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Preface

This book was written over a five to six-year period to serve as a text for the two-
semester sequence on probability and statistical inference, STT 861–2, at Michigan
State University. These courses are offered for master’s degree students in statistics
at the beginning of their study, although only one-half of the students are working
for that degree. All students have completed a minimum of two semesters of calculus
and one course in linear algebra, although students are encouraged to take a course
in analysis so that they have a good understanding of limits. A few exceptional
undergraduates have taken the sequence. The goal of the courses, and therefore of
the book, is to produce students who have a fundamental understanding of statistical
inference. Such students usually follow these courses with specialized courses on
sampling, linear models, design of experiments, statistical computing, multivariate
analysis, and time series analysis.

For the entire book, simulations and graphs, produced by the statistical package
S-Plus, are included to build the intuition of students. For example, Section 1.1 begins
with a list of the results of 400 consecutive rolls of a die. Instructors are encouraged
to use either S-Plus or R for their courses. Methods for the computer simulation of
observations from specified distributions are discussed.

Each section is followed by a selection of problems, from simple to more complex.
Answers are provided for many of the problems.

Almost all statements are backed up with proofs, with the exception of the con-
tinuity theorem for moment generating functions, and asymptotic theory for logistic
and log-linear models. Simulations are provided to show that the asymptotic theory
provides good approximations.

The first six chapters are concerned with probability, the last seven with statistical
inference. If a few topics covered in the first six chapters were to be omitted, there
would be enough time in the first semester to cover at least the first few sections of
Chapter Seven, on estimation. There is a bit too much material included on statistical
inference for one semester, so that an instructor will need to make judicious choices of
sections. For example, this instructor has omitted Section 7.8, on Fisher information,
the Cramér–Rao bound, and asymptotic normality of MLEs, perhaps the most difficult
material in the book. Section 7.9, on sufficiency, could be omitted.

xi
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xii preface

Chapter One is concerned with discrete models and random variables. In Chapter
Two we discuss discrete distributions that are important enough to have names: the
binomial, hypergeometric, geometric, negative binomial, and Poisson, and the Poisson
process is described. In Chapter Three we introduce continuous distributions, expected
values, variances, transformation, and joint densities.

Chapter Four concerns the normal and gamma distributions. The beta distribution is
introduced in Problem 4.3.5. Chapter Five, devoted to conditional distributions, could
be omitted without much negative effect on statistical inference. Markov chains are
discussed briefly in Chapter Five. Chapter Six, on limit theory, is usually the most
difficult for students. Modes of convergence of sequences of random variables, with
special attention to convergence in distribution, particularly the central limit theorem
for independent random variables, are discussed thoroughly.

Statistical inference begins in Chapter Seven with point estimation: first methods
of evaluating estimators, then methods of finding estimators: the method of moments
and maximum likelihood. The topics of consistency and the �-method are usually a bit
more difficult for students because they are often still struggling with limit arguments.
Section 7.7, on confidence intervals, is one of the most important topics of the last
seven chapters and deserves extra time. The author often asks students to explain the
meaning of confidence intervals so that “your mother [or father] would understand.”
Students usually fail to produce an adequate explanation the first time. As stated
earlier, Section 7.8 is the most difficult and might be omitted. The same could be
said for Section 7.9, on sufficiency, although the beauty of the subject should cause
instructors to think twice before doing that.

Chapter Eight, on testing hypotheses, is clearly one of the most important chapters.
We hope that sufficient time will be devoted to it to “master” the material, since the
remaining chapters rely heavily on an understanding of these ideas and those of
Section 7.7, on confidence intervals.

Chapter Nine is organized around the distributions defined in terms of the normal:
multivariate normal, chi-square, t, and F (central and noncentral). The usefulness of
each of the latter three distributions is shown immediately by the development of con-
fidence intervals and testing methods for “normal models.” Some of “Student’s” data
from the 1908 paper introducing the t-distribution is used to illustrate the methodol-
ogy.

Chapter Ten contains descriptions of the two- and one-sample Wilcoxon tests,
together with methods of estimation based on these. The Kolmogorov–Smirnov one-
and two-sample tests are also discussed.

Chapter Eleven, on linear models, takes the linear space-projection approach. The
geometric intuition it provides for multiple regression and the analysis of variance,
by which sums of squares are simply squared lengths of vectors, is quite valuable.
Examples of S-Plus and SAS printouts are provided.

Chapter Twelve begins with logistic regression. Although the distribution theory
is quite different than the linear model theory discussed in Chapter Eleven and is
asymptotic, the intuition provided by the vector-space approach carries over to logistic
regression. Proofs are omitted in general in the interests of time and the students’ level
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of understanding. Two-way frequency tables are discussed for models which suppose
that the logs of expected frequencies satisfy a linear model.

Finally, Chapter Thirteen has sections on survival analysis, including the Kaplan–
Meier estimator of the cumulative distribution function, bootstrapping, Bayesian
statistics, and sampling. Each is quite brief. Instructors will probably wish to select
from among these four topics.

I thank the many excellent students in my Statistics 861–2 classes over the last seven
years, who provided many corrections to the manuscript as it was being developed.
They have been very patient.

Jim Stapleton

March 7, 2007
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C H A P T E R O N E

Discrete Probability Models

1.1 INTRODUCTION

The mathematical study of probability can be traced to the seventeenth-century cor-
respondence between Blaise Pascal and Pierre de Fermat, French mathematicians of
lasting fame. Chevalier de Mere had posed questions to Pascal concerning gambling,
which led to Pascal’s correspondence with Fermat. One question was this: Is a gam-
bler equally likely to succeed in the two games: (1) at least one 6 in four throws of
one six-sided die, and (2) at least one double-6 (6–6) in 24 throws of two six-sided
dice? At that time it seemed to many that the answer was yes. Some believe that
de Mere had empirical evidence that the first event was more likely to occur than
the second, although we should be skeptical of that, since the probabilities turn out
to be 0.5178 and 0.4914, quite close. After students have studied Chapter One they
should be able to verify these, then, after Chapter Six, be able to determine how many
times de Mere would have to play these games in order to distinguish between the
probabilities.

In the eighteenth century, probability theory was applied to astronomy and to the
study of errors of measurement in general. In the nineteenth and twentieth centuries,
applications were extended to biology, the social sciences, medicine, engineering—
to almost every discipline. Applications to genetics, for example, continue to grow
rapidly, as probabilistic models are developed to handle the masses of data being
collected. Large banks, credit companies, and insurance and marketing firms are all
using probability and statistics to help them determine operating rules.

We begin with discrete probability theory, for which the events of interest often
concern count data. Although many of the examples used to illustrate the theory
involve gambling games, students should remember that the theory and methods are
applicable to many disciplines.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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2 discrete probability models

1.2 SAMPLE SPACES, EVENTS, AND PROBABILITY MEASURES

We begin our study of probability by considering the results of 400 consecutive throws
of a fair die, a six-sided cube for which each of the numbers 1, 2, . . . , 6 is equally
likely to be the number showing when the die is thrown.

6 1 6 3 5 5 2 2 4 4 2 1 6 4 1 3 6 5 3 6 5 2 1 1 4 6 4 4 5 2 3 3 1 3 2 2 6 3 2 4 6 2 6 2 4 6 3 1 3 4
3 6 4 2 6 3 3 5 5 2 6 5 5 5 4 6 4 6 2 3 5 6 1 1 1 3 2 2 5 6 3 6 4 3 5 6 4 1 4 6 5 3 5 1 4 5 6 3 6 4
5 2 6 2 4 1 2 5 3 4 1 5 3 6 2 6 5 2 6 1 4 3 4 4 5 1 3 2 2 3 6 6 1 2 6 5 3 6 2 3 6 3 2 6 5 2 1 5 6 4
2 1 5 2 4 1 3 5 5 2 6 5 2 5 3 2 1 2 2 5 4 2 2 3 4 3 2 3 6 1 6 2 4 5 4 5 4 5 6 1 1 5 1 2 5 3 6 5 5 5
4 5 2 1 5 6 6 4 4 2 4 2 6 3 5 5 2 5 2 2 1 3 2 4 2 1 5 4 3 4 1 6 3 3 6 6 3 2 4 1 1 3 1 1 1 5 4 3 4 3
3 2 2 6 1 6 3 1 5 5 5 5 2 3 5 1 3 6 1 1 5 4 3 4 6 5 6 3 2 3 4 1 6 6 6 3 1 2 2 1 5 3 2 3 3 5 2 4 1 4
5 3 3 6 6 6 2 3 3 6 1 1 2 6 5 5 5 1 3 6 5 6 5 2 4 6 4 2 1 5 4 4 2 2 1 1 4 2 2 2 1 5 1 4 5 3 1 6 6 2
5 5 2 4 1 5 4 2 2 3 2 5 1 5 6 5 6 1 5 5 4 3 3 2 4 3 6 5 6 6 2 3 4 6 6 5 1 1 2 3 1 1 4 1 4 2 4 6 5 3

The frequencies are:

1 2 3 4 5 6

60 73 65 58 74 70

We use these data to motivate the definitions and theory to be presented. Consider,
for example, the following question: What is the probability that the five numbers
appearing in five throws of a die are all different? Among the 80 consecutive sequences
of five numbers above, in only four cases were all five numbers different, a relative
frequency of 5/80 = 0.0625. In another experiment, with 2000 sequences of five
throws each, all were different 183 times, a relative frequency of 0.0915. Is there a
way to determine the long-run relative frequency? Put another way, what could we
expect the relative frequency to be in 1 million throws of five dice?

It should seem reasonable that all possible sequences of five consecutive integers
from 1 to 6 are equally likely. For example, prior to the 400-throw experiment, each
of the first two sequences, 61635 and 52244, were equally likely. For this example,
such five-digit sequences will be called outcomes or sample points. The collection of
all possible such five-digit sequences will be denoted by S, the sample space. In more
mathematical language, S is the Cartesian product of the set A = {1, 2, 3, 4, 5, 6}
with itself five times. This collection of sequences is often written as A(5). Thus,
S = A(5) = A × A × A × A × A. The number of outcomes (or sample points) in
S is 65 = 7776. It should seem reasonable to suppose that all outcomes (five-digit
sequences) have probability 1/65.

We have already defined a probability model for this experiment. As we will see, it
is enough in cases in which the sample space is discrete (finite or countably infinite)
to assign probabilities, nonnegative numbers summing to 1, to each outcome in the
sample space S. A discrete probability model has been defined for an experiment when
(1) a finite or countably infinite sample space has been defined, with each possible
result of the experiment corresponding to exactly one outcome; and (2) probabilities,
nonnegative numbers, have been assigned to the outcomes in such a way that they
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sum to 1. It is not necessary that the probabilities assigned all be the same as they are
for this example, although that is often realistic and convenient.

We are interested in the event A that all five digits in an outcome are different.
Notice that this event A is a subset of the sample space S. We say that an event A has
occurred if the outcome is a member of A. In this case event A did not occur for any
of the eight outcomes in the first row above.

We define the probability of the event A, denoted P(A), to be the sum of the
probabilities of the outcomes in A. By defining the probability of an event in this way,
we assure that the probability measure P, defined for all subsets (events, in probability
language) of S, obeys certain axioms for probability measures (to be stated later).
Because our probability measure P has assigned all probabilities of outcomes to be
equally likely, to find P(A) it is enough for us to determine the number of outcomes
N (A) in A, for then P(A) = N (A)[1/N (S)] = N (A)/N (S). Of course, this is the case
only because we assigned equal probabilities to all outcomes.

To determine N (A), we can apply the multiplication principle. A is the collection
of 5-tuples with all components different. Each outcome in A corresponds to a way
of filling in the boxes of the following cells:

The first cell can hold any of the six numbers. Given the number in the first cell, and
given that the outcome must be in A, the second cell can be any of five numbers, all
different from the number in the first cell. Similarly, given the numbers in the first two
cells, the third cell can contain any of four different numbers. Continuing in this way,
we find that N (A) = (6)(5)(4)(3)(2) = 720 and that P(A) = 720/7776 = 0.0926,
close to the value obtained for 2000 experiments. The number N (A) = 720 is the
number of permutations of six things taken five at a time, indicated by P(6, 5).

Example 1.2.1 Consider the following discrete probability model, with sample
space S = {a, b, c, d, e, f }.

Outcome � a b c d e f

P(�) 0.30 0.20 0.25 0.10 0.10 0.05

Let A = {a, b, d} and B = {b, d, e}. Then A ∪ B = {a, b, d, e} and P(A ∪ B) =
0.3 + 0.2 + 0.1 + 0.1 = 0.7. In addition, A ∩ B = {b, d}, so that P(A ∩ B) = 0.2 +
0.1 = 0.3. Notice that P(A ∪ B) = P(A) + P(B) − P(A ∩ B). (Why must this be
true?). The complement of an event D, denoted by Dc, is the collection of outcomes
in S that are not in D. Thus, P(Ac) = P({c, e, f }) = 0.15 + 0.15 + 0.10 = 0.40.

Notice that P(Ac) = 1 − P(A). Why must this be true?

Let us consider one more example before more formally stating the definitions we
have already introduced.
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Example 1.2.2 A penny and a dime are tossed. We are to observe the number
X of heads that occur and determine P(X = k) for k = 0, 1, 2. The symbol X , used
here for its convenience in defining the events [X = 0], [X = 1], and [X = 2], will
be called a random variable (rv). P(X = k) is shorthand for P([X = k]). We delay
a more formal discussion of random variables.

Let S1 = {HH, HT, TH, TT} = {H, T}(2), where the result for the penny and dime
are indicated in this order, with H denoting head and T denoting tail. It should seem
reasonable to assign equal probabilities 1/4 to each of the four outcomes. Denote
the resulting probability measure by P1. Thus, for A = [event that the coins give the
same result] = {HH, TT}, P1(A) = 1/4 + 1/4 = 1/2.

The 400 throws of a die can be used to simulate 400 throws of a coin, and therefore
200 throws of two coins, by considering 1, 2, and 3 as heads and 4, 5, and 6 as tails.
For example, using the first 10 throws, proceeding across the first row, we get TH, TH,
TT, HH, TT. For all 400 die throws, we get 50 cases of HH, 55 of HT, 47 of TH, and
48 of TT, with corresponding relative proportions 0.250, 0.275, 0.235, and 0.240. For
the experiment with 10,000 throws, simulating 5000 pairs of coin tosses, we obtain
1288 HH’s, 1215 HT’s, 1232 TH’s, and 1265 TT’s, with relative frequencies 0.2576,
0.2430, 0.2464, and 0.2530. Our model (S1, P1) seems to fit well.

For this model we get P1(X = 0) = 1/4, P1(X = 1) = 1/4 + 1/4 = 1/2, and
P1(X = 2) = 1/4. If we are interested only in X , we might consider a slightly
smaller model, with sample space S2 = {0, 1, 2}, where these three outcomes rep-
resent the numbers of heads occurring. Although it is tempting to make the model
simpler by assigning equal probabilities 1/3, 1/3, 1/3 to these outcomes, it should
be obvious that the empirical results of our experiments with 400 and 10,000 tosses
are not consistent with such a model. It should seem reasonable, instead, to as-
sign probabilities 1/4, 1/2, 1/4, thus defining a probability measure P2 on S2. The
model (S2, P2) is a recoding or reduction of the model (S1, P1), with the outcomes
HT and TH of S1 corresponding to the single outcome X = 1 of S2, with corre-
sponding probability determined by adding the probabilities 1/4 and 1/4 of HT
and TH.

The model (S2, P2) is simpler than the model (S1, P1) in the sense that it has fewer
outcomes. On the other hand, it is more complex in the sense that the probabili-
ties are unequal. In choosing appropriate probability models, we often have two or
more possible models. The choice of a model will depend on its approximation of
experimental evidence, consistency with fundamental principles, and mathematical
convenience.

Let us stop now to define more formally some of the terms already introduced.

Definition 1.2.1 A sample space is a collection S of all possible results, called
outcomes, of an experiment. Each possible result of the experiment must correspond
to one and only one outcome in S. A sample space is discrete if it has a finite or
countably infinite number of outcomes. (A set is countably infinite if it can be put
into one-to-one correspondence with the positive integers.)
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Definition 1.2.2 An event is a subset of a sample space. An event A is said to occur
if the outcome of an experiment is a member of A.

Definition 1.2.3 A probability measure P on a discrete sample space S is a function
defined on the subsets of S such that:

(a) P({�}) ≥ 0 for all points � ∈ S.
(b) P(A) =∑�∈A P(�) for all subsets A of S.
(c) P(S) = 1.

For simplicity, we write P({�}) as P(�).

Definition 1.2.4 A probability model is a pair (S, P), where P is a probability
measure on S.

In writing P({�}) as P(�), we are abusing notation slightly by using the symbol
P to denote both a function on S and a function on the subsets of S. We assume
that students are familiar with the notation of set theory: union, A ∪ B; intersection
A ∩ B; and complement, Ac. Thus, for events A and B, the event A ∪ B is said to
occur if the outcome is a member of A or B (by “or” we include the case that the
outcome is in both A and B). The event A ∩ B is said to occur if both A and B occur.
Ac, called a complement, is said to occur if A does not occur. For convenience we
sometimes write A ∩ B as AB.

We also assume that the student is familiar with the notation for relationships
among sets, A ⊂ B and A ⊃ B. Thus, if A ⊂ B, the occurrence of event A implies
that B must occur. We sometimes use the language “event A implies event B.” For
the preceding two-coin-toss example, the event [X = 1] implies the event [X ≥ 1].

Let ∅ denote the empty event, the subset of S consisting of no outcomes. Thus,
A ∩ Ac = ∅. We say that two events A and B are mutually exclusive if their intersection
is empty. That is, A ∩ B = ∅. Thus, if A and B are mutually exclusive, the occurrence
of one of them implies that the other cannot occur. In set-theoretic language we say
that A and B are disjoint. DeMorgan’s laws give relationships among intersection,
union, and complement:

(1) (A ∩ B)c = Ac ∪ Bc and (2) (A ∪ B)c = Ac ∩ Bc.

These can be verified from a Venn diagram or by showing that any element in the set
on the left is a member of the set on the right, and vice versa (see Figure 1.2.1).

Properties of a Probability Measure P on a Sample Space S

1. P(∅) = 0.

2. P(S) = 1.

3. For any event A, P(Ac) = 1 − P(A).



OTE/SPH OTE/SPH

JWDD073-c01 October 4, 2007 17:21 Char Count= 0

6 discrete probability models

A B

C

FIGURE 1.2.1 Venn diagram for three events.

4. For any events A and B, P(A ∪ B) = P(A) + P(B) − P(A ∩ B). For
three events A, B, C , P(A ∪ B ∪ C) = P(A) + P(B) + P(C) − P(A ∩ B) −
P(A ∩ C) − P(B ∩ C) + P(A ∩ B ∩ C). This follows from repeated use of the
identity for two events. An almost obvious similar result holds for the probability
of the union of n events, with 2n − 1 terms on the right.

5. For events A and B with A ∩ B = ∅, P(A ∪ B) = P(A) + P(B). More gen-
erally, if A1, A2, . . . , are disjoint (mutually exclusive) events, P(∪∞

k=1 Ak) =∑∞
k=1 P(Ak). This property of P is called countable additivity. Since Ak for

k > n could be ∅, the same equality holds when ∞ is replaced by any integer
n > 0.

Let us make use of some of these properties in a few examples.

Example 1.2.3 Smith and Jones each throw three coins. Let X denote the number
of heads for Smith. Let Y denote the number of heads for Jones. Find P(X = Y ).

We can simulate this experiment using the 400-die-tossing example, again letting
1, 2, 3 correspond to heads, 4, 5, 6 correspond to tails. Let the first three tosses be
for Smith, the next three for Jones, so that the first six tosses determine one trial of
the experiment. Repeating, going across rows, we get 36 trials of the experiment.
Among these 36 trials, 10 resulted in X = Y , suggesting that P(X = Y ) may be
approximately 10/36 = 0.278. For the experiment with 9996 tosses, 525 among 1666
trials gave X = Y , suggesting that P(X = Y ) is close to 525/1666 = 0.3151. Let us
now try to find the probability by mathematical methods.

Let S1 = {H, T}(3), the collection of 3-tuples of heads and tails. S1 is the collection
of outcomes for Smith. Also, let S2 = {H, T}(3) = S1, the collection of outcomes for
Jones. Let S = S1 × S2. This Cartesian product can serve as the sample space for
the experiment in which Smith and Jones both toss three coins. One outcome in S,
for example (using shorthand notation), is (HTH, TTH), so that X = 2, Y = 1. The
event [X = Y ] did not occur. Since N (S1) = N (S2) = 23 = 8, N (S) = 64. Define the
probability measure P on S by assigning probability 1/64 to each outcome. The pair
(S, P) constitutes a probability model for the experiment.

Let Ak = [X = Y = k] for k = 0, 1, 2, 3. By this bracket notation we mean the
collection of outcomes in S for which X and Y are both k. We might also have



OTE/SPH OTE/SPH

JWDD073-c01 October 4, 2007 17:21 Char Count= 0

sample spaces, events, and probability measures 7

TABLE 1.2.1 Box Diagram
R2 Rc

2

R1 0.2 0.6

Rc
1

0.5 1.0

written Ak = [X = k, Y = k]. The events A0, A1, A2, A3 are mutually exclusive,
and [X = Y ] = A0 ∪ A1 ∪ A2 ∪ A3. It follows from property 5 above that P(X =
Y ) = P(A0) + P(A1) + P(A2) + P(A3). Since N (A0) = 1, N (A1) = 32, N (A2) =
32, N (A3) = 1, and P(Ak) = N (Ak)/64, we find that P(X = Y ) = 20/64 = 5/16 =
0.3125, relatively close to the proportions obtained by experimentation.

Example 1.2.4 Suppose that a probability model for the weather for two days has
been defined in such a way that R1 = [rain on day 1], R2 = [rain on day 2], P(R1) =
0.6, P(R2) = 0.5, and P(R1 Rc

2) = 0.2. Find P(R1 R2), P(Rc
1 R2), and P(R1 ∪ R2).

Although a Venn diagram can be used, a box diagram (Table 1.2.1)
makes things clearer. From the three probabilities given, the other cells
may be determined by subtraction. Thus, P(Rc

1) = 0.4, P(Rc
2) = 0.5, P(R1 R2) =

0.4, P(Rc
1 R2) = 0.1, P(Rc

1 Rc
2) = 0.3, P(Rc

1 ∪ Rc
2) = 0.6. Similar tables can be con-

structed for the three events.

Example 1.2.5 A jury of six is to be chosen randomly from a panel of eight men
and seven women. Let X denote the number of women chosen. Let us find P(X = k)
for k = 0, 1, . . . , 6.

For convenience, name the members of the panel 1, 2, . . . , 15, with the first eight
being men. Let D = {1, 2, . . . , 15}. Since the events in which we are interested do not
depend on the order in which the people are drawn, the outcomes can be chosen to be
subsets of D of size 6. That is, S = {B | B ⊂ D, N (B) = 6}. We interpret “randomly”
to mean that all the outcomes in S should have equal probability. We need to determine
N (S). Such subsets are often called combinations. The number of combinations of

size k of a set of size n is denoted by

(
n

k

)
. Thus, N (S) =

(
15

6

)
.

The number of permutations (6-tuples of different people) of 15 people six at
a time, is P(15, 6) = (15)(14)(13)(12)(11)(10) = 15!/9!. The number of ways of
ordering six people is P(6, 6) = 6!. Since (number of subsets of D of size 6) ×
(number of ways of ordering six people) = P(15, 6), we find that N (S) =

(
15

6

)
=

P(15, 6)/6! = 15!/[9!6!] = 5005. Each outcome is assigned probability 1/5005.
Consider the event [X = 2]. An outcome in [X = 2] must include ex-

actly two females and therefore four males. There are

(
7

2

)
= (7)(6)/(2)(1) =

21 such combinations. There are

(
8

4

)
combinations of four males. There are
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0.4

0.2

0.0
0 1 2

P(X = k) for k = 0...., 6

3

k

4 5 6

FIGURE 1.2.2 Probability mass function for X .

therefore

(
7

2

)(
8

4

)
= (21)(70) = 1470 outcomes in the event [X = 2]. Therefore,

P(X = 2) =
(

7

2

)(
8

4

)/(
15

6

)
= 1470/5005 = 0.2937.

Similarly, we find P(X = 3) =
(

7

3

)(
8

3

)/
N (S) = (35)(56)/5005 =

1960/5005 = 0.3916, P(X = 0) = 28/5005 = 0.0056, P(X = 1) = 392/5005 =
0.0783, P(X = 4) = 980/5005 = 0.1691, P(X = 5) = 168/5005 = 0.0336,

P(X = 6) = 7/5005 = 0.0014. Figure 1.2.2 shows that these probabilities go
“uphill,” then “downhill,” with the maximum at 3.

Example 1.2.6 (Poker) The cards in a 52-card deck are classified in two ways:
by 13 ranks and by four suits. The 13 ranks and four suits are indicated by the
column and row headings in Table 1.2.2. In the game of poker, five cards are chosen
randomly without replacement, so that all possible subsets (called hands) are equally
likely. Hands are classified as follows, with decreasing worth: straight flush, 4-of-
a-kind, full house, flush, straight, 3-of-a-kind, two pairs, one pair, and “bad.” The
category “bad” was chosen by the author so that all hands fall in one of the categories.
k-of-a-kind means that k cards are of one rank but the other 5 − k cards are of differing
ranks. A straight consists of five cards with five consecutive ranks. For this purpose
the ace is counted as either high or low, so that ace−2−3−4−5 and 10−J−Q−K−ace
both constitute straights. A flush consists of cards that are all of the same suit. So
that a hand falls in exactly one of these categories, it is always classified in the higher
category if it satisfies the definition. Thus, a hand that is both a straight and a flush is
classified as a straight flush but not as a straight or as a flush. A full house has three
cards of one rank, two of another. Such a hand is not counted as 3-of-a-kind or as
2-of-a-kind.

TABLE 1.2.2 52-Card Deck

Ace 2 3 4 5 6 7 8 9 10 Jack Queen King

Spades

Hearts

Diamonds

Clubs
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Let D be the set of 52 cards. Let S be the collection of five-card hands, subsets
of five cards. Thus, S = {B | B ⊂ D, N (B) = 5}. “Randomly without replacement”

means that all N (S) =
(

52

5

)
= 2,598,960 outcomes are equally likely. Thus, we

have defined a probability model.
Let F be the event [full house]. The rank having three cards can be chosen

in 13 ways. For each of these the rank having two cards can be chosen in 12

ways. For each choice of the two ranks there are

(
4

3

)(
4

2

)
= (4)(6) choices for

the suits. Thus, N (F) = (13)(12)(6)(4) = 3744, and P(F) = 3744/2, 598, 960 =
0.0001439 = 1/694. Similarly, P(straight) = 10[45 − 4]/N (S) = 10,200/N (S) =
0.003925 = 1/255, and P(2 pairs) =

(
13

2

)(
4

2

)(
4

2

)
(44)/N (S) = 123,552/N (S) =

0.04754 = 1/21.035. In general, as the value of a hand increases, the probability of
the corresponding category decreases (see Problem 1.2.3).

Example 1.2.7 (The Birthday Problem) A class has n students. What is the
probability that at least one pair of students have the same birthday, not necessarily
the same birth year?

So that we can think a bit more clearly about the problem, let the days be numbered
1, . . . , 365, and suppose that n = 20. Birth dates were randomly chosen using the
function “sample” in S-Plus, a statistical computer language.

(1) 52 283 327 15 110 214 141∗ 276 16 43 130 219 337 234 64 262 141∗ 336 220 10

(2) 331 106 364 219 209 70 11 54 192 360 75 228 132 172 30 5 166 15 143 173

(3) 199 361∗ 211 48 86 129 39 202 339 347 22 361∗ 208 276 75 115 65 291 57 318

(4) 300 252 274 135 118 199 254 316 133 192 238 189 94 167 182 5 235 363 160 214

(5) 110 187 107 47 250 341 49 341 258 273 290 225 31 108 334 118 214 87 315 282

(6) 195 270∧ 24 204# 69 233 38% 204# 12∗ 358 38% 138 149 76 71 186 106 270∧ 12∗ 87

(7) 105 354 259 10 244 22 70 28 278 127 320 238 60 8 165 339 119 346 295 92

(8) 359# 289 112 299 201 36 94 75 269 359# 122 288 310 329 133 117 291 61∗ 61∗ 336

(9) 300 346 72 296 221 176 109 189 3 114 83 222 292 318 238 215 246 183 220 236

(10) 337 98 17 357 75 32 138 255 150 12 88 133 135 5 319 198 119 288 183 359

Duplicates are indicated by ∗’s, #’s, ∧’s, and %’s. Notice that these 10 trials had 1, 0,
0, 3, 0, 2, 0, 0 duplicates. Based on these trials, we estimate the probability of at least
one duplicate to be 4/10. This would seem to be a good estimate, since 2000 trials
produced 846 cases with at least one duplicate, producing the estimate 0.423. Let us
determine the probability mathematically.

Notice the similarity of this example to the die-throw example at the beginning of
the chapter. In this case let D = {1, . . . , 365}, the “dates” of the year. Let S = D(n),
the n-fold Cartesian product of D with itself. Assign probability 1/N (S) = 1/365n

to each outcome. We now have a probability model.

Let A be the event of at least one duplicate. As with most “at least one”
events, it is easier to determine N (Ac) than N (A) directly. In fact, N (Ac) =
P(365, n) = 365(364) · · · (365 − n + 1). Let G(n) = P(Ac). It follows that G(n) =
N (Ac)/N (S) =∏n

k=1[(365 − k + 1)/365] =∏n
k=1[1 − (k − 1)/365]. We can find
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TABLE 1.2.3 Probabilities of Coincident Birthdays

n

10 20 22 23 30 40 50 60 70

P(A) 0.1169 0.4114 0.4757 0.5073 0.7063 0.8912 0.9704 0.9941 0.9991
h(n) 0.1160 0.4058 0.4689 0.5000 0.6963 0.8820 0.9651 0.9922 0.9987

a good approximation by taking logarithms and converting the product to a sum.
ln G(n) =∑n

k=1 ln [1 − (k − 1)/365]. For x close to zero, ln(1 − x) is close
to −x , the Taylor series linear approximation. It follows that for (n − 1)/365
small, ln(G(n)) is approximately −∑n

k=1[(k − 1)/365] = −[n(n − 1)/2]/365 =
−n(n − 1)/730. Hence, a good approximation for P(A) = 1 − G(n) is h(n) =
1 − e−n(n−1)/730. Table 1.2.3 compares P(A) to its approximation h(n) for various
n. Notice that the relative error in the approximation of P(Ac) by 1 − h(n) increases
as n increases.

Pascal’s Triangle: An Interesting Identity for Combinatorics

Consider a set of five elements A = {a1, a2, . . . , a5}. A has

(
5

3

)
= 10 subsets of

size 3. These are of two types: those that contain element a1 and those that do not.

The number that contains a1 is the number of subsets

(
4

2

)
= 6 of {a2, . . . , a5} of

size 2. The number of subsets of A that do not contain a1 is

(
4

3

)
= 4. Thus,

(
5

3

)
=(

4

2

)
+
(

4

3

)
.

More generally, if A has n elements {a1, a2, . . . , an}, A has

(
n

k

)
subsets of size

k for 0 < k ≤ n. These subsets are of two types, those that contain a1 and those that

do not. It follows by the same reasoning that

(
n

k

)
=
(

n − 1

k − 1

)
+
(

n − 1

k

)
. The same

equality can be proved by manipulation of factorials. Pascal, in the mid-seventeenth
century, represented this in the famous Pascal triangle (Figure 1.2.3). Each row begins
and ends with 1, and each interior value is the sum of the two immediately above. The

nth row for n = 0, 1, . . . has

(
n

k

)
in the kth place for k = 0, 1, . . . , n. Row n = 4

has elements 1, 4, 6, 4, 1. Notice that these sum to 16 = 24.

The Equality
(n

0

)
+
(n

1

)
+ · · · + (n

n

)
= 2k

The collection B of subsets of a set with n elements is in one-to-one correspondence
to the set C = {0, 1}(n). For example, for the set A = {a1, a2, a3, a4}, the point (0, 1,
1, 0) in C corresponds to the subset {a2, a3}, and {1, 0, 1, 1} corresponds to the subset
{a1, a3, a4}. Thus, N (B) = N (C) = 2k . But we can count the elements in B another
way. There are those with no elements, those with one, those with 2, and so on. The
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FIGURE 1.2.3 Pascal’s triangle.

equality above follows. For example, 25 = 1 + 5 + 10 + 10 + 5 + 1. The sum of the
numbers in the row of Pascal’s triangle labeled n is 2n .

Relationship Between Two Probability Models

Example 1.2.8 Suppose that a coin is tossed twice. This experiment may be
reasonably modeled by (S1, P1), where S1 = {HH, HT, TH, TT} and P1 assigns
probability 1/4 to each outcome, and by (S2, P2), where {X = 0, X = 1, X = 2},
where X = (no. heads), and P2 assigns probabilities 1/4, 1/2, 1/4. In this case we
have essentially “glued” together the outcomes HT and TH in S1 to create one out-
come (X = 1) in S2. We have also added the probabilities 1/4 and 1/4 in (S1, P1)
to get P2(X = 1) = 1/2. The model (S2, P2) is simpler than (S1, P1) in the sense
that it has fewer outcomes, but it is more complex in the sense that the probabilities
aren’t equal. We will say that the probability model (S2, P2) is a reduction of the
probability model (S1, P1), and that (S1, P1) is an expansion of the probability model
(S2, P2).

The model (S1, P1) can be used to determine the probability of the event H1 =
[first toss is heads]. The probability model (S2, P2) cannot be used to determine
the probability of H1. The event H1 is not “measurable” with respect to the model
(S2, P2). Such questions on measurability are considered as part of the subject of
measure theory. We say very little about it here.

In order to consider a general definition of reduction and expansion of probability
models, we need to recall that for any function g: S1 → S2,

g−1(A) = {� | g(�) ∈ A} for any subset A of S2.

Definition 1.2.5 Let (S1, P1) and (S2, P2) be two discrete probability models. Then
(S2, P2) is said to be a reduction of (S1, P1) if there exists a function g from S1 to
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S2 such that P1(g−1(A)) = P2(A) for any subset A of S2. (S1, P1) is said to be an
expansion of (S2, P2).

If S1 is finite or countably infinite, P1(g−1(A)) = P2(A) is assured if it holds
whenever A is a one-point set. This follows from the fact that g−1(A) = {g−1(�) |� ∈
A} is a union of mutually exclusive events.

If X is a discrete random variable defined on (S1, P1), let S2 = { k|P(X = k) > 0}.
Let P2(k) = P1(X = k). Then X plays the role of g in the definition so that (S2, P2)
is a reduction of (S1, P1). This is the most common way to reduce a probability
model. More generally, if X1, . . . , Xn are random variables defined on (S1, P1), X =
(X1, . . . , Xn), then we can take S2 = {x ∈ Rn |P(X = x) > 0} and assign P2(x) =
P1(X = x).

Example 1.2.9 A husband and wife and two other couples are seated at random
around a round table with six seats. What is the probability that the husband and wife
in a particular couple, say C1, are seated in adjacent seats?

Let the people be a, b, . . . , g, let the seats be numbered 1, . . . , 6, reading clockwise
around the table, and let (x1, . . . , x6), where each xi is one of the these letters, all differ-
ent, correspond to the outcome in which person xi is seated in seat i, i = 1, 2, . . . , 6.
Let S1 be the collection of such arrangements. Let P1 assign probability 1/6! to
each outcome. Let A be the collection of outcomes for which f and g are adjacent.
If f and g are the husband and wife in C1, then f g in this order may be in seats
12, 23, . . . , 56, 61. They may also be in the order of 21, 32, . . . , 16. For each of these
the other four people may be seated in 4! ways. Thus, N (A) = (2)(6)(4!) = 288 and
P(A) = 2/5.

We may instead let an outcome designate only the seats given to the husband
and wife in C1, and let S2 be the set of pairs (x, y), x �= y. We have combined all 4!
seating arrangements in S1 which lead to the same seats for the husband and wife in C1.
Thus, N (S2) = (6)(5). Let P2 assign equal probability 1/[(5)(6)] to each outcome,
4! = 24 times as large as for the outcomes in S1. Let B = [husband and wife in
C1 are seated together] = {12, 23, . . . , 61, 21, . . . , 16}, a subset of S2. Then P(B) =
(2)(6)/(6)(5) = 2/5, as before. Of course, if we were asked the probability of the event
D that all three couples are seated together, each wife next to her husband. we could
not answer the question using (S2, P2), although we could using the model (S1, P1).
P1(D) = (2)(3!)(23)/6! = 96/720 = 2/15. (Why?) D is an event with respect to S1

(a subset of S1), but there is no corresponding subset of S2.

Problems for Section 1.2

1.2.1 Consider the sample space S = {a, b, c, d, e, f }. Let A = {a, b, c}, B =
{b, c, d}, and C = {a, f }. For each outcome x in S, let P({x}) =
p(x), where p(a) = 0.20, p(b) = 0.15, p(c) = 0.20, p(d) = 0.10, p(e) =
0.30. Find p( f ), P(A), P(B), P(A ∪ B), P(A ∪ Bc), P(A ∪ Bc ∪ C). Ver-
ify that P(A ∪ B) = P(A) + P(B) − P(A ∩ B).
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1.2.2 Box 1 has four red and three white balls. Box 2 has three red and two white
balls. A ball is drawn randomly from each box. Let (x, y) denote an outcome
for which the ball drawn from box 1 has color x and the ball drawn from box
2 has color y. Let C = {red, white} and let S = C × C .

(a) Assign probabilities to the outcomes in S in a reasonable way. [In 1000
trials of this experiment the outcome (red, white) occurred 241 times.]

(b) Let X = (no. red balls drawn). Find P(X = k) for k = 0, 1, 2. (In 1000
trials the events [X = 0], [X = 1], and [X = 2] occurred 190, 473, and
337 times.)

1.2.3 For the game of poker, find the probabilities of the events [straight flush],
[4-of-a-kind], [flush], [3-of-a-kind], [one pair].

1.2.4 Find the elements in the rows labeled n = 6 and n = 7 in Pascal’s triangle.
Verify that their sums are 26 and 27.

1.2.5 A coin is tossed five times.

(a) Give a probability model so that S is a Cartesian product.

(b) Let X = (no. heads). Determine P(X = 2).

(c) Use the die-toss data at the beginning of the chapter to simulate this
experiment and verify that the relative frequency of cases for which the
event [X = 2] occurs is close to P(X = 2) for your model.

1.2.6 For a Venn diagram with three events A, B, C , indicate the following events
by darkening the corresponding region:

(a) A ∪ Bc ∪ C .

(b) Ac ∪ (Bc ∩ C).

(c) (A ∪ Bc) ∩ (Bc ∪ C).

(d) (A ∪ Bc ∩ C)c.

1.2.7 Two six-sided fair dice are thrown.

(a) Let X = (total for the two dice). State a reasonable model and determine
P(X = k) for k = 2, 3, . . . , 12. (Different reasonable people may have
sample spaces with different numbers of outcomes, but their answers
should be the same.)

(b) Let Y = (maximum for the two dice). Find P(Y = j) for j = 1, 2, . . . , 6.

1.2.8 (a) What is the (approximate) probability that at least two among five nonre-
lated people celebrate their birthdays in the same month? State a model
first. In 100,000 simulations the event occurred 61,547 times.

(b) What is the probability that at least two of five cards chosen randomly
without replacement from the deck of 48 cards formed by omitting the
aces are of the same rank? Intuitively, should the probability be larger
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or smaller than the answer to part (a)? Why? In 100,000 simulations the
event occurred 52,572 times.

1.2.9 A small town has six houses on three blocks, B1 = {a, b, c}, B2 =
{d, e}, B3 = { f }. A random sample of two houses is to be chosen according
to two different methods. Under method 1, all possible pairs of houses are
written on slips of paper, the slips are thoroughly mixed, and one slip is
chosen. Under method 2, two of the three blocks are chosen randomly with-
out replacement, then one house is chosen randomly from each of the blocks
chosen. For each of these two methods state a probability model, then use it
to determine the probabilities of the events [house a is chosen], [house d is
chosen], [house f is chosen], and [at least one of houses a, d is chosen].

1.2.10 Four married couples attend a dance. For the first dance the partners for the
women are randomly assigned among the men. What is the probability that
at least one woman must dance with her husband?

1.2.11 From among nine men and seven women a jury of six is chosen randomly.
What is the probability that two or fewer of those chosen are men?

1.2.12 A six-sided die is thrown three times.

(a) What is the probability that the numbers appearing are in increasing
order? Hint: There is a one-to one correspondence between subsets of
size 3 and increasing sequences from {1, 2, . . . , 6}. In 10,000 simulations
the event occurred 934 times.

(b) What is the probability that the three numbers are in nondecreasing
order? (2, 4, 4) is not in increasing order, but is in nondecreasing order.
Use the first 60 throws given at the beginning of the chapter to simulate
the experiment 20 times. For the 10,000 simulations, the event occurred
2608 times.

1.2.13 Let (S, P) be a probability model and let A, B, C be three events such
that P(A) = 0.55, P(B) = 0.60, P(C) = 0.45, P(A ∩ B) = 0.25, P(A ∩
C) = 0.20, P(Bc ∩ C) = 0.15, and P(A ∩ B ∩ C) = 0.10.

(a) Present a box diagram with 23 = 8 cells giving the probabilities of all
events of the form A∗ ∩ B∗ ∩ C∗, where A∗ is either A or Ac, and B∗

and C∗ are defined similarly.

(b) Draw a Venn diagram indicating the same probabilities.

(c) Find P(Ac ∩ B ∩ Cc) and P(A ∪ Bc ∪ C). Hint: Use one of DeMor-
gan’s laws for the case of three events.

1.2.14 (The Matching Problem)

(a) Let A1, . . . , An be n events, subsets of the sample space S. Let
Sk be the sum of the probabilities of the intersections of all

(n
k

)
choices of these n events, taken k at a time. For example, for n = 4,
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S3 = P(A1 A2 A3) + P(A1 A2 A4) + P(A1 A3 A4) + P(A2 A3 A4). Prove
that P(A1 ∪ A2 ∪ · · · ∪ An) = S1 − S2 + · · · + (−1)n+1Sn .

(b) Let X = (X1, . . . , Xn) be a random permutation of the integers 1, . . . , n.
Let Ai = [Xi = i]. Thus, Ai is the event of a match in the ith place. Ex-
press the probability of at least one match as a sum of n terms, and
then use this to find an approximation for large n. For 1000 simulations
with n = 10, the frequencies f (k) of k matches were as follows: f (0) =
351, f (1) = 372, f (2) = 195, f (3) = 60, f (4) = 14, f (5) = 8, for an
average of 1.038 matches per experiment. The probabilities for the num-
bers of matches for n = 3, are f (0) = 1/3, f (1) = 3/6, f (3) = 1/6.

Later we will be able to show that the “expected number” of matches
per experiment is 1.0.

(c) Apply the formulas obtained in part (b) to answer Problem 1.2.8.

1.2.15 Give two models (Si , Pi ) for i = 1, 2 for the two tosses of a six-sided die, so
that (S2, P2) is a reduction of (S1, P1). Both should enable you to determine
the probability that the sum of the numbers appearing exceeds 10, while
(S1, P1) allows the determination of the probability that the first toss results
in 6, but (S2, P2) does not.

1.3 CONDITIONAL PROBABILITY AND INDEPENDENCE

Conditional Probability

Suppose that two six-sided fair dice are tossed and you learn that at least one of the
two dice had resulted in 6. What is the probability now that the total of the numbers
on the two dice is at least 10? Obviously, a revised probability should be larger than
it was before you learned of the 6.

To answer this, consider the sample space S = D × D, where D = {1, 2, . . . , 6},
with the assignment of equal probabilities 1/36 to each outcome (see Table 1.3.1).
The event A = [at least one 6] has 11 outcomes, and since you know that A has
occurred, can serve as a new sample space, again with equal probabilities. However,
these probabilities must be 1/11 rather than 1/36, in order to sum to 1. Let us refer

TABLE 1.3.1 Sample Space for Throw of Two Dice

Second Die

First Die 1 2 3 4 5 6

1 a
2 a
3 a
4 ab
5 b ab
6 a a a ab ab ab
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to the new model as the conditional model, given A, and write the new probability
of an event B as P(B |A). For B = [total of 10 or more] = {(4,6), (5,5), (5,6), (6,4),
(6,5), (6,6)}, we get P(B | A) = 5/11 = (5/36)/(11/36) = P(A ∩ B)/P(A). This is
larger than P(B) = 6/36 = 1/6.

Let a and b denote outcomes in A and B, respectively. Consider Example 1.2.1 with
sample space S = {a, b, c, d, e, f }, with probabilities 0.30, 0.20, 0.25, 0.10, 0.10,
0.05. As before, let A = {a, b, d} and B = {b, d, e}. If A is known to have occurred,
then since P(A) = 0.60, we can form a new probability model with sample space A
and revised probabilities 0.30/0.60 = 1/2, 0.20/0.60 = 1/3, and 0.10/0.60 = 1/6.
Since A ∩ B = {b, d}, we find P(B | A) = 1/3 + 1/6 = 1/2 = P(A ∩ B)/P(A).
Since P(B) = 0.40, the occurrence of A has again increased the probability
of B.

We can avoid the need to define a new probability model by simply defining
P(B | A) for events A, B as follows.

Definition 1.3.1 For a given probability model (S, P), let A and B be two events
with P(A) > 0. The conditional probability of B, given A, is P(B | A) = P(A ∩
B)/P(A).

Consider Example 1.2.4. Since P(R1) = 0.6, P(R1 ∩ R2) = 0.4, we find that
P(R2 | R1) = 2/3, while P(R2) = 0.5. Rain on the first day makes it more likely
that it will rain the second day. Similarly, P(R1 | R2) = P(R1 ∩ R2)/P(R2) = 4/5 >

P(R1).
The definition P(B | A) = P(A ∩ B)/P(A) is useful in the form P(A ∩ B) =

P(B | A)P(A), since in many cases conditional probabilities can be determined more
easily from the fundamentals of the experiment than can the probabilities of intersec-
tions. In this form, conditional probabilities can be used to build probability models.

Example 1.3.1 Suppose that a sexual disease is present in 0.6% of 18- to 24-
year-old men in a large city. A blood test for the disease is good, but not perfect, in
the following way. The probability that a man with the disease is positive on the test
is 0.98 (the sensitivity of the test). The probability that a man who does not have the
disease is positive for the test is 0.01. (The specificity of the test is therefore 0.99.)
What are:

(a) The probability that a man of that age selected randomly will be positive for
the test?

(b) Given that such a man is positive for the test, what is the probability that he
actually has the disease? The answer to this question may surprise you.

Let S = {n, d} × {+, −} = {(d, +), (d, −), (n, +), (n, −)}, where d means that
the man has the disease, n means that he does not, + indicates that the test is
positive, and − indicates that the test is negative. Let D = [man has disease]
= {(d, +), (d, −)}, and V = [test is positive] = {(d, +), (n, +)}. We are given
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FIGURE 1.3.1 Tree diagram for sexual disease.

P(D) = 0.006, P(V | D) = 0.98, P(V | Dc) = 0.01. We want to determine P(V )
and P(D | V ).

Figure 1.3.1 presents these and other relevant unconditional and conditional prob-
abilities. For example, P((d, +)) = P(D ∩ V ) = P(D)P(V | D) = (0.006)(0.98) =
0.00588. Similarly, P((n, +)) = P(Dc ∩ V ) = P(Dc)P(V | Dc) = (0.994)(0.01) =
0.00994. Since V = (D ∩ V ) ∪ (Dc ∩ V ) and the two events within parentheses
are mutually exclusive, P(V ) = P(D ∩ V ) + P(Dc ∩ V ) = 0.00588 + 0.00994 =
0.01582. Then P(D|V ) = P(D ∩ V )/P(V ) = 0.00588/0.01582 = 0.3717. Only
37% of all those testing positive actually have the disease! This certainly suggests the
retesting of those whose first test is positive.

Example 1.3.2 A box contains r red and w white balls. Let N = r + w. Two balls
are drawn consecutively and randomly without replacement. What is the probability
that the second ball drawn is red?

We use two different approaches to answer the question. With luck the answers
will be the same. Since the question concerns the ball chosen second, we choose a
sample space in which the outcomes indicate the order in which the balls are chosen.
Let R be the set of red balls and let W be the set of white balls. Let B = R ∪
W . Let S = {(b1, b2) | b1 ∈ B, b2 ∈ B, b1 �= b2}. Assign equal probability 1/N (S) =
1/[N (N − 1)] to each outcome. Let R2 = [red on the second ball chosen]. Let us
determine N (R2). For each possible choice of a red ball for the second ball chosen,
there are (N − 1) choices for the first ball. Therefore, N (R2) = r (N − 1) and P(R2) =
[r (N − 1)]/N (N − 1) = r/N , the proportion of red balls in the box. This is, of course,
also the probability of the event R1 that the first ball chosen is red.

Now consider the problem using conditional probability. Then P(R2) =
P(R1 R2) + P(Rc

1 R2) = P(R1)P(R2 | R1) + P(Rc
1)P(R2 | Rc

1) = (r/N )[(r − 1)/
(N − 1)] + (w/N )[r/(N − 1)] = [r/N (N − 1)][(r − 1) + w] = r/N = P(R1).

The problem many students have when first confronted with this type of example
is caused by their difficulty in distinguishing between conditional and unconditional
probabilities.
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FIGURE 1.3.2 Tree diagram for gene analysis.

Let A1, A2, . . . , An be events. Then, applying the definition of conditional proba-
bility and canceling factors in the numerator and denominator, we get

P(A1)P(A2 |A1)P(A3 | A1 A2) · · · P(An | A1 A2 · · · An−1) = P(A1 A2 · · · An),

assuming that these conditional probabilities are all defined. For example, in con-
secutive random-without-replacement draws of four balls from a box with six
red and seven white balls, the probability of the order (red–white–red–white) is
(6/13)(7/12)(5/11)(6/10).

Example 1.3.3 Suppose that a gene has two forms, g for good and b for bad.
Every person carries a pair of genes, so there are three possible genotypes, gg, gb,
and bb. Persons with genotype bb suffer from the disease and always die young, so
they never have children. Persons of genotype gb do not suffer from the disease but
are carriers in the sense that their offspring (children) may acquire the bad gene b
from them. Suppose now that the proportions of people in the population of adults
of genotypes gg and gb are 0.999 and 0.001. A female of known genotype gb has a
child with a male drawn randomly from the adult male population (see Figure 1.3.2).

(a) What are the probabilities that a child of such a mating is of each of genotypes
gg, gb, bb?

(b) Given that the child is of genotype gb, what is the probability that the male is
of genotype gb?

If the male is of genotype gg, the child is equally likely to be gg or gb. If the male
is of genotype gb, the child has probabilities 1/4, 1/2, 1/4 of being gg, gb, or bb.

From Figure 1.3.2, the answers to part (a) are 0.49975, 0.50000, 0.00025. More
generally, if p is the proportion of genotype gb in the population of adult males, the
probabilities are (1 − p)/2 + p/4 = 1/2 − p/4, (1 − p)/2 + p/2 = 1/2, and p/4.
In general, in answer to part (b), P(male is gb | offspring is gb) = (p/2)/(1/2) = p,
so the conditional probability that the male is gb is the same as the probability that
the child is gb.
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The examples for which we have used a tree diagram suggest useful identities.
Suppose that a sample space can be partitioned into k disjoint subsets A1, . . . , Ak

whose probabilities, often called prior probabilities, are known and are positive.
Suppose also that B is another event and that P(B | Ai ) is known for each i . Then:

Theorem 1.3.1 P(B) =∑k
i=1 P(Ai )P(B | Ai ).

Proof: Since B = B A1 ∪ · · · ∪ B Ak , these events are disjoint, and P(B Ai ) =
P(Ai )P(B | Ai ), the identity follows from the additivity of P .

The identity of Theorem 1.3.1 is sometimes called the total probability formula.
From this formula and the definition of conditional probability, we get:

Theorem 1.3.2 (Bayes’ Formula)

P(A j | B) = P(B | A j )P(A j )∑k
i=1 P(Ai )P(B | Ai )

for j = 1, . . . , k.

The probabilities P(A j | B) are sometimes called posterior probabilities, since
they are the revised probabilities [from the prior probabilities P(A j )] of the events
A j given the occurrence of the event B.

Example 1.3.4 Boxes 1, 2, and 3 each have four balls, each ball being red or
white. Box i has i red balls, i = 1, 2, 3. A six-sided fair die is tossed. If a 1 occurs, a
ball is drawn from box 1. If a 2 or 3 occurs, a ball is drawn from box 2. If a 4, 5, or 6
occurs, a ball is drawn from box 3. What are (a) the probability that the ball drawn is
red, and (b) the conditional probability that the ball was drawn from box j given that
it was red?

Let Ai = [ball is drawn from box i] for i = 1, 2, 3. Let B = [ball drawn is red].
Then P(A j ) = j/6 and P(B | A j ) = j/4 for j = 1, 2, 3. Therefore, from Theorem
1.3.1, P(B) = (1/6)(1/4) + (2/6)(2/4) + (3/6)(3/4) = 14/24. From Bayes’ the-
orem, P(A1 | B) = (1/24)/(14/24) = 1/14, P(A2 | B) = (4/24)/(14/24) = 4/14,

and P(A3 | B) = (9/24)/(14/24) = 9/14. The posterior probability P(A3 | B) =
9/14 that the ball was drawn from box 3 given that it was red is larger than the
prior probability P(A3) = 3/6 that the ball would be drawn from box 3.

Example 1.3.5 Your friend Zeke has been reasonably honest in the past, so that
your prior evaluation of the probability that he is telling the truth when he claims to
be tossing a fair coin rather than his two-headed coin is 0.9. The prior probability that
he is tossing the two-headed coin is therefore 0.1. Zeke then tosses the coin n times
and gets a head on every toss. What is the posterior probability that he tossed the fair
coin?

Let F = [coin tossed is fair] and let B = [all tosses result in heads]. Then P(B) =
P(F)P(B|F) + P(Fc)P(B | Fc) = (0.9)(1/2n) + (0.1)(1) = 0.9/2n + 0.1. There-
fore, P(F | B) = (0.9/2n)/[0.9/2n + 0.1] = 1/[1 + 2n/9]. As n becomes larger, the
posterior probability that he is telling the truth goes rapidly to zero. Students can draw
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their own conclusions about friends who tell them often of low-probability events that
have occurred in their lives.

Simpson’s Paradox

In a paper appearing in the journal Science, Bickel et al. (1975) studied the rates of
admission to graduate school by gender and department at the University of California
at Berkeley. To make their point they invented the following data for the departments
of “Machismatics” and “Social Warfare.” For the combined departments their data
were:

Deny Admit Percentage

Men 300 250 45.5
Women 400 250 38.5

Assuming relatively equal ability among men and women, there seems to be dis-
crimination against women. But the frequencies for the separate departments were:

Machismatics Social Warfare

Admit Deny Percentage Admit Deny Percentage

Men 200 200 50.0 50 100 33.3
Women 100 100 50.0 150 300 33.3

Assigning equal probabilities 1/1200 to each applicant and using obvi-
ous notation, with D1 and D2 denoting the events that the student applied
to the Department of Machismatics and the Department of Social Warfare,
we have P(A | M) = 0.455, P(A | W ) = 0.385, P(A | M ∩ D1) = 0.50, P(A | W ∩
D2) = 0.50. When drawing conclusions about the relationships between variables,
the tendency to “collapse” (combine) tables in this way leads to what is called Simp-
son’s paradox (from a paper by E. H. Simpson, 1951, not named after the famous O.
J. Simpson. In this case the department variable is called a lurking variable. Failure
to take it into consideration leads to the wrong conclusion.

Independence

Consider the experiment in which a fair six-sided die is thrown twice. Let D =
{1, . . . , 6}, S = D × D, and assign probability 1/36 to each outcome in S. Let
A be the event that the number appearing on the first throw is 5 or 6, and
let B be the event that the number appearing on the second throw is at least
3. Then P(A) = 12/36 = 1/3, P(B) = 24/36 = 2/3, P(AB) = 8/36 = 2/9, and
P(B | A) = (2/9)/(1/3) = 2/3 = P(B). Thus, the occurrence of the event A does
not affect the probability of the event B. This, of course, should seem intuitively
clear, unless one believes that dice have memories.
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We take this as a starting point in developing a definition of independence of events.
Suppose that for two events A and B with P(A) > 0, P(B | A) = P(B). Then

P(A ∩ B) = P(B | A)P(A) = P(B)P(A),

and if P(B) > 0 so that if P(A | B) is defined, P(A | B) = P(A). Since

P(AB) = P(A)P(B) (1.3.1)

implies both P(B | A) = P(B) and P(A | B) = P(A), and since (1.3.1) is symmetric
in A and B and does not require either P(A) > 0 or P(B) > 0, we take (1.3.1) as the
definition of the independence of two events.

Definition 1.3.2 Two events A and B are independent if P(AB) = P(A)P(B).

Warning: Do not confuse the statement that two events A and B are independent
with the statement that they are mutually exclusive (disjoint). In fact, if A and B are
mutually exclusive, then P(AB) = 0, so that they cannot be independent unless at
least one of them has probability zero.

It is easy to show that independence of A and B implies independence of the fol-
lowing pairs of events: (A, Bc), (Ac, B), (Ac, Bc). For example, P(Ac B) = P(B) −
P(AB) = P(B) − P(A)P(B) = P(B)[1 − P(A)] = P(B)P(Ac). In fact, indepen-
dence is best thought of as a property of the probability measure on the sample space
as applied to the partitioning of the sample space into four parts produced by the two
events A and B. The fundamental idea of independence of events is used very often
to build probability models.

Suppose that two experiments are to be performed, with corresponding probability
models (S1, P1) and (S2, P2). Suppose also that it is reasonable to believe that the
outcome of either experiment should not change the probability of any event in the
other experiment. We can then produce a probability model for the combination
of experiments as follows. Let S = S1 × S2, and for (s1, s2) ∈ S, let P((s1, s2)) =
P1(s1)P2(s2). In this way we have defined a probability measure on S. To see this,
note that for any events,

A1 ⊂ S1, A2 ⊂ S2, P(A1 × A2) =
∑

s1∈A1,s2∈A2

P((s1, s2)) =
∑

s1∈A1

P1(s1)
∑

s2∈A2

P2(s2)

= P1(A1)P2(A2).

In particular, P(S) = P(S1 × S2) = P1(S1)P2(S2) = (1)(1) = 1. Let B1 = A1 ×
S2 and B2 = S1 × A2, where A1 ⊂ S1 and A2 ⊂ S2. In the language of set the-
ory, B1 and B2 are cylinder sets. B1 is defined entirely in terms of the first ex-
periment, B2 entirely in terms of the second experiment. For the model (S, P), B1
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TABLE 1.3.2 Product Model

e f g sum

a 0.08 0.12 0.20 0.40
b 0.06 0.09 0.15 0.30
c 0.04 0.06 0.10 0.20
d 0.02 0.03 0.05 0.10

sum 0.20 0.30 0.50

and B2 are independent. Since B1 ∩ B2 = A1 × A2, P(B1 ∩ B2) = P(A1 × A2) =
P1(A1)P2(A2) = P(A1 × S2)P(S1 × A2) = P(B1)P(B2). (Pay attention to the sub-
scripts or lack of subscripts on P!)

Example 1.3.6 Let S1 = {a, b, c, d} and let P1 assign probabilities 0.4, 0.3, 0.2,
and 0.1 to its outcomes. Let S2 = {e, f, g} and let P2 assign probabilities 0.2, 0.3,
and 0.5 to its outcomes. Then the outcomes of S = S1 × S2 and the probability as-
signments under the independence model for the two experiments correspond to the
12 cells of Table 1.3.2.

Let A1 = {b, c}, A2 = {e, g}. Then the event A1 × S2, the set of outcomes in the
rows headed by b and c, has probability 0.50. The event S1 × A2, the set of outcomes
in the columns headed by e and f , has probability 0.70. The event A1 × A2, the set of
outcomes in the rectangle formed from the rows headed by b and c and the columns
headed by e and f , has probability 0.35, which is, of course, P(A1 × S2)P(S1 ×
A2) = (0.50)(0.70).

In generalizing the property of independence for two events to that of three or
more events A1, . . . , An , we want to be able to use the multiplication rule,

P(A∗
1 ∩ · · · ∩ A∗

n) = P(A∗
1) · · · P(A∗

n), (1.3.2)

where each A∗
i is either Ai or Ac

i . To assure this, it is not enough to require that these
events be independent in pairs. It is equivalent that for any integer k, 1 ≤ k ≤ n, and
indices 1 ≤ i1 < · · · < ik ≤ n,

P(Ai1 ∩ · · · ∩ Aik ) = P(Ai1 ) · · · P(Aik ). (1.3.3)

For example, for n = 3, we need P(A1 ∩ A2 ∩ A3) = P(A1)P(A2)P(A3), P(A1 ∩
A2) = P(A1)P(A2), P(A1 ∩ A3) = P(A1)P(A3), and P(A2 ∩ A3) = P(A2)P(A3).

An inductive proof of the equivalence of (1.3.2) and (1.3.3) can be con-
structed, but we will avoid the messy details and instead show that (1.3.3) implies
(1.3.2) for the special case of A1, A2, Ac

3. Since (A1 ∩ A2 ∩ Ac
3) ∪ (A1 ∩ A2 ∩ A3) =

A1 ∩ A2, P(A1 ∩ A2 ∩ Ac
3) = P(A1 ∩ A2) − P(A1 ∩ A2 ∩ A3). From (1.3.3) this is

P(A1)P(A2)[1 − P(A3)] = P(A1)P(A2)P(Ac
3).
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Definition 1.3.3 Events A1, . . . , An are independent if for any integer k, 1 ≤ k ≤ n,
and indices 1 ≤ i1 < · · · < ik ≤ n, (1.3.3) holds.

Given two models (S1, P1) and (S2, P2) for two experiments and independence
of these experiments, we constructed a product model (S, P), where S = S1 × S2

and P(A1 × A2) for A1 ⊂ S1, A2 ⊂ S2. We can generalize this to the case of n
models (S1, P1), . . . , (Sn, Pn). We let S = S1 × · · · × Sn , and for any outcomes
s1 ∈ S1, . . . , sn ∈ Sn , assign probability P1(s1) . . . Pn(sn) to (s1, · · · , sn) ∈ S. Again
we find that events which are defined in terms of nonoverlapping indices are inde-
pendent. For example, for n = 4, independence of the events A1, . . . , A4 implies the
independence of A1 ∪ Ac

3, A2, and Ac
4.

Example 1.3.7 Three new car salespeople, Abe, Betty, and Carl, are to be as-
signed to the next three customers. The three have differing sales skills: Abe makes a
sale with probability 0.3, Betty with probability 0.2, and Carl with probability 0.1. If
the three salespeople do or do not make sales independently, what is the probability
that the three make a total of at least one sale?

Let A be the event that Abe makes a sale, and define B and C similarly for Betty and
Carl. Then, since P(at least one sale) = P(A ∪ B ∪ C) = 1 − P((A ∪ B ∪ C)c) =
1 − P(Ac BcCc) = 1 − P(Ac)P(Bc)P(Cc) = 1 − (0.7)(0.8)(0.9) = 1 − 0.504 =
0.496.

Example 1.3.8 During the seventeenth century the French nobleman Antoine
Gombauld, the Chevalier de Mere, a gambler, wrote to the mathematician Blaise
Pascal concerning his experience throwing dice. He had been able to win regularly
by betting that at least one 6 would appear in four rolls of a die. On the other hand, he
was losing money when he bet that at least one double-6 would occur in 24 throws of
two dice. It seemed to de Mere that he should have about the same chance of winning
on each of these two bets.

It seemed “obvious” that the probability of at least one 6 should be 2/6 for two
throws of a die, 3/6 for three throws, and so on. This reasoning seems to go bad for
seven throws, however, so perhaps we need to think a bit more carefully. Using inde-
pendence and DeMorgan’s law, similarly to Example 1.3.5, for n throws of one die we
get P(at least one 6) = 1 − P(no 6’s) = 1 − (5/6)4 = 1 − 0.4823 = 0.5177 > 0.5,
so de Mere should have been a winner, although he had to be patient. On the other hand,
for n = 24 throws of two dice, P(at least one 6–6) = 1 − (35/36)24 = 1 − 0.5086 =
0.4914 < 0.5, so that de Mere should have expected to lose, although slowly. To
determine the difference in success rates between the two games experimentally, de
Mere must have played very often and must have kept very good records. We have
reason to be skeptical about de Mere’s story.

Example 1.3.9 Consider a system consisting of three components, 1, 2, and 3.
Current (in the case that this is a wiring diagram with resistors 1, 2, and 3) or traffic
(in the case that this is a system of highways with bridges 1, 2, and 3) must travel
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FIGURE 1.3.3 Reliability diagram.

from point A to point B. The system works if component 1 works and either of 2 or 3
works. Suppose that the three components have reliabilities (probabilities of working)
0.9, 0.8, and 0.7. Suppose also that the events that the three components function as
they should are independent. What is the reliability of the system? That is, what is
the probability that the system works? (See Figure 1.3.3.)

Let Wi for i = 1, 2, 3 be the probability that component i works. Then the reliabil-
ity of the system = P(W1 ∩ (W2 ∪ W3)) = P(W1)[1 − P(W c

2 )P(W c
3 )] = (0.9)[1 −

(0.2)(0.3)] = 0.846.

Example 1.3.10 Our football team will play games against teams 1, 2, and 3.
It has probabilities 0.7, 0.6, and 0.4 of winning each game, and it is reasonable to
believe that the events of winning each game are independent. Given that the team
wins at least one of the first two games, what is the conditional probability that it wins
at least one of the last two?

Let Wi = [our team wins the game with team i] for i = 1, 2, 3. We need to find
P(W2 ∪ W3 |W1 ∪ W2). A Venn diagram is helpful. Note that (W1 ∪ W2)(W2 ∪ W3) =
W2 ∪ (W1W c

2 W3), so that using the independence of W1, W2, W3, we get P((W1 ∪
W2)(W2 ∪ W3)) = 0.6 + (0.7)(0.4)(0.4) = 0.712. Since P(W1 ∪ W2) = 0.7 + 0.6 −
(0.7)(0.6) = 0.88, we get P(W2 ∪ W3 |W1 ∪ W2) = 0.712/0.880 = 89/110. What is
the conditional probability that the team wins at least two games given that it wins at
least one of the first two?

Problems for Section 1.3

1.3.1 Let S = {a, b, c, d, e} and let P assign probabilities 0.2, 0.3, 0.1,
0.3, and 0.1, respectively. Let A = {a, b, c} and B = {b, c, d}. Find
P(A), P(B), P(A | B), P(B |A), and P(Ac | Bc).

1.3.2 A fair coin is tossed three times. Let A = [at least one of the first two tosses
is a head], B = [same result on tosses 1 and 3], C = [no heads], D = [same
result on tosses 1 and 2]. Among these four events there are six pairs. Which
of these pairs are independent? Which are mutually exclusive?

1.3.3 A bowl contains five balls numbered 1, 2, 3, 4, 5. One ball is drawn randomly,
that ball is replaced, balls with larger numbers are withdrawn, then a second
ball is drawn randomly.
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(a) Given that the second ball drawn has the number k, what is the probability
that the first ball drawn had the number j , for j = 1, . . . , 5, and k =
1, 2, . . . , 5?

(b) Repeat part (a) for the case of N balls numbered 1, . . . , N .

1.3.4 For the experiment consisting of three coin tosses with eight equally likely
outcomes, define three events A1, A2, A3 which are pairwise independent
but are not independent as a collection of three events.

1.3.5 How many tosses of two dice must be made to have probability at least 0.90
that at least one double-six occurs?

1.3.6 For Figure 1.3.3 we can say that the single component 1 is in series with the
subsystem consisting of (2, 3) in parallel. Consider a similar diagram except
that there are four components, with the subsystem of components (1, 2) in
parallel, the subsystem of components (3, 4) in parallel, and the subsystems
(1, 2) and (3, 4) in series.

(a) Suppose that component k has reliability pk = 0.5 + 0.1k for k =
1, 2, 3, 4. Find the reliability of the system.

(b) If the four components with these four reliabilities could be placed arbi-
trarily in the four positions, how should they be placed to maximize the
reliability of the system?

(c) Answer part (b) for any four reliabilities 0 ≤ p1 < p2 < p3 < p4 ≤ 1.

1.3.7 You have found that your friend is quite honest, telling the truth with proba-
bility 0.99. One day she tells you that she threw a coin n times and that she
observed heads every time. When she lies she always says that she tossed the
coin n times and got heads each time. What is the conditional probability that
she was telling the truth? How large must n be before you begin to believe
that she was more likely to be lying?

1.3.8 A terrible new virus, XXX, has been discovered. It has infected already
0.03% of the population of the island of Oceanana. Fortunately, a test has
been developed that is positive with probability 0.96 for someone who has
XXX, and is positive for someone who does not have XXX with probability
0.07. We say that the test has sensitivity 0.96 and specificity 0.93. A person
is chosen randomly from the population.

(a) What is the conditional probability that the person has XXX given that
the test is positive?

(b) Suppose that whenever the test is positive, the test is given again, with the
outcomes of the two tests being independent, given that the person has
XXX and also when the person does not. Given that the test is positive
both times it is given, what is the conditional probability that the person
has XXX?
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(c) If a person is diagnosed to have the virus only if every one of k tests
are positive, what must k be before the conditional probability that the
person has XXX given that all k tests are positive is at least 1/2?

(d) For k tests as determined in part (c), what is the probability that a person
with XXX will be diagnosed correctly?

1.3.9 Suppose that whenever we toss a die, we say that a success has occurred if
it results in 5 or 6. Note that among the results of the tosses of five dice 80
times as presented at the beginning of the chapter, the number X of successes
were as indicated below.

3113 1201 2122 4222 2223 2123 1032
3212 3101 2324 2222 0121 0113 3123
3011 3223 3200 2221 3404 2122

(a) Find the probability of exactly two successes when five dice are thrown.
Are the results of these 80 trials consistent with that? Exactly two suc-
cesses actually occurred 33 times. Plot both P(X = k) and the relative
frequency r (k) = (no. of trials in which X = k)/80 for k = 0, 1, . . . , 5.

(b) Among the groups of four as presented above, let Y = (no. of 0’s). Thus,
the Y ’s were: 010 000 101 001 101 020 10. Compare P(Y = k) with
s(k) = (no. Y ’s = k)/20 for k = 0, 1, 2, 3, 4.

1.3.10 (a) Chao and Francois each throw two dice. What is the probability that they
get the same total?

(b) If Bernardo also throws two dice, what is the probability that all three
get the same total?

1.3.11 Patrick and Hildegarde, who do not know one another, were both born in
July 1989. That year July 1 fell on Saturday. State a reasonable model and
then determine the probability that they were born on the same day of the
week: both on Sunday, both on Monday, and so on.

1.3.12 (The Secretary or Marriage Problem) Originally, this problem was de-
scribed as a problem concerning the choice of the best of n candidates for
a secretarial position. However, it seems to be more interesting, particularly
to the young people likely to be reading this book, when described as the
marriage problem. Suppose that you, at 18 or so, will meet n > 0 possible
marriage partners in your lifetime, and being, as you know, very attractive,
so that whomever you choose will be suitably thrilled by the opportunity,
you wish to devise a suitable strategy that will maximize the probability of
choosing the best of the n. The only rule is that the candidates appear one at a
time in random order, and that for each candidate you must either choose him
or her, or discard him or her, before considering the next candidate. That is,
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there is no possibility of going back to someone who was discarded earlier.
You must therefore choose one of the strategies Sk, k = 0, . . . , n − 1. Under
Sk you will judge each of the first k but will never choose one of those. If,
for example, n = 6, k = 3, and the ranks (1 = best) appearing are 3, 5, 4, 6,
1, 2, then you would discard those with ranks 3, 5, 4 and successfully choose
the best. However, 3, 5, 4, 2, 1, 6 and 3, 5, 4, 2, 6, 1 would lead to the choice
of 2, a failure.

(a) Express p(k; n) = P(Sk leads to success) as a function of k. For
example, counting, for n = 4, shows that p(0; 4) = 1/4, p(1; 4) =
11/24, p(2; 4) = 10/24, p(3; 4) = 1/4. Hint: Let Ak = [strategy k
is successful]. Let B j = [best is in j th position] and C j = [ j th
is chosen]. Then Ak = ∪n−1

j=k+1 B j ∩ C j and P(Ak) = �n−1
j=k+1 P(B j )

P(C j |B j ).

(b) Let �n = (1 + 1/2 + · · · + 1/n) − log(n). Euler showed in the eigh-
teenth century that limn→∞ �n = �, Euler’s constant, approximately
equal to 0.5772. Use this to find an approximation of P(Ak), then use this
approximation to find k to maximize p(k; n) = P(Ak). For this choice
of k, say kmax, give an approximation of p(kmax; n).

1.3.13 The dice game “craps” is played as follows. Two six-sided dice are thrown
by a player. If the player get a total of 7 or 11, he wins. If he (we use “he”
rather than “she” because most people who are foolish enough to play the
game are male) gets 2, 3, or 12, he loses. Otherwise (4, 5, 6, 8, 9, or 10),
the total is called the point, and the player continues to throw until he either
throws the point or a 7. He wins if the point occurs before the 7. He loses if
the 7 occurs before the point.

(a) Suppose that an experiment is repeated independently until one of
two mutually exclusive events A1 and A2 occurs. Let p1 = P(A1)
and p2 = P(A2) for one experiment. Prove that P(A1 occurs before
A2) = p1/(p1 + p2). Hint: Let the sample space S consist of all finite
sequences of the form (B, B, . . . , B, Ai ) for i = 1 or 2.

(b) Use a conditional probability argument to find the probability that the
player wins a game.

1.4 RANDOM VARIABLES

Suppose that two dice are thrown. Let M denote the maximum of the numbers appear-
ing on the two dice. For example, for the outcome (4, 5), M is 5, and for the outcome
(3, 3) M is 3. For the model with S = {1, 2, . . . , 6}(2) with probabilities 1/36
for each outcome, [M = k] = {(x, y)| max(x, y) = k}. Let f (k) = P([M = k]).
Counting then shows that f (k) = (2k − 1)/36 for k = 1, 2, . . . , 6. Or f (k) can be
determined as follows: f (k) = P(M ≤ k) − P(M ≤ k − 1) = (k/6)2 − [(k −
1)/6]2 = (2k − 1)/36.
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M is an example of a discrete random variable. Formally, a random variable will
be defined as a function. However, to a probabalist or statistician it can be thought of
in two fundamental ways: as a list of possible values, together with probabilities of
those values, and as a potential number, which will become a number only after an
experiment having random outcomes is completed.

Definition 1.4.1 Let S be a finite or countably infinite sample space. A discrete
random variable is a real-valued function on S.

Although formally a random variable X is a function that assigns a real number
X (�) to each point � ∈ S, we usually think of a random variable somewhat differently.
For any subset A of the real line, we write [X ∈ A] to denote {� ∈ S|X (�) ∈ A},
and P(X ∈ A) rather than P([X ∈ A]). Thus, for M as defined above and A =
{2, 3}, we write [M ∈ A] = [M = 2] ∪ [M = 3] = {(x, y) ∈ S | max(x, y) ∈ A} and
P(M ∈ A) = P(M = 2 or 3) = P(M = 2) + P(M = 3). Thus, a random variable
X is a potential number. After the experiment has been performed and an outcome
� determined, the random variable X takes the value X (�). We will be interested
in determining P(X ∈ A) for various sample spaces S, random variables X , subsets
A of the real line, and probability measures P . Since discrete random variables can
take at most a countably infinite number of values, we will be particularly interested
in the probability mass function f (k) = P(X = k), defined for every real number k.
For the random variable M , f (k) = (2k − 1)/36 for k = 1, . . . , 6 and f (k) = 0 for
other k.

Definition 1.4.2 Let X be a random variable defined on a discrete sample space
S and let P be a probability measure on S. The probability mass function for
X is the function f defined on the real line by f (k) = P(X = k) for each real
number k.

Note that P is a set function, defined for subsets of S, while f is a point function.
In some discussions when more than one random variable is defined on S it will be
necessary to indicate which mass function we are referring to, with subscript notation.
For example, if X1 and X2 are both random variables defined on S, we might write
f1 and f2 to denote the probability mass functions for X1 and X2. Or if the random
variables are X and Y , we might indicate their mass functions by fX and fY or by
f and g. We sometimes shorten probability mass function to probability function or
mass function.

Example 1.4.1 Two balls are drawn randomly with replacement from a box
containing four balls, numbered 1, 2, 2, 3. Let M denote the maximum of the numbers
on the two balls chosen, and let T denote their total. M takes the values 1, 2, 3. That
is, M has the range RM = {1, 2, 3}. T has the range {2, 3, 4, 5, 6}. The probability
mass function for M is f , where f (1) = 1/16, f (2) = 8/16, and f (3) = 7/16, and
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f ( j) = 0 for j /∈ RM . It is left to the student to find the probability mass function g
for T . Hint: g(4) = 3/8.

Discrete random variables may take an infinite number of possible values. Consider
the experiment in which a die is tossed consecutively until a 6 has occurred. Then
we can take S to be the collection of k-tuples of (n, n, . . . , n, 6), where n denotes
non-6 and 6 denotes the occurrence of a 6. For any point � ∈ S, let X (�) be the length
of �. Thus, X is the number of tosses necessary to get a 6. From independence of
the tosses, we can assign P(�) = (5/6)k−1(1/6), where k = X (�) is the number of
tosses. Let f be the probability mass function for X . Thus, f (k) = (5/6)k−1(1/6) for
k = 1, 2, . . . . Note that

∑∞
k=1 f (k) = (1/6) 1

1−(5/6) = 1.
Of course, every probability mass function must sum to 1 over its domain. In

fact, if f is any nonnegative function on the real line that is positive for a finite
or countably infinite number of values, we can take S to be the real line R, assign
P(A) =∑k∈A f (k) to each subset A of S, and define X (�) = � for each � ∈ S. Then
X has probability mass function f.

Definition 1.4.3 A probability mass function is a nonnegative function on the
realline R, positive for at most a countably infinite number of values, with positive
probabilities summing to 1.

For example, for 0 < p < 1 the function f (k) = (1 − p)k−1 p for k = 1, 2, . . . ,

and 0 otherwise is a probability mass function. The random variable X = (no. tosses
of a die necessary to get a 6) has this probability function for p = 1/6. This proba-
bility function is useful enough to have a name, the geometric probability function.
A random variable having this probability function is said to have the geometric
distribution.

Warning on Notation: Random variables are almost always denoted by capital
letters, usually from the end of the alphabet. Recall that for a subset A of the real line
[X ∈ A] = {� ∈ S | X (�) ∈ A}, so that [X = x] = {� ∈ S | X (�) = x}, and that for
brevity we write P(X ∈ A) rather than P([X ∈ A]) and P(X = x) rather than P([X =
x]). The arguments of probability mass functions are often taken to be i, j, k for the
case that the random variable takes integer values. More generally, the lowercase
letter corresponding to the uppercase letter denoting the random variable is used as
the argument of the mass function. Thus, if X is the number of heads in two tosses
of a coin, X has the mass function f (x) = 1/4 for x = 0 and 2 and f (x) = 1/2 for
x = 1, f (x) = 0 for other x . Do not use a capital letter as the argument of a mass
function. The author has learned from long experience that some students write X
and x so that they are indistinguishable. Do not make this mistake. If you now write X
and x in the same way, practice until they are distinguishable. Similarly, considering
the example with which we began this chapter, we say that the random variable M
has mass function f (m) = (2m − 1)/36 for m = 1, 2, . . . , 6. We could equivalently
write f (x) = (2x − 1)/36 for x = 1, 2, . . . , 6. Do not write f (M) = (2M − 1)/36.
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TABLE 1.4.1 Joint Probability Mass Function f (r, w)

w

r 0 1 2 3 P(R = r ) = fR(r )

0 0 3/84 6/84 1/84 10/84
1 4/84 24/84 12/84 0 40/84
2 12/84 18/84 0 0 30/84
3 4/84 0 0 0 4/84

P(W = w) = fW (w) 20/84 45/84 18/84 1/84 1

Example 1.4.2 From a class of six men and five women, a random sample of
4 is chosen without replacement. Let X be the number of men chosen. Let us find
the probability mass function f for X . Let A = {m1, m2, . . . , m6, w1, . . . , w5}, with
the m’s and w’s denoting the men and women, and let S = {B ⊂ A |N (B) = 4} be

the sample space. Assign probability 1
/(11

4

)
= 1/330 to each outcome in S. Then

X has mass function f , with, for example, f (3) = P(X = 3) =
(

6

3

)(
5

1

)/(
11

4

)
=

100/330. Similarly, f (k) =
(

6

k

)(
5

4 − k

)/(
11

4

)
for k = 0, 1, . . . , 4, so that f (0) =

5/330, f (1)=60/330, f (2) = 150/330, f (3) = 100/330, f (4) = 15/330. The ran-
dom variable X is said to have the hypergeometric distribution.

Later we collect together more formal definitions of random variables which have
special names. At this point the student is advised to become acquainted with them
through these examples.

We will need methods that deal with more than one random variable defined on
the same sample space. Let us begin with an example.

Example 1.4.3 A box contains 12 balls, of which four are red, three are white,
and two are blue. Since these are the colors of the American flag, we will call this the
“American box.” A random sample of three balls is chosen without replacement. Let R
and W be the numbers of red and white balls in the sample. Then, for example, P([R =
2] ∩ [W = 1]) = P(R = 2, W = 1) =

(
4

2

)(
3

1

)(
2

0

)/(
9

3

)
= 18/84. More gener-

ally, define f (r, w) = P(R = r, W = w) =
(

4

r

)(
3

w

)(
2

3 − r − w

)/(
9

3

)
, for non-

negative integers r, w with 0 ≤ r + w ≤ 3. We can study the function f more easily
in a two-way table such as Table 1.4.1. The marginal probability functions fR and
fW are given on the margins of the table. For example, P(R = 2) = fR(2) = 30/84
and P(W = 1) = fW (1) = 45/84. Notice that in this case f (2, 1) is not equal to
fR(2) fW (1). That is, P(R = 2, W = 1) �= P(R = 2)P(W = 1).

In general, the joint probability mass function f for two random variables X and
Y has the properties

∑
k f ( j, k) = fX (k), for each real j , where the sum is over all k
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for which f ( j, k) is positive. This follows by writing [X = j] =⋃k[X = j, Y = k].
Similarly,

∑
j f ( j, k) = fY (k) for each k, where the sum is taken over all j for which

f ( j, k) is positive. The mass functions fX and fY are called the marginal probability
mass functions for f.

More generally, the joint probability mass function f for random variables
X1, X2, . . . , Xn is defined by f (k1, . . . , kn) = P(X1 = k1, . . . , Xn = kn) for all
points (k1, . . . , kn) in Rn .

Example 1.4.4 Suppose that X1, X2, X3 have joint probability mass func-
tion f defined by f (k1, k2, k3) = (k1 + k2 + k3)/144 for k1 = 1, 2, k2 = 1, 2, 3,
and k3 = 1, 2, 3, 4. We can obtain the marginal joint mass function for (X1, X3)
by summing over k2. We obtain f13(k1, k3) = (3k1 + 6 + 3k3)/144 for k1 = 1, 2
and k3 = 1, 2, 3, 4. The marginal mass function for X3 may then be obtained by
summing f13 over k1. We obtain f3(k3) = (9 + 12 + 6k3)/144 = (7 + 2k3)/48 for
k3 = 1, 2, 3, 4.

Let Y = X1 + X2 − X3. There are (2)(3)(4) = 24 combinations of values for
(X1, X2, X3). By listing these, determining Y and f for each, and some careful
arithmetic, we find that Y takes the values −2, −1, 0, 1, 2, 3, 4 with probabilities
6/144, 19/144, 32/144, 36/144, 28/144, 17/144, 6/144.

We now consider one of the most important concepts in probability and statistics,
that of independent random variables.

Definition 1.4.4 Two random variables X and Y are independent if the events
[X ∈ A] and [Y ∈ B] are independent for all subsets A and B of the real line.

If X and Y are independent, it follows immediately by taking A = { j} and B = {k}
that the joint probability mass function f has (X, Y ) factors; that is;

f ( j, k) = fX ( j) fY (k) for all ( j, k) ∈ R2. (1.4.1)

That (1.4.1) implies that X and Y are independent follows from the fact that if (1.4.1)
holds,

P(X ∈ A, Y ∈ B) =
∑

j∈A, k∈B

f ( j, k) =
∑
j∈A

∑
k∈B

f ( j, k) =
∑
j∈A

∑
k∈B

fX ( j) fY (k)

=
∑
j∈A

fX ( j)
∑
j∈A

fY (k) = P(X ∈ A)P(Y ∈ B).

If (S1, P1) and (S2, P2) are two probability models, (S = S1 × S2, P = P1 × P2)
is their product model, and X1 is completely defined by the outcome in S1 and
X2 by the outcome in S2, then X1 and X2 are independent. More formally, if
Xi (s1, s2) depends only on si for i = 1, 2, then X1, X2 are independent. To prove this,
note that {(s1, s2) | X1(s1, s2) ∈ A} ∩ {(s1, s2) | X2(s1, s2) ∈ B} = D1 × D2, where
D1 = {s1 | X1(s1, s2) ∈ A for all s2} and D2 = {s2 | X2(s1, s2) ∈ B for all s1}. Since
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P(X1 ∈ A) = P1(D1) and P(X2 ∈ B) = P2(D2), we conclude that P(X1 ∈ A, X2 ∈
B) = P(D1 × D2) = P1(D1)P2(D2) = P(X1 ∈ A)P(X2 ∈ B).

Example 1.4.5 Box 1 has four balls with numbers 1, 2, 2, 3. Box 2 has three balls
with numbers 0, 1, 1. One ball is drawn from each box at random. Let Xi be the num-
ber on the ball drawn from box i, i = 1, 2. Let S1 = {1, 2, 2∗, 3} and S2 = {0, 1, 1∗}.
Let S = S1 × S2, and assign probability 1/12 to each outcome. Then X1 and X2 are
independent with probability mass functions f1 and f2, where f1(1) = 1/4, f1(2) =
1/2, f1(3) = 1/4, f2(0) = 1/3, f2(1) = 2/3. If Y = X1 + X2, then Y has the proba-
bility function g, where g(1) = 1/12, g(2) = f1(1) f2(1) + f1(2) f2(0) = 1/3, g(3) =
5/12, g(4) = 1/6. Actually, it is easier to determine the probability function for Y
directly from the probability model (S, P).

Although we discuss these random variables later more formally, we will now
informally introduce binomial random variables. Each of these arises so often in
applications that they certainly warrant special study. We begin with examples.

Example 1.4.6 Suppose that a husband and wife each is of genotype a A, where
the gene a is recessive while A is dominant. Children who are of genotype aa have
six toes, whereas those of genotypes a A or AA have five. Since each parent will give
the genes A and a with equal probabilities to each of their offspring, the probability
that an offspring is of genotype aa, and therefore will have six toes, is 1/4. Suppose
now that these parents have five children, none being identical twins, triplets, and so
on. Let X be the number who are of genotype aa.

The random variable X is said to have the binomial distribution because (1) X is
the number of “successes” (aa children in this case) of a fixed number five of “trials”,
(2) the trials are independent, and (3) the probability of success on each trial is the
same, in this case 1/4.

Let us try to determine the probability function for X . X takes the values
0, 1, . . . , 5. First consider the event [X = 2]. Let s denote success, and f, failure.
Then fssff, for example, can denote the outcome (failure, success, success, fail-
ure, failure) for the five children in the order of birth. Thus, [X = 2] = {ssfff,
sfsff, sffsf, sfffs, fssff, fsfsf, fsffs, ffssf, ffsfs, fffss}. Because of properties 2 and
3 above, each of these 10 outcomes has probability (1/4)2 (3/4)3. Therefore,
P(X = 2) = (10)(1/4)2(3/4)3 = 270/1024. Is there an easier way to determine the
number of outcomes in [X = 2] than simply counting? Yes, each such outcome
corresponds to a subset of two positions for the successes taken from the five
positions, and also to a subset of three positions for the three failures taken from
the five positions. Therefore, the number of such outcomes is

(5
2

) = (53) = 10. A
similar argument shows that P(X = 1) = (51)(1/4)1(3/4)4 = 405/1024, P(X =
0) = (3/4)5 = 243/1024, P(X = 3) = (53)(1/4)3(3/4)2 = 90/1024, P(X = 4) =(5

4

)
(1/4)4(3/4) = 15/1024, and P(X = 5) = (1/4)5 = 1/1024. We are ready for

some formal definitions.
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Definition 1.4.5 Suppose that n independent experiments are performed. For each
experiment (called a trial) the probability of success is p, where 0 < p < 1. Let X
be the number of successes. Then X is said to have the binomial distribution with
parameters n and p. If n = 1, then X is said to have the Bernoulli distribution with
parameter p.

Example 1.4.5 has essentially proved the following very useful theorem.

Theorem 1.4.1 Let X have the binomial distribution with parameters n and p.
Then X has the probability mass function f (k) = P(X = k) = (nk)pk(1 − p)n−k for
k = 0, 1, . . . , n.

The indicator random variable for an event A is the random variable IA defined by
IA(s) = 1 for s ∈ A and IA(s) = 0 for s /∈ A. The indicator random variable IA has the
Bernoulli distribution with parameter p = P(A). Note that IAc = IS − IA = 1 − IA.
IA∩B = IA IB and IA∪B = IA + IB − IA IB . (To say that two random variables are
equal means that the random variables are equal as functions on the sample space,
and the same for all outcomes in S.)

We need to consider the independence of more than two random variables.

Definition 1.4.6 Discrete random variables X1, . . . , Xn are said to be indepen-
dent if for every choice of subsets A1, . . . , An of the real line the events [X1 ∈
A1], . . . , [Xn ∈ An] are independent.

It follows by a slight generalization of the argument we made for the case n = 2
that independence of X1, · · · , Xn is equivalent to f = f1 · · · fn , where f is the joint
probability function X1, . . . , Xn and f1, . . . , fn are the marginal probability functions
of X1, . . . , Xn.. That is, independence of X1, . . . , Xn is equivalent to f (k1, . . . , kn) =
f1(k1) f2(k2) · · · fn(kn) for every (k1, . . . , kn) ∈ Rn . In the same way, if (Si , Pi ) is a
probability model for experiment Ei for i = 1, . . . , n, (S, P) is their product model,
and for each i, Xi depends only on the outcome of Ei (only on the outcome si ∈ Si ),
then X1, . . . , Xn are independent.

Example 1.4.7 Box k has k balls, numbered 1, . . . , k, for k = 2, 3, 4. Balls
are chosen independently from these boxes, one per box. Let Xk be the number
on the ball chosen from box k. Then a product model seems reasonable, so that
X2, X3, X4 are independent and Xk has the uniform distribution on {1, . . . , k}. That
is, Xk has the probability function fk(i) = 1/k for i = 1, . . . , k. The random vec-
tor X = (X2, X3, X4) takes each of 24 possible values with probability 1/24. Let
Y = X2 + X3 + X4. Then, for example, [Y = 5] consists of five outcomes (one is X =
(1, 3, 1), for example), so that Y has the probability function g, with g(5) = 5/24. Sim-
ilarly, g(3) = 1/24, g(4) = 3/24, g(6) = 6/24, g(7) = 5/24, g(8) = 3/24, g(9) =
1/24. Similarly, let M = max(X1, X2, X3) have probability function h. Then h(1) =
1/24, h(2) = P(M ≤ 2) − P(M ≤ 1) = 1/3 − 1/24 = 7/24, h(3) = P(M ≤ 3) −
P(M ≤ 2) = 3/4 − 1/3 = 10/24, h(4) = 1 − P(M ≤ 3) = 1 − 3/4 = 6/24.
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Similarly, if there are B boxes each with N balls numbered 1, . . . , N , one ball is
drawn from each, and M is the maximum number drawn, then P(M ≤ m) = (m/N )B ,
for m = 1, . . . , N . From these probabilities the probability function for M can easily
be determined.

A binomial random variable is the sum of the indicators of success on the individual
trials. That is, if X is the number of successes in n independent trials, each having
probability p of success, then X = I1 + · · · + In , where Ii is 1 when the i th trial results
in success, zero otherwise. Because of the independence of the trials, I1, . . . , In are
independent. As we will see in the next section, the ability to express a random variable
as a sum of random variables, especially as a sum of independent random variables,
is very useful.

The Multinomial and Generalized Bernoulli Distributions

Example 1.4.8 Suppose that three coins are tossed and the number of heads
is observed 10 times. Let X j be the number of times among these 10 tosses for
which the number of heads is j , for j = 0, 1, 2, 3. It should be clear that X j has the
binomial distribution with parameters n = 10 and p j , with p0 = 1/8, p1 = 3/8, p2 =
3/8, p3 = 1/8. The experiment was repeated independently 12 times, with outcomes
as follows:

X0 X1 X2 X3 X0 X1 X2 X3 X0 X1 X2 X3

1 5 3 1 0 7 3 0 2 3 2 3
2 5 2 1 0 3 4 3 2 3 3 2
1 4 4 1 0 4 5 1 1 4 4 1
0 2 5 3 2 2 5 1 0 7 3 0

Definition 1.4.7 Suppose that n independent experiments are performed and that
for each there are possible outcomes B1, . . . , Bk with corresponding probabilities
p1, . . . , pk , with �k

j=1 p j = 1. Let Xi be the number of occurrences of outcome Bi .
Then X = (X1, . . . , Xk) is said to have the multinomial distribution with parameters
n and p = (p1, . . . , pk). In the case that n = 1, X is also said to have the generalized
Bernoulli distribution with parameter p.

Comments: A generalized Bernoulli random vector takes the i th unit vector, hav-
ing 1 as its i th component, zeros elsewhere (the indicator of the i th outcome) with
probability pi . The i th component Xi of the multinomial random vector X has the
binomial distribution with parameters n and pi . If Y1, . . . , Yn are independent, each
with the generalized Bernoulli distribution with parameter p = (p1, . . . , pk), then
Y =∑n

i=1 Y i has the multinomial distribution with parameters n and p.
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If X is as in Example 1.4.7, then, for example, P(X0 = 1, X1 = 3, X2 = 4, X3 =
2) = ( 10

1 3 4 2

)
(1/8)1(3/8)3(3/8)4(1/8)2 = 10!

1! 3! 4! 2! (1/8)1(3/8)3(3/8)4(1/8)2. More
generally, if X = (X1, . . . , Xk) has the multinomial distribution with parameters n
and p = (p1, . . . , pk), then X has probability function

f (x1, . . . , xk) =
(

n

x1 · · · xk

)
px1

1 · · · pxk (1.4.2)

for nonnegative integers x1, . . . , xk with �k
i=1 xi = n.

Reduction of a Model (S1, P1)

If X is a discrete random variable defined on (S1, P1), let S2 = {k | P(X = k) > 0}.
Let P2(k) = P1(X = k). Then X plays the role of g in the definition so that (S2, P2) is a
reduction of (S1, P1). This is the most common way to reduce a probability
model. More generally, if X1, . . . , Xn are random variables defined on (S1, P1), X =
(X1, . . . , Xn), we can take S2 = {x ∈ Rn | P(X = x) > 0} and assign P2(x) =
P1(X = x).

Theorem 1.4.2 Let Yi = gi (Xi ) for i = 1, . . . , n, be random variables, where
X1, . . . , Xn are independent. Then Y1, . . . , Yn are independent.

Proof: That the events [Yi ∈ Bi ] = [Xi ∈ g−1
i (Bi )] are independent follows from

the definition.

Problems for Section 1.4

1.4.1 Each of two dice has 1 on three sides, 2 on two sides, and 3 on one side.

(a) Let X be the total when the two dice are thrown. Find the probability
function for X .

(b) Let M be the maximum of the two numbers appearing. Find the proba-
bility function for M .

1.4.2 Let I1, I2, I3 be the indicators of success on three independent projects having
success probabilities 0.2, 0.3, 0.4. Find the probability function for the total
number of successes X = I1 + I2 + I3.

1.4.3 Suppose that Larry and Ling have probabilities p1 > 0 and p2 > 0 of success
on any trial. Each performs the trials independently until a success occurs.
Let X1 and X2 be the numbers of trials they must use. X1 and X2 are said to
have geometric distributions with parameters p1 and p2.

(a) Show that P(X1 = X2) = P(both succeed on trial 1 | at least one of them
succeeds on trial 1). Hint: Express each in terms of p1, q1 = 1 − p1, p2,
and q2 = 1 − p2.
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(b) Let W = min(X1, X2). Show that the event A ≡ [X1 = X2] and the
random variable W are independent. That is, P(A ∩ [W = w]) =
P(A)P(W = w) for w = 1, 2, . . . .

(c) Present a simpler expression for P(A) for the case p1 = p2 = p, and
evaluate it for the case that the trials are coin tosses with success =
heads and for the case that the trials are tosses of a six-sided die, with
success = [6 occurs].

(d) For the case p1 = p2 = p, find the probability function for Y = X1 +
X2. (Y is said to have the negative binomial distribution.)

1.4.4 A “deck” of nine cards has four spades, three hearts, and two diamonds.
Five cards are chosen randomly without replacement. Let X = (no. spades
chosen) and Y = (no. hearts chosen).

(a) Present a matrix whose entries are values of the joint probability function
for X and Y .

(b) Show that X and Y are dependent random variables.

(c) Use this matrix to determine the marginal probability functions for X
and for Y . Verify your answers using the fact that X and Y have hyper-
geometric distributions.

1.4.5 George throws two coins 10 times. What is the probability that he gets two
heads at least three times?

1.4.6 A coin is tossed twice. Let I j be the indicator of [heads on toss j] for j = 1, 2
and let I3 = [I1 = I2] = [same outcome on both tosses]. Show that I1, I2, I3

are pairwise independent, but that as a triple of random variables, they are
not independent.

1.4.7 Let M be the maximum of the numbers appearing when four fair six-sided
dice are thrown. Find the mass function for M .

1.4.8 Mary and Bob are automobile salespeople. Mary tries to make sales to three
customers, each with success probability 0.4. Bob tries to makes sales to two
customers, each with success probability 0.3. The five trials for Mary and
Bob are independent.

(a) Find the probability mass function for T = total number of sales that
Bob and Mary make.

(b) Find the probability that Bob and Mary make the same number of
sales.

1.4.9 Let A1, A2, A3 be events, let I1, I2, and I3 be their indicators, note that IS is
identically 1, and let B = A1 ∪ A2 ∪ A3. Use the fact that B = (Ac

1 ∩ Ac
2 ∩

Ac
3)c to show that the indicator of B is IB = 1 − (1 − I1)(1 − I2)(1 − I3) =

I1 + I2 + I3 − I1 I2 − I1 I3 − I2 I3 + I1 I2 I3.
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1.4.10 Two six-sided fair dice are thrown n times.

(a) For n = 24, find the probability of at least one double-6 (6–6). (This is
the answer to one of the problems Chevalier de Mere posed, as described
at the beginning of the chapter.)

(b) How large must n be in order that P(at least one 6–6) is at least 0.99?

(c) Show that for large n, P(at least one 6–6 in n tosses) =̇1 − e−dn , where
dn = n/36. Check your answer to part (a) using this approximation.
Hint: limk→∞(1 − a/k)k = e−a .

1.4.11 A box has five balls, numbered 1, 2, . . . , 5. A ball is chosen randomly. Let
X1 be the number on the ball. Then another ball is drawn randomly from
among the balls numbered 1, . . . , X1.

(a) Find the joint probability mass function for the pair (X1, X2).

(b) Find the probability mass function for X2.

(c) Find P(X1 = 4 | X2 = 2).

(d) Find the probability mass function for Y = X1 + X2.

1.4.12 Suppose that three fair coins are tossed 10 times. Let Xi be the number of
times for which i heads occur.

(a) Find P(X0 = 2, X1 = 3).

(b) What is the probability function for X = (X0, X1, X2, X3)?

(c) What is the distribution of X2 + X3?

1.4.13 Use the identity (a1 + . . . + ak)m =∑x1+···+xk=m

( m
x1 ··· xk

)
ax1

1 · · · axk
k

and equation (1.4.2) to show that in Definition 1.4.7, X1 ∼
Binomial(n, p1).

1.4.14 Let Y1 and Y2 be independent, each with the multinomial distribution, with
parameters n1 and n2, each with the same parameter vector p = (p1, . . . , pk).
What is the distribution of T = Y1 + Y2? Prove it.

1.5 EXPECTATION

Example 1.5.1 A gambling jar has 10 marbles, of which five are red, three are
white, and one is blue. The jar is used to make bets as follows. You are to pay x dollars
each time you play the game. You will then draw one marble at random. If it is red,
you are given nothing. If it is white, you receive $1. If it is blue, you receive $3. If
you wish to at least break even, how large can x be? Put another way, what will be
your long-run average return from many independent draws from the jar?

Let S = {red, white, blue}, let P assign probabilities 5/10, 4/10, and 1/10 to
these three outcomes, and let X (red) = 0, X (white) = 1, X (blue) = 3. What will the
long-run average value of X be?
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Here are the results of 100 simulations:

0 1 0 0 1 1 1 1 0 1 1 1 0 0 1 1 0 0 1 0
0 3 1 3 0 0 0 0 1 1 0 1 0 1 0 0 0 1 1 0
1 3 0 0 0 0 1 0 0 0 0 3 1 1 0 0 3 1 0 0
3 3 0 1 0 1 0 1 3 3 0 0 1 1 1 1 0 1 1 0
1 0 0 0 1 0 0 1 0 1 0 3 0 0 0 3 0 0 1 0

There were 53 0’s, 37 1’s, and 11 3’s, for an arithmetic mean of 0.69. Let
us try to predict the mean for 10,000 simulations. We should expect the to-
tal to be approximately [10,000(5/10)(0) + 10,000(4/10)(1) + 10,000(1/10)(3)] =
[(5/10)(0) + (4/10)(1) + (1/10)(3)](10,000), so that the mean should be approxi-
mately [(5/10)(0) + (4/10)(1) + (1/10)(3)] = 0.7. We will refer to 0.7 as the ex-
pected value of X and write E(X ) = 0.7. Actually, for these 10,000 simulations we
obtained 5031 0’s, 3973 1’s, and 996 3’s, for a mean of 0.6961. For 100,000 simula-
tions the mean was 0.70298.

Figure 1.5.1 shows the results of independent simulations on X . In the top two
graphs the consecutive values of the sample mean of the first n X’s is given for
n = 101, . . . , 10, 000. Notice that the mean of the first 10,000 is in each case quite
close to E(X ) = 0.7. The strong law of large numbers states that with probability 1
each of these sample paths will converge to E(X ). The lower two graphs are histograms
of 10,000 values of sample means of n = 100 and of n = 400 X ’s. Notice that the
spread of these sample means is about one-half as much for 400 as for 100.

The weak law of large numbers, proved later in this chapter, states that the proba-
bility that the sample mean will lie within a fixed distance, say ε, of E(X ) converges
to 1 as the sample size n goes to infinity. Another interesting feature of the histograms
is that their “shape” is roughly the same for n = 100 as for n = 400, the shape of
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the normal or Gaussian density. This will be made explicit in Chapter Six when we
discuss the central limit theorem.

We are ready for the definition. To accommodate the case that the sample space S
is infinite, we require a special condition.

Definition 1.5.1 Let X be a discrete random variable defined on a probability space
(S, P). If

∑
�∈S |X (�)|P(�) converges, the expected value of X is said to exist, with

value

E(X ) =
∑
�∈S

X (�)P(�).

E(X ) is also called the mean of X.

Example 1.5.2 Suppose that a coin is tossed until the first head occurs. Let S be
the set of positive integers, where an outcome � is the number of tosses necessary.
Assign P(�) = 1/2�. Define X (�) = 2�. Then

∑
�∈S |X (�) | P(�) = 1 + 1 + · · ·

does not converge, so “the expected value of X does not exist.” On the other
hand, if Y (�) = �, then

∑
�∈S |Y (�)|P(�)) = (1)(1/2) + (2)(1/2)2 + (3)(1/2)3 +

· · ·. To evaluate this, consider that for |t | < 1, g(t) ≡ 1 + t + t2 + · · · = 1/(1 − t),
and d

dt g(t) = 0 + 1 + 2t + 3t2 + · · · = (1 − t)−2, so that E(Y ) = (1/2)(1 − 1/2−2)
= 2.

As the definition is given, the summation is over the entire sample space S. As-
suming that the expectation exists, we can sometimes compute its value by using the
probability function of X .

Theorem 1.5.1 Suppose that X is a discrete random variable defined on a probability
space (S, P). Suppose that E(X ) exists. Then E(X ) =∑k k P(X = k), where the sum
is taken over all k for which P(X = k) > 0.

Proof: Since E(X ) exists, the
∑

�∈S X (�) P(�) converges absolutely, and therefore
converges for any rearrangement of the terms. Thus,

E(X ) =
∑

k

∑
{�|X (�)=k}

X (�)P(�) =
∑

k

∑
{�|X (�)=k}

k P(�) =
∑

k

k P(X = k).

Example 1.5.3 Let IA be the indicator for the event A. Then E(IA) = 0 · P(Ac) +
1 · P(A) = P(A).

Example 1.5.4 Let x = (x1, . . . , xn) be a sequence of n real numbers, a point in
Rn . Let X be the random variable that takes each of the values xk with probability
1/n. Then E(X ) = (1/n)x1 + · · · + (1/n)xn = [

∑n
k=1 xk]/n, the arithmetic mean of

the xk (usually called simply the mean x), which is often denoted by x̄ , read as
“x-bar.”
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Example 1.5.5 Suppose that independent Bernoulli trials are performed until
the first success, each trial having probability 0 < p < 1 of success. If X is the num-
ber of trials necessary, then X has probability function f , where f (k) = qk−1 p, for
k = 1, 2, . . . , where q = 1 − p. X has the geometric distribution. Then E(X ) =∑∞

k=1 kqk−1 p = p[1 + 2q + 3q2 + 4p3 + · · ·] = p/(1 − q)−2 = 1/p, where the
second-to-last equality follows from Example 1.5.2.

Example 1.5.6 Let S = {a, b, c, d, e, f }, and let P, X , and Y be defined as
follows:

� a b c d e f

P(�) 0.20 0.10 0.15 0.25 0.20 0.10
X (�) −2 −2 −1 0 1 2

Y (�) = X 2(�) 4 4 1 0 1 4

Then E(Y ) may be computed in three ways. By the definition E(Y ) =
(−2)2(0.20) + (−2)2(0.10) + (−1)2(0.15) + (0)2(0.25) + (1)2(0.2) + (2)2(0.10) =
1.95. Or, using the probability function of Y, E(Y ) = (4)(0.40) + (1)(0.35) +
(0)(0.25) = 1.95. Finally, by grouping together only outcomes having the same
X -value, E(Y ) = E(X2) = (−2)2(0.30) + (−1)2(0.15) + (0)2(0.25) + (1)2(0.20) +
(2)2(0.10) = 1.95.

That this last method is always valid for discrete random variables is summarized
in Theorem 1.5.2.

Theorem 1.5.2 Let X be a discrete random variable with probability function fX ,
let g be a real-valued function defined on the range of X , let Y = g(X ), and suppose
that E(Y ) exists. Then E(Y ) =∑k g(k) fX (k), where the sum is taken over all k for
which fX (k) > 0.

Before proving this, some comments are in order. Since Y (�) = g(X (�)), Y is
a random variable. It follows that E(Y ) is defined to be

∑
�∈S Y (�)P(�). Then by

Theorem 1.5.1, E(Y ) =∑ j j fY ( j), where fY is the probability function for Y and the
sum is over all j for which fY ( j) > 0. Theorem 1.5.2 states that it is not necessary
to determine the probability function for Y . Instead, we may work only with the
probability function for X .

Proof of Theorem 1.5.2: By definition, E(Y ) =∑�∈s g(X (�))P(�). Recall that for
each real k, [X = k] = {� | g(X (�)) = k}. Then

E(Y ) =
∑
�∈S

Y (�)P(�) =
∑

k

∑
�∈[X=k]

g(X (�))P(�) =
∑

k

g(k)
∑

�∈[X=k]

P(�)

=
∑

k

g(k)P(X = k).
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Example 1.5.7 (The Jelly Donut Problem) A bakery has demand D for pack-
ages of jelly donuts each day, where D is a random variable with probability function
f and f is given in the following table.

D 1 2 3 4 5

P(D = d) 0.1 0.2 0.3 0.25 0.15
g(d; 3) −3 0 3 3 3
g(d; 4) −5 −2 1 4 4

The cost to the bakery for each package it makes is $2. The packages sell for $3. How
many packages should the bakery make each day if it must discard every package not
sold that day?

If the bakery bakes three packages each day, its profit is g(D; 3) = 3D − 2(3)
for D ≤ 3, and 3 for D > 3. Then E(g(D; 3)) = (−3)(0.1) + (0)(0.2) + (3)(0.3) +
(3)(0.25) + (3)(0.15) = 1.80. If g(D; b) is the profit when b packages are baked and
D are “demanded,” E(g(D; 4)) = 1.0. Similarly, E(g(D; 2)) = 1.7, E(g(D; 1)) =
1.0, E(g(D; 5)) = −0.55, so that the expected profit is largest when b = 3 are baked.
Later we try to find a solution for the case that D has any probability distribution.

Example 1.5.8 Let X have the geometric distribution with parameter p >

0. Let q = 1 − p and Y = aX , where a ≥ 0. Then E(Y ) =∑∞
k=1 akqk−1 p =

a
∑∞

k=1(aq)k−1 = a/(1 − aq) for aq < 1. For example, for p = 1/2, E(Y ) =
a/(2 − a) exists for a < 2. More generally, if X = (X1, . . . , Xn) is a random
vector with joint probability function f and Y = g(X ), we can evaluate E(Y )
using f .

Theorem 1.5.3 E[g(X1, . . . , Xn)] =∑x∈Rn
g(x) f (x).

Proof: Simply replace [X = k] by [X = x] in the proof of Theorem 1.5.2.

Properties of Expectation

The expectation operator E takes random variables X with finite expectation into
points E(X ) on the real line. We now list some properties of E . For this discussion, b
and c will denote constants, while X , with and without subscripts, will always denote
a random variable. When E(X ) is written, the assumption is made that it exists.

1. E(c) = c. Proof: E(c) =∑�∈S cP(�) = c
∑

�∈S P(�) = c(1) = c.

2. E(cX ) = cE(X ). Proof: Similar to property 1.

3. E(X1 + X2) = E(X1) + E(X2). Proof: E(X1 + X2) =∑�∈S[X1(�) +
X2(�)]P(�) =∑�∈S X1(�)P(�) +∑�∈S X2(�)P(�) = E(X1) + E(X2).
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More generally, by induction,

E

(
n∑

k=1

Xk

)
=

n∑
k=1

E(Xk).

4. If X1 and X2 are independent, then E(g1(X1)g2(X2)) = E[g1(X1)]E[g2(X2)]
for any functions g1, g2 defined on the ranges of X1 and X2. Proof: By Theo-
rem 1.5.3, E(g1(X1)g2(X2)) =∑(x1,x2) g1(x1)g2(x2) f (x1, x2), where f is the
joint probability function for X1 and X2. Since X1 and X2 are independent,
f = f1 f2, where f1 and f2 are the marginal probability functions. Thus,
E(X1 X2) =∑x1

g1(x1) f1(x1)
∑

x2
g2(x2) f2(x2) = E(g1(X1))E(g2(X2)). By

induction it follows that independence of X1, X2, . . . , Xn implies that

E

[
n∏

i=1

gi (Xi )

]
=

n∏
i=1

E[gi (Xi )].

5. Suppose that E(X ) exists. If P(X ≥ 0) = 1, so that X is a “nonnegative” ran-
dom variable, then E(X ) ≥ 0. If also P(X > 0) > 0, then E(X ) > 0. If X ≥
Y for all outcomes, then E(X ) ≥ E(Y ). Proof: E(X ) =∑k k P(X = k) =∑

k>0 k P(X = k) ≥ 0. This is greater than 0 if P(X = k) > 0 for any k > 0.
If X ≥ Y for all outcomes, E(X − Y ) and E(Y ) must exist and X − Y ≥ 0 for
all outcomes, so that E(X − Y ) ≥ 0, implying that E(X ) ≥ E(Y ). It follows
from property 5 that if P(X ≤ B) = 1 for a constant B and E(X ) exists, then
since Y = B − X is a nonnegative random variable, E(Y ) = B − E(X ) ≥ 0,
so that E(X ) ≤ B. Similarly, if P(X ≥ A) = 1, then P(X − A ≥ 0) = 1, so
that E(X ) ≥ A.

Suppose that m balls are distributed randomly into n cells with replacement. Let
Y be the number of empty cells. Let us try to determine E(Y ). For example, for the
case of n = 4, m = 3, 100 simulations produced the following Y values:

2 2 2 1 2 1 2 1 1 3 2 1 3 2 2 2 1 1 2 1 2 2 2 2 1 1 2 1 2 2 1 2 2 2 1
1 2 1 2 2 1 2 2 1 2 2 1 2 3 2 2 2 2 2 1 1 2 2 2 2 2 2 1 2 1 1 2 1 2 2
1 2 2 2 2 1 1 3 2 2 1 2 3 2 2 1 2 1 2 1 2 1 1 2 2 1 3 2 2 1

There were 35 1’s, 59 2’s, and 6 3’s, so the mean was 1.71. Similarly, for 10,000
simulations the frequencies were 3750, 5673, and 577, and the mean was 1.6827.
Careful counting shows that P(Y = 1) = 24/64, P(Y = 2) = 36/64, and P(Y =
3) = 4/64, so E(Y ) = 108/64 = 1.6875.

The probability function for Y is not easy to find in the general case, but
by expressing Y as the sum of random variables, we can use property 3 of the
expectation operator E to find E(Y ). Let Ii be the indicator of the event that cell i
is empty for i = 1, . . . , n. Then E(Ii ) = P(cell i is empty) = [(n − 1)/n]m . Then,
since Y = I1 + · · · + In, E(Y ) = nE(I1) = n[(n − 1)/n]m = n[1 − 1/n]m . For
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n = 4, m = 3, we get 4[(3/4)3] = 108/64 = 1.675. Notice that these indicator
random variables are not independent. It is interesting to note that if for each
positive integer n, mn is also a positive integer so that limn→∞ mn/n = �, then
for Yn = Y, limn→∞ E(Yn)/n = e−�, so that E(Y ) is approximately n exp(−m/n)
for large n and m. For m = 50, n = 25, 10,000 simulations produced the
mean 3.247, while E(Y ) = 25(24/25)50 = 3.247145 and its approximation is
n exp(−m/n) = 3.383382.

Example 1.5.9 Let X have the binomial distribution with parameters n and p.
Then E(X ) =∑n

k=0

(n
k

)
kpk(1 − p)n−k . It is possible to find a simple expression for

this by using a careful argument involving factorials (see Problem 1.5.5). However,
there is a much simpler argument using indicator random variables. If n independent
Bernoulli trials are performed, each with probability p of success, the number X
of successes may be written in the form X = I1 + I2 + · · · + In , where I j is the
indicator of success on trial j . E(I j ) = P( j th trial is a success) = p, so that E(X ) =
p + · · · + p = np.

Example 1.5.10 (The Coupon Problem) In an effort to inspire possible cus-
tomers to purchase the breakfast cereal Sugar Clumps, the Clump Company puts
numbered coupons in the bottom of each box. The numbers are chosen randomly
with replacement from 1, 2, . . . , 20. Any customer who accumulates all 20 numbers
receives a shipment of 89 packages of Sugar Clumps free of charge. Mrs. Johnson’s
children love Sugar Clumps, so she is determined to buy packages until she has all
20 numbers. How many packages should she expect to have to purchase?

Let Xk be the number of additional boxes she must purchase after having
k − 1 different numbers in order to get the kth different number. For exam-
ple, if the numbers on the consecutive coupons are 13, 7, 8, 9, 7, 18, 9, 13, 15, . . .,
then X1 = 1, X2 = 1, X3 = 1, X4 = 1, X5 = 2, X6 = 3. Then the total of pack-
ages she will need to buy is T = X1 + · · · + X20. X1 is identically 1. For k >

1, Xk has the geometric distribution with p = pk = (20 − k)/20. From Example
1.5.2, E(Xk) = 1/pk . Therefore, E(T ) = 1/p1 + · · · + 1/p20 = 20[1/20 + 1/19 +
1/18 + · · · + 1/2 + 1] = 71.955. For the case of six coupon numbers rather than 20,
which may be simulated by die throws as at the beginning of Section 1.2, we get
6[1/6 + 1/5 + · · · + 1/2 + 1] = 294/20 = 14.70.

Mrs. Johnson’s experiment was simulated 100 times, resulting in the following
values of T :

48 46 86 91 90 61 64 84 97 67 96 60 61 75 59 83 102 57 139 69
27 85 48 99 105 45 66 44 61 50 67 85 73 90 67 64 57 91 48 103
47 51 51 72 42 106 57 90 68 33 76 95 67 157 48 63 95 82 59 88
56 74 55 82 87 66 53 68 44 60 102 77 59 92 73 47 148 87 123 57
42 48 70 56 36 74 90 115 89 48 53 51 70 64 95 68 103 72 55 56,

for an arithmetic mean of 72.22. The experiment was repeated 1000 times with the
mean 72.091. A histogram of the 1000 values of T is presented in Figure 1.5.2. For
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FIGURE 1.5.2 Coupon problem.

the general case of N coupon numbers, we can take advantage of Euler’s approxi-
mation of �n = (1 + 1/2 + · · · + 1/n) − log(n). Euler showed that limn→∞ �n = �,
Euler’s constant, which is approximately 0.5772 (see Problem 1.3.12). Thus, E(T ) =
n[1 + · · · + 1/n] is approximately n[log(n) + 0.5772]. For n = 6, 20, and 100, we
get E(T ) = 14.70, 71.95, 518.74 and the approximations 14.21, 71.46, 518.24.

Notice that the histogram of T values does not seem to have the “shape” of the
normal density. Although T is the sum of independent random variables, their dis-
tributions vary and the value taken by T depends more heavily on the Xk’s for k
near 20.

We will often be interested in the probability that a nonnegative random variable
is large. The following inequality provides an upper bound on the probability that a
nonnegative random variable X exceeds a constant in terms of E(X ).

The Markov Inequality: Let X be a random variable such that P(X < 0) = 0.
Then for any constant C > 0, P(X ≥ C) ≤ E(X )/C .

Proof: Let IC = [X ≥ C]. Then by the inequalities X ≥ X IC ≥ C IC , holding for all
outcomes, and property 5 of an expectation operator, E(X ) ≥ E(X IC ) ≥ E(C IC ) =
C P(X ≥ C).

Comments: The Markov inequality is “sharp” in the following sense. Let C > 1,
and X = C with probability 1/C, 0 otherwise. Then E(X ) = 1 and P(X ≥ C) =
1/C = E(X )/C .

Problems for Section 1.5

1.5.1 Let S = {a, b, c, d, e} with P(a) = 0.2, P(b) = 0.3, P(c) = 0.1, P(d) =
0.3, P(e) = 0.1. Define X (a) = 1, X (b) = 2, X (c) = 2, X (d) = 3, X (e) =
4. Let g(x) = | x − 2| for x ∈ R. Let Y = g(X ).

(a) Find the probability functions fX for X and fY for Y = g(X ).

(b) Determine E(X ) by (1) using the definition, and (2) using fX .
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(c) Determine E(Y ) by (1) using the definition, (2) using fX , and (3) using
fY .

(d) Find E(XY ).

1.5.2 Two dice are thrown. Let S = {1, 2, . . . , 6}(2), and let P(�) = 1/36 for all
� = (�1, �2) ∈ S. Let M = max(�1, �2).

(a) Find E(M) using the definition.

(b) Find the probability function f for M and use this to find E(M).

1.5.3 A box has three red, two white, and one blue ball. A random sample of two is
chosen without replacement. Let R, W , and B be the numbers of red, white,
and blue balls chosen.

(a) Find the joint probability function for R and W and the marginal prob-
ability functions fR and fW .

(b) Find E(R), E(W ), and E(RW ).

(c) Express B as a linear function of R and W and use this to determine
E(B). Also find the probability function for B and use this to determine
E(B).

(d) Find E(M), where M = max(R, W, B).

1.5.4 Let X and Y have the joint probability function f (x, y) = K xy, for x =
1, 2, 3, y = 1, 2, 3, and x + y ≤ 4, f (x, y) = 0 otherwise.

(a) Find K .

(b) Find E(X ), E(Y ), and E(XY ). Are X and Y independent? Does
E(XY ) = E(X )E(Y )?

(c) Let W = X + Y . Find the probability function for W , and verify that
E(W ) = E(X ) + E(Y ).

1.5.5 Let X have the binomial distribution with parameters n and p. Show that
E(X ) = np by using the summation given in Example 1.5.9.

1.5.6 Henry takes a multiple-choice exam on the history of Albasta, 1357–1461,
with two parts. Part I has 50 true–false questions. Part II has 40 multiple-
choice questions, each having four possible answers, only one of which is
correct. Henry has failed to study, so he uses a coin to choose his answer
to each question, so that probability 1/2 of getting the true–false questions
correct, probability 1/4 of getting the others correct. Define the notation,
state a model, and use the model to determine the expected number of correct
answers Henry will have.

1.5.7 Five balls are placed randomly and independently in four cells. Let Xk be the
number of cells with exactly k balls. Find E(Xk) for k = 0, 1, . . . , 5. Hint:
Express Xk as the sum of indicators. What should

∑5
k=0 E(Xk) be?



OTE/SPH OTE/SPH

JWDD073-c01 October 4, 2007 17:21 Char Count= 0

46 discrete probability models

1.5.8 Suppose that the demand D for packages of jelly donuts at your bakery
shop takes the values 0, 1, . . . , 5 with probabilities 0.10, 0.15, 0.20, 0.25,
0.20, 0.10. Each package sells for $4 but costs $2 to make, and unsold
packages must be destroyed. How many packages should your shop bake if
you wish to maximize E(X ), where X is the profit? What is E(X ) for this
choice?

1.5.9 Your task, should you decide to accept it, is to throw two dice consecutively
until you have gotten 6–6 five times. How many times should you expect to
have to throw the two dice? Define notation and give a careful explanation
that a classmate would understand, assuming that the classmate is struggling
to get a B. How many times must you throw the two dice to make the
probability at least 0.60 that a 6–6 will occur? [This is the 0.60-quantile of
the rv X =(no. tosses necessary).]

1.5.10 Let Ak be an event and Ik its indicator for k = 1, 2, 3, 4. Let B =⋃4
k=1 Ak .

Express the indicator IB of B in terms of the Ik and use the linearity of
the expectation operator to express P(B) in terms of the probabilities of the
Ak and their intersections. Verify your formula for the case that the Ak are
independent with P(Ak) = k/5.

1.5.11 Let X1, X2, X3 be independent Bernoulli random variables with parameters
0.8, 0.7, 0.6. Let T = X1 + X2 + X3.

(a) Find the probability function for T .

(b) Compare the probability function given in part (a) to the binomial prob-
ability function with n = 3, p = 0.7.

(c) Verify that the expectations are the same for both probability functions
in part (b). Would this be true if 0.8, 0.7, 0.6 were replaced by p1, p2, p3

and p by (p1 + p2 + p3)/3? If so, prove it. If not, give an example.

1.5.12 (a) Use the fact that 1 + 1/22 + 1/32 + · · · = �2/6 to construct a probabil-
ity function for which the mean does not exit. Hint: The sequence {an}
for an = 1/1 + 1/2 + 1/3 + · · · + 1/n does not converge.

(b) The infinite series 1 + 1/2k + 1/3k + · · · converges to a constant, say
Ck , if and only if k > 1. Let M > 0. Give an example of a distribu-
tion for X for which the moments E(Xm) exist for m < M , but not for
m ≥ M .

1.5.13 Prove that for any random variable X for which E(X2) exists, E(X2) ≥
[E(X )]2. Hint: Let 	 = E(X ) and consider E[(X − 	)2].

1.5.14 Let balls numbered 1, 2, . . . , n be placed randomly without replacement
into cells numbered 1, 2, . . . , n. Find the expected number of matches, the
number of cells k that receive ball k, 1 ≤ k ≤ n. Hint: Use indicator rv’s.
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1.5.15 Let X be a discrete rv, taking only nonnegative integer values. Prove that
E(X ) =∑k P(X ≥ k). Verify it for the case that X has the geometric
distribution.

1.6 THE VARIANCE

In an important sense, probability and statistics are concerned with variability. We have
studied random variables and their expectations. E(X ) is a numerical description of
the “location” of the probability distribution of X . However, probability distributions
having the same mean can differ greatly in their variation. The distribution assigning
probability 1/3 to each of 49, 50, 51 has the same mean as the distribution assigning
probability 1/3 to each of 0, 50, 100 or to the distribution assigning 1/101 to each of
0, 1, . . . , 100. We need a measure of variation.

If X is a random variable with mean 	, we would like to describe the variation of
the deviations X − 	. One such measure is E(|X − 	 | ), called the mean deviation
of X . However, the absolute value function is often mathematically awkward, and it
turns out that the variance is a much more useful measure of variability of a random
variable.

Definition 1.6.1 Let X be a random variable and let 	 = E(X ). The variance of X is
Var(X ) = E[(X − 	)2], provided that the expectation exists. The standard deviation
of X is SD(X ) = Var(X )1/2.

Often, the symbols 
2 and 
 are used to denote the variance and standard devia-
tion. To distinguish among the variances of different random variables, we may use
subscripts, so that, for example, 
2

X = Var(X ).

Example 1.6.1 Let X have probability function f (k) = k/10 for
k = 1, 2, 3, 4. Then 	 = 30/10 = 3 and Var(X ) = (1 − 3)2(1/10) + (2 −
3)2(2/10) + (3 − 3)2(3/10) + (4 − 3)2(4/10) = 10/10 = 1. If Y has the prob-
ability function g(k) = k/15 for k = 1, . . . , 5, a similar computation shows that
Var(Y ) = 14/9.

Example 1.6.2 Let x1, . . . xn be real numbers and let X take each of these
values with probability 1/n. Then 	 = E(X ) = (1/n)�n

i=1 xi and Var(X ) = 
2
X =

(1/n)
∑n

i=1(xi − 	)2. Often, the symbol x̄ is used rather than 	, depending on the ap-
plication. For reasons to be explained later, S2

X = �n
i=1(xi − x̄)2/(n − 1), rather than


2
X , is used as a measure of variation, depending on the applications. Roughly speak-

ing, since the standard deviation is a certain type of average deviation from the mean
(the root mean square) , we can usually expect 50 to 80% of the xi ’s to lie within one
standard deviation of the mean. For example, for the data set 1, 2, . . . , 20, 	 = 10.5
and 
X = [399/12]1/2 = 5.77, so 12 of the 20 xi ’s are within one standard deviation
of 	.
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Properties of the Variance

For the purpose of this discussion, c will denote a constant, and X , with or without a
subscript, will denote a random variable. Let 	 = E(X ).

1. Var(c) = 0. Proof: In a sense we are abusing notation a bit here by using c to
denote a real number as well as the random variable that assigns the number c
to all outcomes. No harm is usually done by such an abuse. Since E(c) = c, it
follows that the deviations (c − c) are 0 with probability 1, so Var(c) = E(c −
c)2 = 0.

2. Var(cX ) = c2 Var(X ). Proof: Let 	 = E(X ). E(cX ) = c	, so Var(cX ) =
E[(cX − c	)2] = E[c2(X − 	)2] = c2 Var(X ).

3. Var(X + c) = Var(X ). Proof: Since E(X + c) = 	 + c, Var(X + c) = E[(X +
c) − (	 + c)]2 = E(X − 	)2 = Var(X ).

4. Let X1 and X2 be independent. Then Var(X1 + X2) = Var(X1) + Var(X2).
Proof: Let 	1 = E(X1) and 	2 = E(X2). Let D1 = X1 − 	1 and D2 = X2 −
	2. Then Var(X1 + X2) = E[(X1 + X2) − (	1 + 	2)]2 = E[D1 + D2]2 =
E[D2

1 + D2
2 + 2D1 D2] = E(D2

1) + E(D2
2) + 2E(D1)E(D2), since in the last

step, independence implies that E(D1 D2) = E(D1)E(D2). But E(D1) =
E(D2) = 0.

5. Let X1, . . . , Xn be independent and define Tn = X1 + · · · + Xn . Then Var(Tn) =
Var(X1) + · · · + Var(Xn). In the special case that X1, . . . , Xn are independent,
all with the same variance 
2, with Tn = X1 + · · · + Xn, Var(Tn) = n
2, and
therefore SD(Tn) = √

n
. For X̄ = Tn/n, Var(X̄ ) = Var(Tn)/n2 = n
2/n2 =

2/n. This last formula,

Var(X̄ ) = 
2/n, for independent random variables,

is one of the most important in probability and statistics. Proof: This follows
from property 4 by induction.

Example 1.6.3 Suppose that n independent Bernoulli trials are performed, each
having probability p of success, for 0 < p < 1. Let Ik be the indicator of success
on trial k, and let X = I1 + · · · + Ik be the total number of successes. Then, of
course, X has the binomial distribution with parameters n and p. As shown earlier,
since E(Ik) = p, E(X ) = np. Using property 5 we can now determine Var(X ) eas-
ily. Var(Ik) = (0 − p)2(1 − p) + (1 − p)2 p = p(1 − p)[p + (1 − p)] = p(1 − p),
so Var(X ) = np(1 − p). If, for example, X is the number of heads in 16 tosses
of a coin, then Var(X ) = 16(1/2)(1 − 1/2) = 4, so SD(X ) = 2, while for 64 =
(4)(16) tosses, SD(X ) = 4. For the four binomial probability functions presented in
Figure 1.6.1, the probabilities that X will fall within one standard deviation of its ex-
pected values are 7/8, 0.790, 0.740, 0.712. The corresponding probabilities for two
standard deviations are 1, 0.989, 0.967, 0.961. The central limit theorem will show
that these probabilities converge to those given by the area under the standard normal
density, yet to be defined.
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FIGURE 1.6.1 Binomial probability mass functions.

Example 1.6.4 Let X take the values 0, 1, 2 with probabilities 0.3, 0.5, 0.2. Let Y
take the values 1, 2, 3 with probabilities 0.3, 0.4, 0.3. Suppose that X and Y are indepen-
dent. Let T = X + Y . Some work with the 3 × 3 matrix of probabilities shows that T
takes the values 1, 2, 3, 4, 5 with probabilities 0.09, 0.27, 0.35, 0.23, 0.06. More com-
putation shows that E(X ) = 0.9, E(Y ) = 2, E(T ) = 2.9, Var(X ) = 0.49, Var(Y ) =
0.60, Var(T ) = 1.09. Let W = 3X − 2Y . Then E(W ) = 3(0.9) − 2(2.0) = −1.3,
and Var(W ) = Var(3X) + Var(−2Y ) = (32)(0.49) + (−2)2(0.60) = 6.81. (A com-
mon error for neophytes to probability is to forget to square the coefficients, therefore
sometimes getting negative variances! Of course, readers of this book would never
do that.)

Computational Formulas

The variance and standard deviation of a random variable X are measures of the
variability of X . From the point of view of physics, Var(X ) is the moment of inertia
about the center of mass, 	 = E(X ). The following formula expresses the moment of
inertia about an arbitrary point c as the sum of the variance and the squared distance
of c from the mean:

E(X − c)2 = Var(X ) + (c − 	)2. (1.6.1)

Proof: E(X − c)2 = E[(X − 	) + (	 − c)]2 = E(X − 	)2 + (c − 	)2 +
2(	 − c)E(X − 	). Equation (1.6.1) follows from the fact that E(X − 	) = 0.
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Formula (1.6.1) is sometimes useful in the computation of Var(X ), since

Var(X ) = E(X − c)2 − (c − 	)2. (1.6.2)

c can be chosen arbitrarily to make computations as simple as possible. For example,
if c is chosen to be 0, then

Var(X ) = E(X2) − 	2 = E(X2) − [E(X )]2. (1.6.3)

Example 1.6.5 Let X take the values 173.5, 173.6, 173.7 with probabili-
ties 0.3, 0.5, 0.2. The random variable Y = X − 173.5 takes the values 0, 0.1,
0.2 with the same probabilities. The random variable W = 10 Y takes the val-
ues 0, 1, 2 with these probabilities. From (1.6.3), Var(W ) = E(W 2) − [E(W )]2 =
[02(0.3) + 12(0.5) + 22(0.2)] − [0.9]2 = 1.30 − 0.81 = 0.49. Therefore, Var(X ) =
Var(Y ) = 0.49/102 = 0.0049.

Example 1.6.6 (The Discrete Uniform Distribution) Let X have the uniform
distribution on (1, 2, . . . , N ). Then, since

∑N
k=1 k = N (N + 1)/2 and

∑N
k=1 k2 =

N (N + 1)(2N + 1)/6, E(X ) = (N + 1)/2, E(X2) = (N + 1)(2N + 1)/6, and
Var(X ) = E(X2) − [E(X )]2 = (N 2 − 1)/12.

Suppose that we have “observations” X1, . . . , Xn from a probability distribution
with mean 	 and variance 
2. That is, X1, . . . , Xn are independent, each with the
distribution of a random variable X , where E(X ) = 	 and Var(X ) = 
2. If 	 and 
2

are unknown, we may wish to use the data X1, . . . , Xn to estimate these unknown
parameters. This is a problem in statistical inference. Consider the estimators

X̄ =
∑n

k=1 Xk

n
and 
̂2 =

∑n
k=1(Xk − X̄ )2

n
.

