the probability of a defective item produced in the factory, so,

b =0.02
2
P = 100
1
oy = &
P=%0
As,p+q=1
L1
4= 2750
49
=q= —
1= 50

Given, n = 10,000

Expected number of defective items = np

1
= 10000 x —
50

= 200

Standard deviation = /npq



10000 LB
= X — X —
50 50

=14

So, the expected number of defective items = 200

Standard deviation = 14

15. Question

A die is thrown thrice. A success is 1 or 6 in a throw. Find the mean and variance of the number of successes.
Answer

Let p be the probability of success

. the p = probability of getting 1 or 6

2 1
=y = - = =
P=%673
1 1 2
1=°7373
Given,n =3
Mean = np
3 1
= w —
3
=1

Variance = npq

Therefore, mean = 1, standard deviation = 0.66.

16. Question

If a random variable X follows a binomial distribution with mean 3 and variance 3/2, find P(X = 5).
Answer

Let parameters for binomial distribution be n, p

3
So,mean = np = 3and variance = npq = 2
3
npq = 2
3 3
= 3q = >
=q = 3
L 1
= p = 5
=p = >
Now, np = 3
1
=n- =3



>n==6
6 and L
~ N = 6an p—2

The required binomial distribution is given by,

r 6T

1
P(X = 1) = 6C1 (E) (E) Jorr = 0,12, ... ,6

Now, P(X<5) = 1-P(X = 6)

SP(X<5) =1-— 6C6G) G)

63
T 64

Therefore, P(X < 5) 63
erefore, =5 =g

17. Question

If X follows a binomial distribution with mean 4 and variance 2, find P(X = 5).
Answer

Given that parameters for binomial distribution are n, p

Also,mean = np = 4and variance = npq = 2

npq = 2
=4q = 2
L 1
=1—p = —
P=3
1
=p ==
P=3
Now, np = 4
! 4
=N— =
112
=n=28

1
~ N = 8andp = 2

The required binomial distribution is given by,
r 1 8—r

P(X = 1) = 8Cr (E) (E) Jforr = 0,12, ... .8

Now, P(X=5) = P(X =5) + P(X =6) + P(X =7) + P(X = 8)
ses(3) () +oes(3) ) o7 (5) (5) o0 z)
- e () 5 ) +6)

3




1,8
(5) [56 + 28+ 8 + 1]

93
~ 256

So,P(X=5) = ﬁ

18. Question

The mean and variance of a binomial distribution are 4/3 and 8/9 respectively. Find P (X = 1).
Answer

Given that parameters for binomial distribution are n, p

4 8
Also,mean = np = 3 and variance = npq = 3

W

W =

=>p =

Now,np =

IS

=n; =
3

[FR

=>n=4
4and !
~ 11 = 4an p—3

The required binomial distribution is given by,
r 4—r

1
P(X = 1) = 4Cr (5) (5) Jforr = 0,1,2,34

Now, P(X = 1) =1-P(X =0)

-1-6)

4

16
- 81
65
81
H P(X = 1) &
ence, = =51

19. Question

If the sum of the mean and variance of a binomial distribution for 6 trials is 10/3, find the distribution.
Answer

Let, n and p be the parameters of the binomial distribution,

Given,n =6



10
Mean + Variance = ?

10
= np +npq = 3

10
= 6p +6pq = 3
10
=6p(l+q) = 3
10
=6(1-q(1+q = —

10
=6(1-q%) = —

, 10
=>l—q =E

The required binomial distribution is given by,

1 r 2 6T
P(X = 1) = 6Cr (5) (5) Jorr = 0,12, ... ,6
20. Question

A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the probability distribution of a number
of successes and hence find its mean.