Then E(X̄ ) = n	/n = 	, so X̄ is an unbiased estimator of 	. To determine
E(
̂2), first consider any numbers c, x1, . . . , xn . Let x̄ = (

∑n
k=1 xk)/n. Then[∑n

k=1(x − c)2
]
/n = ∑n

k=1 [(xk − x̄) + (x̄ − c)]2 /n = (1/n)
∑n

k=1(xk − x̄)2 +
(x̄ − c)2. The middle term drops out because

∑n
k=1(xk − x̄) = 0. This numerical

identity is a special case of (1.6.1), where X takes each of the values x1, . . . , xn with
probability 1/n. From the identity we get

n∑
k=1

(xk − x̄)2 =
n∑

k=1

(xk − c)2 − n(x̄ − c)2, (1.6.4)

which, of course, simplifies further by taking c = 0. Now, to determine E(
̂2), replace
xk by Xk, x̄ by X̄ , and c by 	. We get

n∑
k=1

(Xk − X̄ )2 =
n∑

k=1

(Xk − 	)2 − n(X̄ − 	)2.
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Taking expectation on the right, we get n
2 − n Var(X̄ ) = n
2 − n(
2/n) =
(n − 1)
2. Therefore, E(
̂2) = (n − 1)
2/n = 
2[(n − 1)/n]. Thus, 
̂2 is a biased
estimator of 
2. For that reason, people usually use S2 =∑n

k=1 (Xk − X̄ )2/(n − 1)
as an estimator of 
2, since S2 is an unbiased estimator of 
2.

Example 1.6.7 Consider the die-throw data at the beginning of the chap-
ter. The uniform distribution on 1, . . . , 6 has mean (6 + 1)/2 = 3.5 and variance
(62 − 1)/12 = 35/12 = 2.917. The frequency table for the data was

1 2 3 4 5 6
60 73 65 58 74 70

There were n = 400 observations: X1, . . . , X400.Then
∑n

k=1 Xk = 60(1) + 73(2) +
· · · + 70(6) = 1423, and

∑n
k=1 X2

k = 6235. Hence, X̄ = 1423/400 = 3.5575, the es-
timate of 	 = 3.5, and 
̂2 = [6235 − 400(3.5575)2]/400 = 6235/400 − 3.55752 =
2.932, the estimate of 
2 = 2.917. The estimates were both reasonably close to
the corresponding parameters. Since Var(X̄ ) = 
2/400 and SD(X̄ ) = 
/4001/2 =
0.0854, we should not be surprised that X̄ differed from 	 by 0.0575. If, however,
X̄ had taken this value for n = 10,000, in which case SD(X̄ ) = 0.0171, we would
have been somewhat surprised, and perhaps suspected that we had an unbalanced
die.

The Chebychev Inequality

Recall that the Markov inequality (Section 1.5) states that for any C > 0 and any
random variable X for which P(X ≥ 0) = 1 and E(X ) exists, P(X ≥ C) ≤ E(X )/C .
We can make use of this to relate the probability that a random variable differs from
its mean by more than a prescribed amount to the variance of the random variable.

The Chebychev Inequality Let Y be a random variable whose mean 	 and variance

2 exists. Let k > 0 and h > 0 be constants. Then

P(|Y − 	 | ≥ k) ≤ 
2

k2
and P(|Y − 	 | ≥ h
) ≤ 1

h2
.

Proof: Let X = | Y − 	 | 2. Then E(X ) = 
2 and P(|Y − 	 | ≥ k) = P(X ≥
k2) ≤ 
2/k2. The last step follows from the Markov inequality. The second inequality
follows by taking k = h
. Taking complements, we get the inequalities

P(|Y − 	 | < k) ≥ 1 − 
2

k2
and P(|Y − 	 | < h
) ≥ 1 − 1

h2
.

Comments: The Chebychev inequality is sharp is the following sense. For k > 0, let
Y take the values −k, 0, k with probabilities 1/(2k), 1 − 1/k, 1/(2k). Then E(Y ) =
0, 
2 = Var(Y ) = k, and P(|Y | ≥ k) = 1/k = 
2/k2.
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Example 1.6.8 Let Y be the number of heads in 100 tosses of a coin. Then
Y has the binomial distribution with n = 100, p = 1/2. Therefore, 	 = E(Y ) =
np = 50, 
2 = np(1 − p) = 25, 
 = 5. By the Chebychev inequality, P(|Y − 50| ≥
20) = P(|Y − 50| ≥ 4(5)) ≤ 1/42 = 1/16. It follows that P(31 ≤ Y ≤ 70) ≥ 1 −
1/16 = 15/16. Actually, P(|Y − 50| ≥ 20) = 0.0000322, much smaller than 1/16.
We needed to know the distribution of Y , not just the mean and variance, to determine
this.

As indicated just a little earlier, we often wish to use X̄ , a sample mean, to estimate a
population mean 	. The Chebychev inequality gives us a way to relate the population
variance 
2 and the sample size n to the probability that X̄n = X̄ will differ by a
prescribed amount from 	. To be more precise, let X1, . . . , Xn be independent, each
with mean 	 and variance 
2. Let k > 0 be a constant. Then

P(|X̄n − 	 | ≤ k) ≤ Var(X̄n)

k2
= 
2/n

k2
= 
2

nk2
. (1.6.5)

By letting n → ∞, we find that P(|X̄n − 	 | ≥ k) → 0 as n → ∞. This is an im-
portant result, making precise what should be intuitive. For the case that the Xk are
independent and identically distributed, we indicate the importance of this result with
the name the weak law of large numbers (WLLN).

The Weak Law of Large Numbers Let X1, X2, . . . be independent and identically
distributed with mean 	. Let X̄n = (X1 + · · · + Xn)/n. Then for any ε > 0,

lim
n→∞ P(|X̄n − 	 | ≥ ε) = 0 and lim

n→∞ P(|X̄n − 	 | < ε) = 1.

This statement of the WLLN requires the Xk to be identically distributed, whereas
the argument in (1.6.5) requires only that Var(X̄n) converges to zero as n → ∞. On
the other hand, the WLLN does not require the existence of the variance, as (1.6.5)
does. We do not present a proof of this form of the WLLN here but refer the reader
to books by Feller (1950) and Durrett( ). The idea behind the proof is to make use of
the Markov inequality by truncating the random variables: that is, by considering the
random variables (for the case 	 = 0, as we can assume without loss of generality)
X∗

kn = Xk I [|Xk | ≤ n] and showing that the sums of the X∗
kn and Xk do not differ too

much. The term weak is used for contrast with the strong law of large numbers, which
states that P(limn→∞ X̄n = 	) = 1.

The upper bound on P(|X̄ − 	 | ≥ k) given by (1.6.5) is not a good approxi-
mation. The central limit theorem, given in Section 6.3, provides an approximation
that is quite good, even for moderate n. Let Tn = X1 + · · · + Xn, X̄n = Tn/n, Zn =
(Tn − 	)/

√
n
2 = (X̄n − 	)/

√

2/n and let Gn(k) = P(|Zn| ≤ k). Then Zn is

the standardized version of both Tn and X̄n , since E(Zn) = 0 and Var(Zn) = 1.
Then limn→∞ Gn(1) = 0.6827, limn→∞ Gn(2) = 0.9545, limn→∞ Gn(3) = 0.9973.
For example, for large n the probability that X̄n will lie within two of its



OTE/SPH OTE/SPH

JWDD073-c01 October 4, 2007 17:21 Char Count= 0

the variance 53

standard deviations of 	 is approximately 0.9545. We simulated the throws of 100
dice 100,000 times, each time determining X̄100. Since 
2 = 35/12, Var(X̄100) =
35/1200 = 0.029133, and SD(X̄100) = 0.17078. In 100,000 simulations, 69,354,
95,556, and 99,765 of the X̄100’s were within 0.17078, 2(0.17078), and 3(0.17078)
of 3.50. Similarly, since SD(T100) = 17.078, these were the frequencies within
17.078, 2(17.078), and 3(17.078) of E(T100) = 100	 = 350.

If X is the number of heads in 400 tosses of a coin, since X has the binomial
distribution, E(X ) = np = 200 and Var(X ) = np(1 − p) = 100, so SD(X ) = 10. It
follows that P(|X − 200|/10 ≤ 2) = P(180 ≤ X ≤ 220) should be approximately
0.9545. The actual probability, determined by summing binomial probabilities using
S-Plus, is 0.9598. The lower bound provided by the Chebychev inequality is 1 −
1/22 = 3/4.

Problems for Section 1.6

1.6.1 Let X take the values 3, 4, 8 with probabilities 0.4, 0.5, 0.1.

(a) Find 	 = E(X ) and Var(X ) using Definition 1.6.1.

(b) Find Var(X ) using (1.6.2) for c = 3 and for c = 0.

1.6.2 Show that G(a) = E(X − a)2 is minimum for a = E(X ):

(a) Using calculus.

(b) Using (1.6.2).

1.6.3 Let X have the geometric distribution with parameter p, 0 < p < 1. Show
that Var(X ) = q/p2, where q = 1 − p. Hint: Differentiate twice with respect
to q on both sides of 1/(1 − q) = 1 + q + q2 + · · · to find E[X (X − 1)],
then use (1.6.3).

1.6.4 Find the sample mean X̄ and variance S2 for the data 1, 3, 3, 5, 6, 12.

1.6.5 Let x1, . . . , xn be real numbers for n > 1. Let ūn−1 and ūn be the arithmetic
means of the first n − 1 and the first n. Prove that =∑n

i=1(xi − ūn)2 =∑n
n−1(xi − ūn−1)2 + (ūn−1 − xn)2(n − 1)/n. (This is an “update formula”

for the sum of squares of deviations from the mean.) Verify the formula for
the data 1, 3, 5, 7.

1.6.6 Our nonstudying student friend (see Problem 1.5.6) must take another exam,
knowing nothing about the history of Albasta. The exam has 50 true–false
questions, 40 multiple-choice questions with four possible answers, and 30
multiple-choice questions with five possible answers. The correct answer for
each question is equally likely to be any of the possible answers, indepen-
dently. The total score T is the number of points earned, where k points are
earned on a question if the answer is correct and the question has k possible
answers. Define a model, and use it to find E(T ) and SD(T ).
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1.6.7 Let X and Y be independent. Let their probability functions be fX and fY ,
where fX (k) = k/6 for k = 1, 2, 3 and fY ( j) = (3 − j)/6 for j = 0, 1, 2.
Let T = X + Y .

(a) Find E(X ), E(Y ), Var(X ), Var(Y ).

(b) Find the probability function for T .

(c) Find E(T ), Var(T ), and verify that E(T ) = E(X ) + E(Y ) and Var(T ) =
Var(X ) + Var(Y ).

1.6.8 A six-sided die is thrown 100 times. Let T be the total of the numbers
showing.

(a) Use the Chebychev inequality to give a lower bound on P(300 ≤ T ≤
400). Also give an upper bound on P(|X̄ − 3.5| ≥ 0.5), where X̄ =
T/100.

(b) Give an upper bound for P(|X̄ − 3.5 | ≥ 0.5) for the case of 400 throws.

1.6.9 Let X be the number of Clump cereal boxes that Mrs. Johnson must buy
to get all N coupons (see Section 1.5). We showed that E(X ) = N [1/1 +
1/2 + · · · + 1/N ].

(a) Express Var(X ) as a function of N . For 1000 simulations with N = 6
the mean was 14.6 and the variance was 38.3. For 1000 simulations with
N = 20 the mean was 72.2 and the variance was 582.6 (see Problem
1.6.3).

(b) Use the equality
∑∞

k=1 1/k2 = �2/6 to give an approximation for
Var(X ), and determine its values for N = 6 and N = 20.

1.6.10 Gamblers and mathematicians of the sixteenth century, including Girolamo
Cardano, a distinguished mathematician of his time, considered the following
sort of problem. Suppose that A and B play a game of chance, with each
having probability 1/2 of winning. They play for a stake of $1000, the first
to win 10 games taking the entire “pot” of $1000. After they play 11 games,
A has won seven games and B has won four. At that point, A must leave to
join his wife, who is about to deliver triplets (or to attend a statistics class).

(a) How should A and B split the pot? It should seem reasonable that A
should receive an amount equal to his expected return. That is, the amount
xA he should receive should be pA ($1000), his expected profit, where pA

is the probability that A would win the $1000 if the games had continued.

(b) Answer the question for the case that the pot is won when one player
has won N games, and they stop playing when A has won wA and B has
won wB games. Also consider the case that A wins any given game with
probability p. Blaise Pascal, father of Pascal’s triangle and Pierre Fermat
(of Fermat’s last theorem fame), in an exchange of letters in 1654, solved
the problem (see Hald, 2003, pp. 54–63).

(c) In part (a) the phrase “it should seem reasonable” was used. Why is it
reasonable?
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1.6.11 (Bertrand’s Paradox) In his book (Bertrand, 1889) discussed the “paradox
of the three jewelry boxes.” Three such boxes each have two drawers, each
with one coin. Box A has one gold coin in each drawer. Box B has a silver
coin in each drawer. Box C has one gold coin and one silver coin in the two
drawers. A drawer is chosen at random with equal probabilities, then one of
the two drawers is chosen with equal probabilities. The drawer chosen has a
gold coin. What is the revised (conditional) probability that the drawer chosen
was C . Since the drawer chosen must be A or C , it seems that drawers A and
C are equally likely, with probabilities 1/2, 1/2. Do you agree? Bertrand did
not.

1.7 COVARIANCE AND CORRELATION

We need a numerical measure of the relationship between a pair of random variables.
In general, a joint distribution may be hard to determine or even to estimate. And even
when the joint distribution is known, it may be so complex that it is difficult to make
interpretations. It turns out that the joint linear behavior of two random variables can
be studied through the covariance function.

Definition 1.7.1 Let (X, Y ) be a pair of random variables with means 	X , 	Y . The
covariance of X and Y , provided that the expectation exists, is

Cov(X, Y ) = E[(X − 	X )(Y − 	Y )].

Comments: The covariance exists whenever the variances of X and Y exist, although
that is not necessary. Note that cov(X, Y ) exists if and only if the three expectations
E(XY ), 	X , and 	Y exist, and in that case, Cov(X, Y ) = E(XY ) − 	X 	Y .

Properties of the Covariance

Proofs are left to students:

1. For any constants a, b, c, d, Cov(aX + b, cY + d) = ac Cov(X, Y ).

2. For random variables Y, X1, . . . Xk Cov(X1 + · · · + Xk, Y ) = Cov(X1, Y ) +
· · · + Cov(Xk, Y ).

3. If X and Y are independent, then Cov(X, Y ) = 0.

Example 1.7.1 Let (X, Y ) take the values (−1, 0), (0, 1), (1, 0) with probabil-
ities 0.3, 0.4, 0.3. Then E(X ) = 0 and Z = XY is zero with probability 1, so that
Cov(X, Y ) = 0. However, X and Y are not independent.

Example 1.7.2 Consider Example 1.4.3. E(R) = 4/3, E(W ) = 1, E(RW ) = 1,
so that Cov(X, Y ) = 1 − (4/3)(1) = −1/3.
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Example 1.7.3 Let A and B be events, and let IA and IB be their indica-
tors. Thus, IA IB = IA∩B is the indicator of A ∩ B. Then Cov(IA, IB) = E(IA∩B) −
E(IA)E(IB) = P(A ∩ B) − P(A)P(B). Thus, A and B are independent if and only if
Cov(IA, IB) = 0. More generally, suppose that X1 takes only the two values a1 < b1

and X2 takes only the two values a2 < b2. Let r1 = b1 − a1, r2 = b2 − a2, U1 =
(X1 − a1)/r1, and U2 = (X2 − a2)/r2. Then each Ui is an indicator random vari-
able, and Xi = riUi + ai . Therefore, Cov(X1, X2) = r1r2Cov(U1, U2) = 0 if and
only if U1, U2, hence X1, X2, are independent. As shown in Example 1.7.1, indepen-
dence and zero covariance are not equivalent if either of X1, X2 take more than two
values with positive probabilities.

Recall the mathematical identifies you were so proud of learning in your first
algebra course: (a + b) = a2 + 2ab + b2 and (a + b + c)2 = a2 + b2 + c2 + 2ab +
2ac + 2bc. If X1 and X2 are random variables with means 	1, 	2, variances 
2

1 , 
2
2 ,

covariance 
12, we can easily express the variance of Y = X1 + X2 in terms of 
2
1 , 
2

2 ,
and 
12 ≡ Cov(X, Y ). Let X∗

i = Xi − 	i for each i . Then Var(Y ) = E(X∗
1 + X∗

2)2 =
E(X∗

1)2 + E(X∗
2)2 + 2E(X∗

1 X∗
2) = Var(X1) + Var(X2) + 2 Cov(X1, X2). This is im-

portant enough to emphasize it on its own line:

Var(Y ) = Var(X1) + Var(X2) + 2 Cov(X1, X2). (1.7.1)

Example 1.7.4 Consider Example 1.4.3. Let Z = R + W . Then Z has
a hypergeometric distribution, taking the values 1, 2, 3 with probabilities
1/12, 6/12, 5/12. Thus, Var(Z ) = E(Z2) − [E(Z )]2 = 35/6 − (7/3)2 = 7/18. But
Var(R) = 5/9, Var(W ) = 1/2, and Cov(R, W ) = −1/3, so Var(Z ) = 5/9 + 1/2 +
2(−1/3) = 7/18.

Induction allows us to extend (1.7.1): For random variables X1, . . . , Xn:

Var(X1 + · · · + Xn) =
n∑

i=1

Var(Xi ) + 2
∑
i< j

Cov(Xi , X j ). (1.7.2)

A “trick” allows us to find a formula for the variance of the sum of the observations
in a simple random sample (without replacement) from a population of N . Let the
population of N have measurements y1, . . . , yN . Let 	 = (1/N )

∑N
i=1 yi and 
2 =

(1/N )
∑N

i−1(yi − 	)2. Let X1, · · · , Xn be the n observations. Let T = X1 + · · · + Xn

be their total. Of course, Var(X j ) = 
2 for each j , but the X j are not independent.
To determine the covariances, let y∗

i = yi − 	. Then 0 = (
∑N

i=1 y∗
i )2 =∑N

i=1 y∗2
i +∑

i �= j y∗
i y∗

j . Thus,
∑

i �= j y∗
i y∗

j = −∑N
i=1 y∗2

i . Therefore, for i �= j, Cov(Xi , X j ) =∑
i �= j y∗

i y∗
j /[N (N − 1)] = −
2/(N − 1), and

Var(T ) = n
2 − n(n − 1)
2/(N − 1) = n
2 N − n

N − 1
. (1.7.3)
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The fraction (N − n)/(N − 1) is called the finite population correction factor. It
follows that for X̄ = T/n,

Var(X̄ ) = N − n

N − 1


2

n
. (1.7.4)

Notice that the fpc is a decreasing function of n, that for n = 1 the fpc is 1, whereas for
N = n it is zero. (Why would you guess that it must be zero?) The fpc is approximately
1 − n/N , so that if n is small compared to N , as it is in many applications, it can
safely be ignored in the formulas for Var(T ) and Var(X̄ ).

Example 1.7.5 Consider a class of 12 men and eight women. A simple ran-
dom sample of five is chosen. Let X be the number of women chosen. What are
E(X ) and Var(X )? Since X has a hypergeometric distribution, we could first deter-
mine P(X = k) for k = 0, 1, . . . , 5, then find E(X ) and Var(X ). However, we can
take advantage of Example 1.6.4 to make life much easier. Consider the popula-
tion of measurements: 1 for females, zero for males. Then the mean 	 = p = 0.4 is
the proportion of females, and the variance is 
2 = p − p2 = p(1 − p). The num-
ber X of women chosen is the sample total (T of Example 1.7.4). It follows that
E(X ) = np = 2 and Var(X ) = n
2[(N − n)/(N − 1)] = np(1 − p)[(N − n)/(N −
1)] = 5(0.24)(15/19) = 18/19, just a bit smaller than the variance of the correspond-
ing binomial distribution, np(1 − p) = 1.20.

We can generalize: Let X ∼ hypergeometric with parameters r and b (see
Section 1.2), sample size n. Let p = r/(r + b). Then E(X ) = np and Var(X ) =
np(1 − p)[(N − n)/(N − 1)].

It is very useful to consider a measure of the relationship between X and Y which
does not depend on their scales. Let Z X = (X − 	X )/
X and ZY = (Y − 	Y )/
Y ,
where 	 and 
 with corresponding subscripts denote means and standard deviations.
(We assume, of course, that 
X > 0 and 
Y > 0.) Z X and ZY are the standardized
forms of X and Y . They have means zero and variances 1.

Definition 1.7.2 The correlation coefficient between X and Y is � = � (X, Y ) =
E[Z X ZY ].

Properties of � = �(X,Y)

1. � = Cov(X, Y )/
X 
Y .

2. � (a X + b, cY + d) = � (X, Y ) sign(ac) if a �= 0, c �= 0.

3. −1 ≤ � ≤ 1 with �2 = 1 if and only if there exist constants a, b �= 0 such
that P(Y = a + bX ) = 1. In this case, � = 1 if b > 0, � = −1 if b < 0.
Proof: 0 ≤ E(ZY − � Z X )2 = 1 − 2� E(ZY Z X ) + � 2 = 1 − � 2. This proves
the inequalities. � 2 = 1 if and only if ZY − � Z X = 0 with probability 1,
i.e., P(Y = 	Y + � (
Y /
X )(X − 	X )) = 1. This is equivalent to the existence
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of a, b �= 0 such that P(Y = a + bX ) = 1, since in this case, b = 
Y /
X if
� = 1, b = −
Y /
X if � = −1.

Linear Prediction

Consider first the prediction of ZY by a linear predictor ẐY ≡ g(Z X ) = bZ X +
a. Consider the error U = ZY − ẐY . The mean squared error of prediction
is E(U )2 = E(ZY − ẐY )2 = E(Z2

Y ) + b2 E(Z2
X ) − 2bE(ZY Z X ) + a2 − 2aE(ZY ) +

2abE(Z X ) = 1 + b2 − 2b� + a2 = (b − � )2 + 1 − � 2 + a2. This is obviously min-
imum for b = � , a = 0, so that ẐY = � Z X = g(Z X ). In that case the mean squared
error of prediction is 1 − � 2. Thus, � is the slope of the least squares prediction line
for ZY on Z X . This was Galton’s original definition of the correlation coefficient (Gal-
ton, 1890). Note that Cov(U, Z X ) = Cov(ZY , Z X ) − � cov(Z X , Z X ) = � − � = 0.
Thus, the error of the predictor is uncorrelated with X and therefore with the predictor
ẐY = � Z X .

Now consider the more general linear predictor Ŷ ≡ h(X ) = cX + d of Y . Let D =
Y − Ŷ = 
Y [ZY − bZ X − a], where b = c(
X/
Y ) and a = (	Y − c	X − d)/
Y . It
follows that E(D2) = 
2

Y E(U 2) is minimum for b = � , c = �
Y /
X , a = 0, d =
	Y − c	X . Thus, we let Ŷ = h(X ) = cX + d = 	Y + �
Y Z X . The mean squared
error of Ŷ = h(X ) as a predictor of Y is therefore E(D2) = 
2

Y (1 − � 2). From the
paragraph above it follows that Cov(D, X ) = Cov(D, Z X )
Y = 0. The error is un-
correlated with X and therefore with Ŷ . Of course, E(Ŷ ) = d + c	X = 	Y . Y = Ŷ +
(Y − Ŷ ) is a decomposition of Y into two parts: the predictable part, Ŷ = h(X ), and the
unpredictable part, D = Y − Ŷ . Since the two parts have covariance zero, Var(Y ) =

2

Y = Var(Ŷ ) + Var(Y − Ŷ ) = � 2
2
Y + (1 − � 2)
2

Y . � 2 = Var(Ŷ )/Var(Y ) is the pro-
portion of variation in Y which can be explained by the least squares linear predictor
of Y .

Example 1.7.6 Consider Examples 1.4.3, 1.7.2, and 1.7.4. Since Var(R) =
5/9, Var(W ) = 1/2, and Cov(R, W ) = −1/3, � = � (R, W ) = −2/

√
10 = −0.632.

Therefore, the least squares predictor of W as a linear function of R is Ŵ =
(	W − c	R) + cR, where c = �
W /
R = Cov(R, W )/
2

R = −3/5. Since 	R = 4/3
and 	w = 1, Ŵ = (9 − 3R)/5. Var(Ŵ ) = 32
2

R/25 = 1/5 = −�2
2
W , and Var(W −

Ŵ ) = (1 − � 2)
2
W = 3/10. The proportion of variation in W that can be explained

by a linear function of R is � 2 = 4/10.

Matrix Methods

When computing means for and covariances among several random variables, matrix
methods can reduce labor and increase understanding. For that purpose we write a
random vector as a row or column vector X = (X1, . . . , Xk). Similarly, we consider
random r × s matrices W = (Xi j ). By E(X) and E(W) we mean the vector or matrix
with the components of X or W replaced by their expectations. Thus, for an American
box with four, three, and two red, white, and blue balls, with three balls drawn and
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X = (R, W, B), E(X) = (4, 3, 2)(3/9) = (4/3, 1, 2/3). We can represent the collec-
tion of variances and covariances for a random vector conveniently as a matrix.

Definition 1.7.3 Let X = (X1, . . . , Xm) and Y = (Y1, . . . , Yn) be random vectors,
written as row or column vectors. Suppose that the covariances 
i j = Cov(Xi , Y j )
exist for each i and j . The covariance matrix for the pair (X, Y) is the m × n matrix∑

with (i j)th element 
i j . We write Cov(X, Y) =∑ = (
i j ). The covariance matrix
for a single random vector X is Cov(X) = Cov(X, X).

Comments: In the determination of Cov(X, Y ), it makes no difference whether
the random vectors are written as row or columns. Only the order is relevant in the
definition of the covariance matrix. In general, Cov(X, Y ) need not be square, although
Cov(X ) = Cov(X, X ) must be square and symmetric.

Example 1.7.7 The covariance matrix Cov(X, X) = Cov(X) =∑X for the ran-
dom vector X = (R, W, B) determined by three draws from the American box is

(1/18)

⎛⎝ 10 −6 −4
−6 9 −3
−4 −3 7

⎞⎠. If Y = (X1, X3), then Cov(X, Y) is the 3 × 2 matrix con-

sisting of all the rows and the first and third columns of
∑

X. Notice that the row
sums of

∑
X are each zero, so that

∑
X is singular. Why this must be the case will be

evident from the properties of covariance matrices as described below.

Consider the column vectors X = (X1, . . . , Xm)T and Y = (Y1, . . . , Yn)T (the
T indicates the transpose). Let 	 =E(X) and � = E(Y). Then the m × n matrix
(X − 	)(Y − �)T has the (i j)th element (Xi − 	i )(Y j − � j ), so that Cov(X, Y) =
E[(X − 	)(Y − �)T]. Let A = (ai j ) and B = (bi j ) be r × m and s × n matrices of
constants. Let U = AX and V = BY. Then from the linearity of expectations, E(U) =
AE(X) = A	 and E(V) = B�, and Cov(X, Y) = E[(AX − A	)(BY − B�)T] =
AE[(X − 	)(Y − �)T]BT, again using the linearity of expectations. Thus,

Cov(AX, BY) = A Cov(X, Y)BT and Cov(AX) = A Cov(X)AT . (1.7.5)

In particular, for W = aX, where a is an m-component row vector of constants, we
get 0 ≤ Var(W ) = a

∑
XaT, so that every covariance matrix is nonnegative definite,

positive definite if
∑

X is nonsingular.

Definition 1.7.4 The correlation matrix for the random vectors X = (X1, . . . , Xm)
and Y = (Y1, . . . , Yn) is the m × n matrix Cor(X, Y) with (i j)th element �i j =
� (Xi , Y j ).

Comments: We can easily determine the correlation matrix from the covariance
matrices. Let DX and DY be the diagonal m × m and n × n matrices with diagonals
the reciprocals of the standard deviations of the components X and Y. Thus, DX and
DY may be obtained from Cov(X) and Cov(Y) by replacing the diagonal terms by
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the reciprocals of the square roots and off-diagonal terms by zero. Then Cor(X, Y) =
DX Cov(X, Y)DY .

Example 1.7.8 Let X = (X1, X2, X3, X4)T have equal variances 
2 with zero
covariances. Let Ti = X1 + · · · + Xi for i = 1, . . . , 4. Let T = (T1, T2, T3, T4)T.

Then T = AX, where A =

⎛⎜⎜⎝
1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

⎞⎟⎟⎠. Since Cov(X) = 
2 I4, Cov(T) =

A(
2 I4)AT = 
2

⎛⎜⎜⎝
1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4

⎞⎟⎟⎠ = 
2(min(i, j)). Since Var(Ti ) = i
2, Cor(T) =

(�i j ), where �i j = � (Ti , Tj ) = √
min(i, j)/ max(i, j).

Let X1 and X2 be n-component column random vectors with mean vectors
�1, �2. Let X∗

1 = X1 − �1, X∗
2 = X2 − �2. Then Cov(X1 + X2) = E((X∗

1 + X∗
2)

(X∗
1 + X∗

2)T ) = E(X∗
1X∗T

1 ) + E(X∗
2X∗T

2 ) + E(X∗
1X∗T

2 ) + E(X∗T
2 X∗T

1 ) = Cov(X1) +
Cov(X2) + Cov(X1, X2) + Cov(X2, X1). It is tempting to think, but not true in
general, that these last two terms must be equal. Using induction, we conclude
that

Cov(X1 + · · · + Xk) =
∑
i, j

Cov(Xi , X j ) =
∑

i

Cov(Xi ) +
∑
i �= j

Cov(Xi , X j ).

(1.7.6)

In particular, if X1, . . . , Xk have zero covariances, as they do when they are indepen-
dent,

Cov(X1 + · · · + Xk) =
∑

i

Cov(Xi ), (1.7.7)

and if each Xi has covariance matrix
∑

,

Cov(X1 + · · · + Xk) = k
∑

and Cov

(
X1 + · · · + Xk

k

)
= (1/k)

∑
.

(1.7.8)

Problems for Section 1.7

1.7.1 From a box with four tickets numbered 1, 2, 3, 4, two tickets are drawn
randomly without replacement. Let X and Y be the minimum and maximum
of the numbers on the tickets drawn. Find:

(a) The joint probability function for (X, Y ).

(b) E(X ), E(Y ), Var(X ), Var(Y ), Cov(X, Y ), � (X, Y ).
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(c) The least squares predictor Ŷ of Y .

(d) Var(Ŷ ) and Var(Y − Ŷ ). Show that Cov(Ŷ , Y − Ŷ ) = 0 and that Var(Ŷ ) +
Var(Y − Ŷ ) = Var(Y ).

1.7.2 Consider the set A = {1, 3, 5, 7}. A simple random sample of n = 2 is chosen
from the population A. Let T and X̄ be the sample total and mean.

(a) Determine the mean 	 and variance 
2 of A.

(b) Find the probability function for T and use it to find E(T ), Var(T ), E(X̄ ),
and Var(X̄ ).

(c) Verify that E(T ) = n	, E(X̄ ) = 	, Var(T ) = n
2[(N − n)/(N − 1)],
Var(X̄ ) = (
2/n)[(N − n)/(N − 1)].

1.7.3 Let X1, X2, . . . , Xn be uncorrelated random variables, all with variance 
2.
For 1 ≤ k ≤ n, let Tk = X1 + · · · + Xk . Find � (Tk, Tn).

1.7.4 Let X and Y be indicator random variables, with P(X = 1) = P(Y = 1) =
1/2 and P(X = 1, Y = 1) = � for 0 ≤ � ≤ 1/2. Express � (X, Y ) as a func-
tion of �. Plot it. Use the relationship between � and � to show that � = 0 if
any only if X and Y are independent.

1.7.5 Let X1, . . . , Xn be random variables with the same variance 
2 and equal
correlations � (Xi , X j ) = � for i �= j . Let T = X1 + · · · + Xn .

(a) Express Var(T ) and Var(T/n) as functions of 
2 and � . Find
limn→∞ Var(T/n).

(b) Use the fact that Var(T ) ≥ 0 to give a lower bound on � .

(c) This model holds, for example, if the Xi are n scores on repeated at-
tempts on an exam of the same type by a randomly chosen student, where
Xi = A + εi and A, ε1, . . . , εn are uncorrelated random variables, A is a
measure of ability of the student, Var(A) = 
2

A and Var(εi ) = 
2
ε . Express

� (Xi , X j ) in terms of 
2
A and 
2

ε .

1.7.6 Let (xi , yi ) for i = 1, . . . , n be n pairs of numbers. Let P((X, Y ) = (xi , yi )) =
1/n for i = 1, . . . , n.

(a) Determine simple formulas for the least squares linear predictor Ŷ of Y
and for � (X, Y ). For simplicity of notation, define x̄, ȳ, the means, Sxx =∑n

i=1(xi − x̄)2, Syy =∑n
i=1(yi − ȳ)2, Sxy =∑n

i=1(xi − x̄)(yi − ȳ).

(b) Apply the formulas for the three pairs (1, 5), (2, 6), (3, 1). Plot these points
and the least squares line y = g(x) = a + bx . What is the proportion of
variation in y explained by linear regression on x? Determine � (X, Y ).
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C H A P T E R T W O

Special Discrete Distributions

2.1 INTRODUCTION

In Chapter One we discussed the properties of discrete random variables in a rather
general way, although we did define the binomial, geometric, and uniform random
variables. Some random variables and their distributions arise so often that it becomes
useful to refer to them by name, and we should try to summarize their properties.
In addition, under certain conditions, limit arguments allow us to approximate some
probability distributions by simpler distributions. We begin with what is almost cer-
tainly the most useful discrete probability distribution, the binomial.

2.2 THE BINOMIAL DISTRIBUTION

Definition 1.4.4 is important enough to repeat:

Definition 2.2.1 Suppose that n independent experiments are performed. For each
experiment (called a trial) the probability of success is p, where 0 ≤ p ≤ 1. Let X
be the number of successes. Then X is said to have the binomial distribution with
parameters n and p. We will use the notation X ∼ B(n, p) to indicate this. If n = 1,
then X is said to have the Bernoulli distribution with parameter p.

In Section 1.4 we showed that if X has the binomial distribution, its probability
function is

b(k; n, p) = P(X = k) =
(

n

k

)
pk(1 − p)n−k for k = 0, 1, . . . , n.

In general, b(k; n, p) = b(k) is an increasing function of k for k < M , and a decreasing
function for k > M , where M is a point of maximum. As we will see, M is “near”
E(X ) = np.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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FIGURE 2.2.1 Binomial mass functions.

To determine M, and for computational purposes, consider r (k) = b(k)/b(k − 1)
for k = 1, . . . , n. (Why can’t we use calculus to find M?) Fortunately, r (k) turns out
to be a reasonably simple function:

r (k) = n!

k!(n − k)!

[
n!

(k − 1)!(n − k + 1)!

]−1 p

q
= (n − k + 1)

k

p

q
where q = 1−p.

(2.2.1)

Since b(k) = b(k − 1)r (k), a simple loop on k can be used to determine
b(k) for all k. For n = 5, p = 0.4, for example, b(0) = 0.65 = 0.0778, b(1) =
b(0)[5/1](2/3) = 0.259, b(2) = b(1)[4/2](2/3) = 0.346, b(3) = b(2)[3/3](2/3) =
0.234, b(4) = b(3)(2/4)(2/3) = 0.077, b(5) = b(4)[1/5](2/3) = 0.45 = 0.010. No-
tice that in this case, M = 2 = np = E(X ). From (2.2.1), b(k) ≥ b(k − 1) if and
only if r (k) ≥ 1, equivalently, k ≤ (n + 1)p. Thus, M is the largest integer less than
or equal to (n + 1)p. In the case that (n + 1)p is an integer M, the maximum is taken
at both M and M − 1 (see Figure 2.2.1).

Appendix Table 1 presents cumulative probabilities B(k; n, p) = P(X ≤ k) =∑k
j=0 b( j ; n, p) for p = 0.05, 0.10, 0.20, . . . , 0.90, 0.95 and n = 5, 10, 15, 20, 25.

Exact probabilities can be determined from b(k; n, p) = B(k; n, p) − B(k − 1; n, p).
For integers a < b, P(a < X ≤ b) = B(b; n, p) − B(a; n, p). Taking b = n, we get
P(a < X ) = 1 − B(a; n, p).

In Sections 1.5 and 1.6 we showed that when X ∼ B(n, p) and the representation
X = I1 + · · · + In , E(X ) = np. Similarly, in Section 1.6 we showed that Var(X ) =
np(1 − p).
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Problems for Section 2.2

2.2.1 A student tosses three coins five times. Find the probability that she obtains

(a) Exactly two heads exactly three of the five times.

(b) At least two heads exactly three of the five times.

(c) Exactly two heads at least three of the five times.

(d) At least two heads at least three of the five times.

(e) Let X be the number of times for which exactly two heads appear. Find k
so that P(X = k) is maximized.

2.2.2 Let Mp maximize b(k; n, p). Find Mp for the following (n, p) pairs. If Mp − 1
is also a maximum, say so.

(a) n = 5, p = 0.4.

(b) n = 5, p = 0.15.

(c) n = 9, p = 0.3.

(d) n = 100, p = 0.4.

(e) For which values of p does k = 2 maximize b(k; 5, p)?

2.2.3 Let X have the binomial distribution with parameters n = 15 and p = 0.3.

Use Appendix Table 1 to find:

(a) P(X ≤ 5).

(b) P(3 ≤ X ≤ 5).

(c) P(X = k) for k = 3, 4, 5.

(d) P(X ≥ 7).

2.2.4 (a) Prove that
∑k

j=0

(
m

j

)(
n

k − j

)
=
(

m + n

k

)
for 0 ≤ k ≤ m + n. Hint: If

sets A and B have m and n elements, each subset of size k from A ∪ B
must have j elements from A, k − j from B, for some j .

(b) Prove that
∑m

j=0 b( j ; m, p)b(k − j ; n, p) = b(k; m + n, p) for positive
integers m and n, and 0 ≤ p ≤ 1. Equivalently, if X ∼ B(m, p) and Y ∼
B(n, p) with X , Y independent, then X + Y ∼ B(m + n, p). Hint: Use
either part (a) or a probability argument.

2.2.5 Let X have the binomial distribution with parameters n and p. Conditionally
on X = k, let Y have the binomial distribution with parameters k and r . What
is the marginal distribution of Y ? Hint: Two approaches are possible. The
intuitively more satisfying approach considers n Bernoulli trials with a two-
stage process on each trial. (That’s all the hint we will provide.) The second
involves working directly with factorials and summation signs.

2.2.6 Let X be the number of heads in 10 tosses of a coin. What is the conditional
distribution of the number of heads Y among the first six tosses given that
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X = k, 0 ≤ k ≤ n? Generalize your result to the case that X is the number
of successes in n independent Bernoulli trials, each with probability p of
success, 0 < p < 1, and Y is the number among the first m < n trials. Find
P(Y = j |X = k) for 0 ≤ j ≤ k ≤ n.

2.2.7 Let Xn ∼ B(n, p) and p̂n = Xn/n, a sample proportion of successes, for
0 < p < 1. Show that limn→∞ P(| p̂n − p| ≤ ε) = 1 for every ε > 0. That is,
{ p̂n} converges in probability to p. Hint: Use the Chebychev inequality.

2.2.8 Let X1 ∼ B(n1, p1), X2 ∼ B(n2, p2), with X1 and X2 independent. Let N =
n1 + n2 and define p = (n1/N )p1 + (n2/N )p2. Let T = X1 + X2. Suppose
that Y ∼ B(N , p).

(a) For n1 = 2, n2 = 1, p1 = 0.4, p2 = 0.7, compare the mass functions of
T and Y .

(b) Show that E(T ) = E(Y ).

(c) Show that Var(Y ) = Var(T ) + (n1n2/N )(p1 − p2)2, so that the distribu-
tion of T cannot be binomial unless p1 = p2. Hint: Express Var(Y ) and
Var(T ) in terms of n1, n2, p1, p2, q1 = 1 − p1, and q2 = 1 − p2.

2.2.9 Two teams A and B play consecutive games until one of the two teams wins
k games, for k > 0. That team is said to have won the k-game playoff. A wins
each game with probability p, 0 < p < 1, and the outcomes are independent.
Let Gk(p) be the probability that A wins a k-game playoff. Then, for exam-
ple, G1(p) = p, G2(p) = p2 + 2p2q, where q = 1 − p. Express G3(p) and
G4(p) in terms of p and q, and plot them on a graph with G1(p) and G2(p).
Check to see that Gk(0) = 0, Gk(1/2) = 1/2, and Gk(1) = 1. It should also be
true that Gk(p) > Gk+1(p) for p < 1/2 and Gk(p) < Gk+1(p) for p > 1/2.

2.3 THE HYPERGEOMETRIC DISTRIBUTION

Definition 2.3.1 Let X be the number of red balls in a random sample of n balls
taken without replacement from a box of R red and B black balls. Then X is said to
have the hypergeometric distribution with parameters R, B, and n.

Before we present a formula for the probability mass function for X for the general
case, let us determine it for a special case.

Example 2.3.1 A committee of five people is to be chosen at random from
a club consisting of seven women and six men. Let X denote the number of
women chosen. Let the sample space S consist of all subsets of size 5 from the

set of 13 people. Then N (S) =
(

13

5

)
= 1287. The number of these subsets for
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which X = 3 is

(
7

3

)(
6

2

)
= (35)(15) = 525, so that P(X = 3) = 0.4079. Similarly,

P(X = 2) =
(

7

2

)(
6

3

)/(
13

5

)
= (21)(20)/1287 = 0.3263, and for f (k) = P(X =

k), f (0) = 0.0040, f (1) = 0.0816, f (4) = 0.1632, f (5) = 0.0163.

More generally, for X as given in Definition 2.3.1,

P(X = k) =
(

R

k

)(
B

n − k

)/(
R + B

n

)
for k = 0, 1, . . . , n. (2.3.1)

Note that in the case that k > R or n − k > B, the corresponding combinatoric in the
numerator is zero. It is interesting to note that for N = R + B,

P(X = k) =
(

n

k

)(
N − n

R − k

)/(
N

R

)
for k = 0, 1, . . . , R. (2.3.2)

That is, we can consider the n sampled balls as fixed and the R balls colored red
chosen randomly. Equation (2.3.2) follows directly from (2.3.1) by expressing the
right side in terms of factorials.

Letting f (k) = P(X = k) and r (k) = f (k)/ f (k − 1) for k ≥ 1, r (k) = [(R − k +
1)(n − k + 1)]/[k(B − n + k)]. r (k) is a decreasing function of k, and, since r (k) ≥ 1
for k ≤ M ≡ {greatest integer ≤ [(n + 1)(R + 1)/(R + B + 2)]}, f (k) is maximum
for k = M (see Problem 2.3.2 for details).

Letting I j be the indicator of the event [jth ball chosen is red], we can write X
as in the definition in the form X = I1 + I2 + · · · + In . Since E(I j ) = P(jth ball
chosen is red) = R/(R + B) ≡ p, we get E(X ) = np = n[R/(R + B)]. Since these
indicator rv’s are dependent, Var(X ) is not the sum of the variances of the I j . From
Section 1.7, Var(X ) = np(1 − p)[(N − n)/(N − 1)]. Since the factor in brackets (the
finite correction factor) is less than 1 for n > 1, Var(X ) is smaller than it would be
for the case of sampling with replacement, in which case X would have the binomial
distribution with parameters n and p. In many practical cases N � n, so the finite
correction factor is close to 1. In fact, as we will show soon, the hypergeometric and
binomial distributions are close for N � n. To convince the reader that hypergeo-
metric distributions become closer and closer to a binomial as p = R/(R + B) stays
fixed but R and B increase, consider Table 2.3.1 for a sample size n = 5 taken from
a box with (R, B) numbers of red and black balls. In general, for smaller values of
R and B the distribution of X is less spread out, with smaller variance, as indicated
by the finite correction factor. This should be expected intuitively, since an early
excess of red balls, for example, makes it less likely that balls sampled later will
be red.
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TABLE 2.3.1 f (k) for the Pair (R, B) and b(k; 5, 0.6)

k (6,4) (60,40) (600,400) (6000,4000) b(k; 5, 0.6)

0 0.0000 0.0087 0.0101 0.0102 0.0102
1 0.0238 0.0728 0.0764 0.0768 0.0768
2 0.2381 0.2323 0.2306 0.2304 0.2304
3 0.4762 0.3545 0.3465 0.3457 0.3456
4 0.2381 0.2591 0.2592 0.2592 0.2592
5 0.0238 0.0725 0.0772 0.0777 0.0778

We now state and prove the convergence of the hypergeometric to the binomial.
Let (RN , BN = N − RN ) for N = 1, 2, . . . be a sequence of pairs of integers such

that limN→∞ RN /N = p, where 0 ≤ p ≤ 1. Let f (k; N ) =
(

RN

k

)(
BN

n − k

)/(
N

n

)
.

Then

lim
N→∞

f (k; N ) = b(k; n, p) for all 0 ≤ k ≤ n. (2.3.3)

To show this, write f (k; N ) as the product of four factors: F1N = RN (RN − 1) · · ·
(RN − k + 1)/N k , F2N = BN (BN − 1) · · · (BN − n + k + 1)/N n−k, F3N = N (N −
1) · · · N − n + 1)/N n , and F4 =

(
n

k

)
. Then limN→∞ F1N = pk, limN→∞ F2N =

(1 − p)n−k, limN→∞ F3N = 1, and limN→∞ F4 = F4, so (2.3.3) follows.

Problems for Section 2.3

2.3.1 From a jury panel of nine men and six women, a sample of five jurors is
selected randomly. Let X be the number of men among the five chosen.

(a) Find the probability function for X and compare it to the approximating
binomial with n = 5 and the value of p suggested by (2.3.3). (The binomial
probabilities may be determined from the binomial tables.)

(b) Find E(X ) and Var(X ) using the result of part (a) and verify the formulas
given for E(X ) and Var(X ).

2.3.2 Let X be as defined in Definition 2.3.1, let f (k) be its probability mass func-
tion, and let r (k) = f (k)/ f (k − 1).

(a) Verify the formula for r (k) below equation (2.3.2) and use this to show
that f is maximized for M as given there.

(b) Suppose that N is known to be 400, but R and B are unknown. X is
observed. Define an estimator R̂ of R that has the property E(R̂) = R,
and determine Var(R̂) as a function of n, R, and B. For n = 100, X = 43,
estimate R and its variance. Denote this estimate of Var(R̂) by V̂ar(R̂).
An approximate 95% confidence interval (in a sense to be given later) is
given by [R̂ ± 1.96

√
V̂ar(R̂)]. Determine this interval.
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2.3.3 Demonstrate the convergence of the hypergeometric mass function to the bino-
mial by considering n = 3, and the (R, B) pairs (4, 6), (10, 15), and (40, 60).

2.4 THE GEOMETRIC AND NEGATIVE BINOMIAL DISTRIBUTIONS

Definition 2.4.1 Let r be a positive integer, and let 0 < p ≤ 1. Let Yr be the number
of independent Bernoulli trials, each with probability p of success, necessary to have
r successes. Then Yr is said to have the negative binomial distribution with parameters
r and p. Y1 is said to have the geometric distribution with parameter p.

Note: Some authors define a negative binomial random variable as the number Wr

of failures before the rth success. Thus, Yr = Wr + r . Readers of other material
should be careful to note which definition is employed. S-Plus uses this second
definition.

Example 2.4.1 Suppose that a six-sided fair die is tossed consecutively until
three 6’s have occurred. Let Y3 be the number of tosses necessary. Then Y3 has
the negative binomial distribution with parameters r = 3 and p = 1/6. Y3 was ob-
served through computer simulation 10,000 times (see Figures 2.4.1 and 2.4.2).
The sample mean and variance were 18.001 and 90.0024. The first 100 of these
were

8 38 17 14 13 33 28 33 18 13 7 20 40 14 7 38 6 9 13 12
32 7 19 28 12 42 22 6 22 20 17 25 25 16 11 16 7 15 8 11
34 31 13 16 9 24 18 36 45 12 52 19 33 24 11 17 23 15 28 23
29 9 22 11 33 14 10 4 21 22 38 20 16 7 26 8 28 21 14 8
23 17 10 10 17 21 11 11 15 17 10 16 18 20 11 14 40 25 14 11

FIGURE 2.4.1 Histogram for 10,000 observations from a negative binomial distribution.
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Negative Binomial Distribution,
r = 25 , p =  0.2 , Mean =  125 , SD =  22.36

FIGURE 2.4.2 Negative binomial mass functions.

Yr can be represented as a sum as follows. Let Y0 be identically zero, and for
1 ≤ k ≤ r let Dk = Yk − Yk−1. Then D1, D2, . . . , Dr depend on disjoint subsets of
trials, are therefore independent, and Yr = D1 + · · · + Dr . Each Dk has the geometric
distribution with parameter p, so that from Example 1.5.3, E(Dk) = 1/p. Hence,
E(Yr ) = r/p.

The representation of Yr as a sum enables us to find Var(Yr ). First we need
Var(D), where D has the geometric distribution with parameter p. Letting q =
1 − p. We begin with the infinite series 1 + q + q2 + q3 + · · · = 1/(1 − q). The
series converges for −1 < q < 1, although in our case, 0 ≤ q < 1. Differentiat-
ing with respect to q on both sides twice, we get 2(1) + 3(2)q + 4(3)q2 + · · · =
2/(1 − q)3. Hence, E[D(D − 1)] = 1(0)p + 2(1)qp + 3(2)q2 p + · · · = 2qp/(1 −
q)3 = 2q/p2. It follows that E(D2) = 2q/p2 + E(D) = (2q + p)/p2 and Var(D) =
(2q + p − 1)/p2 = q/p2. Finally, Var(Yr ) = rq/p2. Notice that for r = 3, p = 1/6,
we get Var(Y3) = 90, consistent with the result of the simulation.

We can determine an explicit formula for the probability mass function for Yr

as follows. For k an integer, k ≥ r , let X be the number of successes among the
first (k − 1) trials. Let [Yr = k] = [X = (k − 1)] ∩ [kth trial is a success]. X has
the binomial distribution with parameters (k − 1) and p, so that the first event has

probability

(
k − 1

r − 1

)
pr−1 qk−r . The second has probability p, and the two events are

independent. Thus,

P(Yr = k) =
(

k − 1

r − 1

)
pr qk−r for k = r, r + 1, . . . (2.4.1)
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Of course, these probabilities must sum to 1. It is not obvious using the right side,
f (k), alone. We can do that by extending the definition of the combinatoric symbol
to all real numbers:(

x

k

)
= [x(x − 1) · · · (x − k + 1)/k! for k = 0, 1, . . . .

For example,

(−1

3

)
= (−1)(−2)(−3)/3! = −1 and

(−1/2

k

)
= (−1/2)(−3/2)

(−5/2) · · · [−(2k − 1)/2)]/k! = (−1)k

(
2k

k

)
/22k . The last equality is obtained by

multiplying and dividing by (2)(4) · · · (2k) = 2kk!. Finally, we will need, for any
r > 0, nonnegative integer j ,

(−r

j

)
= (−1) j

(
r + j − 1

j

)
. (2.4.2)

Exploiting this, we can write P(Wr = j) = P(Yr = j + r ) =
(−r

j

)
(−1) j pr q j for

r > 0 and j = 0, 1, . . .. This allows the extension of the negative binomial distribu-
tion to the case that r > 0, not necessarily an integer. The distribution can then, for
example, serve as a model for the number of tomato worms on tomato plants.

We are now in position to exploit Newton’s formula, which we give without proof.

(1 + a)x = 1 +
(

x

1

)
a1 +

(
x

2

)
a2 + · · · for any x and a for which the series

converges. For a proof, read a good calculus book.
Summing the negative binomial probabilities f (k), letting j = k − r , we get f (r )

+ f (r + 1) + · · · =∑∞
j=0

(
j + r − 1

j

)
pr q j = pr

∑∞
j=0

(−r

j

)
(−1) j q j = pr (1 −

q)−r = pr/pr = 1.

The word negative in the definition could be taken to refer to this way of express-
ing the combinatoric symbol. However, “negative” in this context has the meaning
“opposite,” in that we wait until r successes have occurred, so that the number of
successes is fixed rather than having a fixed number of trials as in the binomial, with
the number of successes random.

Many interesting questions concerning Yr can be stated in terms of “tail” proba-
bilities of the form P(Yr > k) or P(Yr ≤ k). Except for the case r = 1, these proba-
bilities can be expressed only as sums. For r = 1, P(Y1 > k) = P(no successes in k
trials) = qk , for k = 0, 1, 2, . . . .

For r an integer greater than 1, P(Yr > k) = 1 −∑k
j=0 f ( j), of course, but the

computations involved may be heavy. For the case that r is relatively small, we
can take advantage of the relationship between the negative binomial and binomial
tail probabilities. Let Xk be the number of successes among the first k trials. Then
[Yr > k] = [Xk < r ], so that P(Yr > k) = P(Xk < r ), which may be determined
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by summing binomial probabilities, from tables, or using the normal approximation
(discussed later).

Example 2.4.2 A telephone marketer is successful in getting a magazine sale
in 10% of all cases in which telephone numbers are chosen randomly. What is the
probability of the event A that the third sale occurs before the twentieth call?

Let Y3 be the number of calls necessary to make three sales. Then Y3 has the neg-
ative binomial distribution with parameters r = 3, p = 0.10. Thus, A = [Y3 < 20]

and P(A) =∑19
k=3

(
k − 1

r − 1

)
pr qk−r . However, A = [X19 ≥ 3], where X19 is the

number of successes among the first 19 trials, and since X19 ∼ B(19, 0.10),
P(A) = 1 −∑3

k=0 b(k; 19, 0.10) = 1 − (0.135 + 0.285 + 0.285) = 1 − 0.705 =
0.295.

Problems for Section 2.4

2.4.1 Let Y3 be the number of tosses of two coins necessary to get three H–H’s.

(a) Simulate an observation on Y3, more if you have more coins or a computer.
Find:

(b) P(Y3 = 5).

(c) P(Y3 ≤ 4) using the negative binomial probability mass function.

(d) P(Y3 ≤ 4) using the binomial probability mass function.

(e) E(Y3) and Var(Y3).

2.4.2 Let Y3 and Y5 be the numbers of trials necessary to get three, then five, 6’s in
consecutive tosses of a six-sided fair die.

(a) Find P(Y5 − Y3 > 10). Hint: You need to add just two probabilities.

(b) Find P(Y5 = 12 | Y3 = 5).

2.4.3 Recall that Wr = Yr − r is the number of failures before the r th success.
Use (2.4.2), Newton’s formula, and differentiation of (1 − q)−r with respect
to q to show that E(Wr ) = rq/p, E(Yr ) = r/p. Differentiate twice to get
E[Wr (Wr − 1)], then determine Var(Wr ) = Var(Yr ).

2.4.4 Let X and Y be independent, each with a negative binomial distribution, with
parameters (r1, p) for X and (r2, p) for Y . Let W = X + Y .

(a) What is the distribution of W ?

(b) Find P(X = x | W = w) for r1 ≤ x ≤ w < ∞.

(c) Let M = min(X, Y ), with r1 = r2 = 1. What is the probability mass func-
tion for M? Hint: First find P(M > m) for m = 1, 2, . . . .

2.4.5 Let X and Y be independent, with geometric distributions with parameters p1

and p2.
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(a) Give a simple expression for P(X = Y ). In 1000 observations on the pair
(X, Y ) for the case p1 = p2 = 1/6, the event [X = Y ] occurred 91 times.
For p1 = 1/6, p2 = 1/2, the event occurred 141 times.

(b) Give a simple expression for P(X > Y ). Among 1000 independent ob-
servations of (X, Y ) for p1 = 1/6, p2 = 1/6, the event [X > Y ] occurred
482 times. For p1 = 1/6, p2 = 1/2, it occurred 724 times.

2.4.6 Four hundred independent observations Xi were taken from a negative bino-
mial distribution, but r and p are unknown. (The author knows but won’t tell
you.) The first 50 observations were

23 15 22 11 6 24 22 7 10 12 14 31 17 27 17 4 9 15 25
7 13 21 16 23 18 26 26 8 3 12 23 10 7 27 15 18 3 7 11

13 16 35 12 14 20 31 23 6 22 7

For the 400 observations the sample mean and variance were 14.94 and 58.89.
Estimate r and p. Hint: Express r and p as functions of the mean 	 and
variance 
2 of the Xi . Solve for r and p in terms of 	 and 
2. Replace r
and p by their estimates from the data to obtain a pair of estimates (r̂ , p̂).
The pair (r̂ , p̂) is known as the method of moments estimate of (r, p). If r
were known to be an integer, what would you choose (r̂ , p̂) to be? [Don’t tell
others: (r, p) = (3, 0.2).]

2.4.7 Let f (k; r, p) be the probability mass function for the negative binomial dis-
tribution with parameters r and p > 0. For which value of k is f (k; r, p)
maximum? Apply it for the pairs considered in Figure 2.4.2.

2.5 THE POISSON DISTRIBUTION

The definitions of binomial, hypergeometric, negative binomial, and geometric ran-
dom variables and their distributions were stated in terms of experiments. These
definitions are more useful than those given in terms of the corresponding probability
mass functions because applications become more evident. Although an understand-
ing of the experiment leads naturally to formulas for mass functions, the reverse is
not necessarily true. It is true that we extended the definition of the negative binomial
distribution to the case r > 0, not necessarily an integer, through the mass func-
tion, but the more fundamental definition (and the name) was defined in terms of an
experiment.

The Poisson distribution, certainly one of the most useful models for an under-
standing of count data, will be given in terms of its mass function. The distribution
was named for Simeon Denis Poisson (1781–1840), who mentioned it briefly on one
page of a 1837 paper (see Stigler, 1986, p. 183). Although there are certainly many
experiments in which the random variables observed are modeled well by the Poisson
distribution, the fundamental justification is through its approximation of the binomial
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FIGURE 2.5.1 Poisson probability mass functions.

for the case that n is large and p is small. It serves, for example, as a good approxima-
tion of the distribution of the numbers of deaths among the 60-year-old men insured
by an insurance company, the numbers of highway accidents along a 20-mile stretch
of freeway during nonbusy, reasonable weather days, and the numbers of deaths from
breast cancer among women 50 to 55 during a one-year period in Lansing, Michigan.

Definition 2.5.1 Let 
 > 0. A random variable X is said to have the Poisson distri-
bution with parameter 
 if

P(X = k) = e−

k

k!
for k = 0, 1, 2, . . . . (2.5.1)

We will write X ∼ Poisson(
).

We should first verify that the function f (k; 
) defined by (2.5.1) is a probabil-
ity mass function (see Figure 2.5.1). But

∑∞
k=0 f (k; 
) = e−
[1 + 
/1! + 
2/2! +


3/3! + · · ·]. The term in brackets is the Taylor series expansion of e
, so the sum
is 1.

Since r (k) ≡ f (k; 
)/ f (k − 1; 
) = 
/k, the maximum of f (k; 
) is taken for
k = [
], the greatest integer less than or equal to 
, with a tie for the maximum at

 − 1 and 
 when 
 is an integer. Consider a sample of 100 independent observations
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from f (k; 3.5):

3 3 2 2 1 3 2 1 4 0 2 1 1 2 2 2 5 1 4 3 3 3 3 6 5 3 4 8 4 8 4 3 3 4 6 3
1 5 0 7 1 5 2 1 0 5 3 4 4 4 7 7 7 0 3 0 5 5 2 3 5 5 6 3 5 3 4 3 4 2 4 3
4 5 2 3 5 2 6 4 4 2 3 5 3 4 6 3 4 3 5 1 6 1 1 4 2 10 1 2

For 10,000 observations the frequencies were:

X 0 1 2 3 4 5 6 7 8 9 10 11 12

Freq. 281 1886 1040 1886 2139 1889 1378 384 159 69 24 7 5

The sample mean, variance, and standard deviations were 3.507, 3.470, and 1.863.
It is relatively easy to determine the mean and variance of a Poisson

rv: E(X ) = e−
[0(1) + 1(
/1!) + 2(
2/2!) + · · ·] = e−

[0 + 1 + 
/1! + 
2/2! +
· · ·] = 
. Similarly, E[X (X − 1)] = 
2, so that E(X2) = 
2 + 
 and Var(X ) = 
.
The mean and variance are both 
. Notice that the distribution becomes more and
more like the “normal density” (yet to be defined) as 
 increases. See Chapter six
for a proof. The Poisson distribution serves as an approximation of the binomial as n
increases and p = pn decreases in such a way that the product 
n = npn approaches
a limit.

Theorem 2.5.1 Let {pn} be a sequence of probabilities, define 
n = npn , and
suppose that limn→∞ 
n = 
 > 0. Then limn→∞ b(k; n, pn) = e−

k/k! for k =
0, 1, 2, . . . .

Before proving Theorem 2.5.1, consider the following example.

Example 2.5.1 The binomial and Poisson probabilities with 
n ≡ 
 = 2.4 are
as follows:

Binomial(n, pn)
Poisson

k (10,0.24) (20,0.12) (40,0.06) (80,0.03) (160,0.015) (320,0.0175) 
 = 2.4

0 0.0643 0.0776 0.0842 0.0874 0.0891 0.0899 0.0907
1 0.2030 0.2115 0.2149 0.2164 0.2171 0.2174 0.2177
2 0.2885 0.2740 0.2675 0.2643 0.2628 0.2620 0.2613
3 0.2429 0.2242 0.2162 0.2125 0.2108 0.2099 0.2090
4 0.1343 0.1299 0.1277 0.1265 0.1260 0.1257 0.1254
5 0.0509 0.0567 0.0587 0.0595 0.0599 0.0600 0.0602
6 0.0134 0.0193 0.0218 0.0230 0.0235 0.0238 0.0241
7 0.0024 0.0053 0.0068 0.0075 0.0079 0.0081 0.0083
8 0.0003 0.0012 0.0018 0.0021 0.0023 0.0024 0.0025
9 0.0000 0.0002 0.0004 0.0005 0.0006 0.0006 0.0007

10 0.0000 0.0000 0.0001 0.0001 0.0001 0.0001 0.0002
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Proof of Theorem 2.5.1 b(k; n, pn) can be written as the product of five fac-
tors: F1n = [n(n − 1) · (n − k + 1)]/nk, F2n = 1/k!, F3n = 
k

n, F4n = (1 − 
n/n)n ,
and F5n = (1 − 
n/n)−k . But limn→∞ F1n = 1, limn→∞ F2n = 1/k!, limn→∞ F3n =

k, limn→∞ F4n = e−
, and limn→∞ F5n = 1. This proves the theorem.

The approximation provided by Theorem 2.5.1 may be improved upon through a
theorem of Lucien Le Cam.

Theorem 2.5.2 (Le Cam) Let Y1, . . . , Yn be independent, with Yi ∼ B(1, pi ).
Let T =∑n

i=0 Yi . Let W have the Poisson distribution with parameter 
 =∑n
i=1 pi .

Then for any subset A of the real line G(A) ≡ |P(T ∈ A) − P(W ∈ A)| ≤∑n
i=1 p2

i .

We do not provide a proof, but instead, refer to a paper of T. W. Brown (1984). If,
for example, one ball is drawn from urn i , which has i red and (50 − i) black balls
for i = 1, 2, 3, 4, with Yi = [ball drawn from urn i is red], then Yi ∼ Bernoulli(pi =
i/50). Easy but tedious computation shows that the probability mass functions for T
and W ∼ Poisson(
 = 10) , are:

t

0 1 2 3 4

P(T = t) 0.8136 0.1732 0.0128 0.0004 0.0000
P(W = t) 0.8187 0.1637 0.0164 0.0011 0.0000

Taking A = {1, 2}, for example, we get P(T ∈ A) = 0.1860, while P(W ∈ A) =
0.1801, so that |P(T ∈ A) − P(W ∈ A)| = 0.0059. Since

∑n
i−1 p2

i = 0.0120, the
inequality of Theorem 2.5.2 is satisfied. If we take pi ≡ p, so that T ∼ B(n, p), the
Le Cam upper bound becomes G(A) ≤ np2. For n = 80, p = 0.030, for example,
we get the upper bound 0.072, while from Example 2.5.1, for A = {2, 3, 4} we get
|P(T ∈ A) − P(W ∈ A)| = 0.0076.

Sums of Independent Poisson RVs

Let X1 and X2 be independent, with Poisson distributions with parameters 
1 and

2. Let Y = X1 + X2. Then, for any nonnegative integer y, P(Y = y) = P(X1 = 0,

X2 = y) + P(X1 = 1, X2 = y − 1) + · · · + P(X1 = y, X2=0) =∑y
j=0[e−
1 


j
1/j!]

[e−
2 

y− j
2 /(y − j)!] = e−
1−
2 [

∑y
j=0

(y
j

)
p j (1 − p)y− j ](
2 + 
2)y/y!, where p =


1/(
1 + 
2). The sum in brackets is 1. It follows that Y has the Poisson dis-
tribution with parameter 
1 + 
2. By induction it follows that if X1, . . . , Xn are
independent, each with a Poisson distribution, with parameters 
1, . . . , 
n , then
Y = X1 + · · · + Xn ∼ Poisson(
1 + · · · + 
n).

The Poisson Process

Consider the births of babies at a hospital that averages 12 births per day. For sim-
plicity let us ignore multiple births: twins, triplets, and so on. The probability of a
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FIGURE 2.5.2 Sample paths for Poisson processes.

birth in a short interval, say 1 minute, is approximately 12/[24(60)] = 1/120. Occur-
rences of births in nonoverlapping intervals of time should be independent, at least in
approximation. Therefore, the number of births in an interval of t minutes should be,
in good approximation, distributed as Poisson with parameter 
 = 
(t) = t/120 (see
Figure 2.5.2). Such a random function of time, a stochastic process, is said to be a
Poisson process with parameter 1/120 (when the time unit is 1 minute). The following
formally defines a Poisson process. X (t) should be considered to represent the number
of occurrences of an event in the time interval [0, t]. The number of occurrences in
the interval (s, t] is therefore X (t) − X (s).

Definition 2.5.2 Let X (t) be a random variable for each t, 0 ≤ t ≤ T , where T > 0.
The family of random variables (or stochastic process) {X (t) | 0 ≤ t ≤ T } is a Poisson
process with rate 
 if:

(a) P(X (0) = 0) = 1.
(b) There exists a constant 
 > 0 such that for each pair (s, t) with 0 ≤ s < t ≤

T, X (t) − X (s) ∼ Poisson((t − s)
).
(c) For any positive integer k and any 0 ≤ a1 < b1 ≤ a2 < b2 < · · · ≤ ak < bk <

T , the rv’s D1 = X (b1) − X (a1), . . . , Dk = X (bk) − X (ak) are independent.
[Thus, X (t) is an independent increment process.]

If (a) and (c) hold, (b) may be replaced by the statement that X (t) ∼ Poisson(
t)
(see Problem 2.5.7 for a proof).
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If events occur at positive times in such a way that only one event can occur at
any time, X (t) is the number of occurrences in the time interval [0, t] for 0 ≤ t ≤
T, X (t) has independent increments as in (c), and the distribution of X (t) − X (s)
for 0 ≤ s < t ≤ T depends only on t − s, it follows that (a) and (b) hold, so that
{X (t) | 0 ≤ t ≤ T } is a Poisson process (see Doob, 1953, p. 402, for a proof). We
can extend the definition of the Poisson process by changing (b) so that there exists
a function 
 on the positive real line so that X (t) − X (s) ∼ Poisson(

∫ t
s 
(u)du). The

resulting stochastic process with the function 
 varying is called a nonhomogeneous
Poisson process. In this book the term Poisson process will imply a homogeneous
process for which 
 is constant.

Some examples of cases in which the Poisson process may be a reasonable model
for count data:

1. Nonmultiple natural births occurring in a hospital

2. Traffic passing a point on a freeway at a nonbusy time

3. Alpha particles radiating from a disk

4. Cases of deaths among babies in their first year in a large city

5. Traffic accidents causing death on a freeway during June and July

In none of these cases would the model apply strictly. There might, for example,
be a slight possibility that cars would pass a point on a freeway in small clusters,
especially as traffic becomes heavier. Traffic volume varies with the time period,
so that the model would serve as a reasonable approximation only over a limited
interval of time. For case 1 the word natural was added because cesarean births may
tend to occur during times more convenient to the hospital. In case 5 we consider
traffic accidents causing death rather than deaths, because multiple deaths can occur,
contrary to the Poisson process.

Example 2.5.2 Suppose that murders occur in a large city at a rate of 540 per
year. Assuming the Poisson process model and a year of 360 days, find the probability
of each of the following.

(a) Two or more murders in one day.
Let X (t) be the number of murders in t days. Then X (t) ∼ Pois-
son (540t/360). P(X (1) ≥ 2) = 1 − P(X (1) ≤ 1) = 1 − e−3/2[1 + (3/2)] =
0.4422.

(b) Two or more murders for each of three consecutive days,
P(2 or more for 3 consecutive days) = (0.4422)3 = 0.0865.

(c) No murders for five days
P(no murders in 5 days) = P(X (5) = 0) = e−15/2 = 5.5 × 10−4.

(d) Suppose that the rate is 1.2 murders per day during the workweek but 2.5
murders weekends. What is the probability of 10 or more murders in a one-
week period?
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Let X and Y be the numbers of murders during the workweek and on
the weekend. Then X and Y are independent, X ∼ Poisson(6), Y ∼ Pois-
son(5), so that X + Y ∼ Poisson(11) and P(X + Y ≥ 10) = 1 − 0.3405 =
0.6595.

Problems for Section 2.5

2.5.1 Let Xn ∼ B(n, pn), and X0 ∼ Poisson(3). Find P(Xn = 2) and P(Xn = 3)
for (n, pn) as follows: (30, 0.10), (150, 0.02), (750, 0.004), and compare these
to P(X0 = 2) and P(X0 = 3).

2.5.2 Show that in Definition 2.5.2, (a), (c), and the condition (b*) there exists 
 > 0
such that X (t) ∼ Poisson(t
) for 0 ≤ t ≤ T implies (b).

2.5.3 The occurrences of death among 70-year-old men insured by the Bigrock
Insurance Company may be modeled by the Poisson process with a rate
0.8 per day. Find:

(a) The probability of three or more deaths in a two-day period.

(b) The probability that at least once among the four Saturday–Sunday week-
ends in February 2010, three or more die.

(c) The expected value and variance of W , the number dying in all of 2010.

2.5.4 Let {X (t) | 0 ≤ t ≤ T } be a Poisson process with rate 
 > 0. Let Tk =
inf{t | X (t) ≥ k} for k = 0, 1, 2, . . . . Let Dk = Tk − Tk−1 for k = 1, 2, . . . .

Then P(Dk > d) = P(Tk − Tk−1 > d) = P(no occurrences in the time in-
terval (Tk−1, Tk−1 + d]) = P(no occurrences in the time interval (0, d]). Ex-
press this last probability as a function of 
 and d. The rv Dk has a continuous
distribution, the exponential distribution, the same for each k = 1, 2, . . . .

2.5.5 Let X1, X2 be independent with Poisson distributions with parameters 
1 and

2. Let N = X1 + X2. Show that P(X1 = k | N = n) = b(k; n, p), where p
is a simple function of 
1 and 
2.

2.5.6 Suppose that telephone calls are received at an emergency 911 number in a
nonhomogeneous Poisson process, beginning at midnight, measuring time in
hours, with 
(t) = 0.4 for 0 ≤ t ≤ 7, 0.8 for 7 < t ≤ 17, and 1.5 for 17 <

t ≤ 24. Find the probability of

(a) No calls between 6:00 and 10:00 a.m.

(b) At least three calls between 4:00 and 7:00 p.m.

(c) Let W be the total number of calls received during a one-week period.
What is the distribution of W ?

2.5.7 (More difficult than most problems) Let X (t) satisfy (a) and (c) of Definition
2.5.2, and X (t) ∼ Poisson(
t) for 
 > 0 for all t > 0. Prove that (b) holds;
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that is, D(s, t) ≡ X (t) − X (s) ∼ Poisson(
(t − s)) for all 0 < s < t. Hint:
Prove first that P(D(s, t) = 0) = e−
(t−s). Let g( j) = P(D(s, t) = j). Then
P(X (t) = k) =∑k

j=0 g( j)P(X (s) = k − j). To use induction on k, express

g(k) in terms of P(X (t) = k) and
∑k−1

j=0 g( j)P(X (s) = k − j), and take ad-
vantage of the fact that P(X (s) = k − j) for j = 1, . . . , k and P(X (t) = k)
are Poisson probabilities.

2.5.8 Let X ∼ B(1000, 0.002), and Y ∼ Poisson(2). Compare the probability func-
tions of X and Y and determine the maximum value of G(A) as defined for
the Le Cam theorem. Show that this maximum satisfies the inequality given
by the theorem.



OTE/SPH OTE/SPH

JWDD073-c03 October 4, 2007 17:22 Char Count= 0

C H A P T E R T H R E E

Continuous Random Variables

3.1 INTRODUCTION

To this point we have concentrated on random variables that take only a finite or
countably infinite number of values. Since computers have the capacity to handle
only a finite number of values, in one sense that should be enough. However, for
mathematical convenience we need to be able to consider models in which the range
of a random variable may be the unit interval, the interval [0, �], the positive real line,
or the entire real line, in the same way that the rational numbers alone are inadequate
for the treatment of mathematical models for heights, weights, temperatures, and
other physical measurements.

We must represent probability distributions for random variables taking noncount-
ably infinite numbers of values in a different way than by assigning positive prob-
abilities to points. Just as the length of an interval is not the sums of the lengths of
the points in the interval, the probability that a continuous random variable X will
fall in an interval [a, b] will not be the sum of probabilities P(X = x) for x ∈ [a, b].
Instead, P(X ∈ [a, b]) will be expressed as the integral of a “density function for X .”
The student is warned that density values are not probabilities. In fact, for continuous
random variables these probabilities P(X = x) will be zero for all x .

3.2 CONTINUOUS RANDOM VARIABLES

Definition 3.2.1 A random variable X is said to be continuous if there exists a
function f (x) defined on the real line so that f (x) ≥ 0 for all x, such that for each
subset A of the real line

P(X ∈ A) =
∫

A
f (x) dx . (3.2.1)

The function f is called the probability density for X.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.

80
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Notes: The integral will be assumed to be the Riemann integral, the integral with
which most students are familiar, although for a more rigorous theory, in which
countable additivity is required, we would usually consider the Lebesque integral. In
addition, for the purpose of rigor, the phrase “every subset A” needs to be modified
to “every Borel subset or “every Lebesgue subset.” Most students need not worry
about these niceties. “Reasonable sets” A will all satisfy (3.2.1). The function f may
be changed arbitrarily at a finite or even a countably infinite number of values without
changing the value of the integral in (3.2.1), although we will never let a density f
take negative values.

Warning: In every class in which the author has introduced probability density
functions there have been a few students who seem either unable or very reluctant
to distinguish between X and x. On the text page the difference is evident from size
alone. But on the chalkboard and in a student’s notes, size alone will not distinguish
these symbols. A student who cannot distinguish between upper and lower case is
inviting disaster. Although your class is, of course, smarter than most, it may happen
in your class as well. Those who find that their X and x appear to be the same are
advised to write each 100 times as they did when they were 15 or 20 years younger.
Please trust the author and your instructor. It is important. Now test yourself—ask a
friend if he or she can distinguish between your x and your X. Similarly, Y and y, W
and w, must be distinguishable.

Example 3.2.1 Let f (x) = 2 for 0 ≤ x ≤ 1/2, 0 otherwise. If X has this prob-
ability density function, then, for example, P(0.2 ≤ X ≤ 0.4) = 2(0.4 − 0.2) =
0.4, and P(X = 0.3) = 0, since an integral over a single point is zero. No-
tice that the density value 2 should make it clear that density values are not
probabilities.

Following is a sample of 50 from the density f, values given to three decimal
places:

0.175 0.215 0.063 0.083 0.216 0.063 0.014 0.491 0.206 0.273
0.446 0.257 0.089 0.317 0.267 0.364 0.180 0.040 0.451 0.166
0.142 0.356 0.020 0.078 0.310 0.355 0.253 0.222 0.249 0.130
0.339 0.388 0.227 0.079 0.436 0.289 0.024 0.485 0.172 0.346
0.095 0.211 0.465 0.493 0.226 0.289 0.050 0.398 0.453 0.176
Mean 0.243, std. dev. = 0.142

The frequency table for 1000 observations is

Interval 0–.05 .05–.10 .10–.15 .15–.20 .20–.25 .25–.30 .30–.35 .35–.40 .40–.45 .45–.50

Freq. 95 110 101 113 99 89 100 87 105 101

Since probabilities are never negative and P(−∞ < X < +∞) = 1, it follows that a
density must integrate to 1.
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FIGURE 3.2.1 Densities of Example 3.1.2.

Definition 3.2.2 Let f be a real-valued function on the real line satisfying:

(a) f (x) ≥ 0 for all x.

(b)
∫ +∞
−∞ f (x) dx = 1.

Then f is a probability density function.

Example 3.2.2 The following are all density functions. For each, the set on
which the density is positive is indicated (see Figure 3.2.1). The density is zero
otherwise.

(a) f (x) = x for 0 ≤ x < 1, 1/4 for 1 ≤ x ≤ 3.
(b) f (x) = (1/5)e−x/5 for x > 0.

(c) f (x) = �x�−1 for 0 ≤ x ≤ 1, � > 0.

(d) f (x) = �x−�−1 for x ≥ 1, � > 0.

A sample of 50 from f as in part (a):

0.971 1.903 0.863 2.444 2.057 1.223 0.884 0.340 0.792 2.918
0.645 1.558 1.226 0.868 0.983 2.054 2.266 2.673 2.196 0.874
2.797 0.911 0.792 0.934 0.866 0.404 1.247 2.099 1.648 0.055
0.528 1.747 2.319 2.439 1.307 2.929 1.324 0.746 0.866 0.724
0.740 2.259 0.755 0.962 0.941 1.829 1.928 1.723 0.921 1.639
Mean = 1.402, variance = 0.546

The frequency table for 10,000 observations from the density in Example 3.2.2(a) is

Interval 0–0.50 0.50–1.00 1.00–1.50 1.5–2.00 2.00–2.50 2.50–3.00

Frequency 1266 3709 1232 1271 1272 1250
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For part (a), P(0.50 ≤ X ≤ 1.00) = ∫ 1
0.5 f (x) dx = (1/2)(12 − 0.502) = 3/8, so that

the frequency 3709 for the interval [0.50, 1.00] is reasonable.

Since probabilities are determined for continuous random variables by integration
of densities, it is sometimes useful to have available a point function, the cumulative
distribution function, which makes it unnecessary to repeatedly evaluate integrals.

Definition 3.2.3 The function F(u) = P(X ≤ u), defined for all real u, is called the
cumulative distribution function of X.

Notes: The cumulative distribution function (cdf) is defined for every real num-
ber u. It is most useful for continuous random variables, primarily because, for
a < b, P(a < X ≤ b) = P(X ≤ b) − P(X ≤ a) = F(b) − F(a). If X is the number
of heads in two tosses of a fair coin, then

F(u) =

⎧⎪⎪⎨⎪⎪⎩
0 for u < 0
1/4 for 0 ≤ u < 1
3/4 for 1 ≤ u < 2
1 for u ≥ 2.

Since for u < v, F(u) = P(X ≤ u) ≤ P(X ≤ v) = F(v), a cdf F must be monotone
nondecreasing. Let {un} be a sequence of numbers converging to + ∞. Then 1 =
P(X < +∞) = limn→∞ P(X ≤ un). It follows that limn→∞ F(un) = 1 for any such
sequence. Similarly, limn→∞ F(vn) = 0 for any sequence {vn} converging to −∞.
We write these limits equivalently as limu→∞ F(u) = 1 and limu→−∞ F(u) = 0.

One more property that a cdf must possess is continuity on the right. To show
this for a random variable X and any b, let Bn = [−∞, b + hn], where {hn} is a
sequence of positive numbers converging monotonically to zero. Then

⋂∞
n=1 Bn =

(−∞, b], so that F(b) = P(X ≤ b) = P(X ∈ (−∞, B]) = limn→∞ P(X ∈ Bn) =
limn→∞ P(X ≤ b + hn) = limn→∞ F(b + hn). Thus, F P(X ∈ [−∞, B]) is contin-
uous on the right. The third equality follows from the countable additivity of all
probability measures.

Although we have required more in order that the random variable X be called
continuous, it is true that the cdf F of a continuous random variable is continuous. The
mathematically curious may wish to try to prove that the cdf of Y =∑∞

k=1 Xn · 3−k ,
where the Xn are 0 or 2 independently with probabilities 1/2, has a continuous cdf but
does not possess a density. Y is said to have the Cantor distribution. (Advice: Take a
more advanced course before trying to prove it.)

Example 3.2.2 (Continued) The corresponding cdf’s are:

(a) F(u) =

⎧⎪⎪⎨⎪⎪⎩
0 for u < 0
u2/2 for 0 ≤ u < 1
1/2 + (u − 1)/4 for 1 ≤ u < 3
1 for u ≥ 3.
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(b) F(u) =
{

0 for u < 0
1 − e−u/5 for u ≥ 0.

(c) For � > 0, F(u) =
⎧⎨⎩

0 for u < 0
u� for 0 ≤ u < 1
1 for u ≥ 1.

(d) For � > 0, F(u) =
{

0 for u < 0
1 − u−� for u ≥ 1.

A common error in determining F in part (a) is to neglect P(X ≤ 1) in determining
the value of F(u) for 1 ≤ u < 3. That sort of error can be avoiding by always checking
the conditions that a function F must satisfy in order to be a cdf:

Necessary and sufficient conditions that a real-valued function G on the real line
be a cdf:

1. u < v implies that G(u) ≤ G(v) (monotone nondecreasing).

2. limu→∞ G(u) = 1 and limu→−∞ G(u) = 0.

3. G is continuous on the right.

If a random variable X has a density function f, then of course its cdf F may be ex-
pressed as its integral: F(u) = P(X ≤ u) = ∫ u

−∞ f (x) dx . If a density f is continuous

at a point x0, then
d

dx
F(x)|x=x0 = F ′(x0). Conversely, the fundamental theorem of

calculus states that if f (x) is continuous on the interval a ≤ x ≤ b and G is a function

such that
d

du
G(u) = f (u) for a < u < b, then∫ b

a
f (x) dx = G(b) − G(a).

If a cdf F has a derivative f on an interval [a, b] that is continuous on (a, b), it follows that∫ b
a f (x) dx = F(b) − F(a) and if a ≤ u ≤ b, then F(u) = F(a) + ∫ u

a f (x) dx . For

Example 3.2.2(a), for 1 < u ≤ 3,
d

du
F(u) = 1/4, and F(u) = F(1) + ∫ u

1 f (x) dx =

1/2 + (u − 1)/4. In (d), F(1) = 0, and for u > 1,
d

du
F(u) = �u−�−1, F(u) = 0 +∫ u

1 f (x) dx = 1 − u−� for u > 0. Of course, f may be changed arbitrarily at a finite
or even a countably infinite number of points without changing the corresponding cdf
F. When we have a choice we usually choose the “version” that is as continuous as
possible.

Also, from calculus, a cdf F(u) = (
∫ u
−∞ f (x) dx is continuous for all u. If f is

continuous at a point u, then the derivative of F exists at u and has the value f(u). In
Example 3.2.2(b), F does not have a derivative at u = 0, although it does at u = 1,
where the derivative is f (1) = (1/5)e−1/5. However, if we change the definition of
f so that f (1) = 17 (one of the author’s favorite numbers—the set of such num-
bers is infinite), then F is unchanged, so that its derivative remains the same and is
not 17.
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A random variable may be partly continuous, partly discrete. For example, the
distribution of the lengths of life X of AAA batteries might be as in Example 3.2.2(a),
with density f. However, if 5% are faulty, so that X = 0, then P(X = 0) = 0.05. Then
we can write P(X ∈ A) = 0.05I [0 ∈ A] + 0.95

∫
A f (x) dx . I [0 ∈ A] is 1 if 0 ∈ A,

0 otherwise. X then has cdf F(u) = 0.05I [0 ≤ u] + 0.95
∫ u
−∞ f (x) dx for u ≥ 0, 0

otherwise.
For most of our discussion we will consider either discrete or continuous random

variables, although much will also remain true for mixtures. In general, a random
variable X is said to be a mixture of continuous and discrete distributions if there
exist 0 < � < 1, a probability mass function fd , and a probability density function fc

such that

P(X ∈ A) = �
∑
x∈A

fd (x) + (1 − �)
∫

A
fc(x) dx (3.2.2)

for any (Borel) subset A of the real line.
As we develop methods for continuous random variables, it will be conve-

nient to have three simple families to enhance understanding. Discussion of other
families will be postponed until after we have developed appropriate probabilistic
tools.

Definition 3.2.4 A random variable X is said to have the uniform distribution on
an interval [a, b] if X has density f (x) = 1/(b − a) for a ≤ x ≤ b, 0 otherwise. We
will use Unif(a, b) to denote this distribution.

Using geometry, it follows that X has cdf FX (u) = (u − a)/(b − a) for u ∈ [a, b].
In particular, if U ∼ Unif(0, 1), U has cdf FU (u) = u for 0 ≤ u ≤ 1. Then Y = a +
(b − a)U ∼ Unif(a, b).

Definition 3.2.5 A random variable X is said to have the exponential distribution
with rate parameter 
 > 0 if X has density f (x ; 
) = 
e−
x for x > 0.

Notes: The corresponding cdf has a simple form: F(u) = 1 − e−
u for u > 0.
The “no memory property” is P(X > u + h|X > u) = P(X > u + h)/P(X > u) =
e−
(u+h)/e−
u = e−
h for all u > 0, h > 0. Thus, if X is the waiting time until the
occurrence of an event, the additional waiting time X − u, given [X > u], is the same
for all u ≥ 0. This is the “memoryless property” of the exponential distribution, the
same property possessed by the geometric distribution.

Definition 3.2.6 A random variable X has the double exponential or Laplace dis-
tribution with scale parameter 
 > 0 and location parameter � if X has density
f (x ; �, 
) = (1/2
)e−|x−�|/
 for all x . We sometimes refer to the distribution of X as
the Laplace(�, 
) distribution.
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Notes: If X has this density, then Y = (X − �)/
 has the Laplace (0, 1)
distribution, with density fY (y) = (1/2)e−|y| for all y. The cdf for Y is FY (y) ={

ey/2 for y < 0
1 − e−y/2 for y ≥ 0

Then FX (u) = P(X ≤ u) = P(Y ≤ (u − �)/
) =
FY ((u − �)/
).

Symmetry

A random variable X is said to have a symmetric distribution about 0 if
X and −X have the same distribution. If X has cdf F , then Y = −X
has cdf G(u) = P(Y ≤ u) = P(−X ≤ u) = P(X ≥ −u) = P(X = −u) + P(X >

−u) = P(X = −u) + 1 − F(−u). In the continuous case with density function f ,
symmetry is equivalent to f (x) = f (−x) for all but countably many x . In the
discrete case with probability function f , symmetry about zero is equivalent to
f (−x) = f (x) for all x . Y is said to be symmetrically distributed about a constant b
if Y − b is symmetrically distributed about zero. Thus, P(Y − b ≤ u) = P(Y − b =
−u) + 1 − P(Y − b ≤ −u), so that FY (u + b) = P(Y = b − u) + 1 − FY (b − u),
and in the continuous case, FY (b + u) = 1 − FY (b − u) for all u. The Laplace distri-
butions of X and Y as defined under “Notes” above are symmetric about �
and 0.

Quantiles, Percentiles, Deciles, Median, and Quartiles

Definition 3.2.7 Let X be a random variable. For any �, 0 < � < 1,

an �-th-quantile for X is any number x� satisfying P(X ≤ x�) ≥ � and P(X ≥ x�) ≥
1 − �. x� is also called a 100�-th-percentile for X or for F . If � = k/10 for some
k = 1, 2, . . . , 9, then x� is also called a kth-decile. If � = k(0.25) for k = 1, 2, 3,
then x� is called a kth-quartile. The median is x0.5.

A median may be called a 50th percentile, a fifth decile, or a second quartile. For
some �, x� may not be unique. This explains why we used “a” rather than “the” in
the definitions. For example, if X ∼ Binomial (2, 1/2), then x0.75 need only satisfy
1 ≤ x0.75 ≤ 2. In terms of the cdf F of X , x� needs to satisfy � ≤ P(X ≤ �) =
F(x�) and P(X ≥ x�) = limu↑x�

[1 − F(u)] = 1 − limu↑x�
F(u) ≥ 1 − �; equiva-

lently, limu↑x�
F(u) ≡ F(x�− ) ≤ �.

Example 3.2.3 Let X have cdf

F(u) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 for u < 0
u2/2 for 0 ≤ u < 1
3/4 for 1 < u ≤ 2
3/4 + (u − 2)/4 for 2 ≤ u < 3
1 for u ≥ 3.
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FIGURE 3.2.2 CDF of Example 3.2.3.

Then F(0.8) = 0.32, so that x0.32 = 0.8, the 32nd percentile. Since P(X ≤ 1) =
F(1) = 0.75 > 0.6, and limu↑1 F(u) = 0.50 < 0.6, x0.6 = 1, the 60th percentile (see
Figure 3.2.2). Any x in the interval [1, 2] qualifies as a 0.75-quantile or a 75th
percentile.

Effects of Linear Transformations Y = a + bX

Let X have density f , cdf F , and suppose that Y = a + bX , where a and b �= 0 are
constants. What is the density of Y ? In general, we will want to know the density of
Y = g(X ), where g is defined on the range of X . We postpone a more general treatment
to Section 3.4. As a gentler introduction, we consider a linear transformation.

First consider b > 0. Let the density and cdf of Y be g and G. Then G(u) = P(Y ≤
u) = P(X ≤ (u − a)/b) = F((u − a)/b). It follows that at points x = (u − a)/b at

which f is continuous, g(u) = d

du
G(u) = f ((u − a)/b)(1/b). Similarly, for b <

0, G(u) = P(X ≥ (u − a)/b) = 1 − F((u − a)/b), and at points x = (u − a)/b at
which f is continuous, g(u) = f ((u − a)/b) (−1/b). In both cases b > 0 and b < 0,
g(u) = f ((u − a)/b)(1/|b|) for any u for which f is continuous at x = (u − a)/b.
For example, X has density f (x) = (1/2)e−|x | for all x , then Y = 5 + 3X has density
g(u) = (1/6)e−|u−5|/3 for all u. If U ∼ Unif(0, 1), then W = 5U + 7 ∼ Unif(7, 12),
with density g(t) = fX ((t − 7)/5)(1/5) = (1/5) for 0 ≤ (t − 7)/5 ≤ 1 (i.e., 7 ≤ t ≤
12).

Problems for Section 3.2

3.2.1 Let X have density f (x) = C |x − 1| for 0 ≤ x ≤ 2.

(a) Find P(0.5 ≤ X < 1.5).

(b) Find the cdf F(u) for X and graph it. Use F to verify your answer to (a).

(c) For which u does
d

du
F(u) = f (u)?
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(d) Define a density function g that differs from f at at least two points, so

that the corresponding cdf is F . At what points u does
d

du
F(u) exist, and

for which of these points does it equal g(u)?

(e) Find x0.6, the 60th percentile for X .

3.2.2 Let W be a random variable with density f (x) = x2 for 0 ≤ x ≤ 1 and
C for 1 < x ≤ 4.

(a) Find C so that f is a density and graph f .

(b) Find the cdf F for W and graph it.

(c) Express P(|W − 2| < 1.5) in terms of F and evaluate it.

(d) For which u does the derivative of F(u) exist? For those u for which the
derivative does exist, is its value f (u)?

3.2.3 Let U ∼ Unif(0, 1). Find the cdf and density of Y = U 2. Graph both.

3.2.4 Let X have cdf F(u) = 0.1I [u ≥ 0] + 0.2I [u ≥ 2] + C
∫ u

0 x dx for 0 ≤ u ≤
4, 0 for u < 0, and 1 for u > 4.

(a) Find C so that F is a cdf and graph it.

(b) Find P(1 ≤ X < 3).

(c) For which u does the derivative of F(u) exist, and what are its values?

(d) Let Y = X2 + 1. Find the cdf G for Y . Hint: First express FY in terms of
FX .

(e) Find the 0.09 and 0.80-quantiles for X .

3.3 EXPECTED VALUES AND VARIANCES FOR
CONTINUOUS RANDOM VARIABLES

In the case that a random variable X has a discrete distribution, E(X ) was expressed
as a sum. When X has a continuous distribution with density f , we will be unable
to employ such a definition. However, if a and b are chosen such that P(X < a)
and P(X > b) are “small,” choose points x0 = a < x1 < x2 < · · · < xn = b in such
a way that each xi − xi−1 = �i is small, the random variable Y that is a when
X ≤ a, yi = (xi−1 + xi )/2 when xi−1 < X ≤ xi , and b when X > b should have ap-
proximately the same expectation as Y . Since Y is discrete and E(Y ) = aP(X ≤
a) +∑n

i=1 yi (F(xi ) − F(xi−1)) + bP(X > b), that should suggest the following
definition.

Definition 3.3.1 Let X be a continuous random variable with density f . Then
the expected value of X is E(X ) = ∫∞

−∞ x f (x) dx , provided that
∫∞
−∞ |x | f (x) dx

exists.
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Our definition for the case that X is a continuous random variable differs from
that for discrete random variable in that it is defined in terms of its density function
rather than in terms of a probability measure on the sample space as it was in the
discrete case. In a more advanced and rigorous course built on measure theory, E(X )
would be defined as

∫
S X (�) d P(�), where P is the probability measure on the sample

space S. However, this would require that we define the integral on an abstract space
S. Since its value is the same, we have chosen this definition instead.

Example 3.3.1 Consider Example 3.2.2. For (a), E(X ) = ∫ 1
0 x2 dx +∫ 3

1 x(1/4) dx = 1/3 + 1 = 4/3. Compare this with the sample mean 1.336 for
10,000 observations. For (b), replacing x/5 by y and integrating by parts, E(X ) =∫∞

0 (x/5)e−x/5 dx = −5ye−y | ∫∞
0 + 5

∫∞
0 e−ydy = 5. In general, if 5 is replaced by

� > 0, E(X ) = �. For (c), E(X ) = �
∫ 1

0 x� dx = �/(� + 1) for � > 0. For (d), sup-
pose that � > 1. Then E(X ) = �

∫∞
1 x−�dx = �/(� − 1). E(X ) does not exist for

� ≤ 1.

The linear properties of the expectation operator continue to hold in the continuous
case: Y = a + bX has density g(y), E(Y ) = ∫ yg(y) dy = ∫ y f ((y − a)/b)/bdy) =∫

(a + bx) f (x) dx = a + bE(X ), where we have used the change of variable x =
(y − a)/b. Thus, it is not necessary to determine the density of Y in order to determine
its expectation. For example, if U ∼ Unif(0, 1) and Y = a + (b − a)U , then E(Y ) =
a + (b − a)/2 = (a + b)/2. We could also have determined this from the fact that
Y ∼ Unif(a, b). We will be concerned with the distributions of functions h(X ) for
the case that X has density f . Since h(X ) = Y is itself a random variable, we would
seem to need to find the density of Y (if it has one) before attempting to determine
its expected value. Section 3.4 is devoted to techniques for doing that. Fortunately,
however, as indicated by Theorem 3.3.1, we will not need to do that. For a proof
a student will have to read a more advanced book or take a more advanced course.
Theorem 3.3.1 simply states that Theorem 1.5.2, stated there for discrete random
variables, remains true for continuous random variables.

Theorem 3.3.1 Let X be a random variable with density f , and let Y = g(X ). Then
E(Y ) = ∫∞

−∞ g(x) f (x) dx .

Example 3.3.2 Let U ∼ Unif(0, 1) and let Y = U 2. Then Y has cdf G(w) =
P(U 2 ≤ w) = P(U ≤ w1/2) = w1/2 for 0 ≤ w ≤ 1, so that Y has density g(w) =
(1/2)w−1/2 for 0 < w ≤ 1. Hence, by definition, E(Y ) = ∫ 1

0 (1/2)ww−1/2 dw =
(1/2)(2/3) = 1/3. However, from Theorem 3.3.1, E(Y ) = ∫ 1

0 u2 fU (u) du =∫ 1
0 u2du = 1/3, since U has density f (u) = 1 on [0, 1].

By the linearity of the integral it follows that E(h1(X ) + h2(X )) = E(h1(X )) +
E(h2(X )) whenever both expectations exist, so that, for example, if U ∼ Unif(0, 1),
then E(U 2 + U 3) = 1/3 + 1/4. It is a bit difficult to determine the density of Y =
U 2 + U 3 in order to compute E(Y ) directly from the definition.
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If X has a distribution that is a mixture distribution of (3.2.1), with P(X ∈ A)
expressed as a convex combination of the integral of a density fc and the sum over a
probability mass function fd , it is natural to define

E(X ) = �

∫
x fc(x) dx + (1 − �)

∑
k fd (k).

If F is the corresponding cdf, then E(X ) is usually expressed as a Stieltjes integral∫
xd F(x).

The Jelly Donut Problem

Suppose that the Jelly Donut Company must decide how many packages of jelly
donuts to bake each day. Packages sell for s dollars and cost c dollars to make,
s > c. The demand for packages is a random variable D, with density f , cdf F .
For simplicity suppose that f is continuous, and for 0 < F(d) < 1, f (d) > 0. The
demand must really be an integer, but again for simplicity, this model should pro-
vide a reasonably good approximation. This example has much greater applicability
to business than is implied by “jelly donut,” although, of course, real-world prob-
lems tend to be much more complex. We will pretend, for example, that there is
no cost to the goodwill lost when customers learn that there are no jelly donuts
left, especially after they have dreamed of having two or three jelly donuts for
breakfast.

Suppose that the JDC bakes B packages. Then its profit when the demand
is D is Y = s X − cB, where X = g(D; B) is the number of packages sold and
g(D; B) = D for D ≤ B and B for D > B. X has a mixture distribution, with
density fc = f/F(B) for the continuous part, mass function fd assigning prob-
ability 1 to the point B, and mixture parameter � = F(B). Therefore, its ex-
pected profit is H (B) ≡ E(Y ) = s E(g(D; B)) − cB = s F(B)

∫ B
0 x f (x) dx/F(B) +

s B[1 − F(B)] − cB = s
∫ B

0 x f (x) dx − s B F(B) + (s − c)B. Then
d

d B
H (B) =

s B f (B) − s F(B) − s B f (B) + (s − c) = −s F(B) + (s − c). The first equality fol-
lows by the fundamental theorem of calculus. This derivative is zero if B satis-
fies F(B) = 1 − c/s. Since the second derivative of H (B) is negative whenever
f (B) > 0, this B does maximize H (B). In Problem 3.3.5 students are asked to prove
a corresponding result for the case that D is discrete.

Example 3.3.3 Suppose that the Jelly Donut Company sells packages of jelly
donuts for $5 that cost $3 to make. Demand D has density f (d) = (1/�)e−d/�

for d > 0 and cdf F(u) = 1 − e−u/� for u > 0; H (B) = 5[1 − e−B/�] − 3B, and
d

d B
H (B) = e−B/� − c (see Figure 3.3.1). The expected profit is maximized for

F(B) = 1 − e−B/� = 1 − c/s, or e−B/� = c/s, B = � log(s/c) = 0.5108�, roughly
one-half of E(D) = �. As the ratio s/c increases from 1 to ∞, the optimum B in-
creases from zero to ∞. Dropping the cost to nearly zero allows the optimum B
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FIGURE 3.3.1 Jelly donut problem.

to become large. It is tempting, of course, to increase s, but naive to think that the
distribution of demand would not change as the price increases. We’ll leave it to an
economist to determine the optimum s.

Variance As for discrete random variables, we define the variance of any random
variable X , with mean 	 = E(X ) to be

Var(X ) = E[(X − 	)2],

provided that the expectation exists.

Example 3.3.4 Let U ∼ Unif(0, 1). Then 	 = 1/2 and Var(U ) = ∫ 1
0 (x − 1/2)2 ·

1 dx = 1/12.

Since Y = a + (b − a)U ∼ Unif(a, b), it follows from Var(Y ) = (b − a)2 Var(U )
that any random variable that has the Unif(a, b) distribution has variance (b − a)2/12.
Compare that to the variance of the distribution which assigns probabilities 1/2 and
1/2 to a and b: (b − a)2/4 and the uniform distribution on the points 1, 2, . . . ,
N : (N 2 − 1)/12 (see Example 1.6.6). It should not be surprising that as N approaches
infinity, the ratio of the variances of the discrete uniform distributions on 1, . . . , N
and the continuous uniform on [1, N ] approaches 1.

We remind the student now of the Markov inequality (Section 1.5): If P(X ≥
0) = 1, then P(X ≥ k) ≤ E(X )/k for all k > 0, and the Chebychev inequality (Sec-
tion 1.6): If Var(X ) exists and 	 = E(X ), then P(|X − 	| ≥ k) ≤ Var(X )/k2 for
any k > 0. For the exponential distribution with parameter � = 1(mean 1), for ex-
ample, the Markov inequality states that P(X ≥ k) ≤ 1/k, while P(X ≥ k) = e−k

for each k > 0. The Chebychev inequality states that P(|X − 1| ≥ k) ≤ 1/k2, while
P(|X − 1| ≥ k) = e−(1+k) for k ≥ 1. Formulas (1.6.1), (1.6.2), and (1.6.3) hold as
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well, again because they depend only on properties of expectation. It is quite simple,
for example, to show that when U ∼ Unif(0, 1), then E(U ) = 1/2, E(U 2) = 1/3, so
that Var(U ) = E(U 2) − [E(U )]2 = 1/3 − (1/2)2 = 1/12.

Problems for Section 3.3

3.3.1 Let X have density f (x) = |x | for −1 < x < 1. Find E(X ) and Var(X ).

3.3.2 Let X have density f (x) = x2 for 0 ≤ x < 1 and 2/3 for 1 ≤ x ≤ 2. Find
E(X ) and Var(X ).

3.3.3 Suppose that X has a density f that is symmetric about c. That is, f (c + h) =
f (c − h) for all real h. Show that, if it exists, E(X ) = c. Hint: Make the
change of variable h = x − c.

3.3.4 Show that the Markov inequality for continuous random variables X with
density f is “sharp” in the following sense. For every k > 0 and every
ε > 0 there exists f , depending on ε, so that f (x) = 0 for x < 0 and
P(X ≥ k) > E(X )/k − ε. Is there any pair (k, f ) with k > 0 and f a den-
sity such that f (x) = 0 for x < 0 and P(X ≥ k) = E(X )/k? Hint: Sup-
pose that the density f is continuous except perhaps on a countable set
B of points and use the fact that the integral of such a nonnegative func-
tion over an interval can be zero only if the function is zero for all points
outside B.

3.3.5 Let X have density f , cdf F , and suppose that F(0) = 0 and that E(X ) exists.

(a) Prove that E(X ) = ∫∞
0 [1 − F(u)] du (see Problem 1.5.14). Hint: Inte-

grate by parts.

(b) Let X have cdf F(u) = 1 − e−u/� for u > 0, � > 0. Verify using part (a)
that E(X ) = �.

(c) Verify part (a) for the case that the random variable is U ∼ Unif(0, 1).

3.3.6 The demand D for packages of jelly donuts for the Jelly Donut Company has
density f (d) = (1 − d/100)(2/100) for the expected profit 0 < d < 100. If
c = 2 and s = 5, which choice for B will maximize the profit? What is H (B)
for this B? What are H (B + 10) and H (B − 10)? Hints: Define D1 = D/100
and B1 = B/100. D1 has a triangular density on [0, 1] and is therefore easier
to work with. The profit is g(D, B) = 100g(D1, B1). Find B1 to maximize
H1(B1) ≡ E[g(D1, B1)] = H (B)/100. Use geometry.

3.3.7 The Old Donut Company guarantees that it will take all unsold packages from
the Jelly Donut Company and will pay $2 for each. Assume that the demand
D for new packages from the JDC will not be affected. Give formulas for the
profit G(D; B) and the expected profit H (B).



OTE/SPH OTE/SPH

JWDD073-c03 October 4, 2007 17:22 Char Count= 0

transformations of random variables 93

3.4 TRANSFORMATIONS OF RANDOM VARIABLES

Suppose that U ∼ Unif(0, 1). What is the density of X = U 2? Or of Y = tan(2�U )?
Or W = 1/X? In general, if X has density f and Y = h(X ), can we write down a
simple expression for the density of Y in terms of f and h? In the case of discrete
random variables, finding the probability mass function for Y is relatively easy, be-
cause we need only sum, for each possible value y of Y , the probabilities f (x) for
which h(x) = y. For the continuous case, we cannot do that. The technique instead
will be to express the cdf G of Y in terms of the cdf F of X and the function h. Let
us begin with a simple example.

Example 3.4.1 Let X have density f (x) = −x/2 for −1 ≤ x < 0 and
3x/2 for 0 ≤ x ≤ 1, and let Y = h(X ) = X2. We first notice that the range of Y
is the interval [0, 1]. It pays to graph h(x) and note the set of values x such that
y = h(x) with f (x) > 0. Let Y have cdf G. Then for v ≥ 0, G(v) = P(h(X ) ≤
v) = P(−v1/2 ≤ X ≤ v1/2) = F(v1/2) − F(−v1/2). If we have a convenient
expression for F , we could now present an expression for G. Problem 3.4.2
asks us to do that. If we are satisfied to find the density of Y without find-
ing G, we can formally differentiate at this point. The density of Y is then,
for v > 0, g(v) = f (v1/2)(v−1/2/2) − f (−v−1/2)(−v−1/2/2) = f (v1/2)(v−1/2/2) +
f (−v1/2)(v−1/2/2) = (v−1/2/2)[ f (v1/2) + f (−v1/2)].

Notice that to this point we have not needed to know f . The density g is a weighted
sum of the values of f at v1/2 and at –v1/2 because these two values of X produce the
same Y at the possible value v of Y ; that is, {x |h(x) = y} has two members for each
y in the range of Y . Substituting f , we get g(v) = (v−1/2/2)[v1/2/2 + 3v1/2/2] = 1
for 0 ≤ v ≤ 1, 0 otherwise. Thus, Y ∼ Unif(0, 1) (see Figure 3.4.1).
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FIGURE 3.4.1 Density f and transformation h.
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We can now determine E(Y ) in two ways. The definition gives E(Y ) =∫ 1
0 yg(y) dy = 1/2. On the other hand, Theorem 3.3.1 states that E(Y ) =∫ 1
−1 x2 f (x) dx = ∫ 0

−1(−x2/2) dx + ∫ 1
0 (3x3/2) dx = 1/8 + 3/8 = 1/2. The first way

turned out to be easier because we had first determined the density of Y .

Example 3.4.2 Let X ∼ Unif(0, 1/2), and let Y = 1/X . Let us find the density
g of Y . X has cdf F(u) = 2u for 0 ≤ u ≤ 1/2. Then Y has range [2, ∞), with cdf
G(v) = P(Y ≤ v) = P(X ≥ 1/v) = 1 − F(1/v) = 1 − 2/v for v ≥ 2, so that Y has
density g(v) = 2/v2 for v ≥ 2. The author has found in the past that some students
ignore domains of G and g, failing to state the set over which g is positive. Of course,
he knows that you would never do that. When h is a monotone function on the range
of X , we can determine a relatively simple formula for the density g of Y . The author
offers such a formula with some trepidation, because such formulas can easily be
misused. In fact, he suggests that the method by which G is first expressed be in
terms of F . That was done for Example 3.4.1. That method should always be used
when h is not monotone on the set on which f is positive.

Theorem 3.4.1 Let X have continuous density f , cdf F . Let Y = h(X ), where h
is monotone (increasing or decreasing) on the set A on which f is positive, with
derivative h′. Let B = h(A) ≡ {y|y = h(x), x ∈ A}. Let k(y) satisfy h(k(y)) = y for
each y ∈ B. Then Y has density

g(y) = f (k(y))|k′(y)| = f (k(y))/|h′(k(y))| for all y, (3.4.1)

where k ′ and h′ are derivatives of k and h.

Notes: Students should work through the following example, drawing some graphs
as they go. The absolute values defining the Jacobian, |k ′(y)|, are needed for the case
that h is monotone decreasing. The function k is usually called the inverse of h and
denoted by h−1. Equation (3.4.1) requires only that we can find a “version” of f (a
density f * with the same F) for which the hypotheses hold. We delay a proof until
after the following example.

Example 3.4.3 Let A = (0, 1] and let X have density f (x) = 2x for x ∈ A.
Let h(x) = 1/x2 for x ∈ A. Then h is monotone decreasing on A, and B = h(A) =
[1, ∞). The inverse of h is k(y) = 1/y1/2, k ′(y) = −y−3/2/2, defined for y ∈ B.
h′(x) = −2x−3, and h′(k(y)) = −2y−3/2 for y ∈ B. Thus, the density of Y is
g(y) = (2/y1/2)| − y−3/2/2| = y−2 for y ∈ B = [1, ∞). k ′(y) can also be expressed
as 1/h′(k(y)) = 1/(−2y−1/2)−3 = −y−3/2/2, as before. Notice that f (0) could be
redefined to be 1 without changing the probability distribution of X or of Y , and
that h(0) is not defined. No harm done. Since P(X = 0) = 0, we can ignore X = 0.
Similarly, if h(1/2) is defined to be 17, Y continues to have density g.
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Proof of Theorem 3.4.1 If h is monotone increasing, then Y has cdf G(y) =
P(h(X ) ≤ y) = P(X ≤ k(y)) = F(k(y)) for all y. Differentiating with respect to
y, we get (3.4.1). For the case that h is monotone decreasing we have G(y) =
P(h(X ) ≤ y) = P(X ≥ k(y)) = 1 − F(k(y)), which has derivative − f (k(y))k′(y),
which is again (3.4.1). The second equality in (3.4.1) is a standard result on the
derivatives of inverse functions.

Two examples of transformations are of special interest. First, let X have con-
tinuous cdf F and let Y = F(X ). For 0< u < 1, define F−1(u) = inf{x |F(x) ≥ u}.
For the case that F is monotone increasing (not ever “flat”), F−1 is the usual inverse
function. The continuity of F on the right guarantees that for each u there is an x
such that x = F−1(u) = F−1(u). Then Y has cdf G(y) = P(Y ≤ y) = P(F(X ) ≤
y) = P(X ≤ F−1(y)) = F(F−1(y)) = y for 0 < y < 1. But this is the cdf of the
Unif(0, 1) distribution, so that Y = F(X ) has the uniform distribution on [0, 1].
Notice that the continuity of F is essential. If X is discrete, so must Y = F(X ) be
discrete. In a certain sense Y is “approximately” distributed as Unif(0, 1). For exam-
ple, if X is the number of heads in three tosses of a fair coin, then Y has cdf G with
G(1/8) = 1/8, G(1/2) = 1/2, G(7/8) = 7/8, G(1) = 1, but G is flat between these
jump points. Looking again at Example 3.4.3, we see that F(x) = x2 on [0, 1]. Thus,
F−1(y) = y1/2, so that Y = X1/2 ∼ Unif(0, 1).

Let F be any cdf. For purposes of simulation it will be useful to be able to generate
observations X in a computer which act as if they are random variables having cdf
F . As stated in Theorem 3.4.2, if U ∼ Unif(0, 1), then X = F−1(U ) has cdf F.
Most statistical and mathematical software packages have build-in commands that
produce independent observations on U. Usually, these are based on some simple
multiplicative algorithm of the type an+1 = (anm) mod M , with some starting point
a0, where M is a large positive integer, m a smaller integer, relatively prime to M . For
example, M might be 232 or 232 − 1 and m could be 75. If M = 7, m = 3, we might
take a0 = 2, so that the sequence an becomes 2, 6, 4, 5, 1, 3, 2, so that the period is 6.
Then, if M and m are chosen wisely, the sequence {Un = an/M} often behaves much
like a sequence of independent Unif(0, 1) random variables. These may then be used
to generate “pseudo” (not really random) random variables. Although the sequence
generated is not truly random, it is true that the observations behave much like they
are, which is important.

Theorem 3.4.2 Let U ∼ Unif(0, 1), let F be a cdf, and let F−1(u) = inf(x |F(x) ≥
u} for each u, 0 < u < 1. Then X = F−1(U ) has cdf F .

Notes: We have written F(x) rather than F(u), to avoid confusion with the argument
u of F−1. F−1(u) is the leftmost uth-quantile for F . If F(x) = u for x ∈ [F−1(u), b)
for some b > F−1(u), any such x qualifies as a uth-quantile.

Proof: X has cdf G(x) ≡ P(X ≤ x) = P(F−1(U ) ≤ x) = P(U ≤ F(x)) = F(x)
for all real numbers x . The next-to-last equality follows from the fact that for each
pair u, 0 < u < 1, and x, F−1(u) ≤ x if and only if u ≤ F(x).
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Example 3.4.4

(a) Let X be the discrete random variable taking the values 1, 2, 3 with proba-
bilities 0.2, 0.5, 0.3. Then F takes the values 0, 0.2, 0.7, 1.0 on the intervals
(−∞, 1), [1, 2), [2, 3), [3, ∞). Therefore, X is 1 for U < 0.2, 2 for 0.2 ≤ U <

0.7, and 3 for 0.7 ≤ U ≤ 1, so X has cdf F .
(b) Let X have the density of Example 3.2.2: f (x) = x on [0, 1], 1/4 on

(1, 3]. Then, as indicated in Section 3.2, F(x) = x2/2 on [0, 1], 1/2 +
(x − 1)/4 on (1, 3], and F−1(u) = √

2u for 0 ≤ u ≤ 1/2, 4(u − 1/2) + 1 =
4u − 1 for 1/2 < u ≤ 1. Then X = F−1(U ) has cdf F , density f .

(c) Let F(x) = 1 − e−x/� for x > 0, the cdf of the exponential distribution
with mean � > 0. Then F−1(u) = −� log(1 − u) for u ∈ [0, 1), so that if
U ∼ Unif (0, 1), then X = F−1(U ) = −� log(1 − U ) has the exponential dis-
tribution with mean �, rate 1/�. The distribution would remain the same if
1 − U were replaced by U .

(d) Suppose that we wish to generate random variables with density f (x) =
(1/�)e−x2

for all x . (Please believe me—it is a density. Unfortunately, there
is no closed-form expression for the corresponding cdf. It can be expressed
as an integral or as an infinite series, and its inverse can be expressed an as
infinite series. We will need to find another way to generate such random
variables.

We can increase our ability to simulate sampling from prescribed distributions a
bit as follows. Let X have cdf F(x) =∑k

i=1 pi Fi (x), where
∑k

i=1 pi = 1 and the Fi

are cdf’s. F is a mixture of the Fi . If B takes the values 1, . . . , k with probabilities
p1, . . . , pk and Xi ∼ Fi for each i , and B and (X1, . . . , Xk) are independent, then
X =∑k

i=1 I ([B = i])Xi = X j if B = j for j = 1, . . . , k has cdf F . To see this, note
that P(X ≤ x) =∑k

i=1 P(X ≤ x |B = i)P(B = i) =∑k
i=1 pi Fi (x).

Example 3.4.5 Consider the density f of Example 3.2.2: f (x) = x for x ∈
[0, 1], f (x) = 1/4 for x ∈ (1, 3]. Then f = (1/2) f1 + (1/2) f2, where f1(x) = 2x
on [0, 1], and f2 is the uniform density on [1, 3]. Let U1, U2 be independent, each
Unif(0, 1). Let B be 1 if U1 ≤ 1/2, 2 otherwise. If B = 1, let X = √

U 2. If B = 2,
let X = 1 + 2U2. Then X has a density that is a (1/2, 1/2) mixture of f1 and f2, as
we wished.

Problems for Section 3.4

3.4.1 Let X ∼ B(4, 1/2). Find the probability function for Y = |X − 2|.

3.4.2 Let X have density f (x) = |x | for −1 ≤ x ≤ 1.

(a) Find the density g of Y = X2.

(b) Determine E(X2) using g and also by using f .

(c) Let U ∼ Unif(0, 1). Give a function H on [0, 1] such that X = H (U ) has
density f .
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X 0

A

FIGURE 3.4.5 Beam of light and the Cauchy distribution.

3.4.3 Let X have density f (x) = 2x on [0, 1]. Find a function H on [0, 1] such that:

(a) H (X ) ∼ Unif(0, 1).

(b) H (X ) has the density g(w) = 1/w2 for w > 1.

(c) H (X ) has the density g(w) = w for 0 < w < 1, 1/8 for 1 ≤ w < 5.

3.4.4 Let F(x) = x/(1 + x) for x ≥ 0.

(a) Let X ∼ F . Find a function H such that H (X ) ∼ Unif(0, 1).

(b) Let U ∼ Unif(0, 1). Find a function K such that K (U ) ∼ F .

(c) Let X ∼ F . Find the density of Y = 1/X.

3.4.5 A beam of light (see Figure 3.4.5) is sent from a point d meters from a straight
wall of infinite length at an angle between 0 to � radians so that the beam
always strikes the wall. (The Great Wall of China without bends would be an
approximation.)

(a) If the angle A is uniformly distributed between 0 and �, what is the density
of X , the location of the point at which the beam strikes the wall, where
the zero point is the point nearest the point of origin of the beam?

(b) X is said to have the Cauchy distribution. Show that the expectation of X
does not exist.

3.4.6 Let X have the exponential distribution, with density f (x) = e−x for x > 0.
Find the cdf and density of of Y = √

X .

3.5 JOINT DENSITIES

We need to be able to describe the joint behavior of two or more random variables. For
example, let U1, U2, U3 be independent, each Unif(0, 1). Let X = min(U1, U2, U3)
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and let Y = max(U1, U2, U3). Intuitively, we should not expect X and Y to be inde-
pendent since P(X < Y ) = 1. If we wish to model the heights X and Y of fathers and
sons, we should not expect a probability model under which X and Y are independent
to provide an accurate description of the distribution of (X , Y ).

We begin with a discussion of the joint behavior of just two random variables, then
generalize to the case n ≥ 2.

Definition 3.5.1 Two random variables X and Y are said to have joint density
f (x, y) if for every (Borel) subset A of R2 P((X, Y ) ∈ A) = ∫A f (x, y) dx dy (see
Figure 3.5.1).

Notes: A function f can be a joint density on R2 whenever f (x, y) ≥ 0 for all (x, y)
and its integral over R2 is 1.

Example 3.5.1 Let (X, Y ) have joint density f (x, y) = 8xy for 0 ≤ y ≤ x ≤
1, 0 otherwise. Then

∫ 1
0

(∫ x
0 8xy dy

)
dx = 1, so that f is a joint density. Let T =

X + Y . Then P(T > 1) = ∫ 1
1/2(
∫ x

1−x (8xy dy) dx = 4
∫ 1

1/2 x(−1 + 2x) dx = 5/6. See
Figure 3.5.2 to understand the limits of integration.

If A = A1 × R1, a cylinder set in R2, then P(X ∈ A1) = P((X, Y ) ∈ A)
= ∫A1

∫
R1

f (x, y) dy dx . Since this is true for every (Borel) subset A1, it follows
that

∫
R1

f (x, y) dy is a density for X . That is, the marginal density of X is fX (x) =∫
R1

f (x, y) dy. Similarly, the marginal density of Y is fY (y) = ∫R1
f (x, y) dx (see

Figure 3.5.3).

FIGURE 3.5.1 Joint density f (x, y).
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FIGURE 3.5.2 Simulations on (x, y).

FIGURE 3.5.3 Marginal densities of X and Y .

Example 3.5.1 Continued Integrating f (x, y) with respect to y, we get fX (x) =∫ x
0 (8xy) dy = 4x3 for 0 ≤ x ≤ 1. Similarly, fY (y) = ∫ 1

y (8xy) dx = 4y[1 − y2] for
0 ≤ y ≤ 1.
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Example 3.5.2 Suppose again that (X, Y ) has joint density f (x, y) =
2e−x−y for 0 ≤ y ≤ x < ∞, as in Example 3.5.1. Then X has marginal den-
sity fX (x) = ∫ x

0 f (x, y) dy = 2e−x (1 − e−x ) for x ≥ 0 and Y has density fY (y) =∫∞
y f (x, y) dx = 2e−2y for y ≥ 0. Let T = X + Y . Let’s try to find the cdf and den-

sity of T . For t ≥ 0, FT (t) = P(T ≤ t) = ∫ t/2
0

∫ t−y
y f (x, y) dx dy = 1 − e−t (1 + t).

Thus, T has density fT (t) = d

dt
FT (t) = te−t for t ≥ 0.

If X and Y are independent with densities f and g, then for any (Borel) subsets A
and B of R1, P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B) = ∫A f (x) dx

∫
B g(y) dy =∫

A

∫
B f (x)g(y) dx dy. Since P((X, Y ) ∈ A × B) is the integral of f (x)g(y) over

A × B, it follows that for any (Borel) subset C of R2,

P((X, Y ) ∈ C) =
∫

C
f (x)g(y) dx dy. (3.5.1)

A rigorous proof of (3.5.1) is beyond the scope of this course. (Take a course on real
analysis or measure theory.) From (3.5.1) and Definition 3.5.1 it follows that the joint
density of (X, Y ) is the product of f and g.

If (X, Y ) has joint density h(x, y) = h1(x)h2(y) for all x, y, where h1 and h2

are nonnegative functions, then for any (Borel) subsets A, B of R1, P((X, Y ) ∈ A ×
B) = ∫A×B h1(x)h2(y) dx dy = ∫A h1(x) dx

∫
B h2(y) dy. Let C1 = ∫R1

h1(x) dx and
C2 = ∫R1

h2(y) dy. Taking A = R1, B = R1, we see that C1C2 = 1. Taking B = R1

we find that P(X ∈ A) = ∫A h1(x)C2 dx , so X has density h1(x)C2 = h1(x)/C1.
Similarly, Y has density h2(y)C1 = h2(y)/C2. Thus, (X, Y ) has a joint density that
is the product of the densities of X and Y , so X and Y are independent.

A pair of random variables (X, Y ) possesses a joint cdf. This point function on
R2 is sometimes useful, although for most applications it turns out to be somewhat
unwieldy or can be expressed only as an integral.

Definition 3.5.2 The pair of random variables (X, Y ) has joint cumulative distribu-
tion function F(u, v) = P(X ≤ u, Y ≤ v), defined for all (u, v) ∈ R2.

Notes: Since F(u, ∞) ≡ limv→∞ F(u, v) = P(X ≤ u) = FX (u) for each u, and,
similarly, F(∞, v) = FY (v) for each v, the marginal cdf’s may be obtained from
the joint cdf. Similarly to the one-dimensional case, if (X, Y ) has joint density

f (x, y), which is continuous at a point (u, v), then
�2

�u�v
F(u, v) = f (u, v) at that

point.

Example 3.5.3 Let (X, Y ) have joint density f (x, y) = 2 for 0 ≤ y ≤ x ≤
1. Then F(u, v) = v2 + 2v(u − v) for 0 ≤ v ≤ u ≤ 1 and u2 for 0 ≤ u < v ≤
1. X has marginal cdf FX (u) = F(u, ∞) = F(u, 1) = u2 for 0 ≤ u ≤ 1 and
Y has marginal cdf, FY (v) = F(∞, v) = v2 + 2v(1 − v) = 2v − v2 for 0 ≤ v

≤ 1.
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In the rare case in which F has a tractable form, we can express the prob-
ability that (X, Y ) will lie in a rectangle in terms of the joint cdf: P(a1 <

X ≤ b1, a2 < Y ≤ b2) = P(a1 < X ≤ b1, Y ≤ b2) − P(a1 < X ≤ b1, Y ≤ a2) =
[P(X ≤ b1, Y ≤ b2) − P(X ≤ a1, Y ≤ b2)] − [P(X ≤ b1, Y ≤ a2) − P(X ≤ a1,
Y ≤ a2)] = F(b1, b2) − F(a2, b2) − F(b1, a2) + F(a1, a2). If (X, Y ) has a joint den-
sity, we can afford to be sloppy about ≤ and < signs. However, if (X, Y ) is discrete,
we must be careful.

We have discussed the two-dimensional case at some length because generaliza-
tions to higher dimensions are relatively obvious after the two-dimensional case is
“conquered.”

Definition 3.5.3 The random variables X1, . . . , Xn have joint density f (x1, . . . , xn)
if for every (Borel) subset A ⊂ Rn ,

P((X1, . . . , Xn) ∈ A) =
∫

A
f (x1, . . . , Xn) dx1 · · · dxn.

Notes: Rather than repeat definitions, statements, and proofs of the theorems for
n > 2 already presented for the case n = 2, we simply summarize the more important
properties. Let X = (X1, . . . , Xn) and let x = (x1, . . . , xn) be a point in Rn .

1. Suppose that X, having n components, has density f . If D is a subset of the
indices 1, 2, . . . , n, a joint density of (Xi , i ∈ D) is the integral of f over all xi

with i /∈ D. For example, if n = 5, a joint density of (X1, X3, X5) is the integral
of f over all x2, x4. We say a joint density rather than the joint density because
there always exist an infinity of functions f that produce the same integral
values.

2. If X has density f and f (x) =∏n
i=1 fi (xi ) for all x, then X1, . . . , Xn are inde-

pendent. (The “for all x” can be modified by allowing a countable number of
exceptions—(more rigorously, a set of exceptions of “measure” zero.)

3. If X1, . . . , Xn are independent and Xi has density fi for each i , X has a density
f (x)≡∏n

i=1 fi (xi ) for all x ∈ Rn .

The model under which n random variables are independent, all with the same cdf
F , or density or probability function f , is so useful that special shorthand language
is commonly used.

Definition 3.5.4 Let X1, . . . , Xn be independent, each with the same distribution
with cdf F (or density or probability function f ). Then X1, . . . , Xn is said to be a
random sample from F (or from f ). We also say that X1, . . . , Xn are independent
and identically distributed (iid). Probabalists usually say “iid” whereas statisticians
say “random sample.”

Example 3.5.4

(a) Suppose that X = (X1, X2, X3), the Xi are independent, and Xi has density
fi for i = 1, 2, 3. Then X has density f (x1, x2, x3) = f1(x1) f2(x2) f3(x3) for
all x1, x2, x3.
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(b) Let X (1), X (2), X (3) be the ordered X1, X2, X3, so that 0 < X (1) < X (2) <

X (3) < 1 with probability 1. It follows that X0 ≡ (X (1), X (2), X (3)) has density
f0(y1, y2, y3) =∑(i1,i2,i3)∈J fi (xi ), where J is the set of 3! = 6 permutations
of (1, 2, 3), for each y1 < y2 < y3. If, for example, Xi ∼ Unif(0, 1) for each
i, then X0 has joint density f (y1, y2, y3) = 6 for 0 < y1 < y2 < y3 < 1. Then
(X (1), X (3)) has joint density

∫ y3

y1
f (y1, y2, y3) dy2 = 6(y3 − y1) for 0 < y1 <

y3 < 1, X (1) has density f(1)(y1) = ∫ 1
y1

6(y3 − y1) dy3 = 3(1 − y2
1 ) − 6y1(1 −

y1) = 3(1 − y1)2 for 0 < y1 < 1, and similarly, X (3) has density f(3)(y3) =
3y2

3 for 0 < y3 < 1. X (1), X (2), and X (3) are called the order statistics corre-
sponding to (X1, X2, X3).

Maxima and Minima

In Example 3.4.4 we were able to determine the joint density of the minimum and
the maximum of three independent random variables by integrating over x2. With
enough patience we could do the same for the case of n > 3 observations. However,
it is instructive to determine the joint distribution and the marginal distributions by
more direct means.

Suppose that X1, . . . , Xn are independent and that for each i, Xi ∼ Fi . Let X (n) =
max(X1, . . . , Xn) and X (1) = min(X1, . . . , Xn). Let their cdf’s be Gnn and Gn1. Then
[X (n) ≤ u] =⋂n

i=1[Xi ≤ u]. The events [Xi ≤ u] are independent and P(Xi ≤ u) =
Fi (u) for each i . Therefore, the cdf of X (n) is Gnn(u) ≡∏n

i=1 Fi (u). If the Fi are all
the same, say F , then Gnn(u) = [F(u)]n for each u. In the special case that F(u) =
u for 0 ≤ u ≤ 1, i.e., each Xi ∼ Unif(0, 1), Gnn(u) = un . Easy computation shows
that when each Xi is Unif(0, 1) X (n) has median x0.5 = 0.51/n, E(X (n)) = n/(n +
1), E(X2

(n)) = n/(n + 2), and Var (X (n)) = n/[(n + 1)2(n + 2)].
Similarly, the events [Xi > u] are independent, [X (1) > u] =⋂n

i=1[Xi > u] and
P(Xi > u) = 1 − Fi (u). It follows that X (1) has cdf Gn1(u) = P(X (1) ≤ u) = 1 −
P(X (1) > u) = 1 −∏n

i=1[1 − Fi (u)]. If all Fi = F , then Gn1(u) = P(X (1) ≤ u) =
1 − [1 − F(u)]n , and if F is the cdf of the Unif(0, 1) distribution, it follows that X (1)

has cdf Gn1(u) = 1 − (1 − u)n for 0 ≤ u ≤ 1. If F(u) = 1 − e−u/� for u > 0 (i.e.,
each Xi has the exponential distribution with mean �), then Gn1(u) = 1 − e−nu/� ,
so that X (1) has the exponential distribution with mean �/n. These ideas may be
exploited a bit more to give an explicit formulas for the joint cdf of (X (1), X (n)).
Consider any u1 ≤ u2 and let Ai = [u1 < Xi ≤ u2]. Then B ≡ [u1 < X (1) ≤ X (n) ≤
u2] =⋂n

i=1 Ai . These Ai are independent, and P(Ai ) = Fi (u2) − Fi (u1), so that
P(B) =∏n

i=1[Fi (u2) − Fi (u1)]. Therefore, (X (1), X (n)) has joint cdf G(u1, u2) =
P(X (1) ≤ u1, X (n) ≤ u2) = P(X (n) ≤ u2) − P(X (1) > u1, X (n) ≤ u2) = Gnn(u2) −
P(B) =∏n

i=1 Fi (u2) −∏n
i=1[Fi (u2) − Fi (u1)]. The marginal cdf’s are Gn1(u1) =

G(u1, ∞) and Gnn(u2) = G(u2, u2), as given above. For the case that Fi ≡ F for
each i, G becomes G(u1, u2) = F(u2)n − [F(u2) − F(u1)]n . Specializing still fur-
ther to the case that each F is the Unif(0, 1) cdf, we get G(u1, u2) = un

2 − (u2 − u1)n

for 0 ≤ u1 < u2 ≤ 1. It follows in this last case by taking partial derivatives that
(X (1), X (n)) has joint density g(u1, u2) = n(n − 1)(u2 − u1)n−2 for 0 ≤ u1 < u2 ≤ 1.
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The marginal densities, already given above, can be obtained by integrating with
respect to u1 or u2.

Expectations of Functions of RVs

Let X and Y be independent, each with the Unif(0, 1) distribution. Let g(x, y) = x + y
for 0 < x < y < 1, 0 otherwise. Let W = g(X, Y ). Then W is a 1/2, 1/2 mixture of
the distribution with mass 1 at zero and the triangular distribution on [0, 2]. Therefore,
E(W ) = 0(1/2) + (1)(1/2) = 1/2. In this case we were able to find the distribution
of a function of (X, Y ).

In general, since W is a random variable, E(W ) = E(g(X, Y )) has already been
defined. However, the definition would seem to require that the distribution of W be
found. This is not always easy. Fortunately, the following theorem, a generalization
of Theorem 3.3.1, again given without proof, often makes it much easier.

Theorem 3.5.1 Let X = (X1, . . . , Xn) have density f (x) on Rn . Let g(x) be defined
on a set A such that P(X ∈ A) = 1. Then

E(g(X)) =
∫

A
g(x) f (x) dx ≡

∫
A

g(x1, . . . , xn) f (x1, . . . , xn) dx1 · · · dxn.

In the example above, letting A be the triangle {(x, y) | 0 < x < y < 1},
E(g(X, Y )) = ∫Ac (0) f (x, y) dx dy + ∫

A(x + y) f (x, y) dx dy = 0 + 1/2 = 1/2.
E[g(X )2] and Var(g(X )) can be found by similar methods.

Problems for Section 3.5

3.5.1 Let (X, Y ) have joint density f (x, y) = Ce−x for 0 < y < x < ∞.

(a) Find C. Hint:
∫ a

0 xe−x dx = 1 − (1 + a)e−a for a > 0.

(b) Find the marginal densities of X and of Y .

(c) Find P(X > bY ) for b > 0. Use this to find the density of W = Y/X .

(d) Find E(XY ).

3.5.2 Let (X, Y ) have joint density f (x, y) = x + y for 0 ≤ x ≤ 1, 0 ≤ y ≤ 1.

(a) Find the marginal densities of X and of Y .

(b) Find P(X > 2Y ).

3.5.3 Let X1, . . . , Xn be a random sample from the distribution with density f (x) =
e−x for x > 0. Let X (1) and X (n) be the minimum and maximum of these Xi ’s.

(a) Give the joint density of (X (1), X (n)).

(b) Find the marginal density of X (1).
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3.5.4 Let X1, X2, X3 be independent, and Xk ∼ Unif(0, k) for k = 1, 2, 3. Let M =
max(X1, X2, X3). Find the density of M .

3.5.5 fM (m) = 2m2 for m ∈ [0, 1], m2/6 for m ∈ (1, 2], and m/3 for m ∈
(2, 3].

3.5.6 Let (X, Y ) have density f (x, y) = Cxy for 0 < y < x < 1. Find:

(a) The marginal density of X .

(b) C .

(c) The marginal density of Y .

(d) P(Y < X/2).

(e) E(X ), E(Y ), Var(X ), Var(Y ), Cov(X, Y ), the correlation coefficient
� (X, Y ).

3.6 DISTRIBUTIONS OF FUNCTIONS OF CONTINUOUS
RANDOM VARIABLES

Let X = (X1, . . . , Xn) be a random vector with range A, a subset of Rn . Let h(x)
for x = (x1, . . . , xn) be defined on A, taking values in Rk . Given the distribution
of X and the function h, we would like to be able to describe the distribution of
Y = h(X). If X has a discrete distribution with probability function f , then P(Y =
y) ≡ g(y) =∑h(x)=y f (x). The trick is to find a simple expression, if one exists,
for g. For example, if X1, X2 are the results of two independent die tosses, then for
Y = X1 + X2, simple counting yields P(Y = y) = [6 − |y − 7|]/36 for y = 2, . . .,
12. In Section 2.5 we showed that sums of independent Poisson random variables
have Poisson distributions. For continuous random variables, the method must be a
bit different.