Answer
Throwing doublet: {(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}
Total outcomes = 6x6 = 36

Let p = probability of success

6 1
“P T3 "6
So,g=1-p
5
=q = —
1= %

Given,n =4

The required binomial distribution is given by,

4-r

1\ F
r) = 4Cr (—) (6) Jforr = 0,1,2,34

P(X 6

Let, X, be the random variable getting doublet, so,

(5)* _ 625

P(X = 0) = 4cop°q*

6 1296
1 /5y? 500
= = 13: — — = —
P(X = 1) = 4Clpiq 4><6><(6) 396

2
ptx = 2 = ezt = (I x(O) - 22
1296



3

1 5 20
= = 3q1 = — -l = —
P(X = 3) = 4C3p°q” = 4x (6) x (6) 1296

Q) - =
6/ — 1296

P(X = 4) = 4C4piq°

4
Mean,m = Z XP(X;)
i=1

0(625)+1(500)+2(150)+3(20)+4( 1 )
- \1296 "\1296 "\1296 "\1296 "\1296

500 + 300 + 60 + 4
- 1296

864

1296

2
Hence, mean = 3

21. Question

Find the probability distribution of the number of doublets in three throws of a pair of dice and hence find its mean.
Answer

Throwing doublet: {(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}

Total outcomes = 6x6 = 36

Let p = probability of success

6 1

P36

So,g=1-p

5

Given,n =3

The required binomial distribution is given by,

4-r

14
P(X = 1) = 31 (g) (g) Jforr = 0,1,2,3
Let, X, be the random variable getting doublet, so,
(5)3 125
6/ 216

75

1 ¢5
1.2 Ol el
P(X 1) 3C1lpq 3><6><(6) 216

1)2 (5)l 15
— ® | — = —
6 6 216

) - o
T 216

P(X = 0)

3C0p°q?

P(X = 2) = 3C2p3q* = 3 x

1x

1
P(X = 3) = 3C3p3q° (g
3
Mean,m = Z XP(X)
i=1

0(125)+1(75)+2(15)+3(1)
T \216 "\216 "\216 "\216



75+30+3
216

108
216

1

2
1
Hence, mean = E

22. Question

From a lot of 15 bulbs which include 5 defectives, a sample of 4 bulbs is drawn one by one with replacement. Find the
probability distribution of a number of defective bulbs. Hence, find the mean of the distribution.

Answer
Out of 15 bulbs, five are defective.
Let p = probability that drawn bulb is defective

s 5 1
P =157 3

Also, the q = probability that drawn bulb is not defective.

S 12
04=17373

Let X be the probability that the drawn bulb is defective out of 4.
Then, X follows a binomial distribution with,

1 2
n=4p-= 34 = g,such that,

The required binomial distribution is given by,

r 4-r

1
r) = 4Cr (—) (—) Jforr = 0,1,2,34

P(X
( 3/ \3

Let, X, be the random variable getting defective ball, so,

2% 16
- — o4 _ (2} — =
P(X = 0) = 4C0p°q (3) a1
P(X—l)—4C113—4><1><(2)3—32
Y E AR = A3 3) T ar
43 /1N% yNE 24
_ _ 2.2 _ 7 - )y =
P(X = 2) = 4C2p°q zx(3) x(3) 81

P(X = 3) = 4C3p°q* = 4 X (1)3 X (E) _8

1
.
[
T—

-

1
2|
eI

P(X = 4) = 4C4p*q°

4
Mean,m = Z XP(X)

i=1

<o) @)+ B3 (@) )

32+48+24+4
81

108
81



4
Hence, mean = 3

23. Question

A die is thrown three times. Let X be the number of two’s seen. Find the expectation of X.
Answer

Let p = probability of getting a 2 when a die is thrown.

S 1
op =g

X follows a binomial distribution with,

1
Expectation = E(X) = np = 3 XE ==

24. Question

A die is tossed twice. A ‘success’ is getting an even number on a toss. Find the variance of some successes.
Answer

Let p be the probability of getting an even number on the toss when a die is thrown.

Let q be the probability of not getting an even number on the toss when a die is thrown.

3 1 1 1
Then,p = = Eandq = 1—5 =3

As X follows a binomial distribution with,

~.Variance = npq

]
= variance

25. Question

Three cards are drawn successively with replacement from a well shuffled pack of 52 cards. Find the probability
distribution of the number of spades. Hence, find the mean of the distribution.

Answer
Let p be the probability of getting a spade card.

Let q be the probability of getting a spade card.
Th L And 3
en,p—_dr n q_4
X follows a binomial distribution with,
3 lA d 3
n = ’p_4 n q_4

The probability distribution is given by,

The required binomial distribution is given by,

r 3 3-r
P(X = 1) = 3Cr (E) (E) Jforr = 0,1,2,3
So, mean = np

3)(1 3
- 4 4



26. Question

An urn contains 3 white and 6 red balls. Four balls are drawn one by one with replacement from the urn. Find the
probability distribution of the number of red balls drawn. Also, find the mean and variance of the distribution.

Answer

Let p = probability of drawing a red ball

Th 6 2
enp =g =2
Al !
s0,q = 3

Let number of red balls drawn be X.

X follows a binomial distribution with,

5;
The required binomial distribution is given by,

r 4-r

2
P(X = 1) = 4Cr (5) (5) Jforr = 0,1,2,34

So, mean = np

A 2 8
B 33
27. Question

Five bad oranges are accidentally mixed with 20 good ones. If four oranges are drawn one by one successively with
replacement, then find the probability distribution of number of bad oranges drawn. Hence, find the mean and variance
of the distribution.

Answer
Total oranges = 5+20 = 25

Let p = probability of drawing a bad orange

Th 5 1
enp = - = ¢
Al *
50,9 = ¢

Let some bad oranges drawn be X.

X follows a binomial distribution with,

The required binomial distribution is given by,
r 4-r

1
P(X = 1) = 4Cr (E) (E) Jforr = 0,1,2,34

So, mean = np

A 1 4
B 5 5
28. Question

Three cards are drawn successively with replacement from a well - shuffled pack of 52 cards. Find the mean and
variance of some red cards.

Answer
Let p = probability of drawing a red card

26 1
Then,p = 2= 3



1
Also,q = 3

Let a number of the red cards drawn be X.
X follows a binomial distribution with,

1 1
1]:3,}}:5,(1:5

The required binomial distribution is given by,

1 r 3-r
P(X = 1) = 3Cr (5) (5) Jforr = 0,1,2,3
So, mean = np

3 1 3
= 3x—- = —
2 2

Very Short Answer
1. Question

In a binomial distribution, if n = 20, g = 0.75, then write its mean.
Answer

Given:

n=20

q=0.75

p=7?

g=(1-p)

=0.75

p=1-0.75

=0.25

Mean = np

= 20(0.75)

=15

2. Question

If in a binomial distribution mean is 5 and variance is 4, write the number of trials.
Answer

Given:

Mean=5=np

Variance=4

=np(1-p)

n=7

5(1-p)=4

np=>5
n= 25

3. Question



In a group of 200 items, if the probability of getting a defective item is 0.2, write the mean of the distribution.
Answer

Given:

n=200

p=0.2

mean=7?

Mean=np

= 200(0.2)

=40

4. Question

If the mean of a binomial distribution is 20 and its standard deviation is 4, find p.
Answer

Given:

Mean=20

Standard deviation=+/np(1-p)

=4
p=7
J20(1-p)=4
16
(1-p) =3,
_ 4
P=5

5. Question

The mean of a binomial distribution is 10 and its standard deviation is 2, write the value of q.
Answer

Given:

Mean=10=np

Standard deviation=2

=./npq

q=?

J/npq = 2

10q=4

1=5%

6. Question

If the mean and variance of a random variable X having a binomial distribution are 4 and 2 respectively, find P (X = 1).
Answer

Given:

Mean=4

Variance=2

P(x=1)=?

P(x=r)="C, p' q""



P(x=1)= "C; pg"!

= nxpxq"!
np(1-p)=2
4(1-p)=2

(1—p)=%

7. Question

If the mean and variance of a binomial variate X are 2 and 1 respectively, find P(X > 1).
Answer

Given:

Mean= 2

Variance=1

P(x>1)="?

P(x>1)=1-p(x<1)

= 1-[p(x=0)+p(x=1)]

=1-[ 1x1xq" +nxpxq™?]