Let’s begin with a simple example.

Example 3.6.1 Suppose that X1 and X2 are independent, each with the exponen-
tial density, means both 1. Then X = (X1, X2) has density f (x1, x2) = e−x1−x2 for
x1 > 0, x2 > 0. Let Y = X1 + X2. Our technique will be first, to find the cdf of Y ,
then differentiate to get the density of Y . The cdf of Y is

G(y) = P(X1 + X2 ≤ y) =
∫ ∞

−∞

∫ y−x1

−∞
f (x1, x2) dx2 dx1

=
∫ y

0

∫ y−x1

0
f (x1, x2) dx2 dx1 =

∫ y

0
e−x1 (1 − e−y+x1 ) dx1

= 1 − e−y(1 + y) for y > 0. (3.6.1)

Differentiating with respect to y, we find that Y has density g(y) = ye−y for y > 0
(an example of the gamma distribution with shape parameter 2).
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Notice that the first three equalities of (3.6.1) hold for any joint density f . Differen-
tiating under the first integral sign with respect to y for the case that f is continuous in
x2 for each x1, using the fundamental theorem of calculus, we find that Y has density
g(y) = ∫ y

0 f (x1, y − x1) dx1. This is the convolution formula for the density of the
sum of two random variables. Note that in Example 3.6.1, if we fail to note that f is
0 for either argument negative, we are led astray.

Consider another example in which we must be extra careful.

Example 3.6.2 Let U1, U2 be independent, each Unif(0, 1) [i.e., (U1, U2) is
distributed uniformly on the unit square]. Let Y = U2/U1. Let us find the cdf for Y ,
using geometry, then the density for Y . Consider two cases: 0 ≤ y ≤ 1 and y > 1.
Readers are urged to sketch graphs. For 0 ≤ y ≤ 1, G(y) ≡ P(Y ≤ y) = y/2, and
for y > 1, G(y) = P(Y ≤ y) = 1 − 1/(2y). Thus, Y has density g(y) = 1/2 for 0 ≤
y ≤ 1 and 1/(2y2) for y > 1 (see Figure 3.6.1).

We can express the cdf of Y = X2/X1 in more general form:

G(y) ≡ P (X2/X1 ≤ y) =
∫ ∞

−∞

∫ x1 y

−∞
f (x1, x2) dx2 dx2.

Assuming that f is continuous in x2 for each x1, we can differentiate under the
first integral to determine the density of Y : g(y) = ∫∞

−∞ f (x1, x1 y)x1 dx1. Sim-
ilarly, we can show under these conditions that Y = X1 X2 has density g(y) =∫∞
−∞ f (x1, y/x1)(1/x1) dx1. (see Problem 3.6.1).

Next we consider a somewhat more complex situation in which X and its transform
Y = h(X) take values in Rk . For the case that X has density f on Rk , we would like
to have a convenient formula for the density of Y. Such a formula exists under special
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conditions on h. Suppose that X has density f on Rk and takes values in an open
subset A of Rk . Suppose also that h is a function from Rk onto a subset h(A) ≡
B of Rk such that h is one-to-one on A. Let w(y) ≡ (w1(y), . . . , wk(y)) ≡ h−1(y) be
the inverse of h. Thus, h(w(y)) = y for every y ∈ B. Let Jw(y) be the Jacobian of w,
evaluated at y. That is, Jw(y) is the determinate of the n × n matrix with (ij)th element

�

�yi
w j (y). Suppose that these partial derivatives exist and are continuous for y ∈ B.

Suppose also that Jw(y) is never 0 for y ∈ B. Then it follows that for y ∈ B, Y has
density

g(y) = f (w(y))|Jw(y)|. (3.6.2)

The Jacobian can also be expressed in terms of the Jacobian of its inverse h:

Jw(y) = 1

Jh(w(y))
. (3.6.3)

Example 3.6.3 Let X1 and X2 be independent, each with the exponential
distribution with mean 1. Thus, f (x1, x2) = e−x1−x2 for x1 > 0, x2 > 0. Thus, A
is the first quadrant in R2. Let Y1 = X1 + X2 and Y2 = X1/X2. Let h(x1, x2) =
h(x) = (x1 + x2, x1/x2). B = h(A) is also the first quadrant of R2. Then w(y) =
(y1 y2/(1 + y2), y1/(1 + y2)). Some calculus shows that Jw(y) = −y1(1 + y2). Since
x1 + x2 = y1, we get g(y) = e−y1 y1(1 + y2)−2 for y1 > 0, y2 > 0. Since g is the prod-
uct of the two densities g1(y1) = e−y1 y1 for y1 > 0 and g2(y2) = (1 + y2)−2 for y2 >

0, we see that (surprisingly) the sum Y1 and ratio Y2 are independent random vari-
ables. We will learn later that in a more general case, Y1 has a gamma distribution
and that Y2 has an F-distribution (after multiplication by a constant). As a check on
(3.5.3), we determine Jh(w(y)) = −(w1 + w2)/w2

2 = −(1 + y2)2/y1, the reciprocal
of Jw(y).

Example 3.6.4 Let U1, . . . , Un be a random sample from the Unif(0, 1) distri-
bution (see Table 3.6.1). Let X1, X2, . . . , Xn be the corresponding order statistics.
That is, X1 is the smallest among the Ui ’s, Xn the largest and for k = 2, . . . , n − 1.
Xk is the kth in rank. Since U ≡ (U1, . . . , Un) has density 1 on the unit cube and

TABLE 3.6.1

Samples of Size 10 from Unif(0, 1) Y1 = X (3) Y2 = X (7)

0.731 0.675 0.495 0.390 0.040 0.565 0.257 0.021 0.469 0.979 0.257 0.565
0.759 0.307 0.571 0.355 0.781 0.568 0.992 0.527 0.513 0.613 0.513 0.613
0.324 0.230 0.202 0.573 0.995 0.831 0.520 0.626 0.858 0.758 0.324 0.758
0.693 0.754 0.127 0.535 0.421 0.852 0.722 0.222 0.046 0.571 0.222 0.693
0.003 0.790 0.304 0.295 0.952 0.642 0.676 0.213 0.229 0.357 0.229 0.642
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there are n! values of U which produce the same X = (X1, . . . , Xn), X has density
f (x) = n! for any x = (x1, . . . , xn) satisfying 0 < x1 · · · < xn < 1. Let A be the set
of such x . Let r and s be integers such that 1 ≤ r < s ≤ n and suppose that we wish
to find the density of the pair (Xr , Xs). For intuitive purposes consider the case
n = 10, r = 3, s = 7. Let Y1 = X1, Y2 = X2, Y3 = X3, Y4 = X4 − X3, Y5 = X5 −
X3, Y6 = X6 − X3, Y7 = X7, Y8 = X8 − X7, Y9 = X9 − X7, Y10 = X10 − X7. The
more general case should be obvious.

Let us write X and Y as column vectors. The transformation from X to Y is Y =
h(X) = CX, where C is the 10 × 10 matrix with 1’s on the diagonal, and zeros and –1’s
in the (i + 1, i) places, zeros otherwise. The determinants of the Jacobians (in both
directions) are 1. Thus, Y has density n! = 10! in the range of Y, h(A) = B = {y | 0 <

y1 < y2 < y3 < y7 < 1, 0 < y4 < y5 < y6 < y7 − y3, 0 < y8 < y9 < y10 < 1 − y7}.
To get the density of (Y3 = X3, Y7 = X7) we need only integrate out the other yi

for fixed y3, y7. The integrals may be broken into three pieces: (y1, y2), (y4, y5, y6),
and (y8, y9, y10). The middle three, for example, are

∫ x7−x3

0

∫ x4

0

∫ x5

0 dx4 dx5 dx6 =
(x7 − x3)3/3! With a little care, we get the following: (X3, X7) has joint density

g(x3, x7) = n!r (x3, 3 − 1)r (x7 − x3, 7 − 3 − 1)r (1 − x7, 11 − 7 − 1) (3.6.4)

for 0 < x3 < x7 < 1, where r (u, k) = uk/k! (see Figure 3.6.2). For the general case
with 1 ≤ r < s ≤ n, (Xr , Xs) has density f (xr , xs) determined by replacing 3 by r , 7
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FIGURE 3.6.2 Densities of X3 and X7.
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by s in (3.6.4). For example, if we take r = 1, s = n in (3.6.4), we obtain the density
g(x1, xn) = n(n − 1)(xn − x1)n−2 for 0 < x1 < xn < 1, as obtained by a more direct
method in Section 3.4.

Integrating with respect to x3, we find that X7 has density g7(x7) = 10! r (x7, 7 − 1)
r (1 − x7, 11 − 7 − 1), for 0 < x7 < 1. For the density of the sth order statistic in the
general case, we need only replace 10 by n, 7 by s. We find that U(s) has the Beta(�, �)
distribution, with density f (x ; �, �) = C(�, �)x�–1(1 − x)�−1 for 0 ≤ x ≤ 1, where
C(�, �) = �(� + �)/�(�)�(�) for � = s, � = n − s + 1.

Problems for Section 3.6

3.6.1 Let U1, U2 be independent, each Unif(0, 1).

(a) Find the density of Y = U1U2. Verify your answer by determining each
of E(Y ) and Var(Y ) with and without using the density of Y .

(b) Repeat part (a) for the case that Y = U1 − U2.

3.6.2 Let X1 and X2 be independent, each with density f (x) = e−x for x > 0. Let
X (1) and X (2) be the corresponding order statistics, so that X (1) < X (2) with
probability 1.

(a) Find the density of (X (1), X (2)).

(b) Find the density of D = X (2) − X (1).

(c) Let Y1 = X (1) and Y2 = X (2) − X (1). Find the density of (Y1, Y2). Use this
to determine the marginal density of Y2, verifying your answer to part (b).

3.6.3 Let (X1, X2) have density f (x1, x2) = 3x1 for 0 ≤ x2 ≤ x1 ≤ 1.

(a) Let Y1 = X1 + X2 and Y2 = X1 − X2. Find the density of (Y1, Y2). Use
this to determine the density of Y1.

(b) Let Y1 = X1 X2 and Y2 = X1/X2. Find the density of (Y1, Y2). Use this to
determine the density of Y1.

3.6.4 Let X have the same density as X1 in Problem 3.6.2. Let B be −1 or +1 with
probabilities, 1/2, 1/2, independent of X .

(a) Show that Y = B X has the Laplace (or double-exponential) distribution.

(b) Give an algorithm that will use two independent Unif(0, 1) random vari-
ables to produce an observation Y having the Laplace distribution.

3.6.5 Let U1, U2 be as in Problem 3.6.1. Let Y1 = U1 + U2 and Y2 = U1 − U2. Find
the density of (Y1, Y2). Carefully define the domain on which the density is
positive.

3.6.6 Let U1, U2 be as in Problem 3.6.1. Consider the quadratic function Q(x) =
x2 + U1x − U2.

(a) Find the density of the largest root R of Q(x) = 0.
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(b) (For more ambitious students). Let S be the smaller root. Find the density
of (S, R). The more difficult part of this is to find the region B on which
(R, S) has positive density. Hint: What are the images of the line segments
bounding the unit square under the transformation (U1, U2) → (S, R)?

3.6.7 (Buffon’s Needle Problem) Suppose that a floor is marked with parallel lines
running east to west a distance L apart. A needle of length d is thrown ran-
domly on the floor. What is the probability that the needle crosses a line?
Hint: We must interpret the meaning of “randomly.” Suppose that the south-
ernmost end of the needle is at a distance X from the line that is closest
in a southerly direction. Let the needle have angle � with this line. Mea-
sure the angle in radians in a clockwise or counterclockwise direction so
that 0 ≤ � ≤ �/2. Suppose that X ∼ Unif(0, L), that � ∼ Unif(0, �/2), and
that X and � are independent. First give conditions on X and � for which
the needle crosses the line. Let D = d/L . Show that the probability is
p(D) = 2D/� for D ≤ 1 and [(2D/�)(1 −

√
1 − 1/D2) + 1 − (2�0)/� for

D > 1, where sin �0 = 1/D. In 100,000 simulations with D = d/L = 0.5,
the needle crossed a line 32,008 times. For D = d/L = 0.3, it crossed 19,116
times. For D = 2 it crossed 83,768 times. Notice that limD→∞ p(D) = 1. For
enough simulations we could estimate � quite precisely. Let p̂(D) be the pro-
portion of “successes.” For D ≤ 1, we can estimate � by 2/ p̂(D). For D > 1,
since p(D) is of the form 1 − g(D)/� for every D, we can estimate � with
g(D)/(1 − p̂(D)). Find the estimates for the three frequencies given.

3.6.8 Let X1 and X2 be independent, each with the exponential distribution with
mean 1. Let Y = X1 − X2. Show that Y has density fy(y) = (1/2)e−|y| for
all y. (Y is said to have the double-exponential or Laplace distribution.)

3.6.9 Let U1, U2, U3 be a random sample from the Unif(0, 1) distribution. Let
M = median(U1, U2, U3). Find the density and cdf for M . Use it to find
P(0.4 ≤ M ≤ 0.6) and P(0.3 ≤ M ≤ 0.7).
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C H A P T E R F O U R

Special Continuous Distributions

4.1 INTRODUCTION

As for discrete distributions, some continuous distributions are so useful and have ap-
plications that occur so frequently that they have names and deserve special attention.
Actually, these are families of distributions, with certain parameters determining a
unique member. They include the (1) uniform, (2) normal, (3) gamma, (4) beta, (5)
Weibull, (6) chi-square, (7) F , and (8) Student’s t distributions. In this chapter we
study systematically only the normal and gamma distributions. The beta and chi-
square (a special case of the gamma) distributions are described briefly in Section
4.2, and the Weibull is mentioned only among the problems for that section. The last
three are discussed in detail in Chapter Nine, after their use in statistical inference
has been motivated more fully. We have already studied the uniform distribution.

All probabalists and statisticians would agree that among these distributions the
normal distribution plays the most important role, both because it describes the distri-
butions of random variables occurring naturally in nature and because it serves as an
excellent approximation of the distribution of sums of independent random variables,
as described in relation to the central limit theorem in Chapter Six. The gamma distri-
bution serves as a model for the distribution of lifetimes. Since it is the distribution of
the sum of independent exponential random variables, the waiting time until the kth
occurrence of an event in a Poisson process has the gamma distribution with shape
parameter k.

The beta distribution (or family) is the distribution of the kth-order statistic X (k)

for a sample of n from Unif(0, 1). The Weibull family often provides a good model for
lifetime distributions. The chi-square distribution, of great importance in statistical
inference, is a special case of the gamma distribution. The F (named for Ronald
A. Fisher) distribution arises in statistical inference in connection with regression
analysis and the analysis of variance. Student’s t-distribution is the distribution of
a “standardized” sample mean, when the population standard deviation is replaced

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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by the sample standard deviation. We begin with the most important: the normal
distribution.

4.2 THE NORMAL DISTRIBUTION

We first discuss the standard normal distribution, then expand to the family of normal
distributions through location and scale changes. To provide some intuition, we list
50 observations, generated using the S-Plus function “rnorm,” then list the same
observations in ordered form, the corresponding order statistics.

−0.308 2.063 0.662 0.313 0.127 1.991 1.121 0.752 −0.011 −0.288
−0.578 −0.433 −1.065 1.351 1.028 −0.452 −0.630 1.303 1.134 0.443

0.946 0.516 0.713 −0.850 −0.883 0.782 1.904 1.696 −0.119 −1.181
1.639 −2.123 1.127 0.310 −3.101 −1.037 −0.611 0.618 −1.815 0.058

−0.368 −1.025 −0.757 −0.720 0.177 0.291 0.378 −0.256 1.671 1.674

The corresponding order statistics:

−3.101 −2.123 −1.815 −1.181 −1.065 −1.037 −1.025 −0.883 −0.850 −0.757
−0.720 −0.630 −0.611 −0.578 −0.452 −0.433 −0.368 −0.308 −0.288 −0.256
−0.119 −0.011 0.058 0.127 0.177 0.291 0.310 0.313 0.378 0.443

0.516 0.618 0.662 0.713 0.752 0.782 0.946 1.028 1.121 1.127
1.134 1.303 1.351 1.639 1.671 1.674 1.696 1.904 1.991 2.063

If the original observations are denoted by X1, . . . , X50, we denote the ordered ob-
servations as X (1), . . . , X (50). For example, X41 = −0.368, while X (41) = 1.134.

Definition 4.2.1 The standard normal density is

�(x) = 1√
2�

e−x2/2 for − ∞ < x < +∞.

The corresponding cdf is �(u) = ∫ u
−∞ �(x) dx for −∞ < u < +∞ (see Figure

4.2.1).

We reserve the special symbols �and � (lowercase and capital phi) for the standard
normal density and cdf because, as we will show, this distribution plays such an
important role in probability and statistics. It is not obvious at all that � is a density.
It requires a bit of a trick to show it. We prove it by showing that the square of the
integral of g(x) = e−x2/2 is 2�, using double integration. Let this integral be I . Then
I 2 = ∫ +∞

−∞ g(x) dx
∫ +∞
−∞ g(y) dy = ∫ ∫ e−(x2+y2)/2dx dy, where the double integration

is over all of R2. Letting x = r cos �, y = r sin � (changing to polar coordinates) and
remembering that the Jacobian is r , we get I 2 = ∫ 2�

0

∫ +∞
0 e−r2/2rd � dr = 2�.
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FIGURE 4.2.1 Standard normal density and CDF.

�(u) does not have a closed-form representation except as an integral of �. An
approximation for u near 0 may be obtained by expanding G(u) ≡ log[�(u) − 1/2]
in a Taylor series, resulting in �(u) = 1/2 + �(u)(u + u3/3 + u5/(3 · 5) + u7/(3 ·
5 · 7) + · · ·). Other approximations are available for u near 0, and still others for |u|
large. Most books on probability and statistics have tables providing values of �(u)
for u between 0 and 3 or 4 in increments of 0.01. From the symmetry of � about 0, it
follows that �(−u) = 1 − �(u) for all u, so that tables are necessary only for u > 0.
Most statistical software packages and calculators provide values of �(u) for all u. A
few values are so useful that experienced statisticians, even beginning students, know
them by heart:

u 0 0.841 1.000 1.282 1.645 1.960 2.000 2.326 2.580 3.000

�(u) 0.500 0.800 0.841 0.900 0.950 0.975 0.977 0.990 0.995 0.9987

If Z , the usual symbol employed, has the standard normal distribution, then,
of course, for any a < b, P(a < Z ≤ b) = �(b) − �(a). For example, P(−1 ≤
X ≤ 2) = �(2) − �(−1) = �(2) − [1 − �(1)] = 0.977 − 0.159 = 0.818, and for
any w > 0, P(−w < Z < w) = �(w) − [1 − �(w)] = 2�(w) − 1, and if we wish
to find w such that this is � , we can solve for w, giving w = �−1((1 + � )/2). This
forces us to read the standard normal table “inside out.”

It is easy to show that x = −1 and x = 1 are points of inflection for � (points
at which the second derivative is zero). Since � is symmetric about zero, all odd
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moments are zero. To find the second moment, we can integrate by parts with
u = x, dv = x�(x), to get

∫∞
−∞ x2�(x)dx = −x�(x)|∞−∞ + ∫∞

−∞ �(x) = 1. Thus, the
standard normal distribution has variance 1.

We now introduce the family of normal distributions, all defined in terms of the
“mother” of the family, the standard normal distribution.

Definition 4.2.2 Let Z have the standard normal distribution, and let X = a + bZ
for any constants a and b �= 0. Then X is said to have the normal distribution with
mean 	 = a and variance 
2 = b2. We write this as X ∼ N(	, 
2).

The density and cdf of X are easy to express in terms of � and �. X has cdf

F(u) = P(X ≤ u) = P

(
Z ≤ u − 	




)
= �

(
u − 	




)
and density

f (u) = �(u − 	/
)



= 1√

2�

e−[(u−	)/
]2/2 for − ∞ < u < +∞.

Figure 4.2.2 presents a scatterplot of 928 pairs of heights in inches of (midparent,
son) pairs. These were taken from the Galton data, reproduced in a paper by Stigler
(1989) on the correlation coefficient. Midparent heights were the means of the heights
of the father and mother (see Figure 4.2.3), with the mother’s height multiplied by
1.08. The heights were jittered, that is, independent Unif(−1/2, 1/2) were added to
the heights, which were reported to the nearest 1/2 inch in order to smooth out the
data, making the plot a more realistic portrayal of the actual heights. The normal
density with the same means and standard deviation as for these data were drawn
to show that the heights are approximately normally distributed. It is reasonable to
suppose that the pairs have a bivariate normal distribution, as described in Section 5.3.

FIGURE 4.2.2 Galton height data.
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FIGURE 4.2.3 Histograms of midparent and son heights.

If X ∼ N(	, 
2), then Z = (X − 	X )
X ∼ N(0, 1), the standard normal distri-
bution, and for any constants c and d �= 0, Y = c + dX = (c + d	X ) + (d
X )Z , so
that Y ∼ N(c + d	X , 
2

Y = d2
2
X ). Thus, a linear transform of a single normally dis-

tributed rv is normal if the constant multiplier is not zero. Like many other families
of distributions (binomial, Poisson, negative binomial, gamma), the normal family is
closed under the addition of independent members. To be precise, first consider two
independent standard normal random variables Z1 and Z2, and let c be a constant.
We will show that

X = Z1 + cZ2 ∼ N(0, 1 + c2). (4.2.1)

From this it will follow that if X1 ∼ N(	1, 
2
1 ) and X2 ∼ N(	2, 
2

2 ) and are inde-
pendent, then for constants a1 and a2, Y = a1 X1 + a2 X2 = a1
1{(X1 − 	1)/
1 +
[a2
2/(a1
1)](X2 − 	2)/
2} + a1	1 + a2	2 ∼ N(a1	1 + a2	2, a2

1
2
1 + a2

2
2
2 ). The

case of n independent random variables follows by induction. The result is summa-
rized in Theorem 4.2.1.

Theorem 4.2.1 Let X1, . . . , Xn be independent, with Xi ∼ N(	i , 
2
i ) for i =

1, . . . , n. Then Y = X1 + · · · + Xn ∼ N(	1 + · · · + 	n, 
2
1 + · · · + 
2

n ).

Proof: X = Z1 + cZ2 has density f (x) = ∫∞
−∞ �(u)�((x − u)/c)(1/c)du =∫∞

−∞ �(u − x/C)(�(x/C)/C)du), where C = (1 + c2)1/2. The term depending on u
is the density of the N(x/C, 1) distribution, and therefore integrates to 1. �(x/C)/C
is the density of the N(0, C2) distribution. Thus, X ∼ N(0, C2 = 1 + c2).
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As we discuss in Chapter Six in a section on the central limit theorem, the conclu-
sion of Theorem 4.2.1 holds in increasingly better approximation as n increases when
the Xi are identically distributed with finite variance, independent, not necessarily
normally distributed.

In the special case that X1, . . . , Xn are independent, each with the N(	, 
2) dis-
tribution, Sn = X1 + · · · + Xn has the N(n	, n
2) distribution and X̄ n ≡ Sn/n has
the N(	, 
2/n) distribution. It follows that Zn ≡ (Sn − n	)/(


√
n) = (X̄ n − 	)/

(
/
√

n) ∼ N(0, 1).

Example 4.2.1 It is reasonable to believe that the weights in pounds of the men
and women who use an elevator in a 50-story building are normally distributed, N(180,
202) for men, N(130, 152) for women, and that weights are independent. (a) If 16
men and 12 women get on an elevator, what is the probability that they exceed the
nominal weight capacity of the elevator, 4600 pounds?

Let Xi for i = 1, . . . , 16 and Y j for j = 1, . . . , 12 be the weights of the
men and women, respectively. Let T =∑16

i=1 Xi +∑12
j=1 Y j . Then, from Theorem

4.2.1, T ∼ N(16(180) + 12(130) = 4440, 16(202) + 12(152) = 9100). Then P(T >

4600) = 1 − �((4600 − 4440)/
√

9100) = 1 − �(1.677) = 0.0467. With one fewer
man (perhaps you, in a moment of sanity), the probability drops to 0.00013. If you
are a woman, you should see what the probability is in your moment of sanity.

(b) What is the probability that the mean weight of the 16 men is less than 170
pounds?

For the 16 men,

P(X̄16 < 170) = P

(
X̄16 − 180

20/
√

16
<

170 − 180

5

)
= �(−2) = 0.0228.

(c) What is the probability that a randomly chosen man is heavier than a randomly
chosen woman?

Let their weights be M and W , so that M ∼ N(180, 202) and W ∼ N(130, 152).
Since M and W are independent, D ≡ M − W ∼ N(50, 625), so that P(M > W ) =
P(D > 0) = 1 − �((0 − 50)/25) = �(2) = 0.977.

Would the answer be the same if those chosen constitute a randomly chosen married
couple? No, since M and W would not be independent in this case. People are more
likely to marry someone of similar weight, light or heavy. We need to consider the
joint distribution of M and W more carefully. We postpone that until we discuss the
multivariate normal distribution in Section 5.2.

Simulating Observations from the Normal Distribution

If Z ∼ N(0, 1), then X = 
 Z + 	 ∼ N(	, 
2), so it is enough to show how we
can generate Z . Most statistical computer packages have built-in functions for the
generation of such Z in efficient (quick) ways. Given the speed of modern computers,
it is not as important that algorithms be efficient, at least when the number to be



OTE/SPH OTE/SPH

JWDD073-c04 October 4, 2007 17:23 Char Count= 0

116 special continuous distributions

generated is less than 50,000 or so. We present two methods, the polar coordinate
method, which is exact but inefficient, and the sum of uniforms method, which is
quick but not exact.

The Polar coordinate method proceeds as follows. Let U1 and U2 be indepen-
dent, each Unif(0, 1). Let W = − log(U1), so that W has the exponential distribution
with mean 1. Let R = √

2W , X = R cos 2�U2, Y = R sin 2�U2. Then (X, Y ) are
independent, each with the N(0, 1) distribution. Students are asked to prove this in
Problem 4.2.6. The method is efficient in the sense that two uniform random variables
are used to produce two independent N(0, 1) random variables, but the need to take
two logs, a square root, a cosine, and a sine makes the method relatively slow.

The sum of uniforms method simply takes X = U1 + · · · + U12, where the Ui are
independent, each Unif(0, 1). It is easy to show that E(X ) = 6, Var(X ) = 12(1/12) =
1, so that Z = X − 6 has the right mean and variance. From the central limit theorem
of Chapter Six, sums of independent random variables have distributions that are
(usually) close to normal for large n. In fact, for most purposes, Z , as defined here,
has a distribution that is close enough to N(0, 1). For a better approximation we can
add more uniform random variables (always standardizing the sum so that the mean
is zero and the variance is 1).

Problems for Section 4.2

4.2.1 Let Z ∼ N(0, 1). Find:

(a) P(Z > 1.23).

(b) P(−1.87 < Z < 0.74).

(c) P(|Z | > 2.11).

4.2.2 Let X ∼ N(50, 100). Find:

(a) P(X > 62.3).

(b) P(1.3 < X ≤ 57.4).

(c) P(|X − 50| < 21.1).

(d) The 80th percentile for X .

(e) d such that P(X − 50| ≤ d) = 0.95.

4.2.3 Let Z ∼ N(0, 1). Find the density of Z2.

4.2.4 Heights in centimeters of randomly selected adults are distributed as N(178,
50) for males and N(165, 42) for females.

(a) What is the probability that a randomly selected male is taller than a
randomly selected female?

(b) What is probability that the mean height of three randomly selected males
is greater than the mean height of three randomly selected females?

4.2.5 Show that the standard normal density � has points of inflection at −1 and +1.

Use this to show that the N(	, 
2) density has points of inflection at 	 ± 
.
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4.2.6 Let U1 and U2 be independent, each Unif(0, 1). Let X =√−2 log(U1) cos(2�U2) and Y = √−2 log(U1) sin(2�U2). Prove that
X and Y are independent and that each has the N(0, 1) distribution. This is
the polar coordinate method for the generation of N(0, 1) random variables.

4.2.7 Let X ∼ N (	, 
2) and let Y = ex . Y is said to have the log normal distribution.
Find E(Y ) and Var(Y ).

4.3 THE GAMMA DISTRIBUTION

We begin with the definition of the gamma function, defined first by Leonhard Euler
in the eighteenth century. It is the continuous version of the factorial function.

Definition 4.3.1 For each � > 0, let �(�) = ∫∞
0 x�−1e−x dx . � is called the gamma

function.

Although we will not need it, the domain of � can be extended to the subset of the
complex plane with positive real part. � is continuous. Its most important property
may be obtained by integrating by parts: �(� + 1) = ��(�) for all � > 0. Since
�(1) = 1, it follows that for positive integers n, �(n) = (n − 1)!

In general, �(�) may be obtained for noninteger � only by numeri-
cal integration. However, �(3/2) = ∫∞

0 x1/2e−x dx. Letting x = y2/2, we obtain∫∞
0 ye−y2/2 ydy/21/2 = (1/2)

√
�
∫∞
−∞ y2�(y)dy = √

�/2, since the variance of the
standard normal distribution is 1. Since �(3/2) = (1/2)�(1/2), it follows that
�(1/2) = √

�. Since �(1 + �) = ��(�) for all � > 0 and �(1) = 1, it follows that
�(�) approaches infinity as � approaches zero through positive values.

Stirling’s formula, discovered around 1730 by James Stirling for integer �, was
later extended to the gamma function (Stirling, 1730).

Stirling’s Formula Let G(�) = (2�)1/2��+1/2e−�. Then lim�→∞ �(� + 1)/
G(�) = 1. Thus, we can approximate �(� + 1) by G(�) for large � with small relative
error. We write �(� + 1) ∼ (2�)1/2��+1/2e−�. See Table 4.3.1, for example.

Let X be the number of heads in 2n tosses of a coin, so that X ∼ B(2n, 1/2).
In 1730 and 1733, Abraham DeMoivre showed that P(X = n) ∼ 1/

√
2�(2n/4).

This follows easily from Stirling’s approximation. From this he showed that P(X =
n + k) ∼ e−k2/(2n/4)/

√
2�(2n/4) ≡ H (k, n) for k small compared to n. Although he

TABLE 4.3.1 Binomial Probability Mass Functions

�

3 5 7 13.5 4.5 100

�(� + 1) 6 120 5040 2.30923 × 1010 1.19622 × 1056 9.33262 × 10157

G(�) 5.83621 118.0192 4980.396 2.29502 × 1010 1.19401 × 1056 9.32485 × 10157

r (�) = �(� + 1)/G(�) 1.0281 1.0167 1.0120 1.0062 1.0019 1.0008
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FIGURE 4.3.1

did not use this notation, we can see now (and it was known by the early nineteenth
century) that H (k, n) = �(k/
n)
n for 
2

n = Var(X ) = 2n/4, the density of the N(0,
2n/4) distribution at k (see Figure 4.3.1). From this DeMoivre was able to find a
normal approximation for P(n + k1 ≤ X ≤ n + k2) for (somewhat) arbitrary k1 <

k2. The eager student can turn now to Chapter Six for a discussion of the central
limit theorem, describing the normal approximation to the distribution of sums of
independent random variables.

We are now ready to define the family of gamma distributions.

Definition 4.3.2 The gamma distribution with scale parameter � = 1 and shape
parameter � > 0 has density

f (x ; �, 1) = x�−1e−x

�(�)
for x > 0. (4.3.2)

If X has this density, then Y = �X is said to have the gamma distribution with scale
parameter � and shape parameter � (see Figure 4.3.2). We say that Y has the �(�, �)
distribution.

Notes:

1. That f as defined above is a density follows from the definition of the gamma
function.
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FIGURE 4.3.2 Gamma densities.

2. The kth moment for X is �k ≡ E(Xk) = �(� + k)/�(�), and therefore the
�(�, �) distribution has kth moment �k�k . From this it follows that E(X ) =
�, Var(X ) = E(X2) − �2 = (� + 1)� − �2 = �, E(Y ) = ��, Var(Y ) = �2�.

3. Let U have the �(�, 1) distribution, let V have the �(�, 1) distribution,
and let U and V be independent. Then W = U + V has density g(w) =∫∞

0 f (w − v; �, 1) f (v; �, 1) dv = ∫∞
0 (w − v)�−1 e−(w−v) (v�−1e−v)dv/

[�(�)�(�)]. A change of variables, s = v/w, produces g(w) = Cw�+�−1e−w,
where C = ∫ 1

0 s�−1(1 − s)�−1ds/[�(�)�(�]. Since g is a constant multi-
ple of the �(� + �, 1) density it must be the �(� + �, 1) density, so that
C = 1/�(� + �). We have learned that

∫ 1
0 s�−1(1 − s)�−1dv = [�(�)�(�)]/

�(� + �). By induction and multiplication by � it follows that if X1, . . . , Xn are
independent, X j ∼ �(� j , �), then Sn = X1 + · · · + Xn ∼ �(�1 + · · · + �n, �).
In particular, the sum of n independent exponential random variables, each with
the same scale parameter �, has the �(n, �) distribution.

4. Recall that a Poisson process with rate 
 > 0 has independent increments. That
is, if the times of occurrence of events are 0 < X1 < · · · < Xk in a time interval
[0, T ], the increments D1 = X1, D2 = X2 − X1, . . . , Dk = Xk − Xk−1 are in-
dependent. But P(D j > d) = P(no occurrence in the interval (X j−1, X j−1 +
d) = e−(
)d , since the number of occurrences of the event in an interval of
length d has the Poisson distribution with mean 
d. Thus, each D j has cdf
FD(d) = 1 − e−
d for d > 0, the cdf of the exponential distribution with rate 
,
mean 1/
. From note 3 it follows that the waiting time until the kth occurrence
has the �(k, 1/
) distribution.
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5. If D1, D2, . . . are independent, each with the exponential distribution with mean
1, the sequence X1 = D1, X2 = X1 + D2, X3 = X2 + D3, . . . are the occur-
rence times of a Poisson process with rate 1. The number Y of occurrences in
time interval [0, 
] has the Poisson distribution with mean 
. It follows that
P(Xr > 
) = P(Y < r ), so that

∫∞

 f (x ; r, 1) dx =∑r−1

k=0 p(k; 
), where f is
the gamma density and p is the Poisson probability function. This equality may
be established directly by integrating by parts on the left r − 1 times.

6. Recall also that the sum of independent geometric random variables, each with
parameter p, 0 < p < 1, has the negative binomial distribution. That is, the
waiting time until the kth success in a sequence of independent Bernoulli trials,
each with probability p of success, has the negative binomial distribution with
parameters k and p. Thus, from note 4, the gamma distribution is to the expo-
nential as the negative binomial is to the geometric. We show in Chapter Six
that in a certain sense the exponential distribution is the limit of a sequence of
geometrics, and the gamma distribution is the limit of a sequence of negative
binomials.

7. The �(�, 2) distribution is called the chi-square distribution with 2� degrees of
freedom, called the � 2

2� -distribution. The distribution is quite useful in statis-
tics. For example, if X1, . . . , Xn is a random sample from the N(	, 
2) dis-
tribution and S2 is the corresponding sample variance, then (n − 1)S2/
2 =
(1/
2)

∑n
i=1(Xi − x̄)2 has the chi-square distribution with n − 1 degrees of

freedom. This is proved in Chapter Nine. If Y has the � 2
� -distribution, the

tables given in most statistics books present tables of quantiles u� , so that
P(Y ≤ u� ) = � for some � . This can be exploited to give quantiles of the
gamma distribution as follows. Suppose that Xr ∼ �(r, 1). Then Y = 2Xr has
the chi-square distribution with 2r degrees of freedom. Hence, if u� is the
� -quantile for Y , the � -quantile for Xr is u�/2.

Estimation of � and �

Suppose that we have observed the failure times of 400 different 100-watt light bulbs
in our factory and feel that the gamma distribution may be a reasonable model for the
observations but don’t know the values of the parameters � and �. How can we use
the data to estimate the pair (�, �)? Let’s act as nature may for a moment and generate
a sample from, for example, the �(3, 5) distribution (see Figure 4.3.3). Using S-Plus,
the author obtained a sample of 400. The first 20 were:

54.08 19.77 19.12 13.64 12.25 12.26 12.89 9.56 7.11 2.11
26.38 21.10 59.75 19.98 4.92 17.55 2.70 12.31 14.75 8.17

The mean for the 400 was X̄ = 14.582 and the sample variance was 
̂2 =
(1/400)

∑400
i=1(Xi − X̄ )2 = 76.787. We can estimate the pair (�, �) by using the

method of moments. Express the mean 	 and variance 
2 as functions of (�, �),
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FIGURE 4.3.3 Histogram and estimate of gamma density.

then express � and � as functions of 	 and 
2. Since 	 = ��, and 
2 = ��2, we
obtain � = 
2/	 and � = 	2/
2. An estimator of (�, �) is then obtained by replac-
ing 	 and 
2 by their moment estimators X̄ and 
̂2. Thus, we obtain the estimates
(�̂ = X̄2/
̂2 = 2.731, �̂ = 5.302). In Chapter Seven we discuss the properties of such
estimators.

Simulation of Observations from the Γ(�, �) Distribution

If � = k is an integer, the idea is simple. Recall that if U ∼ Unif(0, 1), then X =
− log(U ) has the exponential distribution with mean 1. It follows that if U1, . . . , Uk are
independent, each Unif(0, 1), and we let X j = − log(U j ) then Y = X1 + · · · + Xk ∼
�(k, 1). Now consider the case � = k + d, where k = [�] is the largest integer less
than or equal to �. Generate Y as for the case � = k and let Uk+1, Uk+2 be independent,
each Unif(0, 1), independent of the other U j . Let X = − log(Uk+1), so that X has
the exponential distribution with mean 1. Let I = [Uk+2 > d], an indicator random
variable, so that I has the Bernoulli distribution with parameter d. Let W = Y + X I .
The random variable W does not have an exact �(�, 1) distribution, but in good
approximation, it does. It is easy to verify (see Problem 4.3.9) that E(W ) = �, as for
the �(�, 1) distribution, although Var(W ) = � − d2, slightly less than for the �(�, 1)
distribution. Those seeking a more exact method are referred to Kennedy and Gentle’s
Statistical Computing (1980) (pp. 209–216).

Simulation of Poisson Random Variables

Let 0 < X1 < X2 < · · · be occurrence times of events in a Poisson process with rate
1. These may be generated as described in note 4. Let Y be the largest k such that
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Xk < 
, 0 if X1 > 
. Then as stated in note 5, Y has the Poisson distribution with
mean 
. Hence, to generate a Poisson random variable with mean 
, we need only
generate consecutive X j = X j−1 + D j , where the D j are independent, exponential
with mean 1. Of course, if 
 is large, this forces the generation of many D j ’s. Call
this the waiting-time method.

Problems for Section 4.3

4.3.1 Give the density of the �(�, �) distribution.

4.3.2 Find r (�) ≡ �(� + 1)/G(�), where G(�) is Stirling’s approximation, for
� = 2.5, 4.5, 6.

4.3.3 Show that for � > 1 the density f (x ; �, �) of the �(�, �) distribution has a
mode (maximizing value of its argument) at x = �(� − 1). Hint: First find
the x that maximizes log f (x ; �, 1).

4.3.4 Let X ∼ �(�, 1) and Y = 1/X .

(a) For which � does E(Y ) exist? What is its value?

(b) Suppose that f is a density function with the properties that f (0) > 0
and that f is continuous on the right at 0 [as is the density of the �(1, 1)
distribution]. If X has density f , may E(1/X ) exist?

4.3.5 Let X ∼ �(�, 1), Y ∼ �(�, 1), and suppose that X and Y are independent.
Let U = X + Y , and V = X/(X + Y ).

(a) Show that U and V are independent and that V has a density of the form
g(v) = C(�, �)v�−1(1 − v)�−1 for 0 ≤ v ≤ 1. V has the beta distribu-
tion with parameters � and �.

(b) Show that C(�, �) = �(� + �)/�(�)�(�). What is the distribution of
U?

(c) Let � = 1, so that X has the exponential distribution. Use parts (a) and
(b) to find the cdf of R = X/Y , and use it to find P(R ≤ 10) for � = 10.

4.3.6 Let X have the chi-square distribution with � degrees of freedom.

(a) What is the density of X? What are its mean and variance?

(b) Use Appendix Table 5 to find the 95th percentile of the �(20, 10) distri-
bution.

4.3.7 Let Z1 and Z2 be independent, each with the N(0, 1) distribution. Show that
R = Z2

1 + Z2
2 has the chi-square distribution with two degrees of freedom

(exponential with mean 2, or �(1, 2)).

4.3.8 See Problem 4.3.5. Let X ∼ Beta(�, �).
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(a) Show that E(X ) = �/(� + �) and that Var(X ) = ��/[(� + �)2(� +
� + 1)].

(b) Show that Y = 1 − X ∼ Beta(�, �).

(c) Find the 0.90-quantiles of the Beta(1, 1), Beta(1, 2), and Beta(2,1) dis-
tributions.

(d) Recall from Section 3.6 that the sth order statistic U(s) for a sample of n
from the Unif(0, 1) distribution has the Beta(s, n + 1 − s) distribution.
Find E(U(s)) and Var(U(s)) for n = 10, s = 7.

4.3.9 Prove that
∫ 


0 f (x ; r, 1)dx =∑r−1
k=0 p(k; 
), where f is the gamma density

and p is the Poisson probability function, by integrating by parts, as stated
in note 5.

4.3.10 See “Simulation of Observations from the �(�, �) Distribution” in this sec-
tion. Show that E(W ) = � and Var(W ) = � − d2.

4.3.11 Using your calculator and the waiting-time method, generate five indepen-
dent Poisson random variables with 
 = 2.

4.3.12 Let X have the exponential distribution with mean 1. Let m > 0, � > 0, and
define Y = �X1/m . Then Y is said to have the Weibull distribution with power
parameter m and scale parameter �. The two-parameter Weibull family is
often used to model lifetimes.

(a) Show that Y has cdf F(u) = 1 − e−(u/�)m
for u > 0.

(b) Express the mean and variance of Y in terms of m and �.

(c) Find the 0.90-quantile of the Weibull distribution with m = 3, � = 5.

(d) Find a function H (u; m, �), so that if U ∼ Unif(0, 1), then Y =
H (U ; m, �) has the Weibull distribution with parameters m and �.

4.3.13 Let Y1, . . . , Yn be independent, each with the Weibull distribution with pa-
rameters m and �.

(a) Let W = min(Y1, . . . , Yn). Show that W has a Weibull distribution. What
are its parameters?

(b) Express the method of moments estimator of (m, �) based on the ob-
servations Y1, . . . , Yn and the gamma function. Hint: See the answers to
Problem 4.3.12(b).

(c) For a random sample of 100, the sample mean and variance were 2.571
and 2.070. Find the method of moments estimate (m̂, �̂) of (m, �). The
values of m and � used to generate the data were m = 2, � = 3. You will
need to be able to compute �(1/m + 1) and �(2/m + 1).

4.3.14 (More difficult than most problems) Let f (x) = (�(x) + �(x − 	))/2 for
all real x (see Figure 4.3.14). f is the density of X = Z + 	B, where B is 0
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FIGURE 4.3.14 Normal densities and their mixtures.

or 1 with probabilities 1/2, 1/2, Z ∼ N(0, 1), and B and Z are independent.
Show that f has one mode (maximum point) at 	/2 for |	| ≤ 2, but that f
has two local maxima for |	| > 2. Thus, f is unimodal for |	| ≤ 2, bimodal
for |	| > 2. If the male and female populations have the same standard de-
viations, heights among all adults have a unimodal (nonnormal) distribution
if the difference in means is less than two standard deviations. For distribu-
tions like those in Problem 4.2.4, the standard deviations are close and the
difference in means is approximately equal to twice this “common” standard
deviation, so that the combined distribution is either uni- or bimodal.
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C H A P T E R F I V E

Conditional Distributions

5.1 INTRODUCTION

We begin our discussion of conditional distributions with the discrete case.

Example 5.1.1 Consider the American box of Example 1.4.4, with nine balls,
of which four are red, three are white, and two are blue. A simple random sample of
three balls is chosen. That is, a subset of three balls is chosen in such a way that all 84
subsets are equally likely. Again let R and W be the numbers of red and white balls
chosen. As determined in Section 1.4, the joint distribution of R and W is as shown
in Table 5.1.1.

Suppose now that we learn that the event [R = 1] has occurred. Then
the revised probability of the event [W = 2] is P(W = 2 | R = 1) = P(R = 1,

W = 2)/P(R = 1) = (12/84)/(40/84) = 12/40 = 0.3. Similarly, P(W = 0 | R =
1) = (4/84)/(40/84) = 0.1 and P(W = 1 | R = 1) = (24/84)/(40/84) = 0.6. We
say that given R = 1, the conditional probability function of W is fW (w | R = 1) ≡
g(w), where g(0) = 0.1, g(1) = 0.6, g(2) = 0.3, and g(w) = 0 for other w (see Fig-
ure 5.1.1). Obviously, g is a probability mass function. We can compute the conditional
expectation of W as usual, writing E(W | R = 1) = (0)g(0) + (1)g(1) + 2g(2) =
1.2. For this example we could have thought instead of the conditional experiment
of drawing 3 − 1 = 2 balls at random from among the 9 − 4 = 5 balls left after

the red balls are removed, so that, for example, P(W = 2 | R = 1) =
(

3

2

)/(
5

3

)
=

3/10.

With this introduction we are ready for a formal definition:

Definition 5.1.1 Let (X, Y ) have joint probability mass function f (x, y). The condi-
tional probability mass function for Y , given [X = x], where P(X = x) ≡ fX (x) > 0,
is fY (y | X = x) ≡ f (x, y)/ fX (x), for each real number y.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.

125



OTE/SPH OTE/SPH

JWDD073-05 October 4, 2007 17:23 Char Count= 0

126 conditional distributions

TABLE 5.1.1 The Joint Probability Mass Function f (r, w)

w

r 0 1 2 3 P(R = r ) = fR(r )

0 0 3/84 6/84 1/84 10/84

1 4/84 24/84 12/84 0 40/84

2 12/84 18/84 0 0 30/84

3 4/84 0 0 0 4/84

P(W = w) = fW (w) 20/84 45/84 18/84 1/84 1

FIGURE 5.1.1 Probability mass function for (R, W ).

Comments: Since (X, Y ) is discrete fY (y | X = x) > 0 for a finite or countably
infinite set D(x) of values of y. D(x) is the range of Y , given the event [X = x]. For
Example 5.1.1, with R and W replacing X and Y, D(1) = {0, 1, 2} and D(2) = {0, 1}.
Since

∑
y ∈ D(x) f (x, y) = fX (x), the function fY (y | X = x) is a probability mass

function for each x for which fX (x) > 0.As x ranges over the set B = {x | fX (x) > 0},
the conditional mass functions fY (y | X = x) vary in general. However, if X and Y are
independent, then since fXY (x, y) = fX (x) fY (y), fY (y | X = x) = fY (y), the same
for all x in B. We will sometimes omit either “mass” or “probability”.

Example 5.1.2 Let X1 and X2 be independent, with Poisson distribu-
tions with parameters 
1 and 
2. As shown in Section 2.4, T = X1 + X2

has the Poisson distribution with parameter 
1 + 
2. Let us try to de-
termine the conditional distribution of X1, given T = t , defined for
t = 0, 1, 2, . . . . Let p(x ; 
) be the Poisson probability density function (pdf).
Let � = 
1/(
1 + 
2). We have, for 0 ≤ x1 ≤ t, with x1 and t nonnegative integers,
fX1 (x1 | T = t) = p(x1; 
1)p(t − x1; 
2)/p(t ; 
1 + 
2) = e−
1 e−
2 
x1

1 
x2
2 /[x1!(t −

x1)!]/[e−
1−
2 (
1 + 
2)2/t!] = (t!/[x1!(t − x1)!])�x1 (1 − �)t−x1 = b(x1; t, �), the
binomial pdf. Thus, conditionally on T = X1 + X2 = t, X1 can be viewed as the
sum of t independent Bernoulli rv’s, each with � = 
1/(
1 + 
2). Using the fact
that p is a function of R ≡ 
1/
2, in Chapter Twelve we show how this result
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may be exploited to estimate R when we observe X1 and X2 but do not know 
1

or 
2.

Suppose now that T ∼ Poisson(
) and that conditionally on T = t, X1 ∼
Binomial(t, �). For example, T might be the number of automobile accidents
that occur on a 5-mile stretch of freeway during a one-year period, and X1

might be the number of these for which the driver was more than 60 years
old. Then (T, X1) has joint probability function g(t, x1; 
, �) = p(t ; 
)b(x1; t, �)

= [e−

t/t!]

(
t

x1

)
�x1 (1 − �)t−x1 for x1 = 0, . . . , t and t = 0, 1, 2, . . . . Summing

across t = x1, x1 + 1, . . . we get the probability function for X1, fX1 (x1) =
[e−

x1/x1!]�x1

∑∞
t=x1

[
(1 − �)]t−x1/(t − x1)! = [e−

x1/x1!]
∑∞

j=0[
(1 − �)] j/j!
= [e−
/x1!]
x1 �x1 e
(1−�) = e−
�(
�)x1/x1! for x1 = 0, 1, . . . , the probability mass
function for the Poisson(
�) distribution.

More generally, we can consider random vectors X and Y.

Definition 5.1.2 Let X = (X1, . . . , Xm) and Y = (Y1, . . . , Yn), both discrete. Let
Z = (X, Y), an (m + n)-component random vector. The conditional probability func-
tion of Y given X = x ≡ (x1, . . . , xm) is

fY(y | X = x) = fZ(z)

fX(x)

for any y = (y1, . . . , yn), any x for which fX(x) > 0, and z = (x, y).

Example 5.1.3 Let X1, . . . , Xn be the numbers occurring when n six-sided fair
dice are thrown. Let U = X (1) and V = X (n) be the minimum and maximum of
these Xi ’s. For d = 1, 2, . . . , 5, let H (d) = (d + 1)n − 2dn + (d − 1)n . Then (U, V )
has probability function f (u, v) = H (v − u)/6n for 1 ≤ u < v ≤ 6 and 1/6n for
1 ≤ u = v ≤ 6. It follows that X = (X1, . . . , Xn) has, given (U, V ) = (u, v), condi-
tional probability function f (x | (U, V) = (u, v)) = (1/6n)/p(u, v) = 1/H (v − u)
for every x = (x1, . . . , xn) for which min(x) = u, and max(x) = v.

Students should check this for the case n = 3 or n = 4. If, for example, n =
4, then f (2, 5) = H (3)/63 = [256 − (2)(81) + 16]/1296 = 110/1296. All 4-tuples
x = (x1, x2, x3, x4) with minimum 2 and maximum 5 have probability 1/53. Notice
that H is a polynomial of degree (n − 2). For n = 3, H (d) = 6d. For n = 4, H (d) =
12d2 + 2.

Discrete Markov Chains

Consider the following sequence of 200 0’s and 1’s:

1 1 0 1 1 1 1 0 1 0 1 0 1 0 1 0 1 1 0 0 1 0 1 1 0 1 0 1 1 0
1 0 1 0 1 0 1 1 0 0 1 1 0 1 1 0 1 1 0 1 0 1 0 0 1 0 1 1 1 0
1 0 1 1 1 0 0 1 0 0 1 0 1 0 1 1 1 0 0 0 0 1 0 1 1 0 1 0 0 0
1 1 0 0 1 0 0 0 1 0 1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
0 1 0 0 1 0 1 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 0 0 1 0 1 0 1 0
1 0 0 1 0 1 0 1 1 0 1 1 0 1 0 0 1 0 1 0 1 1 0 0 0 1 1 0 0 0
0 1 0 1 0 1 0 0 0 1 0 1 0 0 1 0 1 0 1 0
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There are 104 0’s and 96 1’s. A zero is followed by another zero 31 times, by a one
72 times. A 1 is followed by a zero 73 times, by a one 23 times. Quite obviously,
both zeros and 1’s tend to be followed by the other number, unlike coin tosses, which
have no “memory.” Actually, these “states” (0 and 1) were generated according to a
Markov chain. Let X (t) be the state at time t. P(X (t) = 1 | X (t − 1) = 0) was chosen
to be 0.7, while P(X (t) = 1 | X (t − 1) = 1) was 0.2. This model might describe the
two gender’s as they stand in a theater line, with men and women tending to alternate.
These probabilities may be summarized in the following table, called a 2 × 2 Markov
transition matrix P , with rows summing to 1.

X (t)

X (t − 1) 0 1

0 0.3 0.7
1 0.8 0.2

A coin toss was used to determine X (1), so that P(X (1) = 1) = 1/2. To qual-
ify as a Markov chain, conditional probabilities of the type Q(t, xt , xt−1, . . . , x1) ≡
P(X (t) = xt | X (t − 1) = xt−1, X (t − 2) = xt−2, . . . , X (1) = x1) must depend only
on xt and xt−1, that is, only on xt and the “immediate past.” This sequence, an ex-
ample of a “random process,” is also stationary, in the sense that Q does not depend
on t . Use of a tree diagram should enable students to verify that two-step transition
probabilities P(X (t) = x0 | X (t − 2) = x2) are given by the matrix P2, whose first
and second rows are (0.65, 0.35) and (0.40, 0.60). Similarly, the 16-step transition
matrix P16 has rows (0.5333405, 0.4666595) and (0.5333252, 0.4666748).

Under rather general conditions, Pn converges to a matrix with equal rows p, where
p is the stationary probability vector, which satisfies the matrix equation pP = p.

This equation can be solved to show that p = (8/15, 7/15), so that that the Markov
chain will have sample proportions in states 0 and 1 which converge to 8/15 and 7/15.
In a sequence of length 10,000, the proportion of zeros was 0.5375, slightly more than
8/15 = 0.5333 . . . . The probabilities of each of the four outcomes (0, 0), (0, 1), (1, 0),
(1, 1) at times t and t + 1 converges to those given by multiplying p coordinate-wise
by each of the rows of P , so that, for example, limt→∞ P(X (t) = 1, X (t + 1) = 0) =
(7/15)(0.8) = 56/150. The counts of these pairs among 9999 consecutive pairs were
(0, 0), 1572; (0, 1), 3731; (1, 0), 3731; (1, 1), 965. 3731/9999 = 0.3721 is close to
56/150 = 0.3733.

Problems for Section 5.1

5.1.1 In Example 5.1.1, let T = R + W . For each of t = 0, 1, 2, 3, give the condi-
tional distribution of R given T = t .

5.1.2 Suppose that a die is tossed until two sixes have occurred. Let X1 and X2

be the numbers of the tosses on which the first and second sixes occur. Find
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the conditional probability function of X1 given X2 = k for k = 0, 1, 2, . . . .

Hint: X1 and D = X2 − X1 are independent.

5.1.3 Three coins are tossed five times. For k = 0, 1, 2, 3, let Xk be the num-
ber of times among these five trials in which k heads are observed. Find
the conditional probability function for (X0, X1, X2) given X3 = x3 for
x3 = 0, 1, . . . , 5.

5.1.4 Let X1 and X2 be independent binomial random variables with parameters
(n1, p) and (n2, p) (the same p). Let T = X1 + X2. Show that conditionally
on T = t, X1 has the hypergeometric distribution.

5.1.5 (a) Let X ∼ B(n, p1), and conditionally on X = k, let Y ∼ B(k, p2). Find the
marginal distribution of Y . Hint: Let k = n − y and consider the binomial
expansion of (1 + p1q2/q1)n−y .

(b) Consider an experiment with independent events A and B with P(A) = p1

and P(B) = p2. Suppose that this experiment is repeated independently n
times. Let X be the number of occurrences of A, and let Y be the number
of occurrences of A ∩ B. We might, for example, throw two six-sided fair
dice, one green, one red, 10 times, with A = [red die shows 6] and B =
[green die shows 6]. Argue that X and Y satisfy the conditions of part (a).
This makes the conclusion of part (a) follow immediately by definition.

5.1.6 Consider a Markov chain of three states, with transition matrix

B =
⎛⎝0.3 0.5 0.2

0.1 0.2 0.7
0.6 0.3 0.1

⎞⎠ .

Show that the stationary probability vector is p ≡ (51, 54, 59)/164.

5.1.7 A mole lives in four different holes in the ground 10 m apart in a straight line
from west to east, numbered 1, 2, 3, 4. Being easily bored, the mole moves
often, never more than one hole eastward or one hole westward. At hole 1
the next move is always to hole 2. Similarly, from hole 4 the next move must
be to 3. However, from holes 2 and 3 the mole stays in the same hole with
probability 0.5, moves westward with probability 0.3, and moves eastward
with probability 0.2.

(a) Let H (t) be the hole number after t moves, beginning at hole 1. H (t) is a
Markov chain. What is its transition matrix P?

(b) What is its two-day transition matrix? Three-day matrix? If a computer
is available, find the four-, eight-, 16-, and 32-day matrices. Note that
all four rows of Pn appear to be converging to the same four-component
vector p.
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(c) Find the mole’s stationary probability vector p. (Express the probabilities
as multiples of 1/63. In a simulation the frequencies for 10,000 days were
1415, 4851, 3106, 618.) Hint: p1 = 4/63.

5.2 CONDITIONAL EXPECTATIONS FOR DISCRETE
RANDOM VARIABLES

Consider Example 5.1.1 The conditional distribution of W , given R = 1,
has probability mass 4/40, 24/40, and 12/40 at y = 0, 1, 2. This distribu-
tion has mean 48/40 = 1.2. We express this as E(W | R = 1) = 1.2. Simi-
larly, E(W | R = 0) = 1.8, E(W | R = 2) = 0.60, and E(W | R = 3) = 0. Notice
that if we write g(r ) = E(W | R = r ), then E(g(R)) = 1.8(10/84) + 1.2(40/84) +
0.6(30/84) + 0(4/84) = 1 = E(W ). As we shall see, the fact that E(g(R)) = E(W )
is not a coincidence.

We need a definition.

Definition 5.2.1 Let (X, Y ) be a pair of discrete random variables. For each x for
which P(X = x) = fX (x) > 0, the conditional expectation of Y , given X = x , is the
mean of the conditional distribution of Y given X = x . This conditional expectation
is denoted by E(Y | X = x). The function g(x) = E(Y | X = x), defined whenever
P(X = x) > 0, is called the regression function for Y on X.

Since E(Y | X = x) is an ordinary expectation with respect to a probability
distribution (the conditional distribution of Y , given X = x), all the same prop-
erties hold as they did for E(Y ) or E(X ). For example, E(a + bY | X = x) =
a + bE(Y | X = x), E(h(Y ) | X = x) =∑y h(y) fY (y | X = x). This enables us to
define the conditional variance of Y given X = x : Again, let g(x) = E(Y | X = x).
Then Var(Y | X = x) = E[(Y − g(x)2 | X = x]. That is, Var(Y | X = x), the condi-
tional variance of Y given [X = x], is the variance of the conditional distribution of
Y given X = x .

For Example, let v(r ) = Var(W | R = r ). Then v(0) = v(1) = 0.36, v(2) =
0.24, v(3) = 0. Notice that E(v(R)) = 0.36(10/84 + 40/84) + 0.24(30/84) =
0.3 < 0.5 = Var(W ). We will soon learn why the expectation of the conditional
variance is never more than the unconditional variance, and in cases in which the
regression function is not constant, is smaller. In fact, since Var(g(R)) = 0.2, we see
that Var(W ) = E[v(R)] + Var(g(R)).

Example 5.2.1 Each day a used car dealer sells N cars, where N takes the values
1, 2, 3 with probabilities 0.3, 0.5, 0.2. The profit from the sales of these N cars are
random, taking the values, in $1000s, X1, X2, X3. Each of the Xi takes the values 1,
2, 3, 4 with probabilities 0.4, 0.3, 0.2, 0.1. Suppose also that N and (X1, X2, X3) are
independent. Let T = X1 + · · · + X N . Thus, Y , the total profit in $1000s, is random
for two reasons: N is a random variable, and the profits made on the N cars sold
are random. Intuitively, it might seem that E(T ) = E(N )E(X1) = (1.9)(2.0) = 3.80.
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Here are 100(N , T ) pairs:

(N,T ) (N,T ) (N,T ) (N,T ) (N,T ) (N,T ) (N,T ) (N, T ) (N,T ) (N,T )

2 5 2 6 3 7 2 2 2 3 2 4 2 4 2 1 1 3 6
2 4 2 2 2 5 2 6 2 5 2 4 1 2 2 3 3 6 2 5
1 2 3 4 2 3 1 3 1 3 2 3 2 2 3 5 2 5 2 5
2 5 3 9 3 4 1 1 2 3 1 3 3 4 3 6 2 6 3 3
3 9 2 6 1 1 2 3 2 2 1 1 2 3 3 3 2 5 2 5
2 3 3 5 3 5 3 6 1 2 3 6 2 4 2 3 1 2 1 3
1 2 3 6 3 7 1 1 1 1 1 2 3 3 1 2 1 2 2 3
1 1 3 4 2 6 2 7 2 6 3 5 2 2 2 4 3 6 2 3
2 3 2 5 3 5 2 7 2 3 1 3 2 5 3 6 2 4 2 3
1 1 2 5 2 2 3 6 3 4 1 2 3 8 2 5 1 2 2 2

Frequency Table for 1000 pairs

t

n 1 2 3 4 5 6 7 8 9 10 11 Total

1 123 81 56 25 0 0 0 0 0 0 0 285
2 0 92 126 130 99 48 22 5 0 0 0 525
3 0 0 11 29 42 45 34 20 8 3 1 193

Total 123 173 193 184 141 93 56 25 8 3 1 1000

Sample statistics:
N: mean = 1.908, variance = 0.470
T: mean = 3.752, variance = 3.708
Sample covariance = 0.933, sample correlation = 0.707

We can, with some patience, using a tree diagram, find the joint probability func-
tion for (N , T ). From f (n, t) = P(N = n, T = t) = P(N = n)P(T = t | N = n),
we get, for example, f (2, 5) = (0.5)(0.20) = 0.10, very close to the relative fre-
quency observed. From this we can determine the marginal distribution of T , then
E(T ), Var(T ). Using the joint distribution, we can also determine � (N , T ), the cor-
relation coefficient of N and T . However, as we shall see from the following theorem
and its corollary, we can avoid the necessity of this heavy computation by deter-
mining E(T ), Var(T ), and � (N , T ) using the functions g(n) = E(T | N = n) and
v(n) = Var(T | N = n).

Theorem 5.2.1 Let (X, Y ) be discrete random variables. Let g(x) = E(Y | X = x)
for each x in the set A of x for which P(X = x) > 0. Let v(x) = Var(Y | X = x) for
x ∈ A. Let h be any function on the range of X . Then:

(a) E(h(X )Y ) = E(h(X )g(X )). In particular, if h ≡ 1, E(Y ) = E(g(X )) =
E(E(Y | X )).
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(b) Let D = Y − g(X ). Then Cov(h(X ), D) = E(h(X )D) = 0.

(c) E(Y − h(X ))2 = E(v(X )) + E(g(X ) − h(X ))2. In particular, if h
is identically E(Y ), we get Var(Y ) = E(v(X )) + Var(g(X )) =
E(v(X )) + Var(E(Y | X )).

Proof:

(a) E[h(X )g(X )] =∑x h(x)E(Y | X = x) fX (x) =∑
x fX (x)h(x)

∑
y y[ fXY (x, y)/ fX (x)] =∑x

∑
y yh(x) fXY (x, y) =

E(h(X )Y ). The third equality follows from Fubini’s theorem, justifying
the exchange of order of summation. Of course, that is trivial when either X
or Y takes only a finite number of values.

(b) E(D) = 0 from part (a). Therefore, Cov(h(X ), D) = E(h(X )D) −
E(h(X ))E(D) = E(h(X )D) = E(h(X )Y ) − E(h(X )g(X )) = 0, again
from (a).

(c) Y − h(X ) = D + (g(X ) − h(X )) = (Y − g(X )) + (g(X ) − h(X )). The sec-
ond term is a function of X . Therefore, from part (B), E(D(g(X ) − h(X ))) =
0. Hence, E(Y − h(X ))2 = Var(D) + E(g(X ) − h(X ))2. But Var(D) =
E(v(X )).

Comments: We have decomposed the mean squared error (MSE) in predicting Y by
h(X ) into two parts: the error Y − g(X ) made by predicting Y by g(X ), which demands
that X be observed, and the error g(X ) − h(X ) caused by the deviation of h(X ) from
g(X ) = E(Y | X ). From part (b), these two sources of error are uncorrelated.

Corollary 5.2.1 Let N , X1, X2, . . . be independent random variables, where
E(X j ) = 	X , Var(X j ) = 
2

X , for j = 1, 2, . . . . Let 	N = E(N ) and 
2
N = Var(N ).

Let T =∑N
j=1 X j . Then:

(a) E(T ) = 	N 	X .
(b) Var(T ) = 	N 
2

X + 
2
N 	2

X .
(c) Cov(N , T ) = 	X 
2

N .
(d) � (N , T ) = 1/

√
1 + �, where � = 
2

X/
(
	X 
2

N

)
.

Proof: Use Theorem 5.2.1 with N replacing X and T replacing
Y. g(n) = E(T | N = n) = n	X , so (a) follows from Theorem 5.2.1(a). To
show (b), note that v(n) = Var(T | N = n) = n
2

X . Thus, (b) follows from The-
orem 5.2.1(c). E(T N ) = E(N E(T | N )) = E(N (N	X )) = 	X E(N 2). Thus,
Cov(N , T ) = 	X E(N 2) − (	N 	X )	N = 	X 
2

N , proving (c). Part (d) follows from

� (N , T ) = Cov(N , T )/
√

Var(T )
2
N .

Example 5.2.1 Revisited E(N ) = 1.9, Var(N ) = 0.49, 	X = 2.0, 
2
X = 1.0.

Therefore, E(T ) = (2.0)(1.9) = 3.8, Var(T ) = (1.9)(1.0) + (0.49)(22) = 3.86.

The estimates of E(T ) and Var(T ) based on the 1000 trials were quite close.
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Cov(N , T ) = 0.98, � = 1/0.98 = 1.0205, � (N , T ) = 1/
√

1 + 1/0.98 = 0.7035,
close to the sample correlation 0.707.

Example 5.2.2 Suppose that a population of size n consists of k subpopula-
tions or strata. Let the i th stratum have ni elements with measurements xi j . Let
x̄i be the mean of the measurements xi j in stratum i , and let x̄ , be the grand
mean of all n =∑i j ni j elements. Suppose that one of the elements (units in the
language of sample surveys) in the population of n is chosen at random. Let Y
be the x-value and I be the stratum number of the unit chosen. Then E(Y | I =
i) = x̄i . I takes the value i with probability ni/n. E(Y ) =∑n

i=1(ni/n)x̄i = x̄ and
Var(Y ) = (1/n)

∑
i j (xi j − x̄)2. The regression function for Y on I is g(i) = x̄i , and

the conditional variance function is v(i) = (1/ni )
∑

j (xi j − x̄i )2. It follows from The-

orem 5.2.1 that (1/n)
∑

i j (xi j − x̄)2 =∑ni
i=1 v(i)(ni/n) +∑k

i=1(ni/n)[g(i) − x̄]2.
Multiplying through by n, we get the identity∑

i j

(xi j − x̄)2 =
∑

i j

(xi j − x̄i )
2 +

k∑
i=1

ni (x̄i − x̄)2. (5.2.1)

These three terms are usually called total sum of squares, error sum of squares, and
among means sum of squares. Viewed from a vector-space point of view (see Chapter
Eleven), this follows from the Pythagorean theorem. This is another example of a
fundamental approach in statistics: the decomposition of a measure of variability into
pieces, called the analysis of variance (AOV). Of course, (5.2.1) may be proved by
a more direct approach involving the manipulation of summations. That the cross-
product term

∑
i j ni (xi j − x̄i )(x̄i − x̄) = 0 follows from Theorem 5.2.1(b) or simply

by summing first on j .

Example 5.2.3 Let k = 3, n1 = 2, n2 = 3, n3 = 2, x11 = 5, x12 = 9, x21 =
2, x22 = 3, x23 = 4, x31 = 8, x32 = 4. Then x̄ = 5, x̄1 = 7, x̄2 = 3, x̄3 = 6, and the
total, error, and among means sums of squares are 40, 18, and 22. (Students: Do the
computations yourself, then tell your families and friends that you have performed
your first AOV! It won’t be your last.)

Prediction

If we observe X and wish to predict Y with h(X ), then MSE(h) ≡ E(Y − h(X ))2

is the mean squared error of h(X ). To minimize MSE(h), it follows from Theorem
5.2.1(c) that we should choose h(x) = g(x) ≡ E(Y | X = x) for every x . In that
case, the error D = Y − g(X ) has mean zero, variance E(v(X )) = MSE(g). If X is
not observed and h(x) must be identically a constant, then MSE(h) is minimized by
choosing h(x) to be identically 	Y .

Linear Prediction

It often happens that the distribution of (X, Y ) is unknown, so that the function
g(x) = E(Y | X = x) is unknown. With enough observations on (X, Y ) we might be
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able to estimate g. However, it often happens that sufficient data are not available.
When g is roughly linear in such cases, we can sometimes make some progress by
choosing h to be linear, of the form h(x) = a + bx over the range of X . Let’s now
see what the appropriate choices for a and b should be.

Again, let’s use the MSE as a measure of the worth of the predictor h(X ).
If h(x) = a + bx , then MSE(h) ≡ G(a, b) = E(Y − (a + bX ))2. Let Z X = (X −
	X )/
X and ZY = (Y − 	Y )/
Y be the standardized versions of X and Y . These
random variables have zero means, zero variances, and E(Z X ZY ) = � , the cor-
relation of X and Y . Then Y − (a + bX ) = (ZY − cZ X )
Y + (d − a), where c =
b
X/
Y and d = 	Y − b	X . The first term has expectation zero. The second term
is a constant. Therefore, MSE(h) = E(ZY − cZ X )2
2

Y + (d − a)2 = [(1 − � 2) +
(c − � )2]
2

Y + (d − a)2. This is minimized by taking c = � , hence b = �
Y /
X =

XY /
2

X , where 
XY = Cov(X, Y ), and taking a = d = 	Y − b	X . Thus, h(x) =
a + bx = 	Y + b(x − 	X ). Notice that h(x) is a straight line with slope b passing
through the point of means (	X , 	Y ). For these choices of a and b, the MSE becomes
(1 − � 2)
2

Y . The proportion of variance in Y unexplained by linear regression on X
is MSE(h)/Var(Y ) = 1 − � 2. The proportion explained is Var(h(X ))/Var(Y ) = �2.
Slope b is the rescaled correlation coefficient b = �
Y /
X . The slope of the regres-
sion line for ZY on Z X is � . In fact, Francis Galton in about 1890 originally defined
� as the slope of the regression line of ZY on Z X .

Example 5.2.4 Suppose that (X, Y ) takes the values (0, 0), (0, 1), (1,
1), (2, 1), (2, 4), each with probability 1/5 (see Figure 5.2.1.) Then 	X =
1, 	Y = 7/5, 
2

X = 4/5, 
2
Y = 46/25, 
XY ≡ Cov(X, Y ) = 1, � = 2

√
5/46. Hence,

b = 
XY /
2
X = 1, a = 	Y − b	X = 2/5.

X = 0 x = 1 x = 2

P(X = x) 2/5 1/5 2/5
g(x) = E(Y | X = x) 1/2 1 5/2
v(x) = Var(Y | X = x) 1/4 0 9/4
h(x) = a + bx 2/5 7/5 12/5

Then Var(Y ) = E(v(X )) + Var(g(X )) = 1 + 21/25 = 46/25, MSE(h) = (1 − �2)

2

Y = (26/46)(46/25) = 26/25, MSE(g) = E(v(X )) = 1, E(h(X ) − g(X ))2 =
1/25. This verifies Theorem 5.2.1(c).

Problems for Section 5.2

5.2.1 Let (X, Y ) have probability function f (x, y) = C(x + y) for x = 1, 2, 3 and
y = 1, 2, 3.

(a) Find C .

(b) Find the regression function g(x) ≡ E(Y | X = x) and show that
E(g(X )) = E(Y ).
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FIGURE 5.2.1 Distribution on five points.

(c) Find v(x) = Var(Y | X = x) and show that Var(Y ) = E[v(X )] +
Var(g(X )).

5.2.2 Let X1, X2, X3 be uncorrelated rv’s with means 	1, 	2, 	3 and vari-
ances 
2

1 , 
2
2 , 
2

3 . Let T2 = X1 + X2 and T3 = X1 + X2 + X3 = T2 + X3.
Find g(t2) ≡ E(T3 | T2 = t2) and v(t2) ≡ Var(T3 | T2 = t2), and show that
Var(T3) = E[v(T2)] + Var(g(T2)).

5.2.3 A box has five balls numbered 1, 2, 3, 4, 5. A ball with number X is drawn
at random. Balls with larger numbers are withdrawn from the box, and the
ball with the number X is replaced in the box. Then X balls are drawn at
random with replacement from the remaining X balls. Let Y be the total of
the numbers on the X balls drawn.
(a) Find the regression function g(x) ≡ E(Y | X = x).

(b) Find E(Y ) and Var(Y ).

5.2.4 A fair six-sided die is tossed until a 6 occurs. Let X be the number of tosses
necessary. Then the die is tossed until X more 6’s have occurred. Let the
total number of tosses necessary, including the first X , be Y . Find E(Y )
and Var(Y ). Hint: Conditionally on X = x, D = Y − X has the negative
binomial distribution with parameters 1/6 and x . The mean and variance
of the negative binomial distribution with parameters r and p are r/p and
r (1 − p)/p2.

5.2.5 Let X take the values 0, 1, 2 with probabilities 0.3, 0.4, 0.3. Let Y = 5 −
X2 + ε, where ε and X are independent and ε takes the values −1, +1 with
probabilities 1/2, 1/2.

(a) Find the functions g(x) = E(Y | X = x) and h(X ), the least squares
linear predictor of Y .

(b) Find the correlation coefficient � = � (X, Y ).

(c) Find MSE(g) and MSE(h).
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5.2.6 Use calculus to verify the formulas for a and b so that h(X ) = a + bX is the
least squares predictor of Y .

5.2.7 A used-car salesman makes 0, 1, 2, 3 sales each day with probabilities 0.4,
0.3, 0.2, 0.1. When he does make a sale, his profit in units of $500 are 1, 2,
3 with probabilities 0.3, 0.5, 0.2. Let his profit (in units of $500) for one day
be T . Find E(T ) and Var(T ).

5.2.8 Let X ∼ Binomial(n, p1). Conditionally on X = k, let Y ∼
Binomial(k, p2).

(a) What is the unconditional distribution of Y ? Use your answer to give
E(Y ) and Var(Y ).

(b) Find the functions g(k) = E(Y | X = k) and v(k) = Var(Y | X = k).
Use these to find E(Y ) and Var(Y ).

(c) Find Cov(X, Y ) and � (X, Y ).

5.2.9 Repeat Problem 5.2.8 for the case that X ∼ Poisson(
) but everything else
is the same.

5.2.10 A and B play a game in which they take turns throwing two dice until one
of them is successful. A is successful if his two dice total 6. B is successful
if her two dice total 7. A goes first. What is the probability that A wins
the game? This is the fourteenth of Huygens’ “14 Propositions” (1657) (see
Hald, 2003, p. 72).

(a) Find the probability that A wins the game by (1) summing a geometric
series, and by (2) conditioning on the outcome of the first two attempts,
one for A, one for B.

(b) Show that for the general case that A and B have probabilities pa and
pb of being successful when the two dice are thrown, P(A wins) =
pa/(1 − qaqb), where qa = 1 − pa and qb = 1 − pb.

5.3 CONDITIONAL DENSITIES AND EXPECTATIONS FOR
CONTINUOUS RANDOM VARIABLES

Let (X, Y ) have a continuous distribution, with density f (x, y). We would like to
define the conditional density of Y given X = x . What we seek is a function k(y; x)
which has the property that:

P((X, Y ) ∈ B) =
∫

B
k(y; x) fX (x) dy dx for every (Borel) subset B of R2.

(5.3.1)

Definition 5.3.1 Let (X, Y ) have joint density f (x, y) and let X have density fX (x).
Then the conditional density of Y , given X = x , is fY (y | X = x) ≡ f (x, y)/ fX (x),
defined for every x for which fX (x) > 0, and for all y.
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Notes: This is a function k(y; x) that satisfies (5.3.1). Recall that a density func-
tion is not unique, since it can be defined arbitrarily on a finite, or even countably
infinite, set of points (more precisely, on a set of Lebesgue measure zero). Thus,
there are an infinite number of versions of a conditional density which describe
the same probability structure. Usually, we choose the one that is simplest in some
sense.

Example 5.3.1 Let (X, Y ) have density f (x, y) = 3x for 0 < y < x < 1. Then
fX (x) = 3x2 for 0 < x < 1, and fY (y | X = x) = 1/x for 0 < y < x < 1. This is the
Unif(0, x) distribution. Without formally defining conditional expectation for the con-
tinuous case just yet, it should seem reasonable that the regression function of Y on X is
g(x) ≡ E( Y | X = x) = ∫ y fY (y | X = x) dy = x/2 for 0 < x < 1 and that v(x) ≡
Var(Y | X = x) = ∫ [y − g(x)]2 fY (y | X = x(y |X = x) dy = x2/12, defined for ev-
ery x for which fX (x) > 0 and the integral exists.

Since Y has density fY (y) = ∫ 1
y 3x dx = (3/2)(1 − y2) for 0 < y < 1, the condi-

tional density of X , given Y = y, is fX (x | Y = y) = 2x/(1 − y2) for 0 < y < x < 1.

Suggestion: Sketch these densities (in x) for y = 0.3 and for y = 0.8. Verify that the
regression function for X on Y is k(y) ≡ E(X | Y = y) = ∫ 1

y x fX (x | Y = y) dx =
(y + 2)/3 and that w(y) ≡ Var(X | Y = y) = (1 − y)2/18. To make the computation
easier, notice that given X = x, Y has the triangular density on the interval (y, 1).
Find the mean and variance for the triangular density on (0, 1) and “adjust”; that is,
first consider Z = (X − y)/(1 − y), conditionally on Y = y.

Example 5.3.2 Let X ∼ �(�, 1), Y ∼ �(�, 1), independent, where � > 0, � >

0. As in Problem 4.2.5, define U = X + Y, V = X/(X + Y ). From Problem 4.3.5(a),
U and V are independent and V has the beta distribution with parameters � and �.
It follows that the conditional distribution of V , given U = u, is the same for all u.
Let g(u) ≡ E(X | U = u) be the regression function of X on U . Since, E(V | U ) =
u = E(V ) = �/(� + �), the same for all u, g(u) = E(V U | U = u) = u�/(� + �).
Since g is linear, g(U ) is also the linear least squares predictor of X . When � = � = 1,
so that X and Y are both exponential random variables, the conditional distribution
of X given U = u is Unif(0, u).

Discrete Mixtures

One way to build probability models is through mixtures. Suppose, for exam-
ple, that the population of 10,000 students at Height University comprises 6000
women and 4000 men. The heights of the women in inches are normally distributed
with mean 	1 = 65, standard deviation 
1 = 2.5, whereas for men the mean is
	2 = 70, standard deviation 
2 = 2.7. If a student is drawn at random, what is
the distribution of her or his height X? That’s easy if we think conditionally. Let
W be the event that the student chosen is a woman and M = W c be the event
that the student is a man. Given that the student is a woman, X has cdf F1(x) =
�((x − 65)/2.5). Given that the student is a man, X has cdf F2(x) = �((x − 70)/2.7).
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FIGURE 5.3.1 Density of heights.

For any subset A of the real line, P(X ∈ A) = P([X ∈ A] ∩ F) + P([X ∈ A] ∩
M) = P(X ∈ A | F)P(F) + P(X ∈ A | M)P(M). Taking A = (−∞, x), we get
FX (x) = (0.6)F1(x) + (0.4)F2(x), the (0.6, 0.4) mixture of F1 and F2. Thus, X has
the density fX (x) = f1(x)(0.6) + f2(x)(0.4), where f1 and f2 are the densities of the
heights of women and men (see Figure 5.3.1).

We can represent X succinctly as follows. Let I = 1 or 2, depending on whether
the student is a woman or man. Let X1 have cdf F1, and let X2 have cdf F2. Then
X = X I .

We can compute expectations and variances using Theorem 5.2.1. The re-
gression function of X on I is g(i) = E(X I | I = i) = 	i . The conditional
variance function is v(i) ≡ Var(X I | I = i) = 
2

i . Then E(X ) = E(g(I )) =
	1(0.6) + 	2(0.4) = 67, E(v(I )) = (0.6)(2.5)2 + (0.4)(2.7)2 = 6.667, Var(g(I )) =
(0.6)(0.4)(	1 − 	2)2 = 6.0, so that Var(X ) = 6.667 + 6.0 = 12.667.

More generally, let (I, X ) be a pair of random variables such that I takes the values
1, . . . , k with probabilities p1, . . . , pk summing to 1, and conditionally, on I = i, X
has cdf Fi , mean 	i , and variance 
2

i . Then X has the cdf F = p1 F1 + · · · + pk Fk . If
fi is a density corresponding to Fi for each i , then X has density f = p1 f1 + · · · +
pk fk . If Fi corresponds to a probability mass function fi , then, of course, the same
formula for f holds. Conditioning on I , and using Theorem 5.2.1, we get

	 ≡ E(X ) =
k∑

i=1

pi 	i and Var(X ) =
k∑

i=1

pi 

2
1 +

k∑
i=1

pi (	i − 	)2.

Continuous Mixtures

Suppose that a certain type of worm has infested a 1-acre field (roughly, 60 meters
× 60 meters) of tomato plants. To study the degree of the infestation, we want a
model for the numbers of such worms on plots 3 feet × 3 feet. There are 4840 such
subplots. A model for which the number of worms has a Poisson distribution would
seem reasonable. However, there is reason to believe that the rate 
 varies from plot
to plot because the moisture level varies across the field and because the source of the
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worms seems to an adjacent field in a northeasterly direction. So 
 itself seems to be
random. What is the distribution of the number X of worms infesting a plot chosen
randomly?

Suppose that conditionally on 
, X had the Poisson distribution with mean 
.
Thus, conditionally on 
, X has probability mass function p(k; 
) = e−

k/k! for
k = 0, 1, . . . . Suppose that 
 is random with the �(m, �) distribution, m > 0, � > 0.

That is, 
 has density f (u; m, �) = [�(m)�m]−1um−1e−u/� for u > 0. Then (X, 
) has
joint density f (k, u; m, �) = p(k; u) f (u; m, �). The density is really a density with
respect to the counting measure in the first argument, Lebesgue measure in the second
in the sense that for a rectangular set A = A1 × A2 in two-space, P((X, 
) ∈ A) =∫

A2

∑
k∈A1

f (k, u; m, �) du. The marginal density probability function of X is fX (k) =∫∞
0 f (k, u; m, �) du = [�(k + m)/(k!�(m))]pmqk , for k = 0, 1, 2, . . ., where p =

1/(1 + �) and q = 1 − p = �/(1 + �). For the case that m is an integer, the term

in brackets is

(
m + k − 1

m − 1

)
, so that X has the negative binomial distribution taking

values 0, 1, 2, . . . with parameters m and p. We can extend the definition of the
negative binomial distribution to the case that m is any positive number by saying
that any random variable with the mass function of X has the negative binomial
distribution with parameters m and p.

Since the regression function for X on 
 is g(
) ≡ E(X | 
) ≡ 
, and E(
) =
m�, we find that E(X ) = m� = mq/p. Since v(
) ≡ Var(X | 
) = 
, we find,
from the generalization of Theorem 5.2.1(c) to this discrete–continuous case,
that Var(X ) = Var(g(
)) + E(v(
)) = Var(
) + E(
) = m�2 + m� = m�(� + 1) =
mq/p2, the same as was shown earlier when m is a positive integer. Recall that this
negative binomial random variable takes the values 0, 1, . . . , rather than m, m + 1, . . . .

Because both distributions are called a negative binomial, it is incumbent on the user
to make the range clear. One is just a “shift” of the other, so the variance is the same
for one as for the other.

Estimating the Pair (m, p)

The following sample of 100 observations on X was generated using the S-Plus
function “rnbinom” with the parameters m = 3 and p = 0.1.

8 51 14 38 27 19 21 30 61 11 6 32 15 22 35 12 23 25 14
41 16 48 51 66 6 53 25 11 48 45 9 15 40 16 40 29 58 11
25 11 65 7 21 23 91 69 53 49 77 17 33 43 5 11 13 22 11
33 24 9 11 12 37 30 24 11 3 25 32 44 54 20 16 30 42 37
15 38 38 23 9 31 26 81 11 11 33 19 16 11 15 30 49 12 30
46 29 24 5 7

The sample mean is 29.01. The sample variance is 336.55 (n divisor). If (m, p) were
unknown, how could we estimate them? One method, the method of moments, is
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FIGURE 5.3.2 400 (m̂, p̂) pairs.

quite intuitive. It was discussed earlier for the gamma distribution. Since the mean
	 = mq/p and the variance 
2 = mq/p2, we can solve uniquely for m and p in
terms of 	 and 
2: p = 	/
2 and m = 	2/(
2 − 	). Since the statistics X̄ and 
̂2,
the sample mean and variance, should be close to their corresponding parameters 	
and 
2 for large n (more precisely, are consistent estimators of 	 and 
2), we should
expect p̂ ≡ X̂/
̂2 and m̂ ≡ X̄2/(
̂2 − X̄ ) to be close to p and m. For this sample
of 100, we find that p̂ = 0.086 and m̂ = 2.736. This experiment was repeated 400
times, with results indicated by the scatter diagram in Figure 5.3.2.

Actually, we can do a bit better than this by using a method call maximum likeli-
hood, but we’ll postpone that to Chapter Seven.

The Bivariate Normal Distribution

Consider a model for the heights (Z1, Z2) of (father, son) pairs, with the son an adult.
For simplicity, assume that Z1 and Z2 have been standardized to have means zero,
variances 1. Furthermore, suppose that

Z2 = a + bZ1 + ε2 (5.3.2)

for some constants a and b, where E(ε2) = 0, Var(ε2) = d > 0, and Cov(Z1, ε2) =
E(Z1ε2) = 0. Taking expectations on both sides of (5.3.2), we find that a = 0.
Multiplying both sides of (5.3.1) by Z1 and taking expectations, it follows from
Theorem 5.2.1(c), that b = � (Z1, Z2) ≡ � . In addition, 1 = Var(Z1) = �2 + d, so
that d = 1 − � 2. Thus, if the regression of Z2 on Z1 is linear and the “innovation”
ε2 is uncorrelated with Z1, it follows that the regression function for Z2 on Z1 is
g(z1) ≡ E(Z2 | Z1 = z1) = � z1, and that Var(ε2) = 1 − � 2. If, in addition, Z1 and
ε2 have normal distributions with Z1 and ε2 independent, it follows that Z2 also has
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FIGURE 5.3.3 Scatter plot of 500 observations from a bivariate normal distribution.

a normal distribution. The pair (Z1, Z2) are said to have the standardized bivariate
normal distribution with correlation � (see Figure 5.3.3).

The conditional distribution of Z2, given Z1 = z1, is N (� z1, d = 1 − �2).
Z1 ∼ N (0, 1). It follows that the pair (Z1, Z2) has joint density f (z1, z2) =
C exp[−(1/2)Q(z1, z2)], where Q(z1, z2) = (z2

1 + (z2 − � z1)2/d) = (z2
1 − 2� z1z2 +

z2
2)/2d , and C = 1/(2�d1/2). The quadratic form Q can be written as Q(z1, z2) =

zT�−1z, where zT = (z1, z2), so that z is a column vector and � is the 2 × 2 covariance
matrix for (Z1, Z2). Notice that C = 1/[2� det(�)1/2]. The case � = 0 corresponds
to the independence of Z1 and Z2.

Now let’s generalize a bit. Let X1 = 	1 + 
1 Z1 and, conditionally on X1 = x1,
equivalently, Z1 = z1 ≡ (x1 − 	1)/
1, let X2 ∼ N(	2 + �
2z1, d
2

2 ), equivalently,
Z2 ≡ (X2 − 	2)/
2 ∼ N(� z1, d). The pair (X1, X2) is said to have the bivariate
normal distribution with parameters 	1, 	2, 
2

1 , 
2
2 , � . Equivalently, the pair of

standardized random variables Z1 ≡ (X1 − 	1)/
1 and Z2 ≡ (X2 − 	2)/
2 has the
standardized bivariate normal distribution with parameter � . � = E(Z1 Z2) is the
correlation coefficient of X1 and X2. The pair (X1, X2) has the density f (x1, x2) =
(1/2�
1
2) exp[−(1/2)Q(z1, z2)], where Q(z1, z2) = (z2

1 − 2� z1z2 + z2
2)/(1 − � 2)

for z1 = (x1 − 	1)/
1, z2 = (x2 − 	2)/
2.

Example 5.3.3 Let the heights (X1, X2) of adult father–son pairs in centimeters
have a bivariate normal distribution with parameters 	1 = 178, 	2 = 178, 
1 = 
2 =
7.0, � = 0.5.
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(a) Find the probability that the son is taller given that X1 = x1.

Conditionally on X1 = x1, X2 ∼ N(	2 + �
2z1, 
2
2 d = 49(1 − �2) = 36.75),

where z1 = (x1 − 	1)/
1. P(X2 > X1 | X1 = x1) = P(Z2 > Z1 | Z1 = z1), where
Z1 and Z2 are the standardized versions of X1 and X2. Conditionally on Z1 = z1, Z2 ∼
N(� z1, d = 1 − �2). The fact that E(Z2 | Z1 = z1) = � z1 is closer than z1 to zero is
called regression toward the mean. Thus, tall fathers tend to have sons who are not as
tall as their fathers, and short fathers tend to have sons who are taller than they are.
In the same way, baseball players who have higher-than-average batting averages in
their first year have conditional expected batting averages which are less than their
first-year average. Unfortunately, this purely statistical phenomenon is often called the
“sophomore slump” by those without understanding of probability and/or statistics.
Your challenge, reader, is to explain all of this to your friends and family.

Thus, P(X2 > X1 | X1 = x1) = 1 − �((z1 − � z1)/
√

d) = �(−z1(1 − � )/
√

d)
= �(−z1

√
(1 − � )/(1 + � )). If z1 > 0 (father taller than average), P(son taller

than father) ≡ p < 1/2. Replacing z1 > 0 by −z1, the probability becomes
1 − p > 1/2. If, for example, z1 = 1.0, � = 1/2, we get �(−1/

√
3) = 0.282, and

for z1 = −1.0, � = 1/2, we get �(1/
√

3) = 1 − 0.282 = 0.718.

(b) Find the probability that the son is taller unconditionally.

D = X2 − X1 ∼ N(0, 
2
1 (1 + 1 − 1) = 
2

1 = 49), so P(son is taller) = P(D >

0) = 1 − �(0) = 1/2. See Problem 5.3.7 for extensions to the case in which the
means 	1 and 	2 differ.

To display these data graphically, the 928 (x, y) points were jittered; that is,
Unif(−1/2, 1/2) random variables were added independently to all 928(2) = 1856
values (see Figure 5.3.4). Since the original values were rounded to the nearest inch,
this would seem to provide a good approximation to the original heights, “mid-
heights” for the parents. The statistics printed on the graph provide the equation of
the least squares line y = 	y + (�
y/
x )(x − 	x ) = 45.98 + 0.328x .
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FIGURE 5.3.4 Galton’s height data for 918 (parent, adult child), pairs (heights in inches).
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Problems for Section 5.3

5.3.1 Let (X, Y ) have joint density f (x, y) = Cy for 0 ≤ y ≤ x ≤ 1.

(a) Find the marginal density of X . Evaluate C .

(b) Find the conditional density of Y given x, 0 < x ≤ 1. Sketch the density
for x = 0.3 and x = 0.8.

(c) Find the regression function g(x) ≡ E(Y | X = x), and the conditional
variance function v(x) ≡ Var(Y | X = x).

(d) Show that Var(Y ) = Var(g(X )) + E(v(X )).

(e) Suppose that you wished to generate an observation (X, Y ) on your com-
puter. Present an algorithm for this. Hint: First generate X , then for X = x ,
generate Y using the F-inverse method and your answer to part (b).

5.3.2 Let X have the exponential distribution with mean 1. Conditionally on X = x ,
let Y have the exponential distribution with mean 1/x .

(a) Find the marginal distribution of Y .

(b) Let g(x) = E(Y | X = x), v(x) = Var(Y | X = x). Show that E(g(X ))
= E(Y ) and Var(Y ) = Var(g(X )) + E(v(X )).

5.3.3 Conditionally on p, 0 < p < 1, let X have the binomial distribution with
parameters and p. Let p have the uniform distribution on [0, 1]. Show that
the marginal distribution of X is the uniform distribution on the integers
0, 1, . . . , n.

5.3.4 Let A > 0, and let X have the uniform distribution on [0, A]. Conditionally
on X , let Y have the uniform distribution on [0, X ]. Find the marginal density
of Y .

5.3.5 Let X and Y be independent, each with the exponential distribution with
mean 1. Let W = X + Y . What is the conditional density of W given X = x?
Use this to determine the marginal density of W. Be careful: X can never
exceed W .

5.3.6 Let Xi have the uniform distribution on [0, i] for i = 1, 2. A coin is tossed.
If the coin shows heads, then X = X1. Otherwise, X = X2. Thus, X has the
distribution of a mixture of the uniform distributions on [0, 1] and on [0, 2].
What is the density f of X?

(a) Let IH = I [coin is heads]. Let g(k) = E(X | IH = k) and v(k) =
Var(X | IH = k) for k = 0, 1. Find g(k) and v(k) for each k. Show that
E(g(IH )) = E(X ) and Var(X ) = Var(g(IH )) + E(v(IH )).

(b) Suppose that you want to simulate an observation on X . Let U1 and U2 be
independent, each Unif(0,1). Develop two algorithms that will produce
observations on X . One should depend on U1 only, the other on both U1

and U2.
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5.3.7 A fair coin is tossed twice. Let X be the number of heads. Then the coin is
tossed X times. Let the number of heads among these be Y .

(a) Find the probability function of Y . Use a tree diagram. What is the name
of this distribution?

(b) Find g(k) = E(Y | X = k) and v(k) = Var(Y | X = k) for k = 0, 1, 2.

Show that Var(Y ) = Var(g(X )) + E(v(X )).

5.3.8 Let (X, Y ) be the heights in centimeters of randomly selected husband–wife
pairs. Suppose that (X, Y ) has the bivariate normal distribution with parame-
ters 	X = 178, 	Y = 165, 
X = 7.0, 
Y = 6.0, � = 0.4.

(a) Find the conditional probability that the wife is taller than 170 cm given
that her husband has height 171 cm. Repeat for the husband’s height of
185 cm.

(b) What are the equations of the regression functions g(x) = E(Y | X = x)
and h(y) = E(X | Y = y)? Sketch them on the same (x , y) graph.

(c) Find Cov(h(Y ), X − h(Y )), Var(h(Y )), and Var(X − h(Y )).

(d) What is the probability that the husband is at least 10 cm taller than his
wife?

5.3.9 Let B take the values −1 and 1 with probabilities 1/2, 1/2. Let (Z1, Z2) have
the standardized bivariate normal distribution with correlation coefficient � ,
and suppose that B and (Z1, Z2) are independent. Define Z∗

i = | Zi | B for
i = 1, 2. Show that Z∗

i ∼ N(0, 1) for i = 1, 2, but (Z∗
1 , Z∗

2 ) does not have the
bivariate normal distribution.
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C H A P T E R S I X

Moment Generating Functions
and Limit Theory

6.1 INTRODUCTION

The primary purpose of this chapter is to discuss limit theory, especially limits in prob-
ability and in distribution. We have already shown, for example, using the Chebychev
inequality, that the sequence {X̄n} of sample means for random samples from a dis-
tribution with mean 	 and variance 
2 converges in probability to 	. We showed that
the sequence of binomial probabilities b(k; n, pn) with limn→∞ npn = 
 converges
to f (k; 
) = e−

k/k!, the Poisson probability, for k = 0, 1, 2, . . . . This last con-
vergence is called convergence in distribution. We need to define such convergence
carefully. We have hinted through histograms that in a sense to be discussed, the bino-
mial distribution and more generally, the distributions of sums and of sample means,
when properly standardized, converge to a normal distribution. This will be made
clear, we hope, through the central limit theorem, which is certainly the most useful
of the limit theorems to be discussed. The limit theorems become useful when they
provide good approximations for large n. We provide empirical evidence, through
computer simulation, that the approximations provided are good, often even when n
is of moderate size, only 10 or 20.

As a tool in providing proofs of some of these limit theorems, we need moment
generating functions (mgf’s), which are transforms of probability distributions. We
have postponed presentation of material on mgf’s until now because this will be the
first time we really need this tool. Some instructors may have preferred to introduce
them earlier because, as the name implies, mgf’s can be used to find moments.

6.2 MOMENT GENERATING FUNCTIONS

Definition 6.2.1 Let X be a random variable. The moment generating function (mgf)
for X is M(t) = E(eXt ), defined for all t for which the expectation exists.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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Notice that since eXt = 1 for t = 0 for all X, M(0) = 1. The mgf may not exist for
any t other than t = 0. For example, let X have density f (x) = 1/(2x2) for |x | > 1.
For that reason the characteristic function C(t) = E(ei Xt ), where i = √−1, is a better
tool, since |ei Xt | = 1 for all X and t , so that C(t) exists for all t. However, the use of
characteristic functions requires the use of complex variables, probably not a familiar
mathematical tool for most readers of this book.

Example 6.2.1 Let X have the exponential distribution with mean 1. Then
M(t) = ∫∞

0 ext e−x dx = ∫∞
0 e−x(1−t) dx = 1/(1 − t). This integral exists for 1 − t >

0, equivalently, t < 1. We therefore say that the mgf exists for t < 1.

Example 6.2.2 Let X have the Poisson distribution with parameter 
 > 0. Then X
has the mgf M(t) = E(eXt ) =∑∞

k=0 e−

kekt/k! = e−

∑∞

k=0(
et )k/k! = e
(et −1),
existing for all real numbers t .

Mgf’s are useful for several reasons. The first and most obvious stems from their
ability to produce moments.

Property One If an mgf MX (t) exists for values of t in a neighborhood of t = 0, then

all moments �k ≡ E(Xk) for k = 1, 2, . . . exist, and M (k)(0) ≡ dk

dtk
M(t)|t=0 = �k .

Proof: Exchanging expectation and differentiation, we get
dk

dtk
M(t) = E(XkeXt ).

Letting t = 0, we get Property One.

If M(t) can be expressed as a Taylor series M(t) =∑∞
k=0 aktk in a neighborhood

of t = 0, it follows from calculus that �k = akk!.

Example 6.2.1 and 6.2.2 Continued For M(t) = (1 − t)−1, t < 1,
dk

dtk
M(t) =

k!(1 − t)−k+1, so that �k = k!. We can also see this from the Taylor series represen-
tation of M(t). Since M(t) =∑∞

k=0 t k for − 1 < t < 1, the coefficients ak of the t k

are all 1, so that the moment �k = (1)k! = k!.

For the Poisson distribution, M(t) = e
(et −1), so that
d

dt
M(t) = 
e
t M(t), which

is �1 = E(X ) = 
 for t = 0. Taking another derivative and letting t = 0, we get
�2 = E(X2) = 
 + 
2, so that Var(X ) = E(X2) − [E(X )]2 = 
. Other moments may
be determined by taking more derivatives.

Property Two Let Y = aX + b for constants a, b. The mgf for Y is MY (t) =
E(e(a X+b)t ) = ebt MX (at).

Property Three Let X1, . . . , Xn be independent random variables with
mgf’s M1(t), . . . , Mn(t). Then Y = X1 + · · · + Xn has mgf MY (t) = E(eY t ) =∏n

i=1 E(eXi t ) =∏n
i=1 Mi (t).

We present the next property without proof.
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Property Four (Uniqueness) Let X1 and X2 be random variables with mgf’s M1(t)
and M2(t), each existing and equal on some neighborhood N (open set containing
zero) of t = 0. Then X1 and X2 have the same probability distribution.

If M(t) is the mgf of a random variable X , existing on a set A of t-values, which
includes a neighborhood N of t = 0, it follows that M(t) is completely determined on
A by its values on N . Thus, it is the behavior of M(t) for t near zero that determines its
values on A. We demonstrate the value of this uniqueness property after considering
Property Five.

Property Five Let X1, . . . , Xn be independent, and suppose that X j has mgf M j (t),
defined on a neighborhood A j of zero. Let Y = X1 + · · · + Xn . Then Y has mgf
MY (t) =∏n

j=1 M j (t), defined for t ∈⋂n
j=1 A j .

Proof: MY (t) = E(eY t ) = E
(∏n

j=1 et X j
) =∏n

j=1 E(et X j ) =∏n
j=1 M j (t).

Example 6.2.3 Let X1, . . . , Xn be independent, each Bernoulli with parameter
p. Each Xi has mgf M(t) = (1 − p)e(0)t + pe(1)t = q + pet . Hence, Y = X1 + · · · +
Xn has mgf MY (t) = (q + pet )n . Since Y has the binomial distribution with parame-
ters n and p, it follows from Property Four that the mgf of this binomial distribution
is (q + pet )n .

Example 6.2.4 Let Z ∼ N(0, 1). Z has the mgf MZ (t) = ∫∞
−∞ ext �(x) dx .The ex-

ponent of e under the integral sign can be written as (−1/2)(x2 − 2xt + t2) + t2/2 =
(−1/2)(x − t)2 + t2/2. Therefore, MZ (t) = et2/2

∫∞
−∞ �(x − t) dx = et2/2 for all t .

From Property Two if follows that X = 	 + 
 Z has mgf Mx (t) = e	t+
2t
2/2 , the mgf

of the N (	, 
2) distribution.
If X1, . . . , Xn are independent with Xi ∼ N (	i , 
2

i ), mgf Mi (t), then, from Prop-

erty Five, Y = X1 + · · · + Xn has mgf MY (t) =∏n
j=1 M j (t) = e	Y t+
2

Y t
2/2 , where

	Y = 	1 + · · · + 	n and 
2
Y = 
2

1 + · · · + 
2
n . By the uniqueness property, this

proves Theorem 4.2.1 again. It was easier this time, although we needed to use
Property Four (uniqueness), which was not proved.

One more very important property of mgf’s will be discussed after we consider
convergence in distribution in Section 6. 3.

Problems for Section 6.2

6.2.1 Let X ∼ Unif(0, 1).

(a) Find the mgf for X and use it to find E(X ). Hint: Use the Taylor series

expansion of et about t = 0 to find
d

dt
M(t) | t=0.

(b) Use the result of part (a) to find the mgf of the triangular distribution on
[0, 2] having density f (x) = 1 − |x − 1| for 0 ≤ x ≤ 2. Hint: The sum
of two independent Unif(0,1) random variables has this density.

(c) Use Property Two to find the mgf of the Unif(−2, 2) distribution.
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6.2.2 (a) Find the mgf for the �(�, 1) distribution.

(b) Let X1, X2 be independent, with Xk ∼ �(�k, 1). Use mgf’s to show that
Y = X1 + X2 ∼ �(�1 + �2, 1), as was shown in Section 4.3.

(c) Use MY (t) to find E(Y ) and Var(Y ).

6.2.3 Find expressions for the moments �k for each positive integer k of the N(0, 
2)
distribution by using mgf’s.

6.2.4 Let Z have the standard normal distribution.

(a) Prove that P(Z ≥ x) ≤ e−x2/2 for all x > 0. For example, for x = 2, 3, 4
the upper bounds are 0.1353, 0.0111, 0.000335, while the actual proba-
bilities are 0.0227, 0.0135, 0.000032. Hint: Let Y = eZt , use the Markov
inequality for Y , and minimize with respect to t .

(b) Let X1, . . . , Xn be a random sample from the N(	, 
2) distribution, and
let X̄ be their sample mean. Use the result of part (a) to give an upper
bound for P(|X̄ − 	| > K 
), then find n such that this probability is less
than 0.001.

6.2.5 Let X have the negative binomial distribution with parameters r and p.

(a) Find the mgf M(t) for the case that r = 1 so that X has the geometric
distribution with parameter p. For which t does M(t) exist?

(b) Use part (a) to find the mgf M(t) of X for the case that r is a positive
integer.

(c) Find the mgf for X for the case that r is not necessarily an integer (see
Section 2.4).

(d) Use the mgf to find E(X ) and Var(X ).

6.3 CONVERGENCE IN PROBABILITY AND IN DISTRIBUTION, AND
THE WEAK LAW OF LARGE NUMBERS

The principal purpose of this section is to discuss types of convergence of sequences
of random variables, in probability and in distribution. In addition, we briefly discuss
almost sure convergence. The principal theorem of this section is the weak law of
large numbers, discussed in Section 1.6 for discrete random variables.

To begin, we need to define precisely what we mean by almost sure convergence,
convergence in probability, and convergence in distribution.

Definition 6.3.1 Let X be a random variable and let {Xn} be a sequence of random
variables.

(a) {Xn} is said to converge almost surely to a random variable X if

P({�| lim
n→∞ Xn(�) = X (�)}) = 1.
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(b) {Xn} is said to converge in probability to X if for every ε > 0,

lim
n→∞ P(|Xn − X | ≤ ε) = 1.

(c) Let X have cdf F , and for each n, let Xn have cdf Fn . The sequence {Xn} is said
to converge in distribution (or in law) if for each x at which F is continuous,

lim
n→∞ Fn(x) = F(x). (6.3.1)

In many cases of interest the random variable X is a constant C . For almost sure
convergence and convergence in probability convergence of {Xn} to X is equivalent
to convergence of {Xn − X} to the constant 0. We will be most interested in con-
vergence in probability and in distribution, since these are more useful than almost
sure convergence in the study of statistics. For that reason we will say little about
almost sure convergence. (a) implies (b) and (b) implies (c), but the converses do not
necessarily hold.

To understand (a), almost sure convergence, fix � and consider a sequence {Xn(�)}.
Let A = {�| limn→∞ | Xn(�)| = X (�)}. Then, if (a) holds, P(A) = 1. For (b), conver-
gence in probability, consider any ε > 0 and let Bn(ε) = {�| |Xn(�) − X (�)| ≤ ε}.
Then limn→∞ P(Bn(ε)) = 1. Item (c), convergence in distribution, concerns only the
distributions Fn of the sequence {Xn}, saying nothing about the closeness of Xn to X .

Example 6.3.1 Suppose that a box contains r red and w while balls at stage n = 0.
A ball is drawn randomly. That ball is then replaced by two balls of the same color.
Then another ball is chosen randomly and the same rule is used to replace the ball
chosen. Let Rn be the number of red balls in the box after n draws. The total number of
balls in the box after n draws is Tn = r + w + n. Let Xn = Rn/Tn , the proportion of
red balls in the box after n draws. It follows from the Martingale convergence theorem,
not to be discussed here, that with probability 1 the sequence {Xn} converges to a
random variable X . By other means it can be shown that X has the beta distribution
with parameters � = r and � = w. Figure 6.3.1 shows three sample paths for the
process Xn [indicated as X (n) in the figure] for the case that r = 30, w = 20. For
each of the three, the paths seem to be converging, as they will with probability 1.
Figure 6.3.2 is a histogram of X2000 = X (2000) for 1000 repetitions. Although X2000

is only an approximation of the limit X for each path, X2000 should be close enough
to the limit to provide a good approximation of the distribution of X .

If the limiting distribution has a continuous cdf F , then limn→∞ Fn(x) must be
F(x) for all x . However, if F is discontinuous at a point x , then (6.3.1) need not
hold for that x . To see why the convergence need not hold for the x’s at which F is
discontinuous, consider the following example.

Example 6.3.2 Suppose that Xn is uniformly distributed on the interval
[0, 1/n]. Then for any ε > 0, P(|Xn| < ε) = εn for 1/n ≥ ε, equivalently, n ≤ 1/ε
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FIGURE 6.3.1 Three martingale sequences.
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FIGURE 6.3.2 Histogram of approximate limits.

and 1 for n > 1/ε. Thus, the sequence {Xn} converges in probability to zero.
That is, {Xn} converges in probability to the random variable X which takes
the value zero with probability 1. As we will see, {Xn} converges in distribu-
tion to X as well. Xn has cdf Fn(x) = 0 for x < 0, = nx for 0 ≤ x < 1/n, and
1 for x ≥ 1/n. X has cdf F(x) = 0 for x < 0 and 1 for x ≥ 0. For each fixed
x �= 0, limn→∞ Fn(x) = F(x). However, limn→∞ Fn(0) = limn→∞ 0 = 0 �= F(0).
But F has a discontinuity point at x = 0, so we are saved. {Xn} does converge in
distribution to X .

Example 6.3.3 Let X1, . . . , Xn be a random sample from the Unif(0, 1) distribu-
tion. Let Mn = max(X1, . . . , Xn). Then Mn has cdf Fn(u) = un for positive integers
n, and for 0 < ε < 1, P(|Mn − 1| ≤ ε) = P(1 − ε ≤ Mn) = 1 − Fn(1 − ε) = 1 −
(1 − ε)n , which converges to 1, as n → ∞. Therefore, {Mn} converges in probability
to 1 and limn→∞ Fn(u) = 0 for u < 1, 1 for u ≥ 1, the cdf of the point mass at u = 1.
Now let mn = min(X1, . . . , Xn). mn has cdf Gn(u) = 1 − (1 − u)n for 0 ≤ u ≤ 1, so
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that P(|mn − 0| ≤ ε) = P(mn ≤ ε) = Gn(ε) = 1 − (1 − ε)n for 0 < ε < 1, which
converges to 1 as n → ∞ for each ε > 0. Thus, {mn} converges in probability to zero.
limn→∞ Gn(u) = 0 for u ≤ 0, 1 for u > 0. The cdf G for the point mass 1 at x = 0
is G(u) = 0 for u < 0, 1 for u ≥ 0. Thus, limn→∞ Gn(0) = 0 �= G(0) = 1. We still
say that {mn} converges in distribution to the cdf G because limn→∞ Gn(u) = G(u)
for every point u at which G is continuous.

One useful way to demonstrate convergence in probability to a constant C is to
use first and second moments.

Theorem 6.3.1 Let {Xn} be a sequence of random variables with finite means and
variances. A sufficient condition that |Xn| converge in probability to a constant C is
that limn→∞ E(Xn) = C and limn→∞ Var(Xn) = 0.

Proof: For any constants C, ε > 0 and random variable Y with mean 	, variance

2, it follows from the Markov inequality that P(|Y − C | > ε) = P(|Y − C |2 >

ε2) ≤ E(Y − C)2/ε2 = [Var(Y ) + (	 − C)2]/ε2.. Replacing Y by Xn and taking
limits, we get limn→∞ P(|Xn − C | > ε) ≤ [limn→∞ Var(Xn) + limn→∞[E(Xn) −
C]2] ε2 = 0.

If g is continuous on a set A of the real line such that P(X ∈ A) = 1, then con-
vergence of {Xn} to X in any of the three ways almost sure, in probability, and in
distribution implies the corresponding convergence of {g(Xn)} to g(X ) (see Fabian
and Hannan, 1985, p. 158).

In Section 1.5, for the discrete case, we stated a form of the weak law of large
numbers (WLLN) due to Chebychev (1867). We restate and reprove the theorem here
for completeness. We state another form of the WLLN due to Khintchine (1929), with
just a hint of a proof. Both forms are concerned with the convergence of a sequence
of sample means {X̄n} to a mean 	.

Theorem 6.3.2 [Weak Law of Large Numbers (Chebychev)] Let X1, X2, . . . , Xn

be random variables, with equal means 	, variances 
2, and covariances all zero. Let
X̄n = (X1 + · · · + Xn)/n. Then {X̄n} converges in probability to 	.

Proof: Let ε > 0. From the Chebychev inequality P(|X̄n − 	| > ε) ≤
Var(X̄n)/ε2 = 
2/(nε2), which converges to zero as n → ∞.

Notice that Chebychev’s form of the WLLN does not require independence, al-
though it does require zero covariances. In the usual case we have zero covariances
because the model states that the random variables are independent. In the Khintchine
form the random variables are independent and identically distributed with finite mean
	, but the existence of a common variance is not needed.
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Theorem 6.3.3 [Weak Law of Large Numbers (Khintchine)] Let X1, X2, . . . ,

Xn be independent and identically distributed with mean 	. Then {X̄n} converges in
probability to 	.

Hint of a Proof: For each k define X∗
nk = Xk I [|Xk | < �n] for � > 0. X∗

nk is
the truncated version of Xk . Chebychev’s version of the WLLN can be used to
show that the sequence {X̄∗

n − 	∗
n} converges in probability to zero. It can also be

shown that P(X̄n �= X̄∗
n) ≤ �/n and that E(X̄∗

n) = E(X∗
nk) ≡ 	∗

n converges to 	 (see
Feller, 1950).

Example 6.3.4 Let X1, X2, . . . be iid, each with density f (x) = 4x−5 for x > 1.
Then each random variable has mean 	 ≡ E(X1) = 4/3. In Figure 6.3.3 we present
histograms that approximation the distributions of X̄n for n = 16, 64, 256, and 1024.
For each n the histogram was based on 10,000 values of X̄n . The numbers within
ε = 0.05 of 	 = 4/3 are indicated. The scale is the same for the first three, changed
for the last. The variance of the Xi is 
2 = 2/9, so that the standard deviations of
the X̄ for the sample sizes 16, 64, 256, 1024 are 0.1179, 0.0589, 0.0295, 0.0147. The
sample standard deviations for the 10,000 values indicated in Figure 6.3.3 are very
close to these.

Although we use the language of random variables, convergence in distribution is
a property of the sequence of marginal distributions of the random variables. Thus,
if Xn has the same distribution as Yn for each n then {Yn} has the same limiting
distribution as {Xn} if {Xn} has a limiting distribution. As suggested by Example
6.3.3, convergence in probability to a constant C implies convergence in distribution
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to the distribution with mass 1 at C . Students are asked to prove this in Problem 6.3.4.
The following theorem establishes this in a more general case.

Theorem 6.3.4 Let {Xn} converge in probability to the random variable X . Then
{Xn} converges in distribution to X .

Proof: Let X have cdf F and let Xn have cdf Fn for each n. Let x be
a point of continuity of F . For any ε > 0, Fn(x) = P(Xn ≤ x) = P(Xn ≤
x, X > x + ε) + P(Xn ≤ x, X ≤ x + ε) ≤ P(|Xn − X | ≥ ε) + P(X ≤ x + ε) =
P(|Xn − X | ≥ ε) + F(x + ε). By the convergence in probability of Xn to X , the first
term on the right converges to zero. It follows that limn→∞Fn(x) ≤ F(x + ε). Since
this is true for every ε > 0, it follows that limn→∞Fn(x) ≤ F(x). (This inequality
holds even if F is discontinuous at x .)

Also, F(x − ε) = P(X ≤ x − ε, Xn > x) + P(X ≤ x − ε, Xn ≤ x) ≤ P(|Xn −
X | ≥ ε) + Fn(x). Again, the first term converges to zero. It follows that
limn→∞Fn(x) ≥ F(x − ε). By the arbitrariness of ε > 0 and continuity of F at x
it follows that limn→∞Fn(x) ≥ F(x). By this and limn→∞Fn(x) ≤ F(x), it follows
that limn→∞ Fn(x) = F(x).

Example 6.3.5 Let Xn have the uniform distribution on the integers 1, 2, . . . ,
n. Then Xn has cdf Fn(x) = [x]/n, for x < n, 1 for x ≥ n, where [x] is the greatest
integer less than or equal to x . Therefore, limn→∞ Fn(x) = 0 for all x , so {Xn} does
not converge in distribution. The mass of Xn “runs off to infinity.” However, consider
Yn = Xn/n. Yn has cdf Gn(y) = [ny]/n, which converges to y for 0 ≤ y < 1, to 1
for y ≥ 1. Thus, {Yn} converges in distribution to a random variable U having the
Unif(0, 1) distribution.

Example 6.3.6 Let U1, . . . , Un be independent, each Unif(0, 1), as in Ex-
ample 6.3.3. Again, let Mn = max(U1, . . . , Un). Then Mn has cdf Fn(x) = xn

for 0 ≤ x ≤ 1, so that limn→∞ Fn(x) = 0 for x < 1, 1 for x ≥ 1, so that {Mn}
converges in distribution to a random variable M taking the value 1 with
probability 1. However, consider Yn = n(1 − Mn). Then Yn has cdf Gn(y) =
1 − Fn((1 − y/n)) = 1 − (1 − y/n)n . Thus, limn→∞ Gn(y) = 1 − e−y for all y >

0, so that {Yn} converges in distribution to a random variable Y having the
exponential distribution with mean 1. Notice that E(Yn) = n(1 − n/(n + 1)) =
n/(n + 1) converges to E(Y ) = 1. Although this limiting distribution could be
used to provide approximations of P(a < Mn ≤ b) = Fn(b) − Fn(a) for a <

b, in this case it is not needed because we have explicit expressions for
the Fn .

Example 6.3.7 Let Xn take the values 0 and n with probabilities 1 − 1/n and
1/n. It is easy to show that {Xn} converges in distribution to the trivial random
variable X taking the value zero with probability 1. However, E(Xn) = 1 for each n,
and E(X ) = 0.

Thus, although it may be tempting to think so, convergence in distribution does not
imply convergence of the corresponding expected values E(Xn) to E(X ) or E(g(Xn))
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to E(g(X )) for some functions g. By definition, convergence in distribution of {Xn}
to X does imply convergence of E(g(Xn)) to E(g(X )) when g is the indicator of
the interval [−∞, x] and F is continuous at x . Theorem 6.3.5, given without proof,
states that convergence in distribution of {Xn} to X is equivalent to convergence of
E(g(Xn)) to E(g(X )) for functions g that are “nice” in a certain sense.

Theorem 6.3.5 {Xn} converges in distribution to X if and only if
limn→∞ E(g(Xn)) = E(g(X )) for all continuous bounded functions g that are zero
outside a bounded set.

We need mathematical tools that can determine limiting distributions in the case
that the Fn cannot be written in simple form. We have such a tool in the continuity
theorem for mgf’s. We present this without proof.

Theorem 6.3.6 (The Continuity Theorem for MGFs) Let {Xn} be a sequence of
random variables, with corresponding cdf’s Fn and mgf’s Mn , where the Mn are all
defined on a neighborhood N of zero. Let X be a random variable with cdf F , mgf
M , also defined on N . Then limn→∞ Mn(t) = M(t) for all t ∈ N implies that {Xn}
converges in distribution to X . That is, limn→∞ Fn(x) = F(x) for all x at which F is
continuous.

Notice that limn→∞ Mn(t) = M(t) for all t ∈ N is sufficient for convergence of
{Xn} to X in distribution, but is not necessary. It is necessary if all Xn and X have
ranges in a finite interval. For Xn as in Example 6.3.5, Mn(t) converges to ∞ for all
t > 0, although {Xn} does converge in distribution. Problem 6.3.6 asks students to
show that for Example 6.3.5, limn→∞ Mn(t) = (1 − et )/t , the mgf for the Unif(0, 1)
distribution.

Problems for Section 6.3

6.3.1 Let X1, . . . , Xn be a random sample from the exponential distribution with
mean 1. Let mn = min(X1, . . . , Xn). Show that {mn} converges in probability
to zero.

6.3.2 Let {�n} converge in probability to 1. Let X be a random variable and Yn =
X�n . Show that {Yn} converges in probability to X . Hint: Define Dn = |Yn −
X |. For any � > 0, let M satisfy P(|X | > M) < �. Let ε > 0. Then [Dn >

ε] = [Dn > ε, |X | > M] ∪ [Dn > ε, X ≤ M].

6.3.3 Let Xn ∼ Binomial(n, p) and let p̂n = Xn/n for 0 < p < 1.

(a) Show that { p̂n} converges in probability to p.

(b) Does { p̂2
n} converge in probability to p2?

(c) Let g(u) be the indicator of [0, 1/2]. For which p does {g( p̂n)} converge
in probability to g(p)?
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6.3.4 Let {Xn} converge in distribution to the constant C . Prove that {Xn} converges
in probability to C .

6.3.5 Suppose that {Xn} converges in probability to X and {Yn} converges in prob-
ability to Y . Let Wn = Xn + Yn . Prove that {Wn} converges in probability to
W = X + Y .

6.3.6 For each positive integer n, let Yn have the uniform distribution on
1/n, 2/n, . . . , (n − 1)/n, 1.
(a) Find the mgf Mn for Yn .
(b) Show that limn→∞ Mn(t) = (1 − et )/t for all t . Use this to show that {Yn}

converges in distribution to Unif(0, 1) (see Example 6.3.5).

6.3.7 Let Xn have the uniform distribution on the interval [−1/n, 1/n]. Find the
MGF for Xn , then use the continuity theorem for mgf’s to prove that {Xn}
converges in probability to a random variable X for which P(X = 0) = 1.
(Use the result of Problem 6.3.4).

6.3.8 Let 
 > 0 and let pn = 
/n for n = 1, 2, . . . . Let Xn ∼ Binimial (n, pn).
Use the continuity theorem to prove that {Xn} converges in distribution to the
Poisson distribution with parameter 
.

6.3.9 Let X1, . . . , Xn be iid random variables with unique �th quantile x� for 0 <

� < 1. Let X∗
n be the knth order statistic, where kn = [n�]. Prove that {X∗

n}
converges in probability to x�. Hint: Let Un = (number of Xi which are ≤
x� − ε) and Vn = (number of Xi which are ≥ x� + ε). Then P(|Xn

∗ − x�| >

ε) = P(Un ≥ kn) + P(Vn < kn). Now use the Chebychev inequality.

6.4 THE CENTRAL LIMIT THEOREM

We are now ready to discuss the central limit theorem, which will enable us to ap-
proximate the distribution of sums and means of independent random variables by the
normal distribution. We have hinted at this informally several times. See the graphical
displays of binomial mass functions and gamma densities which seem to have the
normal distribution shape for larger n.

The central limit theorem has a history of approximately 270 years. It began with
the work of DeMoivre on the approximation of the binomial distribution, was given
by Laplace in 1810 in the form to be presented here, and was given great generality
in the Lindeberg–Feller necessary and sufficient conditions of 1935.

We are now ready to consider limiting distributions for sums. Recall that every
binomial random variable is the sum of independent Bernoulli random variables. If
Xn ∼ Binomial(n, p), with 0 < p < 1, then E(Xn) = np, which converges to infinity.
More generally, if X1, . . . , Xn are independent, each with mean 	, then for Sn = X1 +
· · · + Xn, E(Sn) = n	, which “runs off to infinity” unless 	 = 0. We can remove
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FIGURE 6.4.1 Approximation of the CDF of standardized sums of rv’s by the standard normal cdf.

this difficulty by subtracting n	, considering Dn = Sn − n	 instead. However, if
all Xn have variance 
2, then Var(Sn) = Var(Dn) = n
2, so that the spread of the
distribution of Dn increases with n, so that the probability mass goes off to −∞ and
+∞ as n goes to infinity. We can get over this problem by standardizing, defining
Zn = (Sn − n	)/(


√
n). Dividing numerator and denominator by n and letting X̄n =

Sn/n, we get Zn = (X̄n − 	)/(
/
√

n), so that Zn is both the standardized Sn and the
standardized X̄n . We will show that {Zn} converges in distribution to the standard
normal random variable Z .

First, to convince the reader, consider two cases: (1) The Xk are Bernoulli(p =
0.4), and (2) the Xk are each exponential, mean 1. For (1), Sn has the
Binomial(n, p) distribution. For (2), Sn has the �(� = n, 1) distribution (see
Figure 6.4.1).

The Central Limit Theorem Let X1, . . . , Xn be independent and identically dis-
tributed random variables, each with mean 	, variance 
2. Let Sn = X1 + · · · + Xn

and Zn = (Sn − n	)/(

√

n). Then

lim
n→∞ P(Zn ≤ u) = �(u) for every u, −∞ < u < ∞.

Comment: Thus, if the Xk are iid, {Zn} converges in distribution to Z ∼ N(0, 1).

To prove the central limit theorem (CLT), we need a lemma.
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Lemma 6.4.1 Let {bn} be a sequence of numbers converging to a number b.
Then

lim
n→∞

(
1 + bn

n

)n

= eb.

Proof: Taylor approximation gives log(1 + x) = x + g(x), where limx→0 g(x)/x
= 0. Therefore, log (1 + bn/n)n = n(bn/n + g (bn/n)) = bn + g (bn/n) /(1/n)
converges to b as n → ∞. Since h(y) ≡ ey = exp(y) is a continuous function of y,
it follows that h

(
log (1 + bn/n)n

) = (1 + bn/n)n converges to h(b) = eb.

If M(t) is the mgf of a random variable with mean 	, second moment �2 ≡ E(X2),
defined on a neighborhood N of zero, Taylor approximation gives M(t) = 1 + 	t +
�2t2/2 + k(t), for t ∈ M , where limt→0 k(t)/t2 = 0. Therefore, if 	 = 0, in which
case �2 = E(X )2 = Var(X ) ≡ 
2, we have M(t) = 1 + 
2t2/2 + k(t). We are ready
now to prove the central limit theorem.

Proof of the Central Limit Theorem: Let Y j = (X j − 	)/
 for each j . Then
Zn = (Y1 + · · · + Yn)/

√
n, and each Y j has mean zero, variance 1. Let MY be

the mgf for each Yi . The Taylor approximation described above gives MY (t) =
1 + t2/2 + k(t), where limt→0 k(t)/t2 = 0. From Properties Three and Two in Section
6.2 it follows that Zn has mgf Mn(t) = MY (t/

√
n)n = (1 + t2/2n + k

(
t/

√
n
))n =(

1 + [t2 + (2n)k(t/
√

n)]/2n
)n

. The second term in the numerator converges to 0

as n → ∞. It follows from Lemma 6.4.1 that limn→∞ Mn(t) = et2/2, the mgf of
the standard normal distribution (see Example 6.2.4). It follows from the continu-
ity theorem for mgf’s that {Zn} converges in distribution to the standard normal
distribution.

Let’s see how well the approximation provided by the CLT works for various n.

Example 6.4.1 Let X1, . . . , Xn be iid, each Unif(0, 1). Let Sn be their sum. Since
the Unif(0, 1) distribution has mean 1/2, variance 1/12, Zn = (Sn − n/2)/

√
n/12.

For the case n = 12, with the cdf Fn for Zn , we get the following:

u

0 1 2 3

Fn(u) 0.5000 0.8393 0.9777 0.9990
�(u) 0.5000 0.8413 0.9772 0.9987

Because Var(S12) = 1, S12 − 6, and the ease of adding Unif(0, 1) pseudorandom
variables in a computer S12 − 6 is often used to simulate standard normal random
variables. For more precision, (S48 − 24)/2 could be used instead.



OTE/SPH OTE/SPH

JWDD073-06 October 4, 2007 17:32 Char Count= 0

158 moment generating functions and limit theory

The Binomial Approximation

Let Xn ∼ Binomial(n, p). Since Xn has the distribution of the sum of n independent
Bernoulli(p) random variables, Zn ≡ (Xn − np)/

√
np(1 − p) converges in distribu-

tion to the standard normal. The approximation provided can be improved a bit by
the 1/2-correction, as follows. For integer k, 0 ≤ k ≤ n,

P(Xn ≤ k) = P(Xn ≤ k + 1/2) = P

(
Zn ≤ k + 1/2 − np√

np(1 − p)

)
=̇�

(
k + 1/2 − np√

np(1 − p)

)
,

where “=̇” denotes approximation. Therefore,

P(a < Xn ≤ b) =̇ �

(
b + 1/2 − np√

np(1 − p)

)
− �

(
a + 1/2 − np√

np(1 − p)

)
for integers a and b and

P(a ≤ Xn ≤ b) − P(a − 1< Xn ≤ b) =̇�

(
b + 1/2 − np√

np(1 − p)

)
− �

(
a − 1/2 − np√

np(1 − p)

)
.

Let’s see how well the approximation works for some pairs, n and p. For n =
10, p = 0.5:

k

2 3 4 5 6 7 8 9

P(X10 ≤ k) 0.0547 0.1719 0.3770 0.6230 0.8281 0.9453 0.9892 0.9990
Approx. 0.0569 0.1714 0.3756 0.6241 0.8286 0.9431 0.9866 0.9978

The approximation doesn’t work as well if p is close to 0 or 1. For n = 20,

p = 0.2:

k

0 1 2 3 4 5 6 7

P(X20 ≤ k) 0.0115 0.0692 0.2061 0.4114 0.6296 0.8042 0.9133 0.9678
Approx. 0.0551 0.1269 0.2468 0.4097 0.5903 0.7532 0.8731 0.9449

However, even for p = 0.10, n = 400, the approximation is reasonably good.

k

28 32 36 40 44 48 52

P(X400 ≤ k) 0.0235 0.1030 0.2849 0.5420 0.7763 0.9188 0.9783
Approx. 0.0276 0.1056 0.2798 0.5332 0.7734 0.9217 0.9814
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Suppose that X1, . . . , Xn are independent, each uniform on the population of
integers {1, 2, . . . , 9, 25}. Each Xk has mean 	 = 7, variance 
2 = 42.0. Let Sn be
their sum and let X̄n = Sn/n be their sample mean. Since X̄n takes values that are
multiples of 1/n, the 1/2-correction in the normal approximation for X̄n is as follows.
For r a multiple of 1/n, the approximation is

P(X̄n ≤ r ) = P(X̄n ≤ r + 1/(2n)) = P

(
Zn ≤ r + 1/(2n) − 7.0√

42/n

)
=̇ �

(
r + 1/(2n) − 7.0√

42/n

)
.

For n = 25, we get

r

4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5

P(X̄n ≤ r ) 0.013 0.049 0.119 0.236 0.374 0.531 0.669 0.791 0.874
Approx. 0.028 0.063 0.127 0.225 0.356 0.506 0.656 0.784 0.880

For n = 100,

r

5.75 6.0 6.25 6.50 6.75 7.0 7.25 7.5 7.75

P(X̄n ≤ r ) 0.023 0.056 0.123 0.225 0.361 0.514 0.662 0.785 0.876
Approx. 0.027 0.062 0.125 0.222 0.353 0.503 0.653 0.782 0.878

The probabilities P(X̄n ≤ r ) were estimated by simulations, 100,000 times, so
they may be wrong by 0.001 or 0.002. The approximation improves with n. If the
population is “farther from normal,” the convergence to normality is slower. For ex-
ample, if the population becomes {1, 2, . . . , 9, 100}, with mean = 14.5, variance
818.25, n = 100, then simulation (100,000 times) provides the estimate 0.3169 of
P(X̄n ≤ 13.00), while the normal approximation gives 0.3006. The approximation
by the normal is worse because the value of X̄n depends so much on the number
of times the value 100 is in the sample. For example, for the third histogram of
Figure 6.4.2, there are peaks (local maxima) at approximately −1 and +1, corre-
sponding to samples that contain one and three 100’s.

Convergence of Binomial to Poisson

In Section 2.5 we showed that if {pn} is a sequence of probabilities satisfying
limn→∞ pnn = 
 > 0, then limn→∞ b( j ; n, pn) = e−

 j/j! ≡ f ( j ; 
) for all non-
negative integers j , the probability mass function for the Poisson distribution. If Fn(x)
is the cdf for the binomial distribution with parameters n and pn and F is the cdf for
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FIGURE 6.4.2 Standardized sample means and the standard normal density.

the Poisson(
) distribution, then for k = [x], the greatest integer less than or equal
to x, Fn(x) = Fn(k) =∑k

j=0 b( j ; n, pn) and F(x) =∑k
j=0 f ( j ; 
). It follows that

limn→∞ Fn(x) = F(x) for every x , so the sequence of binomial distributions con-
verges in distribution to the Poisson distribution.

The Cauchy Distribution

Consider an infinitely long straight wall, running west to east. A soldier with a rifle
is stationed distance 1 south of the wall. The wall is marked from −∞ to +∞, with
zero being the point on the wall closest to the soldier. He is instructed to choose an
angle from the perpendicular to the wall at random from −�/2 to + �/2, then shoot
a bullet into the wall with his gun pointed at that angle from the perpendicular. What
is the distribution of the position X at which the bullet hits the wall?

Let � be his chosen angle. � has cdf F(t) = (t + �/2)/� for −� < t < � . X =
tan �. Therefore, X has cdf G(x) = P(X ≤ x) = P(� ≤ arctan x) = F(arctan x) =
(arctan x + �/2)/�, so that X has density g(x) = (d/dx)G(x) = (1/�)[1/

(1 + x2)] for − ∞ < x < ∞. This distribution is called the Cauchy distribution,
although it seems that Poisson knew of it a few years earlier than Cauchy did (see
Stigler, 1986).
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The moments �k = E(Xk) of the Cauchy distribution and the mfg (for any t �= 0)
do not exist. In fact, as shown by Cauchy about 180 years ago, this distribution
has the peculiar property that the sample mean for random samples has the same
distribution as one observation! (We omit a proof.) . In fact, the Cauchy distribution
is the only distribution with this property. It is obvious therefore that the sample mean
for samples from the Cauchy distribution is not asymptotically normally distributed.
In the case of iid samples the existence of the variance, and of course the mean, is
necessary for asymptotic normality of the sample mean or sum. The random variable
Y = a X + b, for constants a �= 0 and b, having density fY (y) = g((y − b)/a)/|a|, is
said to have the Cauchy distribution with location parameter b and scale parameter a.
The characteristic function for X is C(t) = E(eit ) = e−|t | for all t , where i = √−1.