2(1-p)=1

1
(1-p=3

Px>1)= 1—[:L><:L><@)4 +4><G) x(i) ]

15
T 16

8. Question
. . e ) 16
If in a binomial distribution n = 4 and P(X = () =—, find q.
81

Answer
Given:

n=4



P(x=r)="C, p" g""

p(x=0)= 1x1xq*

16
81

9. Question

If the mean and variance of a binomial distribution are 4 and 3 respectively, find the probability of no-success.
Answer

Given:

Mean=4

Variance=3

P(x=0)=?

P(x=r)="C, p' q""

p(x=0)= 1x1xq"

4(1-p)=3

3
l—pZE

3 16

P =)= (3)

10. Question

If for a binomial distribution P (X = 1) = P (X = 2) = a, write P (X= 4) in terms of a.
Answer

Given:

PX=1)=P(X=2)=a

P (X=4)=?

P(x=r)="C,p" q""

P(x=1)="Cy p' q"*

=nxpxq"t @

P(x=2)="C, p? q"2

n{n-1) —2 (2
— . % p2 qn 2(2)

Equating both equations ,we have:



nn-—1
-1

nx p % qn—l — T pZ qn—z
(n—-1) -1
=—5—xpq
2q=(n-1)p
402 = (n-1)2 p?
P(x=4)= "C4 p* g4
nn—Ym-2y(n-3)  , , .
- Y Xp'pq q
n(n—1) 2 ez, M—2)(n—3) ., _,
A O RV S
o n—2)(n—3 4q°
Lo (-2@-3) 4q
3 4q? (n—1)2
2 2 3
e #0262
=3 i
w2 (1-7)

For large n; n— oo

1
- -0
n

So, P(x=4) = ;
11. Question
An unbiased coin is tossed 4 times. Find the mean and variance of the number of heads obtained.
Answer

Given:

n=4

p(getting atleast one head)="?
* 0 head : HHHH
*1head: HTTT
THTT

TTHT

TTTH

* 2 heads :HHTT
HTHT

HTTH

THHT

THTH

TTHH

* 3 heads: HHHT
HHTH

HTHH

THHH

* 4 heads : HHHH

Total outcomes = 16



Outcomes containing at least 1 head = 15
P(getting at least 1 head)= E
12. Question

If X follows binomial distribution with parameters n = 5, p and P(X = 2) = 9 P(X = 3), then find the value of p.
Answer

Given:

n=5

p(x=2)=9p(x=3)

p=?

P(x=r)="C, p"q""

P(x=1)=°Cy p! g*

=5p q*

P(x=3)= >C3 p3 ¢?

=20 p3 g2

Put values in equation, we have:
5p g*= 9(20 p° ¢?)

a?=9(4 p?)

(1-p)?= 36p?

1+p2-2p= 36p2

35p2+42p-1=0

11

5'7

MCQ

P=

1. Question
Mark the correct alternative in the following:

In a box containing 100 bulbs, 10 are defective. What is the probability that out of a sample of 5 bulbs, none is defective.

5

Answer

Given:

Total bulbs=100
Defective bulb=10
n=>5

P(non-defective bulbs)=7?



P(defective bulbs)= 1%
100

1= 1o

P(non-defective bulbs)=p(x=0)

=°Cop% o

(&)

—\10

2. Question

Mark the correct alternative in the following:

16
81

If in a binomial distribution n =4, P(X =0) = , then P(X = 4) equals.

ool

Answer
Given:
n=4

_oy_ 16
p(x= )—81

p(x=4)=7?
P(x=r)= ncr pr qn-r
p(x=0)= 1x1xq*

16
T 81



1
81

3. Question
Mark the correct alternative in the following:

A rifleman is firing at a distant target and has only 10% chance o hitting it. The least number of rounds, he must fire in
order to have more than 50% chance of hitting it at least once is

A. 11
B.9

C.7
D.5
Answer

Given:

Chances of hitting a target in a triaI=10%=1—10

Chances of not hitting the target = 90%= %

Total probability = 50%=5
Let number of trials=n

So number of trials missed=n-1 to hit on nth trial

2 n—-1
Total probability— X 4 2« X 4 (i) xi+..._+(i) x L
10 10 10 10 10 10. 10

=5

L2 (2) () ] = s
710l 10 " \10 10 =

n
(o)
(1-10)
g1
= (E) =1/2
Take log on both sides

=5

1 ? =1 L
nlog 5 =log
_ log0.5
log0.9
n=6.58

n~7

So one must hit it seven times.

4. Question

Mark the correct alternative in the following:

A fair coin is tossed a fixed number of times. If the probability of getting seven heads is equal to that of getting nine
heads, the probability of getting two heads is

A. 15/28

B. 2/15
C.15/213

D. none of these

Answer



Given:

P(getting a head)=$

Probability of getting 7 heads ="C; (1/2)"
Probability of getting 9 heads ="Cq (1/2)"
Both probabilities are equal if n=9+7=16
So probability of getting 4 heads =16C4G)16
5. Question

Mark the correct alternative in the following:
A fair coin is tossed 100 times. The probability that on the tenth throw the fourth six appears is
A 1/2

B. 1/8

C. 3/8

D. none of these

Ans. A

Answer

Given:

P(getting a head)=p(getting a tail)=§

number of outcomes having 6

P(getting 6 heads) =
(getting 6 heads) total number of outcomes

10!
6 (10 — 6)!
10!

210

1024
=0.20

6. Question
Mark the correct alternative in the following:
A fair die is thrown twenty times. The probability that on the tenth throw the fourth six appears is
20 Cyp % 56
620

A.

20x5

610
c. 84x5°

610

D. none of these
Ans. C
Answer
Given:
Total outcomes= 610
Fourth 6 is at 10t place.

So other three 6 have to be placed at any of the remaining 9 places=9C3><56



For remaining 5 places we have 1,2,3,4&5

So total number of favorable cases— —2*5°_
3lxelx(s)t?
84 x 5°
= 610

7. Question

Mark the correct alternative in the following:

P(X=r1
If X is a binomial variate with parameters n and p, where 0 < p < 1 such that¥ is independent of nandr,
P(X=n-r1)
then p equals.
A.1/2
B. 1/3
C.1/4

D. none of these
Answer
Given:

P(X=r)
P(X=n-r1)
P=?
P(x=r)="C, p" g""

= n >< pl' x qn—r

rl(n—r)

P(x=n-r)= "C,, p"" qn—(n—r)

=nC, p" "

n!

x pll—l' >< ql'

ri{n—-r)!
Put values in equation, we have:

n! X DF % q°T
_r!in—ri! P q
- n!
ri(n—r)!

» pn—l‘ » ql‘

2r-n
_ P

q2 r-n

(p)21‘—n
“\q

p Zr-n
- (1 - p)

1-p=p

1=2p

P=1/2

8. Question

Mark the correct alternative in the following:

Let X denote the number of times heads occur in n tosses of a fair coin. If P (X = 4), P(X = 5) and P(X = 6) are in AP; the
value of n is

A. 7,14



B. 10, 14

C.12,7

D. 14,12

Answer

Given:

P(H)=1/2=p

q=1/2

P(x=r)="C,.p"q"

P(x=4)= ”C4 p4 qn—4 — nC4 pn
P(x=5)= "Cs p° q"> = "Cg p"
P(x=6)= "Cg p® "6 = "Cgq p"
Since they are in AP;

So,

p(x=5)= plx=4)+p(x=6)
2

2 p(x=5) = p(x=4)+ p(x=5)
2x"Cs p" = "Cq p" +"Cg p"

2 n! n! N n!
% =
5'(n—5)! 4 (n—4) 6!'(n—6)!

5« nn—-1)(n—2)n—-3)(n—4)

60
_n(n—-1)(n—2)(n-3) + nn—1)(n—-2)(n—3)(n—4)(n—5)

T 120

2 M DO _20-DE-DE-I(,, 05
(n—4) ((10n—40+n—5)

2% 5 = { 10 }
(n—4) ((11n—45)

2 X 3 = { 2 }

4n - 16 = 55n - 225

51n = 209

n=4

9. Question

Mark the correct alternative in the following:

One hundred identical coins, each with probability p of showing heads are tossed once. If 0 < p < 1 and the probability
of heads showing on 50 coins is equal to that of heads showing on 51 coins, the value of p is