Sampling Without Replacement

Given a finite population PN of units (1, . . . , N ) with corresponding measurements
(x1, x2, . . . , xN ), suppose that a simple random sample of units u = (u1, . . . , un) is
taken. That is, all P(N , n) = N !/(N − n)! permutations of n units from the units in PN

are equally likely. Let Y1, . . . , Yn be the corresponding measurements. Let Sn = �Yi

and Ȳn = Sn/n, the sample mean. The Yi are not independent. In fact, it is relatively
easy to show that � (Yi , Y j ) = −1/(N − 1) for all i �= j . We cannot therefore conclude
from the CLT that Sn and Ȳn are asymptotically normally distributed. In fact, if the
population size N remains fixed, the sample size n cannot exceed N , and if n = N , Sn

and Ȳn are fixed constants.
For many years prior to 1960, normal approximations to the distribution s of Sn and

Ȳn were used, although no proof of asymptotic normally had been provided. Finally,
in 1960, Jaroslav Hajek provided an ingenious proof. We state his theorem but do not
provide a proof.

We must consider a sequence of populations of measurements PN =
(xN1, . . . , xN N ). Let PN have mean 	N and variance 
2

N (N divisor). Let �N =
max(|X Ni − 	n|N
2

N ), where the maximum is taken for all i = 1, . . . , N . Let
Y = (YN1, . . . , YNn) be the measurements for a simple random sample of n = nN .
Although we consider a sequence of sample sizes {nN } as N → ∞, we sometimes
omit the subscript N on n for simplicity. Let SNn and ŶNn be the corresponding
sample sum and sample means. Then Var(SNn) = n
2

N (N − nN )/(N − 1). Define
Z Nn = (SNn − n	N )/

√
Var(SNn).

Central Limit Theorem for Sampling Without Replacement (Hajek, 1960) Let
{nN } and {N − nN } converge to ∞ as N → ∞. Let �N → 0 as N → ∞. Then {Z Nn}
converges in distribution to N(0, 1).

Comments: In practice, the approximation of the distribution of Z Nn by the standard
normal distribution depends very much on the three numbers nN , n − nN , and �N .
We illustrate this by approximating probabilities P(Z Nn ≤ z) by (1) simulations and
(2) �(z).
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FIGURE 6.4.3 Histograms of standardized sums of samples without replacements from finite popula-
tions.

Figure 6.4.3 presents histograms of Z = standardized sum of simple random sam-
ples from populations with outliers, since one or more population values deviate from
the population means by “large” amounts. For these two populations and two sample
sizes (20 and 60), the values of �N are 0.353, 0.866, 0.082, 0.714. These suggest
that the approximations by the standard normal distribution are better for small �N .
The bimodal distribution in the second graph reflects the fact that the sum of sample
values tends to be large when 300 is in the sample, small otherwise. It is large with
probability 20/50. Although �N is only slightly smaller for the fourth graph, and the
distribution is still bimodal, the distribution is a bit closer to standard normal because
of the larger sample size.

Problems for Section 6.4

6.4.1 Let X have the binomial distribution with n = 10, p = 1/2.

(a) Find the normal approximations for P(X ≤ k) for k = 3, 4, 6, 7. (The
actual values are 0.172, 0.377, 0.828, 0.945.)

(b) Find the normal approximations for P(X = 4) and P(X = 7).

6.4.2 Let U1, U2, . . . , U48 be independent, each with the uniform distribution on
[0, 1]. Let S48 be the sum of these Uk and Ū = S48/48. Find the normal
approximation for:

(a) P(20 ≤ S48 ≤ 28).

(b) P(0.4167 ≤ Ū ≤ 0.5833).
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6.4.3 Having not studied all semester for his course on Greek literature for the years
356 through 983, but feeling lucky, a student uses coin flips and die throws to
choose his answers for an exam. The exam has 40 multiple-choice questions,
each with four possible answers, one of which is correct, and 50 true–false
questions. The generous instructor has promised to pass students who get at
least 45 correct. What is the approximate probability that the student passes?
(Use the 1/2− correction. The central limit theorem as stated does not apply
directly, but the normal approximation should provide a good approximation.
Among 100,000 such student exams produced randomly by a computer, 1667
students passed.)

6.4.4 Reprove the CLT for the special case that the Xk each have the Bernoulli
distribution with parameter p. Use the fact that the three-term Taylor ap-
proximation of eu around u = 0 is 1 + u + u2/2.

6.4.5 Find an approximation for the probability that it will take more than 650
throws of a die to get at least 100 6’s. In 100,000 computer-simulated ob-
servations, more than 650 throws were needed 17,814 times. Determine the
approximation by:

(a) Using the normal approximation for the negative binomial distribution.

(b) Using the normal approximation for the binomial distribution.

6.4.6 Let Y ∼ �(25, 1). Give the normal approximation for P(Y ≤ 20). The func-
tion “pgamma” in S-Plus gives 0.157.

6.4.7 Vehicles pass a point on a freeway late at night in a Poisson process with rate
three per minute. Use a normal approximation to find:

(a) The probability that at least 35 pass in a 10-minute period. [This can be
done by the normal approximation of the Poisson (see Problem 6.4.9) or
by the normal approximation of the gamma (as in Problem 6.4.6).]

(b) The probability that the time necessary to have 100 vehicles pass exceeds
36 minutes.

6.4.8 For the population {1, 2, . . . , 9, 100} and random samples of sizes n = 25,
with sample mean X̄ , find:

(a) E(X̄ ) and Var(X̄ ).

(b) The normal approximations for P(X̄ ≤ 12.0) and P(12.0 ≤ X̄ ≤ 17.0).
In 100,000 computer simulations the events occurred 30,529 and 43,965
times. (Use the 1/2-correction, remembering that X̄ takes values that are
multiples of 1/100. This is an example of a case in which the normal
approximation is not very good.)

(c) Repeat part (b) for n = 100. In 100,000 computer simulations the events
occurred 20,163 and 60,450 times. Normal approximations are much
better this time.
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6.4.9 Let Xn have the Poisson distribution with parameter 
n , and suppose
that limn→∞ 
n = ∞. Let Zn = (Xn − 
n)/

√

n and let Mn be the mgf

for Zn .

(a) Show that {Zn} converges in distribution to N(0, 1) by showing
that limn→∞ log(Mn(t)) = t2/2, and therefore limn→∞ Mn(t) = et2/2 for
all t .

(b) Let X have the Poisson distribution with parameter 
 = 100. Use the
result of part (a) and the 1/2-correction to find an approximation for
P(85 ≤ X ≤ 115). Computation with the Poisson probabilities gave
0.8793.

6.4.10 Let X have the �(�, 1) distribution, and let Z = (X − �)/
√

�, the standard-
ized version of X .

(a) Show that the mgf of the �(�, 1) distribution is (1 − t)−�, existing for
t < 1.

(b) Show that the mgf for Z is MZ (t) ≡ e−t
√

�(1 − t/
√

�)−� for t < 1.

(c) Let Xn ∼ �(�n, 1), and let Zn be the standardized version of Xn . Let
Mn(t) be the mgf for Zn . Suppose that limn→∞ �n = ∞. Show that
limn→∞ Mn(t) = et2/2, so that {Zn} converges in distribution to N(0, 1)
as n → ∞.

(d) Use the result of part (c) to find approximations for P(X > 30) for � =
25 and P(X > 60) for � = 50. (More exact computation gives 0.1572
and 0.0844.)

6.4.11 Let U1, . . . , Un be independent, each Unif(0, 1). Let Ūn = (U1 + · · · +
Un)/n. How large must n be in order to have P(|Ūn − 1/2| < 0.02) ≥ 0.95?

6.4.12 An airline overbooks for flights on its 400-seat airplane, knowing that those
with reservations are no-shows with probability 0.10, independently.

(a) Suppose that the airline accepts 434 reservations. Find an approximation
for the probability that it will have enough seats.

(b) If the airline wants to have probability at least 0.98 that it will have
enough seats, how many reservations can it accept?

(c) Repeat parts (a) and (b) for the case that passengers show or don’t show
in pairs, independently. That is, the members of each of n pairs are both
shows or both no-shows with probabilities 0.90, 0.10.

6.4.13 Let {pn} be a sequence of positive probabilities converging to zero. For
each n let Xn have the geometric distribution with parameter pn , taking the
values 1, 2, . . . . Define Yn = pn(Xn − 1). Let Mn be the mgf for Yn (see
Figure 6.4.13).

(a) Show that limn→∞ Mn(t) = (1 − t)−1 for t in a neighborhood of
zero. What is the limiting distribution F for {Yn}? [As a check, for
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FIGURE 6.4.13 Histogram of 10,000 values of Y = p(X − 1) for X ∼ geometric.

pn = 1/n, P(X100 > 110) = (1 − 1/100)110 = 0.3310. The probability
for the limiting distribution is 0.3329.]

(b) Show that the cdf for Yn is Fn(x) = 1 − (1 − pn)kn , where kn =
[x/pn], x ≥ 0. Use the fact that limm→∞(1 − am/m)m = ea if
limm→∞ am = a to show directly, without using mgf’s, that {Yn} con-
verges in distribution to the F of part (a).

(c) Let Wn have the negative binomial distribution with parameters r and pn ,
with limn→∞ pn = 0, r a positive integer. Let W ∗

n = pn(Wn − r ). Does
{W ∗

n } have a limiting distribution? If so, what is it?

6.4.14 Consider the population P = {1, 2, . . . , 20, 50}.
(a) Find the mean 	, variance, 
2 , and the parameter � = �N .

(b) Let X̄ be the sample mean for a simple random sample of n = 12 from
P. Find Var(X̄ ).

(c) Find an approximation for P(|X̄ − 	| < 2.0). Use the 1/(2n)-correction.
In 10,000 simulations the event occurred 6362 times.
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C H A P T E R S E V E N

Estimation

7.1 INTRODUCTION

Probability is concerned with the determination and approximation of the probability
of events and with properties of random variables. We begin with a probability model,
an assignment of probabilities to events, usually stated by assigning probabilities to a
collection of simple events, then from this assignment, determining the probabilities
of more complex events. For one of our first examples, the birthday problem, we
supposed that for n people and D the collection of days of the year, all n-tuples
birthdays, all points in the Cartesian product S = D(n) were equally likely. From this
model we were then able to determine the probability that all birthdays would be
different, and give an approximation.

In many situations there seems to be no natural way to select a model. Consider
the very simple case of dropping a thumbtack on a hard surface 20 times from a fixed
height, with the point landing “down” or “up.” It should seem reasonable that there is
some number p, 0 < p < 1, the probability that the tack will have its point up, and
that the outcomes of the 20 drops are independent. Therefore, there would seem to be
a reasonable model corresponding to each p. Prior to the experiment, we might guess
what the value of p is, but we could not know a precise value of p. It would seem
to be wishful thinking to take p = 1/2 arbitrarily, as we would for a coin. Once we
have performed the experiment, we would at least have a clue as to the value of p. If,
for example, X of the drops resulted in “up” and we observed X to be 15, it would
seem doubtful that p < 0.4, although it is possible that for p = 0.39, for example,
we could observe X = 15.

For another example, suppose that we are studying the lengths of life of automobile
tires in 1000s of miles. It may be reasonable from past experience to suppose that
these lengths have a gamma distribution with power parameter α and scale parameter
λ. Unless we have studied this tire extensively, we cannot know the value of the pair
(α, λ).

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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The subject of the remainder of the book is statistical inference. We consider
probability models for which they are more than one possible probability measure
assigned to the sample space. As a result of the experiment we will get some clues as
to which of these probability measures is more reasonable, in a sense that we discuss.
In this chapter we describe point and interval estimation.

7.2 POINT ESTIMATION

Suppose that X1, . . . , Xn is a random sample (independent and identically distributed)
from the uniform distribution on the interval [0, �], for � > 0, with � unknown.
Suppose that for n = 10, these Xi ’s are, to the nearest integer, 27, 11, 17, 23, 4, 11,
20, 31, 19, 9. What is your estimate of �? Could � be 27.93? Do you think � could
be 56.3? In general, we should give a rule, a function �̂ = �̂(X), for X = (X1, . . . ,
Xn), called a point estimator of the parameter �. �̂ determines an estimate of � for
each possible X. To judge the performance of an estimator, we must consider the
probability distribution of the estimator. This distribution depends on the unknown
parameter and is therefore unknown, although in some cases the distribution of the
error �̂ − � or of the ratio �̂/� is the same for all �.

The parameter � may be a vector. For the gamma distribution it may be the pair
(�, 
). For the multinomial distribution with k outcomes it could be p = (p1, . . . ,
pk).We may be interested in estimating the entire parameter vector, some subset of
components, or some other function of the parameter vector.

For the normal distribution with � = (	, 
2) we may be interested in estimating
the 0.95 quantile (95th percentile) � = 	 + 1.645
. For the multinomial we might
be interested in estimating p1 + p2, or p1/(p1 + p2). In general, we wish to estimate
a function g(�), defined on the set � of all possible �. The set � (capital omega) is
called the parameter space. The function g on � takes its values on the real line or in
some larger Euclidean space.

Definition 7.2.1 Let g(�) be a function on a parameter space �. A point estimator
of g(�) is a function T = T (X), defined for all possible X, taking values in g(�) ≡
{g(�) | � ∈ �}.

Comment: The term point estimator is used to distinguish it from an interval esti-
mator, which we discuss later. We usually say “estimator” to mean point estimator.

For many examples the function g will be the identity function and our estimator
will be denoted by putting a “hat” on the parameter. Thus, �̂ will denote an estimator
of the parameter �.

Definition 7.2.2 If X = x is the value observed and T (X) is an estimator of g(�),
then T (x) is called the estimate of g(�).
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Comments: The estimator and estimate of � are often written simply as �̂ rather
than as �̂(X) or �̂(x), not distinguishing between the estimator �̂(X) and the estimate
�̂(x) obtained for the particular sample x. Usually, the meaning can be determined
from the context. The estimator is a random variable or random vector. The estimate
is a number or vector of numbers.

The distribution of X and therefore of T (X) depends on �, whose value is an
unknown member of the parameter space �. We are interested in choosing estimators
T whose distributions are concentrated about g(�). That is, we want T (X) to be close
to g(�) with high probability for each � ∈ �. One measure of the performance of an
estimator is its mean squared error.

Definition 7.2.3 Let T (X) be an estimator of a real-valued function g(�) for � ∈ �.
The mean squared error for T is

rT (�) = E�[(T (X) − g(�))2].

Comment: The function rT (�) is called the risk function for squared-error loss.
The subscript � on the expectation operator E has been used to remind us that the
distribution of X, and therefore of T (X), depends on �. We do not always use this
subscript, although its use often improves understanding.

As we learned earlier, for any random variable Y and constant c, E(Y − c)2 =
Var(Y ) + [c − E(Y )]2, so that rT (�) = Var�(T ) + [E�(T ) − g(�)]2. It follows that
rT (�) is small if both terms in the sum are small. The term in brackets on the right is
the bias bT (�) = E�(T ) − g(�). An estimator is unbiased if bT (�) = 0 for all � ∈ �.

Definition 7.2.4 Let g(�) be a real-valued function on a parameter space �, and let
T be a point estimator of g(�). T is said to be an unbiased estimator of g(�) if

E�(T ) = g(�) for all � ∈ �.

Example 7.2.1 Let X1, . . . , Xn be a random sample from the Unif(0, �) distribu-
tion for � > 0. The estimator T1 = 2X̄ is an unbiased estimator of �. Unfortunately,
T1 has the undesirable property that some values of X lead to ridiculous estimates.
Consider, for example, for n = 3, X1 = 7, X2 = 29, X3 = 3. Then T1 = 2X̄ = 26,
although it is obvious that � ≥ max(X1, . . . , Xn) = 29. For our estimator T1, rT1 (�) =
Var�(T1) = 4 Var�(X̄ ) = (4 �2)/(12n) = �2/3n, since the variance of the uniform
distribution on [0, �] is �2/12.

Note that rT1 (�) converges to zero as n → ∞, another desirable property of an
estimator. Intuitively at least, we like to feel that as n → ∞, the probability that our
estimator will deviate from its target g(�) by any fixed amount will become closer
and closer to 1 as n → ∞.
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Continuing with the Unif(0, �) example, consider the estimator T2 = max(X1, . . . ,

Xn). Note that Yi = Xi/� has the uniform distribution on [0, 1] and W ≡ T2/� =
max(Y1, . . . , Yn). Since Yi and W have distributions that do not depend on � for all
� > 0, we will determine the properties of T2 by first studying those of W .

W has cdf FW (w) = P(Y1 ≤ w, . . . , Yn ≤ w) =∏n
i=1 P(Xi ≤ w) = wn for 0 ≤

w ≤ 1, so that W has density fW (w) = nwn–1 for 0 ≤ w ≤ 1. Therefore, E(W ) =
n/(n + 1), E(W 2) = n/(n + 2), and Var(W ) = n/[(n + 2)(n + 1)2]. It follows that
E�(T2) = �(n/n + 1) and Var�(T2) = �2(n/(n + 2)(n + 1)2), bT2 (�) = −�/(n + 1),
and rT2 (�) = 2�2/[(n + 1)(n + 2)].

Which estimator is better, T1 or T2? Consider the ratio rT1 (�)/rT2 (�) = [(n +
1)(n + 2)]/(6n), which is 1 for n = 1 and 2 and is greater than 1 for n > 2. Thus, T2

is uniformly better than T1 in the sense of mean squared error. The word uniformly
here refers to the fact that rT1 (�) > rT2 (�) for all � > 0 when n > 2. For n > 2, T2 is
an example of an estimator that is biased but has smaller mean squared error than an
unbiased estimator because it has smaller variance.

For a simple example of an estimator that has smaller mean squared error for some
�, larger for others, consider the estimator T3, which is always 17 (a favorite number
of the author). T3 has bias bT3 (�) = � − 17 for all � > 0, and Var�(T3) = 0. Thus,
rT3 (�) = (� − 17)2 for all � > 0. Thus, rT3 (�) is less than rT2 (�) for � close enough to
17, but is much larger for � very far from 17.

Example 7.2.2 Suppose that a distance � is to be estimated. Two methods are
available, with resulting measurements X1 and X2. A reasonable model may state that
X1 and X2 are independent, each with mean �, but possibly different known variances

2

1 and 
2
2 . Consider a linear estimator T = aX1 + bX2, where a and b are constants.

Since E(T ) = a� + b� = (a + b)�, T is unbiased for � if and only if b = 1 − a.
In this case the mean square error of T is rT (�) = Var(T ) = a2
2

1 + (1 − a)2
2
2 .

Call this g(a). We seek to minimize g(a). Since
d

da
g(a) = 2a
2

1 − 2(1 − a)
2
2 =

2a[
2
1 + 
2

2 ] − 
2
2 and (d2/da2)g(a) > 0, g(a) is a minimum for a = 
2

2 /(
2
1 +


2
2 ) = (1/
2

1 )/(1/
2
1 + 1/
2

2 ). We gain additional insight into why g is minimized by
this choice for a by completing the square. Let � = 
2

2 /
2
1 . Then g(a) = 
2

1 [a2 +
(1 − a)2� ] = 
2

1 {[a − � (1 + � )]2(1 + � ) + � (1 + � )}. Thus, g is minimized by a =
�/(1 + � ) = (1/
2)

1 /(1/
2
1 + 1/
2

2 ). In this case the minimum value is 
2
1 �/(1 +

� ) = 1/(1/
2
1 + 1/
2

2 ). In practice, if � is unknown, a guess at � still produces a
better estimator than the usual choice, � = 1, a = 1/2 (so the estimator is the mean
of the two observations), if the guess is on the same side of 1 as � is.

Problems for Section 7.2

7.2.1 (a) For the U (0, �) example, let T4 = max(X1, . . . , Xn)(n + 1)/n = T2(n +
1)/n. Show that T4 is an unbiased estimator of � and find its mean squared
error rT4 (�).

(b) Let T5 = cnT2. Find the constant cn for which rT5 (�) is minimum. Does
cn depend on �? If so, then T5 is not an estimator, since it depends on an
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unknown parameter. Evaluate rT5 (�) for this minimizing value of cn , and
compare it to rT2 (�) and rT4 (�).

7.2.2 Let X1, . . . , Xn be a random sample from a distribution with mean 	 and
variance 
2

. Consider an estimator T =∑n
i=1 ai Xi = aX, for a = (a1, . . . ,

an) and X = (X1, . . . , Xn)T , so that a is a row vector and and X is a column
vector.

(a) Find a condition on a so that T is an unbiased estimator of 	.

(b) Find a = a0 so that the condition in part (a) is satisfied and Var(T ) is
a minimum. T0 = aT

0 X is then the best linear unbiased estimator (the
BLUE) of 	. What is this minimum variance?

7.2.3 Let X have a binomial distribution with parameters n and p, with n known,
p unknown, 0 < p < 1. Let p̂ = X/n. Find r p̂(p).

7.2.4 Let X1, X2 be a random sample from a discrete distribution with probability
function p(k; �) for � ∈ � = {1, 2, 3} as follows:

k

� 1 2 3 4

1 0.4 0.3 0.2 0.1
2 0.2 0.3 0.3 0.2
3 0.1 0.2 0.3 0.4

Suggest two reasonable estimators T1 and T2 of �, and determine the mean
squared error for each. [First present the sample space for (X1, X2) and for
each possible pair of values give the value of T1 and for T2.]

7.2.5 Let X = (X1, . . . , Xn) be a random sample from the exponential distribution
with rate parameter 
 > 0, mean 1/
. Consider the estimator 
̂ = 1/X̄ .

(a) Show that 
̂ is a biased estimator of 
. What is its bias and its mean squared
error?

(b) Find a constant Cn (not depending on 
) so that Cn/X̄ is an unbiased
estimator of 
, and determine its mean squared error. Hint:

∑
Xi has a

gamma distribution with parameters n and 1/
.

7.2.6 Let � = {7, 8} and for � ∈ � suppose that a box has five balls with numbers
�, �, �, �, � + 1. One ball is chosen at random from the box. Let X be the
number on the ball chosen.

(a) Suggest a reasonable estimator T (X ) of �. What is its bias? Evaluate rT (�)
for � ∈ �.

(b) Suppose that two balls are chosen randomly without replacement. Let X1

and X2 be numbers on the two balls chosen. Suggest an estimator T2 =
T2(X1, X2) and find its mean squared error.
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(c) Suppose that a random sample of three balls is taken without replacement.
Suggest an estimator W of � so that the risk function rW (�) = 0 for � = 7, 8.

(d) Suppose that a random sample of n balls is chosen with replacement.
Choose an estimator Vn in such a way that for each � the risk function
for Vn converges to 0 as n −→ ∞.

7.2.7 Let X have the Poisson distribution with parameter 
 > 0. Let p(
) = P(X
= 0) = exp(−
). Let T (X ) be an estimator of p(
).

(a) Find the function T (k) on the nonnegative integers so that T (X ) is an
unbiased estimator of p. Show that it is the only such estimator. Hint:
Express E[T (X )] as a power series in 
. The condition that this must be
p(
) for each 
 > 0 determines the function T uniquely.

(b) Consider an estimator Tc ≡ exp(−cX ). Express E(Tc(X )) as a function
of c and 
. Is there any c for which Tc is unbiased for p(
)? Suppose that
c = 109 and we are sure that 
 < 106. Is Tc approximately unbiased?

7.2.8 Let X1, . . . , Xn be a random sample from a distribution with mean 	 and
variance 
2. Let X̄ be the sample mean and let S2 ≡ ∑n

i=1(Xi − X̄ )2/(n −
1), the sample variance. Show that S2 is an unbiased estimator of 
2. Hint:
Recall that =∑n

i=1(Xi − c)2 − (X̄ − c)2n for any constant c.

7.2.9 Let X1, . . . , Xn be a random sample on the U ( �, � + 1) distribution for � any
real number. Let U = min(X1, . . . , Xn), V = max(X1, . . . , Xn), T = V −
n/(n + 1), and �̂ = (U + V )/2 − 1/2. See Section 3.4, page 102.

(a) Show that T is unbiased for � and determine its variance. Hint: Define Yi

= Xi − �, and note that V = � + max(Y1, . . . , Yn).

(b) Show that �̂ is an unbiased estimator of � and determine its variance.

(c) Compare Var(T ) and Var(�̂).

7.3 THE METHOD OF MOMENTS

We need methods that will produce estimators. In this section we discuss the simplest
of these, the method of moments, (MME). In Section 7.4 we discuss the maximum
likelihood method. Consider, for example, the family of gamma distributions with
shape parameter � and scale parameter �. As shown in Section 4.3, the mean is 	 =
�� and the variance is 	2 = 
2 = �2�. We can solve these for � and � in terms of 	
and 
2. Thus,

� = 
2

	
and � = 
2

�2
= 	2


2
. (7.3.1)

The moment estimators of 	 and 
2 are 	̂ = X̄ and 
̂2 = (1/n)
∑n

i=1 (Xi − X̄ )2.
(Whether we use the denominator n or n − 1 as in the definition of S2 in Problem
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7.2.8 is arbitrary.) The MME of the parameter vector (�, �) is given by replacing the
parameters � and � by their moment estimators in (7.3.1). Thus, the MME of (�, �)
is (�̂, �̂), where

�̂ = X̄2


̂2
and �̂ = 
̂2

X̄
. (7.3.2)

As we discuss later, it seems reasonable to expect X̄ to be close to 	 and 
̂2 to be
close to 
2, so that �̂ will be close to � and �̂ close to �.

The following sample of 25 was taken from the gamma distribution with � = 10,
� = 4:

26.3 47.7 48.4 23.9 23.0 27.7 34.1 30.4 25.3 43.9 63.0 18.2

17.1 62.1 25.6 44.5 76.9 68.1 42.0 53.8 21.4 28.3 27.0 79.0

84.9

For this sample, X̄ = 41.71 and 
̂2 = 403.59. (We are abusing notation a bit by
using the same symbol for the estimates as for the estimators. The reader is supposed
to determine the meaning from the context.) From (7.3.2) we obtain �̂ = 4.31 and
�̂ = 9.68.

This experiment was repeated 500 times, with results as given in Figure 7.3.1.
These simulations took about 2 seconds using S-Plus. There seems to be a bias of
about 0.55 for �̂ and −0.37 for �̂. Both distributions are skewed to the right. From
these simulations, can you estimate the mean squared errors for the two estimators
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FIGURE 7.3.2 The transformations g and h = g−1.

for these parameter values? What do you think would happen if the sample size were
100 rather than 25?

To consider the MME more formally, let the kth moment about zero of a random
variable X be denoted by �k for any positive integer k. Thus, E(X ) = �1 = 	. Similarly,
let the kth central moment for X be 	k = E[(X − 	)k]. Thus, 	2 = Var(X ) = 
2.
The sample moments for a sample X1, . . . , Xn are defined by assigning probability
1/n to each Xi . Thus, �̂k = (1/n)

∑n
i=1 Xk

i is the sample kth moment about zero
and 	̂k = (1/n)

∑n
i=1(Xi − X̄ )k is the sample kth central moment. We also use the

notation X̄ = �̂1 and 
̂2 = 	̂2.
By the weak law of large numbers, each �̂k converges in probability to the cor-

responding �k . It follows easily, as we show formally later, that each 	̂k converges
in probability to the corresponding 	k . This implies that for large sample size n, �̂k

should be close to �k and 	̂k close to 	k , with probabilities close to 1.
Suppose now that (X1, . . . , Xn) = X is a random sample from a distribution with

cdf F(x ; �) for � ∈ � ⊂ Rk , where � = (�1, . . . , �k) is unknown. Suppose that the
relationship between the moment vector � = (�1, . . . , �k) and � is given by � = g(�)
and let M = {�|� = g(�), � ∈ �} be the range of g (see Figure 7.3.2). We call M
the moment space. Suppose that g is one-to-one on �, and let h be its inverse. Thus,
h(�) = � if and only if g(�) = �. Let �̂ = (X̄ , �̂, . . . , �̂k) be the moment estimator
of �. The method of moments estimator (MME) of � is h(�̂).

The MME may instead be determined from the central moments. Let � =
(	, 
2, 	3, . . . , 	k) be the vector of central moments (the first is the first moment
about zero). Let g∗(�) = � and let M∗ = {	|	 = g∗(�), � ∈ �}. We call M∗ the
central moment space. Suppose that g∗ is one-to-one on �, and let h∗ be the inverse
of g∗. Let �̂ = (X̄ , 
̂2, �̂3, . . . , �̂k) be the sample central moment vector. Then the
method of moments estimator of � is h∗(�̂).

The MME is the same whether moments about zero or central moments are used.
The next paragraph proves this. The paragraph may be skipped with impunity (always
remembering that your instructor is the boss).

It is easy to see that there is a one-to-one correspondence between the moment
vectors � and the central moment vectors �. Suppose that k(�) = � for each � ∈ M .
Thus, � = h∗(	) = h∗(k(�)). But also, � = h(�) for � ∈ M , so that h∗(k(�)) = h(�)
for all � ∈ M. It follows that h∗(�̂) = h∗(k(�̂)) = h(�̂) for all observation vectors X.
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Note that MME estimators may take values that are not in the parameter space and in
some cases may not even make sense (see Problems 7.3.1 and 7.3.4).

Example 7.3.1 Let X = (X1, . . . , Xn) be a random sample from the exponential
distribution, with density f (x ; 
) = 
e−
x , for x > 0, 
 > 0. The parameter space
is � = {
 ∈ R1|
 > 0} = R+

1 is a subset of R1, so we need to consider only one
moment, 	 = E(X1) = 1/
, and h(	) = 1/	 is its inverse. Thus, 	 = g(
) = 1/

and 
̂ = 1/X̄ is the MME estimator for 
.

Example 7.3.2 Let (X1, . . . , Xn) be a random sample from the N(	, 
2) distri-
bution. Take � = {(	, 
2) | 	 ∈ R1, 
2 ∈ R+

1 } = R1 × R+
1 . Then g*(	, 
2) = (	,


2) and its inverse h are both the identity function. It follows that the MME estimator
of (	, 
2) is the vector of sample moments (X̄ , 
̂).

Problems for Section 7.3

7.3.1 Let (X1, . . . , Xn) be a random sample from the Unif(�1, �2) distribution, with
�1 < �2.

(a) Find the MME estimator of the pair (�1, �2). Find its value for the sample
X1 = 1, X2 = 0, X3 = 0. (Consider these observations as values obtained
after rounding.)

(b) Does your estimate of (�1, �2) make sense?

7.3.2 Each day a saleswoman calls on customers until she makes a sale, then quits.
Suppose that the probability of a sale is � > 0 for each customer and that the
events of sales for different customers are independent. Let X1, . . . , Xn be the
numbers of failures the saleswoman has on n consecutive days. What is the
MME estimator of �?

7.3.3 The negative binomial distribution is often used as a model for count data. For
example, we may suppose that the number of tomato worms on a tomato plant
in a square meter may have this distribution. Samples of 1-square meter plots
planted in tomatoes may then be taken and the number of worms counted
for each such plot. The probability function is f (k; r, p) = ( k+r−1

k )pr qk =
(−r

k )pr (−q)k , for k = 0, 1, 2, . . . , q = 1 − p, 0 < p < 1, since

(−r

k

)
≡ (−r )(−r − 1) · · · (−r − k + 1)

k!
= (r + k − 1) · · · (r + 1)r

k!
(−1)k .

When r is a positive integer, this is ( r+k−1
k )(−1)k . In this case f (k; r , p) is

the probability function of the number of failures that occur before the r th
success in independent Bernoulli trials, each with probability p of success.
Students who have previously studied the negative binomial should note that
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we are discussing the distribution of the number X of failures necessary to get
r successes, not the total number of trials, which is X + r . Both X and X + r
are said to have a negative binomial distribution. We can extend the definition
of the negative binomial distribution to the case r is any positive number
by defining f (k; r, p) = (−r

k )pr (−q)k for k = 0, 1, 2, . . . . As determined in
Chapter Two, X has mean rq/p and variance rq/p2 . For the parameter space
� = R+

1 × (0, 1), with � = (r, p), and a random sample (X1, . . . , Xn), find
the MME estimator �̂ of �. Evaluate �̂ for the following sample:

k 0 1 2 3 4 5 6 7 8 9

Freq. 80 103 83 49 38 27 10 4 4 2

7.3.4 Let X = (X1, . . . , Xn) be a random sample from the shifted exponential distri-
bution, with density f (x ; 
, �) = 
e−
(x−�) for x > �. Use the sample central
moments to determine an estimator of the pair (
, �).

7.3.5 Consider Problem 7.2.6. Find the MME estimator �̂ of � based on a sample
(X1, X2). Evaluate r�̂(�) for random sampling with and without replacement.

7.3.6 Let X = (X1, . . . , Xn) be a random sample from the binomial distribution
with parameters m and p, both unknown. Let � = I + × [0, 1], where I + is
the set of positive integers. Find the method of moments estimator of the pair
� = (m, p). Be careful to distinguish between n and m.

7.3.7 Let X = (X1, . . . , Xn) be a random sample from the Poisson distribution with
parameter 
 > 0. Let � = g(
) = P(X1 = 0) = e−
. See Problem 7.2.7 for
the case that n = 1.
(a) Find the MME �̂ of g(
). Show that the bias �̂ − � converges to zero as

n → ∞. Hint: The mgf for the Poisson distribution with parameter 
 is
e
(et −1).

(b) Show that �̂2 = (1/n)
∑n

i=1 I [Xi = 0] is unbiased for �.

(c) Which estimator is better for large n? Show that E(�̂) → � as n → ∞
and that Var(�̂2)/Var(�̂) → e
 − 1 as n → ∞. Hint: Find expressions for
the variances of �̂ and �̂2, then use a Taylor approximation e−y ∼ 1 −
y + y2/2 for small y.

7.4 MAXIMUM LIKELIHOOD

The maximum likelihood method provides another way to generate estimators. Often,
these MLEs have better properties than those provided by the method of moments.
The first solid evidence of the use of the method of maximum likelihood seems to
have been a paper of Daniel Bernoulli (Bernoulli, 1778). However, the modern theory
was developed by A. W. Edgeworth (1908–1909), R. A. Fisher (1912, 1922, 1934),



OTE/SPH OTE/SPH

JWDD073-c7 October 4, 2007 17:24 Char Count= 0

176 estimation

Wald (1949), Le Cam (1953), and many others. See the discussion in Chapter 16 of
the book by Stephen M. Stigler, Statistics on the Table (1999).

Suppose that a box contains 10 balls, that � of them are white, and that the remaining
are black. We want to estimate �. To do so we take a simple random sample (without
replacement) of two balls from the box and note the number X that are white. First
consider the special case that � = {2, 8}. That is, we know that � = 2 or 8. Suppose
that our experiment yields X = 0. A reasonable estimate of � would then be 2.
A justification for this is that X = 0 is more likely for � = 2 than for � = 8. The
method (or principle) of maximum likelihood generalizes this idea. Broadly speaking,
following this method, if X = x is observed, one determines the likelihood (the
probability or the density at x) under all possible values of � and chooses as an
estimate the � that maximizes this likelihood. It turns out that this method works very
well in many situations.

Definition 7.4.1

Discrete case: Let X = (X1, . . . , Xn) be a discrete random vector with joint prob-
ability function f� with � ∈ �. For each x in the range space R(�) of X for some �
the function Lx defined on � by

Lx(�) = f�(x) = P�(X = x)

is called the likelihood function for X.

Continuous case: Let X = (X1, . . . , Xn) be a continuous random vector with joint
density function f�(x), with � ∈ �. For each x in the union over � ∈ � of the
sets R(�) for which f�(x) > 0, the function Lx(�) is called the likelihood function
for X.

Comments: The functions Lx(�) and f�(x), considered as functions of both vari-
ables, have identical values. However, the notation f�(x) emphasizes the function of x
for each �, with domains R(�), while the notation Lx(�) emphasizes the function of �,
with domain �, for each x. Therefore, when considering the likelihood function, think
of x as fixed, defined as a function of �, � ∈ �. We sometimes write the probability
function as f (x; �) or f (x |�) rather than f�(x), and the likelihood function as L(� ;
x).

Definition 7.4.2 The maximum likelihood estimate for observed X = x (the MLE)
�̂ = �̂(x) of � ∈ � is a value of � in � that maximizes the likelihood function. That is,
Lx(�̂) = Lx(�̂(x)) = sup�∈� Lx(�). The maximum likelihood estimator of � is �̂(X).
If g is a function on �, the ML estimator of g(�) is g(�̂(X)).

Comments: We have used “sup” rather than “max” because there may be some
cases for which the maximum is not achieved. Notice also that �̂ is called “a value”
rather than “the value” because there may be more than one � that maximizes the
likelihood function.
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Let us return to the box example with a simple random sample of two balls drawn
from a box with � white, 10 − � black, with parameter space � = {0, 1, 2, .., 10}.
Since

( 10
2

) = 45, we have and f (x ; �) =
(

�

x

)(
10 − �

2 − x

)/(
10
2

)
= Lx (�) for

x = 0, 1, 2 and � ∈ �.

�

x 0 1 2 3 4 5 6 7 8 9 10

0 45 36 28 21 15 10 6 3 1 0 0
1 0 9 16 21 24 25 24 21 16 9 0
2 0 0 1 3 6 10 15 21 28 36 45

For example, L2(5) = f (2; 5) = 25/45. Therefore, �̂(0) = 0, �̂(1) = 5, and
�̂(2) = 10. Thus, since � is finite, the value of the likelihood could be determined
for every pair (x , �), and the value of � for which Lx (�) was maximum could be
determined by inspection. In most of the examples that we consider, X will consist
of n iid random variables. In such cases the likelihood function is the product of
the individual densities or probability functions. The MLE can often be found using
calculus. Since the function log(y) is an increasing function of y, the MLE can
be found by maximizing log(Lx(�)) rather than Lx(�). This has the computational
advantage of replacing a product by a sum.

Formally, log(Lx(�)) is called the log-likelihood function. When it is differentiable

for all �, the equation
d

d�
log(Lx(�)) = 0 is called the log-likelihood equation. The

function
d

d�
log(Lx(�)) ≡ �x(�) is called the score function. If �̂ satisfies the likelihood

equation, is unique, and
d2

d�2
log(Lx(�))|�=�̂ < 0, then �̂ is the MLE. Notice that in the

case that the components of X = (X1, . . . , Xn) are independent, the score function is a
sum, and when the Xi are identically distributed, we should expect the score function
to be approximately normally distributed for any fixed � and true parameter value �0.

Before we look at some examples, a few points should be made. A MLE may not
always exist, and when it does, it may not be unique. The likelihood function may
not be differentiable, and even then, the solution of the log-likelihood equation may
not be a MLE.

Example 7.4.1 Let X = (X1, . . . , Xn), where the Xi are iid Bernoulli(�) and �

= [0, 1] (the closed unit interval). Then f�(x1, . . . , xn) = �t (1 − �)n–t , where t =∑n
i=1 xi for xi = 0 or 1, i = 1, . . . , n. If t = 0, Lx(�) = (1 − �)n , which is maxi-

mum for � = �̂ = 0. If t = n, Lx(�) = �n , which is maximum for � = �̂ = 1 for 0 <

� < 1. Suppose then that 0 < t < n. Then 0 < � < 1 and log(Lx(�)) = t log(�) +
(n − t) log(1 −�). Differentiating with respect to �, we get the log-likelihood

equation
d

d�
log(Lx(�)) = �x(�) = t/� − [(n − t)/(1 − �)] = 0 for 0 < � < 1.

Differentiating again, we get
d2

d�2
log (Lx(�)) = −t/�2 − (n − t)/(1 − �)2, which is
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negative for all �, 0 < � < 1 and t = 0, . . . , n. Solving for �, we get � = �̂ = �̂(x) =
t/n = (1/n)

∑n
i=1 Xi , the sample proportion of successes. This same formula holds

for t = 0 and t = n.

Example 7.4.2 Let X = (X1, . . . , Xn) be a random sample from the N(	0,

2) distribution with 	0 known, 
2 unknown. Take � = (0, ∞). Then log(Lx(
2))
= −(n/2) log(2�) – (n/2) log(
2) – (1/2) �(xi − 	0)2. Differentiating with respect
to 
2, we get the likelihood equation �x(
2) = n/(2
2) − �(xi − 	0)2/(2
4) = 0.
Solving for 
2, we get 
2 = 
̂2 = (1/n) � (xi − 	0)2. Note that 
̂2 is a function
of the vector x of sample values, so that to be more rigorous we should write 
̂2(x).
As stated in Section 7.2, this dependence on the sample is often not displayed. Since
E(Xi − 	0)2 = 
2, E(
̂2 X)) = E[(1/n)�(Xi − 	0)2] = 
2, so 
̂2 (X) is an unbi-
ased estimator of 
2.

Example 7.4.3 Let X = (X1, . . . , Xn) be a random sample from the Unif(0, �)
distribution for � > 0. Then the likelihood function is

Lx(�) = f (x1, . . . , xn; �) =
{

1/�n for 0 ≤ xi ≤ �, i = 1, . . . , n
0 otherwise

Let M = M(x) = max(x1, . . . , xn). Thus, Lx(�) = 1/�n for all xi ≥ 0, and M(x)
≤ �.

As a function of � for any fixed x, Lx(�) jumps from 0 for � < M(x) to 1/M(x)n

at � = M(x). For � ≥ M(x), Lx(�) = 1/�n is a decreasing function of �. Therefore,
the maximum likelihood estimate of � for observed X = x is M(x). The maximum
likelihood estimator is M(X).

As shown in Example 7.2.1, M(X) has bias –�/(n + 1) as an estimator of �. In
general, MLEs need not be unbiased, although under “smoothness conditions” the
bias approaches zero as n → ∞.

Example 7.4.4 Let X = (X1, . . . , Xn) be a random sample from the Poisson dis-
tribution with parameter 
. Let � = (0, ∞). Then log(Lx(
)) = −n
 + � xi log(
) −
log(x1!x2! · · · xn!). Differentiating with respect to 
 we get the score function
�x(
) = −n + � xi/
 and the MLE 
̂ = X̄ .

Example 7.4.5 Let X = (X1, . . . , Xn) be a random sample from the Cauchy
distribution with median �. Each Xi has density f (x ; �) = (1/�)[1/1 + (x − �)2]. It
is not possible to give an explicit mathematical expression for the MLE �̂(X) for �.
Nevertheless, the MLE can be found by numerical means (see Figure 7.4.1). For � = 3
and sample size n = 100, the likelihood function is graphed for 0 ≤ � ≤ 6 in (part (a).)
In parts (b) to (d) results are presented for sample medians and for the MLE.

Interesting Features of Samples from a Cauchy Distribution

1. The sample mean has the same distribution as a single observation X1, so it is
a poor estimator of �.
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FIGURE 7.4.1 Estimating � for samples from the Cauchy distribution.

2. The likelihood function seems to be approximately quadratic in a neighborhood
of the true parameter value � = 3, so the score function would seem to be
approximately linear in � around � = 3.

3. The joint distribution of Median(X) and the MLE �̂(X) seems to be bivariate
normal. Figure 7.4.1(c) and (d) back this up with histograms indicating normal-
ity.

4. Both Median(X) and �̂(X) seem to have expectations that are close to the true
parameter value � = 3.

5. The standard deviations for Median(X) and �̂(X) seem to be close.

6. Another possible estimator is the trimmed mean. The �-trimmed mean for a
sample of n is the mean of the reduced (trimmed) sample on Xi ’s obtained by
discarding the smallest and largest k = [�n] among the components of X. For �
close to 1/2, the resulting statistic is close to Median(X). For � close to zero, the
trimmed mean behaves too much like the sample mean. For 1000 samples of
100, the 0.1, 0.2, 0.3, 0.4 trimmed means and the median had standard deviations
of 0.230, 0.170, 0.15, 0.150, 0.155, so it seems to make little difference whether
a trimmed mean for � ≥ 0.2 or the MLE is used.

Example 7.4.6 Let X = (X1, . . . , Xn) be a random sample from the N(	, 
2) dis-
tribution. Let � = R1 × R+

1 . The log-likelihood function is log(Lx(	, 
2) = −(n/2)
log(2�) − (n/2) log(
2) − [1/(2
2)] � (xi − 	)2. This is maximum for any 
2

for 	 = X̄ . For this choice for 	, we can use the result of Example 7.4.2 to deter-
mine the MLE(X̄ , 
̂2) of (	, 
2), where 
̂2 = (1/n)�(Xi − X̄ )2. In Chapter nine we
show that X̄ and 
̂2 are independent and that (n/
2)
̂2 =∑n

i=1(Xi − X̄ )2/
2 has a
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chi-square distribution with n − 1 degrees of freedom. As shown in Problem 7.2.8
E(
̂2) = [(n − 1)/n]
2.

Example 7.4.7 Let X = (X1, . . . , Xn) have the gamma distribution with power
parameter � > 0, scale parameter � > 0, density f (x; �) = [1/(�(�)��)]x�−1e−x/�

for x > 0. The log-likelihood function is therefore log(Lx(�, �)) = −n log(�(�)) −
�n log(�) + (� − 1)� log(xi ) − (1/�)�xi .

Taking partial derivatives with respect to � and �, we get the simultaneous like-
lihood equations (1) −n�′(�)/�(�) − n log(�) + � log(xi ) = 0, and (2) −�n/� +
(1/�2)�xi = 0. Solving the second, we get � = �xi / n� = x̄/�. Replacing � in the
first equation by x̄/�, we get a single equation in �. Unfortunately, there is no simple
expression for �′(�), and therefore no simple expression for the MLE (�̂, �̂) of (�, �).
Numerical methods can be used. This was done for the case of � = 3, � = 5. It was
repeated 1000 times. Each time, the MLE pair and the MME pair were determined
(see Figure 7.4.2).

As in Example 7.4.5, each pair of estimators (�̂, �̂), for both the ML and MME esti-
mators, seems to have a bivariate normal distribution. In fact, there is theoretical sup-
port for that for large n. The last two histograms for 1000 values of �̂ indicate that the
MLE has smaller variance than does the MME estimator. Both estimators have a slight
positive bias, since both estimators have expectations that exceed � when � = 3.0.
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Problems for Section 7.4

7.4.1 A box contains eight eggs, of which an unknown number R are rotten. You
take a simple random sample of three eggs. Let X be the number of rotten
eggs in the sample.

(a) Find the MLE for R. (Warning: Don’t use calculus.)

(b) What is the MLE for E(X ) = 3(R/8)?

7.4.2 Let X1, . . . , Xn be a random sample from the geometric distribution with
parameter �, 0 < � < 1. Show that the MLE and the MME of � are the same.

7.4.3 Let X1 and X2 be independent, with X1 ∼ Binomial(n1, p), X2 ∼
Binomial(n2, p) for n1 and n2 known, but p unknown, 0 ≤ p ≤ 1. Find
the MLE for p.

7.4.4 Let (X1, . . . , Xn) be a random sample from the Laplace distribution
(also called the double exponential distribution), with density f (x ; �) =
(1/2)e− | x − � | for all x, � = R1. Show that �̂ = median(X1, . . . , Xn) is the
MLE for �.

7.4.5 Let X1, . . . , Xn be a random sample from the uniform distribution on
[�1, �2] for −∞ < �1 < �2 < ∞. Let �̂1n = min(X1, . . . , Xn) and �̂2n =
max(X1, . . . , Xn). Show that (�̂1n, �̂2n) is the MLE for (�1, �2).

7.4.6 Consider the exponential distribution of Problem 7.3.4 with parameters �
and 
. Find the MLE for the pair (�, 
) for a random sample X1, . . . , Xn .

7.4.7 Let X = (X1, . . . , Xn) be a random sample from the Pareto distribution with
parameter �. That is, each Xi has cdf F(x ; �) = 1 − x� for x ≥ 1, � > 0.

(a) Find the MME and MLE of �.

(b) Do they exist for all � > 0?

7.4.8 A genetic model states that under random mating the three genotypes aa,
Aa, and AA should have probabilities p0 = (1 − �)2, p1 = 2�(1 − �), and
p2 = �2 for 0 ≤ � ≤ 1. The parameter � is the proportion of allele A in
the population. A random sample of n is taken from the population. Let
X0, X1, X2 be the frequencies of these three genotypes in the sample.

(a) Find the MLE �̂ for �. Is it unbiased for �? Can you define �̂ in simple
word form?

(b) Give the MLE p̂ for the vector p = (p0, p1, p2). Is p̂ unbiased for p?

(c) Show that p̂∗ ≡ (X0/n, X1/n, X2/n) is an unbiased estimator of p.

7.4.9 Let Yi = �xi + εi for i = 1, . . . , n, where the xi are known constants and
the εi are iid N(0, 
2).
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(a) Find the MLE (�̂, 
̂2) for the pair (�, 
2). �̂ is also called the least
squares estimator of �. Why? Notice that �̂ is a linear function of the Yi .

(b) Determine (�̂, 
̂2) for n = 3 and the (xi , Yi ) pairs (1, 2), (2, 5), (3, 10).

(c) What is (�̂, 
̂2) for the case that each xi is 1?

(d) Show that �̂ is unbiased for �.

(e) Determine Var(�̂).

(f) Consider any other linear estimator T = �ai Yi . What condition must
the ai satisfy in order that T be unbiased for �?

(g) Suppose that T as in (f) is unbiased for �. Show that Var(T ) > Var(�̂)
unless T is identically equal to �̂ [the same for all Y = (Y1, . . . , Yn)].

7.4.10 Suppose that � ∈ � = {1, 2, 3}. Let p(k; �) be as follows:

k

0 1 2

p(k; 1) 0.1 0.3 0.6
p(k; 2) 0.1 0.8 0.1
p(k; 3) 0.6 0.3 0.1

(a) Let X1, X2 be a random sample from one of these distributions. Find the
MLE �̂ for �. For each of � = 1, 2, 3, find C(�) ≡ P�(�̂ = �).

(b) Repeat part (a) for the case of a random sample X1, X2, X3.

(c) Suppose that X1, . . . , X10 is a random sample and that four of these are
0’s, five are 1’s, and one is 2. What is the ML estimate for �?

(d) What is the MLE for the case of a random sample of n? Express it in
terms of the frequencies f0, f1, f2.

7.5 CONSISTENCY

Now that we have two methods for the determination of estimators, let us turn to
a property of estimators. It is desirable that as the sample size becomes larger and
larger, an estimator of a parameter � or g(�) be more and more likely to be close to
the parameter. This can be made precise by making use of convergence in probability,
defined in Chapter Six. Recall that a sequence of random variables {Yn} is said to
converge in probability to a constant c if for every ε > 0, limn→∞ P(|Yn − c| < ε) =
1. If we replace Yn by an estimator and the constant c by the parameter it estimates,
we get the definition of consistency.

Definition 7.5.1 Let {Tn} be a sequence of estimators of a parametric function g(�)
for � ∈ �. {Tn} is said to be a consistent sequence of estimators of g(�) if for every
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� ∈ � and every ε > 0

limn→∞ P�(|Tn − g(�)| < ε) = 1. (7.5.1)

Comments: Note that consistency is a property of a sequence of estimators, not
simply of an estimator for one fixed value of n. In that sense the fact that in practice
n is fixed should make us wonder whether the definition has any real relevance.
However, it is often possible to establish that certain estimators, which may be rather
difficult to deal with analytically, are consistent when considered as a sequence and
have limiting distributions (after standardizing) which we know, even though we do
not know their distributions for any n > 1. The fact that a sequence of estimators is
consistent does not establish just how large n must be before the probability above
is as close to 1 as we wish without further (usually more difficult) analytic work or
computer simulations. Consistency at least provides the hope that if we take a large
enough sample, our estimator will have satisfactory properties.

We may, from time to time, slip, as is common, and say that “Tn is consistent for �.”
Always remember that consistency is a property of a sequence of estimators. Note
also that the sequence of probabilities in (7.5.1) must converge to 1 for every �. Thus,
a sequence {Tn} might converge in probability to g(�) for some � ∈ �, but fail for
others. Such a sequence would not be consistent relative to the entire set �.

Consistency may often be shown by using expected mean squares and the Markov
inequality: For any random variable Y for which P(Y ≥ 0) = 1, E(Y ) exists, and any
� > 0, P(Y ≥ �) ≤ E(Y )/�. Replacing Y by the random variable Yn = |Tn – g(�) |2
and � by ε2, we get P�(|Tn − g(�)| ≥ ε) = P�(|Tn − g(�)|2 ≥ ε2) ≤ E�(Yn)/ε2 =
rTn (�)/ε2. It follows that {Tn} is a consistent sequence of estimators of g(�) if the
corresponding sequence of expected mean squares converges to zero. Since, for any
estimator T , rT (�) = Var�(T ) + [E�(T ) − g(�)]2, it follows that we can demonstrate
consistency by showing that the bias and the variance both converge to zero as n → ∞,
although this is not the only way to demonstrate consistency.

Example 7.5.1 Let X1, . . . , Xn be a random sample from the Unif(0, �) dis-
tribution with � > 0, and let Tn = max(X1, . . . , Xn). As shown at the beginning of
Section 7.2, Tn has bias −�/(n + 1). In addition, Var�(Tn) = [�2n]/[(n + 1)2(n + 2)].
It follows that the bias and the MSE (mean squared error) converge to zero as n → ∞,
so that {Tn} is a consistent sequence of estimators of �. For this example we could
have made a more direct approach. Since Tn has cdf FTn (x) = (x/�)n for 0 ≤ x ≤
�, P�(|Tn − �| ≥ ε) = P�(Tn ≤ � − ε) = [(� − ε)/�]n → 0 as n → ∞.

Example 7.5.2 Let X1, . . . , Xn be a random sample from the Cauchy distribution
with density f (x ; �) = (1/�)/[1 + (x − �)2] for any real x and �. As stated in Ex-
ample 7.4.5, the mean does not exist, and X̄n has the same distribution as any single
observation Xi . Thus, {X̄n} is not consistent for �. However, Mn ≡ Median(X1, . . . ,
Xn) is consistent for �. This is indicated by Figure 7.5.1, in which histograms of
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FIGURE 7.5.1 Estimating � for samples from the Cauchy distribution.

10,000 samples are taken from this distribution with � = 3 for the cases n = 25,

n = 100, n = 400, and n = 1600. Notice that as n increases, the proportions within
the fixed interval [2.8, 3.2] approach 1. Notice also that as the sample sizes are multi-
plied by 4, the standard deviations are halved. Theory not to be presented here states
that an approximation for the variance of a sample median � is given by 1/[4n f (�)2],
where f is the density sampled. In our case this is �2/[4n], which are 0.0987, 0.0247,
0.0062, 0.0015 for n = 25, 100, 400, 1600 with corresponding standard deviations
0.314, 0.157, 0.078, 0.039, close to those given in the histograms in Figure 7.5.1.

If {Tn} is a consistent sequence of estimators of a parameter � ∈ � and g(�) is a
continuous function on �, it follows that {g(Tn)} is a consistent sequence of estimators
of g(�). To see this, note that continuity of g at � implies that for any ε > 0 there
exists a constant � = �(�, ε) such that |g(�) − g(�) | < ε for |� − �| < �. Therefore,
P�(|g(Tn) − g(�)| < ε) ≥ P�(|Tn − �| < �). Since the right side converges to 1 as
n → ∞, it follows that the left side does also.

If � = (�1, . . . , �k) is a vector of parameters in the parameter space � and {Tnj } is
a sequence of consistent estimators of �j for j = 1, . . . , k, we say that the sequence
of vectors {T̂n = (T̂n1, . . . , T̂nk)} of estimators is consistent for �. If g is a continuous
function on �, it follows by an argument similar to that given above that {g(Tn)} is
consistent for g(�). In particular, since moment estimators are consistent for the cor-
responding population moments by the weak law of large numbers, when a function h
on the moment space to the parameter space is continuous, the sequences of estimators
produced by the MME are consistent for the parameters they estimate.
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Example 7.5.3 Let Xn = (Xn1, . . . , Xnk) have the multinomial distribution with
parameters n and p = (p1, . . . , pk). For example, if two coins are tossed n = 10
times and Xnj is the number of occurrences of j heads, then Xn = (Xn0, Xn1, Xn2)
has the multinomial distribution with parameters n = 10 and p = (1/4, 1/2, 1/4).
The marginal distribution of Xnj is Binomial(n, p j ). Xn has the probability function

f (x1, . . . , x ; p) =
(

n

n1 · · · nk

)
px1

1 px2
2 · · · pxk

k = n!

x1! · · · xk!

n∏
j=1

p
x j

j .

Let p̂n j = Xnj/n. Then each { p̂n j } is consistent for p j . It follows that {p̂n ≡
( p̂n1, . . . , p̂nk)} is a consistent sequence of estimators of p.

Problems for Section 7.5

7.5.1 Let X1, . . . , Xn be a random sample from the shifted exponential distribution
having density f (x ; �, 
) = e−(x−�)/
 for x > �.

(a) For 
 known, show that the MME �̂n determines a consistent sequence of
estimators of �.

(b) For both � and 
 unknown, let {(�n, 
n)} be the sequence of MMEs for
(�, 
). Show that this sequence is a consistent sequence of estimators of
(�, 
).

7.5.2 Let X1, . . . , Xn be a random sample from the uniform distribution on
[�1, �2] for −∞ < �1 < �2 < ∞ . Let �̂1n = min(X1, . . . , Xn) and (�̂2n =
max(X1, . . . , Xn). Show that the MLE �̂n = (�̂1n, �̂2n) for � = (�1, �2) deter-
mines a consistent sequence of estimators of �. (See “Maxima and Minima,”
Section 3.5.)

7.5.3 Let X1, . . . , Xn be a random sample from a distribution with mean 	 and vari-
ance 
2. Let 
̂2

n ≡ (1/n)
∑n

i=1(Xi − X̄ )2 and S2
n = [1/(n − 1)]

∑n
i=1(Xi −

X̄ )2.

(a) Show that {
̂2
n } is consistent for 
2.

(b) Show that {S2
n} is consistent for 
2.

(c) Show that T̂n = X̄ + 3Sn defines a consistent sequence of estimators of
	 + 3
.

7.5.4 Let X1, . . . , Xn be a random sample from the uniform distribution on (0, �) for
� > 0. Let Tn = max(X1, . . . , Xn). Let g(�) = 0 for 0 < � ≤ 1 and g(�) = 1
for � > 1.

(a) Is {g(Tn)} consistent for g(�)?

(b) Would the answer be different if g(1) = 1? More generally, if g is the
indicator of a closed set [�0, ∞], is {g(Tn)} consistent for �?

(c) Is {g(Tn)} consistent for g(�), an indicator of an open set (�0, ∞)?
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7.5.5 Is the sequence of MMEs of the parameter pair (�, 
) of the gamma distribution
consistent?

7.5.6 Let f (x ; �) = �x−�−1 for x ≥ 1, � > 2 (the Pareto density). Show that both
the MME and the MLE for � are consistent for �. Would this be true if � were
allowed to be 1?

7.5.7 Let X1, . . . , Xn be a random sample from a distribution with cdf F . Let
the parameter space � be the collection of all cdf’s. For each real num-
ber x , let Fn(x) = (1/n)

∑n
i=1 I [Xi ≤ x], the sample cdf. Show that for any

x0, {Fn(x0)} is consistent for the parameter F(x0). Although we will not prove
it here, it is also true (by the Glivenko–Cantelli theorem) that if the func-
tion F is the parameter, and the distance between Fn and F is defined by
D(Fn, F) = sup−∞<x<∞|Fn(x) − F(x)|, then P(D(Fn, F) > ε) converges to
zero for each ε > 0, so that {Fn} is a consistent sequence of estimators of F .
Note that {Fn} is a sequence of functions, while {Fn(x0)} is a sequence of
numbers for each x0.

7.5.8 X1, . . . , Xn be a random sample from the cdf F . Let 0 < � < 1 and let
F(x�) = �. x� is the �th-quantile of F . Suppose that F has density f , that
f (x�) > 0, and that f is continuous at x�. Let kn = [n�], the largest integer
less than or equal to n�. Let Xnkn be the knth order statistic. That is, one X j

is exactly equal to Xnkn and kn − 1 of the X j ’s are less than Xnkn . Prove that
{Xnkn } is a consistent sequence of estimators of x�. Hint: For ε > 0, show that
P(Xnkn < x� − ε) → 0 and P(Xnkn > x� + ε) → 0. These probabilities can
be expressed in terms of binomial random variables. (See Problem 6.3.9.)

7.6 THE �-METHOD

Suppose that a surveyor must determine the height of a tree. He measures a distance
� from the base of the tree to a point and then measures the angle � from 1.7 meters
above ground level to the top of the tree (see Figure 7.6.1). The height of the tree is
then h = 1.7 + � tan(�). However, measurements of this sort are never perfect, and
at least some consideration should be given to the errors in estimation which may be
caused by errors in measurements of � and of �, or of both.

Suppose that � is measured relatively precisely but the measurement X of � is a
random variable with mean 	 and variance 
2. What can be said about the mean and

Distance = rho
Angle = theta

h

FIGURE 7.6.1 Measuring the height of a tree.
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variance of the estimator ĥ(X ) = 1.7 + � tanX of h? Since the tangent function is
not linear in its argument, we cannot simply replace X by 	 to determine E(ĥ). The
�-method provides a way to compute an approximate mean and variance of a nonlinear
function of a random variable or random variables.

Consider the Taylor approximation of a function h(x) about a point x0. Suppose
that h has a continuous first derivative in a neighborhood A of x0. Let h1(x) = h(x0) +
h′(x0) (x − x0). Then for any x ∈ A there exists a point �, x0 < � < x or x < � < x0

such that h(x) = h1(x) + h′′(�)(x − x0)2. If x is close to x0, then h(x) − h1(x) is small
relative to h1(x). If h has a continuous third derivative in a neighborhood A of x0, a
better Taylor approximation of h(x) is given by h2(x) = h1(x) + h′′(x0)(x − x0)2/2 =
h(x0) + h′(x0)(x − x0) + h′′(x0)(x − x0)2/2. Then there exists a point �∗, x0 < �∗ <

x or x < �∗ < x0, such that h(x) = h2(x) + h′′′(�∗(x − x0)3/3!. We call h1 and h2

the linear and quadratic approximations of h at x0.
Replace the number x by the random variable X , having mean 	 and variance


2. It should seem reasonable to approximate the expected value of h(X ) by the
expected value of h1(X ) or, if we can determine it, by the expected value of h2(X ). We
have E(h1(X )) = h(x0) + h′(x0)(	 − x0) and E(h2(X )) = h(x0) + h′(x0)(	 − x0) +
[h′′(x0)/2]E(X − x0)2. Of course, E(X − x0)2 = 
2 + (	 − x0)2. The variance of
h(X ) may be approximated by Var(h1(X )) = [h′(x0)]2
2. Of course, these will be
reasonable approximations only if X will be close enough to x0 to make h1 or h2 a
good approximation of h with high probability. This is true if both |	 − x0| and 
2

are small relative to changes in h near x0. It is often difficult to compute Var(h2(X )),
so we will not try to derive an explicit formula. Usually, we choose x0 = 	 so that
E(h1(X )) = h(	) and E(h2(X )) = h(	) + h′′(	)
2.

Return now to the surveyor example. We consider the estimator ĥ(X ) =
1.7 + � tanX of h(�) = 1.7 + � tan �. We use the Taylor approximations about �.
Since h′(�) = � sec2�, and h′′(�) = −2� tan � sec2 �, it follows that when |� −
	| and 
2 are reasonably small, E(ĥ(X )) is approximately E(h2(X )) = h (�) +
� sec2 � (	 − �) + (−� tan� sec2 �) [
2 + (	 − �)2]. If 	 = �, this simplifies to
h(�) − (� tan � sec2�) 
2 = h(�)(1 − 
2sec2 �).

Thus, in approximation, the bias of ĥ(X ) is −� tan � (sec2 �) 
2. To approximate
Var(h(X )) we use Var(h1(X )) = (� sec2 �)2
2.

For simulations we chose � = 15 degrees = (15�/180 = 26.796) radians, � =
100, so that h = 1.7 + 26.795. For 
 = 2 degrees = (2�/180 = 0.0349) radians, the
approximate bias is −� tan �(sec2 �)
2 = −0.03497. The approximate variance is
Var(h1(X )) = 13.06. With X ∼ N (h, 
2) 10,000 observations were made on X . For
each X, ĥ(X ) was determined. The mean of these 10,000 values was 1.7 + 26.760,
0.036 less than h, very close to the bias of h2(X ). The sample variance of these 10,000
values of ĥ(X ) was 13.82, fairly close to Var(h1(X )) = 13.06. The distribution of ĥ(X )
is close to normal because h is nearly linear in a neighborhood of �.

Suppose now that both the measurements R on � and X on � are random vari-
ables, with means 	R and 	X , with variances 
2

R and 
2
X . We can use the Taylor ap-

proximation for functions of two variables to approximate h(X, R) = 1.7 + R tan X:
h11(x, r ) = h(�, � ) + h′

x (�, � )(x − �) + h′
r (�, � )(r − � ).

The two 1’s indicate that the approximation uses only linear terms in x and
r . h′

x (�, r ) and hr (�, � ) are partial derivatives of h with respect to the variables
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indicated in the subscripts. It is convenient to write h11 in vector form: Let

V =
(

X

R

)
, 	 =

(
	X

	R

)
, � =

(
�

�

)
, and let � be the two-component column vec-

tor of partial derivatives, evaluated at �. Then h11(V) = h(�) + �T (V − �). Then
E(h11(V)) = h(�) + �T(	 − �) and Var(h11(V )) = �T��, where � is the covariance
matrix of the random vector V. That is, � is the 2 × 2 symmetric matrix with terms
c11 = Var(X ), c12 = c21 = Cov(X, R), and c22 = Var(R).

Example 7.6.1 Suppose that (X , Y ) are uniformly distributed on the square
[3, 4] × [4, 5]. Let h(x, y) = xy. Then the Taylor approximation of h about � =(

3.4

4.6

)
is h11(V) = h(�) + �T(	 − �), where V =

(
X

Y

)
, � =

(
4.6

3.4

)
, 	 =

(
3.5

4.5

)
.

Thus, E(h11(V)) = (3.4)(4.6) + �T (	 − �) = 15.64 + 0.1 = 15.74. The covariance
matrix for V is (1/12)I2. It follows that Var(h11(V)) = (4.52+ 3.52)/12 = 2.708.
100,000 simulations of Z = h(X , Y ) = XY , produced mean 15.753, variance
2.703. Mathematical computations produced 15.75 and 2.715.

The following theorem is useful in that it provides a way to make probability
statements about the behavior of estimators when it is not possible to determine the
distribution by analytic means.

Theorem 7.6.1 Let {Tn} be a sequence of random variables, and let � and

 > 0 be constants. Suppose that Zn ≡ n1/2(Tn − �)/
 converges in distribution
to N(0, 1). Let h(t) have a continuous first derivative at t = �. Then Wn ≡
n1/2[h(Tn) − h(�)]/(
|h′(�)|) also converges in distribution to N(0, 1).

The essential idea of the theorem is that h(Tn) and h1(Tn), its linear Taylor approx-
imation, are, after standardization, distributed the same asymptotically. Since h1(Tn)
is linear in Tn , the theorem follows. A proof is omitted.

Since Zn converges in distribution and |Tn − �| = 
|Zn|/n1/2, it follows that {Tn}
converges in probability to �. If this is true for every � in a parameter space �,
then {Tn} is consistent for �. Stated another way, if Tn is approximately distributed
normally with mean �, variance 
2/n, then h(Tn) is approximately distributed as
N(h(�), 
2h′(�)2/n). The term h′(�)2
2 is the variance of the asymptotic distribution
of Wn . It is not necessarily the limit of Var(Wn).

Consider a random sample X1, . . . , Xn from a distribution with mean 	 and
variance 
2. We know by the central limit theorem that Zn ≡ (X̄n − 	)/(
/

√
n)

converges in distribution to the standard normal distribution. From this we know, for
example, that

P(−1.96 ≤ Zn ≤ 1.96) = P(|X̄n − 	| ≤ 1.96
/
√

n) = P(	 ∈ [X̄n ± 1.96 
/
√

n])

(7.6.1)

will be close to 0.95 for large n. In fact, the probability is 0.950004 to six decimal
places for every n if the distribution sampled is normal. For this case the random
interval I = [X̄n ± 1.96 
/

√
n] is called a 95% confidence interval on 	. A problem
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with this is that 
 is usually unknown. In this case it is tempting to replace 
 by
an estimator Sn in Zn , hoping that the probabilities in (7.6.1) remain approximately
the same. That is, if Zn is replaced by Ẑn ≡ (X̄n − 	)/(Sn/

√
n), and therefore the

interval I by the interval Î = [X̄n ± 1.96Sn/
√

n], the hope is that the probability will
remain approximately the same.

In 1908, William Gosset determined the distribution of Ẑn for the case that sampling
is from a normal distribution. The distribution, usually called Student’s t-distribution,
is discussed in Chapter Nine. However, it is true that as n → ∞ Ẑn does converge in
distribution to the standard normal whenever the variance 
2 exists. This follows by
Slutsky’s theorem, which we do not prove.

Theorem 7.6.2 (Slutsky’s Theorem) Let h(x, y) be a function defined on subset
A of R1 × R1 = R2. Let {Tn} and {Wn} be sequences of random variables. Suppose
that {Tn} converges in distribution and that for some constant c, {h(Tn, c)} converges
in distribution to a distribution F . Suppose also that {Wn} converges in probability
to c, a constant, and that h is continuous on {(x, c) : (x, c) ∈ A}. Then {h(Tn, Wn)}
converges in distribution to F .

In the example above, take h(x, y) = x/y for (x, y) ∈ R1 × R+
1 = A, Tn =

n1/2(X̄n − 	)/
, c = 1, and Wn = Sn/
. Then {Wn} converges in probability to
c = 1, and by the CLT, {Tn} converges to N(0, 1). We conclude that h(Tn, Wn) = Ẑn

converges in distribution to N(0, 1).
Consider the special case that X1, . . . , Xn are independent Bernoulli ran-

dom variables with parameter p, 0 < p < 1. Let Vn be their sum, p̂n = Vn/n,
the sample proportion. Then Zn = (X̄n − 	)/(
/

√
n) = ( p̂n − p)/(
/

√
n) = (Vn −

np)/
√

np(1 − p), since 
2 = p(1 − p). By the argument above we may replace
np(1 − p) by S2

n = [n/(n − 1)] p̂n(1 − p̂n). Since the factor n/(n − 1) converges
to 1, we conclude that Ẑn ≡ ( p̂n − p)/

√
p̂n(1 − p̂)/n converges in distribution to

N(0, 1). This enables us to say that for large n, p not too close to zero or 1,
P(p ∈ [ p̂n ± 1.96

√
p̂n(1 − p̂n)/n]) is approximately 0.95. For the case p = 0.2 in

10,000 simulations, the interval contained p 8965 times when n = 100, but 9523
times for n = 400. Thus, the approximation is poor for n = 100, good for n = 400.
For p = 0.5 these frequencies were 9173 for n = 100, 9599 for n = 400.

When we think that Zn is approximately distributed as standard normal, we can
write P(|X̄n − 	| ≤ d) =̇ 2�(d/(
/n1/2)) − 1. If 
 is unknown and Sn is close to

 with high probability, we can replace 
 by Sn in � to get an approximation of
the probability. We must be a bit cautious, however, because two approximations are
being used. For example, for a sample of n = 100 from the exponential distribution
with mean 1 for n = 100, d = 0.1, the true probability is 0.6935, while the approx-
imation has an expected value of approximately 0.692 and a standard deviation of
approximately 0.065.

By the CLT the kth sample moment �̂k is asymptotically normally distributed if the
2kth moment �2k exists. It follows that if the function h from the moment space to the
parameter space has continuous first derivatives, the estimators obtained by the MME
are asymptotically normally distributed. Thus, if Tn is an estimator of a parameter �
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obtained by the MME, then
√

n(Tn − �)/(|h′(�)|
) will be asymptotically standard
normal. This would enable us the make probability statements about the error Tn − �,
except that � and 
 are unknown. However, as noted above, we can replace � by
its consistent estimator Tn and 
 by a consistent estimator 
̂n or Sn , to obtain a
consistent estimator of |h′(�)|
. Thus, P�(n1/2|Tn − �| ≤ d) may be approximated by
2 �(d/(|h′(Tn)
̂n|) − 1. If Tn is the MLE, the function |h′(�)|2
2 may be replaced by
a function I (�) , the “information” (described later) if certain smoothness conditions
on the distributions sampled as a function of � (described later). In general, estimators
provided by the method of ML have asymptotic distributions with smaller variance
than those provided by the MME.

Problems for Section 7.6

7.6.1 Let X have the uniform distribution on the interval [8, 10] and let Y = 1/X .
Use the �-method to find approximations for the mean and variance of Y . Use
h2 for the mean, h1 for the variance. Find exact values for E(Y ) and Var(Y ).
Compare these with their approximations.

7.6.2 A surveyor wishes to estimate the number of square meters in a rectangular
field of dimensions �1 and �2. She makes estimates X1 of �1 and X2 of �2, so
that E(X1) = �1, E(X2) = �2, Cov(X1, X2) = 
12, Var(X1) = 
2

1 , Var(X2) =

2

2 . Give approximations of the mean (using h2) and variance (using h1) of
Â = X1 X2 as an estimator of A = �1�2.

7.6.3 In the analysis of frequency data it is common to suppose that the frequency
W of some event has a Poisson distribution with parameter 
. Let Y = √

W .
To see why this transformation is made, find approximations for the mean
(using the quadratic approximation h2) and variance (using the linear approx-
imation h1) of Y for large values of 
. Show that E(Y ) =̇ √


[1 − 1/(8
)]
and Var(Y ) =̇ 1/4 Hint: Let X = W/
 and g(x) = x1/2. Since E(X ) = 1 and
Var(X ) = 1/
, the �-method produces a good approximation for Var(Y ) for
large 
. In fact, Var(Y ) for 
 = 1, 2, 3, 4, 5, 10, 20, 40, 80, 160, 320, 640
are 0.40217, 0.39000 0.33999, 0.30562, 0.28609, 0.26130, 0.25507, 0.25243,
0.25119, 0.25059, 0.25029, 0.25015, so that 1/4 is a good approximation even
for moderate 
.

7.6.4 A model for the analysis of frequency data supposes that X has a bino-
mial distribution with parameters n and p, with n known. Let p̂ = X/n.

Let Y = arcsin( p̂1/2) = sin−1( p̂1/2) (this is the arcsin transformation of p̂).

Find approximations for the mean and variance of Y . Hint:
d

dx
arcsin x

= (1/2)/
√

x(1 − x).

7.6.5 Suppose that the surveyor takes 25 independent readings Xi on the angle, each
Xi having mean �, standard deviation 0.5 degree. If the true angle is � = 30
degrees and � = 100 is known, give an approximation for the probability that
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her estimator ĥ differs from h by less than 1.0 meter. Use X̄and the CLT. Be
careful to express angles in radians. In 1000 simulations the event occurred
604 times.

7.6.6 Let X1, . . . , Xn be a random sample from the exponential distribution with
parameter 
, mean 1/
. Let Tn = Tn(X ) = 1/X̄n . Show that Tn is asymp-
totically normally distributed with mean 1/
, variance 1/n
3. That is, Zn ≡
(Tn − 1/
)/

√
1/(n
3) is distributed asymptotically as N(0, 1).

7.6.7 If p is a probability, 0 < p < 1, of an event B, the odds for B is p/(1 − p),
and the log odds is h(p) ≡ log((p/(1 − p)). Since h takes values on the entire
real line it is sometimes a useful transformation, taking the interval (0, 1)
onto the entire real line with inverse h−1(u) = eu/(1 + eu). Let X have the
binomial distribution with parameters n and p, and let p̂ = X/n.

(a) For n = 200 give a lower bound on the probability that ĥ = log( p̂/(1 − p̂))
differs from h(p) by 0.2 or more. You may assume that 0.3 ≤ p ≤ 0.7. For
5000 observation on X , each for n = 200, p = 0.4, the event occurred
4191 times. First use the �-method to find approximations for E(ĥ) and
Var(ĥ).

(b) For the data X = 83, n = 200 , find a 95% confidence interval [ĥ ±
1.96 
̂ĥ] on h(p), then use h−1 to get a confidence interval on p.

7.6.8 Let X1, . . . , Xn be a random sample from the distribution with density
f (x ; �) = �x�−1 for 0 ≤ x ≤ 1, for � > 0. Let �̂1 and �̂2 be the MME and
MLE of �.

(a) Find approximations for E(�̂1) (using a quadratic approximation) and
Var(�̂1) (using a linear approximation). For n = 100, � = 3, simulations
produced mean 3.025, variance 0.999.

(b) Find exact and approximate values for E(�̂2) and Var(�̂2). For n =
100, � = 3, simulations produced mean 3.031, variance 0.093.

(c) For � = 2.0 and n = 100, find approximations for P�(|�̂1 − �| < 0.1) and
P�(|�̂2 − �| < 0.1). In 10,000 simulations these events happened 3617 and
3838 times.

7.7 CONFIDENCE INTERVALS

To this point we have discussed methods for finding and evaluating point estimators.
Point estimators have the undesirable property that they are almost never exactly equal
to parameters they estimate and by themselves do not carry any information about their
precision. It is good practice to present an estimate of the standard deviation (often
called the standard error or the estimate of the standard error) along with a point esti-
mate. At least when the estimator is approximately normally distributed, we can then
make approximate probability statements about the size of the error we have made.
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A more satisfactory method was developed by Egon Pearson and Jerzy Neyman
(Neyman and Pearson, 1933), that of confidence intervals. Consider a simple example:
The Michigan Department of Agriculture wishes to estimate the total number of acres
planted in corn on July 1 among its 50,000 farms. It has a list of farms, so it takes a
simple random sample (without replacement) of 400 farms, contacts all 400 farms,
and determines the number of acres planted in corn for each. The mean turns out to
be 22.48 acres, with sample standard deviation s = 35.36 acres. What can be said
about the total number of acres planted in corn in Michigan?

Let 	 be the mean number of acres in corn among the N = 50, 000 farms in
Michigan. Let 
2 be the corresponding variance. Then the total planted in corn is
� = N	 = 50,000	. Let us first try to make a confidence interval statement about
	. By the CLT (or its equivalent for without-replacement sampling) and Slutsky’s
theorem we know that Ẑ ≡ (X̄ − 	)/(S/

√
n) is approximately distributed as N(0, 1).

This should be true in approximation even though the population sampled is far
from normally distributed, consisting of a large proportion of zeros and some values
exceeding 500. Therefore, P(−1.96 ≤ Z̄ ≤ 1.96) =̇ 0.95. [We have ignored the finite
correction factor (N − n)/(N − 1), because n is small relative to N .] By manipulating
the inequalities for the event A in parentheses, we see that A is equivalent to X̄ −
1.96S/

√
n ≤ 	 ≤ X̄ + 1.96S/

√
n.

The interval I = [X̄ ± 1.96S/
√

n] is said to be a 95% confidence interval on 	.
In this case the confidence coefficient 0.95 is only approximate. The interval I is
a random interval having the property that P(	 ∈ I ) =̇ 0.95 for any 	. For these
data we get I = [22.48 ± 1.96 (35.36/20)] = [22.48 ± 3.47], and the resulting 95%
confidence interval on � = N	 is 50,000 [22.48 ± 3.47] = [1,124,000 ± 73,500].
We are not justified in saying that P(	 ∈ [22.48 ± 3.48]) =̇ 0.95. The interval [22.48
± 3.48] is fixed, although before the sample is taken, the interval I is random. The
event A that 	 ∈ I has probability approximately 0.95. 	 is contained in the interval
[22.48 ± 3.48] or it is not, so its probability is zero or 1. We do not know which.
The procedure used to take the sample and determine the sample has the property that
about 95% of samples will provide intervals I that contain 	. We rarely learn whether
the sample we obtained provided one of the “good intervals” (one that contains 	),
but are 95% confident that we have such an interval because we know that 95% of all
possible samples will produce good intervals.

Figure 7.7.1 includes a histogram of the 30,000 nonzero values in a fictitious
population of 50,000 values. Since few values were above 300, they were omitted
from the histogram plot. A second histogram shows the 1000 samples of 400 that were
taken, and for each the Ẑ that was determined, indicating that Ẑ is approximately
distributed as standard normal. 946 of these 1000 values of Ẑ were between −1.96
and +1.96. These 946 samples would have provided confidence intervals containing
	 = 24.27.

Let us now carefully define the term confidence interval.

Definition 7.7.1 Let X be a random vector taking values in Rn whose distribution
depends on a parameter � ∈ �. Let L(x) and U (x) be real-valued functions of x
defined on the range RX of X such that L(x) ≤ U (x) for every such x. Let g be a
real-valued function defined on �. The interval [L(X), U (X)] is said to be a 100�%
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FIGURE 7.7.1 Histograms for the population of corn acreages and 1000 values of Ẑ .

confidence interval on g(�) if

P�(L(X) ≤ g(�) ≤ U (X)) = � for all � ∈ �.

Comments: The definition is somewhat demanding in that the probability must be
� for every �. In practice, 100�% is also used when the equality is replaced by “≥” or
by “=̇”. We can allow L to take the value −∞ for all x. Then the interval (−∞, U (X))
is said to be one-sided with upper limit U. Similarly, we can take U (x) = +∞ for all x
and [L , +∞) is a one-sided interval with lower limit L. Of course, the interval should
always be a subset of the parameter space. The number � is called the confidence
coefficient. The principal method used to determine confidence intervals is the pivotal
method. A function h(x, �) is found, defined on RX × �, such that the distribution
of h(X, �) is the same for all � ∈ �. Then constants c1 < c2 are found such that
P�(c1 ≤ h(X, �) ≤ c2) = � for all � ∈ �. The set A(X) ≡ {�|c1 ≤ h(X, �) ≤ c2} is
then a 100 �% confidence region on �. Similarly, a set B(X) = {g(�)|c1 ≤ h(X, �)
≤ c2} is a 100 �% confidence region on g(�). If A(X) or B(X) is an interval, it is then
a 100 �% confidence interval on � or g(�).

For the corn example above, h(X, �) was Ẑ ≡ (X̄ − 	)/(S/
√

n), � = 	, and the
distribution of Ẑ was only approximately N(0, 1) for the case that n was large. Stu-
dent’s t-statistic is tn = (X̄ − 	)/(S/

√
n). We have been discussing this statistic as

an approximation of the random variable Z obtained when 
 appears in the denomi-
nator. We called it Ẑ for that reason. Technically, neither Z nor Ẑ = tn are statistics
if either depends on an unknown parameter. although tn was known to be approxi-
mately distributed as standard normal during the nineteenth century, its distribution
for small n was unknown. In 1908, William Gosset published a paper in the Journal
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of the Royal Statistical Society in which he gave the density function for any positive
n > 1 for the case that the sample was taken from a normal distribution. He published
the paper (Gosset, 1908) under the name “A Student,” since he was an employee on
leave from the Guiness Brewery, which wanted its employees to remain anonymous.
Since that time tn has been called Student’s t-statistic. In fact, any time a random vari-
able is standardized by subtracting its expected value and is then divided by an estima-
tor of its standard deviation, it is said to have been Studentized. Student’s t-distribution
(really distributions) depends on a parameter �, called the degrees of freedom. For tn as
defined above, � = n − 1. Important quantiles (corresponding to, for example, 0.90,
0.95, 0.975, 0.99) are given in almost all statistics books for at least � = 1, 2, . . . , 30.

If X1, . . . , Xn is a random sample from N (	, 
2), then since tn has a t-distribution, it
follows that P(	,
)(−t(1+� )/2 ≤ tn ≤ t(1+� )/2) = � , and manipulating the inequalities
we get the 100 �% confidence interval [X̄ ± t(1+� )/2S/n1/2] on 	. If n is large, say
n ≥ 25, it makes little difference if t(1+� )/2 or z(1+� )/2 is used in this formula, and it
becomes less and less important that the population sampled is normal as n increases.

Example 7.7.1 The following random sample of n = 10 observations was taken
from a normal distribution. (The author tells you secretly that S-Plus was used with
	 = 50, and 
 = 8. In real life you wouldn’t know these parameter values.) The
sample values were 54.24, 64.06, 61.25, 41.39, 45.88, 43.18, 48.12, 53.08, 49.86.
The sample mean and standard deviation were X̄ = 49.81 and s = 8.57. For � =
0.95, the t-table for � = n − 1 = 9 degrees of freedom provided t0.975 = 2.26, so
that t(1+� )/2S/n1/2 = 6.13, and [X̄ ± t(1+� )/2S/n1/2] = [43.67, 55.94]. This time the
interval contained 	.

Example 7.7.2 Let X = (X1, . . . , Xn) be a random sample from the uni-
form distribution on [0, �] for � > 0. As shown earlier, h(X, �) = M /� for M =
max(X1, . . . , Xn) has the cdf F(u) = un for 0 ≤ u ≤ 1. We will use the pivotal quan-
tity h(X, �) to find a 90% confidence interval on �. We have for 0 < c < 1, P�(c ≤
M/� ≤ 1) = 1 − F(c) = 1 − cn . We want this to be � = 0.90. Solving for c, we get
c = (1 − 0.90)1/n .

The event in parentheses is equivalent to M ≤ � ≤ M/c. It follows that [M, U (X)]
is a 90% confidence interval on � for U (X) = M/(1 − 0.90)1/n . If, for example, n =
100, then c = 0.97724, and if we observe M = 53.73, then the upper 90% confidence
limit on � is U = 54.98. The 90% confidence interval is [53.73, 54.98].

Estimation of p

Consider a population of N elements, of which a number N1 have a certain character-
istic. The population might be the collection of registered voters in Michigan, and the
characteristic might be that the voter favors a new gun law. Or the population might
be the collection of people in the United States who develop lung cancer in 2007, and
the characteristic might be that the person lives at least another five years when a new
drug is used. We are often interested in estimating the proportion p = N1/N . Suppose
that a random sample of n members of the population is taken. Usually, sampling is
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without replacement, so that all

(
N

n

)
subsets of the population are equally likely.

However, the probability theory is simpler for sampling with replacement and is a good
approximation if n � N . We consider the case of with-replacement sampling first.

Let X be the number in the sample with the characteristic. Under sampling with
replacement, X has the binomial distribution with parameters n and p. It is important
to note that for this model the population size N plays no role beyond that determined
by n and p, in determining the distribution of X . The MM and ML estimators of p
are both p̂ = X/n. Since X ∼ Binomial(n, p), E(X ) = np and Var(X ) = np(1 − p).
It follows that E( p̂) = p and Var( p̂) = pq/n for q = 1 − p. This implies that { p̂n}
is consistent for p. (We have added the subscript n to emphasize the dependence of
p̂ on n.)

By the DeMoivre–Laplace theorem (the CLT for Bernoulli random variables) Zn ≡
(X − np)/(npq)1/2 = ( p̂n − p)/(pq/n)1/2 converges in distribution to the standard
normal. Thus, for n moderately large and p not too close to 0 or 1,

P(| p̂n − p| < ε) =̇ �(h) − �(−h) = 2�(h) − 1 for

h = ε
(pq/n)1/2

= ε
(

n

pq

)1/2

. (7.7.1)

It follows that we can make this probability approximately equal to some prescribed
number � (0.95, for example), by letting h = z(1+� )/2 satisfy�(z(1+� )/2) = (1 + � )/2,
so that 2�(h) − 1 = � . Solving for n, we get

n = nw = (pq)
[ z(1+� )/2

ε

]2
. (7.7.2)

This formula for the sample size depends on the unknown parameter p, a rather
unsatisfactory condition, since we are trying to decide what the sample size should
be. Fortunately, the function g(p) ≡ pq = 1/4 − (p − 1/2)2 is maximum for p = 1/2.
Therefore, if we simply take p = 1/2 in the formula for n, we will have assumed the
worst and will have an unnecessarily larger sample size when p �= 1/2. In fact, if it is
quite obvious that 0 < p ≤ p0 ≤ 1/2 for some p0, we can use p0(1 − p0) rather than
pq in the formula for n. The same is true if p0 and p satisfy 1/2 ≤ p0 ≤ p < 1.

In the usual case that sampling is without replacement, X has instead a hypergeo-
metric distribution. We still have E(X ) = np and E( p̂) = p, but the variance is smaller
than it is for the binomial distribution: Var(X ) = np(1 − p)[(N − n)/(N − 1)]. The
factor in brackets is called the finite correction factor. It is still true that X is ap-
proximately normally distributed for large n, p not too close to zero or 1, but we
need the additional condition that N − n is also large. If we replace pq/n in (7.7.1)
by (pq/n)[(N − n)/(N − 1)] and determine n = nwo = nw/[N/(N − 1) + nw/N ],
which in good approximation is

nwo = nw

1 + nw/N
. (7.7.3)
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Notice that as N becomes large relative to n, nwo approaches nw.

Generalization to �

The sample-size formulas (7.7.2) and (7.7.3) can be generalized to populations with
numerical characteristics other than zero and 1 as they were for the estimation of 	 =
p. We need only that in the case of sampling with replacement, Zn ≡ (X̄ − 	)/

√

2/n

be approximately distributed as N(0, 1) to get the formula

n = nw = 
2
[ z(1+� )/2

ε

]2
. (7.7.4)

The normal approximation holds reasonably well if there are not extremes in the
population, values that are far from the mean 	 relative to 
 (i.e., if the range is not
too large relative to 
).

The problem here is that 
2 is seldom known. Similar data may have been collected
in the past and an estimate 
̂2 may replace 
2 in (7.7.4). Or a preliminary sample of
(say) 100 make be taken to estimate 
2. Equation (7.7.3), relating the sample sizes
needed for sampling with and without replacement, still holds.

Confidence Intervals on � and p

As stated earlier, the interval [X̄ ± z(1+� )/2S/n1/2] is at least in approximation a 100
�% confidence interval on 	 if n is large and there are no extreme observations in
the case of sampling with replacement. If sampling is without replacement, we need
only multiply S/n1/2 by

√
(N − n)/(N − 1). If the population is 0–1, so that 	 = p,

the proportion of 1’s in the population, S2 may be replaced by p̂(1 − p̂). Figure 7.7.2
shows histograms of the values of the t-statistic for 10,000 samples of sizes 10 and
20, together with the densities of the t-distribution for 9 and 19 degrees of freedom.
In the first row the population has an extreme value of 160, so that the corresponding
t-confidence intervals, with 2.263 and 2.093 as multipliers rather than 1.96, produced
by the samples would contain 	 9332 and 9170 times. For the second row the ex-
treme value is only 80, so that the histograms are closer to standard normal and the
resulting confidence intervals would be correct 9422 and 9446 times. closer to the
nominal 95%.

Example 7.7.3 A few years ago an article on autodeaths among young children
appeared in a local newspaper. Four sentences from that article follow.

On the positive side, fewer young children died in car crashes. The number of those under
age 4 who were killed fell 5.7 percent (from 2001 to 2002), while there was an 8 percent
decline for youngsters 4 to 7. For the first time since the federal agency began keeping
records in the 1970s, fewer than 500 children in each age category died in a year. There
were 484 fatalities in the youngest age group and 496 for those age 4 to 7.



OTE/SPH OTE/SPH

JWDD073-c7 October 4, 2007 17:24 Char Count= 0

confidence intervals 197

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

Histogram of 10000  t-Statistics for Samples of
Size n = 10  from Population = {1, ... , 50,80}

9422  between
-2.262 and 2.262

t-statistic

Histogram of 10000  t-Statistics for Samples of
Size n = 10  from Population = {1, ... , 50,160}

9332  between
-2.262 and 2.262

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

t-statistic

Histogram of 10000  t-Statistics for Samples of
Size n = 20  from Population = {1, ... , 50,160}

9170  between
-2.093 and 2.093

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

t-statistic

Histogram of 10000  t-Statistics for Samples of
Size n = 20  from Population = {1, ... , 50,80}

9446  between
-2.093 and 2.093

−6 −4 −2 0 2 4 6

0.
0

0.
1

0.
2

0.
3

0.
4

t-statistic

FIGURE 7.7.2 Histograms for the t-statistic for samples from populations with outliers.

There is a tendency among newspaper writers to overinterpret changes that are
often due to chance. To see this, let the numbers of deaths among children under
4 in 2001 and 2002 be X1 and X2. It is reasonable to suppose that X1 and X2 are
independent and that they have Poisson distributions with parameters 
1 and 
2. In
fact, since multiple deaths sometimes occur in accidents, the Poisson model may
be only a rough approximation, but it should be close enough for our purposes. We
would like to estimate 
2/
1 ≡ R. The author of the article seemed to be convinced
that R < 1.

From Chapter Five we know that conditionally on T = t = X1 + X2, X2 has
the binomial distribution with parameters n = t and p = 
2/(
1 + 
2) = R/(1 +
R). A point estimate of p is given by p̂ = X2/(X1 + X2) = R̂/(1 + R̂), where
R̂ = X2/X1. In this case we observe that X2 = 484, X1 = X2/0.943 =̇ 513, R̂ =
0.943, p̂ = 0.485. An approximate 95% confidence interval on p is given by [ p̂ ±
1.96

√
p̂(1 − p̂)/n] = [0.485 ± 0.031] = [0.454, 0.516]. Since the inverse func-

tion R = h(p) = p/(1 − p) is monotone in p, the interval [h(0.454), h(0.516)] =
[0.832, 1.066] is a 95% confidence interval on R. The conclusion is that the real
death rates may not have changed at all. As is common with such data, the author
jumped to conclusions not warranted by the data. The 8% drop in deaths among chil-
dren aged 4 to 7 may be enough to convince us that the change is real, and combining
the data for both age groups may be even more convincing (see Problem 7.6.3).

We might wish to find a confidence interval on 
2 alone or on � = 
2 − 
1. As
mentioned in Chapter Six, since 
 is large and X ∼ Poisson(
), Z ≡ (X − 
)/

√



is approximately distributed as N(0, 1), so that P(−1.96 ≤ Z ≤ 1.96) =̇ 0.95. The
event in parentheses is [Z2 ≤ 1.962] = [G(
) ≤ 0], where G(
) = 
2 + B
 + C,
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where B = 2X + 1.962 and C = X2. Solving the quadratic we find that a confidence
interval on 
 is given by [L(X ), U (X )] = [(X + 1.962/2) ± 1.96

√
X + 1.962/4]. For

X large as for X2 in our example, it makes little difference whether we use the pivotal
quantity Z as we have here or Ẑ ≡ (X − 
)/

√
X , which produces the 95% interval

[X ± 1.96
√

X ]. For X2 = 484 as in the child-death example, we get the intervals
[442.8, 529.1] and [440.9, 527.1] for this last rougher approximation. In 10,000
simulations with 
 = 500, the intervals produced confidence intervals containing 

9447 times for the more complex method, 9432 for the simpler method.

To get a confidence intervals on � = 
2 − 
1, we can use the pivotal quantity
Z ≡ [(X2 − X1) − (
2 − 
1)]/(X2 + X1)1/2 to produce the interval [(X2 − X1) ±
1.96(X2 + X1)1/2]. For these data we get the 95% interval [−90.9, 32.9]. Since the
interval includes zero, we have again indicated that the author of the article overin-
terpreted the change.

Problems for Section 7.7

7.7.1 Let f (x, �) = (1/�)e−x/� for x > 0, � > 0.

(a) For one observation X from this density, find an upper 90% confidence
limit on �.

(b) Let X1, . . . , X10 be a random sample from f . Give a formula for a 90%
confidence interval on �. Hint: Consider their sum T . A � -quantile x� for
the gamma distribution with shape parameter �, scale parameter 1 may
be found using chi-square tables, given in almost all statistics books. If
Y has the �(�, 1) distribution, W = 2Y ∼ � 2

2� and x� = w�/2, where
w� is the � -quantile for W . Denote the 0.95 and 0.05 quantiles of the
� 2

2� distribution by � 2
2�(0.95) and � 2

2�(0.05).

(c) Evaluate the confidence interval for the sample 7.9, 2.6, 8.7, 30.7, 1.5,
8.9, 0.5, 6.5, 5.7, 21.3. Their sum is 94.3. (The true value of � used to
generate these data was 5.0. )

7.7.2 Let X1, . . . , Xn have the shifted exponential distribution, having density
f (x ; �) = e−(x−�) for x > �, � any real number. Find a pivotal quantity that
depends on the MLE and use this to give a lower 95% confidence limit L on
�. Evaluate it for the sample of 9: 16.56, 14.30, 13.29, 14.22, 13.46, 16.38,
16.30, 13.48.

7.7.3 A village has 2000 adult residents. A political scientist wishes to estimate
the proportion of these who would be willing to pay $100 more each year for
three years in taxes in order to build a park. He wants the sample size n to be
large enough to make the probability at least 0.90 that the sample proportion
will be within 0.04 of the population proportion. How large should n be if:

(a) Sampling is with replacement?

(b) Sampling is without replacement?
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7.7.4 The state of Michigan suspects that a medical clinic is overcharging on bills
sent to the state for laboratory work. To estimate the proportion p of bills
sent to the state for which there were overcharges, the state decides to take a
simple random sample of the 1763 bills received over a six-month period. It
is too expensive to examine all 1763 bills (a “census”), since medical people
must determine whether there have been overcharges.

(a) How large must the sample size be to estimate p within 0.03 with prob-
ability 0.95? Assume that p ≤ 0.20.

(b) If the sample size determined in part (a) were used but p were actually
0.40, what would the probability be that p̂ differed from p by more than
0.03?

(c) Suppose that the sample size nwo = 500 was used and the number of
bills observed for which there were overcharges was 47. Give a 95%
upper confidence limit on p. [This means that the upper confidence
limit U = U (X ) is determined by a method which has the property that
P(U ≥ p) = 0.95.]

7.7.5 A newspaper wishes to take a simple random sample of n from the 2 million
voters for governor of the state in order to estimate the difference � =
pA − pB in the proportions who favor the two candidates A and B. There are
only two candidates. How large must the sample size be to have probability
at least 0.90 that the estimator �̂ differs from � by less than 0.04?

7.7.6 Let X1, X2, X3, X4 be a random sample from N(	, 
2), where 	 and 
2

are both unknown. Suppose that the values observed were 7, 7, 3, 7. Find a
90% confidence interval on 	. This example was invented before the days
of calculators, so that square roots could easily be obtained.

7.7.7 The number of cases of lung cancer reported over a three-year period among
8791 men of ages 50 to 59 living in a county in which a nuclear reactor was
located was 81. During the same time period in other counties in that same
state there were 62,547 men of ages 50 to 59, of which 483 were reported
to have lung cancer over the same period. Let �1 and �2 be the underlying
(long-term) rates per 1000 men of this age group in the two regions.

(a) State a model for the numbers X1 and X2 with cancer in the two regions.
Then find a 90% confidence interval on R = �1/�2. Use the conditional
binomial method.

(b) Find 90% confidence intervals on �1 and on �2.

7.7.8 To measure the effect of a new drug on blood pressure, 20 people with blood
pressure over 170 were asked to take part in an experiment. The 20 people
were paired according to age and gender, those in the same pair having the
same gender and approximately the same age. Then one member of each pair
was chosen randomly to receive the drug (the treatment). The other member
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received a placebo (the control), a pill that tasted and looked like the drug, but
which had no real effect on people. Blood pressure (bp) was measured both
before and two weeks after the 20 began taking the pills. The bp decreases
for the 20 people were as follows:

Pair 1 2 3 4 5 6 7 8 9 10

Treatment 8 2 −4 12 1 −2 6 −4 10 3

Control 1 −5 3 5 −6 0 7 −8 2 4

Let Yi and Xi be the treatment and drug decreases for the i th pair. Thus,
Y3 = −4, X3 = 3, indicates that in the third pair, for the person receiving
the drug the bp decreased −4, equivalently increased 4, whereas for the
person receiving the placebo the bp decreased 3. Let Di = Yi − Xi , and
suppose that D1, . . . , D10 is a random sample from N(	D, 
2

D), with both
parameters unknown. Use the t-method to find a 95% confidence interval on
	D . The method used here is called the paired sample t-method.

7.7.9 Let Ii be a 100(1 − �i )% confidence interval on a parameter �i for i =
1, . . . , k.

(a) Prove that P(�i ∈ Ii for i = 1, . . . , k) ≥ 1 −∑k
i=1 �i . Hint: Let Ai be

the event [�i ∈ Ii ]. Then P(Ai ) = 1 − �i for each i .

(b) What is the probability if the Ii are independent?

7.7.10 (a) A box has 10 balls, of which R are red and 10 − R are white. A simple
random sample of four balls is chosen and X = 3 are red. Find a lower
85% (approximately) confidence limit on R. Although we won’t prove
it here, such a lower limit is L(X ), where L(x) for each x is the smallest
R such that P(X ≥ x |R) ≤ 0.15.

(b) Another box has 100 balls, of which R are red. A simple random sam-
ple of n = 36 balls is chosen, of which X = 27 are red. Use a nor-
mal approximation to give an approximate 85% lower confidence limit
on R.

7.7.11 To investigate the effects of a special program to keep students in high
school in Metropolis, 800 students were chosen randomly from among the
30,000 tenth graders to take part in the study. Four hundred of these were
randomly chosen to receive special counseling. The other 400 were to re-
ceive no extra counseling. At the end of the school year the numbers among
the two groups who had dropped out of school were determined. Some of
those in the 800 moved out of the city, so that the sample sizes were reduced
somewhat. Among the 359 in group 1 (the treatment group, receiving extra
counseling), X1 = 53 dropped out. Among the 367 in group 2 (the control
group), X2 = 74 dropped out.
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Suppose that X1 has a binomial distribution with parameters n1 = 359 and
p1, and that X2 has the binomial distribution with parameters n2 = 367 and
p2. Suppose also that X1 and X2 are independent. We want a confidence
interval on � ≡ p1 − p2.

(a) Interpret p1 and p2 relative to the 30,000 tenth graders.

(b) Suggest an unbiased estimator �̂ of �.

(c) Express Var(�̂) = 
2
�̂

in terms of n1, p1, n2, p2.

(d) Suggest an estimator of Var(�̂). Call this 
̂2
�̂

.

(e) Define a pivotal quantity which for large n1 and n2 has an approximate
standard normal distribution. Use this to give an approximate 95% con-
fidence interval on �. Interpret this interval for the benefit of the school
board, consisting of six people who have never studied statistics and one
who took Statistics 201 48 years ago.

7.7.12 You observe Yi = U �
i for i = 1, . . . , n, where � > 0 is unknown and the Ui

are independent, each Unif(0, 1). Give a formula for a 100�% confidence
interval on �.

7.7.13 Independent Bernoulli trials, each with probability � of success, are per-
formed until 1000 successes have occurred. Let T be the total number of
trials necessary.

(a) What is the distribution of T ?

(b) Give formula for a 100�% confidence interval on �. Evaluate it for
� = 0.90, T = 5937.

7.8 FISHER INFORMATION, CRAMÉR–RAO BOUND, AND
ASYMPTOTIC NORMALITY OF MLES

Let X be a random variable, or random vector, with density f (x; �), defined for every
� ∈ �, where � is an open subset of the real line. As defined in Section 7.4, the

likelihood function for X is L(�; x). Suppose that
�

��
f (x; �) = f ′(x; �) exists for

each x in the range of X. The derivative of log(L(�;x) ) is the score function:

�(�; x) = �

��
log(��; x)) = �

��
log(L(�; x)) = f ′(x; �)

f (x; �)
.

�(�; x) is a measure of the relative effect of a small change of � on the likelihood
function when x is observed. Consider the random variable �(�; X). Then E�(�(�; X))
= ∫∞

−∞ �(�; x) f (x; �) dx = ∫∞
−∞ f ′(x; �) dx. (If x is a vector of length n, the integral

is an n-fold integral.) If we can interchange integration and differentiation, then this
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last term is
�

��
(1) =0. Now consider the second partial derivative:

�̇(�; x) = �2

��2
log(L(�; x)) = �

��
�(�; x) = f ′′(x; �)

f (x; �)
−
[

f ′(x; �)

f (x; �)

]2

= f ′′(x; �)

f (x; �)
− [�(x; �)]2.

Again, f (x; �) in the numerator and denominator cancel, so that if integration and
differentiation may be exchanged, E�(�̇(�; X)) = 0 − E�([�(�; X))]2) = −E�(�(�;
X)2). The function

I (�) = E�(�(�; X)2) = Var�(�(�; X)) = −E�(�̇(�; X))

is called the information function, as defined by R. A. Fisher (Fisher, 1922). It is the
mean curvature of the log-likelihood function at �. As will be shown, this function
has some interesting properties relating to MLEs and to estimators in general.

Notice that if X = (X1, . . . , Xn) is a random sample from such a density f (x ; �),
the log-likelihood function is the sum of the log-likelihood functions for the Xi . It
follows that the information function for X is In(�) = I1(�)n, where I1(�) = I1(�) is
the information function for one observation.

If X has a discrete mass function f (x; �), we can repeat the definitions above for
�(�; x), for �̇(�; X) and I (�) just by replacing integrals by sums. The examples will
make this clear.

Example 7.8.1 Let X ∼ N(	, 1). The log-likelihood function is log( f (x ; 	)) =
C − (1/2)(x − 	)2, where C is a constant. Then �(	; x) = (x − 	), the score func-
tion, and �̇(�; X) = −1. Notice that E	(�(	; X)) = 0. Since �̇(�; X) is a constant,
its expectation is I (	) = 1 = Var	(�(X; 	)) . Thus, one observation X carries infor-
mation 1. It’s easy to show that if Var(X ) = 
2 rather than 1, I (	) = 1/
2. Less
information on 	 is given by an observation with larger variance.

Example 7.8.2 Let X ∼ Poisson(
). Then log(L(
; x)) = −
 + x log(
) + C ,
where C does not depend on 
. Thus, �(
; x) = −1 + x/
, and �̇(�; X) = −x/
2.
Notice that E
(�(
; X )) = 0 and I (
) = −E
(�̇(�; X)) = 
/
2 = 1/
 =
Var(�(X ; 
)).

Example 7.8.3 Let X ∼ Unif(0, �) for � > 0. The likelihood function is
L(�; x) = 1/� for 0 ≤ x ≤ �. Its score function is �(�; x) = −1/� for 0 < x < �
and is undefined otherwise. But E�(�(�; X)) = −1 �= 0. The range of the integral
determining E�(�(�; X)) depends on �, so the order of differentiation and expecta-
tion cannot be exchanged. �̇(�; X) = 1/�2 for 0 < x < �, but Var�(�(�; X )) = 0 �=
−E�(�̇(�; X)) = 1/�2.
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The Cramér–Rao Inequality Let X be a random variable or vector with density
or probability function f (x; �) for � ∈ �. Let T (X) be an estimator of �. Let g(�) ≡
E�(T (X)), and let g′(�) = �

��
g(�) for all � ∈ �. Suppose that as in the definition

of the information function I (�), the order of differentiation with respect to � and
integration with respect to x may be exchanged. Also suppose that

∞∫
−∞

T (x)
�

��
f (x; �)dx = �

��

∞∫
−∞

T (x) f (x; �) dx for � ∈ �.

Then we have the inequality

Var�(T (X)) ≥ [g′(�)]2

I (�)

with equality if and only if there exist constants a(�) and b(�) such that

T (X) = a(�) + b(�)�(�; X) (7.8.1)

with probability 1 for all � ∈ �. [g′(�)]2/I (�) is the Cramér–Rao lower bound on
Var�(T (X )). The inequality is called the Cramér–Rao inequality or the information
inequality.

Comments:
1. If E�(T (X)) = � for � ∈ � then g (�) = �, and g′(�) = 1, so that Var�(T (X)) ≥

1/I (�). This means that every unbiased estimator of � that satisfies the exchange
conditions has variance at least 1/I (�) and that if T (X) attains this lower bound,
T (x) is a linear function of �(�; x), where the coefficients may depend on �.

2. The function T (x) in comment 1 is an estimator only if it is the same for all
� ∈ �.

3. The inequality holds in the case that X has probability mass function f (x; �).
For the proof, replace integration by summation.

4. If X = (X1, . . . , Xn) is a random sample from f (x ; �) and I (�) is the informa-
tion for one observation, the information function for X is In(�) = nI (�), so the
Cramér–Rao lower bound on Var�(T (X)) is [g′(�)]2/[nI (�)].

Example 7.8.1 Revisited For the case that X = (X1, . . . , Xn) is a random sample
from N(	, 
2) with 	 unknown, 
2 known, the information function is In(	) = n/
2,
the same for all 	. It follows that every unbiased estimator T (X) of 	 has variance at
least 
2/n.

The estimator X̄ attains this lower bound. We know, for example, that Median(X)
must have a larger variance for every 	. It can be shown that n Var(Median(X))
converges to �/2 for samples from the normal distribution. The median can do better
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than the mean for samples from other distributions, especially for those with “heavy
tails.”

Example 7.8.2 Let X ∼ Binomial(n, p), 0 < p < 1. The log-likelihood func-
tion is log(L(p; x)) = C + x log(p) + (n − x) log(1 − p), so that �(p; X ) = x/p −
(n − x)/(1 − p) and �̇(p; X) = −x/p2 + (n − x)/(1 − p)2. C does not depend on
p. Thus, I (p) = −E p(�̇(p; X)) = n/p + n/(1 − p) = n/[p(1 − p)]. This could also
have been found by determining Varp(�(p; X )) = Varp(X/[p(1 − p)]) directly. Thus,
every unbiased estimator has variance at least 1/I (p) = p(1 − p)/n, the variance of
p̂ = X/n.

Proof of the Cramér–Rao Inequality: The inequality follows directly from the
fact that the square of the correlation coefficient � = � (T (X ), �(�; X )) satisfies
�2 ≤ 1. Equivalently, Cov(T (X ), �(X ; �))/ Var�(�(X ; �)) ≤ Var�(T (X )), a conse-
quence of the Cauchy–Schwartz inequality. Since E�(�(�; X )) = 0, the left side is
E�(T (X )�(X ; �)), which, after exchange of the order of differentiation and integra-

tion, is
�

��
E�(T (X )) = �

��
g(�). Since Var�(�(�; X)) = I (�) the inequality is proved.

Since � (U, V )2 = 1 for any two random variables if and only if there exist constants
a, b such that V = a + bU with probability 1, statement (7.8.1) holds.

Asymptotic Normality of MLEs

In a variety of cases, MLEs are asymptotically normally distributed. We state a theo-
rem largely due to Cramér indicating this. The result, taken from Thomas Ferguson’s A
Course in Large Sample Theory (1996), is rather technical and will not be proved here.
It does not specifically concern MLEs, but instead, refers to roots of the likelihood
equation �(�; x) = 0 when X = (X1, . . . , Xn) consists of iid random variables.

Theorem 7.8.3 Let X1, . . . , Xn be iid with density f (x ; �), � ∈ �, and let �0 denote
the true parameter. If the following hold:

(a) � is an open subset of R1.
(b) Second partial derivatives of f (x ; �) with respect to � exist and are continuous

for all x and may be passed under the integral sign in
∫

f (x ; �)dx .
(c) There exists a function K (x) such that E�0 [K (X )] < ∞ and �̇(�; x) is bounded

in absolute value by K (x) uniformly in some neighborhood of �0 for each x .
(d) I (�0) = −E�0 [�̇(�;X) ]> 0.
(e) P�( f (X ; �1) = f (X ; �0)) for all � ∈ � implies that �1 = �0.

Then there exists a consistent sequence {�̂n} of roots of the likelihood equation
such that

Zn ≡ √
n (�̂n − �0) (7.8.2)

converges in distribution to N (�, 1/I (�)).
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Comments:

1. If a root �̂n of the likelihood equation exists and is unique for n > N(�0), then
�̂n is the MLE and (7.8.2) holds. It is possible that there may be several roots,
and choosing one of these for each n may not produce a sequence for which
(7.8.2) holds.

2. The sequence {�̂n} may be chosen to be strongly consistent in the sense that
P�0 (limn→∞ �̂n = �0) = 1.

3. f (x ; �), as before, may be a probability mass function.

Theorem 7.8.1 may be generalized as follows. Suppose that � = (�1, . . . , �k) takes
its values in �, an open subset of Rk . Let the score function be �(�;x), the k-component
vector of partial derivatives with respect to �1, . . . , �k . Let �̇(�; X) be the k × k matrix
of second partial derivatives. Define I (�0) = −E�0 [�̇(�; X)] as before. I (�0) is the
information matrix. Then Zn is a k-component vector and 1/I (�0) in (7.8.2) becomes
I (�0)−1, the inverse of the information matrix.

Example 7.8.3 Let X1, . . . , Xn be a random sample from N(	, 
2) with 
2

known. Then for one observation X, �(	; x) = (x − 	)/
, and �̇(�; X) = −1/
2, so
I (	) = 1/
2. Since the MLE X̄n is the unique solution to the likelihood equation,
Zn = √

n(X̄n − 	) converges in distribution to N(0, 
2).
Now suppose that both 	 and 
2 are unknown, so that � = R1 ×

R+
1 . Letting � = 
2, we get

�

�	
log(L(	, �; x)) = −(x − 	)/� and

�

��
log(L(	, �; x)) = −1/(2�) + (x − 	)2/(2�2) and the second partial derivatives are
�2

�	2
log(L(	, �; x)) = −1/�,

�2

�	 ��
log(L(	, 
2; x)) = �2

���	
log(L(	, �; x)) =

(x − 	)/�,
�2

��
log(L(	, �; x)) = −1/(2�2) − (x − 	)2/�3. Taking expectations of

the 2 × 2 matrix of partial derivatives, we get I (	, 
2) =
(

1/
2 0
0 1/(2
4)

)
. Thus,

the MLE pair (X̄ , 
̂2) is asymptotically normally distributed in the sense that√
n[(X̄ , 
̂2) − (	, 
2)] converges in distribution to the bivariate normal with mean

vector (0, 0), covariance matrix I (	, 
2)−1 =
(


2 0
0 2
4

)
. Actually, Var(

√
n
̂2) =

2
4[(n − 1)/n], which converges to 2
4.

Problems for Section 7.8

7.8.1 Let X1, . . . , Xn be a random sample from the exponential distribution with
mean 1/� > 0.

(a) Find the Cramér–Rao lower bound on the variance of unbiased estimators
of �.

(b) Find the MLE �̂ of �.
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(c) Find a constant C(n) so that �̂2 = C(n)�̂ is an unbiased estimator of �. Find
Var�(�̂2) and show that it satisfies the inequality in part (a) (see Problem
7.2.5).

(d) Find a constant d(�) such that Zn = (�̂2 − �))/[n1/2d(�)] converges in
distribution to N(0, 1).

(e) Use Ẑn = (�̂ − �))/[n1/2b(�̂)] as a pivotal quantity to find a formula for
a 95% confidence interval on � for the case that n is ”large.” That Ẑn and
Zn have the same limiting distribution follows from Slutsky’s theorem.

7.8.2 Repeat problem 7.8.1 for the case that X1, . . . , Xn is a random sample from
the Poisson distribution with mean � > 0.

7.8.3 Let X = (X1, . . . , Xn) be a random sample from the geometric distribution
with parameter �, 0 < � < 1.

(a) Find the information function In(�) and use this to give an upper bound
on the variance of unbiased estimators of �.

(b) Find the Cramér–Rao bound on the variance of unbiased estimators
of �.

(c) Show that the MLE and MME for � are both 1/X̄ .

(d) Use the �-method to find an approximation for Var(�̂) for n large.

(e) Give a formula for an approximate 95% confidence interval on � for n
large.

7.8.4 Let X = (X1, . . . , Xn) be a random sample from the Pareto distribution with
cdf F(x ; �) = 1 − x−� for x > 1, � > 0.

(a) Find the Cramér–Rao bound on the variance of unbiased estimators of �.

(b) Show that the MLE for � is �̂n = 1/Ȳ , where Yi = log(Xi ) for each i , and
Yi has the exponential distribution with mean 1/�. Use the fact that �Yi ∼
�(n, 1/�) to show that E(�̂n) = �n/(n − 1) and �̂∗

n ≡ �̂n(n − 1)/n is an
unbiased estimator of �. Give an upper bound on Var(�̂n).

(c) Use the �-method to find a constant C(�) and to prove that
√

nC(�)(�̂n −
�) converges in distribution to standard normal. Use this and an estimator
of C(�) to give a formula for an approximate 95% confidence interval on
�.

7.8.5 Let X1, . . . , Xn be a random sample from the normal distribution with known
mean 	, unknown variance � = 
2 > 0.

(a) Find the Cramér–Rao lower bound on the variance of unbiased estimators
of �. Hint: Determine the score function and I1(�).

(b) Find the MLE �̂ of �.

(c) Find a constant C(n) so that �̂2 = C(n)�̂ is an unbiased estimator of �.
Find Var�(�̂2) and show that it satisfies the inequality in part (a).
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(d) Find a constant d(�) such that Zn = (�̂ − �))/[n1/2d(�)] converges in
distribution to N(0, 1).

(e) Give a formula for a 95% confidence interval on �, assuming that n is
large.

7.8.6 A genetic theorem states that for n twin pairs the number having property
A (statistical brilliance, for example) has a binomial distribution for some
�, 0 < � < 1. To test this theory, n = 1000 pairs are observed. Let Xk be the
number of such pairs having k with property A. Let X = (X0, X1, X2).

(a) Give the likelihood function for an observed vector X. Hint: Each Xk has
a binomial distribution with n = 1000. What is the distribution of X?

(b) Find the ML estimator �̂ for �, and use this to estimate � for X0 = 94, X1 =
412, X2 = 494. Estimate p(k; �) = probability that k members of a pair
have property A for k = 0, 1, 2 and compare these to Xk/1000 for each
k. Does the fit seem to be good?

(c) Show that the MLE for �̂ is unbiased for �.

(d) Give the Cramér–Rao lower bound B(�, n) on Var�(�̂) and show that
Var�(�̂) = B(�, n).

(e) Give a formula for a 95% CI on �. Find it for the data of part (b).

7.8.7 Let Xi j for i = 0, 1 and j = 0, 1 be the frequency of occurrences of (i, j)
in a 2 × 2 table with rows labeled 0, 1 and columns labeled 0, 1. Sup-
pose that X = (X00, X01, X10, X11) has the multinomial distribution with pa-
rameters n (known) and p = p(�1, �2) = (p00, p01, p10, p11), where pi j =
pi j (�1, �2) = �i

1(1 − �1)1−i �
j

2 (1 − �2)1− j for i = 0, 1 and j = 0, 1. Thus,
row and columns are independent, with probabilities (1 − �1) and �1 for rows,
(1 − �2) and �2 for columns. Suppose that X is observed, 0 < �1 < 1, 0 <

�2 < 1, with both �1 and �2 unknown.

(a) Find the MLE �̂ for � = (�1, �2). Evaluate it for n = 1000, X =
(115, 185, 285, 415). For its intuitive value, write X, p, and p̂ = p(�̂)
as 2 × 2 matrices.

(b) Use the asymptotic properties of MLEs to determine 95% CIs on �1 and
on �2 for the data of part (a).

7.9 SUFFICIENCY

Let X1, X2 be iid Poisson(
) for 
 > 0, and let T = T (X1, X2) = X1 + X2. As was
shown in Section 5.1, the conditional distribution of X1, given T = t , is binomial with
parameters n = t and p = 
/(
 + 
) = 1/2. Knowledge that X1 = x1, given that we
know that T = t , provides no additional information about 
. Thus, in recording the
results we need only record T , as long as we believe that X1 and X2 satisfy the model.
Put another way, on the contours C(t) = {(x1, x2)|x1 + x2 = t} the distribution of
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(X1, X2) is the same for all 
. We will show that it is enough (sufficient), when we
consider estimators of 
, to consider estimators that are constant on these contours
[i.e., depend on (X1, X2) only through T = T (X1, X2). To do otherwise will increase
the variance of the estimator.

Consider another example. Let X have probability mass function f (k; �) for � =
1, 2, 3.

k

−2 −1 0 1 2

f (k; 1) 0.1 0.2 0.1 0.4 0.2
f (k; 2) 0.0 0.3 0.1 0.6 0.0
f (k; 3) 0.2 0.0 0.4 0.0 0.4

The conditional distribution of X , given T = |X | = t , puts mass 1/3, 2/3 on −t and
+t , whenever defined, for each of � = 1, 2, 3. T = |X | is therefore sufficient for �.
Note that the conditional distribution of X , given |X | = 1, is not defined for � = 3.

We’re now ready for a formal definition.

Definition 7.9.1 Let X = (X1, . . . , Xn) have density or probability mass function
f (x ; �) for � ∈ �, and let T = T (X) be a statistic. Let f (x |T (X) = t ; �) be the
conditional density or mass function of X, given T (X) = t . If for all x and t, f (x
|T (X) = t ; �) is the same, whenever defined, for all � ∈ �, then T (X) is said to be
sufficient for � ∈ �.

Example 7.9.1 Let X = (X1, . . . , Xn) be a random sample from the Bernoulli
distribution with parameter �, 0 ≤ � ≤ 1. Let T = T (X) = �Xi . Then T ∼
Binomial(n, �) and the conditional mass function for X, given T = t , is f (x |T =
t ; �) = f (x; �)/b(t ; n, �) =∏n

i=1 �x
i (1 − �)1−xi /

( n
t

)
�t (1 − �)n−t = 1/

( n
t

)
, where

x = (x1, . . . , xn) is a vector of 0’s and 1’s with sum t . Thus, given T (X ) = t, X has,
for all �, the uniform distribution on the collection of x with sum t , a simplex in
n-space. Thus, T (X) is sufficient for �.

Comments:

1. T (X) can be a vector. In particular, we could take T (X) = X. Since, in this case,
f (x |T (X) = t; �) = 1 for all t and x and � ∈ �, X itself is sufficient of � ∈ �. If
T (X) instead is defined to be the vector of order statistics (X (1), X (2), . . . , X (n))
and f ( x;�) is symmetric in the components of x for every � ∈ �, then for all
� ∈ �, f (x |T (X) = t; �) = 1/n! for all x whose vector of order statistics is t,
so that the vector of order statistics is sufficient for � ∈ �.

2. If X is discrete and T (X) is sufficient for � ∈ � and A any event, then
P(A|T (X) = t ; �) = �x∈A f (x |T (X) = t ; �) is the same for every � ∈ �. If
X is continuous, the argument is the same with an n-fold integral replacing
summation.
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3. If T (X) is sufficient for � ∈ � and there are functions U (x) and g(u) such that
T (x) = g(U (x)) for all x, then U (X) is also sufficient for � ∈ �. For example,
if T (X) is sufficient for �, so is cT (X) for any constant c �= 0 and so is any
pair (T (X), h(X)). It is the partition of the sample space that the statistic T (X)
provides that is important, not the specific values taken. The following proof
for the discrete case should make this clear.

Let x be in the range of X, let t = T (x), and let u = U (x). Then,
since T (x) = g(U (x)), t = g(u). Let A = [X = x], B = [U (X) = u], and
C = [T (X) = t]. Then A ⊂ B ⊂ C , so that P(A|B; �) = P(A; �)/P(B; �) =
P(A|C ; �)/P(B|C ; �). But from the definition of sufficiency and from com-
ment 2, both the numerator and denominator are the same for all � ∈ �. Thus,
U (X) is sufficient for � ∈ �. The argument for the continuous case requires
ideas from measure theory.

4. The sufficiency property for a statistic T depends crucially on the parameter
space. If, we increase the size of �, then T may no longer be sufficient. If, for the
example described in the second paragraph of the opening text in this section,
we add the parameter value � = 4, with the corresponding probabilities 0.1, 0.5,
0.1, 0.2, 0.1 for x = −2, −1, 0, 1, 2, then |X | (or X2) is no longer sufficient.
On the other hand, |X | is sufficient if these probabilities are 0, 0.2, 0.4, 0.4, 0.

Example 7.9.2 Let X = (X1, . . . , Xn) be a random sample from the Unif(�1, �2)
distribution for �1 < �2. Let T1 = min (X1, . . . , Xn) and T2 = max(X1, . . . , Xn). It
was shown in Section 3.5 for the case �1 = 0, �2 = 1 that (T1, T2) have joint density
n(n − 1)(t2 − t1)n−2 for 0 ≤ t1 < t2 ≤ 1, so that in the general case (T1, T2) has den-
sity n(n − 1)(t2 − t1)n−2/�n for �1 ≤ t1 < t2 ≤ �2, where � = �2 − �1. Since X has
density 1/�n for all x in the n-cube [�1, �2](n), and the ratio of the density of X to
that of (T1, T2) is uniformly n(n − 1)(t2 − t1)n−2 for those x for which min(x) = t1,
and max (x) = t2 , the pair (T1(X), T2(X)) is sufficient for � = (�1, �2).

Example 7.9.3 Let X = (X1, . . . , Xn) be a random sample from the exponential
distribution with mean � > 0. Let T = T (X) =∑n

i=1 Xi . Then T ∼ �(n, �), with
density fT (t ; �) = �−n�(n)−1tn−1e−t/� , so that the conditional density of X, given
T (X) = t , is f (x |T (X) = t ; �) = �(n)−1 on the simplex {x|∑n

i=1 xi = t , all xi > 0}.
Since this is the same for all � > 0, T (X) is sufficient for �. By comment 3,1/T (X)
is also sufficient.

∑n
i=1 X2

i is not.

For our examples it was necessary to select a candidate for sufficiency, find its
distribution for each parameter value �, then show that the conditional distribution of
X was the same for all � in the parameter space. The following theorem, due to Jerzy
Neyman (1935), reduces the difficulty.

Theorem 7.9.1 (Neyman Factorization) Let f (x; �) be the density or probability
function for X = (X1, . . . , Xn) for � ∈ �, and let T (X) be a statistic. T (X) is sufficient
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for � ∈ � if and only if there exist functions g(t ; �) and h(x) such that

f (x; �) = g(T (x); �)h(x) (7.9.1)

for all x and � ∈ �.

We postpone a proof for the discrete case until we consider two examples.

Example 7.9.3 Revisited X has density f (x;�) = �−ne−(�xi )/� for all xi > 0. Let
g(t, �) = �−ne−t/� for t > 0 and h(x) = 1 for all xi > 0, 0 otherwise. Let T (x) = �xi .
Then f (x;�) = g(T (x);�)h(x) for all x and � > 0. Thus, by Neyman factorization,
T (X) is sufficient for � ∈ �.

Example 7.9.2 Revisited X = (X1, . . . , Xn) has joint density f (x; �1, �2) = �−n

for �1 ≤ xi ≤ �2, for each i , where � = �2 − �1. Let T (x) be the pair (T1(x) = min(x),
T2(x) = max(x)). Let g((t1, t2); (�1, �2)) = �−n for �1 ≤ t1 ≤ t2 ≤ �2, zero otherwise,
and let h(x) be identically 1. Then f (x; �1, �2) = g(T (x); (�1, �2))h (x) for all x and
all �1 < �2, so that T (X) is sufficient for � = (�1, �2).

Proof of Neyman Factorization for the Discrete Case

Necessity: Suppose that T (X) is sufficient for � ∈ �. Then for each t and x, f (x
|T (X) = t ; �) is the same for all � ∈ � and is positive only if T (x) = t . Define
h(x) = f (x |T (X) = T (x); �). Define g(T (x);�) = P(T (X) = T (x);�). Then (7.9.1)
follows by the definition of conditional probability.

Sufficiency: Suppose that (7.9.1) holds. P(T (X) = t ; �) =∑T (x)=t g(T (x), �)
h(x) = g(t ; �)

∑
T(x)=t h(x). Define this last sum to be k(t). Then, for each � ∈ �,

f (x |T (X) = t ; �) = [g(T (x); �)h(x)]/P(T (X) = t ; �) = h(x)/k(t) = h(x)/k(T (x))
when T (x) = t and is zero otherwise. Since this is the same for all � ∈ �, T (X) is
sufficient for � ∈ �.

Example 7.9.4 Let X = (X1, . . . , Xn) be a random sample from the �(�, �)
distribution for � > 0, � > 0. X has density f (x ; �, �) = [�(�)�]−nT1(x)�−1e−T2(x)

for T1(x) =∏ xi , and T2(x) = �xi for x ∈ R+
n ≡ {x| all xi > 0}. For t = (t1, t2), let

g(t ; �, �) = [�(�)�]−n t�−1
1 e−t2 for t1 > 0, t2 > 0. Let h(x) be 1 whenever x ∈ R+

n ,
zero otherwise. Then (7.9.1) holds for T (x) = (T1(x), T2(x)), so that T (X) is sufficient
for (�, �).

When T (X) is sufficient for � ∈ �, and therefore (7.9.1) holds for some g and
h, f (x; �) is maximum as a function of � if and only g(T (x); �) is maximum. It
follows that a maximum likelihood estimator of � is a function of each sufficient
statistic. In fact, if T (X) is sufficient for � ∈ �, any estimator �̂(X) of � that is not a
function of T (X) is “wasteful” in the sense that it “too random.” That is, �̂(X) should
be constant on the contours of T (X) and should be constant when T (X) is constant.
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To make this precise, recall two identities established in Theorem 5.2.1. For a pair
(X, Y ) of random variables for which Var(Y ) exists, with g(x) ≡ E(Y |X = x) and
v(x) = Var(Y |X = x),

E(g(X )) = E(Y ) and Var(Y ) = E(v(X )) + Var(g(X )). (7.9.2)

Also from Theorem 5.2.1, Cov(Y − g(X ), g(X )) = 0.

Let T (X) be sufficient for � ∈ � and let �̂(X) be an estimator of �. Define
�̂∗(X) = E(�̂(X)|T (X); �). Notice that although this conditional expectation
appears to depend on �, it follows from the sufficiency of T (X) for � that
�̂∗(X) is the same for all �, so that �̂∗(X) is an estimator of �. Replacing X by
T (X) and Y by �̂(X), we have g(T (x)) = E(�̂(X)|T (X) = T (x)) = �̂∗(x) and
v(T (x)) = Var(�̂(X)|T (X) = T (x)), E(�̂∗(X)) = E(�̂(X); �), and Var(�̂(X); �) =
E(v(T (X)); �) + Var(�̂∗(X); �). Thus, Var(�̂(X); �) ≥ Var(�̂∗(X); �) with equality if
and only if �̂(X) is a constant on each contour T (x) = t with probability 1. Since
�̂(X) and �̂∗(X) have the same expectations for each �, �̂∗(X) is unbiased for �
if �̂(X) is. �̂∗(X) is a “smoothed” version of �̂(X). We have proved the famous
Rao–Blackwell theorem (see Lehmann and Casella, 1998, pp. 47–48).

Theorem 7.9.2 (C. R. Rao and David Blackwell) Let X have probability mass
function or density f (x; �) for � ∈ �. Let T (X) be sufficient for � ∈ � and let �̂(X)
be an estimator of �. Define �̂∗(X) = E(�̂(X)|T (X)). Then:

(a) E(�̂∗(X);�) = E(�̂(X);�) for all � ∈ �.
(b) Var(�̂(X); �) = E(Var(�̂(X)|T (X))) + Var(�̂∗(X); �) for all � ∈ �.

Example 7.9.5 Let X = (X1, X2) be a random sample from the Poisson distri-
bution with parameter 
 > 0. Then T (X) = X1 + X2 is sufficient for 
. Let 
̂ = X1.
Then 
̂ is an unbiased estimator of 
 but is not a function of T (X). Conditionally
on T (X) = t, 
̂ has the binomial distribution with parameters n = t , and p = 1/2.
It follows that for 
̂∗(x) ≡ E(
̂(X) |T (X) = T (x)) = T (x)/2 = (x1 + x2)/2 = x̄ . Of
course, E(
̂∗(X)) = E(
̂) = 
. In addition, Var(
̂(X); 
) = E (Var(
̂(X) | T (X))) +
Var(
̂∗(X); �) = E((1/2)(1 − 1/2)T (X); 
) + Var(X̄ ; 
) = 
/2 + 
/2 = 
. On the
contour {(x1, x2)|x1 + x2 = t} 
̂ has conditional expectation t/2, conditional vari-
ance t(1/2)(1 − 1/2), while 
̂∗ is constant on each such contour.

Example 7.9.6 Let X= (X1, . . . , Xn) be a random sample from the Bernoulli dis-
tribution with parameter �, 0 ≤ � ≤ 1. For 1 ≤ n0 < n, define Sn0 = �

n0
i=1 Xi , Sn =

�n
i=1 Xi , and D = Sn − Sn0 = Xn0+1 + · · · + Xn, �̂ = Sn0/n0. Then �̂ is unbiased for

�, and Var(�̂; �) = �(1 − �)/n0. Sn is sufficient for �. Let �̂∗(Sn) = E(�̂|Sn). Condi-
tionally on Sn = s, Sn0 has the hypergeometric distribution with parameters n, s,
and n0. It follows that �̂∗(Sn) = Sn/n is also unbiased for � (see Figure 7.9.1).
The conditional expectation of �̂, given Sn = s, is g(s) = s/n. The conditional
variance of �̂, given Sn = s, is v(s) = (s/n)(1 − s/n)(n − n0)/(n − 1). Var(�̂) =
�(1 − �)/n0 = Var(�̂∗; �) + E(v(Sn); �), so that E(v(Sn); �)) = Var(�̂; �)−Var(�̂∗;
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FIGURE 7.9.1 Estimation of � for n0 and n observations.

�) = �(1 − �)(1/n0 − 1/n). From the remark under (7.9.2) Cov(�̂∗, �̂ − �̂∗) = 0.
Therefore, Cov(�̂∗, �̂) = Var(�̂∗) = �(1 − �)/n and � (�̂∗, �̂) = [Var(�̂∗)/Var(�̂)]1/2

= [n0/n]1/2.

Problems for Section 7.9

7.9.1 For the example at the beginning of this section, suppose that f (k; � = 3)
for k = −2, −1, 0, 1, 2, are:

(a) 0.1, 0.1, 0.4, 0.2, 0.2. Is |X | sufficient for � ∈ {1, 2, 3}?
(b) 0.2, 0.2, 0.4, 0.1, 0.1. Is |X | sufficient for � ∈ {1, 2, 3}?

7.9.2 Let X = (X1, . . . , Xn) be a random sample from the geometric distribution
with parameter �, 0 < � < 1.

(a) Show that T (X) = �Xi is sufficient for �. Is the pair (X1,
∑n

i=2 Xi )
sufficient for �?

(b) Define the functions g and h in the Neyman factorization of the mass
function f (x; �) of X.

7.9.3 Let X = (X1, . . . , Xn) be a random sample from the N(	, 
2) distribution
with −∞ < 	 < ∞, and 
2 > 0. Let X̄ and S2 be the sample mean and
variance. Show that the pair (X̄ , S2) is sufficient for (	, 
2).