A.1/2

B. 51/101

C. 49/101

D. none of these
Answer

Given:

n=100



p(H)=P(T)=1/2
P(x=r)="C, p" g""
P(x=50)= 100C50 p50 q50

100! _ _
- 50 _ 50
Sorxs0 < P P

100X99%....X52x51
T 2X3X...X49X50

X p*® (1—p)* (1)
P(x=51)= 100C51 I:)51 q49

100! _
- 51 _ 49
Slixag P AP

_ 100x99x...X53x52 pSt (1—p)* (2)

2H3M . XEEHED
Equate both equations;

100 x 99 x .....x b2 x 51

350 _ 50
2x3x..x49x50 P (1-p)
100 x99 x .....x 53 x 52

2X3 % ... x48x49

x p*t (1-p)*

51 L

— % —_ —
X A-p=p
51-51p=50p
101 p =51

51
101

10. Question

Mark the correct alternative in the following:
A fair coin is tossed 99 times. If X is the number of times heads occur, then P(X = r) is maximum when r is
A. 49, 50

B. 50, 51

C. 51, 52

D. none of these

Answer

Given:

n=99

p(H)=P(T)=1/2

P(x=r)="C, p" g""

P(x=r)="C, p"

n!

nc, =

ri{n—r)!
Its maximum value is closest near n/2

Since n is an odd number, so it have two values:

S0, r= 49,50
11. Question

Mark the correct alternative in the following:



The least number of times a fair coin must be tossed so that the probability of getting at least one head is at least 0.8, is
A7

B.6

C.5

D.3

Answer

Given:

P(atleast 1 head) = 0.8

n="7°

p(H)=p(T) = 1/2

. e 1 n
Required probability = p= 1- (_)
2

P=0.8

1 (l) =028
5) =0

1I\®
(5) = 0.1256

So, n=3

12. Question

Mark the correct alternative in the following:

If the mean and variance of a binomial variate X are 2 and 1 respectively, then the probability that X takes a value
greater than 1 is

A. 2/3

B. 4/5

C.7/8

D. 15/16

Answer

Given:

Mean= 2
Variance=1
P(x>1)=?
P(x>1)=1-p(x<1)

= 1-[p(x=0)+p(x=1)]
=1-[ 1x1xq" +nxpxq"?]

2(1-p)=1



=q
1
P=3
np=2
n=4
P> 1= 1-|1x1x () +ax (D) x(3)]
(x>1)=1- ><><5 +><5 xi
15
T 16
13. Question

Mark the correct alternative in the following:

A biased coin with probability p, 0 < p < 1, of heads is tossed until a head appears for the first time. If the probability
that the number of tosses required is even is 2/5, then p equals.

A.1/3

B. 2/3

C.5/5

D. 3/5

Answer

Given:

Probability of getting head to appear first time(r=1), n should be even.
So we have to check probability for n=2,4,6...
P(x=r)="C,p"q"" = 2/5

For n=2;

P(X=1)=pq

For n=4

P(X=1) = pg?

Required probability = pq + pg® + pg® + ... =2/5

2/5=pq(l+ g2 +9* + ...)

s=rn(=g)
2 p(1—p)
5 1-(1-p)?
2 B 1-p

5 2-p
4-2p=5-5p
3p=1

P=1/3

14. Question

Mark the correct alternative in the following:

If X follows a binomial distribution with parameters n = 8 and p = 1/2, then P (|X - 4)| = 2) equals.



118
128
119
128
117
128
D. none of these
Answer
Given:
n=38
p=1/2
P(IX-4) =2)=2
Since [X - 4)| = 2
ie. (x-4) =2
OR (4-X) = 2
X=<6
OR2 =x
P(]X-4)] =2)=P (2=x=< 6)
=p(x=2)+ p(x=3)+ p(x=4)+ p(x=5)+ p(x=6)
P(x=r)="C,p" q""
P (2=x= 6) = 8C, p2 g + 8C3 p® g5 + 8C4 p* g% + BCs p g + 8Cg p® o2

=p8[8C, +8C3 +8C4 + 8Cs + 8Cq |
1
=55 [28 + 56 +70 + 56 + 28]

238
"~ 256

119
T 128

15. Question

Mark the correct alternative in the following:
If X follows a binomial distribution with parameters n = 100 and p = 1/3, then P (X =) is
A. 32

B. 34

C.33

D. 31

Answer

Given:

n=100

p=1/3

P(x=r)="C, p" g""

. . n+1l
Its maximum value is e



. n+1 , . . .
Since 5 is not an integer ; its value is

= 33.67

i.e. 33

16. Question

Mark the correct alternative in the following:

A fair die is tossed eight times. The probability that a third six is observed in the eight throw is

D. none of these
Answer

Given:
Total outcomes= 68
Fix Third 6 is at 8™ row.
So other two 6 have to be placed at any of the remaining 7 places="C,
For remaining 5 places we have 1,2,3,4&5
?Cz “ 5
6

So total number of favourable cases=

17. Question
Mark the correct alternative in the following:

Fifteen coupons are numbered 1 to 15. Seven coupons are selected at random, one at a time with replacement. The
probability that the largest umber appearing on a selected coupon is 9, is

15
D. none of these
Answer
Given:
P(selected coupon bears number < 9)=p
p=9/15
=3/5

P(selected coupon bears number = 9) = p(all coupons bear number= 9) - p( selected coupon bears number < 8)



n=7
p(that all coupon bear number = 9)
P(x=7)="C7 p’ q°

=p7

-8

P(that the selected coupon bears number < 9)

7

P=8/15
P(x=7)="C7 p’ q°

=p7

- (&)

Required probability — G)?_ (i)7

5 15.

7

18. Question
Mark the correct alternative in the following:
A five-digit number is written down at random. The probability that the number is divisible by 5 and no two consecutive

digits are identical, is

A.

| =

D. none of these

Answer

Given:

A 5-digit number is divisible by 5 if it ends with 0 Or 5.

So at ones place we have two digits out of 10— % (one at a time)

Remaining places we have 9 digits out of 10 — % % %x 1;’0

For first place ; we have only 8 digits out of 9 because 0 cannot be at first place — g
So probability = 2x 2 x 2w 21y 2
9 10 10 10 10
S
- \5

19. Question

4

Mark the correct alternative in the following:

A coin is tossed 10 times. The probability of getting exactly six heads is

ﬂ ]
302
513

q

o, 105

L
—_
]



D. 10¢
Answer
Given:
P(H)=p(T)=1/2
n=10
p(x=6)=?

P(x=r)="C,p" q"

Peeoi= 10, (3 (2

10! 1,10
“erxal (E)

210

1024

105
T 512

20. Question
Mark the correct alternative in the following:

The mean and variance of a binomial distribution are 4 and 3 respectively, then the probability of getting exactly six
successes in this distribution, is

10

w3 )

Answer
Given:
Mean=4
Variance=3
P(x=6)="?

P(x=r)="C, p" g""

4(1-p)=3
L 3
P=%
=q
1
P=3
np=4



n=16

P(x=r)="C, p" g""

remor= eci)' ()

21. Question

Mark the correct alternative in the following:
In a binomial distribution, the probability of getting success is 1/4 and standard deviation is 3. Then, its means is
A. 6

B.8

C.12

D. 10

Answer

Given:

P(x=1)=1/4=p

q=3/4

Standard deviation =3

Mean=7?

Vnp(1—-p)=3

1 3 9
nNX—X-— =
4 4

144

22. Question
Mark the correct alternative in the following:

A coin is tossed 4 times. The probability that at least one head turns up, is

A.

| =

a|u

0
— | —

15
16
Answer
Given:
n=4
p(getting atleast one head)="?
* 0 head : HHHH
* 1head: HTTT
THTT



TTHT

TTTH

* 2 heads :HHTT

HTHT

HTTH

THHT

THTH

TTHH

* 3 heads: HHHT

HHTH

HTHH

THHH

* 4 heads : HHHH

Total ouctomes = 16

Outcomes containing atleast 1 head = 15
15

P(getting atleast 1 head)= =

23. Question

Mark the correct alternative in the following:
For a binomial variate X, ifn =3 and P (X =1) = 8 P(X = 3), thenp =
A. 4/5

B. 1/5

C.1/3

D. 2/3

Answer

Given:

n=3

P(X=1)=8P(X=3)

P=2

P(x=r)="C, p" q""

P(x=1)= "Cy pt q"!