7.9.4 Let X = (X1, . . . , Xn) be a random sample from the Poisson distribution
with parameter 
 > 0. Let � = e−
 and �̂ = I [X1 = 0] and T (X) = �Xi .

(a) Show that T (X) is sufficient for 
.
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(b) Use the Rao–Blackwell theorem to find an unbiased estimator �̂∗ =
�̂∗ (X), which is a function of T (X). Hint: If Y = (Y1, . . . , Yn) has the
multinomial distribution with parameters t and p = (p1, . . . , pn), then
X1 ∼ Binomial(t, p1) (see Problem 7.2.7).

(c) Find the variances of �̂ and �̂∗.

(d) Are the sequences {�̂ = �̂n} and {�̂∗ = �̂∗
n } consistent for �?

(e) What is the MLE for �?

7.9.5 An urn contains B black and R red balls, with N = B + R known but B
and R unknown. Two balls are drawn randomly and consecutively without
replacement. Let Xi be the indicator of the event [black on i th draw] for
i = 1, 2. Show that T = X1 + X2 is sufficient for B.

7.9.6 Let x1, . . . , xk be n-known constants, let 	(x) = �0 + �1x, where �0 and
�1 are unknown parameters, and let p(x) = e	(x)/(1 + e	(x)) . Suppose that
Yi ∼ Binomial(ni , p(xi )) is observed for each i , independently. Yi might,
for example, be the number of rats that die when ni are fed dosage xi of a
poison. This is a logistic-regression model.

(a) Show that 	(x) = log(p(x)/[1 − p(x)]), the log odds corresponding to
x .

(b) Let x0 be the vector of all 1’s, let Y = (Y1, . . . , Yk), and let x1 =
(x1, . . . , xk). Show that the pair of inner products (Y, x0) = � Yi and
(Y, x1) = �Yi xi are sufficient for (�0, �1).

(c) Now suppose that Yi ∼ N(	(xi ), 
2), again independent for i =
1, 2, . . . , n. Suppose that 
2 is known. Again show that the two inner
products in part (b) are sufficient for (�0, �1).

7.9.7 Let Y = (Y0, Y1, Y2) be the frequencies of genotypes aa, a A, and AA of n
offspring under random mating in a population with frequency �, 0 < � < 1
for allele A. Thus, the proportions of genotypes aa, a A, and AA should be
(1 − �)2, 2�(1 − �), and �2. Find a sufficient statistic T for �, and express
the MLE for � as a function of T .

7.9.8 Give an example for which a method of moments estimator �̂ of a parameter
� and a sufficient statistic T (X) for � such that �̂ is not a function of T (X).

7.9.9 Let X = (X1, . . . , Xn) be a random sample from the density f (x ; �, �) =
(1/�)e−(x−�)/� for x > �, � ∈ R1, � ∈ R+

1 .

(a) Find a sufficient statistic T (X) = (T1(X), T2(X)) for (�, �).

(b) Find the MLE for (�, �).

7.9.10 Let f (w) be a probability mass function taking positive values at w =
w1, . . . , wm , where the w j are distinct (all different). Let p j = f (w j ) for
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each j . Suppose that X = (X1, . . . , Xn) is a random sample from f . Let Y j =
(no. of Xi equal to w j ) =∑n

i=1 �i j , where �i j = I [Xi = w j ], the indicator
of the event [Xi = w j ].

(a) Show that Y = (Y1, . . . , Ym) is sufficient for p = (p1, . . . , pm). Hint:
For x = (x1, . . . , xn), P(X1 = x j ) =∑m

k=1 p�jk
k , where �jk = 1 if k =

j and �jk = 0 otherwise.

(b) Suppose that f takes positive values on a countably infinite set as it
does for the Poisson distribution. If M is the maximum j for which any
Y j is positive, is the vector Y = (Y1, . . . , YM ) (having random length)
sufficient for p = (p1, p2, . . .)? Suppose that Neyman factorization also
holds for this case.
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C H A P T E R E I G H T

Testing of Hypotheses

8.1 INTRODUCTION

Suppose that a cancer drug has had a “cure” (having no further symptoms after
five years) rate of p = 0.3 and that we have developed a new drug which we hope
will increase this rate. We decide to choose six new patients at random and try to
determine whether the new drug increases the cure rate. In practice we would need to
assign patients randomly to old and new drugs, but let’s first consider this one-sample
experiment. We plan to observe the number X among the six who have been cured
after five years. On the basis of this observation X , we would like to choose between
the null hypothesis H0: p ≤ 0.3 and the alternative hypothesis Ha :p > 0.3. For which
values of X should we reject the null hypothesis H0? We would like the probability
that we reject H0 to be small for p ≤ 0.3, but at the same time have large probability
for p > 0.3.

Suppose that we arbitrarily decide to reject H0 for X = 5 or 6. For any value of p the
probability that we will reject H0 is P(X ≥ 5; p) = 6p5(1 − p) + p6. The function
� (p) = P(rejecting H0; p) is called the power function. This function, defined on the
parameter space, facilitates the study of the performance of the decision rule (to reject
H0 if X ≥ 5). The power function � (p) takes its maximum value for p satisfying H0

for p = 0.3. Its value at p = 0.3 is � (0.3) = 0.01094. This maximum value for values
of p that satisfy the null hypothesis is called the level of significance or the size of
the decision rule (or test) and is usually denoted by �. Thus, � = 0.01094. Since �
is quite small, this seems to be satisfactory. Notice, however, that although we would
like � (p) to be large for p satisfying Ha :p > 0.3, � (p) is quite small for p near 0.3.
In fact, � (0.5) = 7/64 = 0.109 and � (0.6) = 0.233. These small probabilities would
be quite unsatisfactory for the manufacturer of the drug that increases the cure rate,
but would be very likely be labeled as a drug that does not improve the rate.

The test that rejects H0 for X ≥ 4 has power function �4(p) = P(X =
4) + � (p) = 15p4(1 − p)2 + � (p). Its graph is given in Figure 8.1.1. We find

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.

215



OTE/SPH OTE/SPH

JWDD073-C08 October 4, 2007 17:24 Char Count= 0

216 testing of hypotheses

p
0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Reject for
X = 4,5,6

Reject for
X = 5,6

FIGURE 8.1.1 Power functions for two tests of hypotheses.

�4(0.3) = 0.070, �4(0.5) = 0.344, �4(0.6) = 0.544. Although the level of signifi-
cance of this test is � = 0.070, so that we are more likely to reject a true null hypoth-
esis, the test does perform better for p > 0.3. On balance we may prefer the test that
rejects for X ≥ 4.

In general, a statistical hypothesis is a statement about the value of a parameter
�, which may be one-, many-, or even infinite-dimensional. For example, we may
consider a model for which the distribution of our observations (random variables)
is F , with F continuous. We might like to test the hypothesis that F is a normal
distribution. In this case the parameter � is a distribution function. A null hypothesis
is a statement H0 that � ∈ �0, where �0 is a subset of the parameter space �. The
alternative hypothesis Ha is the statement that � ∈ �1 ≡ �c

0, the complement of �0.
We then choose a decision rule by dividing the sample space into two sets C , the
critical region, and Cc, its complement. If X ∈ C , we reject H0. If X ∈ Cc, we say
that “we fail to reject H0.” It is better to avoid using “accept H0.” The philosophy
should be that the evidence is insufficient to reject H0, not that we have established
the truth of H0.

If � ∈ �0 but our decision is to reject H0, we say that we have made a type I error or
an error of the first kind. If � /∈ �0 (so � ∈ �a) but we decide not to reject H0, we say
that we have made a type II error or an error of the second kind. The power function
corresponding to a decision rule (or test) is the function � (�) = P(X ∈ C ; �), defined
on the parameter space �.

Example 8.1.1 Let X = (X1, . . . , X25) be a random sample from the N (	, 
2)
distribution with 
2 = 100 known but 	 unknown. Suppose that we would like to
test the null hypothesis H0: 	 ≥ 80 versus the alternative hypothesis Ha : 	 < 80.
Suppose also that we would like the level of significance � to be 0.05. For which
values of X should H0 be rejected?

Since X̄ is sufficient for 	 it should seem reasonable to base the decision rule on
its value. It should also be intuitively clear that we should reject H0 for small X̄ , say
X̄ < c. Later we show that our intuition is correct in that no other rule can do better,
in a certain sense. How should we choose c, the critical value? The power function
is � (	) = P(X̄ < c; 	) = �((c − 	)/
/

√
n). We want this to be less than or equal
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FIGURE 8.1.2 Power functions for tests of hypotheses on 	.

to � = 0.05 whenever H0: 	 ≥ 80 is true. Since � (	) is monotone decreasing in 	,
it takes its maximum at 	 = 80 for 	 ≥ 80. Therefore, we need (c − 80)/(
/

√
n) =

−1.645, and c = 80 − 1.645
/
√

n = 80 − 3.29 = 76.71. If we change n to 100,
for example, the critical value becomes c∗ = 80 − (1.645)(10/

√
100) = 78.355. The

corresponding power functions for n = 25 and n = 100 are plotted in Figure 8.1.2.
We find, for example, that for n = 25, � (76) = 0.639 and � (78) = 0.259, and for
n = 100, � (76) = 0.991 and � (78) = 0.639.

Example 8.1.2 A large manufacturing company has found that the accident rate
has been relatively constant at 2.4 per day. The distribution of the numbers of accidents
per day may be approximated by the Poisson distribution. After a safety program
was begun, the numbers of accidents for the next 30 workdays were observed. Let
X1, . . . , X30 denote the numbers of accidents on these days. The company would like
to test H0: 
 ≥ 2.4 versus Ha : 
 < 2.4, where 
 is the daily rate under the safety
program.

T =∑n
i=1 Xi is a sufficient statistic for 
, so we should choose a decision rule (a

test) that is a function of T , which has a Poisson distribution with parameter 30
. We
should reject H0 for T ≤ c, where the critical value c is chosen so that � (
) ≤ � =̇ 0.10
(an arbitrary choice) for 
 ≥ 2.4. Since � (
) is a decreasing function of 
, we
may choose c so that � (2.4) =̇ 0.10. For 
 = 2.4, T ∼ Poisson(30(2.4) = 72).
Since 30
 is large, we can use the normal approximation. For c an integer we
have � (
) =̇ �((c + 0.5 − 30
)/

√
30
). Thus, we should take c = 30(2.4) − 0.5 −

(1.282)
√

30(2.4) = 60.62. In reasonable approximation we should therefore reject H0

for T ≤ 61, equivalently for X̄ ≤ 61/30 = 2.033. Then � (2.0) = 0.577, � (2.2) =
0.290, and � (2.4) = 0.108. Using S-Plus, we get the more precise values
0.585, 0.295, 0.106.

Sample Size Necessary to Achieve a Specific Power

A statistician is often asked to provide advice concerning the sample size to be used
in an experiment. He or she is asked, “Is my sample size large enough?” Consider



OTE/SPH OTE/SPH

JWDD073-C08 October 4, 2007 17:24 Char Count= 0

218 testing of hypotheses

the binomial experiment involving a cancer drug that was discussed at the beginning
of the chapter. The experimenter wanted to test H0: p ≤ 0.3 versus Ha : p > 0.3. In
answer to the question the statistician should ask the experimenter: “What would you
like to accomplish? If, for example, p = 0.50, what would you like the probability of
rejection of H0 (the power) to be?” The experimenter might answer, “100%.” After
some further discussion about the impossibility of that, she might back off to 99%.
Let us determine the sample size necessary to accomplish that. The experimenter may
find that the sample size needed to be too large because of time and expense and that
she should be less demanding.

Let n be the sample size. (In practice we almost certainly would have to do a study
in which we randomly assign available patients to new and old drugs. It is almost
impossible to choose a random sample from a population that could be viewed as
the same, as was used to determine the original 0.3 cure rate.) Let X be the number
among the n patients who are cured. Let us choose � = 0.05. We should reject if
X ≥ kn , where kn is chosen so that the level of significance is � = 0.05. The normal
approximation is justified because the sample size needed is large and p is thought not
to be very close to zero or 1. This leads to kn = 0.3n + 1/2 + 1.645[n(0.3)(0.7)]1/2

or its nearest integer approximation. In good approximation the power function is
then � (p) = 1 − �(an), where an = (kn − 1/2 − np)/[np(1 − p)]1/2 = n1/2[(0.3 −
p)(pq)1/2] − 1.645[0.21/(pq)]1/2, where q = 1 − p. We have used the expression
above for kn rather than its nearest integer approximation.

In order to have � (0.5) = 0.99, we need an = z0.99 = −2.326. Solving for n, we get
n = [1.645(0.21)1/2 + 2.326(pq)1/2]2/(0.3 − p)2. For p = 0.5 we get n = 91.86, so
that a sample size of n = 92 seems reasonable. We then get kn = 35.33. The test that
rejects for X ≥ 35 has level of significance 0.0604. For this test � (0.5) = 0.992. This
was found using an exact binomial computation. In order to have � < 0.05, we would
need to reject for X ≥ 36, making � = 0.0384. The power for p = 0.5 is then 0.986.

The experimenter may decide that she cannot afford such a sample size and
ask what the sample size must be to have power 0.9 for p = 0.5. Substituting
�−1(0.90) = z0.9 = 1.282 for 2.326, we find that n = 48.64, so that a sample size
of 49 seems to be appropriate. The test that rejects for X ≥ 21 gives � = � (0.3) =
0.0302, with � (0.5) = 0.8736, while the test that rejects for X ≥ 20 has � = 0.057,
power � (0.5) = 0.924. The choice between these two tests is somewhat arbitrary un-
less the medical journal in which the experimenter wishes to publish or the U.S. Food
and Drug Administration demands � = 0.05 level tests. The power functions for the
test that rejects H0 for X ≥ 36 for n = 92 and the test that rejects H0 for X ≥ 21 for
n = 49 are graphed in Figure 8.1.3.

Two-Sided Alternatives and Tests

Return to the cancer example, with n = 20 patients, and suppose that we aren’t
sure whether the new drug will decrease or increase the probability that a patient will
survive. We might then test H0: p = 0.3 versus Ha : p �= 0.3. Although it is traditional
to set this up as a two-decision problem, it really is, or should be, a three-decision
problem. That is, we really wish to decide among three possibilities: H0, H1: p < 0.3
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FIGURE 8.1.3 Power functions for sample sizes 49 and 82.

(the new drug is worse than the old), and H2: p > 0.3 (the new drug is better than the
old). We use the language of the two-decision problem and show how it relates to the
three-decision problem.

Since P(X ≥ 10; p = 0.3) = 0.048 and P(X ≤ 2; p = 0.3) = 0.035, the test of
H0 versus Ha which rejects for X ≥ 10 and for X ≤ 2 has level of significance (size)
0.083. Of course, if, for example, we observed that X = 11, it would be rather silly
merely to state that we think that Ha is true. A statistician who submitted a report to
the vice-president for research of his drug company which stated that “p is not 0.3”
is likely to be asked: “Is p larger than 0.3 or smaller?” if the VP managed to keep her
temper. The statistician should say that in the case that X ≤ 2 that H1 is true, and if
X ≥ 10, say that H2 is true, and go on from there to discuss error probabilities, if the
VP will listen.

Let’s study the power function for the two-decision problem and see how that
relates to the three-decision problem. In Figure 8.1.4 three graphs are presented:
(1) �1(p) = P(X ≤ 2; p), (2) �2(p) = P(X ≥ 10; p), and (3) � (p) = �1(p) + �2(p),
which is the power function for the test of H0 versus Ha .
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FIGURE 8.1.4 Power functions for one- and two-sided tests.
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Notice that �1(p) < 0.035 for p > 0.3 and approaches zero rapidly as p increases.
Similarly, �2(p) < 0.048 for p < 0.3 and approaches zero rapidly as p decreases.
Therefore, � (p) is close to �1(p) for p a bit larger than 0.3, and � (p) is close
to �2(p) for p a bit smaller than 0.3. For example, �1(0.32) = 0.0235, �2(0.32) =
0.0790, �1(0.34) = 0.0152, �2(0.34) = 0.1032. Thus, the graphs for �1 and � almost
coincide for p > 0.3, and the graphs for �2 and for � almost coincide for p < 0.3.
Therefore, not much harm is done by considering what really should be a three-
decision problem as a two-decision problem, H0 versus Ha .

Problems for Section 8.1

8.1.1 Let X1, X2 be a random sample from f (k; �) for � = 1, 2, 3, where f is as
follows:

k

0 1 2

f (k; � = 1) 0.1 0.3 0.6
f (k; � = 2) 0.3 0.4 0.3
f (k; � = 3) 0.5 0.4 0.1

Let H0: � = 1 or 2 and Ha : � = 3. Consider the test that rejects for T ≡
X1 + X2 ≤ 1.

(a) Give the power function � (�).

(b) Give the level of significance of this test.

(c) Consider the test that rejects for max(X1, X2) ≤ 1. Give its power func-
tion. Is this a better test?

(d) Can you improve on the test that rejects for T ≤ 1 by taking one more
observation X3 by using the statistic T3 = X1 + X2 + X3?

8.1.2 Let X have the binomial distribution with n = 100, unknown p. Suppose that
we wish to test H0: p ≥ 0.8 versus Ha : p < 0.8.

(a) For � = level of significance =̇ 0.10, for which values of X should H0 be
rejected? Use the normal approximation.

(b) Express the power function � (p) in terms of the standard normal cdf �

and p.

(c) Evaluate the power for p = 0.65, 0.70, 0.75, 0.80, 0.85 and sketch � (p).

8.1.3 See Example 8.1.2.

(a) If the numbers of accidents for the 30 days were: 4, 1, 2, 2, 5, 3, 1, 1, 0,
1, 0, 3, 0, 3, 0, 1, 1, 1, 0, 2, 2, 1, 1, 0, 3, 1, 1, 4 For � = 0.10, should
H0: 
 ≥ 2.4 be rejected? Use a normal approximation.
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(b) Actually, these data were generated using S-Plus for 
 = 1.8. What was
the probability of rejecting H0?

8.1.4 Boxes A, B, and C each contain six numbered balls as follows:

Number

Box 1 2 3

A 3 2 1
B 2 2 2
C 1 2 3

You are presented with one of the three boxes, none of which has any indication
of which it is. To help you decide which box it is, you are allowed to choose
two balls randomly with replacement from the box. Let X1 and X2 be the
numbers on the balls chosen.

(a) What is the parameter space? What is the sample space?

(b) Suppose that you wish to test H0: (you have box A) versus Ha : (you have
box B or C). For � = 0.25, which sample points (x1, x2) would you put
in the critical region C? For this C , what is the power function?

(c) Repeat part b) for the case that sampling is without replacement.

(d) Suppose that you were allowed to take a simple random sample of three
balls. What critical region would you choose? What is its power function?

8.1.5 An inspector suspects that the “2-pound” cans of coffee made by the Cooper
Coffee Company (CCC, named for the founder Cornelius Cornwallis Cooper)
really had mean weight 	 less than 2 pounds. The inspector wishes to have
probability no more than 0.05 that he will accuse CCC of cheating when really
	 ≥ 2.0, but wants to have probability at least 0.90 that he will accuse CCC
of cheating if 	 = 1.98. From past experience he believes that the contents of
coffee cans made by CCC are normally distributed with 
 = 0.05. He plans
to take a random sample of n cans.

(a) State H0 and Ha .

(b) Determine n and a decision rule that depends on the sample mean X̄n and
a critical value cn . What is the resulting value of cn?

(c) Express the power function � (	) in terms of � and 	. Find � (1.99).

8.1.6 Let X1, . . . , X10 be a random sample from the uniform distribution on [0, �]
for � > 0.

(a) Suppose that we wish to test H0: � ≥ 20 versus Ha : � < 20 for � = 0.05.
Suggest a test and give the power function � (�). Sketch � (�).

(b) Repeat part (a) for H0: � = 20 versus Ha : � �= 20.
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8.1.7 Consider the cancer drug example at the beginning of Section 8.1. Suppose
that n = 25 patients are studied and that X is the number who survive for five
years. Consider H0: p = 0.3 and the two-sided alternative Ha : p �= 0.3.

(a) Suppose that we will reject H0 for X ≤ k1 and for X ≥ k2, where k1 and
k2 are chosen integers, and that we want � =̇ 0.078. Use the binomial
table to choose k1 and k2. (There is some arbitrariness in this, but try to
make the tail probabilities approximately equal.)

(b) Find the power function � (p) for p = 0.1, 0.2, 0.3, 0.4, 0.5 and sketch it.

(c) Suppose that n = 100. Use the normal approximation to find k1 and k2 so
that � =̇ 0.078.

(d) Give the power function � (p) for the test in part (c) in terms of the standard
normal cdf � and p. Sketch it for 0.15 ≤ p ≤ 0.45.

(e) Suppose that we consider this as a three-decision problem as discussed.
What is the probability of deciding that p < 0.3 if p = 0.25? How does
that differ from � (0.25)?

8.2 THE NEYMAN–PEARSON LEMMA

In Section 8.1 we discussed a few tests that were chosen on somewhat intuitive
grounds. In this section and the next we introduce a more systematic approach with
the Neyman–Pearson lemma (Neyman and Pearson, 1933) in this section, followed
by the likelihood ratio test in Section 8.3. The Neyman–Pearson lemma is simpler
in that it pertains directly only to the case that H0 and Ha are simple hypotheses,
hypotheses that completely specify the distribution of the random variables observed.
The hypotheses considered in Section 8.1 were composite. The null hypothesis of
Problem 8.1.4 is simple, while the alternative hypothesis Ha is composite. In our
cancer example we might have instead let H0: p = 0.3 and Ha : p �= 0.3. Then H0

is simple whereas Ha is composite. As is implied by the word simple, it is some-
what easier to find an optimal test when both H0 and Ha are simple, although that
situation is rather rare in practical examples. The Neyman–Pearson lemma provides
a critical region in the simple versus simple situation, which is optimal in a certain
sense.

Before we state the Neyman–Pearson lemma in its more general form, consider
an example. Let f (k; �) be a probability mass function for � = 0 or 1, where f is as
follows.

k

1 2 3 4

f (k; 0) 0.4 0.3 0.2 0.1
f (k; 1) 0.1 0.2 0.3 0.4
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Suppose that a random sample X1, X2 is taken from one of these two distributions
and that we wish to test H0: � = 0 versus Ha : � = 1. The two joint distributions of
X = (X1, X2) are: for � = 0,

x2

x1 1 2 3 4

1 0.16 0.12 0.08 0.04
2 0.12 0.09 0.06 0.03
3 0.08 0.06 0.04 0.02
4 0.04 0.03 0.02 0.01

and for � = 1,

x2

x1 1 2 3 4

1 0.01 0.02 0.03 0.04
2 0.02 0.04 0.06 0.08
3 0.03 0.06 0.09 0.12
4 0.04 0.08 0.12 0.16

Which sample points should be included in the critical region C if we wish � ≤ 0.15?
The sum of the probabilities under � = 0 must not exceed 0.15. We should try to
choose points so that although the sum under H0 is 0.15 or less, the sum under Ha

is as large as possible. That is, we have 0.15 probability to spend and wish to buy
as much power as possible. The principle is the same as that of a frugal shopper.
It seems reasonable to put points in the critical region if they provide a large ratio
of probability under H1 to that under H0. For our 16 sample points these ratios
r (x1, x2) = f (x1; � = 1)/ f (x1, x2; � = 0) are:

x2

x1 1 2 3 4

1 1/16 1/6 3/8 1
2 1/6 4/9 1 8/3
3 3/8 1 9/4 6
4 1 8/3 6 16

If we let C = {(x1, x2) | r (x1, x2) ≥ 9/4} = {(4,4), (3,4), (4,3), (2,4), (3,3), (4,2)},
then P((X1, X2) ∈ C ; � = 0) = 0.15, while P((X1, X2) ∈ C ; � = 1) = 0.69. That is,
the power function is � (0) = 0.15, � (1) = 0.64.
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The Neyman–Pearson lemma, first stated in the 1933 paper of Jerzy Neyman and
Egon Pearson, shows that critical regions that place points in the critical region for
which the ratio r (x1, . . . , xn) = r (x) = f (x; �1)/ f (x; �0) is large are optimal in that
they maximize the power at �1 for given power at �0 for the test of H0: � = �0 versus
Ha ; � = �1.

The Neyman–Pearson Lemma Let X have density or probability mass function
f (x; �) for � = �0 or � = �1. Let C∗ be a critical region for H0: � = �0 versus Ha : � =
�1 having the property that for some positive constant k, f (x; �1) ≥ k f (x; �0) for
x ∈ C∗ and f (x; �1) ≤ k f (x; �0) for x /∈ C∗. Let C be any other critical region. Let
� (�) and �∗(�) be the power functions for C and C∗. Let � = � (�0) and �∗ = �∗(�0).
Then

�∗(�1) − � (�1) ≥ k[�∗ − �],

so that �∗ ≥ � implies that �∗(�1) ≥ � (�1).

Comments:
1. Define r (x) = f (x; �1)/ f (x; �0) whenever the denominator is positive. Other-

wise, define r (x) to be ∞. Then r (x) ≥ k for x ∈ C∗ and r (x) ≤ k for x ∈ C̄∗,
the complement of C∗. We will exploit these inequalities to determine a simpler
form of C∗. r (x) is the likelihood ratio.

2. The Neyman–Pearson (NP) lemma implies that among all tests of H0 versus
Ha of level �∗ the critical region C∗ is most powerful.

proof A proof will be given for the continuous case. The discrete case follows
by substitution of summations for integrals. For ease of notation we use f1 to
denote f (x; �1) and f0 to denote f (x; �0). We also omit the dx from the inte-
grals. Then �∗(�1) − � (�1) = ∫C∗ f1 − ∫C f1 = ∫C∗∩C̄ f1 − ∫C∩C̄∗ f1 ≥ ∫C∗∩C̄ k f0 −∫

C∩C̄∗ k f0 = k[
∫

C∗ f0 − ∫C f0] = k[�∗ − �].

Comments: The first inequality follows from f1(x) ≥ k f0(x) for x ∈ C∗ and f1(x) ≤
k f0(x) for x ∈ C̄∗. The second and third equalities follow by adding and subtracting
integrals over C∗ ∩ C (see Figure 8.2.1).

C* C

Sample Space

FIGURE 8.2.1 Venn diagram illustrating the proof of the Neyman–Pearson lemma.
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Example 8.2.1 Let X ∼ Binomial(n, p) and suppose that we wish to test H0: p =
p0 versus Ha : p = p1, where p1 > p0. The likelihood ratio is

r (x) =
( n

x

)
px

1 (1 − p1)n−x( n
x

)
px

0 (1 − p0)n−x
=
[

p1(1 − p0)

p0(1 − p1)

]x (1 − p1

1 − p0

)n

.

Since p1 > p0, r (x) is an increasing function of x , so that r (x) ≥ k if and only if
x ≥ k ′ for some k ′ which we can determine as follows. Suppose that we want � to
be approximately 0.10, p0 = 0.2 and n = 20. Since P(X ≥ 6; p = 0.2) = 0.196 and
P(X ≥ 7; p = 0.2) = 0.087, we choose the test that rejects H0 for X ≥ 7. The power
function is � (p) = P(X ≥ 7; p). We find, for example, using computer software or
a binomial table that � (0.3) = 0.392, � (0.4) = 0.750, � (0.5) = 0.942. The test we
chose depended on p1 only because p1 > p0. Therefore, the test that rejects for X ≥ 7
is uniformly most powerful against all tests of H0 versus Ha with � ≤ 0.087.

Example 8.2.2 Let X = (X1, . . . , Xn) be a random sample from the exponen-
tial distribution with mean � > 0. Suppose that we would like to test H0: � = 5
versus Ha : � = 8 for � = 0.05. The Neyman–Pearson lemma indicates that we
should place points x = (x1, . . . , xn) in the critical region C if f (x; 8) ≥ k f (x; 5). We
will try to find k later. The inequality holds if and only if r (x) = f (x; 8)/ f (x; 5) =∏n

i=1[(1/8)e−xi /8]/
∏n

i=1[(1/5)e−x1/5] = (8/5)ne−(1/8−1/5)�xi ≥ k. Equivalently, x ∈
C if and only if �xi ≥ [log k + n log(5/8)](1/5 − 1/8). Call this last constant k ′. We
have concluded that the test should reject H0 for large values of T ≡ �Xi . We have
yet to determine the constant k ′. To determine k ′ we need to know the distribution of
T for � = 5. We should choose k ′ so that � = 0.05 = P(T ≤ k ′; � = 5). We know
that T has a gamma distribution with parameters n and �. From the relationship
between the chi-square and gamma distributions we conclude that 2T/� has a chi-
square distribution with 2n degrees of freedom. From chi-square tables we can find
the 0.95-quantile for 2T/�. Call this c0.95. Thus, P(2T/5 ≥ c0.95; � = 5) = 0.05 =
P(T ≥ 5c0.95/2; � = 5).

The power function for this test is � (�) = P(T ≥ 5c0.95/2; �) = P(2T/� ≥
5c0.95/�) = P(� 2

2n ≥ 5c0.95/�), where � 2
2n is a chi-square random variable with 2n

degrees of freedom. The power function can be evaluated for specific choices of n
and � by using a chi-square table or a statistical package such as S-Plus.

For n = 5, we find c0.95 = � 2
10.95 = 18.307 (the 0.95-quantile of the chi-square

distribution with 10 df), so that we reject H0 for T ≥ 45.768, equivalently for
X̄ ≥ 9.152. Then � (8) = 0.3241. For n = 25, c0.95 = 67.505, we reject for X̄ ≥
6.7504, and � (8) = 0.7758 (see Figure 8.2.2). For larger n, the normal distribu-
tion should provide good approximations. E(T ) = n�, and Var(T ) = n�2, so P(T ≥
k ′; �) =̇1 − �(z) for z = (k − n�)/(�n1/2). The power for � = 5 should be 0.05 so that
z = 1.645, k ′ = 5n + 1.645(5)n1/2. Thus, we reject for X̄ ≥ 5 + 1.645(5)/n1/2. Then
� (�) = 1 − �((k ′ − �n)/[�n1/2]). For n = 25 we get the test: Reject for X̄ ≥ 6.645
and � (8) = 0.801, not far from the exact values given above.
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FIGURE 8.2.2 Power functions for n = 5, 25, and 100.

Notice that the test depends on the alternative hypothesis only through the fact
that 8 > 5. That is, if Ha had been � = �1 for any �1 > 5, the test would have been
the same. Since the Neyman–Pearson (NP) lemma (the likelihood ratio test) is most
powerful among tests with the same or smaller � -level, this implies that the test
we found is uniformly most powerful against the alternative hypothesis Ha : � > 5.
If the alternative hypothesis had instead been Ha : � < 5, we would reject for small
T = �Xi , and the power functions would be large for � < 5. However, for any �0

there is no uniformly most powerful test of H : � = �0 versus Ha : � �= �0.

Example 8.2.3 Consider the example at the beginning of Section 8.2, with two
discrete distributions on 1, 2, 3, 4. Suppose that we have 10 observations X1, . . . , X10

from one of these and wish to test H0: � = 0 versus Ha : � = 1. One way to do this
would be to make the decision based solely on the number Y of 1’s observed. Then the
NP lemma suggests that we reject H0 for small Y . For � = 0, Y ∼ Binomial(10, 0.4),
so that P(Y ≤ 1; � = 0) = 0.0464. Then P(Y ≤ 1; � = 1) = 0.7361. Not too
bad? But can we do better? The NP lemma based on the Xi ’s suggests that
we can.

Let �ik be the indicator of [xi = k]. For example, �43 = 1 if x4 = 3 and is
zero otherwise. Then P(Xi = k; �) =∏4

k=1 f (k; �)�ik . Let g(k) = f (k; �1)/ f (k; �0).
Then the likelihood ratio is r (x) =∏10

i=1

∏4
k=1 g(k; �)�ik =∏4

k=1 g(k)mk , where mk =∑10
i=1 �ik is the frequency of k among the 10xi ’s. For example, if m1 = 3, m2 =

4, m3 = 2, and m4 = 1, then r (x) = (1/4)3(2/3)4(3/2)2(4), a small value which
would seem to indicate that x should not be in the critical region.

Consider w(x) ≡ log(r (x)) =∑4
k=1 mk log(g(k)). Let bk = log(g(k)). We wish

to include in the critical region C those x for which w(x) =∑4
k=1 bkmk is large.

The vector m = (m1, m2, m3, m4) has the multinomial distribution with n = 10, p =
p0 ≡ (0.4, 0.3, 0.2, 0.1) when � = 0, and p = p1 ≡ (0.1, 0.2, 0.3, 0.4) when � =
1. From Section 2.7, m has expectation E(m; �) = 10p� and covariance matrix
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Cov(m; �) = n[diag(p�) − p� pT
� ] for � = 0 or 1. Let b = (b1, . . . , b4). It follows

that E(w(X); �) = bpT
� and Var(w(X ); �) = b Cov(m; �)bT. Since w(X) is a sum

of independent random variables, it follows that for � = 0 or 1, w(X) is ap-
proximately normally distributed. We will use this to decide which points x to
include in C .

Computations using S-Plus yield b = (1.386, 0.405, −0.405, −1.386), E(w(X);
� = 0) = 4.5643, E(w(X); � = 1) = −4.5643, Var(w(X); � = 0) = Var(w(X);
� = 1) = 8.3477. For � = 0.05 we should reject for w(X) ≤ k = 4.5643 −
1.645 × 8.34771/2 = −0.1885. Then the power for � = 1 is �((−0.1885 +
4.5643)/8.34771/2) = 0.935.

Since the distribution of w(X) is discrete, the experiment was simulated in the
computer 50,000 times for both � = 0 and � = 1. For � = 0, H0 was rejected 2296
times, indicating that � is approximately 0.0460. For � = 1, H0 was rejected 45,786
times, indicating that the power for � = 1 is approximately 0.916.

Problems for Section 8.2

8.2.1 Let X1, . . . , Xn be a random sample from the N (	, 
2) distribution with
	 unknown, 
2 known. Suppose that you wish to test H0: 	 = 	0 versus
Ha : 	 = 	1, where 	1 > 	0.

(a) Use the NP lemma to give the most powerful � = 0.05-level test for H0

versus Ha .

(b) Express the power function � (	) in terms of �, 	 − 	0, 
, and n.

(c) Is the test given in uniformly most powerful? Why?

(d) Show that the test given in part (a) is not a uniformly most powerful level
� = 0.05 test of H0: 	 = 	0 versus Ha : 	 �= 	0.

(e) Consider the case that 	 is known but 
2 is unknown, n = 25. Use the NP
lemma and the fact that �(Xi − 	)2/
2 has the chi-square distribution
with n df to give a � = 0.05-level test of H0: 
2 = 100 versus Ha : 
2 =
140. Evaluate its power for 
2 = 140.

8.2.2 For the � = 0, 1 example at the beginning of this section, suppose that
X1, X2, X3 is a random sample from one of two discrete distributions: having
masses 0.5, 0.4, 0.1 on 1, 2, 3 for � = 0, and masses 0.1, 0.3, 0.6 on 1, 2, 3 for
� = 1. Use the NP lemma to determine the most powerful � = 0.076-level
test. What are � (0) and � (1)?

8.2.3 Let X1, X2, X3 be a random sample from the Poisson distribution with pa-
rameter 
 > 0. Suppose that we wish to test H0: 
 = 2 versus Ha : 
 = 3.

(a) Use the Neyman–Pearson lemma to find the most powerful � = 0.083-
level test.

(b) Find � (
) for 
 = 2.5, 3.5, and 4.5. Use these to sketch a graph of the
function � .
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(c) Is the test you found in part (a) uniformly most powerful for Ha : 
 > 2?
Why?

(d) Suppose that we have 100 rather than three observations. For which obser-
vation vectors X = (X1, . . . , X100) should H0 be rejected for � =̇ 0.05?
Evaluate the power function � (
) for 
 = 2.4, 2.6, 2.8.

8.2.4 Let X = (X1, . . . , Xn) be a random sample from f (x; �) for � ∈ �. Let
H0: � = �0 and Ha : � = �0. Let T (X) be a sufficient statistic for � ∈ �. Show
that the likelihood ratio r (x) is a function of T (x) and corresponding to any
critical region of the form C = Ck = {x | r (x) ≥ k} there exists a set B such
that C = {x | T (x) ∈ B}.

8.2.5 Let X = (X1, . . . , X5) be a random sample from the Unif(0, �), � > 0.

(a) Find the most powerful � = 0.10-level test of H0: � = 20 versus Ha : � =
24.

(b) Find the power of this test for � = 24 and for � = 22.

(c) Is the test uniformly most powerful for Ha : � > 20?

(d) What is the most powerful � = 0.05-level test of H0 : � = 20 versus
Ha : � = 15? What is the power for � = 15?

8.2.6 Let f (k; �) be defined as follows:

k

1 2 3

f (k; � = 0) 0.5 0.3 0.2
f (k; � = 1) 0.6 0.3 0.1

Suppose that we wish to test H0: � = 0 versus Ha : � = 1. Let X1, . . . , X100

be a random sample from one of these distributions.

(a) Give an approximate � = 0.05 level test, and give an approximation of
the power for � = 1. In 10,000 simulations H0 was rejected 479 times
when � = 0 and 8973 times when � = 1.

(b) Would you reject H0 for a sample for which there were 58 1’s, 27 2’s, and
15 3’s?

(c) How large would n have to be to have power 0.95 or more for � = 0.05?

8.3 THE LIKELIHOOD RATIO TEST

Although the NP lemma will generate tests in the case that H0 and Ha are both simple
and in some cases for which Ha is one-sided, there are many situations in which it is
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not helpful at all. See Problem 8.1.7 for the case that Ha : p �= 0.3. Consider the case
that we have independent random samples of X ’s and Y ’s from normal distributions
with mean 	1 and 	2, equal variances 
2, all unknown. How can we test H0: 	1 = 	2

versus Ha : 	1 �= 	2?
Let X = (X1, . . . , Xn) be a random sample from a density or probability mass

function f (x; �), � ∈ � and suppose that we wish to test H0: � ∈ �0 versus Ha : � ∈
�1 ≡ � − �0 = �c

0. Let �̂0 = �̂0(x) and �̂ = �̂(x) maximize the likelihood func-
tion L(�; x) ≡∏n

i=1 f (xi ; �) for � in the parameter spaces �0 and �. Thus, �̂0(X)
and �̂(X) are the MLEs for � corresponding to �0 and �. Define �n = �n(x) =
L(�̂0(x); x)/L(�̂(x); x). �n(X) is called the likelihood ratio statistic. We should re-
ject H0 for small observed �n(x). Notice that this ratio is unlike the ratio of the
NP lemma in that the numerator refers to the null hypothesis and �n(x) ≤ 1 for
all x.

Let Cn ≡ −2 log(�n(X)). Suppose that � is a subset of Rk and that �0 is a subset
of � of “dimension” k. Suppose that f (x; �) satisfies the smoothness conditions given
in Section 7.8, which were sufficient for the asymptotic normality of MLEs. Then,
assuming that H0: � ∈ � is true, Cn is asymptotically distributed as chi-square with
k − r degrees of freedom (df). We should therefore reject H0 for Cn ≥ � 2

(k−r )(1−�), the
(1 − �)-quantile of the chi-square distribution with k − r df. [see Ferguson (1996)
for a proof]. k − r is usually the number of “restrictions” on � under H0. This was
proved in 1938 by S. S. Wilks. We have been deliberately vague about the conditions
and do not provide a proof.

Example 8.3.1 Let X1, . . . , Xn be a random sample from the N (	, 
2) dis-
tribution with both 	 and 
2 unknown. Thus, the parameter is � = (	, 
2) and
� = R1 × R+

1 , the upper half of the plane. Suppose that we wish to test H0: 	 = 	0,
where 	0 is a known constant. Then �̂(X) = (X̄ , 
̂2), where 
̂2 = (1/n)�(Xi −
X̄ )2 and �̂0(X) = (	0, 
̂2

0 ), where 
̂2
0 = (1/n)�(Xi − 	0)2. We get log(�n(X )) =

(n/2) log(
̂2/
̂2
0 ) − n/2 + n/2 = (n/2) log(1 − n(X̄ − 	0)2/
̂2), so that Cn =

n log(1 + (X̄ − 	0)2/
̂2) = n log(1 + Z2
n/n), where Zn ≡ (X̄ − 	0)/

√

̂2/n. For

Z2
n/n small, Cn is approximately Z2

n . Since k = 2, r = 1, Cn is asymptotically dis-
tributed as chi-square with 1 df. We can do a little better than this. Since Cn is
a monotone increasing function of | Zn | , we should reject for large | Zn | . By
Slutsky’s theorem, Zn is asymptotically distributed as N (0, 1). In fact, that is true
whether or not the distribution sampled is normal. It follows that Z2

n is asymp-
totically distributed as chi-square with 1 df. Rejection for large Z2

n is equiva-
lent to rejection for | Zn | large, so for a test of level �, we should reject for
| Zn | > z1−�/2.

In Chapter Nine we show that Zn (except for a constant multiple) has Student’s
t-distribution with n − 1 df.

Example 8.3.2 Suppose that a random sample of 400 adults was taken from
the population of Frequency City, which has 100,000 adult residents. The 400 were
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TABLE 8.3.1 Frequency Data

Age Group

1 2 3 4 Total

Agree 27 39 47 58 171
Neutral 44 25 20 10 99
Against 56 48 18 8 130

Total 127 112 85 76 400

cross-classified according to their view on a bill before Congress that would in-
crease Social Security benefits and taxes with the categories “Agree,” “Neutral,” and
“Against” and according to their age: (1) 18–35; (2) 36–50; (3) 51–65, and (4) 66–99.
The frequencies are listed in Table 8.3.1.

The following would seem to be a suitable model for the 3 × 4 table (often
called a contingency table) X of frequencies. Let X be a 3 × 4 table (Xi j ). Sup-
pose that X ∼ Multinomial(n, p), where p = (pi j ) is a 3 × 4 table of probabilities,
summing to 1. Suppose that we wish to test H0: (rows and columns are independent)
⇔ (pi j = pi+ p+ j for all i and j), where pi+ and p+ j are row and column sums. Let
a and b be the numbers of rows and columns, 3 and 4 for this example. Then � is
a k = [a(b) − 1]-dimensional subset of R12 (a simplex in 12-space). Thus, for our
example, k = 11. �0 has dimension r = (a − 1) + (b − 1) = 5. Under the full model
that p ∈ �, the MLE of p is X/n ≡ p̂ = ( p̂i j ), the table of relative frequencies. Under
H0 the MLE of p is the table p̂0 = ( p̂0i j = ( p̂i+ p̂+ j )), where p̂i+ = Xi+/n and p̂+ j =
X+ j/n. Then �n =∏i j ( p̂0i j/ p̂i j )Xi j , so that Cn = −2

∑
i j Xi j log(( p̂i+ p̂+ j/ p̂i j )) =

2
∑

i j Xi j log(Xi j/m̂i j ), where m̂i j = n p̂0i j = Xi+ X+J /n, an unbiased estimator
of mi j = npi j under H0. With large probability, Cn will be close to Pearson’s
goodness-of-fit statistic, � 2 =∑i j (Xi j − m̂i j )2/m̂i j . Under H0 both Cn and � 2 are
asymptotically distributed as chi-square with k − r = (ab − 1) − [a − 1 + b − 1] =
(a − 1)(b − 1) = 6 degrees of freedom.

For the Social Security data, we get p̂ =
⎛⎝0.068 0.098 0.118 0.145

0.110 0.062 0.050 0.025
0.140 0.120 0.045 0.020

⎞⎠ , p̂0 =
⎛⎝ 0.136 0.120 0.091 0.081

0.079 0.069 0.052 0.047
0.103 0.091 0.069 0.062

⎞⎠ , m̂0 = (m̂i j ) =
⎛⎝54.3 47.9 36.3 32.5

31.4 27.7 21.0 18.8
41.3 36.4 27.6 24.7

⎞⎠. We

get C400 = 2
∑

i j Xi j log(Xi j )/m̂i j = 74.7 and � 2 = 71.3. These are far out in the
tail of the chi-square distribution for 6 df, with probability to the right of about
4.4 × 10−14.

, so that it is very clear that H0 is not true.
Further analysis shows that as people become older they tend to agree in larger

proportions, as might be expected. We return to the analysis of such data in Chapter
twelve.



OTE/SPH OTE/SPH

JWDD073-C08 October 4, 2007 17:24 Char Count= 0

the likelihood ratio test 231

0 5 10 15 20 25 30

0.
0

0.
05

0.
10

0.
15

C

pr = (0.2, 0.3, 0.5)

pc = (0.4, 0.3, 0.2, 0.1)

0.95-Quantile of
Chi-Square Dist. = 12.592 

528 Values Exceeded 12.592

FIGURE 8.3.1 Histogram of 10,000 log-chi-square statistics.

For Figure 8.3.1 the row and column probabilities were taken as given in the
figure. The cell probabilities were then the corresponding products, so H0 was true.
For n = 400, X was observed 10,000 times. Each time the log-chi-square statistic
C was determined. The chi-square density with 6 df is superimposed, indicating a
good fit.

Problems for Section 8.3

8.3.1 Consider four probability mass functions f (k; �) on the integers 0, 1, 2, 3
corresponding to � = 1, 2, 3, 4 listed in Table 8.3.1.
Suppose that we wish to test H0: � = 1 or 2 versus Ha : � = 3 or 4, and that
X1, X2 is a random sample from one of these distributions.

(a) Determine the likelihood ratio � for each possible pair (x1, x2) of values
for (X1, X2).

(b) For which values � should H0 be rejected for � = 0.09?

(c) Determine the power function � (�) for � = 1, 2, 3, 4.

TABLE 8.3.1

k

0 1 2 3

f (k; 1) 0.1 0.2 0.4 0.3
f (k; 2) 0.2 0.1 0.3 0.4
f (k; 3) 0.4 0.3 0.1 0.2
f (k; 4) 0.3 0.4 0.2 0.1
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8.3.2 Let X = (X1, . . . , Xn) be a random sample from the Unif(0, �) distribution
for � > 0.

(a) Let H0: � = �0, Ha : � �= �0, where �0 is a fixed known constant. Express
the likelihood ratio � statistic as a function of max(x) = max(x1, . . . ,

xn).

(b) Let M = max(X). Find a constant c so that the test which rejects for
M < c and M > �0 has level �. Give its power function � (�). Apply the
test for the case that �0 = 20, n = 7, M = 13.1, � = 0.05.

(c) Give the �-level likelihood ratio test of H0: � ≤ �0 versus Ha : � > �0.
Give the power function � (�).

(d) Repeat part (c) for H0: � ≥ �0 versus Ha : � < �0.

8.3.3 Let X1, . . . , Xn be a random sample from N(	,

2) with 
2 known, 	 un-

known. Let H0: 	 ≤ 	0 and Ha : 	 > 	0, where 	0 is a known constant.

(a) Find the likelihood ratio statistic Cn ≡ −2 log(�n(X)). Hint: �n(X) is 1
with probability 1/2 when H0 is true.

(b) Show that the test which rejects for Cn ≥ � 2
1 (1 − �) is equivalent to the

test that rejects for (X̄ − 	0)/
√


2/n ≥ �−1(1 − �). Use the fact that the
square of a standard normal random variable has the chi-square distribu-
tion with 1 df.

8.3.4 Let X1, . . . , Xn be a random sample from N (	,

2) with both 	 and 
2 un-

known. Let H0: 
2 = 
2
0 , Ha : 
2 �= 
2

0 , where 
2
0 is a known constant.

(a) Show that log(�n) = [log(W ) − W + 1](n/2), where W = 
̂2/
2
0 with


̂2 as defined in Example 8.3.1.

(b) Show that log(�n) is maximum for W = 1.

(c) For � = 0.05, n = 100, 
2
0 = 25, 
̂2 = 20.1, make the decision.

8.3.5 Let X = (X0, X1, X2) be the vector of frequencies of genotypes aa, a A, and
AA in a random sample of n from a population of rats. Suppose that X ∼
Multinomial(n, p = (p0, p1, p2)). Under random mating, p should be of the
form p = ((1 − �)2, 2�(1 − �), �2) where � is the A-allele proportion in the
population sampled.

(a) Show that Cn = 2
∑2

i=0 Xi log(Xi/Êi ), where �̂ = (2X2 +
X1)/2n, Ê0 = (1 − �̂)n, Ê1 = 2�̂(1 − �̂), Ê2 = �̂2.

(b) Apply the test for � = 0.05, X = (43, 152, 205).

8.3.6 Let Xi ∼ Poisson(
i ) for i = 1, 2, 3 with X1, X2, X3 independent. Suppose
that we wish to test H0: 
1 = 
2 = 
3.

(a) Let �n be the likelihood ratio statistic. Show that Cn = −2 log(�n) =
2�Xi log(Xi/X̄ ).

(b) Test H0 for � = 0.05, X1 = 46, X2 = 57, X3 = 38.
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8.3.7 Let X1, . . . , Xn and Y1, . . . , Yn be independent random samples from uni-
form distributions on [0, �1] and [0, �2] for �1 > 0 and �2 > 0. Let M1 =
max(X1, . . . , Xn) and M2 = max(Y1, . . . , Yn).

(a) Show that the level-� likelihood ratio test of H0: �1 = �2 versus Ha : �1 �=
�2 rejects H0 for (M1/M2)n < � and for (M2/M1)n < �. Hint: M1/�1 and
M2/�2 have the same joint distribution as U 1/n

1 and U 1/n
2 , where U1 and

U2 are independent, each Unif(0, 1).

(b) Show that the power function is � (�1, �2) = (�/2)[(�2/�1)n + (�1/�2)n]
for this test for the case that �1 = �(�2/�1)n < 1 and �2 = �(�1/�2)n < 1.

8.3.8 Suppose that T (X) is a sufficient statistic for a parameter � ∈ �, and we wish
to test H0: � ∈ �0 versus Ha : � ∈ � − �0. Show that the likelihood ratio test
is a function of T (X).

8.4 THE P-VALUE AND THE RELATIONSHIP BETWEEN TESTS OF
HYPOTHESES AND CONFIDENCE INTERVALS

Our discussion of testing hypotheses has focused on decision making, establishing
rules that lead to one of two decisions, the choice of H0 or Ha . Often, we don’t really
want to make a firm decision as to the truth of H0 or Ha , but instead, want a measure
of the “believability” of H0. Consider the example with which we began Chapter
Eight, with H0: p ≤ 0.3 and Ha : p > 0.3. Suppose that we observe X , the number
of patients who survive among the six, to be five. Since we will reject for large X ,
the observed p-value, or simply the p-value, is the maximum of P(X ≥ 5; p) for all
p that satisfy H0. In this case it is P(X ≥ 5; p = 0.3) = 0.0109. Since this is small,
it leads us to suspect strongly that H0 is not true. This p-value indicates that if we
tested H0 versus Ha at any �-level greater than or equal to 0.0109, at level 0.015, for
example, we would reject H0. If we tested at any level less than 0.0109, we would not
reject H0. Thus, the p-value makes it possible for the reader of a report with a stated
p-value to test H0 versus Ha at any �-level the reader might choose.

Definition 8.4.1
(a) Consider a test of H0: � ∈ �0 versus Ha : � − �0, and suppose that X =

(X1, . . . , Xn) is observed. Let T (X) be a test statistic. Consider the collection
of critical regions of the form C� = {x | T (x) ≥ t�} such that C� has level �.
Suppose that X = x is observed. The observed p-value corresponding to x is
sup�∈�0 P(T (X) ≥ T (x); �) = �̂ = �̂(X).

(b) For critical regions C� = (x | T (x) ≤ t�) and observed X = x , the observed
p-value is �̂ = �̂(X) = sup�∈�0 P(T (X) ≤ t ; �).

The observed p-value is often simply called the p-value or observed level of
significance. For students new to the subject, especially when the term p-value is
applied to tests on a parameter p, it can be rather confusing. Warning: It is not
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the probability that H0 is true, although unfortunately, it is often interpreted that
way.

Example 8.4.1 Let X1, . . . , X25 be a random sample from a normal distribution
with unknown mean 	, unknown variance 
2. Suppose that we wish to test H0: 	 ≥ 50
versus Ha : 	 < 50. Let T (X) = (X̄ − 50)/

√
S2/25, the one-sample t-statistic. For

given � we would reject for T (X) ≤ t�, where t� is the �-quantile of the t-distribution
with 24 degrees of freedom. For observed X = x and t = T (x), the observed
p-value �̂ is therefore P(T (X) ≤ t ; 	 = 50). Since T (X) has Student’s t-distribution
with 24 df, this is the area to the left of t under the t24 density. To determine this we need
a more complete t-table than is provided in most textbooks, or a statistical computing
package that provides such tail probabilities. If, for example, for n = 25 we ob-
serve that X̄ = 47.30, S = 6.63, then t = (47.30 − 50)/

√
6.63/5 = −2.036, so that

�̂ = 0.026, found by using “pt(−2.035, 24)” in S-Plus. This indicates that anyone
testing H0 versus Ha at the level � ≥ 0.026 would reject H0, whereas anyone testing
with � < 0.026 would not reject. For the two-sided problem, with H0: 	 = 50 versus
Ha : 	 �= 50 with test statistic | T (X) | , �̂ = 2(0.026) = 0.052. It is often tempting
to determine the value of the test statistic first, then choose the null and alternative
hypotheses so that �̂ is as small as possible. This is intellectually dishonest, and good
statisticians do their best to avoid it, both in their own analyses and in those of their
clients.

Example 8.4.2 Consider the cancer example at the beginning of Chapter Eight,
with H0: p ≤ 0.3 and Ha : p > 0.3. Suppose that n = 25 and we observe X = 12.
Then �̂ = �̂(12) = P(X ≥ 12; p = 0.3) = 0.0442. For � chosen to be 0.05, we
would reject, while for � = 0.04, we would not. What is �̂ for X = 4? A common
mistake among beginning students is to take �̂ = P(X ≤ 4; p = 0.3) or even to take
�̂ = P(X = 4; p = 0.3). Since p > 0.3 under Ha , reasonable critical regions are of
the form X ≥ k for some k, so that �̂ = P(X ≥ 4; p = 0.3) = 0.967, indicating that
H0 is quite believable.

The author once performed a taste test in a class. Ten small cups were filled with
Coke or Pepsi independently, with probabilities 1/2 and 1/2. A student volunteer,
C.L., claimed that she could distinguish between the two soft drinks. We let � be the
probability that she could guess correctly and supposed that the events of correctness
for the 10 cups were independent. We let H0: � ≤ 1/2 and Ha : � > 1/2. We counted
the number X for which C.L. was correct. We observed that X = 1! Since P(X ≥
1; � = 1/2) = 1013/1024, the null hypothesis seems to be quite believable. On the
other hand, there is evidence that she could distinguish between Coke and Pepsi but
had the wrong names. Our (actually, my) mistake was in making H0 versus Ha one-
sided. It had not occurred to me prior to the experiment that she might be able to
distinguish the soft drinks but not know which was which. I should have gotten a
clue when she turned to another student during the experiment and asked, “Which is
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sweeter, Coke or Pepsi?” As the experimenter, I demanded immediately that no one
answer.

Relationship Between Confidence Intervals and Test of Hypotheses

Suppose that I (X) is a random interval having the property P(� ∈ I (X); �) = � for
each � ∈ �. I (X) is a 100�% confidence interval on �. Now suppose that we wish
to test H0: � = �0 versus Ha : � �= �0, where �0 is a known constant. In testing the
null hypothesis that a coin is fair, we might set P(head) = � and �0 = 1/2. In a
paired sample t-test, we might choose �0 = 	0 = 0. Consider the test of H0 versus
Ha which rejects H0 whenever �0 /∈ I (X). This test has the critical region C(�0) =
{x | �0 /∈ I (x)}, acceptance region A(�0) = {x | �0 ∈ I (x)}. Then P(X ∈ C(�0); �0} =
P(�0 /∈ I (X); �0) = 1 − P(�0 ∈ I (X); �0) = 1 − � . Thus, a 95% confidence interval
[0.32, 0.41] on a binomial parameter p indicates that for any � = 0.05 level test of
H0: p = p0 versus Ha ; p �= p0 the test would reject H0 for p0 not in the interval,
accept (fail to reject) for p0 in the interval. Vice versa, if C(�0) is an �-level critical
region for a test of H0: � = �0 versus Ha : � �= �0 define I (x) = {�0 | x /∈ C(�0)}.
Then P(�0 ∈ I (X); �0) = 1 − P(�0 /∈ I (X); �0) = 1 − P(X ∈ C(�0); �0) = 1 − �, so
that I (X) is a 100(1 − �)% confidence interval on �.

The power function � (�) for an �-level test of H0: � = �0 versus Ha : � �= �0 can
be useful in studying the performance of the corresponding confidence interval I (X),
since � (�) = P(X ∈ C(�0); �) = P(�0 /∈ I (X); �). If | � − �0 | is large, we want this
probability to be large.

Now consider H0: � ≤ �0 versus Ha : � > �0 and let L(X) be a 100�% lower
confidence limit on �. This mean that for each � ∈ �, P(L(X) ≤ �; �) = � . Consider
the test that rejects H0 whenever L(X) > �0. This test has level P(L(X) > �0; �0) =
1 − P(L(X) ≤ �0; �0) = 1 − � . Similarly, the upper 100�% confidence limit U (X)
corresponds to the test of H0: � ≥ �0 versus Ha : � < �0 which rejects at level (1 − � )
for U (X) < �0.

Example 8.4.3 For the sample of n = 25 discussed in Example 8.4.1, suppose
that we wish to test H0: 	 ≥ 50 versus Ha : 	 < 50. An upper 95% confidence limit on
	 is given by U (X) = X̄ + t24.95S/

√
25 = X̄ + 1.711S/5. For X̄ = 47.3, S = 6.63,

we get U (X) = 49.57. Since 49.57 < 50, we reject H0 at level � = 0.05. We would
not reject at level 0.05 if 50 were replaced by �0 < 49.57.

Problems for Section 8.4

:8.4.1 Let X ∼ Binomial(n, p) and suppose that we wish to test H0: p ≥ 0.4 versus
Ha : p < 0.4.

(a) For n = 10, give the p-value for X = 0, 1, 2.

(b) For n = 100, give the approximate p-value for X = 25, 35, 40 and 45.
Use the 1/2-correction.
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8.4.2 Let X1, . . . , Xn be a random sample from the Poisson distribution with pa-
rameter 
. Suppose that we wish to test H0: 
 ≤ 3 versus Ha : 
 > 3. Let
Tn = X1 + · · · + Xn .

(a) For n = 2 observations and � approximately 0.08 for which observation
vectors X = (X1, X2), should H0 be rejected? What is � for this test?

(b) Suppose that T2 = 12. What is the p-value �̂?

(c) What is the power of the test in part (a) for 
 = 4.0?

(d) For n = 100 use the normal approximation to find an � = 0.08 level test
based on T100.

(e) For observed T100 = 329, what is the observed p-value?

(f) What is the power for the test in part (d) for 
 = 3.3?

8.4.3 Let (X1, . . . , Xn) = X be a random sample from the N(	, 
2) distribution
with 
2 known to be 64. Suppose that we wish to test H0: 	 = 80 versus
Ha : 	 �= 80.

(a) For n = 25, X̄ = 84.0, what is the p-value �̂?

(b) Give an � = 0.05 level test of H0 versus Ha .

(c) Find a 95% confidence interval on 	. Use the interval to decide whether
you should reject H0 at level � = 0.05 when X̄ = 84.0.

(d) Let I (X) be the interval found in part (a) for observation vector X. For
� = 84 find the power � (83) and use it to determine P(80 ∈ I (X); � =
83).

8.4.4 Let X = (X1, . . . , Xn) be a random sample from the Unif(0, �) distribution
for � > 0.
Let H0: � = �0 and Ha : � �= �0 for a known constant �0. Let M =
max(X1, . . . , Xn).

(a) For 0 < � < 1, give a size-� critical region C for a test of H0 versus Ha .
The test should have high power for � small and also for � large.

(b) Use the result of part (a) to give a formula for a 100(1 − �)% confidence
interval I (X) on �.

(c) For n = 10, �0 = 46, � = 0.05 find P(�0 ∈ I (X); � = 50).

(d) Suppose that n = 10, �0 = 46, and M = 39.2. Give the p-value.

8.4.5 Consider the four probability mass functions of Problem 8.3.1 and H0: � =
1 or 2 versus Ha : � = 3 or 4.

(a) Suppose that (X1, X2) is a random sample from one of these distributions.
Suppose also that H0 is to be rejected for small values of T = X1 + X2.
Give the p-value corresponding to each possible value of T .

(b) Consider a test based on a random sample X1, . . . , X9 which rejects
for large T =∑9

i=1 Xi . Find an approximate p-value for T = 21, X̄ =
T/9 = 2.333. In 10,000 simulations for � = 1,559 of the X̄ were 2.333
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or less. For � = 2, 921 were 1.333 or less. Use the 1/2-correction. If the
random variable is X̄ , the correction is actually 1/(2n).

8.4.6 Let X = (X1, . . . , X25) be a random sample from the density f (x ; �) =
(1/5)e−(x−�)/5 for x > �, � any real number. Let m = min(X1, . . . , Xn). Sup-
pose that you wish to test H0: � ≤ 10 versus Ha : � > 10.

(a) Give an � = 0.10 level test depending on m.

(b) Give the p-value for m = 10.53.

8.4.7 Let X be a random variable or vector with a distribution depending on
�. Let H0: � ≥ �0 and Ha : � < �0, let T (X) be a test statistic whose dis-
tribution is continuous for � = �0, and define �̂(x) = P(T (X) ≤ T (x); �0)
for observed X = x. Show that �̂(X) has the Unif(0, 1) distribution. Hint:
�̂(x) = FT (T (x); �0), where FT is the cdf of T (X) when � = �0.



OTE/SPH OTE/SPH

JWDD073-c09 October 4, 2007 17:24 Char Count= 0

C H A P T E R N I N E

The Multivariate Normal, Chi-Square,
t , and F Distributions

9.1 INTRODUCTION

In this chapter we study four distributions that are closely related to the normal. Each
is defined in terms of normally distributed random variables. These distributions are
useful is making inferences about the parameters of one or more normal distributions.
Consider the case of one sample from the N(	, 
2) distribution with both 	 and 
2

unknown. In Chapters Seven and Eight it was claimed, without proof, that T =
(X̄ − 	)/

√
S2/n has the t-distribution with n − 1 degrees of freedom. That is proved

in Section 9.4 by (1) defining what it means to state that a random variable has
a t-distribution, (2) showing that X̄ and S2 are independent, and (3) showing that
(n − 1)S2/
2 has the chi-square distribution with n − 1 degrees of freedom. We
do not prove every statement made in this chapter. Readers looking for a detailed
discussion should consult the book by the author (Stapleton, 1995), or much more
famous books by, for example, Rao (1952), Bickel and Doksum (1977), and Casella
and Burger (2002). We begin with a “once over lightly” discussion of the multivariate
normal distribution.

9.2 THE MULTIVARIATE NORMAL DISTRIBUTION

Definition 9.2.1 A random vector X = (X1, . . . , Xk) is said to have the multivariate
normal distribution if every linear combination

∑k
i=1 ai Xi has the univariate normal

distribution.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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Comments:

1. Like the univariate normal distribution, the MV-normal distribution is charac-
terized by two parameters, its mean vector � = E(X) and its k × k covariance
matrix Σ ≡ Cov(X). We write X ∼ Nk(�,Σ).

2. If X ∼ MV-normal, any subset of components also has an MV-normal distri-
bution. In particular, any single component has a univariate normal distribution
and any pair has a bivariate normal distribution.

3. If X ∼ Nk(�,Σ), then X takes all of its values in the set Range (X) = {x|x =
� + u, u ∈ Col(Σ)}. Col(Σ) is the column space of Σ. If Σ has rank r < k,
Range(X) is a hyperplane in Rk and X does not have a density in Rk . For
example, let Y1, . . . , Yk be independent, each N(	, 
2). Define X j = Y j − Ȳ
for j = 1, . . . , k. Then X = (X1, . . . , Xn) has covariance matrix Cov(X) =

2[Ik − (1/n)Jk], where Jk is the k × k matrix of all 1’s. Cov(X) has rank
(k − 1). Range(X) = {x|x⊥1k}, where 1k is the length-k vector of all 1’s, and
x ⊥ 1k means that x is orthogonal to 1k (has inner product zero). That is, the
sum of the components of x is zero.

4. Let X ∼ Nk(�,Σ). Let Y = AX, where A is an m × k matrix of constants.
Then Y ∼ Nm(A	, AΣAT).

5. If X ∼ Nk(�,Σ) and Σ is nonsingular, X has the density f (x; �,Σ) =
[2�]−n/2 det(�)−1/2e−(1/2)Q(x), where Q(x) = (x − �)TΣ−1(x − �) is a
quadratic form in (x − �), where x and � are written as column vectors.

6. X has k-dimensional moment generating function (mgf) m(t) ≡
E(et1 X1+···+tk Xk ) = etT�+(1/2)tT�t for t the column vector with components
t1, . . . , tk .

7. If Y1, . . . , Yn are independent k-component MV-normal random vectors, it
follows that

∑n
i=1 Yi ∼ MV-normal.

8. Let X = (X1, X2), where X1 has k1 and X2 has k2 = k − k1 components. Then
X1 and X2 are independent if and only if m(t) factors into the product of
the mgf’s of X1 and of X2. But this is true if and only Cov(X1, X2) is the
k1 × k2 matrix of all zeros. It is this feature of the MV-normal distribution
that makes it so mathematically tractable and used so often as a model for
multivariate data. Consider the example in comment 3. Let W = (Ȳ , X), a
vector of k + 1 components. W has the MV-normal distribution because every
linear combination of its components has the univariate normal distribution.
Cov(Ȳ , X j ) = Cov(Ȳ , Yi ) − Cov(Ȳ , Ȳ ) = (
2/k) − 
2/k = 0. Thus, Ȳ and
the vector X of deviations of the Yi from Ȳ are uncorrelated and therefore
independent. Without the assumption that Y has the MV-normal distribu-
tion Cov(Yi − Ȳ , Ȳ ) = 0 for each i , but Yi − Ȳ and Ȳ will not necessarily be
independent.

9. For any covariance matrix Σ, let B be any matrix such that BBT = �. There are
an infinity of such B since BBT = Σ implies that for any orthogonal matrix U,
BUUTBT = Σ. B can be chosen, for example, to be lower-triangular or to be
symmetric. If B is k × r , let Z be a column vector of r independent standard
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normal random variables. Then Y = BZ + � ∼ Nk(�,Σ). Most statistical
computer packages have functions that generate pseudo-N(0, 1) independent
random variables. Thus, this procedure can be used to generate pseudorandom
vectors Y such that Y ∼ Nk(�,Σ).

10. Suppose that X ∼ Nk(�,Σ), with Σ nonsingular. Suppose that ATA = Σ−1

so that Σ = A−1(AT)−1. Then Y = AX ∼ Nk(A�, A�AT = Ik), so the com-
ponents of Y are independent N(0, 1) random variables.

Problems for Section 9.2

9.2.1 Let (X, Y ) have the bivariate normal distribution with parameters
	x , 	y, 
x , 
y , correlation � . Use comment 5 above to determine the den-
sity of (X, Y ) in nonmatrix form.

9.2.2 The heights of married couples [X = wife’s height (cm), Y = husband’s height
(cm)] in a large population are approximately distributed as bivariate normal
with 	x = 165, 	y = 178, 
x = 6.0, 
y = 7.7, � = 0.5. Find an approxima-
tion for

(a) P(Y > X ). Hint: Consider Y − X .

(b) P(|Y − X | > 5).

9.2.3 Let X = (X1, X2, X3) ∼ N3(�,Σ), where � = (8, 10, 12),

� =
⎛⎝ 4 3 −1

3 9 −5
−1 −5 16

⎞⎠ .

(a) Give the correlation matrix for X.

(b) Let Y1 = X1 + X2 − X3 and Y2 = 4X1 + 2X2 + 3X3. What is the distri-
bution of Y = (Y1, Y2)?

(c) Find � (Y1, Y2).

(d) Find P(Y1 > 9, Y2 > 100).

9.2.4 Let Z1, Z2 be independent standard normal random variables. Let
	x , 	y, 
x > 0, 
y > 0, and � , −1 < � < 1) be constants. Let X = 	x +

x Z1 and Y = 	y + 
y(� Z1 +

√
1 − � 2 Z2). Show that (X, Y ) has the

bivariate normal distribution with parameters 	x , 	y, 
x , 
y, � .

9.2.5 Let X = (X1, X2, X3) ∼ N3(�,Σ), where � = (10, 15, 20) and

Σ =
⎛⎝ 4 3 1

3 9 −6
1 −6 7

⎞⎠.

(a) Show that a ≡ (1, −1, 1)T (so that a is a column vector) is in the nullspace
of Σ.
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(b) Find Var(aTX).

(c) Is (12, 25, 12)T in Range(X)? (12, 25, 13)T?

9.2.6 Let X1, X2 be independent, each N(50, 100). Find P(X1 + X2 > 90, X1 −
X2 > 20).

9.2.7 Let Σ =
(

9 3
3 5

)
. Find matrices B such that BBT = Σ, where:

(a) B is lower triangular.

(b) B is symmetric.

(c) How could B be used to generate pseudo bivariate normal rv’s with mean
vector (10, 20) and covariance matrix Σ?

9.3 THE CENTRAL AND NONCENTRAL
CHI-SQUARE DISTRIBUTIONS

The chi-square distribution plays an important role in statistics. It is the exact or
approximate distribution of some very useful statistics. In Chapter Eight we said that
the asymptotic distribution of Qn ≡ −2 log(�n), where �n was the likelihood ratio
statistic, is chi-square under certain conditions. As we will show, the distribution of
S2(n − 1)/
2, when S2 is the sample variance for a random sample from a normal
distribution, is distributed as chi-square with n − 1 degrees of freedom. Its density is
a special case of the gamma distribution, so students should already be familiar with
some of its properties. As will be obvious from its definition, the sum of independent
chi-square random variables also has a chi-square distribution. To consider the power
of tests, we need to consider the noncentral chi-square distribution.

Definition 9.3.1 Let � > 0 and let Z1, . . . , Zn be independent, each with the N(0, 1)
distribution. Let Q = (Z1 + �1/2)2 + Z2

2 + · · · + Z2
n . Q is said to have the noncentral

chi-square distribution with noncentrality parameter � and n degrees of freedom. We
write Q ∼ � 2

n (�). If � = 0, Q has the central chi-square distribution with n degrees
of freedom. For that case we write Q ∼ � 2

n .

Comments:

1. E(Q) = (1 + �) + (n − 1)(1) = � + n. Let V be the first term of Q.E(V 2) =
E(Z1 + �1/2)4 = 3 + 6(�) + �2, so that Var(V ) = 2 + 4�. Therefore, Var(Q) =
2 + 4� + (n − 1)(2) = 2n + 4�.

2. The central chi-square distribution with n df has density f (y; n) =
(yn/2−1e−y/2/�(n/2) · 2n/2 for y > 0. This can be shown using mgf’s or
by a convolution argument (see Problem 9.3.1). This is the density of
the �(n/2, 2) distribution. Appendix Table 5 presents quantiles x p for se-
lected values values of p and n. The noncentral chi-square density is
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f (y; n, �) =∑∞
k=0 p(k; �/2) f (y; n + 2k), where p(k; �/2) is the Poisson prob-

ability mass function for mean 
 = �/2.

Linear Algebra and Random Vectors

1. Let a1, . . . , an be an orthonormal basis for Rn , where these ai are column
vectors. That is, the ai are orthogonal (aT

i a j = 0 for i �= j), and each ai has
length 1 (||ai ||2 = aT

i ai = 1 for each i). Equivalently, if A is the n × n matrix
with columns a1, . . . , an, then ATA = In . Then for each x ∈ Rn, x =∑n

i=1 bi ai ,
where bi = aT

i x j . To prove this, multiply by aT
i on the left sides of both x and∑n

i=1 bi ai . By the orthogonality of the ai , ||x||2 = xTx =∑n
i=1 bi

2.

2. Consider the special case that a1 = 1n/
√

n. Then b1 = √
n x̄ and b2

1 = nx̄2.
It follows that ||x||2 = b2

1 +∑n
i=2 b2

i and ||x||2 − nx̄2 =∑n
i=1(xi − x̄)2 =∑n

i=2 b2
i .

3. Let X be a random vector with covariance matrix Cov(X) = 
2In . That is, the
Xi have common variance 
2 and zero covariances. Let a and b be vectors
of constants. Let Ya = aTX and Yb = bTX, two linear combinations of the
components of X. Then Cov(Ya, Yb) = aT(
2In) b = 
2aTb. If a = b, then
Var(Ya) = 
2||a||2. If the inner product aTb = 0, then Cov(Ya, Yb) = 0. If, in
addition, X has a multivariate distribution, then Ya and Yb are independent.

4. Let X = (X1, . . . , Xn) be a random sample from a distribution with mean 	,
variance 
2. Let a1, . . . , an be as in case 2, and let B1 = a1

TX. Then E(B1) =
aT

1 	1n = √
n 	, and E(Bi ) = 0 for i > 1. Bi has a variance 
2||ai ||2 = 
2 for

each i. Another argument: The matrix B with column vectors B1 is ATX, so that
E(B) = AT	 · 1n = (

√
n 	, 0, . . . , 0)T and Cov(B) = AT(
2n)A = 
2 In , so

that E(B) = AT	 · 1n = (
√

n 	, 0, . . . , 0)T and Cov(B) = AT(
2 n)A = 
2In .

5. From case 2,
∑n

i=1(Xi − X̄ )2 =∑n
i=2 B2

i , so that E
(∑n

i=1(Xi − X̄ )2
) =

E
(∑n

i=2 B2
i

) = (n − 1)
2, and E(S2) = 
2. Thus, S2 is an unbiased estima-
tor of 
2. This explains the use of n − 1 as the divisor rather than the more
intuitive n.

We can extend the usefulness of the definition of noncentral chi-square distribution
as follows:

Theorem 9.3.1 Let X = (X1, . . . , Xn), where Xi ∼ N(	i , 
2), and the Xi are in-
dependent. Then Q =∑n

i=1 X2
i /
2 ∼ � 2

n (�) for � = (
∑n

i=1 	2
i )/
2.

Proof: Let � be the vector of 	i ’s, let a1 = �/||�||, and let a1, . . . , an be an or-
thonormal basis for Rn . Define B = (B1, . . . , Bn)T as in case 4. Then Cov(B) =

2In, E(B) = AT� = (||�||, 0, . . . , 0)T, and Q =∑n

i=1(Bi/
)2. Therefore, Q ∼
� 2

n (�) for � = (||�||2 + 02 + · · · + 02)/
2 = (∑n
i=1 	2

i

)
/
2.

Now we are ready to consider the sample variance S2 when a sample is taken from
a normal distribution.
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FIGURE 9.3.1 Central and noncentral chi-square densities.

Theorem 9.3.2 Let X = (X1, . . . , Xn) be a random sample from the N(	, 
2) dis-
tribution. Let X̄ and S2 =∑n

i=1(Xi − X̄ )2/(n − 1) be the sample mean and sample
variance. Then:

(a) S2 and X̄ are independent.
(b) S2(n − 1)/
2 ∼ � 2

n−1, the central chi-square distribution with n − 1 df (see
Figure 9.3.1).

Proof: By comment 8 in Section 9.2, X̄ and the vector of deviations Xi − X̄ are
uncorrelated and therefore, by normality, independent. It follows that X̄ and any
function of the vector of deviations are independent. S2 is one such function. This
proves case 1.

To prove case 2, let X = (X1, . . . , Xn), and define B as in case 4 on the previous
page. Then, from case 2, (n − 1)S2/
2 = (1/
2)

∑n
i=1(Xi − X̄)2 =∑n

i=2(Bi/
)2.
By the definition of the chi-square distribution, this last random variable has the
central chi-square distribution with n − 1 df.
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Confidence Intervals on �2

Suppose that we observe X = (X1, . . . , Xn), a random sample from a N(	, 
2) dis-
tribution with 	 and 
2 unknown. Since W ≡ S2(n − 1)/
2∼� 2

n−1, we can use W
as a pivotal quantity to produce a confidence interval on 
2. Let C�/2 and C1−�/2 be
the �/2 and (1 − �/2) quantiles of the central chi-square distribution with n − 1 df.
We provide these values for many combinations of n and � in Appendix Table 5.
Then 1 − � = P(C�/2 ≤ W ≤ C1−�/2; 
2) = P(S2(n − 1)/C1−�/2 ≤ 
2 ≤ S2(n −
1)/C�/2;


2). Thus, [S2(n − 1)/C1−�/2, S2(n − 1)/C�/2] is a 100(1 − �)% CI on 
2.

Warning: The correctness of the probability statement for this CI depends
strongly on the distribution of the observations Xi . For example, for samples of
size 25 from a double-exponential distribution, the “95%” CI contained 
2 for only
824 of 1000 trials. For samples of 100 the CIs were even worse: 784 of 1000 intervals
contained 
2. Similar sampling from a normal distribution produced 958 and 955 suc-
cessful coverages of 
2. In his consulting the author has very seldom (never?) found
such intervals useful, partially because distributions sampled are often not close to
normal.

Tables of the chi-square distribution do not usually include quantiles for df >
60. One rough approximation merely uses the fact that a chi-square random vari-
able with � df is the sum of the squares of � independent standard normal random
variables, so that � 2

�� = � + z�

√
2�. Another approximation is useful. Let Un have

the central chi-square distribution with n df. Let Zn = [(Un/n)1/3 − an]/bn , where
an = 1 − 2/(9n) and bn = [2/(9n)]1/2. Then Zn is approximately N(0, 1) for n as
small as 5 or 10. The � -quantile x� for Un is therefore given in good approxima-
tion by dn = n(an + z� bn)3, where z� is the � -quantile of the standard normal dis-
tribution. For example, for n = 10, � = 0.95, a10 = 0.9778, b10 = 0.1491, z0.95 =
1.645, d10 = 18.293, while a more exact method using S-Plus gave 18.307. The sim-
pler approximation � + z�

√
2� gives 17.36.

Problems for Section 9.3

9.3.1 Let Z ∼ N(0, 1). Show that Z2 has the density function given in comment 2
in Section 9.2. for n = 1.

9.3.2 Let Z1, Z2 be independent, each N(0, 1).

(a) Show that U ≡ Z2
1 + Z2

2 has the exponential distribution with mean 2.

(b) Find the 0.95-quantile for U .

(c) Find P(U ≥ 7|U ≥ 3).

9.3.3 Let X1, X2, X3 be independent, with Xk ∼ N(k, 3) for k = 1, 2, 3.

(a) Find a constant C such that C(Y 2
1 + Y 2

2 + Y 2
3 ) has the noncentral chi-

square distribution. What are the df and noncentrality parameters?
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(b) Let Y1 = X1 + X2 + X3 and Y2 = X1 + X2 − 2X3. Let V = Y 2
1 + Y 2

2 .
Find constants C1 and C2 such that V = C1Y 2

1 + C2Y 2
2 has a noncentral

chi-square distribution. What are the degrees of freedom and noncentrality
parameter?

9.3.4 Let a1 = (1/2)(1, 1, 1, 1)T and a2 = (1, −1, 0, 0)T/
√

2.

(a) Find vectors a3, a4 such that a1, a2, a3, a4 is an orthonormal basis for R4.
Check your computations by defining A = (a1, a2, a3, a4) and verifying
that ATA = I4. Hint: To make computations simpler, first find such ai so
they are orthogonal, then divide by constants so they each have length 1.

(b) Let x = (1, 3, 7, 9)T. Find constants b j such that x =∑4
i=1 b j a j .

(c) Verify that ||x||2 =∑4
i=1 b2

j and that
∑4

i=1(xi − x̄)2 =∑4
i=2 b2

j .

(d) If X ∼ N4(� = (10, 20, 30, 40)T, 25I4), what is the distribution of U =
ATX? Find a constant K so that K ||U||2 has a noncentral chi-square dis-
tribution. Give the df value and noncentrality parameter.

9.3.5 Using the S-Plus function command “pchisq(40, 20, 10),” we find that the
0.95-quantile of the � 2

20 distribution is 31.41. Find the values of the two
approximations discussed in the final paragraph of this section.

9.3.6 Let X1, . . . , X25 be a random sample from the N(50, 100) distribution. Find
a good approximation for P(X̄ > 53, S2 > 120).

9.3.7 Let X1, . . . , Xn be a random sample from a normal distribution with mean 	,
variance 
2, both parameters unknown.

(a) For n = 9, S2 = 20.0, find a 95% confidence interval on 
2.

(b) Suppose that a second sample Y1, . . . , Ym is taken from a normal distribu-
tion with mean � known, variance 
2 (same as for the Xi ’s). For m = 6,
sample variance S2

Y = 14.0 combine the data of part (a) with the Yi data
to give a point estimate and a 95% CI on 
2.

9.4 STUDENT’S t-DISTRIBUTION

In 1907, William Sealey Gosset, an employee of the Guiness Brewery in Dublin,
Ireland, began a year of study with Karl Pearson at the University of London. Gosset
had studied in the New College of Oxford University, earning first-class degrees in
mathematics and chemistry. Under Karl Pearson, Gosset set to work to study the
probability distribution of the standardized mean, when the scale parameter 
 had
to be estimated. Specifically, he studied the distribution of T = (X̄ − 	)/(S/

√
n),

for samples of n from the N(	, 
2) distribution. It had long been known that Z =
(X̄ − 	)/(
/

√
n) ∼ N(0, 1), that this was true in approximation for large n even

when sampling from (most) nonnormal distribution, and that this was true for T as
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well for n “large enough.” But in his work analyzing data for Guiness, Gosset often
had small samples. He attacked the problem in two ways: (1) mathematically, and (2)
by simulation.

For the first approach he concluded that S2 (after multiplication by a constant) is
approximately distributed as chi-square by considering moments, showed that X̄ and
S2 have correlation zero, concluding that they were therefore independent (in those
days correlation zero and independence were often confused), then determined the
distribution of the ratio T. For the second approach he used a method that has become
known as the Monte Carlo method. He obtained 3000 measurements on criminal
heights that seemed to be at least approximately normally distributed. He wrote the
numbers on 3000 pieces of cardboard. He divided these 3000 randomly into 750 piles
of four each, and for each he determined Z ≡ (X̄ − 	)/S = T/

√
n. That was not easy

in those days of hand computation. The histogram of 750 values of Z was closely
approximated by the density that he had obtained using the first approach. Reading
the paper today is difficult, and from the modern point of view not rigorous, but at
that time it was a remarkable paper and is justifiably famous.

Gosset published his results under the name “A Student,” since Guiness asked its
employees to remain anonymous. His paper “On the Probable Error of the Mean,”
appeared in Biometrika, Vol. 5, in 1908. It took some time before the value of the paper
was fully appreciated, but by the middle of the century, every statistics book contained
Student’s t-table. The same volume of Biometrika contains another paper of Student’s,
“The Probable Error of a Correlation Coefficient.” That paper was based completely
on simulation, using the pairs (criminal heights, middle-finger lengths.) Six years
later, R. A. Fisher was able to determine the distribution of the sample correlation
coefficient for samples from bivariate normal distributions by a geometric argument.

We extend the definition of the T-distribution to the noncentral case.

Definition 9.4.1 Let Z ∼ N(0, 1), and V ∼ � 2
� , with Z and V independent. Let � be

a constant. Let T ≡ (Z + �)/
√

V/�. Then T is said to have Student’s t-distribution
with noncentrality parameter � and � degrees of freedom. We write T ∼ tn−1(�).
When � = 0, we say that T has the central t- distribution with � degrees of freedom
and write T ∼ t�.

Since Z and V are independent and the density of each is known, the den-
sity of T for the case � = 0 can be expressed by first determining the density of
the denominator W ≡ √

V/� : fW (w) = 2wm2 fV (m2w2). Then the density of T is
fT (t ; �) = ∫∞

−∞ fZ (z) fW (t z) dz. After some manipulation (see Problem 9.4.1) we get

fT (t ; �) =
[√

���
(�

2

)]−1
�

(
�

2
+ 1

2

)(
1 + t2

�

)−(�+1)/2

for −∞ < t < +∞.

(9.4.1)

Making use of Stirling’s formula, �(� + 1)/[e−���
√

2��] → 1 as � → ∞, we get
lim�→∞ fT (t ; �) = �(t), the standard normal density, for each real number t, as illus-
trated in Figure 9.4.1. Thus, if � is large, the central t-distribution and the standard
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FIGURE 9.4.1 Central and noncentral t-densities with the standard normal density.

normal are close. The noncentral T-density may be expressed as an infinite series in
the noncentrality parameter �. We omit the rather complex expression (see Kennedy
and Gentle, 1980).

Example 9.4.1 Let X1, . . . , Xn be a random sample from N(	, 
2). Let C be
a constant. Then Z ≡ (X̄ − 	)/

√

2/n ∼ N (0, 1), V ≡ S2(n − 1)/
2 ∼ � 2

n−1 and
Z and V are independent. Therefore, (X̄ − C)/(S/

√
n) = (z + �)/

√
V/(n − 1)n =

tn−1(�) for � = (	 − C)/
/
√

n. Taking C = 	, we get the result obtained by Student,
that T = (X̄ − 	)/(S/

√
n) ∼ tn−1. Letting t0.975 be the 0.975-quantile of this distribu-

tion, so that, by symmetry, the 0.025-quantile is –t0.975, we get 0.950 = P(−t0.975 ≤
T ≤ t0.975) = P(	 ∈ [X̄ ± t0.975S/

√
n]), so that [X̄ ± t0.975S/

√
n] is a 95% confi-

dence interval on 	 (see Figure 9.4.2).

In his 1908 paper, Student discussed an experiment comparing two drugs, labeled
LHH and DHH, as reported in the Journal of Physiology in 1904, comparing the
numbers of “additional” hours of sleep produced by each drug for 10 patients:

Patient

1 2 3 4 5 6 7 8 9 10
DHH 0.7 −1.6 −0.2 −1.2 −1.0 3.4 3.7 0.8 0.0 2.0
LHH 1.9 0.8 1.1 0.1 −0.1 4.4 5.5 1.6 4.6 3.4
Diff. 1.2 2.4 1.3 1.3 0.0 1.0 1.8 0.8 4.6 1.4



OTE/SPH OTE/SPH

JWDD073-c09 October 4, 2007 17:24 Char Count= 0

248 the multivariate normal, chi-square, t-, and F-distributions

−4 −2 0 2 4

t

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

D
en

si
ty

Std. Normal _ _ _ Non-Central t _ _ _

Student's t Density for
3  df, and Std. Normal Density

−4 −2 0 2 4

t

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

D
en

si
ty

Std. Normal _ _ _ Non-Central t _ _ _

Student's t Density for
10  df, and Std. Normal Density

−4 −2 0 2 4

t

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

D
en

si
ty

Std. Normal _ _ _ Non-Central t _ _ _

Student's t Density for
25  df, and Std. Normal Density

−4 −2 0 2 4

t
0.

0
0.

1
0.

2
0.

3
0.

4
0.

5

D
en

si
ty

Std. Normal _ _ _ Non-Central t _ _ _

Student's t Density for
50  df, and Std. Normal Density

FIGURE 9.4.2 Student’s t densities and the standard normal density.

Let Di = (LHH value) − (DHH value) for patient i. A reasonable model is that
these Di constitute a random sample from a N(	D, 
2

D) distribution. We find that
D̄ = 1.58, S = 1.23 (this differed slightly from Student’s value because he used
the denominator n in determining S2). Since t0.975 = 2.262 for 9 df, obtained from
Student’s t-table, we get the 95% CI [1.58 ± 0.880] = [0.70, 2.46]. The concept of
CIs was not developed until 25 years later, so instead, Student presented the one-tailed
p-value corresponding to the observed value T = (1.58 − 0)/(1.23/

√
10) = 4.06. He

obtained 0.0015. Using S-Plus, the author obtained 0.00142, so Student’s work was
remarkably precise. Student stated that “the odds are about 666 to one that LHH is
the better soporific.” These days we would test H0:	D = 0 versus Ha: 	D �= 0 and
obtain the p-value 2(0.00142) = 0.00284. We would then say “Given that H0 is true,
the odds against obtaining a t-value as large in absolute value as the one obtained are
about (1 − 0.00284)/0.00284 = 351 to 1.” The practical conclusion is the same. We
conclude that “on average, LHH results in more sleep.”

Student suggested that the distribution of T should be close to the t-distribution
he found if the distribution sampled is close to normal. To show that his intuition
was correct, consider Figures 9.4.3 and 9.4.4. In Figure 9.4.3 four distributions are
considered, each symmetric around zero. For each, 10,000 samples were taken and
T = X̄/(S/

√
n) determined for each. The numbers of values of T less than the 0.025-

quantile and greater than the 0.975-quantile of the t-distribution with (n − 1) df
is given for each case. The first shows, for example, that for samples of 10 from
the double-exponential distribution with mean 	, 100(1 − 0.0220 − 0.0211)% =
95.69% of nominal 95% CIs would have contained 	.

In Figure 9.4.4 samples are taken from the gamma distribution with shape param-
eter � = 5 and T = (X̄ − 5)/S/

√
n. Even for n = 5, the coverage probability of a

nominal 95% CI is about 0.938, still approximately 95%. Since this distribution is
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a bit skewed to the right, not symmetric as are the distributions in Figure 9.4.3, the
distribution of T is also skewed to the right, although not as much, with the amount
of skewness decreasing as n increases.

Example 9.4.2 To determine the effect of a gasoline additive on the miles per
gallon of an automobile, the following experiment was conducted. A high-powered
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TABLE 9.4.1 Gasoline Consumption Data

Number of Number of
Run Additive Gallons Run Additive Gallons

1 × 7.71 11 × 8.54
2 × 8.65 12 × 8.72
3 9.04 13 8.76
4 8.39 14 9.28
5 × 8.94 15 × 8.09
6 9.67 16 × 8.48
7 8.73 17 × 8.79
8 9.06 18 × 9.09
9 8.89 19 9.09

10 × 8.37 20 7.84

automobile was driven 100 miles 20 times (runs) over a 2-mile track. For each run
the auto was gradually accelerated to 60 miles per hour, then kept at that speed for the
entire 100 miles. The same driver was used for all 20 runs. The additive was added to
the gasoline for 10 randomly chosen runs. At the end of each run the number of gallons
consumed was measured. Neither the driver nor the person who measured the gasoline
consumption knew for which runs the additive was used. Thus, the experiment was
double blind. The run numbers with the additive were: 17, 18, 15, 11, 1, 2, 12, 5, 16,
10. These were chosen using the S-Plus function “sample.” The measurements are
listed in Table 9.4.1.

It seems reasonable to consider the following model. Let the 10 measurements
for the nonadditive runs be X1, . . . , X10. Let the measurements for the additive runs
be Y1, . . . , Y10. Suppose that the 20 measurements are independent and that Xi ∼
N(	1, 
2), Yi ∼ N(	2, 
2). Thus, the means may be different, but the variances are
equal.

First we find a 95% CI on � ≡ 	2 − 	1, the additive effect. Negative values of
� correspond to a decrease in gasoline consumption when the additve is used. Let X̄
and Ȳ be the sample means, and let S2

1 and S2
2 be the sample variances for the X’s and

Y’s. Let the sample sizes be n1 = 10 and n2 = 10. Then (1) X̄ ∼ N(	1, 
2), (2)Ȳ ∼
N(	2, 
2), (3)S2

1 (n1 − 1)/
2 ∼ � 2
n1−1, (4) S2

2 (n2 − 1)/
2 ∼ � 2
n2−1, and (5) these four

random variables are independent. It follows from (1), (2) and (5) that Z ≡ (X̄ −
Ȳ − �)/

√

2(1/n1 + 1/n2) ∼ N(0, 1). Let S2

p = [S2
1 (n1 − 1) + S2

2 (n2 − 1)]/(n1 −
1 + n2 − 1), the pooled estimator of the common variance 
2. From (3), (4), and
(5) it follows that V ≡ S2

p(n1 + n2 − 2)/
2 ∼ � 2
n1+n2−2. Thus, from Definition 9.3.1,

T ≡ Z/
√

V/(n1 + n2 − 2) ∼ tn1+n2−2. 
2 in the numerator and denominator of T can-

cel so that T = (Ȳ − X̄ − �)/
√

S2
p(1/n1 + 1/n2). Letting t0.975 be the 0.975-quantile

of the t-distribution with n1 + n2 − 2 df, we get 0.95 = P(−t0.975 ≤ T ≤ t0.975) =
P(� ∈ I ), where I = [Ȳ − X̄ ± t0.975

√
S2

p(1/n1 + 1/n2)], so that I is a 95% CI

on �.
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For these data we observe that X̄ = 8.875, Ȳ = 8.538, S2
1 = 0.249, S2

2 =
0.166, S2

p = 0.208, t0.975 = 2.1009,
√

S2
p(1/n1 + 1/n2) = 0.204, and the 95% CI

[−0.337 ± 0.428] = [−0.765, 0.091]. Since the 95% CI includes zero, we do not
have enough evidence to conclude that � �= 0. On the other hand, if we are
quite sure that the additive cannot increase the amount of gasoline needed, it
may be more appropriate to determine an upper 95% bound on �. We find that

U = [Ȳ − X̄ + t0.95

√
S2

p(1/n1 + 1/n2)] = 0.017, so there is not enough evidence to

conclude that � < 0 at the � = 0.05 level.
More formally, we might wish to test H0: � ≥ 0 versus Ha : � < 0, since then

Ha is equivalent to the statement that the additive decreases the amount of gasoline
used. It can be shown (Problem 9.4.2) that the likelihood ratio test is equivalent

to the rejection of H0 for small T ∗ = (Ȳ − X̄ − 0)/
√

S2
p(1/n1 + 1/n2). For � =

0, T ∗ ∼ tn1+n2−2, so the 0.05-level test rejects for T < −t0.95 = −1.734. We observe
T ∗ = (−0.337/0.204) = −1.654, so again we cannot reject H0. The observed p-
value is P(T ≤ −1.654) = 0.058. These data were actually generated using S-Plus,
with 	1 = 8.9, 	2 = 8.3, 
 = 0.5. The power function for the test of H0 versus Ha

is a function of the noncentrality parameter

� = E

(
Ȳ − X̄ − 0√


2(1/n1 + 1/n2)

)
= �√


2(1/n1 + 1/n2)
= −0.6√

0.05
= −2.683.

Using the function “pnoncentt” in S-Plus, we find power 0.824.

Although the probability theory of Example 9.4.2 is exact, it does rest on the equal-
variance model as well as on the normality. These t-methods are quite robust against
nonnormality even for moderate sample sizes by the central limit theorem. They are
a bit more sensitive to unequal variances, so it is often wise to use the estimator

̂2(Ȳ − X̄ ) = S2

1/n1 + S2
2/n2 of Var(X̄ − X̄ ). The methods resulting, although not

exact, provide better approximations than those given by the methods that assume
equal variances for cases for which that is not true. In 1947, Welch proposed the use of
the statistic Tw ≡ (Ȳ − X̄ )/
̂(Ȳ − X̄ ), with approximation by the t-distribution with
� df, where � is the closest integer to (V1 + V2)2/[V 2

1 /(n1 + 1) + V 2
1 /(n2 + 1)] − 2,

where V1 = S2
1/n1 and V2 = S2

2/n2, so that 
̂2(Ȳ − X̄ ) = V1 + V2. For the data of
Example 9.4.3, we get 
̂2(Ȳ − X̄ ) = 0.200, Tw = −1.853, � = 19, almost the same
statistics as were obtained when common variances were assumed. The resulting 95%
CI on � is [−0.367 ± (2.093)(0.200)] = [−0.486, 0.052]. In practice it makes little
difference which method is used when S2

1 and S2
2 are relatively close.

In general, if 
2
1 and 
2

2 are close, it matters little whether the method used is
based on the pooled sample variance S2

p or on Welch’s approximation. The same is
true if the sample sizes are equal. However, if the sample sizes differ and 
2

1 and 
2
2

differ very much, the Welch approximation is better. This is illustrated in Table 9.4.2,
giving the numbers Np and Nw of CIs, for 10,000 simulations, which covered �

for nominal 95% intervals for both methods. The mean lengths L p and Lw of the
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TABLE 9.4.2 Performances of Two-Sided, Two-Sample t-CIs for Differing Standard
Deviations and Sample Sizes

n1= 10, n2= 10 n1= 14, n2= 6 n1= 6, n2= 14


1= 1,


2= 2
9876, 9518,

3.72, 2.97, 2.77
9691, 9381,

9.30, 8.99, 3.37
9880, 9514,

3.52, 2.79, 2.64

1= 1,


2= 5
9549, 9467,

6.47, 6.97, 6.32
8243, 9390,

5.57, 9.56, 8.07
9904, 9470,

7.26, 5.83, 5.48

1= 1,


2= 10
9402, 9456,

11.89, 6.97, 12.46
7437, 9394,

9.30, 18.99, 16.04
9911, 9489,

14.02, 11.37, 10.60

CIs are also given. As should be expected, when � is covered more often, the mean
length is larger. For purposes of comparison, fixed-length CIs, for the case that 
2

1 and


2
2 are known, have lengths Lk = 2(1.96)

√

2

1 /n1 + 
2
1 /n2. Each of the nine cells in

Table 9.4.2 presents Np, Nw, L p, Lw, and Lk in this order. Had the standard deviations
both been multiplied by C, the corresponding lengths would also have been multiplied
by C.

Notice that the pooled method works poorly when n2 < n1 and 
2 > 
1. When-
ever possible, it is better to use the larger sample size for the population with the
larger standard deviation. When knowledge of the comparative sizes of the standard
deviations is lacking, use the Welch approximation with equal sample sizes.

A Mistake: Rarely (we hope) users of two-sample methods fail to note that obser-
vations were taken in pairs, so that the paired difference analysis of Example 9.4.2 is
appropriate. Suppose, for example, that a company, the Prep Company, offers courses
that prepare students for standardized tests, the SAT tests given to high school students,
for example. It has designed a new one-week course and wishes to evaluate it. The
company might perform an experiment as follows. Thirty volunteers are found from
among high school juniors, each paid $100 for taking part. First they take a one-hour
older version of the test, and the results are graded. Then the 30 students are paired, pair
1 having the two highest scores, pair 2 having the next two highest, . . . , pair 15 having
the two lowest. Then a coin is flipped 15 times to decide which in each pair is assigned
to the treatment group, which to the control group. Those in the treatment group take
the one-week course. Those in the control group do not. Then after the week all
30 students take the new test, and their scores Xi for the control student in pair i and
Yi for the treatment student in pair i, i = 1, . . . , n = 15. The following model seems
appropriate. Suppose that Xi = Ai + εi and Yi = � + Ai + �i , where the Ai are
constants and the εi and �i are independent N(0, 
2) random variables. � is the addi-
tive treatment effect. Let Di = Yi − Xi = � + �i − εi . Then Di ∼ N(�, 2
2 ≡ 
2

D).

Thus, a 100(1 − �)% CI on � is given by [D̄ ± t1−�/2

√
S2

D/n]. The paired difference
t-test of H0: � = 0 versus Ha : � �= 0 rejects when this interval does not include
zero.

The two-sample t-test is sometimes used mistakenly in this situation. For simplicity,
suppose that the pooled estimator S2

p(1/n + 1/n) = 2S2
p/n of Var (Ȳ − X̄ ) is used.
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Let us determine E(S2
p). Since (Xi − X̄ )2 = [(Ai − Ā) + (εi − ε̄)]2 = (Ai − Ā)2 +

2(Ai − Ā)(εi − ε̄) + (εi − ε̄)2 and the Ai ’s are constants, E
[∑n

i=1(Xi − X̄ )2
] =∑n

i=1(Ai − Ā)2 + (n − 1)
2. Similarly,
∑n

i=1(Yi − Ȳ )2 has the same expectation.
Therefore, E(S2

p) = [1/(n − 1)]
∑n

i=1(Ai − Ā)2 + 
2. Call the first term 
2
A. Let-

ting t∗
1−�/2 be the (1 − �/2)-quantile of the t-distribution with 2(n − 1) df, we

find that the mistaken two-sample CI on � will have length that is approxi-

mately K ≡ (t∗
1−�/2/t1−�/2)

√
(
2

A + 
2)/(
2) times as long as the paired differ-

ent CI. Unless 
2
A is quite small, which is unlikely to be the case, the two-

sample CI will be much longer than is needed. This is only approximate because
E(Sp) < 
p and E(SD) < 
D . The coverage probability will in general be larger than
claimed.

Suppose, for example, that scores range from 0 to 100 and that 
A = 5 and 
 = 5.
Then, for � = 0.05, n = 15, t∗

1−�/2 = 2.048, t1−�/2 = 2.145, and K = 1.35. That is,
the ratio of the mean lengths for the mistaken two-sample CIs to the mean length
for the paired difference CIs should be approximately 1.35. For 10,000 simula-
tions the ratio of the mean lengths was 1.36. See Problem 9.4.5 to see what the
cost is if the paired sample t-test is used even though the two-sample t-test is
justified.

Problems for Section 9.4

9.4.1 Let X1, X2, X3 be a random sample from the N(	, 
2) distribution. Let Y1 =
X1 + X2 + X3. Let Y2 = X1 − X2 and Y3 = X1 + X2 − 2X3. Find constants
k1 and k2 such that W ≡ k2Y1/(Y 2

2 + k1Y 2
3 )1/2 has a noncentral t-distribution.

Give the degrees of freedom and the noncentrality parameter.

9.4.2 Let f (t ; �) be the t-density for � df. Use Stirling’s approximation to show that
lim�→∞ f (t ; �) = �(t), the standard normal density, for every real t . Hint: To
make computations easier, let K = �/2.

9.4.3 Let Z ∼ N(0, 1), and V ∼ � 2
� , and suppose that Z and V are independent.

Show that T = Z/
√

V/� has the density f (t ; �) given by (9.4.1).

9.4.4 (a) Show that for � = 1 df, the t-density f (t ; �) is a Cauchy density, so that
its mean does not exist.

(b) For X1, X2 as in Problem 9.4.1 with 	 = 0, let W = (X1 + X2)/|X1 −
X2|. Find P(W > 1). Hint: First find a simple description for
{(x1, x2)|(x1 + x2)/|x1 − x2| > 1}.

(c) Use part (a) to find P(W > 1). Hint: The standard Cauchy distribution
has cdf (tan−1 x)/� + 1/2.

9.4.5 Let X1, . . . , Xn be a random sample from the N(	, 
2) distribution. Let
H0: 	 = 	0 and Ha : 	 �= 	0, where 	0 is a known constant. Show that the
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log-likelihood ratio statistic −2 log(�(X )) is a monotone function of T 2,
where T is the one-sample t-statistic used to test H0 versus Ha .

9.4.6 Nine type A flashlight batteries were chosen randomly from among 2000 in
a shipment and tested until failure, with their lifetimes in hours Xi recorded.
The Xi were: 27.8, 26.2, 29.8, 24.2, 24.7, 29.2, 22.8, 33.2, 23.7.

(a) Assuming that these Xi constitute a random sample from a normal distri-
bution with mean 	A, find a 90% CI on 	A.

(b) Give an approximation of the p-value corresponding to these data for
H0: 	A = 24 versus Ha : 	A �= 24.

(c) A random sample of eight batteries was chosen from a shipment of
5000 type B batteries and tested until failure. Let their lifetimes be
Y1, . . . , Yn . Suppose that these Yi are independent, each N(	B, 
2), where

2 = Var(Xi ) = Var(Yi ). Let � = 	B − 	A. Give a 90% CI on � for Xi ’s
as above and Yi ’s: 29.7, 25.5, 21.7, 28.1, 33.8, 29.0, 26.1, 31.2.

(d) Give an approximate p-value for the two-sample t-test of H0: � = 0
versus Ha : � �= 0.

(e) A lazy experimenter decided to throw away the last observation, X9, then
use the paired-sample t-test to test H0 as in part (c). Give the ratio �y/�x

of the noncentrality parameters for the two-sample t-statistics as used in
part (c) and for the “lazy man’s” t-test.

(f) Carry out the lazy method to find a 90% CI and to find an approximate
p-value for H0: � = 0.

9.4.7 Let X = (X1, . . . , Xn) be a random sample from N(	1, 
2) and let Y =
(Y1, . . . , Ym) be a random sample from N(	2, 
2). Suppose that we wish
to test H0: 	1 = 	2 versus Ha : 	1 �= 	2.

(a) Show that the likelihood function �(X, Y) is a monotone function of T 2,
where T is the two-sample t-statistic that uses the pooled estimator S2

p of
the common variance 
2.

(b) Let S2
1 be the sample variance for the Xi ’s. Let W = (Ȳ − X̄ − �0)/S1,

where �0 is a constant. Find a constant K such that K W has the noncentral
t-distribution. Give the degrees of freedom and noncentrality parameter �.

9.5 THE F-DISTRIBUTION

To compare the unknown variances 
2
1 and 
2

2 of two populations it should seem
reasonable to compare their sample variance S2

1 and S2
2 . If we have samples of sizes

n1 and n2 and the distributions sampled are normal, we know that for i = 1, 2, Vi ≡
S2

i (ni − 1)/
2
i ∼ � 2

ni −1. From this and the independence of V1, V2 we should be able
to determine the distribution of the ratio V1/V2. That in turn should produce methods
that allow us to compare S2

1 and S2
2 . We extend this idea a bit by considering a

noncentral chi-square random variable in the numerator.
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Definition 9.5.1 Let V1 ∼ � 2
�1(�), V2 ∼ � 2

�2 with V1, V2 independent. Let F =
(V1/�1)/(V2/�2). Then F is said to have the noncentral F-distribution with �1 and �2

degrees of freedom and noncentrality parameter �.

Comments:

1. The symbol F was adopted to remind us of the great statistician and geneticist
Sir Ronald A. Fisher, who found the density for the central F-distribution, for
which � = 0.

2. We write F ∼ F(�1, �2; �), and for the central F-distribution, F ∼ F(�1, �2).
We denote the � -quantile of the central F-distribution by F� (�1, �2), or simply
as F� when the values of �1 and �2 are clear.

3. Let T ∼ t�(�). Then, by definition, T has the distribution of (Z + �)/
√

V/� with
Z , V independent, Z ∼ N(0, 1), and V ∼ � 2

� . Therefore, T 2 has the distribution
of (Z + �)2/(V/�). It follows from the definition of the F-distribution that
T 2 ∼ F1,�(�2).

4. E(F) = [�2/(�2 − 2)](1 + �/�1) for �2 > 2 and Var(F) = 2�2
2/[�2

1 (�1 −
2)2(�2 − 4)][(�2 + 2�)(�2 − 2) + (�1 + �)2] for �2 > 4. (These are two of those
formulas that are rarely useful and should never be memorized, since there
would be considerable danger that the brain will become “too full.”)

5. Most statistics books contain 0.90-, 0.95-, and 0.99-quantiles for the central
F-distribution for various choices of �1 and �2.

6. Define

h(v; �1, �2) = C(�1, �2)
v�1/2−1

[1 + v(�1/�2)](v1+v2)/2

for C(�1, �2) = �((�1 + �2)/2)

�(�1/2)�(�2/2)

(
�1

�2

)n1/2

,

where h is the central F-density. See Problem 9.5.1 for an outline of a proof.
See Figure 9.5.1 for the graphs of h for a few pairs (�1, �2).

7. As �2 → ∞, the denominator V2/�2 of F converges in probability to 1, so that
for large �2, F is distributed approximately as � 2

�1
(�)/�1.

8. If F ∼ F(�1, �2), then 1/F ∼ F(�2, �1), so that lower quantiles of F can be
found using the upper quantiles. Thus, F� (�1, �2) = 1/F1−� (�2, �1). For exam-
ple, from Figure 9.5.2, F0.05(5, 2) = 1/F0.95(2, 5) = 1/5.05 = 0.198.

9. The noncentral F-density can be expressed as a Poisson-weighted sum
of central-F densities: h(v; �, �1, �2) =∑∞

k=0 p(k; �/2) h(v; �1, �2), where
p(k; �/2) is the probability mass function for the Poisson distribution with mean
�/2.

10. From Problem 4.3.5, X ∼ �(�, 1), Y ∼ �(�, 1), with X, Y independent, im-
plies that U = X + Y ∼ �(� + �, 1), V = X/(X + Y ) ∼ Beta (�, �), and
U, V are independent. But when � and � are positive integers 2X ∼ � 2

2�,
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2Y ∼ � 2
2�, so that F ≡ (2X/2�)/(2Y/2�) = (�/�)(X/Y ) = (�/�)[V/(1 −

V )] ∼ F(2�, 2�). In reverse, V = (�/�)F/[1 + (�/�)F] ∼ Beta (�, �).

Confidence Intervals on R ≡ �2
2/�2

1

Let X = (X1, . . . , Xm) be a random sample from N(	1, 
2
1 ) and let Y = (Y1, . . . , Yn)

be a random sample from N(	2, 
2
2 ) with X and Y independent Let S2

1 and S2
2

be the corresponding sample variances. From Section 9.3, V1 ≡ S2
1 (m − 1)/
2

1 ∼
� 2

m−1 and V2 ≡ S2
2 (n − 1)/
2

2 ∼ � 2
n−1, with V1, V2 independent. It follows from

Definition 9.5.2 that R ≡ [V1/(m − 1)]/[V2/(n − 1)] = (S2
1/
2

1 )/(S2
2/
2

2 ) ∼ F(m −
1, n − 1). Letting F�/2 and F1−�/2 be the �/2- and (1 − �/2)-quantiles of this distri-
bution, we get 1 − � = P(F�/2 ≤ R ≤ F1−�/2) = P((S2

2/S2
1 )/(F1−�/2) ≤ 
2

2 /
2
1 ≤

(S2
2/S2

1 )/(F�/2)). Therefore, [(S2
2/S2

1 )/F1−�/2, (S2
2/S2

1 )/F�/2] is a 100(1 − �)% CI on

2

2 /
2
1 .

Example 9.5.1 Consider the data of Problem 9.4.6. We get S2
1 = 11.73, S2

2 =
13.88, S2

2/S2
1 = 1.18, F0.025(8, 7) = 1/F0.975(7, 8) = 4.53 = 0.221, F0.975(8, 7) =

4.90, and the 95% CI [0.242, 5.360]. The interval is rather wide. In general, it is more
difficult to estimate variances and ratios of variances than it is to estimate means or
differences of means.

Warning: This method is quite sensitive to the distributional shape, espe-
cially to the value of � = 	4/
4. For example, for samples from normal distribu-
tions, � = 3, and of course, the actual coverage probabilities are the nominal value
(1 − �). However, for the exponential distribution, � = 9. For 10,000 simulations
with m = 5, n = 6, the “95%” CI actually covered the ratio 
2

2 /
2
1 only 8175 times.

Larger sample sizes don’t help—for samples of m = 200, n = 300, the interval con-
tained the ratio only 6758 times. For � smaller than 3, the true coverage exceeds the
nominal value. For samples from the uniform, for which � = 9/5, the proportions
of coverages were 9758/10,000 for m = 5, n = 6, and 9982/10,000 for m = 200,

n = 300.
A two-stage procedure to test H0: 	1 = 	2 is sometimes used, by which a test of

the null hypothesis that 
2
1 = 
2

2 is first performed, then the decision to pool or not
pool in a test of H0 depends on this preliminary test, pooling when this preliminary
test does not reject. The author recommends against this. If equality of the population
variances 
2

1 and 
2
2 is at all doubtful, do not pool the sample variances.

The behavior of R is in contrast to that of the t-statistic in that for large m and n the t-
statistic is approximately distributed as normal, even though the populations sampled
are not. In general, R is not approximately distributed as F, unless the population
distributions are themselves close to normal. More precisely, if � is not close to
3, the distribution of R is not close to the central F-distribution. We will see in
Chapter Eleven that the F-distribution is quite useful in drawing inferences about the
parameters (the � j ’s) of a linear model.
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Problems for Section 9.5

9.5.1 Let X ∼ �(�, 1) and Y ∼ �(�, 1) for � > 0, � > 0, with X, Y independent.

(a) Use the result of Problem 4.3.5 to determine the density of W ≡ Y/X ,
then use this to determine the density of U ≡ (Y/�)/(X/�).

(b) Use part (a) to determine the density h(v; �1, �2) of the central
F-distribution.

(c) Let X = (X1, . . . , Xm) and Y = (Y1, . . . , Yn) be random samples from
N(	1, 
2) and N(	2, 
2) distributions. Let S2

p be the pooled estimator
of 
2 and let R = S2

2/S2
1 . Use the independence of X + Y and Y/X as

proved in Problem 4.3.5 to prove that S2
p and R are independent.

(d) Let m = n = 9, 
2 = 25. Find P(S2
p > 36.784, R < 3.438).

9.5.2 Let X and Y be distributed as in Problem 9.4.1(c) with 	1 = 	2 and m = n.
Let Di = Yi − Xi for each i and let S2

D be the sample variance for the Di ’s.
Let W ≡ [(Ȳ − X̄ )/SD]K , where K is a constant.

(a) Find K so that W ∼ tv(�) for some � and �. Give the values of � and �.

(b) What is the distribution of W 2?

9.5.3 Let X1, . . . , Xm be a random sample from N(	1, 
2
1 ) and let Y1, . . . , Yn be a

random sample from N(	2, 
2
2 ).

(a) (Not easy) Show that the likelihood ratio test of H0 : 
2
1 ≤ 
2

2 versus
Ha : 
2

1 > 
2
2 rejects for large values of F ≡ S2

1/S2
2 . Note that the MLE for

(
2
1 , 
2

2 ) under H0 must satisfy 
2
1 ≤ 
2

2 . In the case that�(Xi − X̄ )2/m ≡

̂2

1 > 
̂2
2 ≡ �(Yi − Ȳ )2/n, first show that the MLE under H0 is (S2

p, S2
p).

This is the more difficult part.

(b) For � = 0.05, m = 10, n = 16, for which values of F should H0 be
rejected?

(c) Let � = 
2
1 /
2

2 . Express the power function for the test in part (b) in
terms of the cdf F(u; �1, �2) of the central F-distribution with these
parameters.

(d) Suppose that m = 5, n = 4, and we observe X1 = 23, X2 = 27, X3 =
20, X4 = 28, X5 = 22, Y1 = 31, Y2 = 21, Y3 = 40, Y4 = 36. Find a 95%
CI on � = 
2

1 /
2
2 .

9.5.4 Let W ∼ F(�1, �2). Let U = (�2/�1)W . Show that U/(1 + U ) ≡ Q has a beta
distribution.

(a) What are the parameters � and �?

(b) Use F-tables to find the 0.95-quantile of the Beta(5, 6) distribution.

9.5.5 Suppose that you wished to estimate the 0.60-quantile x0.60 of the F(10, 15)
distribution but had no computer program to compute them directly.
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(a) Assuming that you have a computer program that will produce indepen-
dent N(0, 1) pseudo random variables, how could you estimate x0.60?

(b) Let F ∼ F(10, 15). Suppose that you wished to estimate P(F ≤ 2.0)
within 0.005 with probability at least 0.95. How many pseudo standard
normal random variables would you need?

9.5.6 Verify the formula under comment 4: E(F) = [�2/(�2 − 2)](1 + �/�1).

9.5.7 Suppose that x1, . . . , xn are known constants and that Yi = �xi + εi , where the
εi are independent N(0, 
2) random variables and � is an unknown parameter.
(This is an example of a linear model.)

(a) Show that Q(�) ≡∑n
i=1(Yi − �xi )2 is minimized by the least squares

estimator �̂ ≡∑n
i=1 Yi xi/

∑n
i=1 x2

i .

(b) Show that �̂ ∼ N (�, 
2/
∑n

i=1 x2
i ).

(c) Let Ŷi = �̂xi and SSE =∑n
i=1(Yi − Ŷi )2. Show that SSE/
2 ∼ � 2

n−1 and
that �̂ and SSE are independent.

9.5.8 Use comment 10 and F-tables to find the 0.95-quantile of the Beta(4, 10)
distribution.
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C H A P T E R T E N

Nonparametric Statistics

10.1 INTRODUCTION

The statistical models considered in Chapters Seven, Eight, and Nine were paramet-
ric, in the sense that the members of the families of distributions considered were
distinguished by one or more real parameters. Chapter Nine, for example, was con-
cerned almost entirely with one or two normal distributions, so there were two, three,
or four unknown parameters. In general, the procedures discussed should work well
if the models employed are correct at least to some degree of approximation. It is
often the case, however, that the distributions sampled are unknown, not only in their
parameter values but also in their shapes. In other cases the sample values are only
random in the sense that a treatment is randomly assigned to some of the subjects.
Consider an example.

A small study is designed to determine whether tutoring in an introductory statistics
class is effective. Nine student volunteers are chosen. After exam 1 five of these are
chosen randomly to be members of the treatment group. The other four students are
members of the control group. Those in the treatment group receive special tutoring
for two hours each week for the four weeks between exams 1 and 2. Those in the
control group receive no additional help. After exam 2 the improvement (exam 2
score) – (exam 1 score) is recorded for each of the nine students. The scores Y for
the treatment group, X for the control group, were:

Student Number 1 2 3 4 5 6 7 8 9

Treatment Group 11 7 16 −2 9

Control Group 4 −9 10 −13

Consider the hypotheses H0: tutoring has no effect on performance and Ha : tu-
toring tends to improve performance. Consider also a test based on the test statistic

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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FIGURE 10.1.1 Permutation distribution of T = Ȳ − X̄ .

T = Ȳ − X̄ . Under H0 all nine of these values were unaffected by the treatment.
Therefore, each subset of five of the nine values was equally likely to be those of the
treatment group under H0. Under H0, conditionally on the nine improvement scores, T
has the permutation distribution, the distribution determined by assigning probability

1
/(9

5

)
= 126 to each subset of five from 1, 2 . . . , 9 (see Figure 10.1.1). For example,

if the treatment group students had been 1, 2, 3, 8, 9, then T = 0.4 − 7.75 = −7.35.
For the scores actually obtained, T = 8.2 − (−2) = 10.2. The largest possible value
for T is (16 + 11 + 10 + 9 + 7)/5 − (4 − 2 − 9 − 13)/4 = 10.6 − (−5) = 15.6.

Notice that the null distribution of T is roughly normal. We can determine E(T )
and Var(T ) under H0 as follows. Let 	 and 
2 be the mean and variance of the
nine improvement scores, considered here to be the population. We find 	 = 3.67
and 
2 = 84. Then E(T ) = E(Ȳ ) − E(X̄ ) = 	 − 	 = 0. Since T = Ȳ − X̄ =
Ȳ − (9	 − 5Ȳ )/4 = Ȳ (1 + 5/4) − (9/4)	 = (9/4)(Ȳ − 	), Var(T ) = (9/4)2(
2/5)
[(9 − 5)/(9 − 1)] = 92
2/(4)(5)(9 − 1) = 42.525. The factor (9 − 5)/(9 − 1) is
the finite correction factor for sampling without replacement. More generally, for
samples of size nt and nc for treatment and control groups, and N = nt + nc, T =
Ȳ − X̄ = (N/nc)(Ȳ − 	), so that Var(T ) = N 2
2/ncnt (N − 1) =̇ 
2(1/nc + 1/nt ).
The p-value is the proportion 9/126 = 0.071 of the 126 possible samples
for which T is at least the value observed. The normal approximation pro-
vides 1 − �((10.2 − 0)/6.52) = 1 − �(1.564) = 0.059. The corresponding
pooled two-sample t-statistic is 1.756, giving a p-value of 0.061. That T is
approximately normally distributed under the hypothesis of no treatment effect
follows from Hajek’s theorem on without-replacement sampling (see Sec-
tion 6.3) if � = max(xi − 	)2/N
2 is small, with better approximations for
smaller � . For example, if the population values are 1, 2, . . . , N, then � = [1 −
(N + 1)/2]2/[N (N 2 − 1)/12] = 3(N − 1)/[N (N + 1)], which converges to 0 as
N → ∞. For this case the approximation is quite good.

Although in this case the interpretations provided by the permutation and two-
sample t-tests are approximately the same, the permutation test rests on more solid
ground, depending as it does only on the randomness provided by the experimenter.
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In the next section we study a particular two-sample permutation test for which the
scores are replaced by ranks.

10.2 THE WILCOXON TEST AND ESTIMATOR

If we replace the scores in the example above by “ranks,” we obtain the well-known
rank-sum or Wilcoxon statistic. Assume for simplicity for a moment that v1, . . . , vN

are distinct numbers. The rank ri of vi among {v1, . . . , vN } is the number of the v j

that are less than or equal to vi . The smallest has rank 1, the next smallest rank 2, and
so on. Thus, ri =∑N

j=1 I [v j ≤ vi ]. For the improvement scores the nine students had
the following ranks:

Student i 1 2 3 4 5 6 7 8 9

Rank = ri 4 8 2 5 9 7 3 6 1

The Wilcoxon statistic W is the sum of the ranks for the treatment group, which
in this case is W = 8 + 5 + 9 + 3 + 6 = 31. The Wilcoxon test rejects H0 for this
one-sided alternative for large W . The observed p-value is then the probability under
the permutation distribution that W is equal to or greater than 31. That is, in this
case, an easy computation. The following subsets of five ranks from {1, 2, . . . , 9} are
the only ones that provide W ≥ 31. The last is the one observed (see Table 10.2.1).
The observed p-value is therefore 10/126 = 0.079, approximately the same as was
obtained for the permutation test based on the improvement scores themselves, and
as obtained for the two-sample t-statistic.

Figure 10.2.1 presents the null distribution of W and the approximating
normal distribution. The mean and variance are determined easily as follows. Let
	 and 
2 be the mean and variance of the population of ranks 1, . . . , N . Then
	 = (N + 1)/2 and 
2(N 2 − 1)/12. If n Y ’s and m X ’s are ranked, and if W is
the sum of the ranks of the Y ’s among the N = m + n observations, then when the
Y ranks are a random subset of the N ranks, E(W ) = n	 = n(m + n + 1)/12 and
Var(W ) = n
2(N − n)/(N − 1) = mn(m + n + 1)/12. That W is asymptotically
normally distributed as m → ∞ and n → ∞ follows by Hajek’s theorem on sampling
without replacement, as discussed in Section 6.4 and earlier in this section. Using the

TABLE 10.2.1 Wilcoxon Data

Sample W Sample W

9, 8, 7, 6, 5 35 9, 8, 7, 5, 3 32
9, 8, 7, 6, 4 34 9, 8, 6, 5, 4 32
9, 8, 7, 6, 3 33 9, 8, 7, 5, 2 31
9, 8, 7, 5, 4 33 9, 7, 6, 5, 4 31
9, 8, 7, 6, 2 32 9, 8, 6, 5, 3 31
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FIGURE 10.2.1 Null distribution of W for m = 5, n = 4.

normal approximation, we find that P(W ≥ 31) =̇ 1 − �((30.5 − 25)/4.0825) =
�(−1.347) = 0.089.

The rank-sum statistic W was invented by Frank Wilcoxon, a chemist, in a 1945
Biometrics paper, as an alternative to the two-sample t-statistic. That paper gave birth
to the development of a large theory of nonparametric statistics showing that such
methods were often robust, having good asymptotic properties not only for testing
but for estimation as well. In this chapter we present only some of that theory, often
without proof.

Independently, in 1947, Mann and Whitney, professor and student, respectively,
at Ohio State, suggested another rank statistic, which, it turned out, is closely
related to W . As before, let X1, . . . , Xm and Y1, . . . , Yn be the samples of X ’s
and Y ’s. Let WXY =∑m

i=1

∑n
j=1 I (Xi ≤ Y j ). This is the Mann–Whitney statistic.

For the improvement data the five Y j ’s exceed four, three, four, two, and three Xi ’s,
so that WXY = 16. Y(1), the smallest Y j , is greater than or equal to (GTET) two Xi ’s
and one Y j . For that reason, the rank corresponding to Y(1) is 3. Similarly, Y(2) GTET
three Xi ’s and two Y j ’s, so it has rank 5. Y(3) has rank 6 because it is GTET three
Xi ’s and three Y j ’s. For similar reasons Y(4) has rank 4 + 4 = 8, and Y(5) has rank
4 + 5 = 9.

More generally, WXY =∑n
j=1 Sj , where Sj =∑m

i=1 I [Xi ≤ Y( j)]. The rank R j

of Y( j) among all N = (m + n)X ’s and Y ’s is Sj + j . Thus, W =∑n
j=1 R j =∑n

j=1(Sj + j) = WXY + n(n + 1)/2. For example, the smallest possible value of
WXY is zero, occurring when the Y ’s are the n smallest among the N , so the smallest
possible value of W is n(n + 1)/2. When the ranks of the Y ’s are a simple random
sample from {1, . . . , N }, WXY is distributed symmetrically about mn/2, so that W
is distributed symmetrically about mn/2 + n(n + 1)/2 = n(N + 1)/2. Since W and
WXY differ by a constant, Var(WXY ) = Var(W ) = mn(m + n + 1)/12.

See Appendix Table 7 for values of P(WXY ≤ k) for most combinations of n Y ’s
and m X ’s from 3 to 10, n ≤ m, and all possible k. If the number m of Y ’s is greater
than the number n of X ’s, the symmetry of WXY about mn/2 can be exploited.
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That is, P(WXY ≤ k | nY ’s and m X ’s) = P(WXY ≤ k | mY ’s and nX ’s) for each k.
For example, from the table, with five X ’s and seven Y ’s, P(WXY ≤ 13) is found
by letting n = 5, m = 7, so we get 0.2652. The normal approximation works well,
especially with the 1/2-correction, for larger n and m. For n = 7, m = 5, we get

P(WXY ≤ 13) =̇ �

(
13.5 − 17.5√
(7)(5)(13/12)

)
= �(−0.6496) = 0.2580.

Software is readily available for the computation of such probabilities.
We have supposed until now that the N X ’s and Y ’s are distinct, so that there are

no ties. In the case that k X ’s and/or Y ’s are tied at some value u, define the midranks
of all these observations to be (no. X ’s and Y ’s < u) + (k + 1)/2. For example, if the
observations are 2, 4, 4, 4, 6, 7, 7, 9, their corresponding midranks are 1, 3, 3, 3, 5,
6.5, 6.5, 8.

Define W ∗ to be the sum of the midranks of the Y ’s, and let W ∗
XY =∑i j Ii j , where

Ii j = 1 if Y j > Xi , Ii j = 1/2 if Xi = Y j and Ii j = 0 for Xi > Y j . Some effort is
needed to show that W ∗ = W ∗

XY + n(n + 1)/2 (see Problem 10.2.3). The null distri-
bution of W ∗ may be determined by enumeration. Even in the case of a large number
of ties, when n and m are large, the null distributions of W ∗ and of W ∗

XY may be
approximated well by the normal. The expected values remain the same as for the
no-ties case, but a correction is needed for Var(W ∗) = Var(W ∗

XY ). Let there be e ties,
with di tied for the i th tie. For the numbers 2, 4, 4, 4, 6, 7, 7, 9, e = 2, d1 = 3, d2 = 2.
Let C = 1 −∑e

i=1 di (d2
i − 1)/N (N 2 − 1). Then

Var(W ∗) = Var(W ∗
XY ) = Var(W )C = mn(m + n + 1)

12
C. (10.2.1)

For these eight numbers, with m = 3, n = 5, Var(W ∗) = Var(W ∗
XY ) =

(5)(3)(9/12)[1 − 30/504] = 10.58. The correction factor C is very close to 1,
so that it could probably be ignored in any normal approximation.

Example 10.2.1 One hundred volunteers who had previously had problems with
headaches were assigned randomly into treatment and control groups of 50 each.
Those in the control group were asked to take an aspirin every four waking hours for
one month. Those in the treatment group took an identical-looking aspirin that also
contained a special additive ZQP, also for one month. None of the volunteers were
told which group they were in. One of the members of the control group dropped out
of the study after one week due to a broken leg. After the month all 99 remaining
subjects were asked to rate themselves with respect to headaches, with 1 = much
better, 2 = somewhat better, 3 = about the same, 4 = somewhat worse, 5 = much
worse. The frequencies were as given in Table 10.2.1.

The midranks for the 99 ratings were determined as follows. The 11 subjects with
rating 1 were each assigned the mean of the integers 1, 2, . . . , 11. The 24 subjects
with rating 2 were each assigned the mean of the integers 12, . . . , 35. Those with
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TABLE 10.2.1 Frequency Data

Rating

1 2 3 4 5

Treatment group 7 15 21 5 2
Control group 4 9 25 7 4
Total 11 24 46 12 6
Midrank 6 23.5 58.5 87.5 96.5

rating 3 were assigned the mean of 36, . . . , 81; and so on. The Wilcoxon statis-
tic is then W ∗ = 7(6) + 15(23.5) + 21(58.5) + 5(87.5) + 2(96.5) = 2253.5. Under
the null hypothesis that the additive ZQP had no effect, W ∗ is approximately nor-
mally distributed with mean n(N + 1)/2 = 50(100)/2 = 2500 and variance given
by (10.2.1). The number of ties is e = 5, of sizes 11, 24, 46, 12, 6. Thus, C =
0.88215, Var(W ∗) = 18,011, SD(W ∗) = 134.2. We reject for small W ∗, so that the
observed p-value is �(z), where z = (2253.75 − 2500)/134.2 = −1.8335. We have
used the 1/2-correction, remembering that W ∗ takes values which are multiples of
1/2. We find the p-value 0.0333. We find that there is reason to believe that ZQP
is effective, although much further testing and improvements or additional strength
may be needed. All this suggests the extensive work that must be done in the devel-
opment of new drugs and fortunately for those who have studied statistics, requires
the employment of statisticians at very high salaries (often more than those of their
professors).

Power of the Wilcoxon Test

Use of the Wilcoxon test does not require any model at all for the distribution of the
X ’s and Y ’s, only that under the null hypothesis the ranks of the Y ’s are a simple
random sample of all N = m + n ranks. However, suppose that the X ’s are a random
sample from a distribution F and the Y ’s are a random sample from a distribution G.
If F and G are normal distributions, for example, do we lose anything by using the
Wilcoxon rather than the two-sample t-test?

Consider the special case that G(x) = F(x − �) for a constant � and all x . That
is, if X ∼ F and Y ∼ G, then P(Y ≤ y) = P(X ≤ y − �) = P(X + � ≤ y), so
that Y and X + � have the same distribution G, equivalently X and Y − � have the
same distribution F . Let Y ∗

j = Y j − �. So that the number of ties will be zero with
probability 1, suppose that F , and therefore G, are continuous. If F has density f, G
has density g(y) = f (y − �). Then p1(�) ≡ P(X1 < Y1; �) = P(X1 − Y1 < 0; �)
= ∫∞

−∞ F(y)g(y) dy = 1 − ∫∞
−∞ f (y)G(y) dy = ∫ −∞

∞ F(y) f (y − �) dy = 1 − ∫∞
−∞

f (y)F(y − �) dy. This is an increasing function of �, so that E(WXY ; �) is an
increasing function of �. Var(WXY ; �) is also a function of � and F , although for
� near zero it is close to that given by (10.2.1), so we will use that in determining
approximations of the power (see Lehmann, 1975, pp. 69–71).
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Suppose that F(x) = �((x − 	)/
). Then p1(�) = P(X1 − Y1 < 0; �) =
�(�/

√
2
2). For large m, n, WXY is approximately distributed as N (nm p1(�), 
2

W ),
where 
2

W is given by (10.2.1). Therefore, an �-level test of H0: � ≤ 0 versus
Ha : � > 0 rejects for WXY > k = (mn/2) + z1−�
W . The power is there-
fore � (�) = 1 − �((k − mp1(�))/
W ) = �(mn(p1(�) − 1/2)/
W − z1−�) =
�
(√

12mn/(m + n + 1)(p1(�) − 1/2) − Z1−�

)
. The argument zmn of �

converges to +∞ for � > 0 as m → ∞ and n → ∞ so that � (�) con-
verges to 1. For example, for m = n = 100, 
 = 10, � = 0.05, � = 3, we find
z1−� = z0.95 = 1.645, k = 5673.2, p1(3) = 0.584, zmn = 0.40745, � (3) = 0.658.
Similarly, we find that p1(4) = 0.6114, p1(2) = 0.5562, p1(1) = 0.5282, � (4) =
0.859, � (2) = 0.393, � (1) = 0.170.

The power of the two-sample t-test is in good approximation for large m and n the
same as the power of the two-sample z-test, based on known 
2. Thus, the power is ap-
proximately �(�/

√

2/(1/n + 1/m) − 1.645). We find that � (1) = 0.174, � (2) =

0.408, � (3) = 0.683, � (4) = 0.881. The power for the two-sample t-test is just a bit
larger than for the two-sample Wilcoxon test, uniformly in �, when the distributions
sampled are normal. To verify these approximations, using S-Plus, 10,000 simulations
were performed. The 0.05-level t-test rejected 6883 times, while the Wilcoxon test
rejected 6687 times, in each case a few more than predicted by the asymptotic theory.

If F is the double-exponential distribution with location parameter � and
standard deviation 
, some patient work shows that p1(�) = e−�(1 + �/2)/2,
where � = √

2�/
. Again for 
2 = 100, we get p1(1) = 0.5352, p1(2) = 0.5699,
p1(3) = 0.6035, p1(4) = 0.6357. Therefore, � (1) = 0.217, � (2) = 0.525, � (3) =
0.812, � (4) = 0.953. These are uniformly higher than for the two-sample t-test, for
which the powers remain as they were for samples from normal distributions.