=3xpxq?

P(x=3)=3C3 p3 q°

—1 x p3@

Put values in the equations ,we have:
3xpxq? =8 p?

3 (1-p)? = 8p?

3+3p2-6p = 6p?

5p246p-3=0

> —6++/36+ 60
- 10



_—6+4V/6
10
_—3+2V6
5
24. Question
Mark the correct alternative in the following:
A coin is tossed n times. The probability of getting at least once is greater than 0.8. Then, the least value of n, is
A.2
B.3
C.4
D.5
Answer
Given:
P(H)=P(T)=1/2
P(H)= HITM14H2TN24 H3TM-34 4+ HMITI4HN
Required probability = p= 1- G)“

P=0.8

So, n=3

25. Question

Mark the correct alternative in the following:

The probability of selecting a male or a female is same. If the probability that in an office of n persons (n - 1) males

, the value of n is
~10

being selected is

A.5
B.3
C.10

D. 12
Answer

Given:



P(females)=p(males)=1/2

(x=n-1) = 3
p(x=n-1) = —=

n="?

p(x=n-1) = "Cyq p"* g}
Since p=q

p(x=n-1)= n p™1q

=n p"lp

I 3
) - S0

1 n 22
11(—) = 3IX—

212
)
n 2

n

1312
12| =
2

comparing LHS anr RHS

we have,

n=12

26. Question

Mark the correct alternative in the following:

A box contains 100 pens of which 10 are defective. What is the probability that out of a sample of 5 pens drawn one by
one with replacement at most one is defective?

(%)

* (58) *3(%)

Answer

Given:

Total pens=100

Defective pens=10

n=>5

P(atmost one non-defective pen)=?

P(defective pens) = %



=p
9
1710
P(atmost one non-defective pen)=p(x<10)

=p(x=0)+p(x=1)

=Co p® >+5pq*
(%) +5() ()
10 10/ \10

(@) +36)

27. Question

4

Mark the correct alternative in the following:

Suppose a random variable X follows the binomial distribution with parameters n and p, where 0 < p < 1. If
P(X=r)

————— isindependent of n and r, then p equals.
P(X=n-r1)

A.

b | =

0| =

.

Answer
Given:

P(X=r1)
P(X=n-1)
p=?

P(x=r)="C, p"q""

— n! % pr % qn_r

r!(n-r}!
P(x=n-r)= ncn-r pn—r qn—(n—r)

="C, p"" "

1
= n. n-r r

xpxq

rl{n—r)!
Put values in equation, we have:

n—r

n! r
_r!in—ri!>< P xq
- n' . i

1‘!i11—1‘i!>< pr X’

2r-n

p

= q21‘—n

(p)21'—n
“\q



p Zr-n
- (1 - p)

P=1/2

28. Question

Mark the correct alternative in the following:

The probability that is person is not a swimmer is 0.3. The probability that out of 5 persons 4 are swimmers is
A.>C4(0.7)%(0.3)

B. °C; (0.7) (0.3)%

C.3C4 (0.7) (0.3)%

D. (0.7)%(0.3)

Answer

Given:

n=>5

q=0.3

P(x=4)=?

P=1-0.3=0.7

P(x=r)="C, p" g""

P(x=4)=5C4 p*q

=5C4 (0.7)4(0.3)

29. Question

Mark the correct alternative in the following:

Which one is not a requirement of a binomial distribution?
A. There are 2 outcomes for each trial

B. There is a fixed number of trials

C. The outcomes must be dependent on each other.

D. The probability of success must be the same for all the trials.

Answer

30. Question
Mark the correct alternative in the following:

The probability of guessing correctly at least 8 out of 10 answers of a true false type examination is

A

1024



p(true)=p(false)=1/2

p(x=8) = p(x=8) + p(x=9) + p(x=10)

— 10C8 p8 g2 + 1°C9 p? gl + 1°C10 pl0 g0
= pl0 (45+ 10+1)

51
= 516

7
T 128
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