We can judge the relative efficiency of the Wilcoxon versus the t-test by de-
termining the sample sizes necessary to achieve the same power. Suppose that we
want to have power � (0.90, for example) for the case that � = �0 (3, for ex-
ample) for the case that m = n. We need zmn = z� , the � -quantile of the stan-
dard normal distribution. We find that in good approximation we need n = m =
nw = [(z� + z1−�)/(p1(�0) − 1/2)]2/6. For samples from the normal distribution
we get sample sizes 1770, 452, 202, and 115 for �0 = 1, 2, 3, 4. Similarly, for the
two-sample t-test we need n = m = nt = 2[
(z� + z1−�)/�0]2. For these �0 we
need sample sizes 1713, 428, 190, 107. Notice that the ratio of the sample sizes
needed nt/nw = 
2(p1(�0) − 1/2)2, the same for all � and � . This simplifies still
further for �0 close to zero, for then p1(�0) − 1/2 ∼ �0 p′

1(0) = �0
∫∞
−∞ f (y)2 dy,

so that in approximation the relative efficiency of the Wilcoxon test to the t-test is
eff( f ) ≡ nt/nw = 3
2C( f )2, where C( f ) is this last integral. For the case that f is
a normal density we get C( f ) = 
/

√
�, so that eff( f ) = 3/� =̇ 0.9549. That is, if

�0 is close to zero and the distributions sampled are normal, we need about 95.5%
as many observations using the t-test as we need for the Wilcoxon test to achieve the
same power and the same �-level. eff( f ) is called the asymptotic relative efficiency
or Pitman efficiency.

For the case that f is a double-exponential density, we find C( f ) = 1/(
√

2
),
so that eff( f ) = 3/2. For samples from the Cauchy distribution the t-test is relatively
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worthless, so that eff( f ) = ∞. On the other hand, it has been proved that eff( f ) ≥
108/125 = 0.864 for every density f (see Lehmann, 1975, pp. 377–378).

Estimation

Consider the shift model again. That is, each Xi ∼ F and each Yi ∼ G, where
G(y) = F(y − �) for all y. Suppose that we wish to estimate �. Since Vi j =
Xi − (Y j − �) and – Vi j have the same distribution, Di j = Xi − Y j is symmet-
rically distributed about �. It follows that med(X)−med(Y) and X̄ − Ȳ are each
distributed symmetrically about �, and each is an unbiased estimator of �. Still
another estimator can be defined by “inverting” the statistic WXY . Define WX,Y−�

to be the WXY statistic for the case that each Y j is replaced by Y j − �. Since Xi

and Y j − � have the same cdf F, E(WX,Y−�) = mn/2. Let �̂ be a value of � for
which WX,Y−� is as close as possible to mn/2. That is, we want to find �̂ such
that

∑
i

∑
j I [Xi < Y j − �̂] =∑i

∑
j I [Y j − Xi > �̂] is approximately mn/2. For

Di j = Y j − Xi , �̂ = median(Di j ), where the median is taken for all mn differences
Di j . If m and n are both odd, there is a unique such value. Otherwise, take �̂ to be
the mean of the two middle Di j .

Example 10.2.2 Consider the improvement scores of Example 10.2.1: The Xi

are −13, −9, 4, 10 and the Y j are −2, 7, 9, 11, 16. The Xi and Y j have been ordered
for computational convenience. The Di j are then

11 20 22 24 29
7 16 18 20 25

−6 3 5 7 12
−12 −3 −1 1 6

The ninth- and tenth-order statistics, D(9) and D(10) among these 20 Di j are each
seven. Since the eleventh order statistic is D(11) = 11, take �̂ = (7 + 11)/2 =
9.0. The two other estimates are Ȳ − X̄ = 8.2 − (−2.0) = 10.2 and median(Y)
− median(X) = 9 − (−2.5) = 11.5. We state without proof that Z∗

mn ≡ (�̂ − �)/√
(m + n + 1)/12mn converges in distribution to N(0, 1) as m → ∞ and n →

∞. It can be shown that as n → ∞ and m → ∞, limn m[Var(Ȳ − X̄ )/Var(�̂)] =
3
2C( f )2 = eff( f ), the asymptotic relative efficiency defined above.

Confidence intervals on � can be determined from the ordered Di j as follows. We
first state Theorem 4 from Lehmann (1975, p. 87). Suppose that the differences Di j

are ordered, with their values being D(1) < D(2) < · · · < D(mn). Then for any integer
k, 1 ≤ k ≤ mn, and any real number a,

D(k) ≤ a if and only if WX,Y−a ≤ mn − k (10.2.2)

and therefore,

D(k) > a if and only if WX,Y−a ≥ mn − k + 1. (10.2.3)
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To prove this, note that (10.2.2) holds if and only if at least k of the differences
Di j − a = (Y j − a) − Xi are less than or equal to zero, and that this is true if and
only if at most mn − k of the Di j are greater than zero (i.e., if WX,Y−a does not exceed
mn − k).

From (10.2.2) and (10.2.3) we can determine CIs on �. From these it follows
that for each k, 0 ≤ k ≤ mn, D(k) ≤ � ≤ D(k+1) if and only if WX,Y−� = mn − k,
where D(0) = −∞ and D(mn+1) = +∞. Therefore, P(D(k) ≤ � ≤ D(k+1); �) =
P(WX,Y−� = mn − k; �). The distribution of (Y1 − �, Y2 − �, . . . , Yn − �) is the
same for every �. Therefore, we can, for example, take � = 0 in this last probability
statement. Summing over k = s, . . . , t − 1, s < t , we get P( D(s) ≤ � ≤ D(t), �) =
P(mn − t + 1 ≤ WXY ≤ mn − s; � = 0) = P(s ≤ WXY ≤ t − 1; �). We can either
use tables of the Wilcoxon distribution for small m and n, or the normal approx-
imation, to choose s and t so that this probability is suitably large. We can take
advantage of the symmetry of the distribution of WXY about mn/2 when � = 0.
From Appendix Table 6, P(3 ≤ WXY ≤ 18; � = 0) = 0.9851 − 0.0317 = 0.9534,
so that since mn − s = 18 and mn − t + 1 = 3, [D(2), D(18)] is a 95.34% CI on �.
For large samples take t to be the closest integer to mn/2 + z1−�/2
W and s the
closest integer to mn/2 + 1/2 − z1−�/2
W , where 
2

W = mn(m + n + 1)/12. For the
improvement data D(3) = −6 and D(18) = 24, so that [−6, 24] is a 95.34% CI on
�. We might be more interested in a lower bound on �. Since P(D(3) ≤ �; �) =
P(WXY ≤ mn − 3; � = 0) = 0.0556, D(3) is a 95.56% lower confidence bound on
�. For these data we get D(3) = −1.

Problems for Section 10.2

10.2.1 Find the null distributions of W and of WXY for the case that n = 3, m = 2.

10.2.2 The Zebbo Drug Company has developed a new drug, Zebto, designed to
lower cholesterol for people with high levels. Fifteen volunteers, all with
levels above 250, are chosen to take part in a preliminary study. Eight of
these are chosen at random to be part of the treatment group. The other seven
were placed in the control group. Those in the treatment group took Zebto
every day. Those in the control group took a placebo, a pill that appeared
to be the Zebto pill, one having the same look and taste but without any
physical effect on the people taking them. The drops in cholesterol level
were as follows:

Subject 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Control 33 19 −1 13 51 −4 43

Treatment 41 60 58 34 68 21 47 66

(a) Determine the p-value for the Wilcoxon test of H0: no effect of Zebto
versus Ha : Zebto causes a larger drop. Use both the Wilcoxon table and
the normal approximation.
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(b) Assuming the shift model, find the Wilcoxon estimate �̂ of the shift
parameter �.

(c) Find s and t, s < t , so that [D(s), D(t)] is an approximate 95% CI on �.
Evaluate the interval for these data.

(d) Find a 95% CI on � using the pooled-variance t-method.

(e) The data were generated using S-Plus, with Xi ∼ N (25, 400) and Y j ∼
N(50, 400), then rounding to the nearest integer. Find the approximate
power of the Wilcoxon 0.05-level test. Use the fact that in this case the
variance of W is about 56% of what it is under the null hypothesis. In
10,000 simulations H0 was rejected 7026 times.

(f) Assuming the model in part (e) and common variances 
2 = 400 were
known, find the power of the Z -test based on Ȳ − X̄ . In 10,000 simula-
tions H0 was rejected 7771 times.

(g) Repeat part (a) for the case that the treatment observations are changed
as follows: 41 to 43, 34 to 43, 60 to 61, 68 to 66, 47 to 43. Use the normal
approximation.

10.2.3 Suppose that Xi ∼ F for i = 1, 2, 3, and Y j ∼ G for j = 1, 2, with
X1, X2, X3, Y1, Y2 independent. Suppose that we wish to test H0: F =
Unif(0, 1), G = Unif(0, 1) versus Ha : F = Unif(0, 1), G = Unif(0, 2).

(a) What is the distribution of W under H0? What is the distribution under
Ha?

(b) Determine E(W ) and Var(W ) under both H0 and Ha .

(c) For � = 0.2, for which W should H0 be rejected? What is the power of
this test under Ha?

(d) Let M = max(Y1, Y2). Find c so that the test which rejects for M > c
has level �, where 0 < � < 1. Express the power under Ha as a function
of �. For � = 0.20, is this test more powerful than the test in past (c)?
Is this a test given by the NP lemma?

(e) Is the test in part (d) uniformly most powerful for Ha : F the cdf of
Unif(0, 1), G the cdf of Unif(0, �), � > 1?

10.2.4 Two methods, A and B, have been developed to determine the content of
the rare element Klubyl in specimens of ore. The methods have been shown
to be accurate in the sense that X = � + εA is a measurement using method
A, and Y = � + εB using B, where � is the “true value,” εA ∼ FA, εB ∼
FB , and both FA and FB are continuous and symmetric about zero. That
is, FA(u) = 1 − FA(−u), and FB(v) = 1 − FB(−v) for all u and v. Also
suppose that FB(v) = FA(v/�) for some � > 0. That is, εB has the same
distribution as �εA. Let X1, . . . , Xm and Y1, . . . , Yn be random samples of
X and Y . That is, Xi = � + εAi and Y j = � + εB j , where the εAi have the cdf
FA and the εB j have cdf FB and the (n + m)ε’s are independent. Suppose
that we wish to test H0: � ≤ 1 versus Ha : � > 1. If FA and therefore FB
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are normal distributions, we could use the F-statistic S2
A/S2

B . However, the
distribution of this ratio depends strongly on normality, so that a rank test
may be appropriate. The Siegel–Tukey test is designed for this. Rather than
assigning ranks in the usual way, let the smallest among the combined sample
have rank 1, the largest have rank 2, the next-to-largest rank 3, the second-to-
smallest rank 4, and so on, switching from small to large after assigning two
ranks. Thus, for m + n = 9, the ordered values have ranks 1, 4, 5, 8, 9, 7, 6,
3, 2. The Siegel–Tukey statistic is then the sum WST of the ranks of the Y’s.
The null distribution of WST is the same as that of W . For Xi :23, 31, 27, 25
and Y j : 18, 28, 36, 19, 33, find the p-value for the Siegel–Tukey test of H0

versus Ha .

10.2.5 To determine whether a proposed TV political ad for Senator Snider would
have a favorable effect, 75 volunteers were chosen. Forty were assigned
randomly to the treatment group, the other 35 to the control group. The
75 subjects were not told to which group they had been assigned. All 75
were asked to watch two hours of TV. Those in the treatment group were
shown the political ad for Senator Snider twice during the two hours, along
with many other political ads and commercials. Those in the control group
were shown the same ads and commericals with the exception of the ads for
Senator Snider. After the two hours all 75 were asked to state their viewpoint
toward the senator, with 1 = strongly favorable, 2 = moderately favorable,
3 = neutral, 4 = moderately opposed, 5 = strongly opposed. The results
were:

Viewpoint 1 2 3 4 5

Treatment Group 13 10 7 6 4

Control Group 8 7 8 5 7

Use the Wilcoxon statistic with the normal approximation to test H0: Snider
ad had no effect versus Ha : Snider ad had a negative or a positive effect.
Determine the p-value and state your conclusions.

10.2.6 (a) For m = 4, n = 2, with combined sample 3, 4, 4, 7, 7, 9, find the null
distribution of the Wilcoxon statistic W ∗ based on midranks.

(b) Determine E(W ∗) and Var(W ∗) using the distribution obtained in
part (a) and verify that these are as given by the formulas of this section.

10.2.7 (a) Let m = 5, n = 7. Determine p ≡ P(W ≥ 46) under the assumption
that the ranks of the Y ’s are a simple random sample from {1, 2, . . . ,
12}.

(b) Use the normal approximation with 1/2-correction to estimate p.



OTE/SPH OTE/SPH

JWDD073-10 October 4, 2007 17:25 Char Count= 0

one-sample methods 271

10.3 ONE-SAMPLE METHODS

We begin with what would seem to be a relatively simple problem, the estimation
of a cdf by a sample cdf. Let X1, . . . , Xn be a random sample from a distribution
F . Define Fn(x) = (1/n)

∑n
i=1 I [Xi ≤ x] = (1/n) (no. Xi ’s ≤ x) for each x . Fn is

called the sample cumulative distribution function or empirical cumulative distri-
bution function. Since Yi = I [Xi ≤ x] is a Bernoulli random variable with param-
eter p = F(x) and T ≡∑n

i=1 Yi ∼ Binomial(n, p = F(x)), E(Fn(x)) = p = F(x)
and Var(Fn(x)) = p(1 − p)/n = F(x)(1 − F(x))/n for each real number x . The
random interval In(x) ≡ [Fn(x) ± z1−�/2

√
Fn(x)(1 − Fn(x))/n] is an approximate

100(1 − �)% CI on F(x) for each fixed x . That is,

P(F(x) ∈ In(x)) =̇ 1 − � (10.3.1)

for each x , with the approximation being better for F(x) nearer 1/2 and n large. A
graphical display of Fn(x) may be helpful. The vertical lines are there only to make Fn

easier to graph and to see. Notice that the probability statement does not say anything
about

P(F(x) ∈ In(x) for all x). (10.3.2)

Notice that the phrase “for all x” is inside the parentheses in this case, whereas in
(10.3.1) it was not. That is, the event in question in (10.3.1) depends on x , whereas in
(10.3.2) it does not. In Figure 10.3.1 the 95% interval for x = 58 in the fourth graph
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seems to fail to contain F(58). We will say more about this in Section 10.4 when we
discuss the Kolmogorov statistic.

Confidence Intervals on Quantiles

Let F be a continuous cdf, let 0 < � < 1, and let x� be a �-quantile. That is, F(x�) =
�. Suppose that X1, . . . , Xn is a random sample from F , with corresponding order
statistics X (1) < · · · < X (n). We will try to determine integers s < t so that P(x� ∈
[X (s), X (t)]) =̇ � , where � is a chosen probability (say, 0.95 or 0.99). Let Y� =
(no. of Xi ≤ x�). Then Ast ≡ [x� ∈ [X (s), X (t)]] = [X (s) ≤ x� ≤ X (t)] = [s ≤ Y� <

t]. Since Y� ∼ Binomial(n, F(x�) = �), P(Ast ) =∑t−1
k=s b(k; n, �). For smaller n or

� close to 0 or 1, binomial tables or the Poisson approximation can be used to determine
a pair (s, t) so that P(Ast ) is close to � . For example, from the binomial table,
for � = 0.2, n = 20, P(A1,8) = P(1 ≤ Y0.2 < 8) = 0.968 − 0.012 = 0.956, so that
[X (1), X (8)] is a 95.6% CI on x0.2. Similarly, X (8) is a 96.8% upper confidence bound
on x0.2.

For large n we can use the normal approximation of the distribu-
tion of Y0.2. Since P(Ast ) =̇ �((t − 1/2 − n�)/(

√
�(1 − �)n) − �((s − 1/2 −

n�)/
√

�(1 − �)n), we can take (s − 1/2 − n�) = −(t − 1/2 − n�) ≡ k, so that
P(Ast ) =̇ �(k/(

√
�(1 − �)n) − �(−k/

√
�(1 − �)n) = 2�(k/

√
�(1 − �)n) − 1.

This will be approximately � for k =̇ z(1+� )/2
√

�(1 − �)n, t = 1/2 + n� + k, s =
1/2 + n� − k. For � = 0.2, � = 0.95, n = 100, we get k = 7.84, s = 12.66, t =
28.34. Computations using the binomial distribution show that P(A13,29) = P(13 ≤
Y0.2 < 29) = 0.9780 − 0.0253 = 0.9537, so that [X (12), X (29)] is a 95.37% CI
on x0.2.

Nonparametric Tolerance Intervals

The coverage of a random interval Ist ≡ [X (s), X (t)] is C(X (s), X (t)) = F(X (t)) −
F(X (s)) = P(X ∈ Ist | X (s), X (t)), where X is a future observation from F , inde-
pendent of X1, . . . , Xn . C(X (s), X (t)) is a random variable because the interval Ist

is random. If F is continuous, then Ui ≡ F(Xi ) is distributed uniformly on [0,
1] for each i , and, because F is monotone nondecreasing, the order statistics for
the Ui ’s and the Xi ’s satisfy U(i) = F(X (i)). That is, the Ui ’s have the same or-
dering as do the Xi ’s. Since Ui ∼ Unif(0, 1), U(1), . . . , U(n) are the order statistics
of a random sample from the Unif(0, 1) distribution. Let Yi = U(i) − U(i−1) for
i = 1, . . . , n, the i th “gap” size, where U(0) = 0. Then Y = (Y1, . . . , Yn) has joint
density f (y) = n! for all y ∈ {y | for all i , and �yi = 1}. Since this is symmetric in the
arguments of y, C(s, t) = Ys+1 + · · · + Yt has the same distribution as Y1 + · · · +
Yt−s = U(t−s). From Section 3.6, U(t−s) ∼ Beta(t − s, n + 1 − t + s). Quantiles of
the distribution of U(t–s) can be determined from the relationship between the beta
and F-distributions given in comment 10 of Section 9.5. F ∼ F(2�, 2�) implies
that V = (�/�)F/(1 + (�/�)F) ∼ Beta(�, �). We can also exploit the relationship
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between U(t−s) and Wu , the number of Ui that are less than or equal to u. Since Wu ∼
Binomial(n, u), we have P(C(s, t) > u) = P(Wu < t − s) =∑t−s−1

k=0 b(k; n, u).
Suppose, for example, that n = 400 and we want a 90% tolerance interval Ist with

confidence coefficient 0.95. That is, for Cst = F(X (t)) − F(X (s)) we want P(Cst ≥
0.90) = 0.95. By the normal approximation of the binomial for n = 400, u = p =
0.90, we find that t − s must be approximately un + z1−�

√
nu(1 − u) + 1/2 =

370.4. We can take t and s arbitrarily with t − s = 370, say t = 385, s = 15. More
exact computations show that P(C15,385 ≥ 0.90) = 0.948. Using the relationship be-
tween V and F , we have � = t − s = 370, � = n − t + s − 1 = 29, F0.95(2�, 2�) =
F0.95(740, 58), V0.95 = 0.947. One-sided tolerance intervals, of the form [−∞, X (t)]
or [X (s), ∞] with coverage probability � are equivalent to one-sided CI’s on quantiles
x� . so that the previous discussion is appropriate.

The One-Sample Sign and Wilcoxon Tests

A drug in the form of a pill, XL7, was developed to lower weight in adult males. Thirty
volunteers, all of whom were at least 50 pounds overweight, were chosen. These 30
were paired, with those with approximately the same overweight scores being placed
in the same pair. One member of each pair was randomly assigned to the treatment
group, the other to the control group. Weights were taken before the experiment began.
Those in the treatment group received the XL7 pill each morning for six months. Those
in the control group received a pill, a placebo, which in appearance was the same as
XL7 but which had no real physiological effect. None of the 30 knew whether they
were receiving XL7 or the placebo. All were instructed to keep the same exercise and
eating habits. At the end of the six months, weights were determined for all 30 again.
The losses in weight for all 30 are given in Table 10.3.1.

Let Di be XL7 loss minus placebo loss for the ith pair. We would like to test H0:
XL7 and placebo effects are identical versus Ha : XL7 tends to increase weight loss.
Let Y be the number of pairs for which Di > 0. Under H0: Y ∼ Binomial(15, 1/2),
since we observe Y = 11, the p-value is 0.0592.

The beauty of this approach is that it depends only on the randomness of the choices
of which members of the pairs enter the treatment group. The weight losses of the

TABLE 10.3.1 Weight Loss Data

Pair Placebo XL7 Difference Pair Placebo XL7 Difference

1 −7 7 14 9 −12 6 18
2 −4 6 10 10 −11 −3 8
3 7 0 −7 11 −2 8 10
4 15 12 −3 12 2 7 5
5 −13 −2 11 13 5 7 2
6 11 2 −9 14 10 13 3
7 3 −1 −4 15 −1 8 9
8 2 8 6
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FIGURE 10.3.2 Null distributions for the Wilcoxon signed-rank statistic.

30 men are considered as fixed, so the only randomness occurs because of the random
choice of the treatment group. Another such test, the Wilcoxon signed-rank test, has
this same property and has the additional property that it is often more powerful in
cases in which the numerical values (the Di in this case) can be considered to be a
random sample from some distribution (see Figure 10.3.2).

Let the absolute values of the Di ’s be ranked from smallest to larger, with rank Ri

for the i th pair. Thus, we have

Pair = i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Midrank Ri 13 11.5 7 2.5 14 9.5 4 6 15 8 11.5 5 1 2.5 9.5

Only pairs 3, 4, 6, 7 correspond to negative Di . We will take the Wilcoxon signed-
rank statistic to be W + = sum of midranks corresponding to positive Di . It is slightly
easier to sum the ranks corresponding to negative Di . We get 23, so that W + =
(15)(16)/2 − 23 = 97.

Under H0 the 15 midranks are equally likely to correspond to correspond
to positive or negative Di ’s, independently. Thus, W + = �Ri Ii , where Ii =
I [Di > 0] is a Bernoulli(1/2) random variable and the Ii are independent.
Thus, E(W + | H0) = (1/2)�Ri = (1/2)N (N + 1)/2 = (1/4)N (N + 1) = 60, and
Var(W + | H0) = �i R2

i (1/2)(1 − 1/2) = 1238.5/4 = 309.6. We do not prove it here,
but in general E(W + | H0) = [N (N + 1) − d0(d0 + 1)]/4, where d0 is the number of
Di ’s which are zero, and Var(W + | H0) = [N (N + 1)(2N + 1) − d0(d0 + 1)(2d0 +
1)]/24 − (1/48)

∑e
i=1 di (di − 1)(di + 1), where e and di are the number of ties and
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sizes of ties as they were for the Wilcoxon two-sample statistic. In addition, in
good approximation, even for relatively small N , when the 1/2-correction is used,
W + is approximately normally distributed. For these data, the p-value is therefore
approximately 1 − �((96.5 − 6)/

√
309.6) = 1 − �(2.075) = 0.019. For the one-

sample t-test of H0: 	D ≤ 0 versus Ha : 	D > 0, we have D̄ = 4.87, SD = 7.84, t =
D̄/(S/

√
n) = 2.40, with corresponding p-value 0.0152.

We will not discuss the relative power of the sign, Wilcoxon, and t-tests for the
one-sample case except to say that they are the same asymptotically as for the two-
sample case. If for example, the distribution of the Di ’s is normal, the asymptotic
relative efficiency (ARE) of the Wilcoxon test to the t-test is 3/�, and the ARE for
the sign test to the Wilcoxon test is 2/3. If the Di ’s are samples from the double-
exponential distribution, the AREs of the Wilcoxon to the t-test and sign test to the
t-test are 1.5 and 2. Lehmann (1975, p. 129) shows that W + = (no. pairs i j, i ≤ j ,
such that Di + D j > 0). From this it follows that E(W +) = N (N − 1)p∗/2 + N p,
where p∗ = P(Di + D j > 0) and p = P(Di > 0).

As for the two-sample Wilcoxon statistic, the signed-rank Wilcoxon statistic can
be used to estimate � in the model for which the distribution of the Di ’s is symmetric
about �. We will not go into detail here, except to say that the Wilcoxon signed-
rank estimator is the median of all the pairwise averages Ti j = (Di + D j )/2, and the
statistical properties relative to the sample mean are similar to the properties of tests
based on W + relative to the t-test. A corresponding CI method is based on the order
statistics among the Ti j (see Lehmann, 1975, Chap. 3).

Problems for Section 10.3

10.3.1 For the random sample X1 = 13, X2 = 5, X3 = 9, X4 = 3, X5 = 9, sketch
the sample cdf.

10.3.2 Let Fn be the sample cdf for a random sample of n from cdf F. Let k
be an integer 1 ≤ k ≤ n and x1 < x2 < · · · < xk , with 0 < F(x j ) < 1 for
j = 1, . . . , k. Let D j = n(Fn(x j ) − Fn(x j−1)) for j = 2, . . . , n, and D1 =
nFn(x1).

(a) What is the joint distribution of (D1, . . . , Dn)?

(b) For n = 10 and F the Unif(0, 3) distribution, find P(Fn(2) − Fn(1) >

0.5).

(c) For n and F as in part (b), find P(Fn(1) = 0.4, Fn(2) = 0.9).

10.3.3 Let X1, . . . , Xn be a random sample from cdf F .

(a) Prove that for each x, {Fn(x)} converges in probability to F(x).

(b) (Much harder) Prove that Dn ≡ {supx | Fn(x) − F(x)|} converges in
probability to zero, that is, {Fn(x)} converges uniformly in probabil-
ity to F(x). The famous Glivenko–Cantelli theorem states that {Dn}
converges almost certainly to 0; that is, P({Dn} converges to 0) = 1.
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10.3.4 Let X1, . . . , X1600 be a random sample from a continuous cdf F . Find s
and t so that [X (s), X (t)]

(a) Is an approximate 95% CI on the 10th percentile x0.1 of F .

(b) Is an approximate 90% tolerance interval with confidence coefficient
0.80.

10.3.5 Find the null distribution of the Wilcoxon signed-rank distribution for n =
4. Verify that W + is symmetrically distributed about n(n + 1)/4 and that
Var(W +) = n(n + 1)(2n + 1)/24.

10.3.6 A random sample Y1, . . . , Y8 was taken from a distribution that is continu-
ous and symmetric about �. The values to the nearest integer were 21, 15,
7, 18, 28, 16, 11.

(a) Let H0: � = 12 versus Ha : � �= 12. Find the p-value corresponding
to W +, based on the differences Di = Yi − 12.

(b) Use the normal approximation to find the same p-value.

10.3.7 Let X1, . . . , Xn be a random sample from the N (	, 
2) distribution. Sup-
pose that 
2 is known to be 100. Suppose that we wish to test H0: 	 ≤ 50
versus Ha : 	 > 50. Define Di = Xi − 50, let Y be the number of positive
Di ’s, let W + be the Wilcoxon signed-rank statistic for the Di ’s, and let D̄
be the means of the Di ’s.

(a) For n = 400, state � = 0.05 level tests based on Y, W +, and D̄.

(b) Find approximations of the power of these tests for 	 = 51.0. For this
suppose that Var(W +) is the same as it is under H0. You will need to
determine P(Di > 0) and P(Di + D j > 0) for 	 = 51.

10.3.8 For Di ’s 7, 3, −4, 6, −1, show that W + is the number of pairs i ≤ j for
which Di + D j > 0.

10.3.9 To compare two weight-loss methods, A and B, 40 overweight peo-
ple were paired by gender and age. One member of each pair was
chosen randomly to use A, the other to use B. The differences in
weight losses in pounds after six months (A loss minus B loss) were
3, 5, 7, −3, 13, −6, 5, 7, 11, −5, 6, 0, 2, 15, −4, 5, 6, 17, −3, 14. Find the
p-value for both the sign and Wilcoxon signed-rank tests of the null hy-
pothesis of no difference in effects against the alternative of some effect.
Notice that the effective sample size is 19, since one value of Di is zero.

10.3.10 Suppose that D1, D2, D3 are uniformly distributed on [−1, 2].

(a) Find the distribution of W +. Hint: Think conditionally on the intervals
[−1, 0], (0, 1], and (1, 2].

(b) Find E(W +) and Var(W +).
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10.3.11 Show that the observed p-value for a one-sided test of the null hypothesis
that the Di = LHHi − DHHi following Example 9.4.1 are symmetrically
distributed about 1.0, using the test based on the W + statistic, is 8/512.
(Omit the zero for any Di = 1.) Use Ha : median of distribution of di ’s
exceeds 1.0.

10.4 THE KOLMOGOROV–SMIRNOV TESTS

Suppose that we have a random sample X1, . . . , Xn from a continuous cdf F
and wish to decide whether F is some specified cdf F0. It should be intuitively
clear that Dn = supx | Fn(x) − F(x) | should tend to be small if F = F0, larger if
F �= F0. In fact, as mentioned in Problem 10.3.3, the Glivenko–Cantelli theorem
states that {Dn} converges to zero with probability 1 (see Figure 10.3.1). Since Fn(x)
is a jump function, taking all its jumps at the order statistics X (i), Dn is the max-
imum of D+

n ≡ maxi (Fn(X (i)) − F0(X (i)−)) = maxi ((i/n) − F0(X (i))) and D−
n ≡

maxi (F0(X (i)) − Fn(X (i))) = maxi(F0(X (i)) − (i − 1)/n). [By F0(x−) for any x , we
mean the limit of F(x − d) as d → 0, for d > 0.] For example, for n = 3, F(x) = x
for 0 < x < 1, X(1) = 0.4, X (2) = 0.5, X (3) = 0.8, D+

3 = (2/3 − 0.5) = 1/6, D−
3 =

(0.4 − 0) = 0.4, and D3 = 0.4. Kolmogorov showed that limn→∞ P(Dn
√

n ≤ w) =
1 − 2

∑∞
k=1(−1)k+1e−2k2w2

. For larger values of w, this is close to 1 − 2e−2w2
. Thus, if

we want this probability to be 1 − � for large n, we need w = w� = √− log(�/2)/2.
The �-level Kolmogorov one-sample goodness-of-fit test of H0: F(x) = F0(x) for all
x versus Ha : F(x) �= F0(x) for some x , rejects for large n for D−

n ≥ w�/
√

n. Similarly,
limn→∞ P(

√
nD+

n ≤ w) = limn→∞ P(
√

nD−
n ≤ w) = 1 − e−2w2

. Suppose that n is
large. For a test of H0: F(x) ≤ F0(x) for all x versus Ha : F(x) > F0(x) for some x ,
we reject for large D+

n . For a �-level test, reject for D+
n

√
n ≥ w+

� = √− log(�)/2.
Similarly, for H0: F(x) ≥ F0(x) for all x versus Ha : F(x) < F0(x), reject H0 for
Dn

√
n ≥ w+

� .
These Kolmogorov–Smirnov (KS) tests are “consistent” against all alternatives.

That is, if F satisfies Ha , the power converges to 1 as n → ∞. That is not true for
the sign and Wilcoxon tests. However, these KS tests have lower power against shift
alternatives than do the Wilcoxon and sign tests. For example, for n = 100, for F0 the
standard normal distribution, � = 0.05, the Wilcoxon two-sided test rejected 4914
in 10,000 simulations, while the KS test rejected 3842 times when F was the N(0.2,
1) distribution. However, for F double exponential (DblExp), mean zero, variance 4,
the Wilcoxon test rejected 513 among 10,000 simulations, while the KS test rejected
7028 of 10,000. When the underlying distribution was DblExp, mean zero, variance
1, but when F0 was the N(0, 1) distribution, the Wilcoxon and KS tests rejected 554
and 2604 times. Thus, the KS test is sensitive to deviations from normality, although
n may have to be quite large to achieve satisfactory power.

The Lilliefors statistic D∗
n replaces the observations Xi by the corresponding stan-

dardized observations Zi = (Xi − X̄ )/S, where X̄ and S are the sample mean and
standard deviation. Then D∗

n is the KS statistic when Fn is the sample cdf of the Zi ’s
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and F0 is the standard normal cdf. The null distribution of D∗
n is, of course, different.

Lilliefors (1967) provided tables for small n. He showed that for large n, P(D∗
n ≥ d∗

n )
is approximately 0.01, 0.05, and 0.10 for d∗

n = 1.031/
√

n, 0.886/
√

n, and 0.805/
√

n.
For the same 10,000 simulations the Lilliefors test rejected at level � = 0.05 when
F was the N(0.2, 1) distribution 524 times, close to 0.05, as it should be. For F
the DblExp, mean zero, variance 4, it rejected 7119 times, and for F DblExp, mean
zero, variance 1, it rejected 7124 times, so that the Lilliefors test is considerably more
powerful than the KS test for deviations of shapes (functional forms) from the normal.

The Lilliefors test is sometimes suggested as a preliminary test for normality of
a distribution, with acceptance of the null hypothesis of normality to be followed by
t-tests or other procedures that require normality for exact probability statements. The
author does not recommend this. First, the acceptance (or failure to reject) of a null
hypothesis does not prove that the null hypothesis is true, especially when the sample
is small. In fact, t-tests and t-CIs are quite robust for large sample sizes, and it is for
large sample sizes that the Lilliefors or other tests for normality are more likely to
reject. In his consulting experience the author has never found a case for which he
thought a preliminary test for normality was appropriate.

Simultaneous Confidence Bands on F

Since Dn = supx | Fn(x) − F(x) | has a distribution that is the same for all continuous
F , it can be used as a pivotal quantity in order to establish CIs on F(x), holding
simultaneously for all x . For example, the events [Dn ≤ d] and [F(x) ∈ [Fn(x) ± d]
for all x] are equal, so that if w is chosen to make P(Dn ≤ d) = � , then [Fn(x) ± d]
defines an infinite collection of CIs, holding simultaneously for all x with probability
� . We call these it simultaneous confidence bands (see Figure 10.4.1). For n large we
can take d = w�/

√
n, where w� = √− log(�/2)/2, which is 1.36 for � = 0.05. The

KS test of H0: F = F0 versus Ha : F �= F0 rejects H0 at the � level if F0 does not lie

x
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FIGURE 10.4.1 True CDF, sample CDF, and 95% confidence bands.
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within the bands for all x . The bands are so wide for small n that they hardly seem
worthwhile.

The Two-Sample Kolmogorov–Smirnov Test

Let X1, . . . , Xm be a random sample from F , and let Y1, . . . , Yn be a random sample
from G, where F and G are continuous and the Xi ’s and Y j ’s are independent.
Let Fm and Gn be the corresponding sample cdf’s. Define S+

mn = supx [Fm(x) −
Gn(x)], S−

mn = supx [Gn(x) − Fm(x)], and Smn = max(S+
mn, S−

mn) = supx | Fn(x) −
Gm(x) | . For example, if m = 3, n = 2, and the X ’s and Y ’s have the order-
ing XXYYX, then [Fm(x) − Gn(x)] takes its largest value at the second X , with
S+

mn = 2/3 − 0 = 2/3, and Gn(x) − Fm(x) takes its largest value at the second Y ,
with S−

32 = 1 − 2/3 = 1/3. Therefore, S32 = 2/3.
More generally, S+

mn = maxi (i/m − (Ri − i)/m), where Ri is the rank of X (i),
the ith-order statistic, among all Xi ’s and Y j ’s. Similarly, S−

mn = max j ( j/n −
(R∗

j − j)/n, where where R∗
j is the rank of Y( j), the jth-order statis-

tic, among all Xi ’s and Y j ’s. Thus, S+
mn and S−

mn and therefore Smn

are rank statistics. Define �nm = (1/n + 1/m)−1/2. Then for limits as n →
∞ and m → ∞, limnm P(�nm S+

mn ≤ u) = limnm P(�nm S−
mn ≤ u) = 1 − e−2u2

and
limnm P(�nm Snm ≤ u) =∑∞

k=−∞(−1)ke−2k2u2
. For u > 1, as we usually need, this

last sum is 1 − 2e−2u2
in good approximation, so that the (1 − �)-quantile is ap-

proximately s� = w� = √
(− log(�/2)/2), which is 1.36 for � = 0.05. To show

how good the approximation is, consider the case n = m = 10. Tables of the dis-
tribution of Snn indicate that P(Snn ≥ 0.6) = 0.0524, while the approximation in-
dicates that the 0.95-quantile is s0.05�10,10 = 0.608. Because of the discreteness of
Smn, P(S10,10 > 0.608) = P(S10,10 ≥ 0.7) = 0.0123. Simulations show that this test
is conservative, in the sense that it rejects with probability roughly 0.03 or 0.04 for
nominal � = 0.05 for smaller n and m, but with probabilities close to 0.05 for larger
n(>100, for example). In practice, the KS test has low power and is therefore some-
what useless unless n and m exceed 25 or 50.

Problems for Section 10.4

10.4.1 Let X1, X2, . . . , X5 be a random sample from a distribution with cdf F.

(a) For observed X1 = 7.8, X2 = 11.5, X3 = 0.7, X4 = 13.3, X5 =
8.3, F0(x) = 1 − e−x/10 for x > 0, sketch graphs of the sample cdf and
F0 on the same axes.

(b) Find the statistics D+, D−, and D for H0: F = F0.

10.4.2 Fifty randomly chosen 60-watt light bulbs were tested until failure from
among the 40,000 manufactured by GB Company in November. Suppose
that the lengths of life Xi constitute a random sample from a continuous cdf
F. The order statistics X (1), . . . , X (50) of their lengths of life were:
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43 102 123 137 183 189 201 202 228 230
236 237 241 256 258 259 259 263 291 291
311 313 318 320 324 339 341 345 353 360
369 373 378 411 424 465 468 475 485 511
532 533 589 593 628 659 665 683 690 720

(a) Sketch the sample cdf F50. Give 95% individual (not simultaneous) con-
fidence intervals on F(x) for x = 200, 400, 600.

(b) Give a 95% confidence interval on x0.6 (see Section 10.3).

(c) Find the approximate p-value for the sign test of H0: F(500) ≤ 0.6 ⇔:
x0.6 ≥ 500 versus Ha : F(500) > 0.6 ⇔ x0.6 < 500.

(d) Studies for a light bulb manufactured by an older process showed that
in good approximation F = F0 was the cdf of the N (350, 1002) distri-
bution. Thus, F0(x) = �((x − 350)/100). The values of F0(x) for the
order statistics X (i) observed were:

0.0011 0.0066 0.0116 0.0116 0.0475 0.0537 0.0681 0.0694 0.1112 0.1151
0.1271 0.1292 0.1379 0.1736 0.1788 0.1814 0.1814 0.1922 0.2776 0.2776
0.3483 0.3557 0.3745 0.3821 0.3974 0.4562 0.4641 0.4801 0.5120 0.5398
0.5753 0.5910 0.6103 0.7291 0.7704 0.8749 0.8810 0.8944 0.9115 0.9463
0.9656 0.9664 0.9916 0.9925 0.9973 0.9990 0.9992 0.9996 0.9997 0.9999

Determine the value of the statistic D50 and use this to find an approximate
p-value for the Kolmogorov test of H0: F = F0.

10.4.3 Random samples of sizes 8 X’s and 10 Y’s were taken from cdf’s F and G.

(a) Find the KS statistics, S+
8,10 and S−

8,10, for the following data:

Ordered X’s 13.6 16.5 24.4 28.4 29.4 30.6 34.2 36.8

Ordered Y’s 28.8 31.1 34.1 35.3 36.4 40.0 43.4 44.7 56.2 62.7

(b) Find an approximate p-value for the KS test of H0: F =
G versus Ha : F �= G.

(c) For H0 and Ha as in part (b), find an approximate p-value for the
Wilcoxon two-sample test.
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Linear Statistical Models

11.1 INTRODUCTION

Over a 12-year period the author collected data in his class on linear models. Students
were asked to record y (their height in centimeters), x1 (the indicator for males),
x2 (the height in centimeters of their father), and x3 (the height of their mothers in
centimeters). The observation vectors (y, x1, x2, x3) were recorded for 129 males and
78 females. Figure 11.1.1 shows four plots, corresponding to the four combinations
of father and mother versus student heights for males and females. We notice that
males tend to be taller. Although there seems to be a tendency for taller mothers and
fathers to have taller children, the relationship is not strong, being especially weak
for female students.

The straight lines were fit using the principle of least squares. In Section 11.2 we
discuss this principle, show how the equations were determined, and consider multiple
regression, by which we can use both mothers’ and fathers’ heights to predict sons’
or daughters’ heights.

Figure 11.1.2 indicates that there is a slight tendency for taller people to marry
taller people.

11.2 THE PRINCIPLE OF LEAST SQUARES

Consider n pairs of points (xi , yi ) for i = 1, . . . , n as in any of the five plots of
Figures 11.1.1 and 11.1.2. Suppose that we would like to approximate the yi by
ŷi = b0 + b1xi , a linear function of xi . How should b0 and b1 be chosen? In most
cases if n > 2, no matter how these constants are chosen there must be nonzero
values of the residuals ei = yi − ŷi . That is, no matter which line is fit to the
data, not all points will usually fall on the line. Some compromise would seem
to be in order. We could, for example, fit a line through any pair of points, so

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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FIGURE 11.1.1 Heights of students and their parents.
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that if we use this criterion there are n(n − 1)/2 possible lines. We could find the
line that minimizes G(b0, b1) ≡∑n

i=1 |yi − ŷi |. This is the sum of the absolute
values of the distances of the points from the line in a vertical direction. Linear
programming techniques can be employed to find the minimizers (b0, b1). For the
x = (father’s height), y = (male student’s height) data in the first plot of Figure
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11.1.1, the function “l1fit” in S-Plus found (b0, b1) = (57.59, 0.693). For these
values, G(b0, b1) = 680.95. Another criterion employs the principle of least squares,
by which H (b0, b1) =∑n

i=1(yi − ŷi )2 is minimized. Use of the S-Plus function
“lm” produced, for the same data, (b0, b1) = (81.57, 0.550). Values of G and H for
these two choices of (b0, b1) were G(57.59, 0.693) = 680.95, G(81.57, 0.550) =
691.91, H (57.59, 0.693) = 6818.12, H (81.57, 0.550) = 6526.77. Thus, H is
smaller for the least squares solution, and G is smaller for the L1 solution, as should
be expected.

As we will show, the method of least squares leads to relatively simple formulas
for the minimizing pair (b0, b1), and the extension to multiple regression with several
explanatory variables (both mother’s and father’s height, for example) is relatively
straightforward, at least for those who have studied linear algebra. We refer to the case
of just one explanatory x-variable as simple linear regression, and the case of more
than one is called multiple regression. The method of least squares was first used by
Adrien-Marie Legendre (1752–1833) in his 80-page book Nouvelles méthodes pour le
détermination des orbites des comètes (New methods for determination of the orbits
of the planets) with a nine-page supplement, Sur la méthode des moindres carrés
(On the method of least squares) (see Stigler, 1986).

The One-Predictor Variable

We begin by considering a simple problem: For n-component vectors y = (y1, . . . , yn)
and x = (x1, . . . , xn), not all zero, find the constant b for which Q(b) =∑n

i=1(yi −
bxi )2 is minimum. Let the inner product of any two n-component vectors u and v
be (u, v) =∑ uivi . Let the squared length of any vector u be ‖u‖2 = (u, u). We use
these ideas to find b so that Q(b) is minimum.

Definition 11.2.1 n-component vectors u and v are orthogonal if (u, v) = 0. We
write u ⊥ v. Thus, u = (1, 1, 2) and v = (−3, 1, 1) are orthogonal.

The Pythagorean Theorem Let u and v be orthogonal. Then ‖u + v‖2 = ‖u‖2 +
‖v‖2.

Proof: ‖u + v‖2 = (u + v, u + v) = (u, u) + (v, v) + 2(u, v) = ‖u‖2 + ‖v‖2 + 0.

In the example above, ‖u + v‖2 = ‖(−2, 2, 3)‖2 = 17 = ‖u‖2 + ‖v‖2 = 6 + 11.

Definition 11.2.2 The projection of a vector y on a vector x is a multiple ŷ = bx
such that (y − ŷ) ⊥ x (see Figure 11.2.1).

We denote the projection of y on x by p(y | x). There should be no danger of con-
fusion with conditional probability. We can determine b as follows. 0 = (y − ŷ, x) =
(y − bx, x) = (y, x) − b(y, x), b = (y, x)/‖x‖2 if x �= 0. If x = 0, then ŷ = 0. Then
‖ŷ‖2 = (ŷ, ŷ) = (y, ŷ) = b(y, x) = (y, x)2/‖x‖2.
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FIGURE 11.2.1

Note that it is easy to verify that p(ay | x) = ap(y | x) for any scalar a and
p(y1 + y2 | x) = p(y1 | x1) + p(y2 | x2) so that the projection function p(y | x) is a
linear function of y, taking vectors in Rn into vectors in Rn .

Example 11.2.1 Let x = (1, 2, 3, 5), y = (3, 2, 10, 16). Then b = 117/39 =
3, ŷ = 3 x = (3, 6, 9, 15), and the residual vector is y − ŷ = (0, −4, 1, 1) ⊥ x. By
the Pythagorean theorem, ‖y‖2 = ‖y − ŷ + ŷ‖2 = ‖y − ŷ‖2 + ‖ŷ‖2. Here ‖y‖2 =
379 = 351 + 18, and ‖ŷ‖2 = 1172/39 = (117)(3) = 351.

Among all scalar multiples, cx of x, ŷ = p(y | x) is the closest. That is, Q(c) =∑n
i=1(yi − cxi )2 = ‖y − cx‖2 is minimum for c = b = (y, x)/‖x‖2, so that cx =

bx = ŷ.

Proof: ‖y − cx‖2 = ‖y − bx + (b − c)x‖2 = ‖y − bx‖2 + (b − c)2‖x‖2, since
(y − bx) ⊥ x. This is minimum for c = b.

The k-Predictor Problem

Let x̃i = (xi1, xi2, . . . , xik) be a row vector of real numbers, and let yi be any real
number for i = 1, . . . , n. These might take the values, for example, yi = i th student’s
height, xi1 ≡ 1, xi2 = indicator of males, xi3 = father’s height, xi4 = mother’s height
for the i th student. Let b be a k-component column vector with j th component b j .
Consider the function Q(b) =∑n

i=1[yi − x̃i b]2. The method of least squares chooses
that b which minimizes Q. To translate the case of simple linear regression to this
more general problem, we can take xi1 = 1, xi2 = xi , for all i , and replace b0 by b1, b1

by b2. Let g(x̃i , b) = x̃i b.
The minimation problem may be translated into a problem in linear algebra as fol-

lows. Let x j = (x1 j , x2 j , . . . , xnj )T. Let y = (y1, . . . , yn)T Thus, y and all x j are vec-
tors in Rn . Then Q(b) = ‖y − (b1x1 + · · · + bkxk)‖2 . We seek coefficients b1, . . . , bk

so that ŷ = b1x1 + · · · + bkxk is the closest vector in V ≡ L(x1, . . . , xk) to y, where
V is the subspace spanned by x1, . . . , xk . As it did for the case k = 1, this closest
vector turns out to be the unique projection of y onto V . We need two definitions.
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Definition 11.2.3 Let V be a subspace of Rn . A vector y is orthogonal to V if y ⊥ v
for all v ∈ V .

Definition 11.2.4 Let V be a subspace of Rn . The projection of a vector y onto V
is the unique vector ŷ ∈ V satisfying (y − ŷ) ⊥ V.

To justify the definition we need to prove (1) that such a vector exists, and (2) that it
is unique. Let x1, . . . , xk be a basis for V . That is, these vectors span V and are linearly
independent. We seek coefficients b1, . . . , bk such that y − ŷ = (y − � j b j x j ) ⊥ V .
It is enough to find such b j so that

(y, xi ) =
(∑

j

b j x j , xi

)
=
∑

j

b j (x j , xi ) for i = 1, . . . , k.

These k linear equations in k unknowns are the normal equations. (“Normal” here is
concerned with orthogonality, not with the normal distribution.) The equations may
be written in a simpler form. Let X be the n × k matrix formed by letting the j th
column vector be x j for each j . X is often called the design matrix, because in some
applications the elements of X may be chosen by the user. The normal equations are
XTy = XTXb, where b is the column vector (b1, . . . , bk)T . The inner-product matrix
M ≡ XTX is nonsingular if and only if the x j are linearly independent (see Problem
11.2.3). We will assume that to be the case. Otherwise, we can drop one or more
of the x j from the analysis. In that case M has an inverse M−1, so that b = M−1U,

where U = XTy is the inner product vector of y with the x j . Note that when the x j

are mutually orthogonal, p(y | V ) = �p(y | x j ) = �((y, xi )/‖x j‖2)xj. In fact, when
p(y | V ) = �p(y | x j ) for all y, the x j must be mutually orthogonal. (Proofs are left
to the student.)

Since the residual vector e = y − ŷ is orthogonal to the columns of X (equivalently
to the subspace V spanned by the columns),

Total Sum of Squares (TSS) = ‖y‖2 = ‖y − ŷ + ŷ‖2 = ‖e‖2 + ‖ŷ‖2

= Residual SSqs + Regression SSqs

(Later we define the total sum of squares as the sum of squares of the y j ’s after
their mean is subtracted. For now, we use this definition.) Let PV = X(XTX)−1XT.
PV is the projection matrix onto the subspace V spanned by the columns of
X. Regression SSqs can be written in a simpler form: ‖ŷ‖2 = (PVy, PVy) =
yTPT

VPVy = yTPVy = yTXb = UTb, where U = XTy, the column vector of inner
products of the columns of X with y. The third equality follows from the fact that the
projection matrix is symmetric and idempotent. That is, PT

V = PV and PV PV = PV .
Since U = XTy has been determined in order to determine b, the additional com-
putation necessary to determine ‖ŷ‖2 can therefore be done with a hand calculator,
although modern software packages such as S-Plus, SPSS, and SAS may provide
more precise values by determining ŷ itself, then its squared length.
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That the vector ŷ = Xb is unique follows from the nonsingularity of M, but also
by the following argument. If ŷ1 and ŷ2 were both projections of y on V , then ‖ŷ1 −
ŷ2‖2 = (y − ŷ2, ŷ1 − ŷ2) − (y − ŷ1, −ŷ2). Each term is zero because (ŷ1 − ŷ2) ∈ V.
Thus, ŷ1 − ŷ2 = 0. That G(v) ≡ ‖y − v‖2 is minimized for v ∈ V by v = ŷ follows
from ‖y − v‖2 = ‖y − ŷ‖2 + ‖ŷ − v‖2, the last equality following from (ŷ − v) ∈ V
and (y − ŷ ⊥ V. (See Figure 11.4.1 to gain some intuition.)

Example 11.2.2 (Simple Linear Regression) Suppose that we observe the fol-
lowing (x, y) pairs: (1, 9), (2, 10), (3, 6), (4, 2), (5, 3). These points are shown in
Figure 11.2.2.

Then y = (9, 10, 6, 2, 3)T, X =

⎛⎜⎜⎜⎜⎝
1 1
1 2
1 3
1 4
1 5

⎞⎟⎟⎟⎟⎠ , M = XTX =
(

5 15
15 55

)
, M−1 =

(
55 −15

−15 5

)
(1/50) =

(
11 −3
−3 1

)
(1/10), U = XTy =

(
30

70

)
, b = M−1U =

(
12

−2

)
, Xb =

⎛⎜⎜⎜⎜⎝
10

8
6
6
2

⎞⎟⎟⎟⎟⎠ , e = y − ŷ =

⎛⎜⎜⎜⎜⎝
−1

2
0

−2
1

⎞⎟⎟⎟⎟⎠ , ‖ŷ‖2 = 220,‖e‖2 = 10,‖y‖2 = 230.

Notice that XTe =
(

0

0

)
. That is, e is orthogonal to the columns of X.

Although it is possible to give nonmatrix formulas for b for simple linear
regression, by subsituting symbols x1, . . . , xn for the components of the vector
x, using the formula b = M−1XTy, the derivation is awkward. Instead, replace
the second column of X by a vector x∗, also in V , which is orthogonal to the
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Eqn. of Line: y = 12 - 2 x

X 

FIGURE 11.2.2 Five (x, y) points and their least squares line.
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n-component column vector Jn of all 1’s. Let x∗ = x − p(x | Jn) = x − xJn .
x∗ is the vector of deviations of the components of x from x . Then, since Jn

and x∗ are orthogonal, we can express ŷ easily in terms of Jn and x∗. Let ŷ =
a0Jn + a1x∗, a =

(
a0

a1

)
, X∗ an n × 2 matrix with columns Jn and x∗. The inner-

product matrix M∗ = X∗TX∗ =
(

n 0
0 ‖x∗‖2

)
, where ‖x∗‖2 ≡ Sxx =∑(xi − x)2.

U∗ ≡ X∗Ty =
(

(Jn, y)
(x∗, y)

)
=
(

�yi

Sxy

)
, where Sxy = (x∗, y) =∑(xi − x)yi . There-

fore, a = M∗−1U∗ =
⎛⎝ y

a1

⎞⎠, where a1 = Sxy/Sxx . The i th predicted value for

y is therefore ŷi = b0 + b1xi = a0 + a1(xi − x), so that b1 = a1 = Sxy/Sxx and
b0 = a0 − b1x = y − b1x . The regression line has the equation y = y + b1(x − x).
It passes through the “point of means” (x, y) with the slope b1 = Sxy/Sxx . The
vector of fitted values is ŷ = yJn + b1x∗. By the Pythagorean theorem, ‖ŷ‖2 =
y2‖Jn‖2 + b2

1‖x∗‖2 = y2n + S2
xy/Sxx . Then the residual sum of squares is ‖y‖2 −

‖ŷ‖2 = �y2
i − y2n + S2

xy/Sxx = Syy − S2
xy/Sxx, where Syy = �(yi − y)2.

Example 11.2.2 Continued From Example 11.2.2, y = 6, Sxy = −20, Sxx =
10, so that a =

(
6

−2

)
, and the regression line has the equation y = 6 − 2(x − 3) =

12 − 2x . Also, Syy = 50, so that ‖e‖2 = Syy − S2
xy/Sxx = 50 − (−20)2/10 = 10, as

before. The correlation coefficient of x and y is r = Sxy/
√

Sxx Syy = −20/
√

10(50) =
−2/

√
5 =̇ − 0.894.

Example 11.2.3 (Multiple Regression) Let us now try to find a linear predictor
of male student heights using fathers’ and mothers’ heights. All heights are measured
in centimeters. Again let yi be the height in centimeters of the i th student for i =
1, 2, . . . , n = 129. Let x1i and x2i be the heights of the father and mother of the i th
student. We seek a column vector b = (b0, b1, b2)T such that ‖y − ŷ‖2 =∑(yi −
ŷ)2 is minimized, where ŷi = b0 + b1x1i + b2x2i . Let Jn be the n = 129 component
column vector of 1’s, and let x1 and x2 be the n = 129 component column vectors of
x1i ’s and x2i ’s. We seek the vector ŷ in the subspace spanned by Jn, x1, x2 which is
closest to y. Let X = (Jn, x1, x2) be the n × 3 matrix with columns Jn, x1, x2. Then
b = M−1U, where M = XTX, U = XTy.

The first four rows of X, the first four components of y, and M, U, b are:

x0 x1 x2 y M U b

1 170.0 162.0 158.0 129.0 22,307.0 21,045.1 22,779.94 43.049
1 175.0 166.0 181.0 22,307.0 3,867,996.2 3,642,657.6 3,944,995.82 0.431
1 183.0 172.0 183.0 21,045.1 3,642,657.6 3,440,690.1 3,720,496.58 0.362
1 177.8 157.5 188.0
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The first four components of ŷ are 174.9, 178.5, 175.6, 184.1, so that the first stu-
dent was considerably shorter than predicted, while the others were taller than pre-
dicted: Error SSqs = ‖y − ŷ‖2 = 5711.0, Total SSqs = ‖y − yJn‖2 = 9726.7, Re-
gression SSqs = ‖ŷ − yJn‖2 = 4015.7. The coefficient of determination is R2 =
Regression SSqs/Total SSqs = 0.4128. R itself is 0.643. R is called the multiple cor-
relation coefficient. R2 is often called the proportion of variation in y explained by
linear regression on x1 and x2.

Definition 11.2.5 Let V be a subspace of Rn which includes the vector Jn of all 1’s
and is spanned by x1, . . . , xk . The multiple correlation coefficient of y with respect to
x1, . . . , xk is R = ‖ŷ − yJn‖/‖y − yJn‖ = [(�(ŷi − y)2/�(yi − y)2]1/2.

Example 11.2.4 (Analysis for Female Students) The least squares fit of the height
data for the 78 female students gave y = 82.11 + 0.201x1 + 0.283x2. The coefficients
for x1 and x2 seem to be quite different than those for the male students. It might
seem to those of us who know little biology that the coefficients b1 and b2 for x1

and x2 for males and females should be approximately equal, differing only in b0.
We look at this again more formally when we consider probabilistic properties of
these sample coefficients. Other interesting statistics for the female students: y =
162.37, total SSqs = 3916.7, residual SSqs = 3432.3, regression SSqs = 484.4, R2 =
484.4/3916.7 = 0.124, R = 0.352. A smaller proportion of the variation in heights
among female students than among male students is explained by the heights of their
parents.

Problems for Section 11.2

11.2.1 Let x = (1, 2, 4, 5), y = (2, 7, 13, 14). Find:

(a) The projection ŷ = p(ŷ | x) = bx.

(b) Sketch a graph of the points (xi , yi ) and the straight line y = bx .

(c) Show that ‖ŷ‖2 = (x, y)2/‖x‖2.

(d) Show that x and e = y − ŷ are orthogonal.

(e) Show that the Pythagorean theorem holds: ‖y‖2 = ‖ŷ‖2 + ‖e‖2.

(f) Use the formula b = (XTX)−1XTy (with y written as a column vector)
to find b.

11.2.2 Use calculus to show that Q(b) =∑n
i=1(yi − bxi )2 is minimized by b =

(x, y)/‖x‖2.

11.2.3 Show that the inner product matrix M = XTX is nonsingular if and only if
the columns of X are linearly independent.

11.2.4 Let y = (6, 5, 7, 3, 4)T, x1 = (1, 1, 1, 0, 0)T, and x2 = (0, 0, 1, 1, 1)T (so
that these are column vectors).
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(a) Find b1, b2 so that ŷ = b1x1 + b2x2 is the least squares approximation
to y.

(b) Show that e = y − ŷ is orthogonal to x1 and x2, and therefore to all
vectors in the subspace V spanned by x1 and x2.

(c) Show that ‖y‖2 = ‖ŷ‖2 + ‖e‖2.

(d) Show that ŷ �= p(y | x1) + p(y | x2).

11.2.5 Let y be a column vector with n = n1 + n2 components, where n1 and n2

are positive integers. Let x1 be the indicator of the first n1 components. Let
x2 be the indicator of the last n2 components.

(a) Find simple formulas for the projection of y onto the subspace V spanned
by x1 and x2.

(b) Find ŷ = p(y | V ) for n1 = 3, n2 = 2, y = (2, 7, 3, 6, 12)T.

11.2.6 Consider (weight, price) pairs for 105 brands of 1978 automobiles. The
105 (xi , yi ) pairs are plotted in Figure P. 11.2.6, together with the least
squares line. The summary statistics are n = 105, x = 2949.48, y = 15,

805.2, Sxx = 32112196, Syy = 7118267246, Sxy = 312050392.

(a) Find the equation of the least squares line.

(b) Find total SSqs, regression SSqs, residual SSqs, R2, and R.

(c) The curved line was fit as follows. The least squares straight line was fit to
the (wi = log(xi ), zi = log(yi )) pairs (see Figure 11.2.6). The equation
of the curved line obtained was then obtained by converting from the
logscale to the x–y scale. What is the equation of the curved line?
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FIGURE 11.2.6 Fitting a curve by using log transformations.
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11.2.7 Let J4 = (1, 1, 1, 1)T, x1 = (1, 1, 0, 0)T, x2 = (1, 0, 1, 0)T, y = (7, 3, 2, 2)T.
Find the 4 × 4 projection matrix P and the vectors ŷ and e = y − ŷ for the
subspaces spanned by the following vectors. In each case write the vector or
matrix as a multiple of 1/4.
Verify that e is orthogonal to each of the vectors given.

(a) J4 only.

(b) x1 only.

(c) J4 and x1.

(d) J, x1, and x2.

(e) Find the multiple correlation coefficient of y with respect to the vectors
in part (d).

11.2.8 A balance scale has two pans. If a weight W1 is put in scale 1 and a weight W2

is put in scale 2, the measurement shown on the scale is Y = W1 − W2 + ε,
where ε is a random error in the measurement. Suppose that four independent
measurements Y1, Y2, Y3, Y4 were taken as follows: (1) Both weights were
put in pan 1, (2) W1 in pan 1, (3) W2 in pan 2, (4) Weight W1 in pan 1, W2

in pan 2. For example, Y4 = W1 − W2 + ε4.

(a) Express the least squares estimates Ŵ1 of W1 and Ŵ2 of W2 as linear
functions (a1, Y) and (a2, y),where a1 and a2 are four-component vectors
of constants and Y = (Y1, Y2, Y3, Y4)T.

(b) Find the values of the estimates for Y = y =(8, 4, −1, 3)T.

11.3 LINEAR MODELS

To determine whether the relationship between a variable y and one or more predictors
x1, . . . , xk is “real” and how much is due to chance, we need to impose a probabilistic
model. Let’s begin with a very simple model. Suppose that we observe (xi , Yi ) pairs
for i = 1, . . . , n, where the xi are positive, Yi = �xi + εi , where � is an unknown
parameter and the εi are random variables, with E(εi ) = 0 and Var(εi ) = 
2, also
an unknown parameter. Also suppose that the εi have zero covariances. If we let Y,
x, and 	 be the n-component vectors of Yi , xi , and 	i values, we can express the
model as Y = �x + 	, and the least squares estimator of � as �̂ = (x, Y)/‖x‖2 =
�(x, x)/‖x‖2 + (	, x)/‖x‖2 = � + (	, x)/‖x‖2.

Thus, 
̂ is � plus a random variable that is a linear combination of the 	i , which
have expectations zero. It follows that under this model E(�̂) = �, so that �̂ is
an unbiased estimator of �. Also, Var(�̂) = Var((	, x)/‖x‖2) = Var((	, x))/‖x‖4 =

2‖x‖2/‖x‖4 = 
2/‖x‖2.

Expectations and Covariance Matrices for Random Vectors

To determine the properties of 
̂ and of other statistics for models for the case of
more than one predictor, we need to review the calculus of expectations and of
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covariance matrices as discussed at the end of Section 1.7. For ready reference,
some of those properties are summarized here, and others are presented. Let X and
Y be random vectors, written as column vectors with m and n components. Let
	 = E(X) and � = E(Y). Let A and B be r × m and s × n matrices of constants.
Then:

1. E(A	) = A	 and E(BY) = B�.

2. Cov(X, Y) is the m × n matrix (
i j = cov(Xi , Y j )). Cov(X, Y) = E[(X −
	)(Y − �)T].
We define Cov(X) = Cov(X, X).

3. Cov(AX, BY) = E[A(X − 	)(B(Y − �))T] = A Cov(X, Y)BT . Therefore,
Cov(AX) = A Cov(X)AT.

4. If X1, . . . , Xk are m-component random vectors with E(Xi ) = 	i

and Y1, . . . , Yt are n-component random vectors with E(Y j ) =
� j , S =∑k

i=1 Xi, T =∑t
i=1 Yi, then E(S) =∑k

i=1 	i, E(T) =∑t
j=1 � j ,

Cov(S, T) =∑k
i=1

∑t
j=1 Cov(Xi , Y j ), and Cov(S) =∑k

i=1

∑t
j=1 Cov(Xi ,

X j ). If Cov(Xi , X j ) = 0 for i �= j , this reduces to
∑k

i=1 Cov(Xi ), a familiar
formula for the case that m = 1, so that Cov(Xi ) = Var(Xi ).

5. Let Q(X, Y) = XTAY =∑ ai j Xi Y j , where A is an m × n matrix of
constants. Q is a bilinear form, since it is linear in the Xi and the
Y j . If Y = X, then Q(X) ≡ Q(X, X) is a quadratic form in X. Since
E(Xi Y j ) = 
i j + 	i � j , where 
i j = Cov(Xi , Y j ), E(Q(X, Y)) =∑ ai j 
i j +∑

ai j 	i � j =∑ ai j 
i j + Q(	, �). The first term is an inner product of the ma-
trices Cov(X, Y) and A. The second term is Q evaluated for the mean vectors. In
the case that Y = X, with Q(X) = Q(X, X), E(Q(X)) =∑ ai j 
i j + Q(	) =
trace (A Cov(X)) + Q(	). The trace of a square matrix is the sum of the
diagonal elements.

Example 11.3.1 Let X = (X1, . . . , Xn) be a vector of uncorrelated random vari-
ables. Suppose that E(Xi ) = 	, the same for all i , so that E(X) = 	Jn . Let 
2

i =
Var(Xi ) for each i . Then Cov(X) = diag(
2

1 , . . . , 
2
n ). Let Q(X) =∑n

i=1(Xi − X ) =
�n

i=1 X2
i − nX

2 = XTAX, where A = In − (1/n)JnJT
n and Jn is the n × 1 matrix

of all 1’s. A is the projection matrix onto the subspace of all vectors orthogonal
to Jn . Q(X) = ‖AX‖2, where AX is the vector of deviations X∗

i = Xi − X . Thus,
from property 5, E(Q(X)) =∑ ai j 
i j + Q(	Jn) = [(n − 1)/n]

∑

2

i − 0. Let S2 =
Q(X)/(n − 1), usually called the sample variance. Then E(S2) = (

∑

2

i )/n. Of
course, if 
2

i = 
2 for all i , then E(S2) = 
2. This explains why the denominator n −
1 is used in the definition of S2. Var(X ) = Var((1/n)JT

n X) = (1/n2)JT
n Cov(X)Jn =

�
2
i /n2, so that S2/n is an unbiased estimator of Var(X̄ ), whether or not the 
2

i are
equal.
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Multiple Regression Models

As for the student height example, the following model relating an n-component
vector Y to n-component vectors x1, . . . , xk of constants is often reasonable:

Y = �1x1 + · · · + �kxk + 	 = � + ε.

This is called a linear model because it is linear in the �’s. Often, x1 will be the
vector of all 1’s. In fact, most software multiple regression procedures and functions
automatically include the vector of all 1’s unless the programmer demands otherwise.

We begin by supposing that E(	) = 0 and that Cov(	) = 
2In . That is, we
suppose that the components 	i of 	 are uncorrelated with expected values all
zero, with equal variances 
2. Let X = (x1, . . . , xk), so that X is an n × k ma-
trix of constants. We suppose that the x j are linearly independent, so that X has
full column rank k. Thus, Y = X
 + 	, and the least squares estimator of 
 is

̂ = (XTX)−1XTY = (XTX)−1XT(X
 + 	) = 
 + A	, where A = (X′X)−1XT. A is
called the pseudo inverse of X because AX = Ik and XA is the projection matrix onto
the column space of X. A is not the inverse unless k = n. If k < n, X is singular. A
is often called the generalized inverse or Penrose inverse of X .

Since 
̂ = 
 + A	 and E(	) = 0, it follows that E(
̂) = 
, and Cov(
̂) =
Cov(A	) = AAT
2 = (XTX)−1
2.

If the vectors x1, . . . , xk are mutually orthogonal, it follows that the compo-
nents �̂ j of 
̂ are uncorrelated. From the properties of the multivariate normal
distribution, as discussed in Section 9.2, it follows that when 	 has the multivari-
ate normal distribution, so does 
̂, and that when the x j are orthogonal, the �̂ j

are independent random variables. Let PV = X(XTX)−1XT be a projection onto
the subspace spanned by the columns of X. The matrix In − PV is the projec-
tion matrix onto V ⊥ = {x | x ⊥ V }. Thus, Ŷ = PV Y and the vector of residuals
is e = Y − Ŷ = (I − PV )Y. Cov(Ŷ, e) = Cov(PV Y, (I − PV )Y) = PV Cov(Y)(I −
PV )T = PV (
2 In))(I − PV )T = 0. Thus, the components of Ŷ and those of e are
uncorrelated. It follows that when 	, and therefore Y, has the multvariate normal dis-
tribution, Ŷ and e are independent random vectors. Since 
̂ = XTŶ, this implies that
Cov(
̂, e) = 0, and under the MV normality of 	, 
̂ and e are independent. The error
sum of squares is ‖e‖2 =∑ e2

i = YT(In−PV )Y = Q(Y), a quadratic form in Y. By
property 5, E(Q(Y)) = trace((In − PV )(
2In) + Q(X�) = 
2(n − k) + 0. This fol-
lows from the fact that, in general, trace(AB) = trace(BA) if both AB and BA are
defined, and therefore trace(PV ) = trace(X(XTX)−1XT) = trace(XTX)−1XTX) = k.
Thus, if we let S2 = ‖e‖2/(n − k) = (error sum of squares)/(n − k), then E(S2) =

2. This is a generalization of the case that X = Jn , so that S2 is the sample variance
and k = 1. We will use this definition of S2 throughout our discussion of multiple
linear models. In the case that the components of 	 are normally distributed, so that
	 ∼ Nn(0,
2In), it follows that S2 and 
̂ are independent.

The formula �̂k = (Y, X⊥
k )/‖X⊥

k ‖2

Let V = L(x1, . . . , xk) and Vk−1 = L(x1, . . . , xk−1) have dimensions k and k − 1.
Define x̂k = p(xk | Vk−1), and x⊥

k = xk − x̂k so that x⊥
k is orthogonal to Vk−1 and
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therefore to each of x1, . . . , xk−1. Let Ŷ =∑k
j=1 �̂ j x j . Then (Ŷ, x

⊥
k ) =∑k

j=1�̂ j (x j , xk) = �̂k(xk, x⊥
k ) = �̂k‖x⊥

k ‖2. Therefore, �̂k = (Y, x⊥
k )/‖x⊥

k ‖2. By re-

placing Y by � =∑k
j=1 � j x j , we get � j = (�, x⊥

k )/‖x⊥
k ‖2. If, in addition, Y = � + 	,

with Cov(	) = 
2In , then Var(�̂k) = 
2/‖x⊥
k ‖2.

By defining Vj = subspace spanned by all xi except x j ), x⊥
j = x j − p(x j | Vj ),

we get �̂ j = (Y, x⊥
j )‖x⊥

j ‖2, � j = (�, x⊥
j )/‖x⊥

j ‖2 and Var(�̂ j ) = 
2/‖x⊥
j ‖2. Thus, �̂ j

and � j depend on the relationship of Y and � to x⊥
j , the part of x j that measures a

quantity which is “new” in a linear sense relative to the other xi . It also follows that
Cov(�̂i , �̂ j ) = 
2Ci j , where Ci j = (x⊥

i , x⊥
j )/[‖x⊥

i ‖2‖x⊥
j ‖2]. Thus, Ci j is the (ij)th

term of (XT X )−1, a surprising formula to the author when he first learned of it. Notice
also that � (�̂i , �̂ j ) = (x⊥

i , x⊥
j )/[‖x⊥

i ‖‖x⊥
j ‖].

Example 11.3.2 Let x1 = (1, 1, 1, 1, 1)T, x2 = (1, 1, 1, 0, 0)T, x3 = (1, 0, 1, 0,

1)T, V = L(x1, x2, x3), V2 = L(x1, x2). V is spanned by x2 and w =
x1 − x2 = (0, 0, 0, 1, 1)T and w ⊥ x2. Thus, p(x3 | V2) = (2/3)x2 + (1/2)w =
(1/6)(4, 4, 4, 3, 3)T and x⊥

3 = x3 − p(x3 | V2) = (1/6)(2, −4, 2, −3, 3)T. Thus,
�̂3 = (1/6)(2Y1 − 4Y2 + 2Y3 − 3Y4 + 3Y5)/(7/6) and Var(�̂3) = 
2/‖x⊥

3 ‖2 =

2/(7/6) = (6/7)
2.

Distributions of PV Y and ‖PV Y‖2 when Y ∼ Nn�, 
2In)

Suppose for this discussion that � is any n-component vector of constants and that V
is any subspace of Rn of dimension k. Suppose that Y ∼ Nn(�,
2In). There exists an
orthogonal basis of length-1 vectors a1, . . . , ak spanning V . Let A be the n × k ma-
trix (a1, . . . , ak). Then ATA = Ik . Unless k = n, A is singular and does not have
an inverse. PV = A(ATA)−1AT = AAT. Thus, Ŷ ≡ PV Y = AATY =∑k

j=1 a j b j ,

where b j = (a j , Y), the inner product of a j and Y. E(Ŷ) = PV �, and Cov(Ŷ) =
PV (
2In)PT

V = 
2PV . If Y has a multivariate normal distribution, so does Ŷ. Thus,
Ŷ ∼ Nn(PV �,
2PV ).

‖Ŷ‖2 =∑k
j=1 b2

j‖a j‖2 =∑k
j=1 b2

j . We have made use of the orthogonality of
the a j and the Pythagorean theorem. The column vector b = (b1, . . . , bk)T =
ATY ∼Nk(AT�, AA
2 = Ik
2). That is, the b j are uncorrelated and therefore inde-

pendent, each with variance 
2. It follows by Definition 9.3.1 that ‖Ŷ‖2
/
2 ∼ � 2

k (�),
with � = ‖AAT�‖2/
2 = ‖PV �‖2/
2. If � ⊥ V, � = 0, so that Ŷ‖2/
2 has the cen-
tral chi-square distribution with k degrees of freedom. Let V1 and V2 be orthogonal
subspaces (every pair of vectors v1 ∈ V1 and v2 ∈ V2, is orthogonal) of dimensions
k1 and k2. Let Ŷ1 and Ŷ2 be the projections of Y onto V1 and V2. Letting A1 and
A2 be the corresponding n × k1 and n × k2 matrices defined for V1 and V2 as A was
defined for V . Then Cov(Ŷ1, Ŷ2) = Cov(A1AT

1 Y, A2AT
2 Y) = A1 AT

1 A2 AT
2 
2 = 0,

where 0 is the n × n matrix of all zeros. Thus, under the MV normal model, Ŷ1

and Ŷ2 are independent random vectors, and the squared lengths ||Ŷ1||2 and ||Ŷ2||2
are independent random variables. We exploit this when we consider F-tests on the
vector 
.
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Example 11.3.3 Let Y11, . . . , Y1n1 be a random sample from N(	1, 
2) and let
Y21, . . . , Y2n1 be a random sample from N(	2, 
2). Suppose that the Y1i and Y2 j are
independent. Let Y be the n = n1 + n2 component vector of Yi j , with the Y1i written
first. Let x1 and x2 be the indicators of the first n1 and last n2 components. Then
E(Y) ≡ � = 	1 x1 + 	2 x2, and by letting ε = Y − �, we have the linear model
Y = � + 	, with ε ∼ Nn( 0, 
2 In). The least squares estimators of 	1 and 	2 are
Y 1·, the mean of the Y1i , and Y 2·, the mean of the Y2 j . Then Ŷ = Y 1· x1 + Y 2· x2

and Error SSqs =∑n1
i=1(Y1 j − Y 1·)2 +∑n2

j=1(Y2 j − Y 2·)2, which is independent

of the pair (Y 1·, Y 2·). S2 = (Error SSqs)/(n − 2) is called the pooled estimator
of 
2.

Confidence Intervals on � = c1�1 + · · · + ck�k Let c1, . . . , ck be constants, spec-
ified by the person who wishes to analyze the data. For example, for Example 11.3.1
we might be interested in � = 	1 − 	2, so that c1 = 1, c2 = −1. For simple linear
regression we might be particularly interested in the value of the regression function
g(x) = �0 + �1x for x = x0, a specified point. In this case, changing the subscript
notation slightly, c0 = 1, c1 = x0, so that � = c0�0 + c1 �1 = g(x0).

Letting c = (c1, . . . , ck)T, � = cT
. The least squares estimator of � is then
�̂ = cT
̂. Since this is a linear function of 
̂, �̂ is an unbiased estimator of �,
with Var(�̂) = cT Cov (
̂)c = h(c)
2, where h(c) = cT(XTX)−1c. We can determine
CIs on � as follows. Z = (�̂ − �)/

√

2h(c) ∼ N(0, 1). U ≡ �S2/
2 ∼ � 2

� , where
� = n − k. In addition, 
̂ and S2 are independent, so that Z and U are independent.
It follows that T = Z/

√
U/� = (�̂ − �)/

√
S2h(c) ∼ t�, Student’s t-distribution for

� degrees of freedom. From this it follows that [�̂ ± t(1+� )/2

√
S2h(c)] is a 100�% CI

on �.

Example 11.3.4 Consider the simple linear regression model Yi = �0 + �1xi +
εi , where the εi are independent, N(0, 
2) (see Figure 11.3.1). Letting x∗

i = xi − x̄ and
�0 = �0 − �1 x̄, Yi = �0 + �1x∗

i + εi . The least squares estimator of the pair (�0, �1)
is (Y , 
̂1), where 
̂1 = Sxy/Sxx . Since the vectors Jn (all 1’s) and x∗ of x∗

i ’s are
orthogonal, Y and �̂1 are independent. Suppose that we wish to estimate the value of
the regression function g(x) = �0 + �1x = �0 + �1(x − x̄) at a point x = x0, chosen
by the data analyst. Then g(x0) = �0 + �1(x0 − x̄) = c0�0 + c1�1 for c0 = 1, c1 =
x0 − x . The least squares estimator of � = g(x0) is �̂ = cT
̂ = ĝ(x0) = Y + �̂1(x0 −
x). Var(�̂) = 
2 Var(Y ) + (x0 − x̄)2 Var(�̂1) = 
2[1/n + (x0 − x̄)2/Sxx ] = 
2h(c).
Call h(c) (the term in brackets) h∗(x0). Thus, [ĝ(x0) ± t(1+� )/2

√
S2h∗(x0)] is a 100�%

CI on g(x0) = �0 + �1x0.
Notice that the widths of the CIs, being a multiple of

√
h∗(x0), become larger

as (x0 − x)2 increases (i.e., the distance of x0 to the center of the data increases).
These intervals are not simultaneous. That is, if I (x0) is the interval for g(x0), then
P(I (x0) ∈ g(x0)) = � . We are not saying that P(I (x0) ∈ g(x0) for all x0) = � . The
probability that the event A(x0) = [I (x0) ∈ g(x0)] is � , but the probability of the
intersection of all these A(x0) is smaller.
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Estimate of Regression Line: y =  29.03 -1.8 x

Estimate of sigma =  4.875

Correlation Coefficient =  -0.746

Standard Error of beta1hat =  0.38

FIGURE 11.3.1 True regression line, data points, least squares line, and 95% confidence intervals.

Example 11.3.5 Consider the height data of Example 11.2.2 for the 129 male
students. Let Yi be the height for the ith student, and let x1i and x2i be the heights
of his father and mother. Suppose that Yi = �0 + �1x1i + �2x2i + εi , where the εi

are independent, N(0, 
2). S-Plus was used to fit the model, using the command
“hgtanalysis = lm(y ∼ x1 + x2)′′ (S-Plus doesn’t like subscripts). The author chose
the name “hgtanalysis.” Here y, x1, and x2 are vectors of length 129. The function “lm”
adds the vector J of all 1’s automatically unless told not to. The result “hgtanalysis” in
S-Plus language is a “list,” a collection of results of the least squares fit, including the
(�̂’s , the vector of fitted values ŷ, and the residual vector e = y − ŷ. The matrix M
of inner products among the vectors J, x1, x2 is given in Example 11.2.2. Its inverse
is

⎛⎝ 46, 481 −107.2 −170.8
−107.2 1.116 0.525
−170.8 0.525 1.604

⎞⎠× 10−4.

“hgtanalysis$coef” is the least squares estimate of beta: (43.05869, 0.4310,
0.3617)T. The error SSqs is ||e||2 = 5711.029, S2 = 5711.029/(129 − 3) = 45.320.
The estimate of Cov(
̂) is S2M−1. We might be interested in comparing �1

and �2. Let � = �1 − �2 = cT�, where cT = (0, 1, −1). Then (�̂ = cT� = �̂1 −
�̂2 = 0.0593. The estimate of Var(�̂) is S2(�̂) = cTM−1cS2 = [1.116 + 1.604 +
2(0.525)](10−4)(45.320) = 0.01708, so that the 95% CI of � is [0.0593 ±
(1.979)(0.1307)] = [0.0593 ± 0.2586]. Since this interval includes zero, we cannot
conclude that �1 and �2 differ.
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We might ask whether the coefficients of the father’s height �1m for the
males and �1 f for the females differ. The estimate of Var(�̂1m) is S2(�̂1m) =
S2

m(1.116)(10−4) = 0.00508. Similar computation for the female data gives
S2(�̂1 f ) = 0.00825. Since the estimators for males and females are independent,
we get S2(�̂1m − �̂1 f ) = 0.00506 + 0.00825 = 0.01331, so that the 95% CI on
�1m − �1 f is [�̂1m − �̂1 f ± 1.96S(�̂1m − �̂1 f )] = [(0.4310 − 0.2012) ± 0.2261] =
[0.2298 ± 0.2261]. Since the interval does not include zero, a two-sided test of
�1m = �1 f rejects at level 0.05, with a p-value just a bit less than 0.05. Later we
test the null hypothesis that both �1m − �1 f = 0 and �2m − �2 f = 0. We need more
theory.

The Gauss–Markov Theorem

Suppose that Y = X
 + 	, with E(	) = 0, Cov(	) = 
2In . The least squares es-
timator of � = c1�1 + · · · + ck�k = cT
 is �̂ = cT
̂ = cTM−1XT Y = aTY, where
a = XM−1c. �̂ is unbiased, linear in Y, with variance ||a||2
2 = cT M−1c
2. Are
there other linear unbiased esimators with smaller variance? For example, if d
is a vector orthogonal to the subspace V spanned by the columns of X, then
E((a + d)TY) = (a + d)TX
 = aTX
 = �, so that �̂ ≡ (a + d)TY is another linear
unbiased estimator of �. Does it have smaller variance than �̂? The answer is no, as
shown by the famous Gauss–Markov theorem.

The Gauss–Markov Theorem Suppose that Y = X
 + 	, with E(	) =
0, Cov(	) = 
2In , where X has rank k. Let � = cT
. Let �̂ = cT 
̂ =
cTM−1XT Y = aTY be the least squares estimator of � , where a = XM−1c. Let
�̂∗ = hT Y be any linear unbiased estimator of �. Then Var(�̂∗) ≥ Var(�̂), with equal-
ity only if h = a, so that �̂∗ = �̂ for all Y.

Comments: Since �̂ is the best linear unbiased estimator of �, it is called the BLUE
for �.

Proof: Since E(�̂∗) = hT X
 = cT
 for all 
, it follows that hTX = cT and
XTh = c. That is, linear unbiased estimators hT Y of � have inner products c with
the columns of X; equivalently, a and h have the same inner products with every
vector in the column space V of X. The vector a lies in V . Since d = h − a has
inner products zero with all vectors in V , and a lies in V , a is the orthogonal projec-
tion of h onto V. Thus, h = a + d, with a ⊥ d. Therefore, Var(�̂∗) = ||h||2 
2 =
(||a||2 + ||d||2)
2 = Var(�̂) + Var(dTY), so that Var(�̂∗) ≥ Var(�̂), with equality
only if d = h − a = 0 (i.e., �̂∗ = �̂ for all Y).

Comments: As shown by the proof, every linear unbiased estimator �̂∗ of � is the
sum of �̂ and an unbiased estimator dTY of zero which has covariance zero with �̂.

This “part” of �̂∗ contributes nothing toward the estimation of � except variability:
“noise.”
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Problems for Section 11.3

11.3.1 Let Yi = �xi + εi for i = 1, . . . , n, for constants, εi ∼ N(0, 
2), the εi in-
dependent.

(a) Give a formula for a 100�% confidence interval on �. Apply it for n = 3,
with (xi , Yi ) pairs: (1, 1), (2, 3), (3, 7).

(b) Let g(x) = �x . Determine two functions U (x0, Y, x) and L(x0, Y, x),
where Y and x are three-component vectors, such that P(L(x0, Y, x) ≤
g(x0) ≤ U (x0, Y, x)) = 0.95 for each x0. Graph L and U as functions
of x0 for Y and x as in part (a).

11.3.2 The t-statistic for a test of H0 : �1 = 0 for the simple linear regression model
is T = �̂1/S(�̂1). Express the correlation coefficient r = Sxy/

√
Sxx Syy in

terms of T and n. Then express T as a function of n and r .

11.3.3 Let x1 = (1, 1, 0, 1, 1)T, x2 = (1, 2, 3, 4, 5)T, y = (6, 6, 6, 10, 14)T. For the
model Y = � + ε, with � = �1x1 + �2x2, 	 ∼ N5(0, 
2 I5), Y = y:

(a) Find the least squares estimate �̂ of � and the estimates ŷ = �̂ of �, S2

of 
2.

(b) Find a 95% confidence interval on � ≡ 2�1 − �2.

(c) Determine the vector a such that aTY = �̂. Find a vector h such that �̂∗ =
hTY is an unbiased estimator of � . Show that (h − a) ⊥ V = L(x1, x2),
the subspace spanned by x1 and x2, and that Var(�̂∗) = Var(�̂) + ||h −
a||2
2.

11.3.4 Let Yi j ∼ N(	i , 
2) for j = 1, . . . , ni for i = 1, 2, 3, with n1 = 2, n2 =
3, n3 = 2, with all seven Yi j independent. This is called the model for a
one-way layout or for one-way analysis of variance.

(a) Define seven component vectors Y, x1, x2, x3, 	 so that Y = 	1x1 +
	2x2 + 	3x3 + 	, with 	 ∼ N7(0, 
2I7).

(b) Give nonmatrix formulas for the least squares estimators of the 	i . Ap-
ply the formulas to the following data: Y11 = 5, Y12 = 9, Y21 = 8, Y22 =
12, Y23 = 10, Y31 = 12, Y32 = 14.

(c) Give a nonmatrix formula for S2. Determine the value for the data in
part (b).

(d) Let �23 = 	2 − 	3. For the data in part (b) find a 95% confidence interval
I23 on �23 .

Also determine a 95% CI I13 on �13 = 	1 − 	3. What can you say
about P(�13 ∈ I13, �23 ∈ I23)? (Here I13 and I23 are the random inter-
vals given by the method, so that they depend on the random vector
Y. As is common in statistical inference, we have used the same nota-
tion for both the random intervals and for the intervals obtained for the
observed Y.)
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(e) For the data of part (b) find the multiple correlation coefficient R of Y
with x1, x2, x3. Give a nonmatrix formula for R that would apply for
any values of n1, n2, n3. What properties would the Yi j have to satisfy
in order to have R = 1?R = 0?

11.3.5 For the data of Problem 11.2.7 (b), with the usual linear model with normally
distributed errors, find a 95% CI on � = �1 − �2.

11.3.6 Consider two hybrids of corn, 1 and 2. N = m + n plots of land are available
for planting. m of these are randomly chosen to be planted with hybrid 1 seed.
The other n receive hybrid 2 seed. A fertility measurement xi j is made on
the j th plot receiving hybrid i seed. The yield in kilograms of corn is then
Yi j . Let Y be the N -component vector (Y11, . . . , Y1m, Y21, . . . , Y2n), and let
x be the corresponding vector of xi j . Let w1 and w2 be indicator vectors
for the first m and last n components, those corresponding to hybrids 1
and 2. Then a reasonable model is Yi j = �i + �3xi j + 	i j , where the 	i j

are independent, each N(0, 
2) . In vector form this is Y = �1w1 + �2w2 +
�3x + 	. Find x⊥ = x − p(x |L(w1, w2)), then use x⊥ to give a nonmatrix
formula for �̂3 and for Var(�̂3). Also give formulas for �̂1 and �̂2 and their
variances.

11.3.7 Let x1 = (1, 0, 0), u = (0, 0, 1), x2 = x1 + �u, v = L(x1, x2). Suppose
that Y = �1x1 + �2x2 + 	, where E(	) = 0, and Cov(	) = 
2I3. Find
x⊥

1 , x⊥
2 , ||x⊥

1 ||2, ||x⊥
2 ||2, (x⊥

1 , x⊥
2 ), Var(
̂1), Var(
̂2), Cov(
̂1, 
̂2), and

� (
̂1, 
̂2). What happens to the variances and the correlation coefficient as
� → 0 or � → ∞?

11.3.8 During the 2005–2006 season the 30 National Hockey League (NHL) teams
each played 82 games. Their goals scored per game (x1), goals scored against
(x2), wins, losses, ties, and percentage of points (y) are given in Table 11.3.8.
The NHL uses a rather strange system for deciding whether a game
is a win or a tie. Games between teams A and B that end with the
score tied in regulation time, with team A scoring an extra goal in over-
time, become wins for A, ties for B. Two points are awarded for a win,
one point for a tie. The percentage is 100 (no. points)/[2 (no. games
played)].

(a) Fit a multiple regression model for y versus x1 and x2. Use a constant
term.

(b) Find the multiple correlation coefficient R.

(c) Let �1 and �2 be the coefficients of x1 and x2. Find a 95% confidence
interval on � = �1 + �2. Show that � = 0 (goals made are equally im-
portant with goals given up) corresponds to a simple linear regression
model.
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TABLE 11.3.8 NHL Data

Team x1 x2 Wins Losses Ties y

Detroit 3.67 2.51 58 16 8 75.6
Ottowa 3.80 2.50 52 21 9 68.9
Carolina 3.49 3.15 52 22 8 68.3
Dallas 3.08 2.65 53 23 6 68.3
Buffalo 3.37 2.85 52 24 6 67.1
Nashville 3.08 2.73 49 25 8 64.6
Calgary 2.63 2.35 46 25 11 62.8
New Jersey 2.84 2.74 46 27 9 61.6
Philadelphia 3.21 3.08 45 26 11 61.6
NY Rangers 3.05 2.57 44 26 12 61.0
San Jose 3.23 2.87 44 27 11 60.4
Anaheim 3.06 2.71 43 27 12 59.8
Colorado 3.42 3.06 43 30 9 57.9
Edmonton 3.04 2.95 41 28 13 57.9
Montreal 2.94 2.98 42 31 9 56.7
Tampa Bay 3.00 3.12 43 33 6 56.1
Vancouver 3.07 3.06 42 32 8 56.1
Toronto 3.10 3.21 41 33 8 54.9
Atlanta 3.37 3.29 41 33 8 54.9
Los Angeles 2.96 3.28 42 35 5 54.3
Florida 2.88 3.07 37 34 11 51.8
Minnesota 2.76 2.58 38 36 8 51.2
Phoenix 2.95 3.27 38 39 5 49.4
NY Islanders 2.70 3.35 36 40 6 47.6
Boston 2.78 3.15 29 37 16 45.1
Columbus 2.62 3.37 35 43 4 45.1
Washington 2.80 3.66 29 41 12 42.7
Chicago 2.55 3.40 26 43 13 39.6
Pittsburgh 2.96 3.78 22 46 14 35.4
St. Louis 2.35 3.46 21 46 15 34.8

11.4 F-TESTS FOR H0 : � = 
1 X1+ · · · + 
K XK ∈ V0, A SUBSPACE OF V

Let V0 be a subspace of V = L(x1, . . . , xk), the subspace spanned by x1, . . . , xk of
dimension k0 < k. Often, V0 is defined by V0 = {v | v = X
, C
 = 0}, where C is
a (k − k0) × k matrix of constants of rank r = k − k0 chosen by the statistician or
analyst. For example, for the one-way layout of Problem 11.3.4, we might wish to test
H0 : 	1 = 	2 = 	3 versus Ha :H0 not true. H0 is equivalent to � = E(Y) = 	1Jn for
some parameter 	1, that � ∈ L(Jn), the one-dimensional subspace of all vectors with
all components the same. For another example, suppose that we observe n (xi , Yi )
pairs and wish to consider the cubic model with E(Yi ) = �0 + �1xi + �2x2

i + �3x3
i ,

equivalently, Y =∑3
j=0 � j x j + 	, where x j has ith component x j

i . We might wish
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FIGURE 11.4.1 Subspaces V, V0, V1 = V ∩ V⊥
0 and corresponding projections.

to test H0 : �2 = �3 = 0, equivalently, that E(Y) = � ∈ V0, the subspace spanned by
x0 (the vector of all 1’s) and x1.

Let Ŷ = p(Y | V ) and Ŷ0 = p(Y | V0) (see Figure 11.4.1). Since (Y, v) = (Ŷ, v)
for all v ∈ V , and (Ŷ, v) = (Ŷ0, v) for all v ∈ V0, it follows that p(Ŷ | V0) = Ŷ0 for all
possible Y. It should seem intuitively clear that whenever H0 is not true, ||Ŷ − Ŷ0||2
should tend to be large. Ŷ1 ≡ Ŷ − Ŷ0 is the projection of Y on the subspace
V1 ≡ V ∩ V ⊥

0 , the collection of vectors in V that are orthogonal to V0. The dimension
of V1 is k − k0 ≡ k1. Let �0 = p(� | V0) and �1 ≡ p(� | V1) = � − �0. From Section
9.3 we know that Q1 ≡ ||Ŷ1||2/
2 ∼ � 2

k1
(�), where � = ||� − �0||2/
2 = ||�1||2/
2.

Also from Section 9.3 we know that e ≡ Y − Ŷ = p(Y | V ⊥) and Ŷ, being pro-
jections on orthogonal subspaces, are independent random vectors. It follows that
Q1 and Q2 ≡ ||e||2/
2 are independent. Since Q2 ∼ � 2

n−k, and S2 = ||e||2/(n − k),
it follows that F ≡ [Q1/(k − k0)]/[Q2/(n − k)] = [||Ŷ1||2/(k − k0)]/S2 ∼ F(k −
k0, n − k; �), where � = ||�1||2/
2.

Under the null hypothesis H0 : � ∈ V0, equivalently, � = 0, F has the central F-
distribution with k − k0 and n − k degrees of freedom. Thus, the test that rejects for
F > F1−�(k − k0, n − k) ≡ F1−� is an �-level test. The test that rejects H0 for large
F is a likelihood ratio test (see Problem 11.4.4).

Figure 11.4.1 tells the story. The F-statistic is the ratio of the squared lengths of
the vectors Ŷ1 and e = Y − Ŷ, each divided by the dimension of their corresponding
subspace.

Example 11.4.1 (One-Way Analysis of Variance) Suppose that a crop scientist
wished to compare the yields among three hybrids of corn: C1, C2, and C3.C1 was the
standard hybrid, used on most of the farms in that county. The scientist had a 12-acre
field available for growing the corn. He decided to plant 5 acres with C1, 4 with C2,
and 3 with C3. These were assigned randomly to the 12 acres so that the experimental
design was completely randomized. The yields in bushels for the 12 one-acre plots
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were:

C1: 131, 158, 125, 141, 141 sample mean = 139.2
C2: 144, 142, 199, 203 sample mean = 172.0
C3: 225, 230, 170 sample mean = 208.3

It seems that yields are highest for C3, lowest for C1. But this may be due to
chance. How can we determine whether the differences are due to chance fluctuation?
This is often the statistician’s job—to separate real effects from “noise.” We need a
model.

Model for One-Way Analysis of Variance

Suppose that for i = 1, 2, . . . , k, Yi1, . . . , Yini is a random sample from N(	i , 
2) and
that all n = n1 + · · · + nk Yi j are independent. For the example above, k = 3, n1 =
5, n2 = 4, n3 = 3. Define Y to be n-component vector of Yi j ’s, ordered in dictionary
order with the Y1 j first, Ykj last. Define xi to be an n-component vector that indicates
the components of Yi j . Thus, xi has ni ones, n − ni zeros. For the example above,
x2 has 12 components. The first five and last three are zero. The sixth through ninth
components are 1. In general, the k xi are mutually orthogonal, and ||xi ||2 = ni .

Let εi j = Yi j − 	i . Then the εi j are independent, and εi j ∼ N(0, 
2). By defining
	 as the corresponding n-component vector, using the same ordering as for Y, we can
write the model in standard linear form:

Y = � + 	, where � = 	1x1 + · · · + 	kxk ∈ V = L(x1, . . . , xk).

Since the xi are mutually orthogonal, the least squares esimator of 	i is
	̂i = xT

i Y/||xi ||2 =∑ni
j=1 Yi j/ni ≡ Y i . Then Ŷ =∑k

i=1 Ȳi .xi . The residual vector

e = Y − Ŷ has components Yi j − Y i .. Its squared length is: Error sum of squares
= SSE = ||e||2 =∑i j e2

i j =∑i j (Yi j − Y i .)2. By the theory of Section 11.4, S2 ≡
||e||2/(n − k) is an unbiased estimator of 
2. This follows from the model E(Y) ∈ V
and Cov(Y) = 
2In , and does not depend on normality. If Y has the MV-normal
distribution, then ||e||2/
2 ∼ � 2

n−k , equivalently S2(n − k)/
2 ∼ � 2
n−k . In addition,

the vector of sample means and S2 are independent. Suppose now that we wish to
test H0 : 	1 = · · · = 	k .H0 is equivalent to E(Y) = � =∑k

i=1 	1xi = 	1x0, where
x0 =∑k

i=1 xi is the vector of all 1’s. Thus, under H0, � lies in the one-dimensional
subspace V0 spanned by x0. The projection of Y onto V0 is Ŷ0 = Y ..x0, where Y .. ≡∑

i j Yi j/n, the grand mean. It follows that ||Y − Ŷ0||2, usually called the Corrected

Total sum of squares, or simply the Total sum of squares, is
∑

i j (Yi j − Y )2 ≡ SST. Fi-

nally, the Among means sum of squares ≡ SSA = ||Ŷ − Ŷ0||2 =∑i ni (Y i . − Y ..)2.
The projection of the mean vector � may be determined by substituting � for Y

in the formula for Ŷ0. Thus, �0≡p(� | V0) = 	x0, so that E(SSA) = (k − 1)
2 +∑
i ni (	 − 	)2. Finally, SSA/
2 ∼ � 2

k−1(�) with � =∑i ni (	i − 	)2/
2. It follows
from the definition of the F-distribution that F ≡ [SSA/(k − 1)]/S2 ∼ F(k − 1, n −
k) when H0 holds. We should reject H0 at level � when F > F1−�(k − 1, n − k).



OTE/SPH OTE/SPH

JWDD073-11 October 22, 2007 15:17 Char Count= 0

302 linear statistical models

TABLE 11.4.1 Analysis of Variance

Degrees of Sum of Mean Expected
Source Subspace Freedom Squares Square F Mean Square

Among
means

V1 = V ∪ V ⊥
0 k − 1 = 9 90, 987.45 4, 543.72 6.575 
2(1 + �)/9

Error V ⊥ n − k = 9 6,219.47 691.05 
2

Corr. total V ⊥
0 n − 1 15,306.92

Example 11.4.1 Continued For the data of Example 11.4.1, computations us-
ing S-Plus provided sample means Y i . : 139.20, 172.00, 208.33, Y .. = 167.42. The
sums of squares were: SST = 15, 306.92, SSA = 90, 987.45, SSE = 6219.47 (Ta-
ble 11.4.1). The computations were done by defining X as the 12 × 3 matrix consisting
of columns x1, x2, and x3 (Table 11.4.2).

The analysis-of-variance table could have been produced easily using S-Plus:

> C = as.factor(c( rep(“ C1”, 5), rep(“ C2”, 4), rep(“ C3”, 3)))
# The quotation marks around C1, C2, C3 tell S-Plus that the values of the
#components of C should be treated as “factors” (names), not numbers.
> C
[1] C1 C1 C1 C1 C1 C2 C2 C2 C2 C3 C3 C3
C is then a vector of factor names. The numbers 1, 1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3 could
have been used as components of C if they had been defined as factors. For example,
with C = as.factor(rep(1:3,c(4,4,4))

> a = aov( y ∼ C)

TABLE 11.4.2

x1 x2 x3 Y Ŷ Ŷ0 e = Y − Ŷ

1 0 0 131 139.20 167.42 −8.20
1 0 0 158 139.20 167.42 18.80
1 0 0 125 139.20 167.42 −14.20
1 0 0 141 139.20 167.42 1.80
1 0 0 141 139.20 167.42 1.80
0 1 0 144 172.00 167.42 −28.00
0 1 0 142 172.00 167.42 −30.00
0 1 0 199 172.00 167.42 27.00
0 1 0 203 172.00 167.42 31.00
0 0 1 225 208.33 167.42 16.67
0 0 1 230 208.33 167.42 21.67
0 0 1 170 208.33 167.42 −38.33
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We used the name “a.” Any other name (other than the names of S-Plus functions)
could have been used.

> summary(a)

Df Sum of Sq Mean Sq F Value Pr(F)

C 2 9087.450 4543.725 6.575085 0.01737378
Residuals 9 6219.467 691.052

The observed p-value for F is 0.0174, so that for any chosen � > 0.0174, H0 is
rejected.

A Short SAS Program

DATA CornExample;
INPUT Hybrid $ Yield @ @;
DATALINES; C1 131 C1 158 C1 125 C1 141 C1 141 C2 144 C2 142
C2 199 C2 203 C3 225 C3 230 C3 170 ;
PROC GLM;
Class Hybrid;
MODEL Yield = Hybrid;
run;

SAS Output

The SAS System 16:19 Monday, February 23, 2004 10
The GLM Procedure

Dependent Variable: Yield
Source DF Sum of Squares Mean Square F Value Pr > F
Model 2 9087.45000 4543.72500 6.58 0.0174
Error 9 6219.46667 691.05185

Corrected 11 15306.91667

Total

R-Square Coeff Var Root MSE Yield Mean
0.593683 15.70206 26.28787 167.4167

R-Square is SSA/SST = 9087.45/15306.92 = 0.5936 = proportion of variation
in Y explained by the hybrid variable.

We might be interested in comparing the three sample means by finding
confidence intervals on �i j = 	i − 	 j for pairs i < j . Since �̂i j = Y i · − Y j · ∼
N(�i j , 
2(1/ni + 1/n j )), 95% confidence intervals are given by Ii j = [Y i · − Y j · ±
t9,0.975S

√
1/ni + 1/n j ] . That is, P(�i j ∈ Ii j ) = 0.95. However, P(�i j ∈ Ii j for all

i �= j) < 0.95. We can say that this last probability is at least 1 − 3(0.05) = 0.85. If
we wish the three confidence intervals to be true simultaneously, t9,0.975 may be re-
placed by

√
(k − 1)F0.95(k − 1, n − k) = √

2F0.95(2, 9). The resulting intervals, due
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FIGURE 11.4.2 Power function for the F-test for equality of means.

to Henry Scheffé, are called Scheffé simultaneous confidence intervals. A proof is not
given here. A simultaneous method that provides shorter intervals on the �i j is due
to John Tukey. See the text by Stapleton (1995) on linear models.

The corn data of Example 11.4.1 were produced in a computer using
	1 = 150, 	2 = 170, 	3 = 190, 
 = 20. The power function for the � = 0.05 level
test is � (�) = P(F > F0.95(2, 9) | �). Since 	̄ = [5(150) + 4(170) + 3(190)]/12 =
2000/12 = 166.67, � = [(150 − 166.67)2(5) + (170 − 166.67)2(4) + (190 −
166.67)2]/400 = 7.67 (see Figure 11.4.2). Since F0.95(2, 9) = 4.256 and using the S-
Plus command “1 − p f (4.256, 2, 9, 7.667),” we get power 0.541. We were lucky this
time in that we made the correct decision for any � > 0.0174. If we multiply the sam-
ple sizes by 2, so that � becomes 15.33, the resulting power is 0.844. Multiplying by 3
increases power to 0.956. Such considerations can help in the design of an experiment.

For those without access to such functions as “qf” and “pf” in S-plus, which
determine quantiles and cumulative probability values for the noncentral chi-square
distribution, Pearson–Hartley charts may be used (see the appendix tables). Power
is given for specified numerator and denominator degrees of freedom �1 and �2 for
� = 0.05 and 0.01 for each value of � = √

�/(v1 + 1). For the corn example with
� = 0.05, �1 = 2, �2 = 9, � = 7.667, � = 1.599, we read power approximately 0.54.
Trial and error can be used to determine the sample sizes necessary to achieve a given
power for specified values of the 	i and 
 .

Example 11.4.2 (Testing for Linearity of a Regression Function) Suppose
that for 0 ≤ x ≤ 10, E(Y | x) = g(x) = 15 + x2. Suppose that we observe Yi j =
g(xi j ) + εi j for i = 1, 2, . . . , 20, where xi j = i, εi j ∼ N(g(xi j ), 
2 = 9) for j =
1, 2, i = 1, 2, . . . , 10, with the εi j independent. That is, we have two observations
on Y at each point x = 1, 2, . . . , 10, and the distribution of Y , given x is N (g(x), 9).
In practice we would not know the form of the regression function and might assume,
for example, that the regression function is linear, of the form h(x) = �0 + �1x .
Assuming a full model for which g(x) may be any function of x , let us (1) test
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FIGURE 11.4.3 Straight-line estimates of a quadratic regression function.

H0:g(x) is linear, and (2) measure the harm, or good, done by assuming that g(x) is
linear.

Figure 11.4.3 contains four plots of g(x) together with 20 (x, Y ) pairs. The plot
on the upper left also shows h(x) = 4 + 5.5x , the linear approximation of g(x). The
plot on the upper right again shows g(x), together with the same (x, Y ) points and the
least squares linear estimate of h(x) corresponding to these (x, Y ). The last two plots
repeat the second plot for new randomly generated Yi , the same xi ·.

The full model, which allows g(x) to be any function of x , is equivalent to the
model for one-way analysis of variance. That is, if we define 	i = g(xi1) = g(xi2),
then Yi j ∼ N(	i , 
2). Then error SSqs under this full model is given by the formula
developed for one-way analysis of variance. In this case of two observations for
each of the 10 different x-values SSEF M =∑10

i=1(Yi1 − Yi2)2/2. Under H0 : g(x)
is linear, Error SSqs is SSE0 = Syy − S2

xy/Sxx , as defined in Section 11.2. The
F-statistic is therefore F = [(SSE0 − SSEF M )/(k − 2)]/S2, where k = 10. Under
H0, F ∼ F(k − 2 = 8, n − k = 20 − 10 = 10). The noncentrality parameter � may
be obtained by determining the numerator SSqs for the case that � = E(Y ) replaces
Y. For �, SSEF M = 0 and SSE0 = S�� − S2

x�/Sxx . For x and � as given here, we
get S�� = 5525.25, Sx� = 907.5, Sxx = 165, SSE0 = 264, � = 264/9 = 29.33. The
F-test rejects for F > F0.95(8, 10) = 3.072. The power is therefore P(F >

3.072 | � = 29.333) = 0.798.
Figure 11.4.4 indicates the results of 2000 repetitions of the experiment described.

For the given parameters SSE/9 ∼ � 2
10, (SSE0 − SSE)/9 ∼ � 2

8 (� = 29.33), the pairs
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FIGURE 11.4.4 Results of 2000 analyses of variance.

(SSE, SSE0 − SSE) are independent and F ∼ F(8, 10, �). The appropriate, chi-
square, noncentral chi-square, and noncentral F-densities are plotted with the his-
tograms, giving good approximations in each case. Of the 2000 F-statistics, 1595
exceeded F0.95(8, 10), so the empirical evidence produced by the simulations is con-
sistent with the power 0.798. In fact, the agreement seems almost too good. The reader
will have to trust the author that these simulations were “honest.” The histogram of
F-statistics was improved a bit by omitting five values exceeding 30.

Problems for Section 11.4

11.4.1 Consider the following vectors, each with five components:
x1 = (1, 1, 1, 1, 1)T, x2 = (1, 1, 1, 0, 0)T, x3 = (3, 1, 2, 1, 3)T, Y =
(18, 8, 13, 8, 14)T.

(a) For the model Y = � + ε, for � = �1x1 + �2x2 + �3x3, find the least
squares estimates of 
 = (�1, �2, �3)T and of �. Hint: To simplify com-
putations, first express vectors in V = L(x1, x2, x3) in terms of conve-
nient multiples of x∗

i = xi − p(xi |x1) for i = 2, 3. The estimates of 

and � consist entirely of integers.

(b) Find the residual vector e and S2.

(c) Find a 95% CI on � = �1 + 2�2 − �3.

(d) Find the F-statistic for H0 : �1 = �2 = �3. Test H0 at level � = 0.10.
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(e) Find the noncentrality parameter for the F-statistic of part (d) for the
case that �1 = 2.4, �2 = 3.5, �3 = 4.5, 
 = 2.

11.4.2 (a) Determine the analysis-of-variance table for the following data.
Treatment 1: 3, 5, 7
Treatment 2: 10, 12, 16, 14
Treatment 3: 12, 16
Treatment 4: 6, 8, 14, 10, 9

(b) Test the null hypothesis H0 that the means 	i are equal for i = 1, . . . , 4,
assuming the usual model with normally distributed independent errors,
equal variances.

(c) Find a 95% CI on � = 	2 − (	1 + 	3 + 	4)/3. Since the coefficients
of the 	i sum to zero, � is called a contrast on the 	i .

11.4.3 Let Y = X
 + 	, where X is an n × k matrix of constants of rank k. X is
called a design matrix. Suppose that 	 ∼ Nn(0, 
2In). For 1 ≤ k0 < k, let C
be a r × k matrix of rank r . Suppose that we wish to test H0 : C
 = 0.

(a) Define a subspace V0 of V = (column space of X) so that H0 is equiva-
lent to � = X� ∈ V0. Hint: Express 
 in terms of X and �.

(b) Let V1 = V ∩ V ⊥
0 . Express Ŷ1 = p(Y | V1) and SSE0 − SSE = ||Ŷ1||2

in terms of X, C, and 
̂, where SSE0 = ‖Y − p(Y|V0)|)2.

(c) Determine a matrix C (there are an infinity of choices) for Problem
11.4.1 (d) and use the formula you obtained in part (b) to determine
SSE0 − SSE. Verify that it has the same value that you obtained in
Problem 11.4.1 (b).

11.4.4 Show that the likelihood ratio test of H0 : � ∈ V0 for the model of Problem
11.4.3 rejects for large F .

11.4.5 Suppose that the model of Problem 11.4.3 holds with k ≥ 2. Let the first
column of X be the vector of all 1’s.

(a) Let F be the F-statistic for the test of H0 : �2 = · · · = �k = 0. Let R
be the multiple correlation coefficient for Y with respect to x2, . . . , xk .
Show that F = [(n − k)/(k − 1)][R2/(1 − R2)].

(b) Use the relationship between R2 and F of part (a) to find P(R2 ≥ 0.2525)
for n = 25, k = 4, again assuming that H0 is true.

11.4.6 Consider a one-way analysis of variance with k = 4 treatment levels (Four
	i ’s), with n0 observations per treatment level. If two of the 	i ’s differ by
20, the other two are half way between the first two, and 
 = 15, about how
large must n0 be in order for the � = 0.05-level test to have power at least
0.90? (Use a computer package or the Pearson–Hartley charts. Don’t forget
that the denominator df for the F-statistic depends on n0.)
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11.4.7 Suppose that we observe ni pairs (xi j,Yi j ) for j = 1, 2, . . . , ni for i = 1, 2,
where Yi j = gi (xi j ) + εi j , gi (x) = �i0 + �i1x for all x , and εi j ∼ N(0, 
2),
independent for all j and i . That is, the Yi j satisfy simple linear regression
models, with different �’s for the Y1 j and Y2 j , with the same 
 of all Yi j . Let
Sixx =∑ni

j−1(xi j − x̄i )2 and define Sixy and Siyy similarly.

(a) Express the F-statistic for the test of H0 : (�10 = �20 and �11 = �21) in
terms of the six sums of squares and cross-products.

(b) Perform the test with � = 0.05 for the following data:
x1 j = j for j = 1, 2, 3, x21 = 2, x22 = 3, x23 = 5, x24 = 6, Y11 =
7, Y12 = 2, Y23 = 3, Y21 = 9, Y22 = 6, Y23 = 4, Y24 = 5.

(c) Plot the seven points, the two straight lines, and the fitted line
under H0.

11.4.8 The amount Y of gloxil produced by a chemical process depends on the
temperature t in Celsius at which it is formed. A model states that E(Y | t) =
g(t) is linear for 50 ≤ t ≤ 150, with the slope possibly changing at t = 100,
although g is continuous for all t in this interval. Such a function g is called
a spline function, with a knot at t = 100.

(a) Express the model as a linear model with three � j . Do not forget that g
must be a continuous function of t .

(b) For the model Yi = g(ti ) + εi with the εi independent, N(0, 
2),
find the least squares estimate of g for observation pairs (ti , Yi ):
(50, 144), (80, 190), (110, 270), (130, 345), (150, 381). Plot the points
and the function ĝ.

(c) For � = 0.05, test the null hypothesis that the slopes are equal for t ≤ 100
as for t > 100.

11.4.9 For the hockey data of Problem 11.3.6, test the null hypothesis that
E(Y | x1, x2) is a linear function of d = x1 − x2, using an F-test. Use
� = 0.05 or, better, find the p-value for the F-test.

11.5 TWO-WAY ANALYSIS OF VARIANCE

Consider an experiment designed to investigate the effects of three hybrids
(H1, H2, H3) of corn and four types of fertilizer (F1, F2, F3, F4) on the yields. A
field was divided into 24 1/2-acre plots. (An acre is 43,560 square feet, which is
approximately 4047 square meters.) Each of the (Hi , Fj ) combinations was assigned
at random to two plots. All of the possible (24!)/(2!)12 = 1.51 × 1020 partitions of
the set of plots were equally likely. Such a design is called completely randomized.
If the set of plots had first been divided into “north” and “south” plots of 12 each,
the 12 combinations assigned randomly with the North plots, and independently as-
signed randomly to the south plots, the design would have been called a randomized
block design. That design would have been more desirable if, for example, the south
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FIGURE 11.5.1 Plot of the 	i j .

plots had been more fertile and therefore would tend to produce higher yields. Either
design would also have been called a complete factorial, since there would be at least
one observation for each treatment combination. For simplicity we discuss the more
simple completely randomized design.

Let Yi jk be the kth observation, yield in bushels of corn, for treatment combination
(Hi , Fj ), i = 1, 2, 3, j = 1, 2, 3, 4. Suppose that Yi jk ∼ N(	i j , 
2), independent for
all 24Yi jk . Our purpose is to estimate the 	i j , to describe how they may vary, and to
compare them. Suppose, for example, that the 	i j are as follows:

F1 F2 F3 F4

H1 71 53 61 55
H2 49 39 47 37
H3 51 40 51 46

We can get some understanding of the effects of the two factors hybrids and fetilizers
graphically, as in Figure 11.5.1.

Define 	 = (1/12)
∑

i j 	i j = 50, �i = 	i+ − 	, � j = 	+ j − 	, (��)i j = 	i j −
(	 + �i + � j ). Then

	i j = 	 + �i + � j + (��)i j , (11.5.1)

where 	 is called the overall mean or grand mean. The �i are the main effects for
the hybrids. The � j are the main effects for the fertilizers. The (��)i j are the interac-
tion effects. We find �1 = 60 − 50 = 10, �2 = 43 − 50 = −7, �3 = 47 − 50 = −3.
Similarly, �1 = 7, �2 = −6, �3 = 3, �4 = −4. Notice that the �i sum to zero, as
do the � j , and that this is true in general. Finally, the interaction terms, the
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(��)i j , are

4 −1 −2 −1
−1 2 1 −2
−3 −1 1 3

The row and column sums must be zero. The fact that the (��)i j are small in ab-
solute value is consistent with the “almost parallel” property of the graphs in Fig-
ure 11.5.1. Much of the variation among the 	i j is caused by the magnitude of
the �i . We can represent the full model in vector-space form as follows: Let Y
be the 24-component column vector with the Yi jk represented in dictionary order
Y111, Y112, Y121, Y122, Y131, . . . , Y341, Y342. Let x0 be the 24-component column vector
of all 1’s. Let R1, R2, R3, C1, C2, C3, C4 be the row and column indicators. For ex-
ample, C2 = (0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T. Let Ci j

be the indicator for cell i j . To understand this more clearly, write the vectors in table
form rather than as column vectors. From (11.5.1)

E(Y) ≡ � =
∑

i j

	i j Ci j = 	x0 +
∑

i

�i Ri +
∑

i

� j C j +
∑

i j

(��)i j Ci j .

(11.5.2)
Our full model states that � lies in the subspace V spanned by the 12 Ci j .

Let εi jk = Yi jk − 	i j . Then Yi jk = 	i j + εi jk . Let 	 be the vector of εi jk ,
using the same ordering as before. Then Y = � + 	 = �0 + �R + �C + �RC + 	,
where �0, �R, �C , �RC are the vectors in (11.5.2). The MLE for � under the
full model is the least squares estimator Ŷ =∑i j Y i j+Ci j , the vector obtained

by replacing each Yi jk by the mean Y i j+ for each i and j . The subspace V can
be decomposed into four orthogonal subspaces. Let V0 = L(x0), the subspace
consisting of all multiples of x0. Let VR = L(R1, R2, R3) ∩ V ⊥

0 = {v | v =∑
i ai Ri , �ai = 0}, VC = L(C1, C2, C3) ∩ V ⊥

0 = {v | v =∑ j b j C j , �b j =
0}, VRC = L({Ci j }) ∩ (V0 + VR + VC )⊥ = L({Ci j }) ∩ V ⊥

0 ∩ V ⊥
R ∩ V ⊥

C , the col-
lection of all vectors in V that are orthogonal to V0, VR , and VC . Thus, each
vector in VRC is of the form

∑
i j (ab)i j Ci j , where

∑
i (ab)i j = 0 for each j

and
∑

j (ab)i j = 0 for each i . Again, we advise the reader to write these vec-
tors as tables. In this form, row and column sums of vectors in VRC are all
zero. The subspaces V0, VR, VC , and VRC are mutually orthogonal. This follows
directly from their definitions for all but the pair VR and VC . It is easy to check
that each Ri is orthogonal to every vector in VC and therefore VR ⊥ VC . This
orthogonality depends crutially on the fact that the inner product of Ri and C j is
the number Ki j = K of observations in cell i j is the same for all cells. The vectors
�0, �R, �C , �RC are the projections of � on these four subspaces.

The projections of Y on these four subspaces are: Ŷ0 = Y +++x0, ŶR =∑i �̂i Ri ,
where �̂i = (Y i++ − Y +++), ŶC =∑ j �̂ j C j , where �̂ j = Y + j+ − Y +++, and

ŶRC =∑i j (�̂�)i j Ci j , where (�̂�)i j = Y i j+ − (Y +++ + �̂i + �̂ j ) = Y i j+ − Y i++ −
Y + j+ + Y +++. An analysis of variance is a decomposition of the squared length
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TABLE 11.5.1 	i j Data

F1 F2 F3 F4

H1 80.8, 73.1
(76.95)

48.6, 51.1
(49.85)

63.4, 53.3
(58.35)

58.0, 51.1
(54.55)

H2 40.8, 49.4
(45.10)

34.9, 36.7
(35.80)

53.7, 44.3
(49.00)

33.4, 37.9
(35.65)

H3 53.2, 54.2
(53.70)

40.5, 36.0
(38.75)

47.7, 46.8
(47.25)

35.8, 43.4
(39.60)

into the sum of the squared lengths of several orthogonal vectors, using the
Pythagorean theorem. In this case we have Y − Ŷ0 = ŶR + ŶC+ŶRC . It follows
by the Pythagorean theorem that

“Among cell means sum of squares”

≡ ||Y − Ŷ0||2 = ||ŶR||2 + ||ŶC ||2+||ŶRC ||2
= (SQS for rows) + (SQS for columns) + (SQS for interaction). (11.5.3)

Since Y − Ŷ0 =∑i j Y i j+Ci j − Y +++x0 =∑i j (Y i j+ − Y +++), Ci j and the

Ci j are orthogonal, Among cell means SQS =∑i j (Y i j+ − Y +++)2||Ci j ||2 =
K
∑

i j (Y i j+ − Y +++)2, where K is the number of observations in each cell, two for
our example.

Row (or hybrid) SQS = ||ŶR||2 =∑i (Y i++ − Y +++)2||Ri ||2 = 8
∑

i (Y i++ −
Y +++)2, Column (or fertilizer) SQS = ||ŶC ||2 =∑ j (Y + j+ − Y +++)2||C j ||2 =
6
∑

j (Y + j+ − Y +++)2.

Interaction SQS = ||ŶRC ||2 may be computed using the identity (11.5.3).

Example 11.5.1 A table of Yi jk was generated for 	i j as given in Table 11.5.1.
The εi jk were a random sample from N(0, 
2 = 25). The cell sample means are
given in parentheses and are plotted in Figure 11.5.2. 
 = 5 was chosen to be small
enough so that the graph of the cell means Ȳi j+ is somewhat like the corresponding
graph of the 	i j in Figure 11.5.1. Of course, in practice we must accept what nature
hands us.

The hybrid and fertilizer sample means were:

Hybrids: 59.92 41.39 44.70

Fertilizers: 58.58 41.30 51.53 43.27

Grand Mean: 48.67
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FIGURE 11.5.2 Sample means for the 12 hybrid × fertilizer combinations.

Among cells SQS = ||Ŷ − Ŷ0||2 = 2[(76.95 − 48.67)2 + · · · + (39.60 − 48.67)2]
= 2991.20

Hybrid SQS = ||ŶR||2 = 8[(59.92 − 48.67)2 + · · · + (44.70 − 48.67)2] = 1563.77
Fertilizer SQS = ||ŶC ||2 = 6[(58.58 − 48.67)2 + · · · + (43.27 − 48.67)2]

= 1139.92
Corrected total SQS = ||Y − Ŷ0||2 = (80.8 − 48.67)2 + · · · + (43.4 − 48.67)2

= 3231.60
Therefore, Interaction SQS = ‖ŶRC‖2 =2991.20−1563.77−1139.92 = 287.51,

and Residual SQS = ||Y − Ŷ||2 = corrected total SQS–among cells SQS = 240.40.
These may be summarized in an analysis-of-variance table (Table 11.5.2). Each
row of the table corresponds to a subspace, usually labeled “Sources.” We have
indicated the subspace corresponding to each row. This is usually not done for

TABLE 11.5.2 Analysis-of-Variance Table

Source and Mean
Subspace df SQS Square F p-Value Expected Mean Square

Hybrids VR 3 − 1 = 2 1563.77 781.88 39.03 0.0000056 
2 + (8/2)
∑

i �2
i

Fertilizer VC 4 − 1 = 3 1139.92 379.97 18.97 0.000075 
2 + (6/3)
∑

j �2
j

H × F int.
VRC

6 287.51 47.92 2.39 0.094 
2 + (2/6)
∑

i j ��2
i j

Among cells
V1

4(3) − 1
= 11

2991.20 271.93 13.97 0.000034 
2 + (2/11)
∑

i j (	 − 	)2

Residual V ⊥ 12(2 − 1)
= 12

240.40 20.04 
2

Corr. total
V ⊥

0

23 3231.60
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computer-produced analysis-of-variance (AOV) tables or for those given in elemen-
tary statistics book. The “Among cells” subspace is V1 = V ∩ V ⊥

0 = VR + VC + VRC .
Thus, the subspace V ⊥

0 is decomposed into four orthogonal subspaces VR, VC , VRC ,
and V ⊥, corresponding to the sources hybrid, fertilizer, H × F Interaction, and resid-
ual. The degrees of freedom for any subspace is the dimension of the subspace. The
F-statistics are the ratios of the mean square for that source (or subspace) to S2 =
residual mean square. The p-value is the probability, under the null hypothesis that
the effects for that source are all zero, that the F-statistic would exceed the value
obtained. For example, P(F6,12 > 2.39) = 0.094.

S-Plus Code to Produce the Table

> Fert <- as.factor(rep(c(1,1,2,2,3,3,4,4),3)) Fert and Hyb are then vectors of “Factor
Levels,” not numbers

> Hyb <- as.factor(rep(1:3, rep(8,3)))
> Fert
[1] 1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 4
> Hyb
[1] 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 3 3 3 3 3 3 3 3
> y <- scan()
80.8 73.1 48.6 51.1 63.4 53.3 58.0 51.1 40.8 49.4
34.9 36.7 53.7 44.3 33.4 37.9 53.2 54.2 40.5 36.0
47.7 46.8 35.8 43.4
> a <- aov(y ∼ Hyb ∗ Fert) Notice the order of the y’s, the same as for Hyb and Fert.
> summary(a)

Df Sum of Sq Mean Sq F Value Pr(F)
Fert 3 1139.915 379.9715 18.96736 0.00007548
Hyb 2 1563.766 781.8829 39.02991 0.00000560
Fert:Hyb 6 287.514 47.9190 2.39201 0.09359521
Residuals 12 240.395 20.0329

SAS Code and Output

Data Corn;
Input Hybrid $ Fertilizer $ Yield @@; # The @@ allowed more than one

# observation per line.
Datalines; # If the data had been available in a file, an

# Infile statement would have been given
# here.

H1 F1 80.8 H1 F1 73.1 H1 F2 48.6 H1 F2 51.1 H1 F3 63.4 H1 F3 53.3 H1 F4 58.0 H1 F4 51.1
H2 F1 40.8 H2 F1 49.4 H2 F2 34.9 H2 F2 36.7 H2 F3 53.7 H2 F3 44.3 H2 F4 33.4 H2 F4 37.9
H3 F1 53.2 H3 F1 54.2 H3 F2 40.5 H3 F2 36.0 H3 F3 47.7 H3 F3 46.8 H3 F4 35.8 H3 F4 43.4
;
Proc glm;
Class Hybrid Fertilizer; # Needed so that these two variables are

# treated as factors. Similar to “as.factor” in S-Plus.
Model Yield = Hybrid Fertilizer Hybrid*Fertilizer;
Run;
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SAS Output

The SAS System 14:13 Thursday, May 12, 2005 1
The GLM Procedure
Class Level Information

Class Levels Values
Hybrid 3 H1 H2 H3
Fertilizer 4 F1 F2 F3 F4
Number of Observations Read 24
Number of Observations Used 24
The SAS System 14:13 Thursday, May 12, 2005 2
The GLM Procedure

Dependent Variable: Yield
Source DF Sum of Squares Mean Square F Value Pr > F
Model 11 2991.194583 271.926780 13.57 <.0001
Error 12 240.395000 20.032917
Corrected Total 23 3231.589583

R-Square Coeff Var Root MSE Yield Mean
0.925611 9.196092 4.475815 48.67083

Source DF Type I SS Mean Square F Value Pr > F
Hybrid 2 1563.765833 781.882917 39.03 <.0001
Fertilizer 3 1139.914583 379.971528 18.97 <.0001
Hybrid*Fertilizer 6 287.514167 47.919028 2.39 0.0936

Source DF Type III SS Mean Square F Value Pr > F
Hybrid 2 1563.765833 781.882917 39.03 <.0001
Fertilizer 3 1139.914583 379.971528 18.97 <.0001
Hybrid*Fertilizer 6 287.514167 47.919028 2.39 0.0936

“R-square” is R2 = Model SQS / Corrected total SQS = 2991.19/3231.59 = 0.926. type I
and type III SS are the same here because the model is balanced. If, for example, just one obser-
vation was omitted, the two types of SQS would differ. We do not attempt to describe their pre-
cise meaning here.

Consider a subspace V ∗ corresponding to a row of the AOV table. Let �∗, SQS∗,
and MSQ∗ be the corresponding degrees of freedom, sum of squares, and mean square.
Let Y∗ = p(Y | V ∗), �∗ = p(� | V ∗). Then ||Y∗||2/
2 = SQS∗/
2 ∼ � 2

�∗ (�∗), where
�∗ = ||�∗||2/
2, so that E(MSQ∗) = 
2[�∗ + �∗]/�∗ = 
2 + ||�∗||2/�∗. If a formula
is available for the computation of ||Y∗||2/
2, then �∗ may be obtained simply by
replacing Y by � in the same formula. This formula for E(MSQ∗) depends only on the
model assumption that Cov(	) = 
2In , not on the assumption that the εi are normally
distributed.

Since the SQS for the rows of the table corresponding to hybrids, fertil-
izer, H × F, and residual are independent (under the normality of the εi jk),
and (residual SQS)/
2 ∼ � 2

� for � = (K − 1)(4)(3) = 12, the noncentrality pa-
rameter for the F-statistic F∗ = MSQ∗/EMS can be found from the formula
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�∗ = ||�∗||2/
2 = �∗(E M S∗ − 
2)/
2. For the hybrid row �∗ = �H =∑i �i Ri , so
that �∗ = 8(��2

i )/
2.
Usually, we don’t know the values of these parameters. However, we have cho-

sen the 	i j , and therefore know the �i , � j , and (��)i j , so that we can determine
them in this case. Thus, ��2

i = 158, so that E(MSQ for hybrids) = 25 + 8(158)/2 =
657. Compare this with its estimate 781.9 for these data. Since ��2

j = 110,
E(MSQ for fertilizer) = 25 + 6(110)/3 = 245. Its estimate is 380.0. �(��)2

i j =
52, so that E(MSQ for H × F interaction) = 25 + 2(52)/6 = 42.33, with estimate
47.92.

∑
i j (	i j − 	)2 = 1014, so that E(MSQ for cell means) = 25 + 1014(2)/11 =

209.36, with estimate 271.93. Of course, E(MSQ for residuals) = 
2 = 25, with es-
timate 20.03.

Tests of hyptheses should usually be performed by moving up the table. That is,
first test the null hypotheses that the 12 cell means are equal. This is the one-way AOV
F-test for one-way AOV with 12 treatment levels. The appropriate F-statistic is given
on the line entitled “Among Cells.” In this case we certainly reject at any reasonable
�-level. Then test for the presence of interaction. In this case, since the observed
p-value is 0.094, we cannot say with any certainty that any interaction is present at
all, and if it is, it is not as large in magnitude as the hybrid and fertilizer effects, for
which the observed p-values are extremely small. The various F-statistics are not
independent, because the denominators are the same for all, although the numerators
are independent under the normality assumption.

100�% confidence intervals on differences in cell means �i j i ′ j ′ = 	i j − 	i ′ j ′ are
given by Ii j i ′ j ′ = [Ŷi j − Ŷi ′ j ′ ± t(1+� )/2S

√
1/2 + 1/2], since each cell sample mean

has variance 
2/2. S2 = EMS. For � = 0.95 we get Ii j i ′ j ′ = [Ŷi j − Ŷi ′ j ′ ± 9.75] for
these data. These are individual confidence intervals. The user may wish to use a
simultaneous CI method instead. The Bonferroni, Tukey, and Scheffé methods are
available for that purpose. We do not discuss them here.

Similarly, 100�% CIs on differences �i i ′ = �i − �i ′ = 	i+ − 	i ′+ are given
by [Y i+ − Y i ′+ ± t(1+� )/2S

√
1/8 + 1/8] = [Y i+ − Y i ′+ ± 4.82] for � = 0.95. In

the same way, 100�% CIs on �j j ′ = � j − � j ′ are given by [Y + j − Y + j ′ ±
t(1+� )/2S

√
1/6 + 1/6] = [Y + j − Y + j ′ ± 5.63].

Power

The F-statistic for testing of H0 : �∗ ≡ p(� | V ∗) = 0 versus Ha : �∗ �= 0 is F∗ =
MSQ∗/S2.F∗ ∼ F(�∗, �R, �∗), where �R = (residual df) and �∗ = ||�∗||2/
2. The
S-Plus function “pf” may therefore be used to determine power. For our example,
for H × F interaction, �∗ ≡ �H F = ||�H F ||2/
2 = 2(52)/25 = 4.16. For � = 0.05,
the F-test for no H x F interaction rejects for F > F0.95(6, 12) = 2.996. The S-
Plus command “1 − pf(2.996, 6, 12, 4.16)” produced the power 0.184. Similarly,
the noncentrality parameters for the F-tests for hybrid and fertilizer effects are
�H = 8(158)/25 = 50.56 and �F = 26.4. The test of H0: no hybrid effects rejects for
FH > F0.95(2, 12) = 3.88, so that the power is 1 − pf(3.885, 2, 12, 50.56) = 0.9999.
The test of H0: (no fertilizer effects) rejects for FFert > 3.49, so that the power is
1 − pf(3.49, 3, 12, 26.4) = 0.9660.
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Approximations of the power may be obtained from the Pearson–Hartley charts
(E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, vol. I,
Cambridge University Press, 1954). These charts, first published in 1951, before
the days of computers were truly remarkable. The charts are determined as func-
tions of � (usually, 0.05), numerator and denominator degrees of freedom, �1 and
�2, and the parameter � = √

�∗/(v1 + 1). For H × F interaction, � = 0.77. Since the
charts for �1 = 6, �2 = 12 do not give power for � < 1, we can only guess that the
power is roughly 0.20, not far from the 0.184 produced from S-Plus. If there had been
eight, rather than two observations per cell, �HF would have been four times as large,
so that � would have been 2(0.77) = 1.54, �1 = 6, �2 = 84, power approximately
0.84. The S-Plus command “1 − pf(qf(.95, 6, 84), 6, 12, 4∗4.16)” produced power
0.822.

Problems for Section 11.5

11.5.1 Consider the two-way factorial experiment with two levels of factor A, three
levels of factor B, and two observations Yi jk per cell.

(a) Suppose that the 	i j are as follows: 	11 = 27, 	12 = 22, 	23 =
17, 	21 = 11, 	22 = 10, 	23 = 3. Find 	, the �i , the � j , and the (��)i j .

(b) Plot the 	i j as in Figure 11.5.1.

(c) The following data table of Yi jk was generated by letting Yi jk = 	i j +
εi jk , with εi jk independent N(0, 25).

B1 B2 B3

A1 32.6, 21.9 20.3, 28.7 15.5, 18.1
A2 9.4, 22.3 1.0, 6.6 10.4, 4.6

Perform an anaysis of variance with a table similar to Table 11.5.2 and
test the null hypotheses for � = 0.05 (or determine a p-value) for (i) all
cell means are equal, (ii) no A × B interaction, (iii) no A effect, and (iv)
no B effect.

(d) Plot the Y i j in the same way that you plotted the 	i j in part (b).

(e) Give 95% CIs on 	11 − 	23, on �1 − �2 = 2�1, on �1 − �2, and on
�1 − �3. Give a lower bound on the confidence that all four CIs contain
the corresponding parameters.

(f) For the parameters given in part (a) with 
 = 5, give the power of the
tests performed in part (c).

(g) For the (��)i j determined in part (a) with 
 = 5, how many observations
K would be needed in each cell to have power at least 0.90 for � = 0.05?

11.5.2 For Y = (Yi jk) as in Problem 11.5.1, let R1, R2, C1, C2, C3 be the row and
column indicators.
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(a) Write these vectors with six cells, two observations per cell, similar to
that in Table 11.5.2. Do that also for the cell indicators C12 and C23.

(b) Define V0, VR, VC , VRC similar to the way they were defined for the corn
example. For the 	i j given in Problem 11.5.1, determine the vectors �0,
�R, �C , �RC , �∗ = �0 + �R + �C , and � = �∗ + �RC .

11.5.3 Suppose that we perform an experiment designed to measure the relationship
between the temperature (T ) at which a metal is formed, the type of metal
(M), and its strength Y . Temperature has four levels, T1, T2, T3, T4, and metal
has three levels, M1, M2, M3. The cost of the experiment is so high that only
one observation, Yi j , could be taken for each combination of temperature
level Ti and metal level M j . Consider the model Yi j = 	 + �i + m j + εi j ,
where the �i and m j are the temperature and machine effects, with ��i =
0, �m j = 0, and εi j ∼ N(0, 
2), all independent. The following Yi j were
observed:

M1 M2 M3

T1 27 15 15
T2 20 14 11
T3 12 6 12
T4 13 1 10

(a) Since the subspace V spanned by the cell indicators is all of R12, the
subspace V ⊥ usually used to estimate 
2 consists only of the zero vector.
That is, dim(V ⊥) = 0. However, under the additive model proposed,
that the interaction terms (�m)i j are all zero, we can use what normally
would be the interaction subspace as the residual (or error) subspace,
so that the new denominator for the F-tests for temperature and metal
effects becomes the residual MSQ, which was called the interaction
MSQ for the model that included interaction. The full-model subspace
is V = V0 + VR + VC , and the error space is V ⊥ = VRC . For these data,
determine the AOV table, omitting the last two rows corresponding to
Table 11.5.2, and relabeling the rows with sources “H × F interaction”
and “Among cells” as “Residual” and “Corrected total.”

(b) Plot the data, with the four temperature levels on the x-axis.

(c) Find a 95% CI on �12 = �1 − �2.

(d) Suppose that the four temperatures were T = 600, 700, 800, 900. Define
a multiple regression model for which just one term �T corresponds to
the temperature effect; that is, each E(Yi j ) is a linear function of T . Give
the 12 × 4 design matrix X .

(e) Carry out the regression analysis for the model of part (d) and test H0:
The model of part (d) holds, given the full model stated in part (a),
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� = 0.05. It is possible to find formulas that are stated without the use
of matrix algebra, so that computations could be done using a simple
hand calculator, but a more general approach using matrix algebra would
probably take less time.

11.5.4 Consider factors A and B with a ≥ 2 and b ≥ 2 levels. Let i index the levels
of A. Let j index the levels of B. Suppose that Ki j observations Yi jk are
taken on a variable Y at level i of A, level j of B. Let these Yi jk be the entries
of a table, with i corresponding to row i , j to column j , with cell i j contain-
ing these Ki j Yi jk . Define V0 as before. Let R1, . . . , Ra and C1, . . . , Cb be
the indicators of the rows and columns. Let VR = L(R1, . . . , Ra) ∩ V ⊥

0 and
VC = L(C1, . . . , Cb) ∩ V ⊥

0 .

(a) Every vector in VR is of the form v = �ai Ri . Give necessary and suf-
ficient conditions on the ai such that v ∈ VR . Similarly, every vector in
VC is of the form w = �b j C j . Give necessary and sufficient conditions
on the b j such that w ∈ VC .

(b) What conditions must the Ki j satisfy in order that VR ⊥ VC ? Give ex-
amples of Ki j , not all equal, for the case that a = 2, b = 3 so that (1)
VR ⊥ VC , and (2) VR(not ⊥)VC .

11.5.5 Give examples of 2 × 3 tables of data, with two observations per cell so that
the following conditions are satisfied:

(a) SSA > 0, SSB > 0, SSAB = 0, SSE = 12.

(b) SSA > 0, SSB = 0, SSAB = 8, SSE = 0.

(c) SSA = 300, SSB = 392, SSAB = 0, SSE = 108.
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Frequency Data

12.1 INTRODUCTION

In this chapter we deal with count data. We considered such examples in Chapter Eight
when observations were modeled as binomial or Poisson. The theory and statistical
methods we discuss here can be considered to be the extension of the linear models
and methods of Chapter Eleven to the case of Poisson, binomial, and multinomial
distributions. The distribution theory is somewhat more difficult because it relies on
limit theorems. Rather than attempting full proofs, we describe the results, make intu-
itive arguments, and demonstrate the approximations they provide by simulation. We
begin with a discussion of the interval estimation of binomial and Poisson parameters,
then discuss logistic regression, the extension to binomial data of simple and multiple
linear regression.

12.2 CONFIDENCE INTERVALS ON BINOMIAL AND
POISSON PARAMETERS

In Chapter Seven we discussed confidence intervals on the parameters p for the
binomial model and 
 for the Poisson model. These intervals rely on the normal
approximations, which can be poor if p is close to 0 or 1 or if the sample size n is
small. Better methods are available, which work, for example, for n = 10, and clearly
p is quite small. They rely on a rather fundamental inequality.

The F(X) Inequality If X has cdf F and 0 < � < 1, then P(F(X ) ≤ �) ≤ �.

Proof: Define x� = min {x |F(x) ≥ �}. The fact that F is continuous on the right
assures us that F(x�) ≥ �. If F is continuous at x�, then P(F(X ) ≤ �) = P(X ≤
x�) = F(x�) = �. If F(X�) > �, so that F has a jump at x� and P(X = x�) > 0,
then P(F(X ) ≤ �) = P(X < x�) < �.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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FIGURE 12.2.1 CDF of a discrete–continuous mixture.

Example 12.2.1 Consider, for example, the cdf F, defined as follows: F(x) =
0 for x ≤ 0, F(x) = x/2 for 0 < x ≤ 1, F(x) = 3/4 for 1 < x ≤ 2, F(x) = (x +
1)/4 for 2 < x ≤ 3, F(x) = 1 for x > 3 (see Figure 12.2.1). For 0 < � ≤ 1/2, x� =
2�. For 1/2 < � ≤ 3/4, x� = 1. For 3/4 < � ≤ 1, x� = 4� − 1. Thus, for 1/2 <

� < 3/4, P(F(X ) ≤ �) = 1/2 < �. Otherwise, P(F(X ) ≤ �) = �.
Define F̄(x) = P(X ≥ x) for each x . Let Y = −X . The cdf of Y is G(y) =

P(−X ≤ y) = P(X ≥ −y) = F̄(−y). Then, for any �, 0 < � < 1, P(F̄(X ) ≤ �) =
P(G(−X ) ≤ �) ≤ � by the F(X ) inequality.

Now suppose that X ∼ Binomial(n, p) for 0 < p < 1, and let its cdf be
F(x ; p).F(x ; p) is a continuous monotone decreasing function of p for each x, 0 ≤
x ≤ n, with limits 1 at p = 0 and 0 at p = 1. Let �2 be a chosen number, 0 < �2 < 1
(usually small). Let U (x) be the value of p for which F(x ; p) = 1 − �2. Then
P(p ≥ U (X )) = P(F(X ; p) ≤ F(X ; U (X )) = P(F(X ; p) ≤ �2) ≤ �2 by the F(X )
inequality. Thus, P(U (X ) > p) ≥ 1 − �2, so that U (X ) is an upper 100(1 − �2) CI on
p. For example, suppose that n = 10 and we observe X = 0. Choose �2 = 0.05. Since
F(0; p) = (1 − p)10, U (0) = 1 − �1/10 = 0.2589. If X = 1, n = 10, then U (1) is the

solution to F(1; p) =
(n

1

)
p1qn−1 + (1 − p)n = 0.05. This can be solved numeri-

cally. We find U (1) = 0.5069. Later we introduce an easier method.
Let �1 be another chosen probability. L(x) be value of p for which F̄(x ; p) = �1.

Then P(p ≤ L(X )) = P(F̄(X ; p)≤ F̄(X ; L(X ))) = P(F̄(X ; p) ≤ �1) ≤ �1. Hence,
P(L(X ) < p) ≥ 1 − �1. For n = 10, X = 9, L(9) is the solution to F̄(9; p) = �1.
For n = 10, �1 = 0.05, we find that L(9) = 0.7411. See Figure 12.2.2 for lower
and upper 95% confidence limits for the case that n = 20 and X observed to
be 2 and 5. The values of p for which each of these functions takes the value
0.05 are L(2) = 0.0181, U (2) = 0.2826, L(5) = 0.1041, U (5) = 0.4556. For exam-
ple, F̄(5; 0.1041) = 0.05. The interval [L(5), U (5)] is a 90% CI on p.

We do not derive it here, but the following method exploits the relationships be-
tween F(x ; p) as functions of p for fixed x and beta distributions, and between beta
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FIGURE 12.2.2

distributions and the F-distribution to provide simple formulas for L(x) and U (x). Let
�1 = 2(n + 1 − x), �2 = 2x, L(x) = 1/[1 + (�1/�2)F1−�1 (�1, �2)]. Let �1 = 2(x +
1), �2 = 2(n − x), W = (�1/�2)F1−�2 (�1, �2), U (x) = W/(1 + W ). Then P(L(X ) ≥
p; p) ≤ �1 and P(U (X ) ≤ p; p) ≤ �2 for all p. Thus, P(L(X ) < p < U (X )) ≥
1 − �1 − �2. That is, [L(X ), U (X )] is a 100(1 − �1 − �2)% CI on p. We refer to
this method as the F-method. The F refers to the cdf., although the F-distribution is
also involved.

Confidence Intervals on Δ ≡ p1 − p2

Suppose the X1 ∼ Binomial(n1, p1), X2 ∼ Binomial(n2, p2), with X1, X2 indepen-
dent. These might, for example, be the numbers preferring A to B in sampling of voters
before an election. The model would be appropriate if the number of possible voters
is large compared to n1 and n2, and samples are taken independently. Since Z =
( p̂1 − p̂2)/

√
V̂ar( p̂1 − p̂2), where V̂ar( p̂1 − p̂2) = p̂1(1 − p̂1)/n1 + p̂2(1 − p̂2)/n2

is approximately distribution as N(0, 1) for large n1, n2, with p1, p2 not too close

to 0 or 1, the interval [(�̂ = p̂1 − p̂2) ± z1−�/2

√
V̂ar( p̂1 − p̂2)] is an approximate

100(1 − �)% CI on� = p1 − p2. Call this the Wald interval. However, the actual cov-
erage probability is a function of p1, p2, n1, n2, and � which may be somewhat less than
the nominal value, especially for smaller n1, n2, and p1, p2 near 0 or 1. An improve-
ment is given by a method of Agresti and Coull (1998). Let p̃i = (Xi + 1)/(ni + 2)
for i = 1, 2. The interval is then the same but with the p̃i replacing the p̂i and ni + 2
replacing ni for each i . We pretend that there are two more observations for each i ,
one of the two being a “success.” The random interval then has coverage probability
closer to its nominal value. For example, if n1 = 30, n2 = 40, X1 = 13, X2 = 23,
then p̂1 = 13/30, p̃1 = 14/32, p̂2 = 23/40, p̃2 = 24/42, and the Wald 95% interval
[−0.142 ± 0.234] and Agresti–Coull 95% interval [−0.134 ± 0.228]. This last inter-
val was obtained by a method that has coverage probability closer to 0.95 than does
the Wald method. For larger n1, n2, it makes little difference which method is used.
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Confidence Intervals on �

Let X ∼ Poisson(
), for 
 > 0. Let F(x) = P(X ≤ x ; 
) and F̄(x ; 
) = P(X ≥
x ; 
).F(x ; 
) is a continuous monotone decreasing function of 
 for each x , and
F̄(x ; 
) is a continuous monotone increasing function of 
. Let L(x) be the value
of 
 for which F̄(x ; 
) = �1 and let U (x) be the value of 
 for which F(x ; 
) = �2.
Then, as for the binomial distribution, L(X ) is a 100(1 − �1) lower confidence limit
on 
 and U (X ) is an upper 100(1 − �2)% confidence limit on 
. It follows that
[L(X ), U (X )] is a 100(1 − �1 − �2)% confidence interval on 
. For example, for
observed X = 0, F(0; 
) = e−
. Setting this equal to �2 = 0.05, we get the upper
95% confidence limit −log(0.05) = 2.996. For observed X = 1, U (1) is the solution
to e−
(1 + 
) = 0.05. We can solve this numerically to get U (1) = 4.744.

We refer to this method as the F-method, as we did for CIs on p. Again the
F refers to the cdf. The F-distribution is not involved in this case. Fortunately,
we can exploit the relationships between the Poisson distribution and the gamma
and between the gamma and chi-square to give the following formulas for L(x)
and U (x) (see Section 4.3): L(x) = � 2(�1, 2x)/2 (the 1 − �1 quantile of the chi-
square distribution with 2x df). Let U (x) = � 2(1 − �2, 2(x + 1))/2. Then P(L(X ) <


; 
) ≥ 1 − �1 and P(U (X ) > 
; 
) ≥ 1 − �2. For example, for X = 1, �1 =
0.05, U (2) = � 2(0.95, 4)/2 = 9.488/2 = 4.744, as we obtained by numerical
methods.

For large 
 we can take advantage of the fact that Z
 = (X − 
)/
√


 con-
verges in distribution to N(0, 1) as 
 → ∞. Thus, we can take I (X ) = {
||Z
| ≤
1.96} = {
|Q(
) ≡ Z2


 − 1.962 ≤ 0} = {
|r1 ≤ 
 ≤ r2}, where r1 and r2 are the roots
of Q(
) = 0. Or, for still larger 
 (as suggested by large X) we can replace 

in the denominator of Z
 by X to get the interval [X ± 1.96X1/2]. For exam-
ple, for observed X = 50, to get a 95% interval, the F-method gives the interval
[� 2(0.025, 100)/2, � 2(0.975, 102)/2] = [37.11, 65.92]. The [r1, r2] method gives
[37.93, 65.91] and [X̄ ± 1.96X̄1/2] = [36.14, 63.86].

Confidence Intervals on R ≡ �1/�2

Let X1 and X2 be independent, with Xi ∼ Poisson(
i ), i = 1, 2. For example, X1, X2

might be the number of murders, or the numbers of deaths from lung cancer, in a large
city during two consecutive years. In the case of murders it might be necessary to
consider incidents of murder, since there may be cases of multiple murder, causing
the Poisson model to be suspect.

As shown in Example 5.2.1, conditionally on Y = X1 + X2 = n, X1 ∼
Binomial(n, �), where � = 
1/(
1 + 
2). Let R = 
1/
2. Then � = R/(1 + R) and
R = �/(1 − �). That is, � is the odds for a count for X1, given Y = n = X1 + X2.
We can use the lower and upper confidence limits L(X1) and U (X1) to establish
100(1 − �1)% and 100(1 − �2)% limits. If, for example, U (X1) is an upper 95% con-
fidence interval on �, then since R = �/(1 − �) is a monotone increasing function
of �, UR(X1) = U (X1)/(1 − U (X1)) is a corresponding upper 100(1 − �1)% confi-
dence limit on R.
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Example 12.2.2 The number of cases of colon cancer reported among 15,761
men aged 40 to 55 living in county A, in which a nuclear reactor was located, over
a five-year period, was 163. During the same time period in four adjacent counties
there were 43,783 men of those ages, of which 427 were reported to have colon
cancer. The rates per 1000 such men per year were �1 = 
1/t1 and �2 = 
2/t2,
where t1 = (15,761/1000)/5 and t2 = (43,783/1000)/5. We would like lower and
upper confidence limits on � ≡ �1/�2 = (
1/
2)(t2/t1) = [�/(1 − �)](t2/t1). Then
n = 510, so that L(X1) = L(163) = 0.246 is a lower 95% confidence limit on �, us-
ing the F-method. Similarly, U (X1) = U (163) = 0.308 is an upper 95% confidence
limit on �. It follows that [0.246, 0.308], [0.326, 0.445], and (t2/t1)[0.326, 0.445] =
[0.918, 1.253] are 90% confidence intervals on �, R = 
1/
2, and � = �1/�2. The
estimator �̂ = (t2/t1)(X1/X2) is consistent for � as 
1 and 
2 converge to ∞, with

1/
2 converging to � .

We could have estimated � by �̂ = X1/(X1 + X2), then determined a 90% con-
fidence limit on � by [�̂ ± 1.645

√
�̂(1 − �̂)/n]. In this case we get [0.255, 0.317],

rather close to the interval [0.246, 0.308] found using the F-method. The result-
ing 90% CI on � is [0.965, 1.303], which is approximately the same as the interval
above. In either case we would fail to reject H0 : � = 1 versus Ha: � �= 1 at level
� = 0.10.

Problems for Section 12.2

12.2.1 Let X ∼ Binomial(n = 8, �).

(a) For X = 0, find an upper 90% confidence limit on �. Do it in two ways:
by using the quantiles of the F-distribution, and also as the solution to
F(0; �) = 0.10.

(b) For X = 8, find a lower 90% confidence limit on �.

(c) For X = 1, find an upper 90% confidence limit on � using the two
methods of part (a).

(d) For X = 4, use the F-distribution method to find 95% lower and upper
confidence limits on �.

12.2.2 During 2005 there were 27 accidents at the corner of Washington and Lincoln
in Adams City. After a change in the timing of traffic signals the number
dropped to 17 during 2006. State a model and then find a 95% confidence
interval on the ratio � = 
2006/
2005. You will need to linearly interpolate in
the F-table.

12.2.3 Let X have cdf F(x), where F(x) = x2/2 for 0 ≤ x < 1 and F(x) = 1/2 +
x/4 for 1 ≤ x < 2. For each �, 0 < � < 1, find P(F(X ) ≤ �).

12.2.4 Let X denote the number of accidents among the employees of the Safe Bear
Trap Company during 2007. Suppose that X ∼ Poisson(
).

(a) Find 95% lower and upper confidence limits on 
 for X = 10.
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(b) Use your calculator and numerical approximation to find an upper 95%
confidence limit on 
 for X = 2. Verify your answer using chi-square
quantiles.

12.2.5 Let X1 and X2 be the numbers of deaths among babies born to mothers 21 or
younger, and over 21, during the babies’ first year. There were 1534 births
and 7842 births to the younger and older mothers in Podunk City during
2006. Among these the numbers of deaths were 63 and 207.

(a) State a Poisson model.

(b) Use this model to define a parameter that would be of interest to study
the effect of age on the likelihood of death. Then find a 95% confidence
interval on this parameter. What do you conclude? Also find a point
estimate of the parameter.

12.2.6 Let F(k; p) be the cdf of the binomial distribution for parameters n and p.
Show that for each fixed k, F(k; p) is a decreasing function of p. Hint:
Let U1, . . . , Un be a random sample from the Unif(0, 1) distribution. Let
p1 < p2. Let I j = I [U j ≤ p1] and Hj = I [U j ≤ p2]. Compare I j and Hj .
What are the distributions of � I j and of �Hj ?

12.2.7 Let X ∼ Binomial (n, p). Show that L(x), for X = x observed, is a
lower 100(1 − �)% confidence limit on p, for L(x) = 1/[1 +
(�1/�2)F1−�2 (�1, �2)], where �1 = 2(n + 1 − x), �2 = 2x . Hint: Let
U1, . . . , Un be a random sample from the Unif(0, 1) distribution and let
U(1), . . . , U(n) be the corresponding order statistics. Let Y = (no. of U j ≤ p).
From Section 5.3, U(s) has the Beta(s, n + 1 − s) distribution. Also see
Problem 9.5.4, relating the beta and F-distributions.

12.2.8 Let F(k; 
) be the cdf of X ∼ Poisson(
). Show that F(k; 
) is a decreasing
function of 
 for each k. Hint: Let 
1 < 
2. Define U j and U( j) as in Problem
12.2.6 for j = 1, . . . , n. Let Y1 j = − log(1 − U j ) for each j . Let X1 =
(no. Y j < 
1) and X2 = (no. Y j < 
2). Then from note 5 in Section 4.3,
X1 ∼ Poisson(
1 and X2 ∼ Poisson(
2). Then X1 ≤ X2 with
probability 1.

12.3 LOGISTIC REGRESSION

Consider a study of two drugs A and B designed to decrease the probability of death
within the next five years among men diagnosed to have a certain heart condition.
The probability of death is a function of the drug d, the age x of the man, and some
other variables that we ignore for the present. Suppose that 800 volunteers took part
in the study and that 400 were chosen randomly to receive drug A, the others to
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receive drug B. After five years the indicator of death Yi was determined. For reasons
considered to be independent of the effects of the drugs, 13 of those taking drug A,
and nine of those taking drug B dropped out of the study, so that their Yi values were
not determined. Thus, 778 observations (di , xi , Yi ) were made.

Let p(d, x) be the probability of death of a man assigned to drug d, who was x years
old at the beginning of the study. Let h(d, x) = p(d, x)/[1 − p(d, x)], the “odds for
death” for a man using drug d , of age x . Let 	(d, x) = log(h(d, x)), the “log odds” for
death. Suppose that 	(d, x) = �0 + �1dA + �2x , where dA is the indicator for drug
A. Suppose that Yi ∼ Bernoulli(p(di , xi )) and are independent for i = 1, . . . , 778.
This is a logistic regression model. We are most interested in the coefficient �1, since
the odds ratio for death for the two drugs is R ≡ h(A, x)/h(B, x) = exp(	(A, x) −
	(B, x)) = exp(�1). “exp” is the exponential function, so that exp(w) = ew for any
w. For example, if �1 = −0.5, the odds for death of a man using drug A are exp(�1) =
0.6065 times as great as they are for a man using drug B.

The inverse of the log-odds function 	 = log[p/(1 − p)] is easily determined to
be h(	) = e	/(1 + e	), so that p(d, x) = h(	(d, x)). Let y be the vector indicating
deaths among the 778 men. Let x0 be the vector of 778 ones. Let xa be the vector
of ages and dA be the vector indicating which of the men received drug A. Finally,
let p and � = log[p/(1 − p)] be the vectors of probabilities and corresponding log
odds. Then our model states that � = �0x0 + �1dA + �2xa . Let 
̂ be the maximum
likelihood estimator of 
 = (�0, �1, �2). Let �̂ = �̂0x0 + �̂1dA + �̂2xa = X�̂, where
X is the 778 × 3 matrix (x0, dA, xa). Let p̂ = h(�̂), so that p̂ is the 778-component
vector of estimates of probabilities of death. Similarly to the orthogonality conditions
that Ŷ must satisfy for linear models, the MLE estimator 
̂ must be chosen so that
the inner product of (y − p̂) with each of the explanatory vectors, x0, dA, xa must be
zero. Put another way, XT(y − p̂) = (0, 0, 0)T, equivalently XTp̂ = XTy. We do not
provide a proof here (See Stapleton, 1995, Chap. 8).

The solution 
̂ exists under rather general conditions. X must have rank 3 if the
equation XTp̂ = XTy is to have a unique solution. Instead, we demonstrate logistic
regression analysis with simulations. Let 
 = (−5, 0.6, 0.07). The 778 ages were
chosen by simulating a sample from the N(70, 25) distribution and rounding off to
the nearest integer. The mean age was 69.96. The mean age for those receiving drug
A was 69.74. For drug B it was 69.99. The probabilities of death within the next five
years, depending on age and the drug used, were then determined. Their sum was
424.56. Then the vector y, indicating the event of death for each of the patients, was
chosen using the function “pbinom” in S-Plus. The components of y were independent
Bernoulli random variables. Their sum was 428, meaning that 428 of the 778 men
died. The age–drug–y information is summarized in Table 12.3.1.

Later we discuss a method that makes use of these frequencies directly rather
than through the logistic model. The following command in S-Plus produced a logis-
tic regression analysis: “druganalysis = glm(Y ∼ d + ages, family = binomial)”. Y
was the 778 × 2 matrix with first column y, second column 1778 − y, where 1778

is the vector of 778 1’s. d is the vector indicating drug A, ages is the vector of
ages.
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TABLE 12.3.1

Drug A Drug B

Age Alive Dead % Dead Alive Dead % Dead

45–54 2 2 50.0 6 1 14.3
55–64 54 41 43.2 63 27 30.0
65–74 69 115 62.5 93 92 49.7
75–84 30 64 68.1 30 68 69.4
85–94 2 13 86.7 2 5 71.4

Part of the report produced by the command “summary(druganalysis)” was as
follows:

Value Std. Error t-value

(Intercept) 6.06 0.787 −7.69
d 0.406 0.152 2.68

ages 0.067 0.0112 7.77

The column entitled “t-value” is the corresponding �̂ divided by the estimate of its
standard deviation, the standard error. The asymptotic theory states that when the
sample size is large and the age distributions are “reasonable,” the t-value is approx-
imately distributed as N(0, 1) when the true � is zero. 95% CIs can be determined by
adding and subtracting 1.96 times the “std. error” to the �̂. Thus, [0.406 ±0.298] is a
95% CI on �1, the “drug A effect.” Based on these data we can be quite sure that drug
A produces higher percentages of deaths within five years. That is, drug B is better.

Figure 12.3.1 contains graphs of the functions p(A, x) and p(B, x), together with
estimates based on three repetitions of the experiment. In all three cases the value of
�̂1 is larger than the one given for our first sample. The simulation experiment was
repeated 1000 times for the same parameters. The results are shown in Figure 12.3.2.
The asymptotic theory, which will be described shortly, is well supported by the
empirical evidence from the simulations. Let Xn be the design matrix corresponding
to n patients. Let pn be the corresponding vector of probabilities of death. Then as
n → ∞, the distribution of (�̂n − �) may be approximated by N3(0, M−1

n ), where
Mn = XT

n DnXn and Dn = diag(pn(1n − pn)). [The multiplication in pn(1n − pn) is
componentwise.) The approximation is good if the proportions of patients getting
either drug is not close to zero or 1, and few or none of the ages are not “too far” from
the other ages. That is, we should not expect good approximations if, for example,
only 25 or 50 patients among 1000 receive drug B, or a patient is 120 years old. If
Yi ∼ Binomial(ri , pi ), the i i component of Dn should be ri pni (1 − pni ). In vector
language, Dn becomes rp(1 − p), where r = (r1, . . . , rn).
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FIGURE 12.3.1 p(d, x) for Drugs A and B and estimates.

For these data we get M−1
n = M−1

778 =
⎛⎝ 1.3031 −0.0.351 −0.0192

−0.0351 0.0575 0.000183
−0.0192 0.000183 0.000289

⎞⎠ .

Thus, the theory suggests that �̂1 should be approximately distributed as
N(0.6, 0.0575 = 0.2402) and that �̂2 should be approximately distributed as
N(0.10, 0.000289 = 0.0172). The simulations show that to be the case in very good
approximation. The correlation among the 1000(�̂1, �̂2) pairs is quite close to the
theoretical value −0.000183/

√
(0.0575)(0.000289) = −0.045.

Estimation of x� and p(d, x0)

For 0 < � < 1, define x� to be the value of x satisfying p(A, x�) = �. Similarly,
let x∗

� satisfy p(B, x∗
�) = �. Since 	(d, x) = �0 + �1dA + �2x = log(p(d, x)/(1 −

p(d, x)), x� is the x solution to �0 + �1 + �2x = log(�/(1 − �)) ≡ � , and x∗
�

is the solution to �0 + �2x = �. That is, x� = (� − �0 − �1)/�2 and x∗
� =

(� − �0)/�2. Let x̂� = (� − �̂0 − �̂1)/�̂2 and x̂∗
� = (� − �̂0)/�̂2. The �-method

of Chapter Seven may be used to approximate the distribution of (x̂�, x̂∗
�).

For large n, (x̂�, x̂∗
�) is approximately distributed as bivariate normal with

mean vector (x�, x∗
�) and covariance matrix CM−1CT, where C is the 2 × 3

matrix with rows c1 and c2, where c1 = (−1/�2, −1/�2, −(� − �0 − �1)/�2
2 ),

c2 = (−1/�2, 0, −(� − �0 − �1)/�2
2 ), and D = diag(p(1 − p)), M = XTDX. For

�0 = −5, �1 = 0.6, �2 = 0.07, � = 0.8, we find � = log(0.8/0.2) = 1.386, x0.6 =
62.86, x∗

0.8 = 71.43, CM−1CT =
(

3.233 −0.156
−0.156 2.256

)
. For 1000 simulations of the
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FIGURE 12.3.2 1000 Simulations of (�̂1, �̂2).

experiment the corresponding mean vector was (62.68, 71.39), with sample covari-

ance matrix

(
3.502 −0.130

−0.130 2.299

)
. Of course, in practice the covariance matrix must

be estimated by replacing the parameters by their estimates. Approximate 95% con-
fidence intervals on x0.8, for example, are then given by [x̂0.8 ± 1.96
̂(x̂0.8)]. For the
1000 simulations the CI covered x0.8 for 956 such intervals.

For a given age x0 we might like to estimate p(d, x0) for d = A or B. Again
the �-method may be used. Let p̂(d, x0) = exp(	̂(d, x0))/(1 + exp(	̂(d, x0)). Then
in approximation for large n, 	̂(d, x0) ∼ N(	(d, x0), v(d, x0)), where v(d, x0) =
k(x0)TM−1(1, 1, x0)k(x0) for k(x0)T = (1, 1, x0) for d = A, and k(x0) = (1, 0, x0)
for d = B. Then, again using the �-method, in approximation, p̂(d, x0) ∼
N(p(d, x0), w(x0)), where w(x0) = p(d, x0)(1 − p(d, x0))v(x0). Thus, I (x0) ≡
[ p̂(d, x0) ± 1.96

√
w(x0)] is an approximate 95% CI on p(d, x0).

Goodness-of-Fit Statistics

The log-likelihood statistic is G2(y, m̂) ≡ 2(
∑

i j yi j log(yi j/m̂i j ), where yi1 =
yi , yi2 = ni − yi , m̂i1 = ni p̂i , m̂i2 = ni (1 − p̂i ). Similarly, Pearson’s goodness-of-
fit statistic is � 2(y, m̂) ≡∑i j (yi j − m̂)2/m̂i j . As the ni become large, these two
statistics differ by small amounts. Each is asymptotically distributed as � 2 with
T − (no. of � j ’s) df. The S-Plus “summary” function after a model is fit using “glm”
produces G2 under the name residual deviance. For the drugs A and B example in
this section, these statistics are not useful, since all the ni are 1’s.
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Problems for Section 12.3

12.3.1 Suppose that logit(p(x)) = −3 + 2x for 0 ≤ x ≤ 4.

(a) Sketch the function p(x).

(b) Find x0.5 such that p(x0.5) = 0.5. Find x0.9 so that p(x0.9) = 0.9.

12.3.2 Suppose that Y1 ∼ Binomial(50, p1), Y2 ∼ Bimomial(60, p2), Y3 ∼
Binomial(70, p3) are independent, and that logit(p j ) = �0 + �1 j for
j = 1, 2, 3.

(a) For Y1 = 13, Y2 = 43, Y3 = 66, find the ML estimates (�̂0, �̂1)
of (�0, �1).

(b) Estimate the covariance matrix of (�̂0, �̂1).

(c) Give an approximate 95% confidence interval on �1.

(d) Find the G2 and � 2 goodness-of-fit statistics.

12.3.3 Let xi = (i − 1)/2 for i = 1, 2, . . . , 6. Let 	(x) = �0 + �1x, �0 =
−1.5, �1 = 1.4, p(x) = e	(x)/(1 + e	(x)). Let n = (40, 60, 80, 80, 60, 40)
be a vector of sample sizes. Therefore, the vector of probabili-
ties is p = (0.1824, 0.3100, 0.4750, 0.6457, 0.7858, 0.8808)T. Let Yi ∼
Binomial(ni , p(xi )) for i = 1, . . . , 6, independent. Y was observed to be
Y = (5, 18, 36, 47, 52, 31)T. The vector of sample proportions of successes
is therefore (0.125, 0.3000, 0.4500, 0.5875, 0.8667, 0.7750)T. Define y to
be the 6 × 2 matrix with Y as the first column, n − Y as the second. The
command “a = glm(y ∼ x, family = binomial) and summary(a)” in S-Plus
gives the following:

Coefficients Value Std. Error t-value

(Intercept) −1.647165 0.2493343 −6.606251
x 1.418378 0.1803626 7.864036
Residual deviance: 7.333 on 4 degrees of freedom

The following commands were then used to produce p̂, the vector of estimates
of p for this model:

phat <− a$fitt
> phat
0.1615 0.2813 0.4431 0.6178 0.7667 0.8698

Let m = np (component-wise multiplication). Thus, m = (7.297, 18.602,

38.002, 51.653, 47.150, 35.232). Multiplying “phat” by the vector of
sample sizes, we get the estimate of m: m̂ =(6.460, 16.879, 35.444,

49.427, 46.000, 34.790).

(a) Verify that the residual vector (Y − m̂) is orthogonal to the vectors 16

and x.
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(b) How can the standard errors be determined from n, phat, and X =
(16, x)? If you have matrix manipulation software, estimate the covari-
ance matrix of 
̂, using both the true 
 vector and its estimate 
̂.

(c) Verify the value given for the residual deviance 7.333. Also find the Pear-
son chi-square version of the residual deviance. Find the corresponding
p-values.

(d) Find a 95% CI on x0.9, where p(x0.9) = 0.9 for Y as given above.
Hint: Replace C in the discussion on the previous page by the vector
(−1/�̂0, −(� − �̂0)/�̂2

1 ).

12.4 TWO-WAY FREQUENCY TABLES

We begin with the smallest tables, 2 × 2 tables of frequencies. Suppose that a panel
of 21 possible jurors has nine women, 12 men. From this panel a jury of six is selected
“at random.” Just one of the jurors selected is a woman. Is there reason to believe that
the selection was not truly at random? Of course, there can be no “proof” that the
selection was not random based on the selected sample alone. Neither can there be
mathematical proof that the selection was not biased against women. We can clarify
our thinking by considering the null hypothesis that the jury selection was at random
versus the alternative that the selection process favors the choice of men, or that it
favors the choice of women. Unless there is prior evidence of favoritism toward one
gender, the alternative should be two-sided.

Let X be the number of women chosen. If H0 is true, X has the hy-

pergeometric distribution: P(X = k) = f (k) =
(

9

k

)(
12

6 − k

)/(
21

6

)
for

k = 0, 1, . . . , 6. Let K =
(

21

6

)
= 54,264. Then f (0) = 924/K = 0.017, f (1) =

7128/K = 0.131, f (2) = 17,820/K = 0.328, f (3) = 18,480/K = 0.341, f (4) =
18,480/K = 0.153, f (5) = 1512/K = 0.028, f (6) = 84/K = 0.002.

A natural way to order the possible values of X in order to decide when they are
more “extreme” than the value X = 1 observed is to order them by their probabilities,
those with smaller probabilities being more extreme. Thus, the observed p-value is
0.017 + 0.028 + 0.131 + 0.002 = 0.178. There does not seem to be enough evidence
to label the process as “biased,” although there is some justification for collecting more
data.

Suppose that data from 10 six-person jury panels has been collected, with a
total of 223 people, of which 108 were women. Among 60 selected for jury duty,
suppose that 19 were women. Let W be the number of women selected. Under
H0, W has the hypergeometric distribution with parameters 223, 60, 108, 115.
For the alternative hypothesis of bias against the choice of women for juries, we
should reject H0 for small X . The observed p-value is therefore P(W ≤ 19|H0

true). Exact computations using S-Plus gave 0.00180. We could also make use
of the normal approximation. Under H0, E(W ) = 60p = 60(108/223) = 29.06,
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TABLE 12.4.1 Cross-Classification of Respondents in 1972–1975 General
Social Survey by Attitude to Treatment of Criminals by Courts and by Year
of Survey

Year of Survey

1972 1973 1974 1975 Total

Too harshly 105 68 42 61 276
(7.3%) (5.0%) (6.1%) (4.4%) (5.6%)

About right 265 196 72 144 677
(18.5%) (14.5%) (10.4%) (10.4%) (13.9%)

Not harshly 1066 1092 580 1174 3912
enough (74.2%) (80.5%) (83.6.0%) (85.1%) (80.4%)

Total 1436 1356 694 1379 4865

Var(W ) = 60p(1 − p)(223 − 6)/(223 − 1) = 11.003, so that P(W ≤ 19) =̇
�((19.5 − 29.05)/

√
11.003) = �(−2.882) = 0.00198. We have assumed that

juries, in the absence of bias, are selected at random. In truth, defense lawyers and
prosecutors can intervene, with and without cause, to have some eliminated from a
jury. Thus, we must be careful when analyzing such data. This method for 2 × 2
tables is often called Fisher’s exact test after Sir Ronald A. Fisher, knighted by the
queen for his work in genetics and statistics.

r × c Tables

Example 12.4.1 Consider Table 12.4.1, taken from the book by Shelby Haberman
(1978, p. 120), which came originally from studies conducted by the National Opinion
Research Center. From Haberman’s book: “The question asked was: ‘In general, do
you think the courts in this area deal too harshly or not harshly enough with criminals?’
The reduced 1974 sample results from an experimental change in the question used
with one-half the sample.” The percentages are by column, so that, for example, in
1972, 100(105/1613)% = 6.5% thought courts dealt too harshly with criminals. We
have dropped the row “no answer or opinion.”

There seems to be a drift over time in the direction of belief that courts are too
lenient. We should try to decide whether the apparent drift is real or due to chance.
Suppose that each of the three-component column vectors Y j = (Y1 j , Y2 j , Y3 j ) has
the multinomial distribution with parameters p j = (p1 j , p2 j, p3 j ) and n j = Y+ j =∑3

i=1 Yi j , the j th column sum, and that the Y j are independent. The MLE of p j

under the full model is p̂ j = Y j/n j = (Y1 j , Y2 j , Y3 j )/n j for each j . Suppose that we
wish to test H0: p1 = p2 = p3 = p4 (homogeneity of probability vectors). Under
H0 the MLE for the common p j is p̂0 = (Y1+, Y2+, Y3+)/Y++ = ( p̂0

1, p̂0
2, p̂0

3). The
log-likelihood statistic is therefore

G2 = 2
3∑

j=1

4∑
i=1

Yi j log
Yi j/n j

Yi+/Y++
= 2

3∑
j=1

4∑
i=1

Yi j log
Yi j

Yi+Y j+/Y++
.
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TABLE 12.4.2 Cross-Classification of Respondents in 1972–1975
General Social Survey by Attitude to Treatment of Criminals by
Courts and by Year of Survey

Year of Survey

1972 1973 1974 1975 Total

Too harshly 105 68 42 61 276
81.5 76.9 39.4 78.2 276
23.5 −8.9 2.6 −17.2

2.61 −1.02 0.42 −1.95

About right 265 196 72 144 677
199.8 188.6 96.6 191.9 677

65.2 7.3 −24.6 −47.9
4.61 0.53 −2.50 −3.46

Not harshly 1066 1092 580 1174 3912
enough 1154.7 1090.4 558.1 1108.9 3912

−88.7 1.6 21.9 65.1
−2.61 0.05 0.93 1.96

Total 1436 1356 694 1379 4865

Let m̂i j = n j p̂0
i = Yi+Y j+/Y++. Under H0, m̂i j is an unbiased estimator of mi j =

n j pi j for each i . We will refer to G2 as the log-chi-square statistic, in contrast
to Pearson’s chi-square statistic. G2 may be expressed in the form G2(m̂, Y ) =
2(Y, log(Y/m̂)), twice the inner product of the 3 × 4 table of Yi j with the table
of log(Yi j/m̂i j ). The Pearson chi-square statistic is

� 2 = � 2(m̂, Y ) =
3∑

j=1

4∑
i=1

(Yi j − m̂i j )2

m̂i j
.

As the n j → ∞, G2(m̂, Y) and � 2(m̂, Y) take values that are relatively close, and
each converges in distribution to the noncentral chi-square distribution with (3 −
1)(4 − 1) = 6 df. The noncentrality parameter is given by

G2(m0, m) = 2
3∑

j=1

4∑
i=1

mi j log
mi j

mi+m j+/m++
.

Table 12.4.2 contains four quantities in each cell: Yi j , m̂i j = Yi+Y+ j/Y++, Ri j =
Yi j − m̂i j (the residuals), and “standardized residuals” Di j = Ri j/

√
m̂i j . Under the

null hypothesis of homogeneity the Di j are approximately distributed as standard
normal.

∑
i j D2

i j = � 2(m̂, Y ), Pearson’s chi-square statistic, is 63.06. The p-value
is P(� 2

6 > 63.06) = 1.07 × 10−11, indicating that the null hypothesis is almost
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certainly not true. Similarly, we obtain G2(m̂, Y) = 62.69. Notice that the Di j seem
to indicate a trend toward “not harshly enough” over these four years. We investigate
this by fitting a slightly more complex model.

S-Plus may be used to fit the model of homogeneity of probability
vectors as follows. Let y = (y11, y21, y31, y12, . . . , y34) be the 12-component vec-
tor of observed frequencies. Let R1, R2, R3, C1, . . . , C4 be the row and column
indicators. Then the model of homogeneity of probability vectors holds if and only if
� = log(m) = (log(m11), . . . , log(m34)) ∈ V = L(R1, R2, R3, C1, . . . , C4), a [3 +
(4 − 1) = 6]-dimensional subspace of 12-space. Under the full model, the MLE m̂
of m is simply the table of frequencies y.

We can obtain the MLE under the null hypothesis of homogeneity with the S-Plus
command “crim = glm(y ∼ R1 + R2 + C1 + C2 + C3, family = poisson).” “crim”
is simply the name arbitrarily assigned to the results of the analysis, which is a
list of objects that may be obtained using the command “attributes(crim).” Notice
that R3 and C4 were omitted, since the vector of all 1’s is included by default. The
third component of “crim” is “crim[[3]]” or “crim$fitt,” which we have called m̂.
“summary(crim)” produces a short description of the results. For example, S-Plus
produced the following. Some of the output is omitted.

> R2 = c(0,1,0,0,1,0,0,1,0,0,1,0)
> C2 = c(0,0,0,1,1,1,0,0,0,0,0,0)
> crim = glm(y ∼ R1 + R2 + C1 + C2 + C3, family = poisson)
> attributes(crim)
$ names:
[1] “coefficients” “residuals” “fitted.values” “effects” “R” “rank”
[7] “assign” “df.residual” “weights” “family” “linear.predictors” “deviance”
[13] “null.deviance” “call” “iter” “y” “contrasts” “terms” “formula” “control”
> summary(crim)
Call: glm(formula = y ∼ R1 + R2 + C1 + C2 + C3, family = poisson)
Coefficients:

Value Std. Error t value
(Intercept) 7.011 0.0278 251.8

R1 −2.651 0.0623 −42.6
R2 −1.754 0.0416 −42.1
C1 0.041 0.0377 1.07
C2 −0.017 0.0382 −0.44
C3 −0.687 0.0465 −14.75

Residual Deviance: 62.69 on 6 degrees of freedom
> crim$ fitt

[,1] [,2] [,3] [,4]
[1,] 81.47 76.93 39.37 78.23
[2,] 199.83 188.70 96.58 191.90
[3,] 1154.70 1090.37 558.05 1108.87
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TABLE 12.4.3 Frequency Data

Raise Payroll Tax No Opinion Total

21–35 67 (47.5%) 53 (37.6%) 21 (14.9%) 141
36–50 59 (44.4%) 50 (37.6%) 24 (18.0%) 133
51–65 43 (37.1%) 55 (47.4%) 18 (15.5%) 116
>65 35 (31.8%) 53 (48.2%) 22 (20.0%) 110
Total 204 (40.8%) 205 (41.0%) 74 (14.8%) 500

Since the homogeneity model does not fit well, we can try to improve the fit
by adding a vector that will at least partially explain the deviations of m̂ from y.
Let s = (3, 0, −3, 1, 0, −1, −1, 0, 1, −3, 0, 3), the outer product, in vector form, of
(−1, 0, 1) and (−3, −1, 1, 3). We then fit the model (in S-Plus language) y ∼ R1 +
R2 + C1 + C2 + C3 + s. The fit was better, producing a log-chi-square value of
19.16 for 12 − (1 + 2 + 3 + 1) = 5 df, with a corresponding p-value of 0.0018. This
would still lead to rejection for the usual choices of �, but the fit could very well be
considered to be satisfactory. The real world is “messy,” especially when it involves
measurements on humans, so we cannot expect simple models to fit well. The m̂ (the
“fitted values”) and residual vector y − m̂, in table form, were:

m̂ y − m̂

112.3 82.2 32.4 49.2 −7.3 −14.2 9.6 11.8
231.6 196.7 90.0 158.8 33.4 −0.7 18.0 14.8

1092.2 1077.1 571.7 1171.0 −26.2 14.9 8.3 3.0

The residual vector y − m̂ is necessarily orthogonal to each of the predicting vectors
1, R1, R2, C1, C2, C3 (so that row and column sums are zero), and therefore to R3

and C4 and to s.

Example 12.4.2 To determine attitudes toward possible changes in the Social
Security system, a study was planned around the following question: “The Social
Security system will soon be short of money. Which of the following solutions do
you favor? Select one answer: (1) Raise the retirement age; (2) Raise the payroll
tax; or (3) No opinion.” A telephone survey was conducted from a list of residential
telephones for the state of Michikansas. The adult answering the telephone, or the
first adult to come to the telephone when a child answered, was asked to provide (a)
their answer to the question, and (b) to identify the age group to which they belonged:
21–35, 36–50, 51–65, and >65. Those who would not answer (a) were counted as
“no opinion.” Those who would not answer (b) (4%) were omitted.

The frequencies of response are given in Table 12.4.3. The percentages are row-
wise, so that, for example, 100(67/141) = 47.5. It seems that as people age, the
percentage favoring the raising of the retirement age decreases, as one might expect.
But can we be sure that these percentage changes aren’t due to chance? The answer,
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of course, is that they could be, but are quite unlikely. Let’s consider the problem
formally.

This example differs from the criminals example in that only the table total n = 500
is fixed, whereas in the criminal example, each column total was fixed. Let Yi j be
the observed frequency in cell i j . Let Y = (Yi j ) be the 4 × 3 table of frequencies. It
seems reasonable to suppose that Y ∼ Multinomial (n = 500, p), where p = (pi j ) is a
probability table that has components which sum to 1. Call this the full model. Under
this model the MLE of the p is p̂ = Y/n, the 4 × 3 matrix of sample proportions. Let
m = (mi j ) = E(Y) = (npi j ).

Consider the null hypothesis of independence: H0: pi j = pi+ p+ j for all i and j .
Under H0 the MLE for p is p̂ = ( p̂i j = (Yi+/n)(Y j+/n)), and the MLE of m = (mi j ) is
therefore m̂ = (m̂i j = Yi+Y+i/n), the same as it was for the fixed column total model
as applied to the criminal data. The goodness-of-fit statistics G2(m̂, Y) and � 2(m̂, Y)
remain the same, and their distributions converge to chi-square with rc − (1 + r +
c) = (r − 1)(c − 1) for the case of r × c tables, as they do for the model with fixed
column totals. In this case these statistics are approximately distributed as chi-square
with (4 − 1)(3 − 1) = 6 df. If the null hypothesis is not true, the distributions converge
to noncentral chi-square with noncentrality parameter

G(m0, m) = 2
3∑

j=1

4∑
i=1

mi j log
mi j

mi+m j+/m++
=̇

3∑
j=1

4∑
i=1

(mi j − m0
i j )

2

m0
i j

,

described for the criminal example. For these data we obtain m̂ =⎛⎝ 57.5 59.5 24.0 54.3
56.1 22.6 47.3 49.0
19.7 44.9 46.4 18.7

⎞⎠ , G(m̂, Y) = 8.86, � 2(m̂, Y) = 8.79, with corre-

sponding p-values 0.182 and 0.186. These last two p-values are too large to reject
H0 for most choices of �.

How good are these chi-square approximations? Some textbooks suggest that
the approximations may be bad if some cells have expectations less than 5 un-
der H0. To investigate this, consider a 2 × 3 table. Let Y = (Yi j ) have the multi-

nomial distribution with parameters n = 30 and p =
(

0.14 0.21 0.35
0.06 0.09 0.15

)
. Then

the null hypothesis of independence of rows and columns holds and m = np =(
4.2 6.3 10.5
1.8 2.7 4.5

)
. Simulations were performed 10,000 times and the goodness-

of-fit statistics G(Y, m̂) and � 2(Y, m̂) were determined for each (see Figure 12.4.1).
The 0.95-quantile of the chi-square distribution is 5.991. G2 exceeded 5.991 a to-
tal of 775 times, indicating that the true � is approximately 0.0775. On the other
hand, � 2 exceeded 5.991 just 522 times, indicating that the null distribution of
� 2 is better approximated by the chi-square distribution. For n = 100, the approx-
imation is better, as shown by the histogram on the lower right. Suppose now that
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FIGURE 12.4.1 Results for 10,000 simulations with small expected cell frequencies.

p =
(

0.17 0.25 0.28
0.03 0.05 0.22

)
. Row and column sums remain as they were, but rows and

columns are now dependent. Again, 10,000 simulations were performed for n = 30
and n = 100. Results are summarized in Figure 12.4.2.

The power may be determined in approximation by evaluating the noncentrality
parameter � = G2(m, m0) [or � 2 (m, m0)], where m0 is the table of expected values
under the null hypothesis of independence. Since the marginal probabilities are as
before, m0 is the m described above, the MLE of the table of expectations under
the null hypothesis. We find that � = 4.675 (Pearson version) for n = 50, � = 9.349
for n = 100. Using the function “pf” (with any very large df for the denominator) in
S-Plus we find that the power for n = 50 is 0.476, and for n = 100 the power is 0.787.
The simulations indicate that the power is approximately 0.45 for n = 50, 0.80 for
n = 100. The means are consistent with the fact that the expected value of a noncentral
chi-square random variable is the sum of its two parameters.

Problems for Section 12.4

12.4.1 Consider a 2 × 2 table of frequencies Y = (Yi j ). Suppose that Y ∼ multino-
mial with n =∑i j Yi j and p = (pi j ). Pearson’s chi-square statistic for the
test of H0: rows and columns independent is � 2(Y, m̂), where m̂ = (m̂i j =
Yi+Y+i/n).

(a) Show that row and column sums for Y and m̂ are the same and therefore
(Yi j − m̂i j )2 = (Y11 − m̂11)2 for all i and j .
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FIGURE 12.4.2 Results of simulations for the case that rows and columns are not independent.

(b) Use part (a) to show that � 2(Y, m̂) = (Y11 − m11)2n3/(Y1+Y2+Y+1Y+2).

Verify the formula for the table Y =
(

10 20
30 40

)
.

(c) Show that under the multinomial model the conditional distribution
of Y11, given Y1+ = n1+ is Binomial (n1, p1) and that the condi-
tional distribution of Y21 given Y2 = n2 is Binomial(n2, p2), where
pi = pi1/(pi1 + pi2), ni = Yi1 + Yi2 for i = 1, 2. Also show that under
these two conditions Y11 and Y21 are independent.

(d) Show that rows and columns are independent if and only if p1 = p2.

(e) Let p̂i = Yi1/ni for i = 1, 2. Let p̂ = X+1/n and q̂ = 1 − p̂, where n =
Y1+ + Y2+ = n1 + n2. Let Z = ( p̂1 − p̂2)/

√
p̂q̂ (1/n1 + 1/n2). Under

H0: p1 = p2, Z is asymptotically distributed as N(0, 1) as n1 and n2 go
to ∞. Show that Z2 = � 2(Y, m̂). Verify it for Y as in part (b).

12.4.2 To investigate the effectiveness of a new surgical procedure for horses with
broken legs, the owners of 21 such horses were asked to take part in the
experiment, with the promise of free surgery. First, a subset A of 11 of
the integers 1, 2, . . . , 21 was chosen at random, then the kth horse to arrive
was assigned to receive the new procedure if k ∈ A. The others received
the old surgery. The owners were not told which surgery was used nor was
the veterinarian who decided whether the surgery had been successful after
one year. The evaluations were as follows:
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Successful Not Successful

New surgery 9 2
Old surgery 4 6

(a) Test the null hypothesis that the two methods are equally effective, using
the hypergeometric exact probability method. Give the exact p-value for
the two-sided test.

(b) Give the p-value for the test based on the Pearson chi-square statistic.

(c) Determine the Z -statistic using the formula in Problem 12.4.1. Verify that
Z2 is the Pearson chi-square statistic obtained in part (b). Verify that the
p-value is a better approximation to the p-value obtained in part (a) if the
1/2-correction is used in terms of the computing Z . Hint: First express
Z in terms of the frequencies Xi j . Use the fact that a hypergeometric
random variable has variance p(1 − p)[(N − n)/(N − 1)], where N =
21, n = 11, and p is estimated by 13/21.

12.4.3 The data in Table 12.4.3 were taken from a paper of Dowdall (1974), as
reported by Haberman (1978). Surveys were conducted in 1968 and 1969
by the Population Research Laboratory at Brown University. A total of 599
women between the ages of 15 and 64 were chosen randomly. They were
asked to respond to the following question: “Do you think it is all right for
a married woman to have a job instead of only taking care of the house and
the children while her husband provides for the family?” The women were
classified according to the reported national origin of their fathers. (There is
little doubt that attitudes have changed considerably over the last 39 years.)
Let Yi j be the observed frequency in cell i j . State a model.

(a) Show that for an 2 × c table � 2(Y, m̂) = (Y 2
++/Y1+Y2+)

∑c
j=1(Y1 j −

m̂1 j )2/Y+ j , where m̂1 j = Y1+Y+ j/Y++.

(b) Verify the formula in part (a) for these data and test the null hypothesis
of independence of attitude and ethnic origin for � = 0.05. Conclusion?

TABLE 12.4.3 Native-Born White Rhode Island Women Cross-Classified by
Ethnic Origin and Attitude Toward Married Women Having Jobs

Ethnic Origin

Northern Other French
Attitude Italian Euoropean Euoropean English Irish Canadian

Favorable 78 56 43 53 43 36
Unfavorable 47 29 29 32 30 22

Total 125 85 72 85 73 58
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12.4.4 (a) Let Y ∼ Mk(n, p = (p1, . . . , pk)), where p is any probability vector.
Show that the MLE for p is p̂ = Y/n. Write both Y and p as column
vectors. Let G(p) = diag(p) − ppT.

(b) Let a = (a1, . . . , ak)T be a vector of constants. Let � = aT p = �ai pi

and �̂ = aTp̂. Prove that Zn ≡ √
n(�̂ − �) converges in distribution to

N(0, V (a, p)), where V (a, p) = aTG(p)a. Hint: Y can be expressed as
the sum of n independent generalized Bernoulli random vectors Ui , each
of which takes the j th unit vector (0, . . . 0, 1, 0, . . . , 0), the indicator of
the j th component, with probability p j . Then �̂ can be expressed as the
sum of n independent identically distributed random variables.

(c) Let p = (0.32, 0.32, 0.36)T and n = 100. Find an approximation of
P(Y3 < (Y1 + Y2)/2).

(d) For p and n as in part (c), use a software package that provides bi-
variate normal probabilities to approximate P(Y3 < Y1, Y3 < Y2). Hint:
Consider the random variables W1 = Y3 − Y1 and W2 = Y3 − Y2. The
distribution of the pair (W1, W2) may be approximated by the bivariate
normal distribution.

12.4.5 Let Y = (Yi j ) be a random matrix with r rows and c columns. Suppose
that Y ∼ Mrc(n, p). Define R(i1, i2, j1, j2) = (pi1 j2/pi1 j1 )/(pi2 j2/pi2 j1 ) =
(pi1 j2/pi2 j1 )/(pi1 j1/pi2 j2 . These are the odds ratios.

(a) Show that independence of rows and columns is equivalent to R = 1 for
all i1, i2, j1, j2.

(b) Let 	i j = log(pi j ). Define 	 be the mean of all 	i j , and let 	̄1+ and
	̄+ j be the corresponding row and column means. Define �i = 	̄1+ −
	, � j = 	̄+ j − 	, (��)i j = 	i j − (	 + �i + � j ). As for two-way anal-
ysis of variance, call these the ith row effect , the j th column effect, and
the (ij)th interaction effect. Then 	i j = 	 + �i + � j + (��)i j . Show that
(��)i j = 0 for all i and j if and only if rows and columns are independent.
Hint: Use part (a).

12.4.6 The employees of the XYZ Company were classified as A, union members;
B, managers; or C , upper-Level managers. The frequencies were A, 10,000;
B, 2000; and C , 500. Simple random samples of 300, 200, and 100 were
taken from these three subpopulations. All 600 were asked to assign a num-
ber 1, 2, 3, 4, or 5 as a rating of a new medical plan in comparison to an old
plan: 1 = {new plan much better}, 2 = {new plan somewhat better}, 3 =
{new plan and old plan about equal}, 4 = {new plan somewhat worse}, 5 =
{new plan much worse}. The results are shown in Table 12.4.6.

(a) State a model and determine the approximate p-value for H0: homo-
geneity of probability vectors.

(b) Determine the table of expected values E(Y) = m, then use this to
find an approximate power of an � = 0.05-level test for the case that
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TABLE 12.4.6 Medical Plan Data

Rating

1 2 3 4 5 Total

Union 39 52 81 93 35 300
Managers 27 46 64 40 23 200
Upper-level managers 20 22 35 14 9 100

Total 86 120 180 147 67 600

p =
⎛⎝ 0.12 0.18 0.25 0.29 0.16

0.15 0.25 0.25 0.20 0.15
0.17 0.27 0.30 0.16 0.10

⎞⎠. In 10,000 simulations, H0

was rejected 8215 times. (Actually, samples of employees were taken
with replacement for this simulation.) The data of the observed table Y
above were generated using this p.

(c) Determine the odds ratio (see Problem 12.4.5) R(1, 2, 1, 2) and estimate
it from the observed data table Y.

12.4.7 Let X = (X11, X12, X21, X22) ∼ Multinomial (n, p), where p = (p11, p12,

p21, p22). Define R = (p11/p12)/(p21/p22) = p11 p22/p12 p21, the odds ra-
tio. Define � = log(R̂), the log odds. Define R̂ = (X11/X12)/(X21/X22) =
X11 X22/(X12 X21), and �̂ = log(R̂).

(a) Use the �-method to show that for large n, Var(�̂) =̇ (1/n)(1/p11 +
1/p22 + 1/p12 + 1/p22).

(b) Use the fact that �̂ is asymptotically normally distributed and Slutsky’s
theorem to derive a formula for a 95% confidence intervals on � and R.
For 1000 simulations with n = 2000, p = (0.1, 0.2, 0.3, 0.4), “95% CIs
on � = log(0.04/0.06) contained � 953 times.

(c) Apply the method in part (b) for X11 = 221, X12 = 410, X21 =
613, X22 = 756.

12.5 CHI-SQUARE GOODNESS-OF-FIT TESTS

The classical book Mathematical Methods of Statistics, by Harald Cramér (1951)
contains a table of count data (p. 436). The counts are the numbers of �-particles
radiated from a disk in 2608 periods of 7.5 seconds. It was a classical experiment
reported by Geiger and Rutherford. Their theory suggested that the observations Xi

should be values taken by 2608 independent Poisson random variables with common
unknown parameter 
. The frequencies of counts k, labeled Yk here, estimates of
expected frequencies m̂k (to be explained), and contributions � 2

k = (Yk − m̂k)2/m̂k

to the Pearson chi-square statistic are provided in Table 12.5.1.
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TABLE 12.5.1 Chi-Square Data

k Yk p̂k m̂k � 2
k

0 57 0.021 54.4 0.13
1 203 0.081 210.5 0.26
2 383 0.157 407.3 1.45
3 525 0.202 525.4 0.00
4 532 0.195 508.4 1.09
5 408 0.150 393.6 0.53
6 273 0.097 253.9 1.44
7 139 0.053 140.4 0.01
8 45 0.026 67.9 7.73
9 27 0.011 29.2 0.17

10 10 0.005 11.3
11 4 0.0014 4.0
12 2 0.00048 1.25 0.15
13 0 0.00014 0.37

To achieve a better approximation, the last four categories were combined, so that
the total frequency of the last category was 16, with corresponding m̂k = (11.3 +
4.0 + 1.3 + 0.4 + 0.1) = 17.1, so that � 2

k = (16 − 17.1)2/17.1 = 0.15. The m̂k were
determined by first finding the MLE for 
, X̄ = (1/n)

∑n
i=1 Xi = (1/n)

∑12
k=0 kYk ,

where n =∑12
k=0 Yk = 2608. Then the MLE for pk = P(Xi = k; 
) = e−

k/k! was

obtained by replacing 
 by 
̂ = X̄ to obtain p̂k . Then m̂k = n p̂k . Under the null hy-
pothesis that the Xi constitute a random sample from some Poisson distribution,
� 2 =∑11

k=0 � 2
k is approximately distributed as chi-square with 11 − 1 − 1 = 9 de-

grees of freedom. We observe � 2 = 12.65, so that the observed p-value is 0.169. A
curious feature of these data is that the observed frequency corresponding to X = 8
is so small, with observed frequency Y8 = 45, though m̂8 = 67. The resulting � 2

k is
7.73, a large part of the statistic � 2 = 12.65. To see that Pearson’s goodness-of-fit
chi-square statistic has a sampling distribution that is closely approximated by the chi-
square distribution when samples of 2604 are taken from a Poisson distribution with

 of this magnitude, simulations were conducted 10,000 times, each for 
 = 3.87.
Figure 12.5.1 shows that the approximation is excellent. For each the last category
was [X ≥ 10], so that there were 11 categories, and therefore 11 − 2 = 9 degrees of
freedom.

So that the null hypothesis would not be true, the probabilities given by the Poisson
distribution with 
 = 3.87 were changed by adding 0.02 to P(X = 0) and P(X = 3)
and subtracting 0.02 from P(X = 1) and P(X = 2). Call the resulting vector p, and let
m = 2608p. The resulting mean remained at 3.87, but the variance was 3.90, slightly
larger. Figure 12.5.2 is a histogram for 10,000 Pearson chi-square statistics produced
for n = 2608. The distribution of � 2 is then approximately noncentral chi-square
with 9 df, noncentrality parameter � =∑k(mk − mk0)2/mk0, where mk0 = 2608pk ,
and pk is the Poisson probability for 
 = 3.86. We find � = 18.54 and corresponding
power 0.875. For 10,000 simulated values of � 2, 8550 exceeded the 0.95-quantile
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FIGURE 12.5.1

16.919 of the central chi-square distribution, 9 df, so that the agreement with the
theory is excellent. For n = 2608/2 = 1304, � is one-half as large, 9.27, with resulting
approximate power 0.525. For n = 2608/4 = 652 and n = 2608/8 = 326, the (�,
power) pairs are (4.63, 0.260) and (2.32, 0.140).

In general, suppose that a random sample of size n is taken from a popula-
tion and that each observation is classified as a member of some category j for
j = 1, 2, . . . , k. Let X = (X1, . . . , Xn) be the vector of category numbers for the
sample. We suppose that the Xi are independent and that P(Xi = j) = p j for i =
1, . . . , n and j = 1, . . . , k. Let Y j = (no. i for which Xi = j) =∑n

i=1 I [Xi = j].
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FIGURE 12.5.2
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FIGURE 12.5.3

Then Y = (Y1, . . . , Yk) has the multinomial distribution with parameters n and
p = (p1, . . . , pk).

Let g( j ; �) for j ∈ {1, 2, . . . , k} be a probability mass function for each � ∈ �

and suppose that we wish to test the null hypothesis H0: [for some � ∈ �, p =
(g(1; �), . . . , g(k; �))]. For the �-particle data above, the categories corresponded
to the counts X = 0, 1, . . . , 9 and [X > 9], so that k = 11. The Poisson parameter
was � = 
, g( j ; 
) = e−

 j/j! for j = 0, . . . , 9, and g(11; 
) = 1 −∑9

j=0 g( j ; 
).
Sometimes the number of observations n may be too small to justify the use of

categories for which the probabilities are relatively small. In that case, categories may
be grouped, so that each has probability of sufficient size. The long-time rule was
that the number expected in each category should be at least five. Simulations have
shown that the chi-square approximation of the distribution of Pearson’s chi-square
statistic � 2 are often good even when several categories have expected counts of less
than five. The estimator �̂ of � should be the MLE for the grouped data, not for the
original ungrouped data. It has been shown that when the MLE for the ungrouped
data is used, the distribution of � 2 under the null hypothesis is sometimes not well
approximated by the chi-square distribution. The likelihood function corresponding
to the grouped data is L(�) = C

∑k
i=1 g(i ; �)yi , where C does not depend on �. If

g(i ; �) is not a simple function of �, as when it is a sum, there may not be a simple
formula for the MLE corresponding to L(�). However, with today’s fast computational
ability, that should cause no problem. For example, for samples of size 100 from the
Poisson distribution with 
 = 3.87, the observations were grouped into the categories
{0, 1, 2, 3}, {4, 5, 6}, {7, 8, 9}, and {k|k ≥ 10}. Figure 12.5.3 is a histogram of 10,000
values of Pearson’s chi-square statistic, together with the density of the chi-square
distribution for 4 − 1 − 1 = 2 degrees of freedom. The fit is reasonably good.

To determine whether the noncentral chi-square distribution is a good approxima-
tion for the case that the distribution is not Poisson, the probabilities determined by
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0.95 Quantile of Chi-Square(2 df)
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FIGURE 12.5.4

the Poisson (3.87) distribution were changed by adding 0.06 to the probabilities of 0
and 7, and by subtracting 0.06 from the probabilities of 2 and 6. This change did not
alter the probability of the category {0, 1, 2, 3}, but did subtract and add 0.06 to the
categories {4, 5, 6}, and {7, 8, 9}. These new probabilities and expectations E j for the
four categories were then used to determine the MLE 
∗ of 
. That is, 
∗ maximized
	4

j=1g( j ; 
)E j as a function of 
, where g( j ; 
) is the Poisson probability of cate-
gory j , expressed as a sum. Let E0

j be the expected frequency corresponding to 
∗.

Let � =∑4
j=1(Ei − E0

j )
2/E0

j . Theory states that � 2(y, Ê0) =∑4
j=1(yi − Ê0

j )
2/E0

j
should be approximately distributed as noncentral chi-square with 2 df and noncen-
trality parameter �. Ê j is the estimate of E j based on y rather than the vector E.
Figure 12.5.4 indicates that the approximation is quite good.

Use of the S-Plus command “1 - chisq(9.488, 2, 3.41)” produced 0.361, indicating
that the power should be approximately 0.361. The actual power, as indicated by
10,000 simulations, seems to be a bit less, approximately 0.32 (see Figure 12.5.5).
Simulations for other categories produced similar results.

Testing for Normality

Suppose that X1, . . . , Xn is a random sample from a distribution with cdf F and we
wish to test H0: F is the cdf of a normal distribution for some 	 and 
. Samples of
size 100 were taken from the N(50, 100) distribution. (The choices of 	 = 50, 
 = 10
was arbitrary. The chi-square statistic would be the same for any choices.) For each
sample the sample mean and standard deviation was determined, and the standardized
observations Zi = (Xi − X̄ )/S determined. These 100 Zi ’s were then categorized into
the 10 intervals (−∞, −2.0], (−2.0, −1.5], (−1.5, −1.0], . . . , (1.5, 2.0], (2.0, ∞),
and their frequencies Yk, k = 1, . . . , 10 determined. For the kth interval [ak, bk] the
expected values E0

k = 100[�(bk) − �(ak)] were then determined. The chi-square
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FIGURE 12.5.5

statistic � 2 =∑10
k=1(Yk − E0

k )2/E0
k was then determined. This was done 100,000

times. The results are summarized in Figure 12.5.6. Theory suggests that � 2 should
be approximately distributed as chi-square with (10 − 1 − 2) degrees of freedom,
since two parameters were estimated. Of the 100,000, 4753 exceeded the nominal
cutoff point 14.067 for an � = 0.05-level test. To study the power of the chi-square test
for normality, samples were instead taken from the double-exponential distribution,
again with n = 100. The chi-square statistic was determined for 100,000 samples (see
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10,000 Pearson Chi-Square Goodness of Fit Statistics for
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= 14.067
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Mean =  7.118

delta = 0
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FIGURE 12.5.6 Pearson chi-square statistics for chi-square test of normality.



OTE/SPH OTE/SPH

JWDD073-c12 October 4, 2007 17:25 Char Count= 0

346 frequency data

01 02 03 04 0

0.
0

0.
02

0.
04

0.
06

Pearson's Chi-Square Statistic

100,000 Pearson Chi-Square Goodness of Fit Statistics for
Samples of 100 from Double Exponential Distribution,

Grouped Data, with Non-Central Chi-Square Density, 7 df

0.95 Quantile of Chi-Square, 7 df
= 14.067

49870 Exceeded 14.067

Mean =  15.057

delta = 8.089

388 Exceeded 40

FIGURE 12.5.7

Figure 12.5.7). The � = 0.05-level test led to rejection for 49,870 cases, so that the
power is approximately 0.499.

We can find this in approximation by first finding the noncentrality parameter
� =∑10

k=1(Ek − E0
k )2/E0

k , where Ek and E0
k are the expected frequencies for the

double-exponential and normal distributions. We obtained � = 8.089. Thus, for sam-
ples from the double-exponential distribution E(� 2) = � + � = 7 + 8.089 = 15.089,
very close to the mean 15.057 for the 100,000 samples. P(� 2 > 14.067) for the
case that � 2 has the noncentral chi-square distribution with parameters 7 and
� = 8.089 is 0.507, very close to 49, 870/10,0000, as obtained for the simulations.
This should convince a few skeptics. (The author was one until he was able to perform
simulations.)

Problems for Section 12.5

12.5.1 A model for the number of hits X that a certain major league baseball player
gets in games in which he has four times at bat states that the X ∼ Binomial
(n, p) for some p, 0 < p < 1. In one season he played in 90 such games,
with the following frequencies: 0 hits, 32; 1 hit, 26; 2 hits, 17; 3 hits, 12; 4
hits, 3.

(a) Test the null hypothesis that this model holds for p = 0.320. � = 0.05.

(b) Test the hypothesis that this model holds for some p. � = 0.05.

(c) If either of these test rejects H0, can you suggest why the binomial model
might be wrong?
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12.5.2 A random sample of 100 was taken from among the undergraduate students
from a Midwest U . Their GPAs were as follows in order of size:

1.74 2.07 2.07 2.09 2.10 2.19 2.21 2.22 2.23 2.23

2.25 2.27 2.32 2.33 2.33 2.40 2.41 2.41 2.42 2.46

2.46 2.48 2.48 2.48 2.48 2.48 2.48 2.50 2.50 2.51

2.51 2.53 2.54 2.54 2.55 2.56 2.59 2.60 2.60 2.62

2.62 2.64 2.64 2.66 2.66 2.66 2.68 2.70 2.71 2.72

2.74 2.74 2.76 2.77 2.78 2.79 2.79 2.80 2.80 2.81

2.86 2.86 2.88 2.89 2.89 2.89 2.94 2.96 2.97 2.99

3.01 3.01 3.09 3.11 3.18 3.20 3.20 3.20 3.21 3.22

3.24 3.25 3.25 3.25 3.26 3.26 3.37 3.42 3.44 3.45

3.45 3.48 3.51 3.57 3.60 3.67 3.71 3.73 3.74 3.85

The sample mean and standard deviation are 2.797 and 0.448.

(a) Determine the Pearson � 2 statistic for H0: the distribution of
GPAs among undergraduates at Midwest U is normal. Use the five
intervals (−∞, −1.5), [−1.5, −0.5), [−0.5, 0.5], [0.5, 1.5], [1.5, ∞)
for the standardized observations. Find the p-value.

(b) Present a histogram corresponding to these five intervals.

12.5.3 The numbers of vehicles passing a point on I9999 freeway for each of the
120 one minute periods between 3:00 and 5:00 a.m. on July 13, 2006 were
observed, then frequencies were determined as follows:

0 1 2 3 4 5 6 7 8

6 20 22 32 11 16 9 3 1

(a) Test the simple null hypothesis that the 120 observations constitute a
random sample from the Poisson distribution with 
 = 2.7, using � =
0.05. Use eight intervals with the last interval [7, ∞).

(b) Repeat part (a) for the case that H0: the 120 observations constitute a
random sample from some Poisson distribution. Use the same intervals.

(c) Find an approximation for the power of the test in part (a) for the case
that the observations were taken from the Poisson distribution with mean

 = 3.0, as they were.

(d) Under the model that this is a sample from a Poisson distribution, con-
sider a test of H0: 
 = 2.7, Ha: 
 �= 2.7 based on X̄ . For � = 0.5, for
which values of X̄ should H0 be rejected? Give an approximation of
the power for 
 = 3.0. Why would you expect this to be larger than the
power obtained in part (c)?
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12.5.4 Let X = WU1 + (1 − W )U2, where W ∼ Bernoulli (�) for 0 < � < 1, U1 ∼
Unif(0, 2), U2 ∼ Unif(1, 3), and these three random variables are indepen-
dent. X has density f (x ; �) = � f1(x) + (1 − �) f2(x) and f1 and f2 are the
densities of the uniform distributions on [0, 2] and [1, 3]. Thus, f (x ; �) is
�/2, 1/2, and (1 − �)/2 on the intervals [0, 1], (1, 2), and (2, 3). Suppose
that a random sample X1, . . . , Xn is taken from f (x ; �). Let Y1, Y2, and Y3

be the numbers of these in these three intervals.

(a) Show that the MLE of � based on Y = (Y1, Y2, Y3) is �̂ = Y1/[(Y1 + Y3)].

(b) Determine the chi-square goodness-of-fit statistic � 2 for n = 100 and
observed Y = (17, 45, 38). Find the p-value corresponding to � 2. Hint:
Recall that a chi-square random variable with 1 df is the square of a
standard normal random variable.

(c) Let p̂2 = Y2/n. Show that, in general, for any observed Y = y =
(y1, y2, y3) with no zero components, � 2 = z2, where z = ( p̂2 −
1/2)/

√
1/(4n). This is a test statistic for H0: p2 = 1/2.

(d) What is the approximate power for the � = 0.05-level chi-square
goodness-of-fit test for the case that the vector of probabilities for the
three intervals is (0.2, 0.4, 0.4)? Hint: This can be found by using either
the noncentral chi-square distribution or the z-statistic given in part (c).
For 10,000 simulations the test rejected 5436 times.

(e) Give an approximation of the power for the case that the observations
X1, . . . , Xn constitute a random sample from the uniform distribution
on [0, 3]. For 10,000 simulations the test rejected 9383 times.

12.5.5 In a paper entitled “Sopra le Scoperte dei Dadi” (On a discovery con-
cerning dice), written sometime in the period 1613–1623, Galileo Galilei,
who was made famous by his then-controversial model of the solar sys-
tem, in considering the totals on the throws of three dice, stated that “long
experience has made dice-throwers consider 10 to be more advantageous
than 9,” even though both 9 and 10 may be partitioned in six ways. For
example, 9 = 6 + 2 + 1 = 5 + 3 + 1 = 5 + 2 + 2 = 4 + 4 + 1 = 4 + 3 +
2 = 3 + 3 + 3. If T is the total, then p9 = P(T = 9) = 25/216, while
p10 = P(T = 10) = 27/216. In his book on the history of probability and
statistics prior to 1750, Hald (2003) pointed out that there has been some
discussion recently of whether such small differences could be detected in
practice.

(a) Suppose that three dice are thrown n times. Let (X9, X10, X0) be the fre-
quencies of 9, 10, and neither. Let p̂9 = X9/n and p̂10 = X10/n. Show
that Pearson’s chi-square good-of-fit statistic for H0: p9 = p10 versus
Ha: p9 �= p10 is � 2 = n( p̂9 − p̂10)2/( p̂9 + p̂10).

(b) Argue that asymptotically � 2 is distributed as noncentral chi-square with
1 df, noncentrality parameter � = n(p9 − p10)2/(p9 + p10).
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(c) Show that a sample size of 10,782 is needed to have power 0.50 or more
for � = 0.05. Hint: The noncentral chi-square distribution with 1 df,
noncentrality parameter �, is the distribution of (Z + �)2 for Z ∼ N(0, 1),
so probabilities may be obtained using a normal table.

(d) What is your conclusion about Galileo’s statement?

12.5.6 Let X1, . . . , Xn be a random sample from a cdf F , where F(0) = 0, F(1) =
1, and F is continuous. Suppose that we wish to test H0: F(x) = x, 0 ≤ x ≤
1 versus Ha: H0 not true.

(a) Consider the Pearson � 2 statistic for the intervals Ik = [(k − 1)/4, k/4)
for k = 1, 2, 3, 4. Show that Pearson’s � 2-statistic for these intervals is
(4/n)�(Yk − n/4)2, where Yk is the number of observations in Ik .

(b) Suppose that F(x) = x� for some � > 0. For n = 100, � = 1.5. Find an
approximation for the power of the � = 0.05-level test of H0.

(c) Assuming the model F(x) = x� for 0 ≤ x ≤ 1, find the likelihood ratio
test of H0: � = 1 versus Ha: � �= 1. Find an approximation for the power
of the � = 0.05-level test for n = 100, � = 1.5.
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C H A P T E R T H I R T E E N

Miscellaneous Topics

13.1 INTRODUCTION

In this chapter we discuss four topics: survival analysis, bootstrapping, Bayesian
analysis, and sample surveys. Many books have been written and entire courses
have been devoted to each of these topics. Our discussion will serve only as brief
introductions to each topic.

13.2 SURVIVAL ANALYSIS

Let T be a random variable, the length of life of an object, animal, or person fol-
lowing some event. If the event is the birth of a human being, then T could be his
or her lifetime. Or T could be the length of life of a cancer patient after diagnosis.
Or T could be the length of life of a 100-watt light bulb under continuous use. Let
F(t) = P(T ≤ t) be its cdf, and let S(t) = P(T > t) = 1 − F(t) be its survival func-
tion. In this section we will be interested in estimating S(t), particularly under random
censoring, to be defined. Consider the conditional probability G(t, �) ≡ P(t < T ≤
t + � | T > t) = [F(t + �) − F(t)]/[1 − F(t)] = [S(t) − S(t + �)]/S(t). If F(t)
has a derivative f (t) for all t > 0, this is then, for � > 0 and � small, in approx-

imation, � f (t)/[1 − F(t)] = −�
d

dt
log(1 − F(t)) = �

d

dt
log(S(t)). The function


(t) ≡ f (t)/[1 − F(t)] = f (t)/S(t) = − d

dt
log(1 − F(t)) = d

dt
log(S(t)) is called

the instantaneous failure rate, or simply the failure rate. By the fundamental theorem
of calculus this implies that log(S(t)) = − ∫ t

0 
(s) ds + log(S(0)) = − ∫ t
0 
(s) ds,

since S(0) = 1. The function �(t) ≡ ∫ t
0 
(s) ds for t > 0 is called the cumulative

failure rate. Thus, S(t) = e−�(t).

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.
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FIGURE 13.2.1 Weibull distribution plots.

If the failure rate is constant, say 
(t) = � > 0 for t > 0, then �(t) = �t , so that
S(t) = e−�t . T has the exponential distribution with mean 1/�. If, for � > 0, m > 0,
and �(t) = (�t)m , it follows that S(t) = e−(�t)m

, so that T has the Weibull distribution
with scale parameter � and power parameter m. If Y has the exponential distribu-
tion with mean 1, then T = Y 1/m/� has the Weibull distribution with parameters m
and �. The Weibull distribution serves as a model for lifetime data for objects for
which there is a fatigue effect, with larger values of m corresponding to a propen-
sity to wear out quickly. Human beings have lifetimes with failure rates 
(t) on a
yearly basis which are approximately 750/100,000 in the first year, drop to a mini-
mum near t = 10 of approximately 22/100, 000, then gradually increase for the next
100 years, surpassing 10,000/100,000 at 85.

Figure 13.2.1 presents the functions 
, �, S, and f for the Weibull distribu-
tion, for power parameters m = 1, 2, 3, with � = log(2), so that for each m, S(1) =
1/2.E(T ) = (1/�)�(1/m + 1) = 1.4427, 1.2786, 1.2883 for m = 1, 2, 3. Their vari-
ances are (1/�2)[�(2/m + 1) − �(1/m + 1)2] = 2.08, 0.45, 0.22 for m = 1, 2, 3. As
m → ∞, E(T ) = (1/�)�(1/m + 1) → 1 and Var(T ) → 0. For large m most failures
occur near 1.

Let T1, . . . , Tn be a random sample from F . Let Fn(t) = (1/n) (no. Ti ≤ t) =
(1/n)

∑n
i=1 I [Ti ≤ t] for each real number t , and let Sn(t) = 1 − Fn(t) for each t .

Fn is the sample cdf (see Chapters Seven and Ten) and Sn is the sample survival
function. As discussed earlier, E(Fn(t)) = F(t) and therefore E(Sn(t)) = S(t) for
each t . Also, Var(Fn(t)) = Var(Sn(t)) = F(t)(1 − F(t))/n. By the CLT both Fn(t)
and Sn(t) are asymptotically normally distributed for each t (after standardization)
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TABLE 13.2.1

i

1 2 3 4 5 6 7 8 9

Ti 0.050 0.991 0.768 0.742 0.738 0.306 0.089 0.594 0.977
Ci 0.205 0.329 0.968 0.683 0.987 0.216 0.107 0.630 0.354
Yi 0.050 0.329 0.768 0.683 0.738 0.216 0.089 0.594 0.354
�i 1 0 1 0 1 0 1 1 0

whenever 0 < F(t) < 1, although the normal approximation provided may not be
good for F(t) close to 0 or 1. See Figure 10.3.1 for examples of sample cdf’s. The
interval I (t) = [Sn(t) ± 1.96

√
Sn(t)(1 − Sn(t))/n] is an approximate 95% confidence

interval on S(t), with a better approximation for S(t) near 1/2, and, of course, large
n. See Section 10.4 for a discussion of the use of the Kolmogorov statistic.

Random Censoring

Suppose that cancer patients under study are diagnosed at random times between time
0 and time A. At time A some patients will have died, so that their survival time has
been observed. Others will still be alive, so that all we know is that their survival time
exceeds a censoring time, the time from diagnosis until time A. Thus, we observe the
minimum Y of T , the patient’s survival time, and C , the patient’s censoring time. We
also know whether Y is the value of T or the value of C . Define � to be the indicator
of the event [T ≤ C], equivalently that Y = T .

Suppose that T1, C1, T2, C2, . . . , Tn, Cn are independent random variables, with
each Ti ∼ F and each Ci ∼ G. Define Yi = min(Ti , Ci ) and �i = I [Ti ≤ Ci ] for
each i . We observe the pair (Yi , �i ), but not Ti when �i = 0 and not Ci when
�i = 1. We consider the Kaplan–Meier estimator of F , or equivalently, the survival
function S(t) = 1 − F(t). The probability that an observation Yi is not censored is
p = P(�1 = 1) = P(T1 ≤ C1) = ∫∞

0 F(t) dG(t) = 1 − ∫∞
0 G(t) d F(t). These are

Steiltjes integrals. If G or F has a corresponding density, g or f , replace dG(y) by
g(y) dy or d F(y) by f (y) dy. For example, if G(t) = t and F(t) = t2 on [0, 1], then
p = 1/3 = 1 − 2/3. For these same F and G, nine pairs (Ti , Ci ) were generated, and
rounded off to three decimal places (Table 13.2.1).

After ordering the pairs with respect to the Yi = min(Yi , Ci ), smallest to largest,
the pairs are (0.050, 1), (0.089, 1), (0.216, 0), (0.329, 0), (0.354, 0), (0.594, 1),
(0.683, 0), (0.738, 1), (0.768, 1). Five of the nine observations were uncensored, four
censored. Define Ŝ(t) for t < 0.050 to be 1 (see Figure 13.2.2). At t = 0.050, as we
move to the right, Ŝ(t) should drop to 8/9. Since the next larger value of Yi , 0.089,
corresponds to �i = 1, an uncensored observation, Ŝ(t), drops to (8/9)(7/8) = 7/9 at
0.089. The next three values of Yi after ordering correspond to censored observations.
As a result, define Ŝ(t) to remain at 7/9 for the interval [0.089, 0.594). Since 0.594
is an uncensored observation, drop Ŝ(t) to Ŝ(0.089)(3/4) = (7/9)(3/4) at t = 0.594,
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for Nine Observations with Four Censored

FIGURE 13.2.2 Kaplan–meier estimate of S(t) for nine observations.

since there are four values of Yi that are greater than or equal to 0.594. The next
Yi , 0.683, corresponds to a censored observation, so continue to define Ŝ(t) to be
Ŝ(0.594) for 0.594 ≤ t < 0.738. At t = 0.738, drop Ŝ(t) to Ŝ(0.594)(1/2) = 0.292.
Finally, at t = 0.768, drop Ŝ(t) to zero.

Another sample of 50 (Ti , Ci ) pairs was taken from the same distributions F and
G. The S-Plus functions “Surv,” “survfit,” and “plot” were then used to estimate
the survival function S(t) = 1 − t2 for 0 ≤ t ≤ 1 and to plot it (using the result of
“survfit”) (see Figure 13.2.3). S(t) and the Kaplan–Meier estimate Ŝ(t), together with
95% confidence intervals I (t) on S(t), are plotted. Among the 50 observations, 18
were uncensored. Ŝ(t) was not plotted for t > 0.873 because there were no uncensored
observations larger than 0.873.
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FIGURE 13.2.3 Kaplan–Meier estimate and 95% confidence intervals.
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The confidence bands seem to “miss” S(t) for t near t = 0.25. These are not
simultaneous bands, so we should not be surprised that the bands on S(t) do not
contain S(t) for some t . Formally, the KM estimator is defined as follows. We use the
notation of S-Plus. Let Yi = min(Ti , Ci ), and �i = I [Ti ≤ Ci ] as before. Let t1 <

t2 < · · · < tm be the distinct values of Yi for which �i = 1. Define n j = #[Yi ≥ t j ]
and D j = #[Yi = t j , � j = 1] for j = 1, . . . , m. Let C∗ = max(Ci ). Define Ŝ(t) = 1
for t < t1; 	t j ≤t [(n j − D j )/n j ] for t1 ≤ t ≤ max(tm, C∗), undefined for t > C∗ ≥
tm . Note that Ŝ(t) = 0 for t > tm > C∗, that Ŝ(t j+1) = Ŝ(t j )[(n j+1 − d j+1)/n j+1],
that Ŝ(t) is “flat” between the t j , and that Ŝ(t) is continuous on the right.

The KM estimator is the maximum likelihood estimator of S(t) with respect to all
pairs (S, G) with the property that the sets of discontinuity of F and of G are disjoint.
Thus, the KM estimator is the nonparametric MLE of S(t) when it exists. It does not
exist for t that exceeds the largest Yi when the largest Yi corresponds to a censored
observation.

Problems for Section 13.2

13.2.1 Let X1, X2, . . . , Xn be the times until failure of seven randomly sampled
flashlight batteries, with survival function S(t).

(a) For order statistics X (i) as follows, for n = 7, determine and plot the
estimate Ŝ7(t) of S(t): 7, 11, 13, 15, 20, 23, 27.

(b) Suppose that the observations 13, 15, and 23 in part (a) were censored
with these as the censoring times. Determine the values of �i and the
Kaplan–Meier estimate Ŝ(t). Plot Ŝ(t) on the same axes as used in
part (a).

(c) Plot Ŝ(t) for the case that n = 10 with observations 2∗, 5, 5, 7∗,
7, 7, 9, 10, 10, 13∗. The censored observations are indicated with “*”.

13.2.2 Let X have survival function S(t), and failure rate 
(t).

(a) Express G(t, h) ≡ P(X > t + h | X > t) for t > 0, h > 0 in terms of S,

, t , and h.

(b) What is this conditional probability in the case that X has the exponen-
tial distribution with mean 1/�? Show that G(t, h) does not depend on
t, t > 0.

(c) Determine G(t, h) for the case that X has the Weibull distribution with
parameters m and �.

13.2.3 Let T have failure rate 
T (t) and let C have failure rate 
C (t). Suppose
that T and C are independent. Show that Y = min(T, C) has failure rate

T (t) + 
C (t).

13.2.4 Let T and C be independent, with exponential distributions with scale
parameters �1 and �2 (means 1/�1 and 1/�2). Let � = I [T ≤ C] and
Y = min(T, C). Show that:
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(a) P(T ≤ C) = E(�) = �1/(�1 + �2).

(b) Y has the exponential distribution with scale parameter �1 + �2.

(c) � and Y are independent. Hint: It is enough to show that P(� = 1, Y ≤
y) = P(0 ≤ T ≤ y, T < C) = P(� = 1)P(Y ≤ y) for every y > 0.

13.2.5 Consider the following 20 (Ti , Ci ) pairs.

(1.12, 2.98) (0.09, 0.03) (0.27, 0.41) (0.25, 0.52) (2.70, 0.10)

(0.59, 1.67) (0.11, 1.07) (1.42, 0.10) (2.05, 1.47) (1.97, 4.29)

(0.39, 2.64) (0.11, 0.73) (1.03, 2.06) (0.50, 2.87) (0.67, 0.17)

(3.49, 4.11) (1.13, 2.60) (0.54, 2.92) (0.07, 0.36) (0.56, 0.18).

The Ti and Ci were generated independently so that Ti ∼ Exponential(mean
1), Ci ∼ Exponential(mean 2).

(a) Determine the (�i , Yi ) pairs.

(b) Determine P(�i = 1).

(c) For those with access to the S-Plus functions “surv” and “survfit,” to
the language R, or comparable “Proc’s” in SAS, plot the Kaplan–Meier
estimate of the survival function for T .

13.2.6 Let T ∼ N (	T , 
2
T ), C ∼ N (	C , 
2

C ), with T and C independent.

(a) Show that P(T ≤ C) = �((	T − 	C )/
√


2
T + 
2

C ).

(b) Show that Y = min(T, C) has density f (y) = (1/
T )�(−zT )�(−zC ) +
(1/
C )�(−zC )�(−zT ), where zT = (y − 	T )/
T , zC = (y − 	C )/
C ,
and � and � are the density and cdf of the standard normal distribution.

13.3 BOOTSTRAPPING

In 1979, Bradley Efron of Stanford University published a paper entitled “Bootstrap
methods: another look at the jackknife.” He followed that with a 1982 monograph
The Jackknife, the Bootstrap, and Other Resampling Methods. The paper and the
monograph were together a major impetus for much research in the following 28
years. Much of the success has been due to the rapid increase in computer power
since then. We begin with a simple example.

Suppose that Y = � + ε, where ε, having cdf Fε , is symmetrically distributed about
zero. Suppose that Y1, . . . , Yn is a random sample with the distribution of Y and that
we wish to estimate �. If ε is known to be normally distributed, the MLE for � is Ȳ ,
and Ȳ is known to be “best” in certain senses. Similarly, if ε has a double-exponential
(Laplace) distribution, the MLE is the sample median M , and again, M has “nice”
properties. However, we often or usually don’t know the form of the distribution
of ε.
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TABLE 13.3.1 Original Sample and Five Bootstrap Samples from It

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 X̄0.3 ε̄0.3

or or or or or or or or or or or or
X∗

1 X∗
2 X∗

3 X∗
4 X∗

5 X∗
6 X∗

7 X∗
8 X∗

9 X∗
10 X̄∗

0.3 ε̄∗
0.3

X ’s 7.36 6.63 9.37 7.17 7.96 7.23 7.57 8.24 6.83 8.62 7.53 −0.47
X∗’s 7.23 8.62 8.82 8.24 7.17 7.23 8.62 6.83 7.57 8.24 7.82 0.29
X∗’s 7.36 7.17 6.83 7.96 7.17 9.37 6.63 8.24 8.24 6.63 7.41 −0.12
X∗’s 7.23 9.37 7.57 7.23 9.37 7.17 6.83 8.62 6.63 6.83 7.30 −0.23
X∗’s 7.57 8.24 8.62 7.17 6.63 7.17 9.37 8.62 7.23 7.23 7.57 0.04
X∗’s 6.83 6.83 7.17 6.63 8.62 7.57 6.83 7.96 7.23 6.63 7.02 −0.51

Consider the �-trimmed mean X̄�, the mean when the largest k = [�n] and smallest
k are omitted. For example, for a sample of n = 50, to determine the 0.3-trimmed
mean, the smallest k0.3 = 15 and the largest 15 Xi ’s are omitted and X̄0.3 is the mean
of the middle 20 Xi ’s. If Fε is known, we can estimate the distribution of the error
(ε̄ = X̄0.3 − � for (say) n = 50 by taking a large number B = 20,000 of samples of
n ε’s and determining ε̄0.3 for each. These B ε̄0.3’s can then be used to estimate the
cdf and density of ε̄0.3. The bias of X̄0.3 as an estimator of � could be estimated by
(mean of the B ε̄0.3’s). Let c1 and c2 be the 0.025- and 0.975-quantiles of ε. Since
0.95 = P(c1 ≤ X̄0.3 − � ≤ c2 | �) = P(X̄0.3 − c2 ≤ � ≤ X̄0.3 − c1 | �) for all �, the
interval [X̄0.3 − c2, X̄0.3 − c1] is a 95% CI on �. We could estimate c1 and c2 by the
500th and 19,500th order statistics among the 20,000 ε̄0.3’s.

The difficulty with this is that the distribution of ε is usually not known, and
we have only the n = 50Xi ’s available. The bootstrap method provides one way
out of the difficulty. Let X∗

1, . . . , X∗
n be a random sample (independent and identi-

cally distributed) from among X1, . . . , Xn . X∗ = (X∗
1, . . . , X∗

n) is called the bootstrap
sample. Let X̄∗

0.3 be the 0.3-trimmed mean for the sample X∗. Let ε̄∗
0.3 = X̄∗

0.3 − X̄0.3.
In theory we could consider all bootstrap samples. However, the number of such
samples if different orderings are counted is nn . Even for n = 10, we get 10 bil-
lion such samples. Usually, some large number B of bootstrap samples is taken.
Table 13.3.1 presents an original sample of 10 from the double-exponential dis-
tribution with � = 8 scale parameter 1, followed by five bootstrap samples. The
last two columns contain the 0.3 trimmed mean and the corresponding values of
ε̄0.3 or ε̄∗

0.3.
In practice, we would take B bootstrap samples with B large rather than 5.

Figure 13.3.1 presents the density of ε̄0.3, obtained by taking N = 100,000 sam-
ples of size n = 100 from the double-exponential distribution. The lower graph is an
estimate of the density in the top graph obtained using B = 20,000 bootstrap samples
of 100 from one sample from the double-exponential distribution.

The percentile bootstrap method for confidence intervals on � works as follows.
The (�/2)- and (1 − �/2)-quantiles c1 and c2 for ε̄0.3 are estimated by ĉ1 and ĉ2,
the sample (�/2)- and (1 − �/2)-quantiles of ε̄0.3 for a large number B of boot-
strap samples, all the same size n as the original sample. The CI on � is then
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FIGURE 13.3.1

[X̄0.3 − ĉ2, X̄0.3 − ĉ1]. For � = 0.05, this procedure was applied to 2000 original
samples from the double-exponential distribution, each for B = 1000 bootstrap sam-
ples. Of the 2000 CIs, 1899 covered �, which in this case was chosen to be zero. Had
� been chosen to be another value, all CIs would have been � larger, resulting in the
same coverage percentage.

The same procedure was repeated for samples of 100 from the Cauchy distribution
for 4000 original samples of 100. Of the CIs, 3855 covered �, 96.375%. Similarly,
samples of 100 were taken from the contaminated normal distribution, with the cdf
Fε(x) = 0.9�(x) + 0.1�(x/5), so that approximately 1/10 of the εi were taken ran-
domly from the N(0, 25) distribution, the others from N(0, 1). Of 2000 such intervals,
94.95% covered �. The corresponding t CIs covered � for 94.5% of such samples.
The mean lengths for the intervals were 0.702 for t-intervals, 0.481 for the bootstrap
percentile method based on X̄0.3.

The lesson is that in cases for which the distribution sampled is thought to be
symmetric about some � but not necessarily normal, CIs based on the trimmed mean
and bootstrapping will often provide shorter intervals than will the t-method. Of
course, the t-method will not work at all if the distribution sampled has heavy tails. For
500 samples of n = 100 from the Cauchy distribution, the mean lengths of nominally
95% CIs were 14.8 for the t-method and 0.63 for the trimmed mean bootstrap method.
These were based on 500 samples of 100. CIs covered � for 97.0% and 93.2% of the
samples.

Another Example

Let X = (X1, . . . , Xn) be a random sample from a distribution F , with variance 
2.
Let S2

n be the sample variance. Of course, S2
n is an unbiased estimator of 
2, and an
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argument based on the weak law of large numbers and Slutsky’s theorem can be used
to prove that the sequence {S2

n} is consistent for 
2. If F is a normal distribution,
the fact that (n − 1)S2

n/
2 ∼ � 2
n−1 can be used to show that [S2

n (n − 1)/� 2
n−1(1 −

�/2), S2
n (n − 1)/� 2

n−1(�/2)] is a 100(1 − �)% CI on 
2. However, this interval, as
discussed at the end of Section 9.3, is very sensitive to nonnormality. For example,
only 784 of 1000 samples of 100 from the double-exponential distribution produced
nominally 95% CIs intervals that covered the median �. Bootstrap sampling can “save
the day.”

We would like to know the (�/2)- and (1 − �/2)-quantiles of the pivotal quan-
tity G = G(X, F) ≡ (n − 1)S2/
2. The bootstrap method replaces G by G∗ =
G(X∗, Fn), where X∗ is bootstrap sample from X and Fn is the sample cdf for X. Thus,
G∗ = (n − 1)S2∗/S2, where S2∗ is the sample variance for X∗ and S2 is the sample
variance for the original sample. We observe G∗ for B bootstrap samples and esti-
mate the (�/2)- and (1 − �/2)-quantiles g�/2 and g1−�/2 of G by the corresponding
quantiles g∗

�/2 and g∗
1−�/2 of the B values of G∗.

For samples from the double-exponential, this procedure works reasonably well,
with coverage probabilities a bit less than the nominal 0.95. For samples from the
contaminated normal described above, it works less well (coverage probability ap-
proximately 0.85 for n = 100, 0.92 for n = 400), but far, far better than the nor-
mal theory method, for which the coverage probabilities are approximately 0.52 and
0.54 for n = 100 and n = 400 for the contaminated normal, 0.80 for both n for
the double-exponential. The lesson: If there is any suspicion at all that the distribu-
tion sampled is nonnormal, with heavy tails in particular, consider the bootstrapping
method.

The Bootstrap t-Method

Let X = (X1, . . . , Xn) be a random sample from a distribution F with mean 	, vari-
ance 
2,both unknown. Let Tn = (X̄n − 	)/

√
S2/n, the t-statistic. If F is a normal

distribution, then T ∼ tn−1. In addition, Tn converges in distribution to N(0, 1), so that
even in the case of nonnormality but large n, [X̄n ± 1.96S/

√
n)] is an approximate

95% CI on 	. The approximation may not be very good for n = 25 (say) when F has
heavier tails than the normal, as it does, for example, for the exponential or contam-
inated normal distribution. The bootstrap method may be used to estimate the quan-
tiles of the distribution of T by estimates based on some large number B of bootstrap
samples, giving B values of T ∗ = (X̄∗

n − X̄ )/
√

S2∗/n. If c1 and c2 are the (�/2)- and
(1 − �/2)-quantiles for F , and the estimates based on the bootstrap samples are ĉ1 and
ĉ2, approximate 100(1 − �)% CIs on 	are given by [X̄n − ĉ2S/

√
n, X̄n − ĉ1S/

√
n].

This method was used for n = 50, sampling from the contaminated normal distribu-
tion with 	 = 0, 
1 = 1, 
2 = 5, ε = 0.2, so that an observation came from N(0, 25)
with probability 0.2. B = 2000 samples were taken. “95% CIs” covered 	 = 0 for
1917 cases when the usual t-method was used and 1969 times when the bootstrap
t-method was used. One might guess that the bootstrap t-method produced longer
intervals. They did, but only slightly, their mean lengths being 1.33 for the usual
method, 1.37 for the bootstrap t-method.
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When the same methods were used to determine CIs in the case that the distribution
F sampled was double-exponential with the same variance as for the contaminated
normal, the two methods worked poorly, covering 	 = 0 in only 864 and 874 for
1000 samples, with mean lengths 1.34 and 1.35.

The lesson: Use the percentile method, not the T -method, if there is any fear at all
that the tails of F are heavy.

The Bootstrap Method for Simple Linear Regression

Suppose that we observe Yi = �0 + �1xi + εi for i = 1, . . . , n, with the εi indepen-
dent, each with distribution F . Suppose that we want a CI on �1. The usual CI, based
on the normality of F , is [�̂1 ± t1−�/2

√
S2/Sxx ]. Is this appropriate when F is not

normal? If the xi ’s behave “appropriately” (don’t have excessive outliers) and the tails
of F aren’t too heavy, the distribution of T = (�̂1 − �1)/

√
S2/Sxx is approximately

tn−2 for larger n, and the tn−2 distribution is approximately N(0, 1), so this formula
will produce CIs that cover �1 with probability approximately 1 − �. However, if
the tails of F are heavy, the coverage probabilities may be smaller than “advertised”
and/or the intervals may be excessively long. The L1-method, which minimizes the
sum of the absolute deviations rather than the sum of squares, may perform better. In
S-Plus the function “l1reg” is available. Another robust method minimizes the median
of the squared deviations, and a variety of other methods designed to overcome heavy
tails for F are available.

A problem with these methods is that although they are asymptotically unbiased,
simple formulas for CIs based on these estimators are not available. The bootstrap
method may be used as follows. If, for example, the L1-method is used, let �̂L1 be the
estimator of �1. We would like to know the distribution of D ≡ �̂L1 − �1. Let FD be the
cdf of D. If FD(c1) = �/2 and FD(c2) = 1 − �/2, then c1 and c2 may be estimated by
bootstrapping residuals (or resampling). Let Ri = Yi − Ŷi , where Ŷi = �̂L0 + �̂L1xi

is the i th predicted or fitted value. Let X = (x0, x), where x0 is the vector of all 1’s. The
vector R = (R1, . . . , Rn) has covariance matrix (In−H)
2, where H = X(XTX)−1XT

is projection onto the column space of X = (x0, x). Thus, the variances of the Ri are
proportional to the diagonal d = (d1, . . . , dn) of I − H. For simple linear regression,
di = 1 − (1/n + (xi − x̄)2/Sxx ). The Ri are not quite independent, but Wi ≡ Ri/d1/2

i
has variance 
2. Choose a random sample (with replacement) of n from (W1, . . . , Wn).
Call the values obtained (r∗

1 , . . . , r∗
n ). Define Y ∗

i = Ŷi + r∗
i . Perform a SLR on the

pairs (xi , Y ∗
i ). Let �̂∗

L1 be the resulting estimate of �1, and let D∗ = �̂L1 − B̂L1. Do this
B times, to obtain B copies of D∗. Estimate c1 and c2 by ĉ1 and ĉ2, the corresponding
sample quantiles of the D∗. Then [�̂L1 − ĉ2, �̂L1 − ĉ1] is an approximate 100(1 − �)%
CI on �1.

In the determination of D∗ it is enough to sample the r∗
i . Then D∗ is the slope of

the simple linear regression line for the (xi , r∗
i ) pairs (see Problem 13.3.3).

The method seems to provide “good” intervals in that their nominal confidence
levels are close to their nominal values. For example, let x = (1, 1, 2, 2, . . . , 10, 10),
�0 = 50, �1 = −4. (These are completely arbitrary. The results would be the same
for any choice of �0, �1), with contaminated normal errors, εi , with parameters 
1 =
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1, 
2 = 5, ε = 0.2, as described a few paragraphs ago. B was 200 for each. Four
methods were used to estimate �1: (1) the bootstrap L1-method, (2) the bootstrap
least squares method, (3) the bootstrap least median of squares method, and (4) the
ordinary least squares method. Method 1 provided 142/150 = 0.946 coverages of
�1; 2, 137/150 = 0.913; 3, 139/150 = 0.927; and 4, 140/150 = 0.933. The method
1 CIs had a mean length 0.52, and the other three, 0.71, 0.70, and 0.74. Thus, method
1 wins “hands down.” In practice, it would be better to choose B to be 1000 or even
10,000. Our choice, B = 200, was suggested by the need to repeat this 150 times for
each of our three distributional forms for the εi .

When the experiment was repeated for the double-exponential distribution for
the ε’s, with the same variance, the coverage proportions for 150 repetitions were
0.947, 0.913, 0.927, and 0.933, with mean lengths 0.711, 0.729, 0.759, and 0.757,
so that method 1 did well again. For the N(0, 5.80) distribution for 150 repeti-
tions, the coverage proportions were 0.926, 0.920, 0.860, 0.920, with mean lengths
0.77, 0.75, 0.79, 0.79, so that methods 1, 2, and 4 do equally well, as might
be expected. Thus, overall, when heavy tails are suspected, method 1 seems to
be best. These comments are based on relatively little experimental evidence, of
course.

Problems for Section 13.3

13.3.1 A random sample X = (X1, X2, X3) is taken from a distribution that is sym-
metric about �, where � is any real number. Let M = Median(X1, X2, X3)
and eM = M − �. Let X∗ = (X∗

1, X∗
2, X∗

3) be a bootstrap sample from X, let
M∗ = Median(X∗) and let e∗

M = M∗ − M .

(a) For X = (3, 5, 2), find the bootstrap distribution of e∗
M .

(b) Replace n = 3 by n = 25, and suppose that X is observed to be

52.8 37.6 42.2 34.7 41.3 36.3 29.9 37.2 48.3 18.9 23.4 33.4 44.5
24.2 31.1 35.6 32.6 28.7 26.5 56.8 15.9 36.2 9.0 41.3 40.8

The sample mean and sample variance are 34.37 and 122.58. Use a com-
puter to determine a histogram of B = 1000 values of e∗

M . The sample
was taken from the double-exponential distribution with median � = 35,
scale parameter 5. Figure 13.3.1 was determined by taking 10,000
samples of 25 from this distribution and determining e = M − 35 for
each.

(c) Replace sample medians by sample means in part (b). Let e∗ = X̄∗ − X̄ .
Use mathematics to determine E(e∗ | X) and Var(e∗ | X). Find an ap-
proximation for P( | e∗ | > 0.20S | X) for n = 100. (The approxima-
tion, which should be good with high probability, should not depend
on X.) Also give an approximation for the unconditional probability
P( | e∗ | > 0.20S).
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10,000 Values of the Error in Estimation of theta by the Sample Median
for Samples of 100 from the Double Exponential Distribution

FIGURE 13.3.1 Histogram of 10,000 estimates of �.

13.3.2 Thirty (xi , yi ) pairs were determined from the model Yi = �0 + �1xi + εi ,
where �0 = 3, �1 = 2, and the εi were independent, each with the contam-
inated normal distribution, a (0.75, 0.25) mixture of N(0, 1), and N(0, 36)
(see Figure 13.3.2 and Table 13.3.2).

(a) Find Var(�̂1).

(b) Use the bootstrap-percentile method to give an approximate 95% CI
on �1. Use B = 200 if your computational method is slow. Otherwise,
use B = 1000 or 10,000. Compare this interval to the one based on the
t-method (nonbootstrap).

(c) For those who have software that produces the L1-fit: Use “l1fit” in
S-Plus. Use the bootstrap-L1 method to produce both a 95% CI in �1

and a 95% CI on g(x0) = �0 + �1x0 for x0 = 5.

x

y

0 1 2 3 4 5

0
5

10
15

20

Equation of Least Squares Line:
y = 4.0945 + 1.6971 x

30 (x, y) Pairs and Least Squares Line
for Contaminated Normal Errors

FIGURE 13.3.2 Simple linear regression with contaminated errors.
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TABLE 13.3.2 Pair Data

xi yi xi yi xi yi xi yi xi yi

1 3.4 2 6.2 3 9.0 4 10.7 5 15.4
17.9 2.4 10.5 17.5 12.9

4.4 8.1 7.3 10.3 11.5
4.2 7.6 3.7 8.8 12.6
6.5 6.1 11.0 11.6 13.5
6.0 6.0 8.1 12.7 9.8

13.3.3 In the section “The Bootstrap Method for Simple Linear Regression,” a two-
sentence paragraph begins with “In the determination of D∗ it is enough to
sample the r∗

i .” Prove that.

13.3.4 Suppose that X = (X1, . . . , Xn) is a random sample from the double-
exponential distribution with density f (x ; �, �) = (1/�)e− | x−� | /� for all
x , with �, � > 0 unknown. Let �̂ = X̄0.3 be the 0.3-trimmed mean. Let
�̂ = (1/n)

∑ | Xi − X̄0.3 | . Let X∗ = (X∗
1, . . . , X∗

n) be a random sample
from the density f (x ; X̄0.3, �̂)). Let �̂∗ = X̄∗

0.3 and �̂∗ be the values of these
estimators for X∗. For fixed X let X∗(1), . . . , X∗(B) be independent, each
with the distribution of X∗, and let �̂∗( j) be the estimator of � corresponding
to X∗( j) for each j. Then the distribution of e = �̂ − � may be estimated
by the sampling distribution of e∗( j) = �̂∗( j) − �̂ for j = 1, . . . , B. This
sample distribution is the parametric bootstrap estimator of the distribution
of e. If c1 and c2 are, for example, the 0.025- and 0.975-quantiles of the distri-
bution of e, then c1 and c2 may be estimated by the corresponding quantiles
of the e∗( j). If B = 10,000, the e∗( j) may be ordered and ĉ1 and ĉ2 may be
taken to be the 250th and 9750th among the ordered e∗( j). It follows that
[�̂ − ĉ2, �̂ − ĉ1] is an approximate 95% CI on �.

(a) Let G(x ; �, �) be the cdf of e. Show that G(x ; �, �) = G(x/�; 0, 1) for
all x, �, � > 0.

(b) For n = 100, � = 20, � = 5, take a random sample from f (x ; �, �), de-
termine (�̂, �̂), and estimate the variance of �̂ by parametric bootstrap
sampling. (You may take � = 1, then multiply through by �̂ after deter-
mining the sample variance of the �̂∗.) Var(X̄ ) = 2/100.

(c) Determine 95% CIs on � by parametric and nonparametric bootstrap
sampling.

(d) Repeat parts (b) and (c) for a sample of 100 from the N(�, 1) distribution.

13.4 BAYESIAN STATISTICS

Consider two discrete probability functions f (k; �) corresponding to � = 1, 2:
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k

1 2 3

f (k, 1) 0.6 0.3 0.1
f (k; 2) 0.2 0.3 0.5

Suppose that we observe a random sample X = (X1, X2) for � = 1 or 2 but � is
unknown to us. To this point this is a familiar problem, and we might choose to
estimate � using the maximum likelihood principle. However, this time, suppose
that we know that P(� = 1) = 0.8 and P(� = 2) = 0.2. Suppose also that we pay
a penalty zero if we guess the value of � correctly, 1 if we are incorrect. In more
mathematical language, with �̂ = �̂(X1, X2) denoting our guess (estimator), we say
that the loss function is L(�̂, �) = 0 for �̂ = �, L(�̂, �) = 1 for �̂ �= �. We would
like to determine the estimator �̂ so that E(L(�̂, �)) is minimum. Note that the loss
L(�̂, �) is random for two reasons: (1) Given �, �̂ = �̂(X1, X2) is random, and (2) �
is random.

For this simple loss function E(L(�̂, �)) = P(�̂ �= �) =∑x P(�̂ �= � | X =
x)P(X = x). Only the first term following the summation depends on the choice of
the function �̂(x). Therefore, for each possible x, we should choose �̂(x) to minimize
P(�̂(X) �= � | X = x), or equivalently, maximize P(�̂(X) = � | X = x).

The following table contains values of P(� = 1 | X = x), for each possible x.

x2

x1 1 2 3

1 0.288/0.296 0.144/0.156 0.048/0.068
2 0.144/0.156 0.720/0.900 0.024/0.054
3 0.048/0.068 0.024/0.054 0.008/0.058

For example, P(� = 1 | X1 = 1, X2 = 2) = (0.8)(0.6)(0.3)/[(0.8)(0.6)(0.3) +
(0.2)(0.2)(0.3)] = 0.144/0.156. It is helpful to use a tree diagram beginning at the
base with the probabilities P(� = 1) = 0.8 and P(� = 2) = 0.2. All these conditional
probabilities are greater than 1/2 except for the three cases x = (2, 3), (3, 2), and (3,
3). Therefore, the expected loss is smallest for �̂ = 2 for each of these x, and �̂(x) = 1
otherwise.

The probabilities P(� = 1) = 0.8 and P(� = 2) = 0.2 are called the prior prob-
abilities. That is, � has the prior probabilities 0.8 and 0.2 for � = 1 and 2. The
probabilities given in the table are the posterior probabilities of � = 1 for each the
nine possible values of x = (x1, x2). We say, for example, that the posterior distri-
bution of � for X = (2, 3) assigns probability 0.720/0.900 = 0.80 to � = 1, proba-
bility 0.180/0.900 = 0.2 to � = 2. For each possible x we choose �̂(x) to maximize
P(�̂(X) = � | X = x), or equivalently, minimize P(�̂(X) �= � | X = x).

For this choice of the estimator �̂(X), the expected loss is E(L(�̂, �) = 0.8
[2(0.3)(0.1) + (0.1)(0.1)] + 0.2[(1 − 2(0.3)(0.5) − 0.52] = 0.056 + 0.090 = 0.146. If
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we change the estimator a bit by redefining �̂(2, 2) = 2, then E(L(�̂, �)) =
0.8[2(0.3)(0.1) + 0.1(0.1) + 0.32] + 0.2[1 − 2(0.3)(0.5) − 0.52 − 0.32] = 0.136 +
0.072 = 0.208. Since � takes only two values, we can recast the problem into the
language of testing hypotheses. Suppose that we wish to test H0: � = 1 versus
Ha : � = 2. We seek a critical region C , a subset of the sample space, so that
�̂(x) = 2 for x ∈ C, �̂(x) = 1 otherwise. Let the power function corresponding to C
be � (�) = P(X ∈ C | �). Then E(L(�̂, �)) = P(� = 1)� (1) + P(� = 2)[1 − � (2)].
We have shown that this is minimum for C = {(2, 3), (3, 2), (3, 3)}.

Let’s briefly review what we did. We wanted to choose the estimator �̂(X) in order
to minimize E(L(�̂, �)). This expectation may be expressed in two ways:

E(L(�̂, �)) =

⎧⎪⎨⎪⎩
∑
t∈�

� (t)P(� = t), where � (t) = E(L(�̂, �) | � = t),∑
x

� (x)P(X = x; �), where � (x) = E(L(�̂, �) | X = x).

We determined the estimator �̂(X) by using the second expression, choosing �̂(x) to
minimize � (x) for each x. The function � (t) on the parameter space � in the first
expression is the risk function.

The approach considered here, in which we impose a probability distribution on the
parameter �, is called Bayesian. The estimator �̂(X) is called the Bayesian estimator
with respect to the loss function L and the prior distribution (0.8, 0.2) on the parameter
space � = {1, 2}.

In real applications, how could we know the probability distribution of �? Usually,
we do not. However, there are certainly cases in which we do know it, or think
we know it, at least in approximation. For example, we may have observed that
among college basketball players, the probability � that a player can make a free-
throw is �, and that � in rough approximation is uniformly distributed on the interval
[0.5, 0.9]. Suppose that we observe the results of 10 free-throws for a “randomly
chosen” player. We don’t even know whether he is a guard or center. Guards are
usually better free-throw shooters. Given �, we suppose that the number of free-
throws he makes is X ∼ Binomial(10, �). If we observe X = 8, what is the posterior
distribution of �? What should our estimate �̂(8) be? We will consider such problems
shortly.

In some cases, “personal beliefs” in the form of probability distributions are im-
posed on the parameter space �, so that two different reasonable people determine dif-
ferent posterior distribution s on �. Because of its mathematical tractability, the most
commonly used loss function is squared error. In that case, � (x) = E(L(�̂, �) | X =
x) = E((�̂(X) − �)2 | X = x) =∑t∈�(�̂(x) − t)2 P(� = t | X = x) when � has a dis-
crete distribution for each x. For X = x this is minimum for �̂(x) = E(� | X = x),
the mean of the posterior distribution of � given X = x. Thus, the Bayesian estimator
of � for the squared error loss function is the mean of the posterior distribution of �
given X = x. These arguments hold if the distribution of X or � is continuous. We
need only replace summations by integrals.
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Bayesian confidence intervals may be determined as follows. Let L(X) and U (X)
be the �1- and (1 − �2)-quantiles of the posterior distribution of � for given X. Thus,
P(L(X) ≤ � ≤ U (X)) = 1 − �1 − �2. (For simplicity we assume the continuity of
these posterior distributions, which is usually the case.)

Example 13.4.1 Let X = (X1, . . . , Xn) be a random sample from the
Bernoulli(�) distribution, and suppose that � ∼ Beta(�, �). Then (�, X) has the
joint mass function × density f (t, x) = f�(t)	n

i=1t xi (1 − t)1−xi = C(�, �)t�−1(1 −
t)�−1tw(1 − t)n−w = C(�, �)t�+w−1(1 − t)�+n−w−1 for < 0 < t < 1, each xi is zero
or 1, w =∑ xi , and C(�, �) = �(� + �)/�(�)�(�). This means that P(� ∈ B, X =
x) = ∫B f (t, x) dt for any (Borel) subset B of [0, 1] and vector x of n zeros and 1’s.
The conditional density of � given X = x is f�(t | X = x) = f (t, x)/ fX (x), which is of
the form of the Beta(� + w, � + n − w) density, with constant term C = �(� + � +
n)/�(� + w)�(� + n − w). It follows that fX (x) = [�(� + �)/�(�)�(�)] [�(� +
w)�(� + n − w)/�(� + � + n)]. The mean of this posterior distribution of � is
therefore �̂ = (� + w)/(� + � + n). The Bayesian estimator of � for the squared
error loss function and this Beta(�, �) prior is �̂(Wn) = (� + Wn)/(� + � + n) =
[(�/n)/(�/n + �/n + 1)] + [(Wn/n)/(�/n + �/n + 1)], where Wn = �Xi . The
random variable Wn , conditionally on � = t , has the Binomial(n, t) distribution. For
each � = t , as n → ∞, �̂(Wn) converges in probability to t . That is, as n → ∞,
more and more weight is put on the sample proportion Wn/n, less on the sequence
of constants (�/n)/(�/n + �/n + 1).The usual estimator Wn/n and the Bayesian
estimators differ little if n is large relative to � and �.

Example 13.4.2 Given � > 0, suppose that X = (X1, . . . , Xn) is a random sam-
ple from the exponential distribution with scale parameter �, having density f (x ; �) =
�e−�x for x > 0. Suppose that � has the prior distribution �(�, 1/�), with density
g(u; �, �) = [��/�(�)]u�−1e−�u for u > 0, � > 0, � ≥ 1. It follows that (X, �) has
the density f ((x, u); �, �) = 	n

i=1 f (xi ; u)g(t ; �, �) = [un��/�(�)]u�−1e−u(
∑

xi +�)

for t > 0 and all xi > 0. To determine the conditional density f�(u | X = x; �, �) of �
given x, we need to divide this by the marginal density for X. However, from the form of
the joint density of (X, �) and the fact that the marginal density of X depends on x, not
on u, it should be clear that f�(u | X = x; �, �), the posterior density of �, is the density
of the �(� + n, 1/(t + �)) distribution, where t = �xi , so that f�(u | X = x; �, �) =
Cun+�−1e−u(t+�), where C = (t + �)n+��(n + �) = [��/�(�)]/ fX (x; �, �). Thus,
conditionally on �Xi = t, � has the �(n + �, 1/(t + �)) distribution. It follows
that the marginal density of X is fX(x) = [��/�(�)]/[�(n + �)(t + �)n+�] for
all xi > 0.

The random interval [L(X), U (X)] is a 95% Bayesian CI if L(X) and U (X)
are the 0.025- and 0.975-quantiles of the �(n + �, 1/(�Xi + �)) distribution. These
are given by L(X) = � 2

��/2/[2(�Xi + �)], U (X) = � 2
�1−�/2/[2(�Xi + �)], where

� = 2(n + �). For the squared error loss function the Bayesian estimator �̂ of �
is the mean of the posterior distribution. Thus, �̂ = �̂(X) = (n + �)/(�Xi + �) =
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(1 + �/n)/(X̄ + �/n). The method of moments estimator and the MLE are both
1/X̄n . As n → ∞, both the Bayes estimator �̂ = �̂n and the MLE converge to � in
probability.

As indicated by Examples 13.4.1 and 13.4.2, the posterior distribution of a pa-
rameter �, given a sample X = x, depends on x only through a sufficient statistic
T(X). For example, the mean �̂(X) = E(� | X) of the posterior distribution of � may
be expressed as a function m(T (X)). The proof makes use of Neyman factorization.

Consider the case that both X, given �, and � have discrete distributions.
The joint mass function of (�, X) is f (u, x) = g(T (x), u)h(x)P(� = u) for all
u ∈ �, the parameter space, and all x. [We have used the argument u rather
than t so as not to confuse it with possible values of T (x).] The marginal mass
function of X is fX(x) =∑u f (u, x)P(� = u) = h(x)

∑
u g(T (x), u)P(� = u), so

that the posterior mass function of � given x is f�(u | X = x) = g(T (x), u)P(� =
u)/
∑

u g(T (x), u)P(� = u), which is the same for all x for which T (x) = t . Thus,
the posterior distribution of � is the same for all x for which T (x) is constant. The
argument is the same for the case that � has density f�(u) if the sum is replaced by
an integral. For Examples 13.4.1 and 13.4.2, the sum �Xi is sufficient in each case,
as it is for the next example.

Example 13.4.3 (Normally Distributed Random Sample and Normal Prior)
Suppose that X = (X1, . . . , Xn) is a random sample from the N(�, 
2) distribu-
tion, with � unknown, 
2 known. Let X̄ be the sample mean. Suppose that �
has the prior distribution N(�0, � 2), with both parameters known. Then the condi-
tional distribution of �, given X = x, is N([R/(1 + R)](X̄ − �0) + �0, � 2/(1 + R)),
where R = n� 2/
2 (see Problem 13.4.3). Thus, as R converges to zero, E(� | X) ap-
proaches �0. Similarly, as R converges to ∞, as it does for fixed 
 and � as n → ∞,
E(� | X) converges to X̄ . The estimator �̂ = E(� | X ) = [R/(1 + R)](X̄ − �0) + �0 =
[R/(1 + R)]X̄ + [1/(1 + R)]�0, a convex combination of X̄ and �0, is the Bayesian
estimator of � for squared error loss function and prior distribution N(�0, � 2). No-
tice that E(�̂ | �) = [R/(1 + R)](� − �0) + �0, so that bias(�̂ | �) = (�0 − �)/(1 + R).
If � is close to �0, the bias is small. As n → ∞, so that R → ∞, the bias con-
verges to zero for all �. Since E(�̂ − � | X) = 0 for each X = x, it follows that
E(�̂ − �) = E(E(�̂ − � | X)) = 0, so that the mean bias is zero. Let D = �̂ − �. Then
Var(D) = (
2/n)[R/(1 + R)] (see Problem 13.5.5). This will be small if n is large
or if R is small, as it is when � is small; that is, � is usually close to �0 and therefore
�̂ is usually close to �0.

Multinomial Distribution with Dirichlet Prior Distribution

Suppose that we randomly sample n consumers of breakfast cereal from a pop-
ulation of 1 million and wish to estimate the proportions �1, �2, �3 in the pop-
ulation who prefer each of three brands. If X1, X2, X3 are the corresponding
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frequencies in the sample, X = (X1, X2, X3) ∼ Multinomial(n, � = (�1, �2, �3)).
From past studies we have a rough idea concerning the parameter �. Suppose that
� has the Dirichlet prior distribution with parameter � = (�1, �2, �3) with each
�i > 0.That is, (�1, �2) has the joint density f (t = (t1, t2) | � = �1, �2, �3) = [�(�1 +
�2 + �3)/�(�1)�(�2)�(�3)]t�1

1 t�2
2 t�3

3 , where t3 = 1 − t1 − t2, for all 0 < t1, t2 < 1
with t1 + t2 < 1. This is the natural generalization of the beta distribution. For ex-
ample, if T = (T1, T2) has this density, E(Ti ) = �i/�� j for each i , and for T3 =
1 − T1 − T2, E(T3) = �3/�� j . The marginal distribution of Ti is Beta(�� j − �i ).
We may simulate observations from the Dirichlet distribution with parameter vec-
tor � as follows. Let Wi ∼ �(�i , 1) independently for i = 1, 2, 3. Let W = W1 +
W2 + W3. Then (W1/W, W2/W, W3/W ) has the Dirichlet distribution with parameter
vector �.

For observed X = x = (x1, x2, x3), � has this posterior distribution, also Dirichlet,
with parameter vector (�1 + x1, �2 + x2, �3 + x3). This posterior distribution there-
fore has posterior mean vector with components (�i + xi )/(�� j + n). Thus, the
Bayes estimator of � is �̂ = ((�1 + X1)/(�� j + n), ((�2 + X2)/(�� j + n), (�3 +
X3)/(�� j + n). As n increases, the “new evidence,” the Xi ’s, overwhelms the “old”
evidence (the �i ’s), and the Bayes estimator �̂ differs in smaller and smaller amounts
from the non-Bayesian unbiased estimator (X1/n, X2/n, X3/n).

Example: Simulation Using S-Plus

V = rgamma(3,c(2,3,4))
> V
[1] 1.2971 3.3172 3.0376 # Observations from �(2,1), �(3, 1) and �(4, 1)
> theta = V/sum(V)
> theta
[1] 0.1695 0.4335 0.3970 # An Observation on �
x = rmultnom(1, 100, theta)
> x

1 2 3
16 46 38 #An Observation of X ∼ Multinomial(100, �)

> thetahat = (c(16,46,38)+c(2,3,4))/(100 + 9)
> thetahat
[1] 0.1651 0.4495 0.3853 #Bayesian Estimate of �

All of this may be generalized in an obvious way to the case that 3 is replaced by
k ≥ 3. The Bayesian approach has become a more popular approach as computing
power has increased, making it possible to approximate posterior distributions, even
though mathematical methods are too complex. We will go no further in this book
but refer readers to books and papers on the Bayesian method. See, for example, the
February 2004 issue of Statistical Science, No. 1, Vol. 19.

Problems for Section 13.4

13.4.1 Consider the discrete example at the beginning of Section 13.4. Suppose
that the prior distribution of � puts masses 0.3 and 0.7 on � = 1 and
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� = 2 and that a random sample X = (X1, X2) is observed from one of these
distributions.

(a) Find the posterior probabilities P(� = 1 | X = x) for each possible
x =(x1, x2).

(b) Determine �̂ = �̂(X ) so that E(L(�̂, �)) = P(�̂ �= �) is minimized.
Determine P(�̂ �= �).

(c) Let f (k; �) remain the same for � = 1, 2. Define f (k; 3) = 0.3, 0.4, 0.3
for k = 1, 2, 3. Let � take one of the values 1, 2, 3 with prior proba-
bilities 0.5, 0.4, 0.1. For a random sample X = (X1, X2) from one of
these distributions and loss function L(�̂, �) = I [�̂ �= �], find the Bayes
estimator �̂(X1, X2) and P(�̂ �= �).

13.4.2 Let X ∼ Uniform(0, �), and let � have the uniform prior on (0, 1). For squared
error loss, find the Bayes estimator �̂(X ).

13.4.3 Prove the statement beginning “Then the conditional distribution . . .” in
Example 13.4.3.

13.4.4 For the model of Example 13.4.3 give a formula for a 95% Bayesian CI on
the mean �. Determine it for the case that 
 = 5, � = 3, n = 4, X̄ = 43,
�0 = 40.

13.4.5 Let X = (X1, . . . , Xn) be a random sample from the geometric distribution
with parameter �, 0 < � < 1. Suppose that � has the uniform distribution
on [0, 1].

(a) Show that T =∑n
i=1 Xi is sufficient for �.

(b) What is the joint “density” of (�, T )? [This is a density with respect to
the length (Lebesgue) measure on the cross product of the positive real
line and counting measure on the set of positive integers.]

(c) Show that the conditional distribution of �, given X = x, is Beta(� =
n + 1, � = t − n + 1), where t = �xi , and that E(� | X = x) = �/(� +
�) = (n + 1)/(t + 2) = (1 + 1/n)/(X̄ + 2/n).

(d) One observation on � was made. Then for this � the vector X =
(X1, . . . , X60) was observed as follows:

3 2 3 6 5 4 1 1 2 2 3 3 1 1 4 2 1 8 10 4
3 3 4 13 3 1 7 1 13 1 4 2 2 4 5 1 1 2 3 2
6 6 5 3 1 1 2 1 8 2 1 1 9 2 5 4 1 1 3 1

The Xi and their frequencies were

0 1 2 3 4 5 6 7 8 9 12
18 11 10 7 4 3 1 2 1 1 2

What is the posterior expected value of � given these Xi ’s? (See the
“Answers” section at the back of the book for the value of �.)
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13.4.6 Let X = (X1, . . . , Xn) be a random sample from the Poisson distribution
with mean 
. Suppose that 
 has the prior distribution �(�, 1), having density
g(u; �) = [1/�(�)]u�−1e−u for u > 0.

(a) Show that the conditional distribution of 
, given T = t, is
�(t + �, 1/(n + 1)). Hints: First use the fact that T =∑n

i=1 Xi is a suf-
ficient statistic for 
. The form of the joint density of 
, T then indicates
that the conditional distribution of 
, given T = t , is gamma.

(b) Show that the Bayes estimator of 
 for squared error loss is 
̂ = 
̂(X) =
(T + �)/(n + 1) = (X̄ + �/n)/(1 + 1/n).

13.4.7 Let X1 ∼ N(	1, 
2
1 ), and conditionally on X1 = x1, let X2 ∼ N(	2 +

�
2z1, (1 − � 2)
2
2 ), where z1 = (x1 − 	1)/
1. It was shown in Section 5.3

that this implies that (X1, X2) has the bivariate normal distribution with pa-
rameters 	1, 	2, 
2

1 , 
2
2 , � , equivalently that the standardized random vari-

ables Z1, Z2 have the bivariate normal distribution with parameters 0, 0, 1,
1, � .

(a) Show that the conditional distribution of Z1, given Z2 = z2, is
N(� z2, (1 − � 2)).

(b) Use the results of Section 5.3 and part (a) to prove the statement referred
to in Problem 13.4.3.

13.5 SAMPLING

The author was once asked by the local bus company, CATA (Capital Area Trans-
portation Authority, www.CATA.org) to help it estimate the number of bus riders on
certain days. The company receives grants from the federal government and must
periodically submit reports on its ridership. For the next several pages we use this
as an example. The data provided, although of the same magnitude, is fictitious. The
numbers of routes and the numbers of “trips” will be approximations, for illustrative
purposes only. For each of approximately 40 routes, “trips” were run, usually con-
sisting of round trips from a point A to other points, say B, C , D, E , and return. At
the Web site the times at which a trip passes these points are available. Riders get on
the bus at varying places and get off after short or long rides. The numbers of trips
Mi made for route Ri on any weekday varies with i, i = 1, . . . , 40. Let yi j be the
number of riders on trip j for route i . Our problem was to estimate � =∑i j yi j for
a particular day, say Wednesday, July 12, 2006.

One easy solution was simply to perform a census. Have each bus driver record
the number of customers for each of her or his trips. Experience had shown, however,
that the counts, say xi j , by the drivers were often quite inaccurate. Usually, xi j < yi j .
There was also the danger that a driver who was distracted by the need to count
would be more prone to have an accident. The amounts of money deposited in the
fare boxes could not be used because people used many means to pay fares: transfer
coupons, monthly passes, and so on. The determination of yi j for trip j on route
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i was to be made by a trained “counter,” who would ride the entire trip with a
“clicker,” one click for each person getting on the bus. The total number of trips
was N = �Mi , which was approximately 1000. The simplest method of sampling was
to take a simple random sample from the N trips, then use the “expansion estimator”
of � . For a simple random sample of n trips (sampling without replacement) the
numbers of riders W1, . . . , Wn would be recorded, and the sample mean W̄ and
sample variance S2

W determined. The expansion estimator is then �̂ = N W̄ . If we let
	 = �/N , then E(�̂ ) = N E(W̄ ) = N	 = � , so that �̂ is an unbiased estimator of � ,
with Var(�̂ ) = N 2Var(W̄ ) = N 2(
2/n) [(N − n)/(N − 1)] where 
2 is the variance
of all N of the yi j .

Warning: In many sampling texts 
2 is replaced by the symbol S2, called the
variance of the population, although it uses (N − 1) as the divisor. We have chosen
to use 
2 as the population variance, with N divisor because the notation is more
consistent with previous notation in this book. Since S2 = 
2 N/(N − 1), there is little
difference even for moderate N . Rather than use the traditional sampling notation,
which is somewhat contrary to that used for most statistical literature, we stick to
the notation used throughout this book. Greek letters will denote parameters. Capital
letters near the end of the alphabet will denote random variables.

Since W̄ is approximately normally distributed for large n, and the sample variance
s2 among the Wi will be close to 
2 with high probability, it follows that Z = (W̄ −
	)/
√

(S2/n)[(N − n)/(N − 1)] is approximately distributed as N(0, 1). Therefore,
[W̄ ± z1−�/2

√
(s2/n)[(N − n)(N − 1)]] is an approximate 100(1 − �) CI on 	. To

obtain a CI on � , we need only multiply this interval by N .
How large should n be? Let’s say that CATA needed to estimate � within 1500 riders

with probability 0.95. Equivalently, it needed 1.96
√

N 2(
2/n)[(N − n)/(N − 1)] ≤
1500. By omitting the −1 in N − 1 for simplicity and squaring both sides, we arrive
at (
2/n)[(N − n)/N ] ≤ [1500/(1.96)N )]2, or equivalently, n ≥ nw/(1 + nw/N ),
where nw = [1.96
/(1500/N )]2 is the sample size needed for with replacement sam-
pling. The subscript w means “with.” There is one big thing wrong with this formula,
however. We seldom know 
. In the case of CATA there was some data from pre-
vious sampling, based on a sample of about 200. These data indicated that 
 was
about 12. From this we determine that nw = 245.9, n = 197. That meant, assum-
ing that each counter could take eight trips on that day, that 25 counters would be
needed.

Other sampling methods were considered. Stratified sampling was suggested be-
cause some routes, known to CATA, tended to have large numbers of riders, while oth-
ers had just a few riders. Thus, with the help of management the routes were “stratified”
(divided) into “heavy,” “average,” and “light,” with seven routes in the heavy stratum,
18 routes in the average stratum, 13 routes in the light stratum. Let Nk be the numbers
of trips made for stratum k, k = 1, 2, 3. These were N1 = 223, N2 = 372, N3 = 405.
Thus, �Mk = N = 1000. Let 	1, 	2, and 	3 be the mean of the numbers of riders
for all trips made during that day for each of the strata. Let �k = Nk	k for k = 1, 2, 3
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be the corresponding totals, and let 
2
1 , 
2

2 , 
2
3 be the corresponding variances. Sim-

ple random samples of sizes n1, n2, n3 of the trips were then chosen. Let Ȳk and
s2

k for k = 1, 2, 3 be the corresponding sample means and variances of the num-
bers of riders on the trips sampled. Then �̂str =∑3

k=1 NkȲk and 	̂str = �̂str/N are
unbiased estimators of � and 	 = �/N , with variance Var(�̂str) =∑3

k=1 N 2
k Var(Ȳk),

where Var(Ȳk) = (
2
k /nk)[(Nk − nk)/(Nk − 1)], Var(	̂str) = N 2Var(�̂str). These vari-

ances may be estimated “unbiasedly” by replacing each 
2
k by s2

k .

Example 13.5.1 The histograms of Figure 13.5.1 indicate the combined popula-
tion and the three subpopulations, the strata heavy, average, and light. The population
total is � = 42,282, with population variance 
2 = 1973.54. Of course, these strata
distributions would not be known in practice. They could be estimated by using the
samples. Suppose that sample sizes n1 = 80, n2 = 60, n3 = 40 were chosen. It should
seem intuitively clear that larger sample sizes should correspond to larger Mi and 
2

i .
We will investigate that shortly. For these sample sizes Var(�̂str) = 7,669,140, so
that SD(�̂str) = 2769.32. Var(	̂str) = Var(�̂str)/N 2 = 7.669140, SD(	̂str) = 2.7693.
Again, these variances and standard deviations would not be known in practice, but
could be estimated.

Samples were taken and the following statistics determined: Ŷ1 = 67.32, s2
1 =

2376.6, Ȳ2 = 50.33, s2
2 = 2257.5, Ȳ3 = 16.88, s2

3 = 124.1. Therefore, �̂str =
N1Ȳ1 + N2Y2 + N3Ȳ3 = 46,624, 	̂str = 4.6624. We estimate Var(�̂str) by S2(�̂str) =∑3

k=1 N 2
k S2(Ȳk) = 7,283,793, where S2(Ȳk) = (S2

k /nk)[(Nk − nk)/(Nk − 1)]. We
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were somewhat lucky, since Var(�̂str) = 7,669,140. We therefore estimate Var(	̂str) to
be S2(	̂str) = S2(Ȳk)/N 2 = 7.6691. A 95% CI on � is given by [�̂strr ± 1.96S(�̂str)] =
[46,624 ± 5428].

What would the variance of the expansion estimator �̂ = NȲ of � have been
had we simply taken a simple random sample of n = 80 + 60 + 40 = 180 from
the population of trips? The variance of this population was 
2 = 1973.54, so
Var(�̂ ) = N 2(
2/n)[(N − n)/(N − 1)] = 8,999,552, SD(�̂str) = 2999.9, a bit larger
than Var(�̂str) and SD(�̂str). The optimum choice for the nk for fixed total sample
size n = �nk is provided by the following analysis. In good approximation we can
replace Nk − 1 by Nk , so that this is in good approximation

∑3
k=1 N 2

k (
2
k /nk) −∑3

k=1 Nk
2
k . The second term does not depend on the nk . Letting G(n1, n2, n3, 
) =∑3

k=1 N 2
k (
2

k /nk) + 
(�nk − n), then taking partial derivatives with respect to
n1, n2, n3 and the Lagrangian multiplier 
, we find that the optimum choice for nk is n
(Nk
k/M), where M = �Nk
k . For these strata we get n1 = 90.62, n2 = 67.14, n3 =
22.24. We could therefore use sample sizes 90, 67, 22, resulting in Var(�̂str) =
7,209,416, smaller than for the sample sizes 80, 60, 40. 10,000 simulations, each
for these optimum sample sizes, provided 10,000 CIs on � . 9399 of these covered
� , with mean CI length 8759.8. 10,000 simulations, each for these optimum sample
sizes, provided 10,000 CIs on � . 9399 of these covered � , with mean CI length 8759.8.

For the optimum choice of the nk, Var(�̂str) = (1/n)[(�Nk
k)2 − �Nk
2
k ]. Of

course, in practice the 
2
k are unknown. Good guesses concerning the values of the

Nk
k and choices for the nk based on these are better than arbitrary choices.
Insight into the value of stratified sampling is provided by the following analysis.

From Example 11.4.1 on one-way analysis of variance, we have the identity 
2 =
(1/N )[�(	k − 	)2 Nk + �Nk
2

k ]. For optimum allocation for stratified sampling,
we therefore have, for the same total sample sizes n, ignoring the finite correction
factors,

Var(Ȳ )

Var(�̂str)
= �pk
2

k + �pk�2
k

(�pk
k)2 , (13.5.1)

where pk = Nk/N and �k = 	k − 	. Since �pk(
k − 
̄)2 = �pk
2
k − �pk
k)2, the

ratio of the first term in the numerator to the denominator in (13.5.1) is at least (1), and
is (1) only if all 
k are equal. The second term in the numerator is the variance of the
	k (with respect to the probabilities pk), being largest when the 	k differ by greater
amounts. Thus, it is advantageous to choose strata whose means differ as much as
possible. We don’t know the 	k , of course, but usually do have some educated guesses
as to the values of the 
k , from previous studies, or merely intuition. For the bus trips
it was clear from knowledge of bus use that the more heavily used trips would have
means that differed greatly from those for lightly used trips.

For this population we get p = (p1, p2, p3) = (0.223, 0.372, 0.405) and the
ratio Var(Ȳ)/Var(�̂str) = (1513.34 + 479.72)/35.322 = 1993.06/1247.67 = 1.597.
Taking the correction factors into account, we get the ratio 8999552/5435861
= 1.65.
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There were more complicated factors in designing the survey which we will not
discuss. For example, if more counters were needed at some times of the day than
others because the trips were chosen randomly, more people would have to be hired.
It was therefore necessary to “block” the trips, so that the number of counters needed
in blocks of time were approximately equal.

It should be clear that the number k of strata can be any positive integer k ≥ 2 and
that the formulas for expected values and variances remain the same, with k replacing
3. Although we have concentrated on the estimation of � , we can determine an esti-
mator 	̂ = �̂/N for any estimator �̂ of � , with corresponding Var(	̂) = Var(�̂ )/N 2.
For bias b(� ) = E(�̂ ) − �, 	̂ has bias (E(�̂ ) − � )/N as an estimator of 	.

Ratio Estimation

For each of the 1000 trips, the driver was asked to record xi j , his or her estimate of
the number of riders for route i , trip j . As stated earlier, there tends to be significant
differences between the xi j and the yi j , but it is possible to take advantage of this
information. The idea is to express � = �y = �yi j in the form �y = R�x , where
R = �y/�x and �x = �xi j . Since �x is known, we can estimate the ratio R from a
sample, obtaining R̂, then define �̂R = R̂�x . It often turns out that the estimator is
“approximately unbiased” and that its variance is much smaller than for the estimators
already discussed. Figure 13.5.2 is a scatter diagram of the (x, y) pairs in our fictional
population. For these data the y’s are the same as for the population considered
earlier, so that �y = 42,282. The 1000 xi ’s were all reported, so that �x = 37,993 and
R = 1.113. Since the population yi ’s were not known.

Suppose that a simple random sample of n is taken from the population and that
(Xi , Yi ) is recorded for i = 1, . . . , n. Let X̄ and Ȳ be the sample mean and variance.
Let R̂ = Ȳ/X̄ . Let D j = Y j − R X j , D̄ = (1/n)

∑n
j=1 Di , di = yi − Rxi . Then R̂ −

R = (Ȳ − R X̄ )/X̄ = D̄/X̄ . For large n, X̄ will be close to 	x = �x/N with high
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probability. Therefore, R̂ − R and D̄/	x have approximately the same distributions
for large n. Since E(D̄) = (1/N )�di = 0, it follows that for large n, E(D̄) =̇ 0, so
that R̂ is approximately unbiased for R for large n. Also, Var(R̂) =̇ Var(D̄/	x ) =
(1/	2

x )(
2
d /n) [(N − n)/(N − 1)], where 
2

d = (1/N )
∑N

i=1 d2
i . Notice that for our

example the di ’s, being the vertical distances from the points to the straight line
with slope R, are relatively small in absolute value. We find that 
2

d = 61.05. It
follows that E(�̂R) = E(R̂�x ) =̇ R�x = �y and Var(�̂R)=̇N 2(
2

d /n)[(N − n)/(N −
1)]. For our example, we find that Var(R̂) =̇ 0.000193 and Var(�̂R) =̇ 278,280,
so that SD(�̂R) = 527.5, considerably smaller than Var(�̂str) = 7,669,140, SD(�̂str) =
2769.3.

By the central limit theorem for sampling without replacement D̄/	x will therefore
be distributed approximately as N (�y, Var(�̂R)). Var(�̂R) may be estimated by replac-
ing 
2

d by S2
d = (1/n)�(Y j − R̂x j )2, so that S2(�̂R) = N 2(S2

d/n)[(N − n)/(N − 1)].
It follows that the interval [�̂R ± z1−�/2S(�̂R)] is an approximate 100[1 − �]% CI on
�y . 10,000 simple random samples of 180 were taken from the trip population and a
95% CI on �y determined for each. 9535 of the intervals contained �y . Their mean
length was 2076.3. The analogous simulation was conducted using stratified sam-
pling and the estimator �̂str. For sample sizes 80, 60, 40 9478 of the 10,000 intervals
covered �y with mean length 9391.5. For the optimum sample sizes 90, 67, 22 9478
of the intervals covered �y , with mean length 8711.5. Thus, the ratio estimator was
far better.

We could, of course, combine stratification with ratio estimation. Optimal sample
sizes were determined by the standard deviations of the di ’s replacing the 
k in the
formula nk = nNk
k/M, M = �
k Nk . The optimal sample sizes were determined
to be 71, 72, 37. 10,000 simulations provided 10,000 CIs on �y . Of these, 9531
covered �y . Their mean length was 1820.6, the smallest obtained for all the methods
considered.

Medical Records

The author was once asked by the state government to testify at an administrative
hearing concerning charges that the state government had made against a medical
laboratory for lab tests. A random sample of approximately 200 bills had been taken
from a population of several thousand bills that the laboratory had sent the state.
For each bill, medical professionals had had to evaluate what the bill should have
been, y, when the actual amount billed was x . For many bills, y = x . However, there
were many for which either y = 0 or y was much less than x . The cost of hiring
the professionals had ruled out a complete census. The total �x of the amounts billed
was known, and (x, y) measurements were available for the bills sampled, so that the
ratio estimation of �y was used. The amount overpaid � = �y − �x could therefore be
estimated both by point and interval estimates. Due to some mistakes in the selections
of the bills sampled, there was much heated discussion among lawyers on both sides.
Ultimately, the laboratory was forced to return approximately $300,000 to the state.
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Cluster Sampling of Bus Trips

Although it was not implemented, cluster sampling was considered. That is, from
among the 1000 trips it might have saved labor costs if trips were chosen randomly
in clusters, with clusters consisting of consecutive trips on the same route by the
same counter. He or she would then have less wasted time moving from one route
to another or waiting between trips on the same route. Random sampling of clusters
usually creates larger variances than they do for simple random sampling of the same
number of units because the y values for sampling units within the same cluster tend
to be positively correlated. However, cluster sampling is often less expensive. The
sampling of households, for example, is often less expensive when all the households
on the same block are included in the sample, if any are.

The author once helped a telephone company estimate the value of its telephone
poles. For poles chosen for a sample, pole “evaluators” had to drive to each pole,
often several miles, then briefly “score” the pole. It seemed very reasonable to ask
the evaluator to score several poles whenever he was at any given location. In another
consultation the author and a colleague were asked by the state elections bureau to
estimate the standard error of an estimator of the proportion of the signatures on
roughly 20,000 petition sheets, each with up to 20 signatures, which were “valid.”
Since the probabilities of good signatures tended to vary from sheet to sheet, the
sampling of all the signatures on a sheet was cluster sampling. That had to be taken
into consideration in estimating the standard error.

Problems for Section 13.5

13.5.1 Consider a population of 5 units, with (x, y) measurements (1, 3), (2, 7),
(4, 10), (6, 18), (7, 22).

(a) Find the population parameters �x , �y, 	x , 	y, R, 
2
y , di for i =

1, . . . , 5, 
2
d .

(b) For a simple random sample of n = 2, use formulas to find Var(Ȳ ) and
Var(�̂ ), where �̂ = NȲ .

(c) For n = 2, find the sampling distribution of �̂ .

(d) Use the result of part (c) to show that E(�̂ ) = �y and Var(�̂ ) has the value
obtained in part (b).

(e) Find the sampling distribution of �̂R = �x R̂. Determine E(�̂R) and
Var(�̂R). Compare these to �y and the approximate value given by
� 2

x (
2
d /n)(N − n)/(N − 1).

13.5.2 Consider a population with two strata as follows:

Stratum 1: y1 = 7, y2 = 3, y3 = 1, y4 = 5

Stratum 2: y5 = 10, y6 = 6, y7 = 12, y8 = 9, y9 = 8, y10 = 9.

(a) Find the parameters 	1, 	2, 
2
1 , 
2

2 , �y .
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(b) Find the sampling distribution of �̂str for n1 = 2, n2 = 3.
Hint: The possible estimates are 54, 56, . . . , 84, with probabilities
(2, 2, 4, 4, 10, 8, 12, 10, 16, 10, 12, 8, 10, 4, h(82), h(84), h(86))/120.

You find h(80), h(82), h(84).

(c) Find E(�̂str) by (i) using the sampling distribution of �̂str found in part (b),
and (ii) using an appropriate formula. Do the same thing for Var(�̂str).

(d) Find the variance of �̂ , the expansion estimator of �y for n = 5.

13.5.3 Consider a population with four strata with the following standard deviations

i and sizes Ni : 
1 = 5, N1 = 30, 
2 = 3, N2 = 20, 
3 = 4, N3 = 70, 
4 =
8, N4 = 30.

(a) For stratified sampling with n1 = 10, n2 = 6, n3 = 15, n4 = 9, deter-
mine Var(�̂str).

(b) For the same total sample size n, find the optimum sample sizes for the
strata. What is Var(�̂str) for these sample sizes?

(c) Suppose that the strata means are 	1 = 40, 	2 = 50, 	3 = 60, 	4 = 44.
Find the population mean 	 and variance 
2. Determine the variance of
the expansion estimator of � for simple random sampling with n = 40
from the population of N = 150.

13.5.4 Suppose that a population of seven (xi , yi ) measurements were
(7, 3), (2, 12), (5, 6), (9, 3)(1, 8), (4, 7), (3, 10). Let �̂ and �̂R the expansion
and ratio estimators of � for simple random sampling with n = 3 from the
population.

(a) Plot the points.

(b) Find E(�̂ ) and Var(�̂ ). Find an approximation for Var(�̂R). Exact compu-
tations based on all 35 possible samples determined that E(�̂R) = 56.56
and Var(�̂R) = 886.73.

(c) What can you conclude in general concerning the use of ratio estimators?

13.5.5 A small town had 2000 voters. The town was divided into three districts,
having 400, 900, and 700 voters. The town had two candidates for mayor, A
and B. In an effort to determine the proportion pA of voters who would vote
for A, simple random samples of sizes 60, 80, and 70 were taken from the
three districts. Among the voters sampled, the numbers favoring A were 37,
46, and 31.

(a) State a model concerning these three observations X1, X2, X3. The
model should enable you to answer part (b).

(b) Determine a 95% confidence interval on pA.

(c) Give a 95% CI on the difference pA − pB ≡ �. Careful: p̂A and p̂B are
not independent.

(d) What sample sizes might have been better, keeping the same total sample
size n = 210?
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13.5.6 Consider a population of N = 8, consisting of four clusters, each of size
2, with corresponding measurements y12, y12, y21, . . . , y41, y42: cluster 1:
3, 5; cluster 2: 9, 7; cluster 3: 8, 10; cluster 4: 2, 4. Samples of size 4
are to be taken by choosing a simple random sample of two clusters, then
determining the corresponding yi j . Let Yk = (Yk1, Yk2) for k = 1, 2 be the
pair of measurements for the kth cluster chosen. Let 	 be the population
mean among all eight yi j .

(a) Give a formula for an unbiased estimator 	̂clus of the population mean
	.

(b) Let Ȳ be the mean of a simple random sample of four from this popula-
tion. Find Var(	̂clus) and Var(Ȳ ).

(c) Repeat parts (a) and (b) for the case that the clusters are: cluster 1: 3, 10;
cluster 2: 9, 2; cluster 3: 8, 5; cluster 4: 7, 4. The values are the same as
in part (a), but they are clustered differently.

(d) Can you draw any conclusions from this example as to when cluster
sampling may be better than simple random sampling?

(e) Another sampling method would be to take one observation randomly
from each cluster (stratified sampling). For which of the populations in
parts (a) and (c) would this be the best sampling method?
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TABLE 1

Cumulative Binomial Tables for B(x; n, p) =
x∑

k=0

(n
k

)
pk(1 − p)n−k

For example, if X ∼ Binomial(10, 1/3), then P(X ≤ 3) = 0.559, and P(X =
3) = P(X ≤ 3) − P(X ≤ 2) = 0.559 − 0.299 = 0.260 =

(
10

3

)
(1/3)3(2/3)7 = b(3;

10, 1/3).P(X = 7; n = 10, p = 2/3) = b(3; n = 10, p = 1/3) = 0.260.
Linear interpolation can provide rough approximations. For example, for n =

10, since (0.632 − 0.6)/(0.70 − 0.6) = 0.32, P(X ≤ 7; p = 0.632) =̇ 0.68P(X ≤
7; p = 0.6) + 0.32P(X ≤ 7; p = 0.7)) = 0.764. More exact computation gives
P(X ≤ 7; p = 0.632) = 0.780.

Let � be the standard normal cdf. The normal approximation for P(X ≤ 13; n =
25, p = 0.4) is �((13.5 − 25)(0.4)/

√
25(0.4)(0.6)) = �(1.429) = 0.923. The table

value is 0.922.

n = 5

p
.02 .10 .20 .25 .30 1/3 .40 .50 .60 .70 .80 .90

0 .904 .590 .328 .237 .168 .132 .078 .031 .010 .002 .000 .000
1 .996 .919 .737 .633 .528 .461 .337 .187 .087 .031 .007 .0001

x 2 1.000 .991 .942 .896 .837 .790 .683 .500 .317 .163 .058 .009
3 1.000 1.000 .993 .984 .969 .955 .913 .812 .663 .472 .263 .081
4 1.000 1.000 1.000 .999 .998 .966 .990 .969 .922 .832 .672 .410
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n = 10
p

.02 .10 .20 .25 .30 1/3 .40 .50 .60 .70 .80 .90

0 .817 .349 .107 .056 .028 .017 .006 .001 .000 .000 .000 .000
1 .984 .736 .376 .244 .149 .104 .046 .011 .002 .000 .000 .000
2 .999 .930 .678 .526 .383 .299 .167 .055 .012 .002 .000 .000
3 1.000 .987 .879 .776 .650 .559 .382 .172 .055 .011 .001 .000

x 4 1.000 1.000 .967 .922 .850 .787 .633 .377 .166 .047 .006 .000
5 1.000 1.000 .994 .980 .953 .923 .834 .623 .367 .150 .033 .002
6 1.000 1.000 0.999 .996 .989 .980 .945 .828 .618 .350 .121 .013
7 1.000 1.000 1.000 1.000 .998 .997 .988 .945 .833 .617 .322 .070
8 1.000 1.000 1.000 1.000 1.000 1.000 .998 .989 .954 .851 .624 .264
9 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .994 .972 .893 .651

n = 15
p

.02 .10 .20 .25 .30 1/3 .40 .50 .60 .70 .80 .90

0 .739 .206 .035 .002 .000 .000 .000 .000 .000 .000 .000 .000
1 .965 .549 .167 .080 .035 .019 .005 .000 .000 .000 .000 .000
2 .997 .816 .398 .236 .127 .079 .027 .004 .000 .000 .000 .000
3 1.000 .944 .648 .461 .297 .209 .091 .018 .002 .000 .000 .000
4 1.000 .987 .836 .686 .515 .404 .217 .059 .009 .001 .000 .000
5 1.000 .998 .939 .852 .722 .618 .403 .151 .034 .004 .000 .000
6 1.000 1.000 .982 .943 .869 .797 .610 .304 .095 .015 .001 .000

x 7 1.000 1.000 .996 .983 .950 .912 .787 .500 .213 .050 .004 .000
8 1.000 1.000 .999 .996 .985 .969 .905 .696 .390 .131 .018 .000
9 1.000 1.000 1.000 .999 .996 .991 .966 .849 .597 .278 .061 .002

10 1.000 1.000 1.000 1.000 .999 .998 .991 .941 .783 .485 .164 .013
11 1.000 1.000 1.000 1.000 1.000 1.000 .998 .982 .909 .703 .352 .056
12 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .996 .973 .873 .682 .184
13 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .995 .965 .833 .451
14 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .995 .965 .794
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n = 20
p

.02 .10 .20 .25 .30 1/3 .40 .50 .60 .70 .80 .90

0 .668 .122 .012 .003 .001 .000 .000 .000 .000 .000 .000 .000
1 .940 .392 .069 .024 .008 .003 .001 .000 .000 .000 .000 .000
2 .993 .677 .206 .091 .035 .018 .004 .000 .000 .000 .000 .000
3 .999 .867 .411 .225 .107 .060 .016 .001 .000 .000 .000 .000
4 1.000 .957 .630 .415 .238 .152 .051 .006 .000 .000 .000 .000
5 1.000 .989 .804 .617 .416 .297 .126 .021 .002 .000 .000 .000
6 1.000 .998 .913 .786 .608 .479 .250 .058 .006 .000 .000 .000
7 1.000 1.000 .968 .898 .772 .661 .416 .132 .021 .001 .000 .000
8 1.000 1.000 .990 .959 .887 .809 .596 .252 .057 .005 .000 .000
9 1.000 1.000 .997 .986 .952 .908 .755 .412 .128 .017 .001 .000

x 10 1.000 1.000 1.000 .996 .983 .962 .872 .588 .245 .048 .003 .000
11 1.000 1.000 1.000 .999 .995 .987 .943 .748 .404 .113 .010 .000
12 1.000 1.000 1.000 1.000 .999 .996 .979 .868 .584 .228 .032 .000
13 1.000 1.000 1.000 1.000 1.000 .999 .994 .942 .750 .392 .087 .002
14 1.000 1.000 1.000 1.000 1.000 1.000 .999 .979 .874 .584 .196 .011
15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .994 .949 .762 .370 .043
16 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .984 .893 .589 .133
17 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .996 .965 .794 .323
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .992 .931 .608
19 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .988 .878
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n = 25
p

.02 .10 .20 .25 .30 1/3 .40 .50 .60 .70 .80 .90

0 .603 .072 .004 .001 .000 .000 .000 .000 .000 .000 .000 .000
1 .911 .271 .027 .007 .002 .001 .000 .000 .000 .000 .000 .000
2 .987 .537 .098 .032 .009 .004 .000 .000 .000 .000 .000 .000
3 .999 .764 .234 .096 .033 .015 .002 .000 .000 .000 .000 .000
4 1.000 .902 .421 .214 .090 .046 .009 .000 .000 .000 .000 .000
5 1.000 .967 .617 .378 .193 .112 .029 .002 .000 .000 .000 .000
6 1.000 .991 .780 .561 .341 .222 .074 .007 .000 .000 .000 .000
7 1.000 .998 .891 .727 .521 .370 .154 .022 .001 .000 .000 .000
8 1.000 1.000 .953 .851 .677 .538 .274 .054 .004 .000 .000 .000
9 1.000 1.000 .983 .929 .811 .696 .425 .115 .013 .000 .000 .000

10 1.000 1.000 .994 .970 .902 .822 .586 .212 .034 .002 .000 .000
11 1.000 1.000 .998 .989 .956 .908 .732 .345 .078 .006 .000 .000

x 12 1.000 1.000 1.000 .997 .983 .958 .846 .500 .154 .017 .000 .000
13 1.000 1.000 1.000 .999 .994 .984 .922 .655 .268 .044 .002 .000
14 1.000 1.000 1.000 1.000 .998 .994 .966 .788 .414 .098 .006 .000
15 1.000 1.000 1.000 1.000 1.000 .998 .987 .885 .575 .189 .017 .000
16 1.000 1.000 1.000 1.000 1.000 1.000 .996 .946 .726 .323 .047 .000
17 1.000 1.000 1.000 1.000 1.000 1.000 .999 .978 .846 .488 .109 .002
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .993 .926 .659 .220 .009
19 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .998 .971 .807 .383 .033
20 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .991 .910 .579 .098
21 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .998 .967 .766 .236
22 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .991 .902 .463
23 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .998 .973 .729
24 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .996 .928
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TABLE 2

Cumulative Poisson Tables for F(x; n, p) =
x∑

k=0

e−��k/k!

Approximations: The tables may be interpolated linearly to provide good
approximations. For example, since (3.73 − 3.6)/(3.8 − 3.6) = 0.65, so
P(X ≤ 5; 
 = 3.73) =̇ 0.35P(X ≤ 5; 
 = 3.6) + 0.35P(X ≤ 5; 
 = 3.8) =
(0.35)(0.844) + (0.65)(0.816) = 0.8287, while more exact computation gives
0.8302.

Let � be the standard normal cdf. Then P(X ≤ x ; 
) =̇ �((x + 1/2 − 
)/
√


)
for integers x for 
 “large.” For example, for 
 = 16.63, P(X ≤ 20) =̇ �((20.5 −
16.63)/

√
16.63) = 0.8203. More exact computations gives 0.8302, while linear in-

terpolation using this table gives 0.8283.



.20 .40 .60 .80 1.00 1.20 1.40 1.60 1.80 2.00

0 .819 .670 .549 .449 .368 .301 .247 .202 .165 .135
1 .982 .938 .878 .809 .736 .663 .592 .525 .463 .406
2 .999 .992 .977 .953 .920 .879 .833 .783 .731 .677
3 1.000 .999 .997 .991 .981 .966 .946 .921 .891 .857

x 4 1.000 1.000 1.000 .999 .996 .992 .986 .976 .964 .947
5 1.000 1.000 1.000 1.000 .999 .998 .997 .994 .990 .983
6 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999 .997 .995
7 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999
8 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000



2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0

0 .111 .091 .074 .061 .050 .041 .033 .027 .022 .018
1 .355 .308 .267 .231 .199 .171 .147 .126 .107 .092
2 .623 .570 .518 .469 .423 .380 .340 .303 .269 .238
3 .819 .779 .736 .692 .647 .603 .558 .515 .473 .433
4 .928 .904 .877 .848 .815 .781 .744 .706 .668 .629

x 5 .975 .964 .951 .935 .916 .895 .871 .844 .816 .785
6 .993 .988 .983 .976 .966 .955 .942 .927 .909 .889
7 .998 .997 .995 .992 .988 .983 .977 .969 .960 .949
8 1.000 .999 .999 .998 .996 .994 .992 .988 .984 .979
9 1.000 1.000 1.000 .999 .999 .998 .997 .996 .994 .992

10 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999 .998 .997
11 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999
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4.2 4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8 6.0

0 .015 .012 .010 .080 .007 .006 .005 .004 .003 .002
1 .078 .066 .056 .048 .040 .034 .029 .024 .021 .017
2 .210 .185 .163 .143 .125 .109 .095 .082 .072 .062
3 .395 .359 .326 .294 .265 .238 .213 .191 .170 .151
4 .590 .551 .513 .476 .440 .406 .373 .342 .313 .285
5 .753 .720 .686 .651 .616 .581 .546 .512 .478 .446
6 .867 .844 .818 .791 .762 .732 .702 .670 .638 .606
7 .936 .921 .905 .887 .867 .845 .822 .797 .771 .744

x 8 .972 .964 .955 .944 .932 .918 .903 .886 .867 .847
9 .989 .985 .980 .975 .968 .960 .951 .941 .929 .916

10 .996 .994 .992 .990 .986 .982 .977 .972 .965 .957
11 .999 .998 .997 .996 .995 .993 .990 .988 .984 .980
12 1.000 .999 .999 .999 .998 .997 .996 .995 .993 .991
13 1.000 1.000 1.000 1.000 .999 .999 .999 .998 .997 .996
14 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999 .999
15 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999



6.2 6.4 6.6 6.8 7.0 7.2 7.4 7.6 7.8 8.0

0 .002 .002 .001 .001 .001 .001 .001 .000 .000 .000
1 .015 .012 .010 .009 .007 .006 .005 .004 .004 .003
2 .054 .046 .040 .034 .030 .025 .022 .019 .016 .014
3 .134 .119 .105 .093 .082 .072 .063 .055 .048 .042
4 .259 .235 .213 .192 .173 .156 .140 .125 .112 .100
5 .414 .384 .355 .327 .301 .276 .253 .231 .210 .191
6 .574 .542 .511 .480 .450 .420 .392 .365 .338 .313
7 .716 .687 .658 .628 .599 .569 .539 .510 .481 .453
8 .826 .803 .780 .755 .729 .703 .676 .648 .620 .593

x 9 .902 .886 .869 .850 .830 .810 .788 .765 .741 .717
10 .949 .939 .927 .915 .901 .887 .871 .854 .835 .816
11 .975 .969 .963 .955 .947 .937 .926 .915 .902 .888
12 .989 .986 .982 .978 .973 .967 .961 .954 .945 .936
13 .995 .994 .992 .990 .987 .984 .980 .976 .971 .966
14 .998 .997 .997 .996 .994 .993 .991 .989 .986 .983
15 .999 .999 .999 .998 .998 .997 .996 .995 .993 .992
16 1.000 1.000 .999 .999 .999 .999 .998 .998 .997 .996
17 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999 .999 .998
18 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999
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8.0 8.2 8.4 8.6 8.8

0 .000 .000 .000 .000 .000
1 .003 .003 .002 .002 .001
2 .014 .012 .010 .009 .007
3 .042 .037 .037 .028 .024
4 .100 .089 .079 .070 .062
5 .191 .174 .157 .142 .128
6 .313 .290 .267 .246 .226
7 .453 .425 .399 .373 .348
8 .593 .565 .537 .509 .482
9 .717 .692 .666 .640 .614

10 .816 .796 .774 .752 .729
x 11 .888 .873 .857 .840 .822

12 .936 .926 .915 .903 .890
13 .966 .960 .952 .945 .936
14 .983 .979 .975 .970 .965
15 .992 .990 .987 .985 .982
16 .996 .995 .994 .993 .991
17 .998 .998 .997 .997 .996
18 .999 .999 .999 .999 .998
19 1.000 1.000 1.000 .999 .999
20 1.000 1.000 1.000 1.000 1.000
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9 10 11 12 13 14 15 16 17 18

1 .001 .000 .000 .000 .000 .000 .000 .000 .000 .000
2 .006 .003 .001 .001 .000 .000 .000 .000 .000 .000
3 .021 .010 .005 .002 .001 .000 .000 .000 .000 .000
4 .055 .029 .015 .008 .004 .002 .001 .000 .000 .000
5 .116 .067 .038 .020 .011 .006 .003 .001 .001 .000
6 .207 .130 .079 .046 .026 .014 .008 .004 .002 .001
7 .324 .220 .143 .090 .054 .032 .018 .010 .005 .003
8 .456 .333 .232 .155 .100 .062 .037 .022 .013 .007
9 .587 .458 .341 .242 .166 .109 .070 .043 .026 .015

10 .706 .583 .460 .347 .252 .176 .118 .077 .049 .030
x 11 .803 .697 .579 .462 .353 .260 .185 .127 .085 .055

12 .876 .792 .689 .576 .463 .358 .268 .193 .135 .092
13 .926 .864 .781 .682 .573 .464 .363 .275 .201 .143
14 .959 .917 .854 .772 .675 .570 .466 .368 .281 .208
15 .978 .951 .907 .844 .764 .669 .568 .467 .371 .287
16 .989 .973 .944 .899 .835 .756 .664 .566 .468 .375
17 .995 .986 .968 .937 .890 .827 .749 .659 .564 .469
18 .998 .993 .982 .963 .930 .883 .819 .742 .655 .562
19 .999 .997 .991 .979 .957 .923 .875 .812 .736 .651
20 1.000 .998 .995 .988 .975 .952 .917 .868 .805 .731
21 1.000 .999 .998 .994 .986 .971 .947 .911 .861 .799
22 1.000 1.000 .999 .997 .992 .983 .967 .942 .905 .855
23 1.000 1.000 1.000 .999 .996 .991 .981 .963 .937 .899
24 1.000 1.000 1.000 .999 .998 .995 .989 .978 .959 .932
25 1.000 1.000 1.000 1.000 .999 .997 .994 .987 .975 .955
26 1.000 1.000 1.000 1.000 1.000 .999 .997 .993 .985 .972
27 1.000 1.000 1.000 1.000 1.000 .999 .998 .996 .991 .983
28 1.000 1.000 1.000 1.000 1.000 1.000 .999 .998 .995 .990
29 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .997 .994
30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 .999 .999 .997
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TABLE 3

Standard Normal Cumulative Density Function Φ(z)
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TABLE 4

Student’s-t 
-Quantiles for � Degrees of Freedom
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Student’s-t 
-Quantiles for 
 = 0.05/(2k), � df

ν 
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Student’s-t 
-Quantiles for 
 = 1 − 0.05/[k(k − 1)], � df
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TABLE 6

0.90-Quantiles of the F-Distribution
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0.95-Quantiles of the F-Distribution
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0.975-Quantiles of the F-Distribution
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0.99-Quantiles of the F-Distribution
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TABLE 7

Wilcoxon, Mann–Whitney, Cumulative Distribution Function

For m Xi ’s, nYi ’s, WXY =∑i j I [Xi ≤ Y j ] = W − n(n + 1), where W is the sum
of the ranks of the Y j ’s. The table entries are F(k; m, n) = P(WXY ≤ k) for
the case that the ranks of the Y j ’s are a simple random sample of the integers
1, 2, . . . , N = m + n. Since F(k; m, n) = F(k; n, m) and F(k; m, n) = P(WXY ≥
mn − k) = 1 − P(WXY ≤ mn − k − 1), F(k; m, n) is given for only some combina-
tions of k, m, n. For example, for m = 4, n = 3, P(WXY ≤ 9) = P(WXY ≥ 3) = 1 −
P(WXY ≤ 2) = 1 − 0.114 = 0.886 = P(W ≤ 15). Even for relatively small m and n
the normal approximation P(WXY ≤ k) =̇ �((k + 1/2 − mn/2)/

√
(N + 1)mn/12)

provides good approximations. For m = 7, n = 6, the normal approximation gives
0.133, whereas the table value is 0.147.

To shorten the tables probabilities are given only for some k when n ≥ 6.

n = 2
m

2 3 4 5 6 7 8 9 10

0 .167 .100 .067 .048 .036 .028 .022 .018 .015
1 .333 .200 .133 .095 .071 .056 .044 .036 .030
2 .667 .4 .267 .190 .143 .111 .089 .073 .061
3 .833 .6 .400 .286 .214 .167 .133 .109 .091
4 1.00 .8 .600 .429 .321 .250 .200 .164 .136

k 5 1.00 .9 .733 .571 .429 .333 .267 .218 .182
6 1.00 1.00 .867 .714 .571 .444 .356 .291 .242
7 1.00 1.00 .933 .810 .679 .556 .444 .364 .303
8 1.00 1.00 1.00 .905 .786 .667 .556 .454 .379
9 1.00 1.00 1.00 .952 .857 .750 .644 .546 .454

10 1.00 1.00 1.00 1.00 .929 .833 .733 .636 .546

n = 3
m

3 4 5 6 7 8 9 10 11

0 .050 .029 .018 .012 .008 .006 .005 .003 .003
1 .100 .057 .036 .024 .017 .012 .009 .007 .005
2 .200 .114 .071 .048 .033 .024 .018 .014 .011
3 .350 .200 .125 .083 .058 .042 .032 .024 .019
4 .500 .314 .196 .131 .092 .067 050 038 030

k 5 .650 .429 .286 .190 .133 .097 .073 .056 .044
6 .800 .571 .393 .274 .192 .139 .105 .080 .063
7 .90 .686 .500 .357 .258 .188 .141 .108 .085
8 .95 .800 .607 .452 .333 .248 .186 .143 .113
9 1.00 .886 .714 .548 .417 .315 .241 .185 .146
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n = 3
m

4 5 6 7 8 9 10 11 12

10 1.00 .943 .804 .643 .500 .388 .300 .234 .184
11 1.00 .971 .875 .726 .583 .461 .364 .287 .228
12 1.00 1.00 .929 .810 .667 .539 .432 .346 .277

k 13 1.00 1.00 .964 .869 .742 .612 .500 .406 .330
14 1.00 1.00 .982 .917 .808 .685 .568 .469 .385
15 1.00 1.00 1.00 .952 .867 .752 .636 .531 .442
16 1.00 1.00 1.00 .976 .908 .812 .700 .594 .500

n = 4
m

4 5 6 7 8 9 10 11 12

0 .014 .008 .005 .003 .002 .001 .001 .001 .001
1 .029 .016 .010 .006 .004 .003 .002 .001 .001
2 .057 .032 .019 .012 .080 .006 .004 .003 .002
3 .100 .056 .033 .021 .014 .010 .007 .005 .004
4 .171 .095 .057 .036 .024 .017 .012 .009 .007
5 .243 .143 .086 .055 .036 .025 .018 .013 .010
6 .343 .206 .129 .082 .055 .038 .027 .020 .015
7 .443 .278 .176 .115 .077 .053 .038 .028 .021
8 .557 .365 .238 .158 .107 .074 .053 .039 .029
9 .657 .452 .305 .206 .141 .099 .071 .052 .039

10 .757 .548 .381 .264 .184 .130 .094 .069 .052
11 .829 .635 .457 .324 .230 .165 .120 .089 .066

k 12 .900 .722 .543 .394 .285 .207 .152 .113 .085
13 .943 .794 .619 .464 .341 .252 .187 .140 .106
14 .971 .857 .695 .536 .404 .302 .227 .171 .131
15 .986 .905 .762 .606 .467 .355 .270 .206 .158
16 1.00 .944 .824 .676 .533 .413 .318 .245 .190
17 1.00 .968 .871 .736 .596 .470 .367 .286 .223
18 1.00 .984 .914 .794 .659 .530 .420 .330 .260
19 1.00 .992 .943 .842 .715 .587 .473 .377 .299
20 1.00 1.00 .967 .885 .770 .645 .527 .426 .342
21 1.00 1.00 .981 .918 .816 .698 .580 .475 .385
22 1.00 1.00 .990 .945 .859 .748 .633 .525 .431
23 1.00 1.00 .995 .964 .893 .793 .682 .574 .476
24 1.00 1.00 1.00 .979 .923 .835 .730 .623 .524
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n = 5
m

5 6 7 8 9 10 11 12 13

0 .004 .002 .001 .001 .000 .000 .000 .000 .000
1 .008 .004 .003 .002 .001 .001 .000 .000 .000
2 .016 .009 .005 .003 .002 .001 .001 .001 .000
3 .028 .015 .009 .005 .003 .002 .002 .001 .001
4 .048 .026 .015 .009 .006 .004 .003 .002 .001
5 .075 .041 .024 .015 .009 .006 .004 .003 .002
6 .111 .063 .037 .023 .014 .010 .007 .005 .003
7 .155 .089 .053 .033 .021 .014 .010 .007 .005
8 .210 .123 .074 .047 .030 .020 .014 .010 .007
9 .274 .165 .101 .064 .041 .028 .019 .013 .010

10 .345 .214 .134 .085 .056 .038 .026 .018 .013
11 .421 .268 .172 .111 .073 .050 .034 .024 .018
12 .500 .331 .216 .142 .095 .065 .045 .032 .023
13 .579 .396 .265 .177 .120 .082 .057 .041 .030
14 .655 .465 .319 .218 .149 .103 .073 .052 .038
15 .726 .535 .378 .262 .182 .127 .090 .065 .047

k 16 .790 .604 .438 .311 .219 .155 .111 .080 .059
17 .845 .669 .500 .362 .259 .185 .134 .097 .072
18 889 .732 .562 .416 .303 .220 .160 .117 .087
19 .925 .786 .622 .472 .350 .257 .189 .139 .104
20 .952 .835 .681 .528 .399 .297 .220 .164 .123
21 .972 .877 .735 .584 .449 .339 .255 .191 .144
22 .984 .911 .784 .638 .500 .384 .292 .221 .168
23 .992 .937 .828 .689 .551 .430 .331 .253 .194
24 .996 .959 .866 .738 .601 .477 .371 .287 .222
25 1.00 .974 .899 .782 .650 .523 .413 .323 .251
26 1.00 .985 .926 .823 .697 .570 .457 .361 .283
27 1.00 .991 .947 .858 .741 .616 .500 .399 .317
28 1.00 .996 .963 .889 .781 .661 .543 .439 .351
29 1.00 .998 .976 .915 .818 .703 .587 .480 .387
30 1.00 1.00 .985 .936 .851 .743 .629 .520 .424
31 1.00 1.00 .991 .953 .880 .780 .669 .561 .462
32 1.00 1.00 .995 .967 .905 .815 .708 .601 .500
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n = 6
m

6 7 8 9 10 11 12 13 14

0 .001 .001 .000 .000 .000 .000 .000 .000 .000
1 .002 .001 .001 .000 .000 .000 .000 .000 .000
2 .004 .002 .001 .001 .000 .000 .000 .000 .000
3 .008 .004 .002 .001 .001 .001 .000 .000 .000
4 .013 .007 .004 .001 .001 .001 .000 .000 .000
5 .021 .011 .006 .004 .002 .002 .001 .001 .000
6 .032 017 .100 .006 .004 .002 .002 .001 .001
7 .047 .026 .015 .009 .005 .004 .002 .002 .001
8 .066 .037 .021 .013 .008 .005 .003 .002 .002
9 .090 .051 .030 .018 .011 .007 .005 .003 .002

10 .120 .069 .041 .025 .016 .010 .007 .005 .003
11 .155 .090 .054 .033 .021 .014 .009 .006 .004
12 .197 .117 .071 .044 .028 .018 .012 .008 .006
13 .242 .147 .091 .057 .036 .024 .016 .011 .008
14 .294 .183 .114 .072 .047 .031 .021 .014 .010
15 .335 .223 .141 .091 .059 .039 .026 .018 .013
16 .409 .267 .172 .112 .074 .049 .033 .023 .016
17 .469 .314 .207 .136 .090 .061 .042 .029 .020
18 .531 .365 .245 .164 .110 .074 .051 .036 .025
19 .591 .418 .286 .194 .132 .090 .062 .044 .031
20 .650 .473 .331 .228 .157 .108 .075 .053 .038

k 21 .706 .527 .377 .264 .184 .128 .090 .064 .046
22 .758 .582 .426 .303 .214 .151 .106 .076 .055
23 .803 .635 .475 .344 .246 .175 .125 .090 .065
24 .845 .686 .525 .388 .281 .202 .145 .105 .076
25 .880 .733 .574 .432 .318 .231 .168 .122 .089
26 .910 .777 .623 .477 .356 .262 .192 .141 .104
27 .934 .817 .669 .523 .396 .295 .219 .161 .120
28 .953 .853 .714 .568 .437 .330 .247 .184 .137
29 .968 .883 .755 .612 .479 .366 .277 .208 .156
30 .979 .910 .793 .656 .521 .404 .308 .234 .177
31 .987 .931 .828 .697 .563 .442 .341 .261 .199
32 .992 .949 .859 .736 .604 .481 .375 .289 .222
33 .996 .963 .886 .772 .644 .519 .410 .319 .247
34 .998 .974 .909 .806 .682 .558 .446 .351 .273
35 .999 .983 .929 .836 .719 .596 .482 .383 .301
36 1.00 .989 .946 .864 .754 .634 .518 .416 .329
37 1.00 .993 .959 .888 .786 .670 .554 .449 .359
38 1.00 .996 .970 .909 .816 .705 .590 .483 .390
39 1.00 .998 .979 .928 .843 .738 .625 .517 .421
40 1.00 .999 .985 .943 .868 .769 .659 .551 .452
41 1.00 .999 .990 .956 .890 .798 .692 .584 .484
42 1.00 1.000 .994 .967 .910 .825 .723 .617 .516



OTE/SPH OTE/SPH

Appendix October 27, 2007 0:51 Char Count= 0

404 appendix

n = 7
m

7 8 9 10 11 12 13 14 15

2 .001 .001 .000 .000 .000 .000 .000 .000 .000
3 .002 .001 .001 .000 .000 .000 .000 .000 .000
4 .003 .002 .001 .001 .000 .000 .000 .000 .000
5 .013 .007 .004 .002 .001 .001 .001 .000 .000
6 .019 .010 .006 .003 .002 .001 .001 .001 .000
7 .027 .014 .008 .005 .003 .002 .001 .001 .001
8 .036 .020 .011 .007 .004 .003 .002 .001 .001
9 .049 .027 .016 .009 .006 .004 .002 .002 .001

10 .064 .036 .021 .012 .008 .005 .003 .002 .001
11 .082 .047 .027 .017 .010 .006 .004 .003 .002
12 .104 .060 .036 .022 .013 .009 .006 .004 .003
13 .130 .076 .045 .028 .017 .011 .007 .005 .003
14 .159 .095 .057 .035 .022 .014 .009 .006 .004
15 .191 .116 .071 .044 .028 .018 .012 .008 .005
16 .228 .140 .087 .054 .035 .022 .015 .010 .007

k 17 .267 .168 .105 .067 .043 .028 .018 .012 .009
18 .310 .198 .126 .081 .052 .034 .023 .015 .011
19 .355 .232 .150 .097 .063 .042 .028 .019 .013
20 .402 .268 .176 .115 .075 .050 .034 .023 .016
21 .451 .306 .204 .135 090 060 041 .028 .019
22 .500 .347 .235 .157 .105 .071 .048 .033 .023
23 .549 .389 .268 .182 .123 .084 .057 .040 .028
24 .598 .433 .303 .209 .143 .098 .067 .047 .033
25 .645 .478 .340 .237 .164 .113 .079 .055 .039
26 .690 .522 .379 .268 .187 .131 .091 .064 .046
27 .733 .567 .419 .300 .213 .150 .105 .074 .053
28 .772 .611 .459 .335 .239 .170 .121 .086 .061
29 .809 .653 .500 .370 .268 .192 .137 .098 .071
30 .841 .694 .541 .406 .298 .216 .156 .112 .081
31 .870 .732 .581 .443 .329 .241 .175 .127 .093
32 .896 .768 .621 .481 .362 .268 .196 .144 .105
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n = 8 n = 9
m m

8 9 10 11 9 10 11

3 .001 .000 .000 .000 6 .001 .000 .000
4 .001 .000 .000 .000 7 .001 .000 .000
5 .001 .001 .000 .000 8 .001 .001 .000
6 .002 .001 .001 .000 9 .002 .001 .001
7 .003 .002 .001 .001 10 .003 .001 .001
8 .005 .003 .002 .001 11 .004 .002 .001
9 .007 .004 .002 .001 12 .005 .003 .002

10 .010 .006 .003 .002 13 .007 .004 .002
11 .014 .008 .004 .002 14 .009 .005 .003
12 .019 .010 .006 .003 15 .012 .007 .004
13 .025 .014 .008 .005 16 .016 .009 .005
14 .032 .018 .010 .006 17 .020 .011 .006
15 .041 .023 .013 .008 18 .025 .014 .008

k 16 .052 .030 .017 .010 k 19 .031 .017 .010
17 .065 .037 .022 .013 20 .039 .022 .013
18 .080 .046 .027 .016 21 .047 .027 .016
19 .097 .057 .034 .020 22 .057 .033 .019
20 .117 .069 .042 .025 23 .068 .039 .023
21 .139 .084 .051 .031 24 .081 .047 .028
22 .164 .100 .061 .038 25 .095 .056 .034
23 .191 .118 .073 .045 26 .111 .067 .040
24 .221 .138 .086 .054 27 .129 .078 .048
25 .253 .161 .102 .064 28 .149 .091 .056
26 .287 .185 .118 .076 29 .170 .106 .065
27 .323 .212 .137 .089 30 .193 .121 .076
28 .360 .240 .158 .103 31 .218 .139 .088
29 .399 .271 .180 .119 32 .245 .158 .101



OTE/SPH OTE/SPH

Appendix October 27, 2007 0:51 Char Count= 0

406 appendix

TABLE 8

Wilcoxon Signed Rank Statistic W+

The table values are P(W + ≤ k) for the case that W + has the distribution of∑N
j=1 j Vj , where the Vj are Bernoulli(1/2), independent.
W + is symmetric around 	N = N (N + 1)/4. That is, P(W + ≥ [N (N +

1)/4] + u) = P(W + ≤ [N (N + 1)/4] − u) for each u. For larger N the approx-
imation P(X ≤ k) =̇ �((k + 1/2 − 	N )/
N ), for 
2

N = N (N + 1)(2N + 1)/24
works well.

For example, for N = 9, P(X ≤ 26) =̇ �((26.5 − 22.5)/8.44) =
�(0.474) = 0.682. The table value is 0.674.

N
2 3 4 5 6 7 8 9 10

0 .25 .125 .062 .031 .016 .008 .004 .002 .001
1 .50 .250 .125 .062 .03 .016 .008 .004 .002
2 .75 .375 .188 .094 .047 .023 .012 .006 .003
3 1.00 .625 .312 .156 .078 .039 .020 .010 .005
4 1.00 .750 .438 .219 .109 .055 .027 .014 .007
5 1.00 .875 .562 .312 .156 .078 .039 .020 .010
6 1.00 1.000 .688 .406 .219 .109 .055 .027 .014
7 1.00 1.000 .812 .500 .281 .148 .074 .037 .019
8 1.00 1.000 .875 .594 .344 .188 .098 .049 .024
9 1.00 1.000 .938 .688 .422 .234 .125 .064 .032

10 1.00 1.000 1.000 .781 .500 .289 .156 .082 .042
11 1.00 1.000 1.000 .844 .578 .344 .191 .102 .053
12 1.00 1.000 1.000 .906 .656 .406 .230 .125 .065
13 1.00 1.000 1.000 .938 .719 .469 .273 .150 .080
14 1.00 1.000 1.000 .969 .781 .531 .320 .180 .097
15 1.00 1.000 1.000 1.000 .844 .594 .371 .213 .116

k 16 1.00 1.000 1.000 1.000 .891 .656 .422 .248 .138
17 1.00 1.000 1.000 1.000 .922 .711 .473 .285 .161
18 1.00 1.000 1.000 1.000 .953 .766 .527 .326 .188
19 1.00 1.000 1.000 1.000 .969 .812 .578 .367 .216
20 1.00 1.000 1.000 1.000 .984 .852 .629 .410 .246
21 1.00 1.000 1.000 1.000 1.000 .891 .680 .455 .278
22 1.00 1.000 1.000 1.000 1.000 .922 .727 .500 .312
23 1.00 1.000 1.000 1.000 1.000 .945 .770 .545 .348
24 1.00 1.000 1.000 1.000 1.000 .961 .809 .590 .385
25 1.00 1.000 1.000 1.000 1.000 .977 .844 .633 .423
26 1.00 1.000 1.000 1.000 1.000 .984 .875 .674 .461
27 1.00 1.000 1.000 1.000 1.000 .992 .902 .715 .500
28 1.00 1.000 1.000 1.000 1.000 1.000 .926 .752 .539
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Section 1.2

1.2.1 0.05, 0.55, 0.45, 0.65, 0.90, 0.90.

1.2.2 (a) P((red, red)) = 12/35, P((red,white)) = 8/35, P((white, red)) = 9/35, P((white,
white)) = 6/35. (b) 6/35, 17/35, 12/35.

1.2.3 Approximate answers: 1/64974, 1/4165, 1/536, 1/47.3, 1/2.37.

1.2.5 (b) 5/16.

1.2.7 (a) 1 − |7 − k|/36 for k = 1, 2, . . . , 6. (b) ( j/6)2 − ( j − 1)/6]2 = (2 j − 1)/36 for
j = 1, 2, . . . , 6.

1.2.8 (a) 1 − 55/144 = 89/144 =̇ 0.6181 (b) 1 − 811, 008/1, 712, 304 =̇ 0.5264.

1.2.9 Method 1: 1/3, 1/3, 1/3, 3/5; method 2: 2/9, 1/3, 2/3, 1/2.

1.2.10 5/8 = 0.625.

1.2.11 1456/8008 = 2/11 =̇ 0.1818.

1.2.12 (a) 2/27. (b) 7/27.

1.2.13 (c) 0.15 and 0.85.

1.2.14 (b) P(at least one match) =̇ 1 − e−1 =̇ 0.632.

Models for Probability and Statistical Inference: Theory and Applications, By James H. Stapleton
Copyright C© 2008 John Wiley & Sons, Inc.

411
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Section 1.3

1.3.1 0.6, 0.7, 4/7, 4/6, 1/3.

1.3.2 Independent mutually exclusive
A, B Yes No
A, C No Yes
A, D No No
B, C No No
B, D Yes No
C, D No No

1.3.3 (a) P(first has number j , second has number k) = (1/5)(1/ j) for
1 ≤ k ≤ j, j = 1, 2, . . . , 5. Therefore, P(first has number j | second has
number k) = [(1/5)(1/j)]/[(1/5)(1/k) + (1/5)(1/(k + 1) + · · · + (1/5)(1/5)) =
(1/j)/[1/k + 1/(k + 1) + · · · + (1/5)] for 1 ≤ k ≤ j and j = 1, 2, . . . , 5. (b)
Replace 5 by N .

1.3.4 Let A1 = [same on tosses 1 and 2], A2 = [same on tosses 1 and 3], A3 = [same on
tosses 2 and 3]. Then P(Ai ) = 1/2 for i = 1, 2, 3, and P(Ai A j ) = P(all three tosses
are the same) = 1/8 for i �= j , so these three events are pairwise independent, but
P(A1 A2 A3) = P(all three tosses are the same) = 1/8, so these three events are not
independent.

1.3.5 Solve the inequality 1 – (35/36)n ≥ 0.90. Thus, n must be 82 or more.

1.3.6 (a) 0.8624. (b) place component 1 in parallel with 4, 2 in parallel with 3. (c) The
answer is as in (b). It’s easier to prove it by expressing the reliabilities in terms of the
qi = 1 − pi for i = 1, 2, 3, 4.

1.3.7 The conditional probability that she is lying, given that she says she got n heads in n
tosses, is greater than 1/2 when n is 7 or more. If we wish this probability to exceed
p, take n > log(99/p)/ log(2).

1.3.8 (a) 0.004099. (b) 0.05343 (c) k must be 4 or more. If k = 4, the conditional probability
is 0.9139.

1.3.9 (a) 0.3292. It happened in 32 of 80 trials. The proportion was 32/80 = 0.40.
(b) P(Y = 0) = 0.5685, P(Y = 1) = 0.3449, P(Y = 2) = 0.0784, P(Y = 3) =
0.0079, P(Y = 4) = 0.0003. s(0) = 11/20, s(1) = 7/20, s(2) = 1/20, s(3) = 0,

s(4) = 0.

1.3.10 (a)
∑12

k=2(6 − |7 − k|)/362) = 0.1127. (b) 0.01427.

1.3.11 In July 1978 there were 5 Saturdays, 5 Sundays, 5 Mondays, and 4 each of the other
4 days. Suppose that Patrick has probability 5/31 of having his birthday on each
of Saturday, Sunday, Monday, and probability 4/31 of having his birthday on each
of the other days. Suppose that the same is true for Hildegarde. The outcomes are
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the pairs (d1, d2) of birthdays for Patrick and Hildegarde. Thus, the sample space S
has 49 outcomes with probabilities the products of the probabilities for Patrick and
Hildegarde. For example, the pair (Monday, Wednesday) has probability (5/31)(4/31).
The probability they were born on the same day of the week is therefore 0.1449, slightly
more than 1/7.

1.3.12 (b) kmax = (greatest integer ≤ ne−1 =̇ 0.3679n. The probability is then approximately
e−1.

Section 1.4

1.4.1 (a) fX (x) = 9/36, 12/36, 10/36, 4/36, 1/36 for x = 2, 3, 4, 5, 6. fM (m) = 9/36,

16/36, 11/36 for m = 1, 2, 3.

1.4.2 f (k) = 0.336, 0.452, 0.188, 0.024 for k = 0, 1, 2, 3.

1.4.3 (a) p1 p2/(1 − q1q2) for q1 = 1 − p1, q2 = 1 − p2. (b) Show that P([W = w]) =
(q1q2)w–1[1 − q1q2] and that P(A ∩ [W = w]) = (q1q2)w−1 p1 p2. (c) p/(2 − p), 1/3,
and 1/11. (d) f (y) = (y − 1)p2q y–2 for y = 2, 3, . . ..

1.4.4 (c) fX (x) = 1/126, 20/126, 60/126, 40/126, 5/126 for x = 0, 1, 2, 3, 4. fY (y) =
6/126, 45/126, 60/126, 15/126 for y = 0, 1, 2, 3.

1.4.5 0.4744.

1.4.7 fM (m) = (4m3 − 6m2 + 4m − 1)/64 for m = 1, 2, 3, 4, 5, 6.

1.4.8 (a) fT (t) = 0.10584, 0.3024, 0.342, 0.1912, 0.0528 for t = 0, 1, 2, 3, 4, 5. (b)
0.3132.

1.4.10 (a) 4914. (b) 164.

1.4.11 (b) f2(x2) = 137/300, 77/300, 47/300, 27/300, 12/137 for x2 = 1, 2, 3, 4, 5.
(c) 15/77. (d) fY (y) = (1/300)(60, 30, 50, 35, 47, 27, 27, 12, 12) for y =
2, 3, . . . , 10.

1.4.12 (a) 0.0649. (b) Multinomial(10, (1/8, 3/8, 3/8, 1/8)). (c) B(10, 1/2).

Section 1.5

1.5.1 (a) fX (1) = 0.2, fX (2) = 0.4, fX (3) = 0.3, fX (4) = 0.1, fY (0) = 0.4, fY (1) =
0.5, fY (2) = 0.1. (b) E(X ) = 2.3. (c) E(Y ) = 0.7. (d) E(XY ) = 1.9.

1.5.2 (a) E(M) = 161/36.

1.5.3 (a) fR(0) = 3/15, fR(1) = 9/15, fR(20) = 3/15, fW (0) = 6/15, fW (1) = 8/15,

fW (2) = 1/15. (b) 1, 2/3, 2/5. (c) B = 2 − R − W . (d) fW (1) = 5/15, fW (2) =
10/15, E(W ) = 5/3.
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1.5.4 (a) K = 1/15. (b) E(X ) = E(Y ) = 9/5, no, no.
(c) fW (2) = 1/15, fW (3) = 4/15, fW (4) = 10/15, E(W ) = 18/5.

1.5.6 For T = (no. correct answers), E(T ) = 35.

1.5.7 E(X0) = 405/256, E(X1) = 540/256, E(X2) = 270/256, E(X3) =
60/256, E(X4) = 5/256.

∑4
k=0 E(Xk) = 5.

1.5.8 Bake 3. E(X ) = 2.8.

1.5.9 180 and 33.

1.5.10 P(B) = 601/625.

1.5.11 (a) fT (0) = 0.024, fT (1) = 0.188, fT (2) = 0.452, fT (3) = 0.336, E(T ) = 2.1.

Section 1.6

1.6.1 (a) E(X ) = 4, Var(X ) = 2.

1.6.4 5 and 1.8.

1.6.6 E(T ) = 95, SD(T ) = √
290.

1.6.7 (a) E(X ) = 7/3, E(Y ) = 2/3, Var(X ) = 5/9, Var(Y ) = 5/9. (b) fT (1) = 3/36,

fT (2) = 8/36, fT (3) = 14/36, fT (4) = 8/36, f (5) = 3/36. (c) E(T ) = 3,

Var(T ) = 10/9.

1.6.8 (a) 53/60 and 7/60. (b) 7/240.

1.6.9 (a) For N = 6, E(T ) = 14.7, Var(T ) = 38.99. For N = 20, E(T ) = 71.95,

Var(T ) = 566.51.

1.6.10 (a) $855.47.

Section 1.7

1.7.1 (a) (X, Y ) takes the values (1,2), (1,3), (1,4), (2,3), 2,4), (3,4), each with prob-
ability 1/6. (b) E(X ) = 5/3, E(Y ) = 10/3, Var(X ) = Var(Y ) = 5/9, Cov(X, Y ) =
5/18, � (X, Y ) = 1/2. (c) Ŷ = 10/3 + (1/2)(X − 5/3). (d) Var(Ŷ ) = 5/36, Var(Y −
Ŷ ) = 15/36.

1.7.2 (a) 	 = 4, 
2 = 5. (b) E(T ) = 8, Var(T ) = 20/3, E(X̄ ) = 2, Var(X̄ ) = 20/12.

1.7.3
√

k/n.

1.7.4 � (X, Y ) = 4� − 1 for 0 ≤ � ≤ 1/2.
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1.7.5 (a) Var(T ) = n
2(1 + (n − 1)� ), Var(T/n) = (
2/n)(1 + (n − 1)� ). (b) � ≥ −1/

(n − 1). (c) � (Xi , X j ) = 
2
A/(
2

A + 
2
� ).

1.7.6 (a) g(x) = y + b(x − x), where b = Sxy/Sxx . (b) g(x) = 4 − 2(x − 2), proportion 4/7.
� (X, Y ) = −2/

√
7.

Section 2.2

2.2.1 (a) 0.2060. (b) 0.3125. (c) 0.2752. (d) 1/2, (e) 2.

2.2.2 (a) 2. (b) 0. (c) 3, 4. (d) 40. (e) 1/3 ≤ p < 1/2.

2.2.3 (a) 0.7216. (b) 0.5948. (c) 0.1700, 0.2186, 0.2061. (d) 0.1311.

Section 2.3

2.3.1 (a) For example, P(X = 2) = 0.2398; b(2; 5, 0.6) = 0.230. (b) E(X ) = 3.0, Var(X ) =
0.8571.

2.3.2 (b) R̂ may be expressed in terms of X, N , and n. Var(R̂) may be expressed in terms
of N , np = R/N , and q = 1 − p. For N = 400, n = 100, X = 43, V̂ar(R̂) = 2.949,
and the resulting 95% confidence interval is [168.63, 175.37]. (Of course, R must be
an integer.)

2.3.3 The hypergeometric probabilities fX (x) for (10, 15) are 0.1978, 0.4565, 0.2935, 0.0522
for x = 0, 1, 2, 3. The corresponding binomial probabilities are 0.216, 0.432, 0.288,
0.064.

Section 2.4

2.4.1 (b) P(Y3 = 5) = 54/1024. (c) P(Y3 ≤ 4) = 13/256. (e) E(Y3) = 12, Var(Y3) = 36.

2.4.2 (a) 0.4845. (b) 0.0804.

2.4.4 (a) Negative binomial with parameters r1 + r2 and p.

(b)

(
x − 1

r1 − 1

)(
w − 1 − x

r2 − 1

)/(
w − 1

r1 + r2 − 1

)
for x = r1, r1 + 1, . . . , w − r2.

(c) fM (m) = q2m(1 − q2) for m = 1, 2, . . ., where q = 1 − p.

2.4.5 (a) P(X = Y ) = p1 p2/(1 − q1q2). (b) P(X > Y ) = p2q1/(1 − q1q2).

2.4.6 p = 	/(
2 + 	), r = 	2/(
2 + 	), so ( p̂, r̂ ) = (0.2024, 3.023). If r were known to
be an integer, we would replace 3.023 by 3.

2.4.7 M = [(r − 1)/p] + 1, with maxima at both M and M − 1 if (r − 1)/p is an integer.
For the four examples: 1, 10 and 11, 45 and 46, 120 and 121.



OTE/SPH OTE/SPH

answers October 23, 2007 18:45 Char Count= 0

416 answers to selected problems

Section 2.5

2.5.1 P(Xn = 2) is 0.2277, 0.2248, 0.2242 for the three binomial distributions. It is 0.2240
for the Poisson distribution with 
 = 3.0. P(Xn = 3) is 0.4113, 0.4209, 0.4227 for the
three binomial distributions. It is 0.4232 for the Poisson distribution with 
 = 3.0.

2.5.2 (a) P(X ≤ 2) = e−1.6(1 + 1.6 + 1.62/2) = 3.88e−1.6 = 0.7834. P(X ≥ 3) = 1 −
0.7834 = 0.2166. (b) 1 − 0.78344 = 0.6234. (c) 292 and 292.

2.5.4 e−
d .

2.5.5 Given N = n, X1 ∼ Binomial(n, p) with p = 
1/(
1 + 
2).

2.5.6 (a) e−2.8. (b) 1 − e−3.8(1 + 3.8 + 3.82/2).
(c) 7[0.4(7) + 0.8(10) + 1.5(7)] = 149.1, so W ∼ Poisson(149.1).

2.5.7 (a)
k: 0 1 2 3 4 5

P(Y = k) 0.69768 0.25116 0.04521 0.00542 0.00049 0.00004
(b)
∑

p2
i = 0.0204. (c) Taking A = {1, 5}, we get G(A) = 0.0124.

2.5.8

k: 0 1 2 3 4 5 6 7

P(X = k) 0.13506 0.27067 0.27094 0.18063 0.09022 0.03602 0.01197 0.00344
P(Y = k) 0.13534 0.27067 0.27067 0.18045 0.09022 0.03609 0.01203 0.00341

Let A = {k|P(X = k) > P(Y = k)}. Then A = {2, 3}, and for this A, G(A) =
0.00045. The upper bound given by Le Cam’s theorem is

∑
p2

i = 0.0040, which is
larger than 0.00045.

Section 3.2

3.2.1 (a) C = 1. (b) 1/4. (c) F(u) = 1/2 − (1 − u)2/2 for 0 ≤ u < 1, 1/2 + (u − 1)2/2 for
1 ≤ u ≤ 2, 0 for u < 0, 1 for u > 2.
(d) F is continuous at all points except at x = 0, x = 2, so the derivative of F exists
at all points except at x = 0, x = 6, and has the values f (x) at x �= 0, 6.
(e) For example, redefine f (0) = 78, f (3/2) = 17. F remains the same, and then has
derivatives equal to f (x) except for x = 0, 3/2, 2, 6
(f) x0.6 = 1 + √

0.2.

3.2.2 (a) C = 2/9. (b) F(u) = 0 for u < 0, u3/3 for 0 ≤ u < 1, 1/3 + (2/9)(u − 1) for 1 ≤
u < 4, 1 for u ≥ 4. (c) 183/216. (d) All u except for u = 1, 4. Yes.

3.2.3 FY (y) = 0 for y < 0, y1/2 for 0 ≤ y < 1, 1 for y ≥ 1. fY (y) = 0 for y < 0, (1/2)y−1/2

for 0 < y < 1, 0 for y > 1. We can define f in any way that we wish for y = 0 and
y = 1. (Of course, the values assigned cannot be less than zero.)

3.2.4 (a) C = 0.7/8. (b) 0.2 + 5.6/16. (c) For all x except for x = 0, 2, 4, with derivative
Cx for 0 < x < 4, 0 for x < 0 and x > 4. (d) G(y) = 0.1I [y ≥ 0] + 0.2I [y ≥ 1] +
(C/2)(y − 1) for 1 ≤ y < 17, 0 for y < 1, 1 for y ≥ 17.



OTE/SPH OTE/SPH

answers October 23, 2007 18:45 Char Count= 0

answers to selected problems 417

3.2.5 (a) C = 1.4/16. (b) F(3) − F(1) = 0.2 + C(9/2 − 1/2). (c) All u except for u =
0, 2, 4. (d) FY (y) = F((y − 1)1/2) = 0.1I (y ≥ 1) + 0.2I (v ≥ 5) + C(y − 1)/2 for
0 ≤ y < 17, 1 for y ≥ 17.

Section 3.3

3.3.1 E(X ) = 0, Var(X ) = E(X 2) = 2/3.

3.3.2 E(X ) = 13/12, Var(X ) = E(X 2) − [E(X )]2 = 5/3 − [13/12]2 = 71/144.

3.3.6 B = 10 + √
50c/s = 10 + √

20.

3.3.7 G(D; B) = (s − 2)D − (c − 2)B for D < B, (s − c)B[(s − 2) − (c − 2)]B for D ≥
B. Thus, G and H are the same as before after replacement of s by s − 2 and c by
c − 2.
H (B) = (s − 2)

∫ B
0 [1 − F(x)]dx . Choose B = x , where x satisfies F(x) = 1 − (c −

2)/(s − 2).

Section 3.4

3.4.1 Y has the mass function f (0) = 3/8, f (1) = 1/2, f (2) = 1/8.

3.4.2 (a) g(y) = 1 for 0 ≤ y ≤ 1, Unif(0, 1). (b) 1/2 by both methods. (c) H (U ) = F−1(U ) =√
1 − 2U for 0 ≤ U ≤ 1/2, and

√
2U − 1 for 1/2 < U ≤ 1.

3.4.3 (a) H (X ) = F(X ) = X 2. (b) H (X ) = G−1(H (X )) = 1/(1 − X 2) for all X . (c)
H (X ) = G−1(H (X )) = √

2X 2 = −√
2X for −1 ≤ X ≤ 0, 8X 2 − 3 for 0 < X ≤ 1.

3.4.4 (a) H (X ) = F(X ) = X/(1 + X ) for all X .
(b) K (U ) = F−1(U ) = U/(1 − U ). (c) Y has (surprisingly!) the same cdf as X and
the same density f (y) = (1 + y)−2 for y ≥ 0.

3.4.5 (a) X has cdf F(x) = (1/�)tan−1(x/d), so that the density is f (x) = (1/(d�))1/[1 +
(x/d)2] for all x . (b) The integral

∫∞
d x f (x)dx > (1/(2d�))

∫∞
d x/(x/d)2dx does not

converge, so E(X ) does not exist.

Section 3.5

3.5.1 (a) C = 1. (b) fX (x) = xe−x for x > 0, fY (y) = e−y for y > 0. (c) P(X > bY ) = 1/b
for b > 1. Therefore, P(W ≤ w) = P(Y/X ≤ w) = P(X ≥ (1/w)Y ) = w for 0 <

w ≤ 1. Thus, W ∼ Unif(0, 1). (d) E(XY ) = 3.

3.5.2 (a) fX (x) = fY (x) = x + 1/2 for 0 ≤ x ≤ 1. (b) 7/24.

3.5.3 (a) F(u1, u2) = F(u2)n − [F(u2) − F(u1)]n = [1 − e−u1 ]n − [e−u1 − e−u2 ]n for 0 <

u1 < u2 < ∞. Taking partial derivatives with respect to u1 and u2, we get the joint
density f (u1, u2) = n(n − 1)[e−u1 − e−u2 ]n−2e−u1−u2 for 0 < u1 < u2 < ∞.
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(b) We can get the marginal density of X (1) by integrating over u2 > u1. It is easier to find
the cdf of X (1) first: F1(u1) = 1 − P(X (1) > u1) = P(allXi > u1) = [e−u1 ]n = e−nu1 ,
so that X (1) has density f1(u1) = ne−nu1 for u1 > 0.

3.5.4 fM (m) = 2m2 for m ∈ [0, 1], = m2/6 for m ∈ (1, 2], and = m/3 for m ∈ (2, 3].

Section 3.6

3.6.1 (a) Y has cdf F(y) = y[1 − log(y)] for 0 < y < 1, density f (y) = −log(y)
for 0 < y < 1. E(Y ) = E(U1)E(U2) = 1/4, E(Y 2) = E(U 2

1 )E(U 2
2 ) = (1/3)2 =

1/9, Var(Y ) = 7/144. E(Y 2) and E(Y ) can be obtained using the density of Y , making
the change of variable w = −log(y), so y = e−w .

3.6.2 (a) f (x1, x2) = 2e−x1−x2 for 0 < x1 < x2 < ∞.
(b) Integrating over the region for which x2 − x1 > d, we find that P(X (2) − X (1) ≤
d) = 1 − e−d for d > 0, so D has density fD(d) = e−d for d > 0.
(c) The Jacobian of the transformation from (X (1), X (2)) to (Y1, Y2) is 1, so Y = (Y1, Y2)
has joint density fY (y1, y2) = 2e−2y1−d for 0 < y1 < ∞ and 0 < d < ∞. Since this
is a product, Y1 and D = Y2 are independent, with the obvious densities, exponential
distributions with means 1/2 and 1.

3.6.3 (a) fY (y1, y2) = (3/4)(y1 + y2) over the triangle with vertices (0, 0), (0, 2), (1, 1). Y1

has density g(y1) = (9/8)y2
1 for 0 < y1 < 1, (3/8)[2 − (y1 − 1)2 for 1 ≤ y1 ≤ 2.

Section 4.2

4.2.1 (a) 0.1093. (b) 0.7396. (c) 0.0349.

4.2.2 (a) 0.1093. (b) 0.9356. (c) 0.9651. (d) 58.42. (e) d = 69.60.

4.2.3 fY (y) = 1
√

2�ye−y for y > 0.

4.2.4 (a) 0.9123. (b) 0.9906.

4.2.7 E(Y ) = exp(
2/2 + 	), Var(Y ) = (exp(2
2) − exp(
2))exp(2	). exp(u) ≡ eu for
any real number u.

Section 4.3

4.3.1 r (2.5) = 1.0337, r (4.5) = 1.0187, r (6) = 1.0168.

4.3.4 (a) E(1/X ) exists for � > 1, with value � − 1. (b) No.

4.3.5 (c) P(R ≤ r ) = (1 + r )−� for r > 0. For � = 2, P(R ≤ 3) = 15/16.

4.3.6 (a) fX (x) = [1/2�/2�(�/2)]x�/2–1e−x/2 for x > 0, � and 2�. (b) 278.79.
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4.3.8 (c) 0.90, 0.6838, 0.9487. (d) 7/11, 28/1452.

4.3.12 (a) E(Y ) = ��(1/m + 1), Var(Y ) = �2[�(2/m + 1) − (�(1/m + 1))2].
(c) 6.6025. (d) H (u; m, �) = �[− log(1 − U )]1/m . 1 − U could be replaced by U .

4.3.13 (c) (1.874, 2.896).

Section 5.1

5.1.1 P(R = r |T = t) is as follows:
t r: 0 1 2 3

1 3/7 4/7 0 0
2 6/42 24/42 12/42 0
3 1/35 12/35 18/35 4/35

5.1.2 P(X1 = x1, X2 = x2) = (1/6)2(5/6)x2−2 for 1 ≤ x1 < x2 < ∞, so P(X1 = x1|X2 =
k) = 1/(k − 1) for 1 ≤ x1 < k < ∞. This is the uniform distribution on 1, 2, . . . , k −
1.

5.1.3 Let X = (X0, X1, X2, X3), x = (x0, x1, x2, x3). X has the multinomial distribution with
n = 5, p = (1/8, 3/8, 3/8, 1/8). X3 has the binomial distribution with n = 5, p3. A
few computations show that conditionally on X3 = x3, (X0, X1, X2) has the multino-
mial distribution with n = 5 − x3, probability vector (1/7, 3/7, 3/7).

5.1.7 (c) Show that pP = p.

Section 5.2

5.2.1 (a) C = 1/36. (b) g(1) = 20/9, g(2) = 26/12, g(3) = 32/15, E[g(X )] = 13/6 =
E(Y ).

5.2.2 g(t2) = t2 + 	3. E(g(T2)) = E(T2) + 	3 = 	1 + 	2 + 	3 = E(T3).

5.2.3 (a) g(1) = 7/2, g(2) = 13/2, g(3) = 9, g(4) = 11, g(5) = 12.5. For example, g(3) =
3(1 + 2 + 4 + 5)/4. (b) E(Y ) = (1/5)(g(1) + g(2) + g(3) + g(4) + g(5)) = 172/4 =
43.

Section 5.3

5.3.1 (a) fX (x) = (C/2)x2 for 0 < x < 1, so C = 6. (c) fY (y|X = x)(2y)/x2 for 0 < y <

x ≤ 1. (d) g(x) = 2x for 0 < x < 1, E(g(X )) = 1/2 = E(Y ).

5.3.2 (a) fY (y | X = x) = xe−xy for y > 0, fX (x) = e−x for x > 0, fY (y) = 1/(1 + y)2 for
all y > 0, g(x) = 1/x, E(Y ) does not exist.
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5.3.3 P(X = k) = ∫∞
0

(n
k

)
pk(1 − p)n−kdp = �(k + 1)�(n − k + 1)

�(n + 2)

(
n

k

)
= 1/(n + 1) for

k = 0, 1, . . . , n. Uniform distribution on 0, 1, . . . , n.

5.3.4 fY (y) = (2/A2)(A − y) for 0 ≤ y ≤ A.

5.3.5 fW (w|X = x) = e−w+x , for 0 < x < w < ∞, fW (w) = we−w for 0 < w < ∞.

5.3.8 (a) 0.9367 and 0.9993. (b) g(x) = 165 + 0.3429(x − 178), h(y) = 178 + 0.4667(y −
165). (c) 5.76 and 30.24. (d) 0.662.

Section 6.2

6.2.1 (a) M(t) = (1/t)(et − 1) = 1 + t/2 + t2/3! + · · ·, so the derivative at t = 0 is 1/2 =
E(X ). (b) [(1/t)(et − 1)]2.

6.2.2 (a) M(t) = 1/(1 − t)� for t < 1. The mgf of Y is 1/(1 − t)�1+�2 , the mgf of the �-
distribution with power parameter �1 + �2.

6.2.3 �2k = 
2k(2k)!/[k!2k] for k any positive integer. �2k+1 = 0 for k = 0, 1, 2, . . ..

6.2.4 (a) P(Z > x) = P(eZt > ext ) ≤ E(eZt )/ext ) = M(t)/ext . This in a minimum for t =
x , with value e−t2/2, so this is an upper bound. (b) The probability is less than 2e−K 2n/2.

6.2.5 (a) M(t) = et p/(1 − et q) for et q < 1. (b) M(t)r = etr pr (1 − qet )−r for et q < 1. (c)

Let Mr (t) be the mgf. Mr (t) is as given in (b). To show it, use the fact that

(
k − 1

r − 1

)
=( −r

k − 1

)
= (−1)k−r . (See 2.4.2.) Then the infinite sum, after factoring out etr pr and

letting m = k − r , is the binomial expansion of (1 − qet )−r .
(d) As in Section 2.4, let Wr = X − r . (Wr is the number of failures before the
r th success.) The mgf of Wr is MW (t) = pr (1 − qet )−r . Then MW (t) = r pr qet (1 −
qet )−r−1 and M ′′

W (t) = r (r − 1)pr q2e2t (1 − qet )−r−2 + MW (t), so MW (0) = rq/p and
M ′′

W (0) = r (r + 1)q2/p2 + rq/p, so that Wr has mean q/p and variance rq/p +
rq2/p2 = rq/p2. Thus, E(X ) = r + rq/p = r/p and Var(X ) = Var(Wr ) = rq/p2.

Section 6.3

6.3.1 Let ε > 0. We must show that P(|mn − 0| > ε) = P(mn > ε) converges to zero. But
P(mn > ε) = P(allXi are greater than ε) = (e−ε)n , which converges to zero because
e−ε < 1.

6.3.3 (a) Determine E( p̂n) and Var( p̂n). (b) Yes, because g(u) = u2 is continuous. (c) For
all p except for p = 1/2, where g is discontinuous.

6.3.4 For any ε > 0, P(|Xn − C | ≤ ε) ≥ P(C − ε < Xn ≤ C + ε) = Fn(C + ε) −
Fn(C − ε), where Fn is the cdf of Xn . Since {Xn} converges in distribution to
C, Fn(C + ε) converges to 1. Fn(C − ε) converges to zero. Thus, P(|Xn − C | ≤ ε)
converges to 1.
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6.3.5 Let ε > 0. We must show that P(|Wn − W | > ε) converges to zero. But |Wn −
W | = |Xn − X + Yn − Y | ≤ |Xn − X | + |Yn − Y |. Therefore P(|Wn − W | > ε) ≤
P(|Xn − X | + |Yn − Y | > ε) ≤ P((|Xn − X | > ε/2) + P(|Yn − Y | > ε/2). Each of
these last two probabilities converges to zero.

6.3.6 (a) Mn(t) = (1/n)(1 − et(n+1)/n)/(1 − et/n). The numerator converges to 1 − et as n →
∞. The denominator is n[1 − (1 + t/n + (t/n)2/2 + · · ·), which converges to −t .
Therefore, Mn(t) converges to (et − 1)/t for all t , which is the mgf of the uniform
distribution on [0, 1].

6.3.7 The mgf of the uniform distribution on [−1/n, 1/n] is (et/n − e−t/n)(n/2t) =
(n/2t)[(1 + t/n + (t/n)2 + · · ·) − (1 − t/n + (t/n)2/n − · · ·)] = (n/2t)[2(t/n) +
2(t/n)3/3! + · · ·], which converges to 1 for all t . This is the MGF of the distribution
with point mass 1 at zero.

6.3.8 The mgf of Xn is Mn(t) = (qn + pnet )n . Show that log(Mn(t)) converges to

(et − 1).

Section 6.4

6.4.1 (a) 0.1714, 0.3759, 0.8286, 0.9431. (b) 0.2045, 0.1145 The binomial probabilities are
0.2051 and 0.1172.

6.4.2 (a) 0.9545. (b) 0.9545.

6.4.3 0.0168.

6.4.4 Zn = (Sn − np)/(npq)1/2 has mgf Mn(t) = e−npt/(npq)1/2
(q + pet/

√
npq ). Show that

the log of this converges to t2/2.

6.4.5 (a) 0.1783. (b) 0.1763.

6.4.6 0.1580.

6.4.7 (a) 0.2056569 using the normal approximation of the Poisson distribution, 0.1990
using the normal approximation of the gamma distribution.

6.4.8 (a) 14.5 and 32.73. (b) 0.3314 and 0.3379. (c) 0.1915 and 0.6179.

6.4.9 (a) log(Mn(t)) = −
1/2
n + 
n(et
1/2

n − 1). (b) 0.8789.

6.4.10 (a) See Problem 6.2.2. (d) 0.1587 and 0.0786.

6.4.11 n = 801.

6.4.12 (a) 0.943. (b) Solving a quadratic equation we get (no. reservations) = s = 429.
(c) 423.



OTE/SPH OTE/SPH

answers October 23, 2007 18:45 Char Count= 0

422 answers to selected problems

6.4.13 (a) Yn has the mgf Mn(t) = [(1 − qnetpn )pn]−1. The term in brackets converges to
(1 − t)−1, the mgf of the exponential distribution with mean 1. Thus, {Yn } converges
in distribution to the exponential distribution with mean 1. (c) {Wn

∗} converges in
distribution to the �(r, 1) distribution.

Section 7.2

7.2.1 (a) MSE(T4) = Var(T4) = �2/[n(n + 2)]. (b) cn = (n + 2)/(n + 1), rT5 (�) = �2/(n +
1)2, rT5 (�)/rT2 (�) = (n + 2)/[2(n + 1)] < 1 for all n and rT5 (�)/rT4 (�) = n(n + 2)/
(n + 1)2 < 1 for all n.

7.2.2 (a) Let the components of a0 be a j = (1/
2
j )/C , where C =∑n

i=1 1/
2
1 for j =

1, . . . , n. (b) For a = a0, Var(T ) = 1/C .

7.2.3 p(1 − p)/n.

7.2.4 Since the means for these three distribution s are 2, 2.5, and 3, we might let �̂ = 2X − 3,
so that �̂ is an unbiased estimator of �, and MSE(�̂) = 4Var(X ) = 4v(�)/2, where v(�)
is the variance of one observation from the mass function f� . Thus, v(1) = 1, v(2) =
1.05, v(3) = 1. Thus, MSE(�̂) = 2, 2.10, and 2 for � = 1, 2, 3. A problem with this
estimator is that it takes values that are not possible values of �. Another estimator could
be the value �̂∗ of � that maximizes P�(X1 = x1, X2 = x2) for each (x1, x2), so that, for
example, for x1 = 1, x2 = 3, �̂∗ = 1. �̂∗ is called the maximum likelihood estimator.

7.2.5 (a) Bias = 
/n − 1) for n > 1, MSE(
̂) = 
2(n + 2)/[n − 1)(n − 2)] for n > 2.
(b) For Cn = (n − 1)/n, MSE = 
2/(n − 2).

7.2.7 (a) Let T (k) = 1 for k = 0, 0 for k > 0. Then T (X ) is the indicator of the event [X = 0].

7.2.9 (a) Var(T ) = n/[(n + 1)2(n + 2)]. (b) Var(T )/Var(�̂) = 2n/(n + 1).

Section 7.3

7.3.1 (a) �̂2 = X + √
3
̂, �̂2 = X − √

3
̂. (b) No, it doesn’t make sense.

7.3.2 1/(X + 1).

7.3.3 (r̂ , �̂) = (X
2
/(
̂2 − X ), X/(
̂2 − X )). We get (3.3355, 0.6148).

7.3.4 
̂ = 1/
̂, �̂ = X − 
̂.

7.3.5 r�̂(�) = 0.08 for without-replacement sampling for each �. r�̂(�) = 0.06 for without-
replacement sampling.

7.3.6 p̂ = 1 − 
̂2/X , m̂ = X
2
/(X − 
̂2).

7.3.7 (a) The MME is e−X .
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Section 7.4

7.4.1 (a) R̂(0) = 0, R̂(1) = 2 or 3, R̂(2) = 5 or 6, R̂(3) = 8.

7.4.2 Both 1/X .

7.4.3 (X1 + X2)/(n1 + n2).

7.4.6 �̂ = min(X1, . . . , Xn), 
̂ = 1/(X − �̂).

7.4.7 (a) The MME is X/(X − 1); the MLE is 1/Y , where Yi = log(Xi ).

7.4.8 (a) �̂ = (X1 + 2X2)/2n; yes. (b) ((1 − �̂)2, 2�̂(1 − �̂), �̂2); no.

7.4.9 (a) �̂ =∑ xi Yi/�x2
i . (b) 3 and 1. (c) (X

∑n
i=1(X1 − X )2). (e) 
2/

∑
x2

i .
(f)
∑

ai xi = 1.

7.4.10 (a) �̂(0, 0) = 3, �̂(0, 1) = 3, �̂(1, 2) = 1, �̂(1, 0) = 3, �̂(1, 1) = 2, �̂(1, 2) = 1,

�̂(2, 0) = 1, �̂(2, 1) = 1, �̂(2, 2) = 1. C(1) = 0.84, C(2) = 0.64, C(3) = 0.72. (c)
For example, �̂(0, 1, 2) = 1, �̂(0, 1, 0) = 3. C(1) = 0.756, C(2) = 0.896, C(3) =
0.648. (d) MLE is 3.

Section 7.6

7.6.1 E(h1(X )) = 1/9, E(h2(X )) = 0.11438, Var(h1(X )) = 5.0805 × 10−5, E(1/X ) =
0.11157, Var(1/X ) = 5.1733 × 10−5.

7.6.2 E(h2(X1, X2)) = �1�2 + (1/2)
12. Var(h1(X1, X2)) = �2
1 Var(X1) + �2

2 Var(X2) +
(1/2)
12.

7.6.3 Var(h2(X )) = 7.615 × 10−6, P(|h(X̂ ) − h(�0)| ≤ 1) =̇ 0.610, where �0 =
30(�/180) = 0.5236.

7.6.7 (a) 0.843 and 0.166. (b) −0.343 ± 0.281.

7.6.8 (a) E(�̂1) =̇ � + �(1 + �)/(� + 2)n (using quadratic approximation), Var(�̂1) =̇ �(� +
1)2/n(� + 2) (using linear approximation). (b) E(�̂2) = [n/(n − 1)]� (exact),
E(�̂2) =̇ � + �/n, Var(�̂2) = n2�2/(n − 1)2(n − 2) (exact), Var(�̂2) =̇ �2/n.

(c) Normal approximations: 0.363 and 0.383. [The expectations and variances given in
part (a) and (b) were used.]

Section 7.7

7.7.1 (a) U = X/0.1054. (b) The 0.05- and 0.95-quantiles of the chi-square distribution
with 20 df are 10.85 and 31.41. Therefore, the 0.10-and 0.95-quantiles for the gamma
distribution with � = 10 are 10.85/2 = 5.42 and 31.41/2 = 15.70. The 90% CI on
� is [T/15.70, T/5.42] = [6.00, 17.38].
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7.7.2 Let T = min(X1, . . . , Xn). D = T − � has cdf G(x) = 1 − e−nx for x > 0. u =
−(1/n)log(0.05). L = T − u, so that the lower limit is 12.96.

7.7.3 (a) 423. (b) 349.

7.7.4 (a) 492. (b) 0.110. (c) 0.094 + 0.0215.

7.7.5 1691.

7.7.6 [6 ± 2.35].

7.7.7 (a) [0.967, 1.433]. Hint: X1 ∼ Poisson(
1 = 8.791�1), X2 ∼ Poisson(
2 =
62.547 �2), where �1 and �2 are the rates per 1000. First find a CI on
p = 
1/(
1 + 
2) = �/(1 + � ), where � = 
1/
2, then use this interval to get an
interval on R = �1/�2.
(b) [7.74, 11.15] and [ 7.14, 8.30].

7.7.8 [−0.85, 6.65].

7.7.10 (a) R = 4, since P(X ≥ 3|R = 4) = 0.119, P(X ≥ 3|R = 5) = 0.357, and P(X ≥
3|R) < 0.119 for R < 4.
(b) 65, using the finite correction factor for the variance of X , the number of red balls
chosen.

7.7.11 (e) [−0.054 ± 0.055].

7.7.12 [0.1604, 0.1764], the solutions of a quadratic equation in �.

Section 7.8

7.8.1 (a) �2/n. (b) �̂ = 1/X . (c) Cn = n/(n − 1). (d) d(�) = �. (e) [�̂n ± 1.96�̂nn1/2] =
�̂n[1 ± 1.96n1/2].

7.8.2 (a) �/n. (b) �̂ = X . (c) C(n) = 1. (d) d(�) = �1/2. (e) [X ± 1.96n1/2 X
1/2

].

7.8.3 (a) Cramer–Rao bound: 1/[n�2(1 − �)2].

7.8.4 (a) 1/n�2. (b) n/[(n − 1)2�2], (c) C(�) = √
� and [(�̂n ± 1.96

√
�̂n/n].

7.8.5 (a) Var(�̂2) ≥ 2� 2/n. (b) �̂ = (1/n)
∑n

i=1(Xi − 	)2. (c) Cn = [n/(n − 1)], Var(� 2) =
2
2/(n − 1). (d) d(�) = 21/2�.
(e) [�̂ ± 1.96

√
2�̂/n] [n or �̂ could be replaced by (n − 1) or �̂2].

7.8.6 (a) L(�) = C�2x2+x1 (1 − �)2x0+x1 , where C does not depend on �. (b) �̂ = 0.70, p(�̂) =
(0.09, 0.42, 0.49). (X0, X1, X2)/1000 = (0.094, 0.412, 0.494). Good fit. (d) B(�, n) =
�(1 − �)/(2n), where n = 1000. (e) [�̂ ± 1.96(�̂(1 − �̂)/2n)1/2].
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7.8.7 (a) Let Xi+ and X+ j be the row and column totals for i = 0, 1 and j = 0, 1.
Then �̂1 = X1+/n, �̂2 = X+1/n. The pair (�̂1, �̂2), is the MLE for (�1, �2), �̂ =
(0.12, 0.18, 0.28, 0.42). (b) A 95% CI on �1 is [�̂1 ± 1.96

√
�̂1(1 − �̂1/n] =

[0.672, 0.728].

Section 7.9

7.9.1 (a) Yes. (b) No.

7.9.2 (a) Yes. (b) g(t, �) = �(1 − �)t−1, for t = 1, 2, . . . , 0 < �, < 1, h(x) = 1 for all xi

positive integers, 0 otherwise.

7.9.4 (b) �̂∗ = exp(−X ). (c) Var(�̂) = exp(−
)(1 − exp(−
))/n, Var(�̂∗) = exp(n
(exp
(−2/n) − 1)) − exp(2n
(exp(−1/n) − 1)). (d) Yes. (e) �̂∗.

7.9.7 T = Y1 + 2Y2, �̂ = T/2n.

7.9.9 (a) (M ≡ min(X1, . . . , Xn), T = �Xi ) is one such pair. (b) (M, X − M), where X =
T/n.

Section 8.1

8.1.1 (a) � (1) = 0.07, � (2) = 0.33, � (3) = 0.65. (b) 0.33. (c) � (1) = 0.16, � (2) =
0.49, � (3) = 0.81. Whether this second test is better or not depends on the relative
importance of the two types of error: type I error, made when H0 is true but we reject,
and type II error, made when Ha is true but we do not reject H0. (d) Yes. For example,
the test that rejects for T3 ≤ 2, is uniformly better.

8.1.2 (a) Reject for X ≤ 74. (b) � (p) = �((74.5 − 100p)/
√

100p(1 − p)). (c) 0.977,
0.0.837, 0.454, 0.085, 0.002.

8.1.3 (a) Reject for T ≤ 61. (b) power =̇ 0.846.

8.1.4 (a) � = {A, B, C}. (b) A × A, where A = {1, 2, 3}.
(c) One good choice is: critical region = {(3, 3), (3, 2), (2, 3), (2, 2)}. For this re-
gion � (A) = 9/36, � (B) = 16/36, � (C) = 25/36. (c) For this critical region, � (A) =
3/15, � (B) = 6/15, � (C) = 10/15. (d) If we reject whenever T = X1 + X2 +
X3 ≤ 6, except for the case that X1 = 1, X2 = 2, X3 = 2, then � (A) = 30/120 =
0.25, � (B) = 72/120 = 0.6, and � (C) = 96/120 = 0.8.
(d) The mass functions for T = X1 + X2 + X3 for random samples of three taken
without replacement are

� t : 3 4 5 6 7 8 9

A 0.05 0.30 0.30 0.30 0.05 0 0
B 0 0.10 0.20 0.40 0.20 0.10 0
C 0 0 0.05 0.30 0.30 0.30 0.05
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If you want � = 0.25, for example, you might reject for T = 7, 8, 9 and also with
probability 2/3 when T = 6. Then the power for � = B would be (6/7)(0.40 + 0.20 +
0.10) = 0.643. What would it be for � = C?

8.1.5 (a) H0 : 	 ≥ 2.0, Ha : 	 < 2.0. (b) Take n = 54. Reject H0 if X̄n < 1.9888. (c) For
	 = 1.99, power = 0.430.

8.1.6 (a) Let M = max(X1, . . . , X10). Reject for M < m = 20(0.05)1/10 = 14.823. � (�) =
(m/�)10 for all �, (b) Reject for M < 14.823 and for M > 20. Then � (�) = (m/20)10 +
(1 − (20/�)10), � (22) = 0.634, � (25) = 0.898, � (30) = 0.984.

8.1.7 (a) Reject for X ≤ 3 and for X ≥ 12. Then � = 0.0776.
(b) � (p) = P(X ≤ 3 | p) + P(X ≥ 12 | p). For p = 0.1, 0.2, 0.3, 0.4, 0.5, these are
0.764, 0.236, 0.0775, 0.270, 0.655.
(c) In order that � =̇ 0.078, we can let k1 = 21, k2 = 38, in which case � = 0.082.
These were found using the exact binomial distribution. Normal approximation using
the 1/2-correction should give approximately the same values.
(d) � (p) =̇ �((21.5 − 100p)/

√
100p(1 − p)) + 1 − �((37.5 − 100p)/√

100p(1 − p)). For p = 0.15, 0.20, . . . , 0.45, we get 0.966, 0.646, 0.211,
0.083, 0.302, 0.695, 0.934, using the normal approximation.
(e) P(X ≤ 21 | p = 0.25) = 0.209, very close to � (0.25) = 0.211, since P(X ≥
38 | p = 0.25) =̇ 0.002.

Section 8.2

8.2.1 (a) Reject for �Xi ≥ k or some k, or equivalently, X ≥ k ′ = k/n. In order to have
� = 0.05, take k = n	0 + 1.645


√
n, equivalently X ≥ 	0 + 1.645
/

√
n.

(b) � (	) = 1 − �(1.645 + (	0 − 	)/(
/
√

n)) = �(−1.645 + (	 − 	0)/(
/
√

n)).
(c) Yes. Why?
(d) The test that rejects for X ≤ 	0 − 1.645
/

√
n has � = 0.05, with power function

� ∗(	) = �(−1.645 − (	 − 	0)/(
/
√

n)), which is larger than � (	) for 	 < 	0 since
1 − �(1.645 + (	0 − 	)/
/

√
n) = �(−1.645 + (	 − 	0)/
/

√
n) < �(−1.645 −

(	 − 	0)/(
/
√

n)) for 	 < 	0.
(e) Let Q = �(Xi − 	)2. Reject for Q > k. To find k, do as follows. P(Q/
2 >

k/
2) must be 0.05 when 
2 = 100. The 0.95-quantile of the � 2-distribution
with 25 df is 37.65. Reject for Q/100 > 37.65, equivalently for 
̂2 = Q/25 >

(100)(37.65)/25 = 150.6 then � (140) = P(Q/100 > 35.65|
2 = 140) = P(� 2 =
Q/140 > 37.65(100/140) = 26.89), where � 2 is distributed as chi-square with 25
df. From the chi-square tables for 25 df, we find that the power is approximately
0.36.

8.2.2 Reject for r (X) = r (X1, X2, X3) > 3.0. This is equivalent to defining the critical region
to be C = {(x1, x2, x3)|x1 + x2 + x3 ≥ 7}. � (0) = 0.076, � (1) = 0.81.

8.2.3 (a) Reject for T = X1 + X2 + X3 ≥ 10. Then � = 0.084. (b) � (2.5) = 0.224, � (3) =
0.603, � (3.5) = 0.865. (c) Yes. Why? (d) 0.0499, 0.3665, 0.8069.
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8.2.5 (a) Let M = max(X1, . . . , X5). Reject for M > 19.796. (b) � (�) = 1 − (19.796/�)5

for � ≥ 19.796, 0 for � < 19.796. (c) Yes, since the NP lemma gives the
same test for any alternative �a > �0 = 20. (d) Reject for M ≤ c, where c
is chosen so that P(M ≤ c|� = 20) = 0.05. Thus, (c/20)5 = 0.05, so that c =
20(0.051/5) = 10.986. Power = P(M ≤ c)|� = 15) = P(M/15 ≤ c/15|� = 15) =
(c/15)5 = (0.05)(20/15)5 = 0.2107.

8.2.6 (a) Let Y1, Y2, Y3 be the frequencies of 1, 2, 3. Reject for V = log(0.6/0.5)Y1 +
log(0.3/0.3)Y2 + log(0.1/0.2)Y3 ≥ 0.7203. (b) No (a close call). (c) 119.

Section 8.3

8.3.1 (a) For example, �(0, 1) = 1/6, �(2, 3) = 6. (b) Reject for (X1, X2) =
(1, 1), (1, 2), (2, 1), (2, 2). (c) � (1) = � (2) = 0.09, � (3) = � (4) = 0.49.

8.3.2 (a) �(x) = (max(x)/�0)n for max(x) ≤ �0, 0 for max(x) > �0. (b) c = �0�1/n , do not
reject. (c) � (�) = 1 for � ≤ c, �(�0/�)n for c ≤ � ≤ �0, 1 − (�0/�)n[1 − �] for � > �0.
(d) Same test, same power function as in (b) and (c).

8.3.4 (c) Cn = 2.216. Do not reject H0.

8.3.5 (b) �̂ = 0.7025, Cn = C400 = 3.238. Do not reject.

8.3.6 (b) C141 = 3.858. Reject H0.

Section 8.4

8.4.1 (a) 0.0060, 0.0464, 0.1673. (b) 0.0.0015, 0.1792, 0.5406, 0.8692 using normal approx-
imation; 0.0012, 0.1795, 0.5433, 0.8689 using exact binomial.

8.4.2 (a) T2 ≥ 10, � = 0.084. (b) 0.020. (c) 0.758. (d) T100 ≥ 325, � = 0.0786. (e) p-value
= 0.0499. (f) 0.6190.

8.4.3 (a) 0.012. (b) [80.864, 87.136]; reject. (c) 0.295.

8.4.4 (a) Reject for M ≤ c = �1/n�0. (b) C = [M, �−1/n M]. (c) 0.566. (d) 0.202.

8.4.5 (a) .04, .08, .21, .43, .67, .91, 1.00 for T = 0, 1, . . . , 6.

8.4.6 (a) 11.15. (b) 0.165.

Section 9.2

9.2.1 f (x1, x2) = Ce−(1/2) Q(x1, x2), where C = [1/(2�)][1/((1 − � 2)
1
2).

9.2.2 D = Y − X ∼ N(13, 49.09). (a) P(D > 0) = 0.9682. (b) P(|D| > 5) = 0.8783.
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9.2.3 (a) � (X) =
⎛⎝ 1 1/2 −1/8

1/2 1 − 5/12
−1/8 5/12 1

⎞⎠ . (b) Multivariate normal with covariance

matrix, A� AT =
(

47 0
0 208

)
, mean vector (6, 88). (c) 0. (d) 0.068.

9.2.4 Let X = 
X Z1 + 	X and Y = aZ1 + bZ2 + 	y , where a = �
Y , b = 
y(1 − � 2)1/2.

9.2.5 (b) 0. (c) No in both cases, because neither vector is of the form 	 + u, where u is in
the column space of �.

9.2.6 0.0598.

Section 9.3

9.3.1 Z 2 has density g(u) = u−1/2e–u/2/(2�)1/2 for u > 0. This is �(� = 1/2, � = 2).

9.3.2 (a) By definition the sum of the squares of two independent standard normal rv’s has the
chi-square distribution with two df’s. From what we know of the �(�, �) distribution,
the sum of two independent �(1/2, 2) rv’s has the �(1, 2) distribution. The density is
therefore (1/(2�(2)))u1–1e−u/2 = (1/2)e–u/2 for u > 0. This is the exponential density
with mean 2.

9.3.3 (a) K = 1/9. 3 df, with noncentrality parameter � = 14/3. (b) C1 = 1/9, C2 =
1/18, � = 4.5, 2 df.

9.3.4 (a) There are an infinity of choices. Perhaps the simplest are a3 = (0, 0, 1, −1)T/
√

2 and
a4 = (1, 1, −1, −1)T/2. (b) b1 = 10, b2 = −√

2, b3 = −√
2, b4 = −6. (c) 140 and 40.

(d) U ∼ N4((50, 0, 0, 0)T, 25I4)||U||2/25 ∼ � 2
4 (100).

9.3.5 30.404 and 31.403.

9.3.6 (0.0668)(0.2277) = 0.01521.

Section 9.4

9.4.1 k1 = 1/3, k2 = 2.

9.4.2 The solution can be found by writing fT(t) = ∫∞
0 �(z) fV(t z)tdz, where fv is the density

of V = √
W/� and W has the chi-square density for � df. Students are advised not to

spend much time on this.

9.4.4 (b) W > 1 if and only if X1 > 0 and X2 > 0. Therefore, P(W > 1) = 1/4.
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9.4.6 (a) [26.84 ± 2.25]. (b) t = 2.491, p-value approximately 0.457. (c) [1.293 ± 3.040]
(d) t = 0.746, p-value = 0.467.
(e) The lazy-t test has noncentrality parameter �1 = �/[(2
2)/8]1/2. The two-sample
t-test has noncentrality parameter �2 = �/[
2(1/9 + 1/8)]1/2. Their ratio is �2/�1 =
[2(1/8)/(1/9 + 1/8)]1/2 = (18/17)1/2 > 1, so that the two-sample noncentrality pa-
rameter is larger in magnitude.
(f) �̂ = 0.9, so the 90% CI on � is [0.9 ± 3.360], t = 0.9/1.774 = 0.507, p-value
= 0.628.

9.4.7 (b) K = 1/
√

1/n + 1/m, (n − 1), � = (K/
)(� − �0), where � = 	2 − 	1.

Section 9.5

9.5.1 (d) P(S2
p > 36.784, R < 3.438) = P(16S2

p/25 > (16/25)36.784)P(R < 3.438).
W = 16S2

p/25 has the chi-square distribution with n + m − 2 = 16 df, and R has
the F(8, 8) distribution. Therefore, using the chi-square and F-tables, we find that
(0.10)(0.95) = 0.095.

9.5.2 (a) K = √
n/2, � = 2(n − 1), � = 0. (b) F(1, n − 1).

9.5.3 (a) Reject for F > 2.5876, � (� ) = P(F = S2
1/S2

2 > 2.5876) = P(F/� > 2.5876/� ).
Q = F� has the central F-distribution with m − 1 and n − 1 df, so � (� ) is the area to
the right of 2.5876/� under the F-density.

9.5.4 S2
1 = 11.5, S2

2 = 67.33, F = S2
2/S2

1 = 5.855, F0.015(3, 4) = 0.0662, F0.975(3, 4) =
9.979. 95% CI = [5.855/9.979 = 0.587, 5.855/0.0662 = 88.427].

9.5.5 (a) � = �1/2, � = �2/2. (b) F0.95(10, 12) = 2.7534, so the 0.95-quantile of the Beta(5,
6) distribution is 0.69646.

9.5.6 (a) Generate independent rv’s V1, V2 which have central chi-square distributions with
10 and 15 df’s. (How could you do that?) For each such pair (V1, V2), compute F =
(V1/10)/(V2/15). Repeat this (say) 10,000 times. Order these 10,000 F-values. Choose
the 6000th one as an estimate of x0.6.
(b) You would need approximately [(1.96)(0.5)/0.005]2 = 36, 864 F-values. For each
F you need 10 + 15 = 25 pseudostandard normal rv’s. Total = 230, 400.

Section 10.2

10.2.1 For example, P(WXY = 4) = P(W = 7) = 2/10.

10.2.2 (a) W = 87, p-value = 0.0061, normal approximation: z = 2.604, p-value = 0.0046.
(b) 26. (c) s = 11, t = 44, [8, 51]. (d) [6.28, 48.47]. (e) 0.676. (f) 0.0.779. (g) W ∗ =
84.5, z = 2.387, p-value = 0.0085.
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10.2.3 (a) Let f0 and fa be the probability mass function of W under H0 and Ha . Then f0(3) =
f0(4) = f0(8) = f0(9) = 0.1, f0(5) = f0(6) = f0(7) = 0.2, and fa(3) = fa(4) =
0.021/40, fa(5) = 2/40, fa(6) = fa(7) = 7/40, fa(8) = 6/40, fa(9) = 16/40. (b)
E(W |H0) = 6, E(W |Ha) = 7.5, Var(W |H0) = 3.0, Var(W |Ha) = 2.5. (c) Reject for
W = 8 or 9, power = 0.55. (e) No, since another test has power 0.85.

10.2.4 4/126.

10.2.5 z = −1.308, p-value = 0.191.

10.2.6 (a) For example, P(W ∗ = 3.5) = 2/15, P(W ∗ = 5) = 1/15, P(W ∗ = 5.5) = 2/15
(b) E(W ∗) = 7, Var(W ∗) = 4.4.

10.2.7 (a) 12/792 = 0.0151. (b) 0.0174.

Section 10.3

10.3.2 (b) 0.0766. (c) 0.0213.

10.3.4 (a) [X (137), X (184)]. (b) Take t − s =̇ 1450.

10.3.5 5 and 7.5.

10.3.6 (a) 10/128 = 0.0781. (b) 0.0754.

10.3.7 (a) Reject for Y ≥ 217, W + ≥ 43, 906, D̂ ≥ 0.8225. (b) Powers: 0.477, 0.618,
0.639.

10.3.9 For Wilcoxon: 0.0090. For sign: 0.0665 (using normal approximation with 1/2-
correction).

10.3.10 (a) W + takes the values 0, 1, . . . , 6 with probabilities (1, 1, 1, 5, 4, 7, 8)/27.
(b) E(W +) = 117/27, Var(W +) = 577/27.

10.3.11 6/512.

Section 10.4

10.4.1 (b) D+ = 0.3416, D− = 0.0645, D = 0.3416.

10.4.2 (a) [0.030, 0.210], [0.529, 0.791], [0.790, 0.970]. (b) [320, 475] or [318,
468]. (c) 0.0071 for normal approximation, 0.0057 for exact binomial. (d) D =
0.1749, p-value = 0.094.

10.4.3 (a) 0.65. (b) 0.0234. (c) 0.0088.
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Section 11.2

11.2.1 (a) b = 3. (c) 414.

11.2.4 (a) b = (5, 3)T .

11.2.6 (a) ŷ = b0 + b1x , where b0 = −12, 856.38, b1 = 9.7175. (b) Total SSQS =
7,118,267,246, Regr. SSQS = 3,032,350,922, Error SSQS = 4,085,916,324, R2 =
0.4260, R = 0.6797. (c) y = 3.8525(10−3)x1.8925.

11.2.7 (e) The second row of PV is (1, 3, −1, 1)(1/4), ŷ = (6, 4, 3, 1)T .

11.2.8 (a) a1 = (1/3)(1, 1, 0, 1)T. (b) Ŵ1 = 5.

Section 11.3

11.3.1 (a) �̂ = 2, 95%, CI : [0.591, 3.408]. (b) Let (L(x0, Y, x), U (x0, Y, x)) = x0 I , where
I is as given above. The graphs are straight lines through (0, 0) with slopes given by
the first and second terms of I .

11.3.2 T = √
n − 2r/

√
1 − r 2.

11.3.3 (a) �̂ = (3, 2)T, ŷ = (5, 7, 6, 11, 13)T, S2 = 4/3. (b) [−2.021, 10.02]. (c) a
= (47, 33, −42, 5, −9)T/38 = (1.237, 0.868, −1.105, 0.132, −0.237)T, h =
(−1, 1, 0, 1, −1)T is an example.

11.3.4 (a) Y = (Y11, Y12, Y21, Y22, Y23, Y31, Y32)T, x1 = (1, 1, 0, 0, 0, 0, 0)T, x2 =
(0, 0, 1, 1, 1, 0, 0)T, x3 = (0, 0, 0, 0, 0, 1, 1)T, εi j = Yi j − 	I , ε = (ε11, . . . , ε32).
Then Y = 	1x1 + 	2x2 + 	3x3 + ε. (b) 	̂1 = 7, 	̂2 = 10, 	̂3 = 13. (c)
S2 = 18/4 = 4.5. (d) Let h23 = S2(1/2 + 1/3) = 3.75. Then I13 =
[−3 ± 2.776

√
h23] = [−3 ± 5.38]. (e) R2 = 1 − ESS/TSS. For the data,

R2 = 1 − 18/54 = 36/54 = 2/3.R = 0 if the Y i are all equal.

11.3.5 �̂ = (5, 2)T, Var(�̂) = (2/3)
2, S2 = ESS/(4 − 2) = 3/2, CI = [3 ±
4.303

√
(2/3)S2] = [3 ± 4.303].

11.3.7 (a) �̂ = (58.2028, 16.1198, −16.9435)T. (b) [−1.7189, 0.0715].

Section 11.4

11.4.1 (a) = (3, 2, 4)T (b) S2 = 4/2 = 2, (c) [3 ± 12.30]. (d) F = 17.2. Reject. (e)
||� − �0||2 = 7.693, � = 1.923.
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11.4.2 (a) df Sum of Squares Mean Squares

Treatments 3 148 49.333
Residuals 10 56 5.600
Corr. total 13 204

(b) From the table, F = 8.809 with observed p-value 0.0037, so we reject for any
� ≥ 0.0037. (c) [−0.043, 7.377].

11.4.3 (a) 
 = M−1XT�, so C
 = CM−1XT� = AT�, where A = XM−1CT . Let V1 = (col-
umn space of A). Let V0 = V ∪ V ⊥

1 . Then C
 = 0 is equivalent to � ∈ V0.
(b) Write the projection matrix with respect to V1 in terms of A, then in terms of X
and C. Then use this to write ||Ŷ1||2 in terms of C, X, and 
̂.

11.4.5 (a) F = [(n − k)/(n − 1)][R2/(1 − R2)]. (b) P(R2 ≥ 0.2525) = 0.1000.

11.4.6 n0 = 21.

11.4.7 (a) Express ESS1 and ESS2, the error sums of squares for the two lines, in terms
of ESS1 = S1yy − (S1xy)2/S1xx , and a similar expression for the second line. Then
SSEFM= ESS1 + ESS2. Under H0 there is only one straight line. Let Sxy, Sxx , Syy

be defined similarly for all n = n1 + n2 pairs. Then ESSH0 = Syy − S2
xy/Sxx . Then

F = [(ESSH0 − ESSFM)/2]/ESSFM/(n − 4) This can be written in other ways.
(b) F = 3.33, (observed p-value for 2 and 3 df) = 0.173.

11.4.8 (a) g(t) = �0 + �1t for 50 ≤ t ≤ 10 and �0 + 100�1 + �2(t − 100) for
100 < t ≤ 150. (b) Let X have column vectors x0 = (1, 1, 1, 1, 1)T, x1 =
(50, 80, 100, 100, 100)T, x2 = (0, 0, 10, 30, 50)T, y = (144, 190, 270, 345, 381)T.
ESSH0 = ||y − Ŷ ||2 = 741.94, ||Ŷ − Ŷ0||2 = ESSH0 − ESSFM = 741.94 − 422 =
319.94, F = (319.94/(422/2) = 1.516 for 1 and 2 df. Observed p-value = 0.343.

Section 11.5

11.5.1 (c) Source, Subspace df SQS Mean SQ F p-value

A 1 571.32 571.32 16.20 0.0069
B 2 196.16 98.08 2.78 0.1398

A × B 2 73.62 36.81 1.04 0.4083

Among cells 5 841.10 168.22 13.97 0.0030
Residual 6 211.61 35.27

Corr. total 11 1052.71

(e) [19.75 ± 14.53], [13.16 ± 8.39], [7.40 ± 10.28], [9.40 ± 10.28], 80%.
(f) For equality of the cell means: � = 30.56, power = 0.804. For A × B Interaction:
� = 0.32, Power = 0.065. For A effects: � = 23.52, power = 0.979. For B Effects:
� = 6.72, power = 0.420.
(g) 80 observations per cell.
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11.5.3 (b)
Source df Sum of Squarea Mean Squarea F Pr(F)

Temperature 3 222 74.0 6.17 0.029
Machine 2 168 84.0 7.00 0.027
Residual 6 72 12.0
Corr. Total 11 462

(c) [4 ± 6.92]. (d) Yi j = 	 + �T + mi + εi j , where the mi sum to zero, or Yi j =
�T + mi + εi j , where the mi do not necessarily sum to zero. For each case, suppose
that the εi j are independent, each N(0, 
2). The two models are equivalent. (e) The
F-statistic is ((172.5 − 72)/2)/(72/6) = 4.1875. p-value = 0.073.

Section 12.2

12.2.1 (a) 0.2501. (b) 0.7499. (c) 0.406. (d) L(4) = 0.1929, U (4) = 0.8071.

12.2.2 On � : [0.835, 3.098].

12.2.4 (a) L(10) = 5.42, U (10) = 16.96. (b) U (2) = 6.296.

12.2.5 (b) CI[1.154, 3.484] on � , point estimate 1.556.

Section 12.3

12.3.1 (b) x0.5 = 1.5, x0.9 = 2.599.

12.3.2 (a) 
̂ = (−2.191, 1.502)T. (b) Ĉov(
̂) =
(

0.242 −0.115
−0.115 0.063

)
. (c) [1.010, 1.994]

(d), G2 = 0.294, � 2 = 0.295.

12.3.3 (b) The diagonal terms of Cov(
̂) are 0.595 and 0.0234. The diagonal terms of Ĉov(
̂)
are 0.0622 and 0.0325. (c) G2 = 7.333, � 2 = 7.349, p-values = 0.1186 and 0.1193.
(d) [2.261, 3.156].

Section 12.4

12.4.2 (a) 0.0805. (b) � 2 = 3.884, p-value = 0.0487. (c) Z = 1.9708, p-value without 1/2-
correction = 0.0487. For 1/2-correction it is 0.090.

12.4.3 (b) � 2 = 1.0124.

12.4.4 (c) 0.024. (d) 0.155.

12.4.6 (b) � 2 = 18.71, p-value = 0.0235. (b) Power =̇ 0.819. (c) 1.278 and 1.111.
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Section 12.5

12.5.1 (a) � 2 = 18.28, combining the last two categories, p-value = 0.00386. (b) � 2 =
17.64, combining last two categories, p-value 0.00015.

12.5.2 (a) � 2 = 4.400, p-value = 0.111.

12.5.3 (a) � 2 = 16.47, p-value = 0.021. (b) � 2 = 7.788, p-value = 0.1859. (c) � = 4.017,
power =̇ 0.239. (d) 0.515.

12.5.4 (b) � 2 = 1.0, p-value = 0.317 (d) Approximate power 0.516. (e) � = 11.11, power
approximately 0.915.

12.5.6 (b) 0.816. (c) 0.980.

Section 13.2

13.2.1 (a) For example, S7(t) = 2/7 for 20 ≤ t < 23. (b) For example, Ŝ(t) = 10/21 for
20 ≤ t < 27. (c) For example, Ŝ(t) = 5/9 for 7 ≤ t < 9, undefined for t > 13.

13.2.2 (a) exp[− ∫ t+h
t 
(u)du]. (b) G(t, h) = exp(−h�). (c) exp(−�m[(t + h)m − tm]).

13.2.5 (a) For example, (Y1, �1) = (1.12, 1). � = 1 for 14 pairs. (b) 2/3.

Section 13.3

13.3.1 (a) For example, e∗
M takes the value −1 with probability 7/27. (b) 0.317 and 0.317.

13.3.2 (a) 0.1625. (b) [0.833, 2.561] and [0.886, 2.499] for B = 10, 000.
(c) [1.525, 2.625], [12.05, 14.50] for bootstrap samples of B = 1000.

13.3.4 (c) 0.0127 for B = 1000 parametric bootstrap samples. (d) [18.330, 21.12], again for
B = 1000.

Section 13.4

13.4.1 (a) For example, P(� = 1|X = (1, 1)) = 41/42, P(� = 1|X = (1, 2)) = 7/8.
(b) �̂(x1, x2) = 2 for (x1, x2) = (2, 3), (3, 2), (3, 3), (2, 2), 1 otherwise.
P(�̂ = �) = 0.7152. (c) �̂(x1, x2) = 1 for (x1, x2) = (1, 1), (1, 2), (2, 1), (2, 2), =
2 otherwise.P(�̂ �= �) = 0.705.

13.4.2 �(X ) = (1 − X )/(−log(X )).

13.4.3 [(R/(1 + R)(X − �0) + �0 ± 1.96
√

� 2/(1 + R)] for R = n� 2/
2, [38.01, 45.53].

13.4.5 (d) �̂ = 0.296. The observations were generated with � = 0.3.
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Section 13.5

13.5.1 (b) VarY = 18.45, Var(�̂ ) = 461.45. (d)E(R̂) = 3.0025, R = 3, Var(R̂) = 0.0385,

Var(�̂R) = 15.42. By formula we get 36.

13.5.2 (c) Var(�̂str ) = 50 2/3. (d) Var(�̂ ) = 1000/9.

13.5.3 (a) 10,794.5. (b) 8, 3, 16, 13, and 9639.4. (c) 
2 = 98.18, Var(�̂ ) = 40, 772.0.

13.5.4 (b) 49 and 105.78. Approximation: Var(�̂R) = 320.62.

13.5.5 (b) [0.472, 0.602]. (c) [−0.055, 0.203]. (d) 41, 95, 74.

13.5.6 (b) 2.17, 1.07. (c) 1/12, 1.07. (e) The first.
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Alpha particles, 340
Analysis of variance, 33

one-way, 301
two-way, 308

Arc-sin transformation, 190

Bayes formula, 19
Bayesian

confidence intervals, 365
estimator, 364

Bernoulli random variable and distribution, 33, 62
generalized, 34

Bertrand’s paradox, 55
Best linear unbiased estimator (BLUE), 170
Beta distribution, 107, 102
Bias, 168
Binomial random variables and distribution, 32,

33, 62
Birthday problem, 9
Bivariate normal distribution, 141
Bootstrap, 355

percentile method, 356
simple linear regression, 359
residuals, 359
t-method, 358

Buffon needle problem, 109

Cantor distribution, 83
Cardano, Girolamo, 54
Cartesian product, 2
CATA (Capital Area Transportation Authority),

369
Cauchy distribution. 97, 160, 183
Cauchy–Schwartz inequality, 204

Censoring time, 352
Central limit theorem, 48, 156
Chebychev inequality, 51
Chevalier de Mere (Antoine Gombauld), 23
Chi-square distribution, 120

central and noncentral, 241
approximation by normal, 244

Cluster sampling, 375
Coefficient of determination, 288
Coke and Pepsi example, 234
Combinations, 7
Complete factorial design, 309
Completely randomized design, 308
Conditional

density, 136
expectation, 130
probability, 16
probability mass function, 125

Confidence
band, 278
coefficient, 193
interval(s), 188, 192
on quartiles, 272

Contrast, 307
Consistent sequence of estimators, 182
Continuity theorem for moment generating

functions, 154
Convergence

almost sure, 148
distribution, 145
law, 149
probability, 149

Convolution formula, 105
Correlation coefficient, 57, 287
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Correlation matrix, 59
Countably

additive, 6
infinite, 4

Coupon problem, 43
Covariance, 55
Covariance matrix, 59
Coverage of random interval, 272
Cramér, Harald, 340
Cramér–Rao inequality, 203
Craps, 27
Critical

region, 236
value, 215

Cumulative
distribution function, 83
failure rate, 350

Cylinder sets, 21

Deciles, 86
Decision rule, 217
Delta method, 186
DeMorgan’s laws, 5
Design matrix, 285
Dirichlet prior distribution, 367
Discrete uniform distribution, 50
Distribution function, 83
Double blind experiment, 250
Double exponential distribution, 85, 109

Empirical cumulative distribution function, 271
Error of

first kind (or type I), 215
second kind (or type II), 215

Estimate, 167
Estimator(s), 150
Event, 5
Expansion of a probability model, 11
Expected value, 38, 88
Expectation operator, 41
Exponential distribution, 85

F-distribution
central and noncentral, 255

F -method, 322
F(X ) inequality, 319
Failure rate, 350
Fatigue effect, 351
Fermat, Pierre, 1
Finite population correction factor, 57, 195
Fisher’s exact test, 331

Galilei, Galileo, 348
Galton, Francis, 58

Galton’s height data, 113
Gamma

distribution, 118
function, 117

Gaussian distribution, 39, 113
Generalized inverse, 292
Genotypes, 18
Geometric distribution, 35, 68
Glivenko–Cantelli theorem, 186, 275
Goodness-of-fit statistic, 328
Gosset, William, 193, 245
Guiness Brewery, 245

Hajek’s theorem, 161, 261
Huygen’s 14 propositions, 136
Hypergeometric distribution, 30, 65
Hypothese(s)

alternative, 215
composite, 222
null, 215
simple 222

I.I.D. (independent and identically distributed),
101

Independent
events, 21
increment process, 76
random variables, 33

Indicator random variable, 33
Information function, 202
Information inequality, 203
Inner product, 283
Instantaneous failure rate, 350

Jackknife, 355
Jacobian, 106
Jelly donut problem, 90
Joint cumulative distribution function,

100, 101
Joint density, 98

Kaplan–Meier estimator, 352
Kolmogorov–Smirnov test, 277

L1-method, 359
Laplace distribution, 85, 109
Le Cam, Lucien, 75
Least squares, principle of, 283
Legendre, Adrien-Marie, 283
Level of significance, 215
Lilliefors test, 278
Linear model, 292
Likelihood function, 176
Likelihood ratio statistic, 228



OTE/SPH OTE/SPH

JWDD073-Ind October 24, 2007 21:6 Char Count= 0

index 439

Log-likelihood
equation, 177
function, 177

Log-chi-square statistic, 328
Log-normal distribution, 117
Logistic regression model, 213, 324
Loss function, 363
Lurking variable, 20

Mann–Whitney test, 263
Marginal probability mass function, 31
Markov chain, 128
Markov inequality, 44, 83
Marriage problem, 26
Martingale convergence theorem, 149
Mass function, 28
Maximum likelihood estimator, 176
Mean

deviation, 47
of a random variable
squared error, 132, 168

Median, 86
Method of moments, 72, 120, 171
MGF, see Moment generating function
Mixture, 96, 137
MLE, see Maximum likelihood estimator
MME, see Method of moments
Moment generating function, 145
Moment of inertia, 49
Monte Carlo method, 246
Multiple correlation coefficient, 288
Multivariate normal distribution, 238
Mutually exclusive events, 5

Negative binomial distribution, 36, 68, 175
Newton’s formula, 70
Neyman factorization, 209
Neyman–Pearson lemma, 224
Nonnegative definite matrix, 59
Normal distribution

bivariate, 113, 140
general, 113
standard, 39, 111

Normal equations, 285

One-half correction, 158
One-way analysis of variance, 297
One-way layout, 297
Order statistics, 102, 106
Orthogonal

vectors, 238
subspaces, 293
vector to a subspace, 285

Paired sample t-method, 200
p-value, 233
Pareto distribution, 181, 186
Pascal, Blaise, 1
Pascal triangle, 10, 11
Pearson chi-square statistic, 328
Pearson–Hartley charts, 316
Penrose inverse, 292
Percentiles, 86
Permutations, 7
Permutation distribution, 261
Pitman efficiency, 266
Point estimator, 167
Point of means, 134
Poisson

distribution, 73
process, 76

homogeneous, 77
nonhomogeneous, 77

Simeon Denis, 72
Poker, 8
Pooled estimator of 
2, 294
Positive definite matrix, 59
Posterior probabilities, 363
Power function, 215
Prior probabilities, 19, 363
Probability

density function, 80, 82
mass function, 28
measure, 5
model, 5

Projection
matrix, 285
onto a subspace, 283, 285

Pseudo inverse, 292
Pythagorean theorem, 283

Quantiles, 86

Random
mating, 181
sample, 101
variable

continuous, 80
discrete, 28
continuous, 80

Randomized block design, 308
Rank sum test, 262
Ratio estimator, 373
Rao–Blackwell theorem, 211
Reduction of a probability model, 11
Residual deviance, 328
Regression function, 130



OTE/SPH OTE/SPH

JWDD073-Ind October 24, 2007 21:6 Char Count= 0

440 index

Regression toward the mean, 142
Relative efficiency, 266
Risk function, 168, 364
Root mean square, 47

S-Plus, 9
Sample cdf, 271
Sample space, 4

discrete, 4
Scheffe simultaneous confidence intervals, 304
Score function, 177
Secretary problem, 26
Sensitivity, 16
Siegel–Tukey test, 270
Social security, 334
Simple linear regression, 283
Simple random sample, 56
Simplex, 208
Simpson’s paradox, 20
Slutsky’s theorem, 189
Specificity, 16
Spline function, 308
Standard deviation, 47
Standard error, 191
Standardized residuals, 332
Stationary probability vector, 128
Statistical hypothesis, 216
Stirling’s approximation, 117
Strata, 133
Stratified sampling, 370
Strong law of large numbers, 38
Strongly consistent sequence of estimators, 205

Student’s t-distribution, 189, 245, 246
Subpopulation, 133
Sufficient statistic, 208
Survival function, 350
Symmetric distribution, 86

Taylor approximation, 187
Test of hypotheses, 217
Testing for normality, 344
Tolerance interval, 273
Total probability formula, 19
Trimmed mean, 179
Two-sided alternatives, 218

Unbiased estimator, 51, 168
Uniform distribution, 85
Uniformly most powerful test, 225
Update formula, 53

Variance
continuous random variables, 91
discrete random variables, 47

Venn diagram, 6

Waiting
time, 119
time method, 122

Wald interval, 321
Weibull distribution, 123
Weak law of large numbers, 38, 52, 151
Welch method, 251
Wilcoxon statistic, 262
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CSÖRGÓ́ and HORVÁTH · Limit Theorems in Change Point Analysis
DANIEL · Applications of Statistics to Industrial Experimentation
DANIEL · Biostatistics: A Foundation for Analysis in the Health Sciences, Eighth Edition

*  DANIEL · Fitting Equations to Data: Computer Analysis of Multifactor Data, 
Second Edition

DASU and JOHNSON · Exploratory Data Mining and Data Cleaning
DAVID and NAGARAJA · Order Statistics, Third Edition

*  DEGROOT, FIENBERG, and KADANE · Statistics and the Law
DEL CASTILLO · Statistical Process Adjustment for Quality Control
DEMARIS · Regression with Social Data: Modeling Continuous and Limited Response

Variables
DEMIDENKO · Mixed Models: Theory and Applications
DENISON, HOLMES, MALLICK and SMITH · Bayesian Methods for Nonlinear

Classification and Regression
DETTE and STUDDEN · The Theory of Canonical Moments with Applications in

Statistics, Probability, and Analysis
DEY and MUKERJEE · Fractional Factorial Plans
DILLON and GOLDSTEIN · Multivariate Analysis: Methods and Applications
DODGE · Alternative Methods of Regression

*  DODGE and ROMIG · Sampling Inspection Tables, Second Edition
*  DOOB · Stochastic Processes

DOWDY, WEARDEN, and CHILKO · Statistics for Research, Third Edition
DRAPER and SMITH · Applied Regression Analysis, Third Edition
DRYDEN and MARDIA · Statistical Shape Analysis
DUDEWICZ and MISHRA · Modern Mathematical Statistics
DUNN and CLARK · Basic Statistics: A Primer for the Biomedical Sciences, 

Third Edition
DUPUIS and ELLIS · A Weak Convergence Approach to the Theory of Large Deviations
EDLER and KITSOS · Recent Advances in Quantitative Methods in Cancer and Human 

Health Risk Assessment
*  ELANDT-JOHNSON and JOHNSON · Survival Models and Data Analysis

ENDERS · Applied Econometric Time Series
† ETHIER and KURTZ · Markov Processes: Characterization and Convergence

EVANS, HASTINGS, and PEACOCK · Statistical Distributions, Third Edition
FELLER · An Introduction to Probability Theory and Its Applications, Volume I,

Third Edition, Revised; Volume II, Second Edition
FISHER and VAN BELLE · Biostatistics: A Methodology for the Health Sciences
FITZMAURICE, LAIRD, and WARE · Applied Longitudinal Analysis

*  FLEISS · The Design and Analysis of Clinical Experiments
FLEISS · Statistical Methods for Rates and Proportions, Third Edition

*Now available in a lower priced paperback edition in the Wiley Classics Library.
†Now available in a lower priced paperback edition in the Wiley–Interscience Paperback Series.

p&s-cp.qxd  8/28/2007  4:23 AM  Page 4



† FLEMING and HARRINGTON · Counting Processes and Survival Analysis
FULLER · Introduction to Statistical Time Series, Second Edition

† FULLER · Measurement Error Models
GALLANT · Nonlinear Statistical Models
GEISSER · Modes of Parametric Statistical Inference 
GELMAN and MENG · Applied Bayesian Modeling and Causal Inference from 

Incomplete-Data Perspectives
GEWEKE · Contemporary Bayesian Econometrics and Statistics 
GHOSH, MUKHOPADHYAY, and SEN · Sequential Estimation
GIESBRECHT and GUMPERTZ · Planning, Construction, and Statistical Analysis of 

Comparative Experiments
GIFI · Nonlinear Multivariate Analysis
GIVENS and HOETING · Computational Statistics
GLASSERMAN and YAO · Monotone Structure in Discrete-Event Systems
GNANADESIKAN · Methods for Statistical Data Analysis of Multivariate Observations,

Second Edition
GOLDSTEIN and LEWIS · Assessment: Problems, Development, and Statistical Issues
GREENWOOD and NIKULIN · A Guide to Chi-Squared Testing
GROSS and HARRIS · Fundamentals of Queueing Theory, Third Edition

*  HAHN and SHAPIRO · Statistical Models in Engineering
HAHN and MEEKER · Statistical Intervals: A Guide for Practitioners
HALD · A History of Probability and Statistics and their Applications Before 1750
HALD · A History of Mathematical Statistics from 1750 to 1930

† HAMPEL · Robust Statistics: The Approach Based on Influence Functions
HANNAN and DEISTLER · The Statistical Theory of Linear Systems
HEIBERGER · Computation for the Analysis of Designed Experiments
HEDAYAT and SINHA · Design and Inference in Finite Population Sampling
HEDEKER and GIBBONS · Longitudinal Data Analysis
HELLER · MACSYMA for Statisticians
HINKELMANN and KEMPTHORNE · Design and Analysis of Experiments, Volume 1:

Introduction to Experimental Design, Second Edition
HINKELMANN and KEMPTHORNE · Design and Analysis of Experiments, Volume 2:

Advanced Experimental Design
HOAGLIN, MOSTELLER, and TUKEY · Exploratory Approach to Analysis

of Variance
* HOAGLIN, MOSTELLER, and TUKEY · Exploring Data Tables, Trends and Shapes
*  HOAGLIN, MOSTELLER, and TUKEY · Understanding Robust and Exploratory

Data Analysis
HOCHBERG and TAMHANE · Multiple Comparison Procedures
HOCKING · Methods and Applications of Linear Models: Regression and the Analysis

of Variance, Second Edition
HOEL · Introduction to Mathematical Statistics, Fifth Edition
HOGG and KLUGMAN · Loss Distributions
HOLLANDER and WOLFE · Nonparametric Statistical Methods, Second Edition
HOSMER and LEMESHOW · Applied Logistic Regression, Second Edition
HOSMER and LEMESHOW · Applied Survival Analysis: Regression Modeling of

Time to Event Data
† HUBER · Robust Statistics

HUBERTY · Applied Discriminant Analysis
HUBERTY and OLEJNIK · Applied MANOVA and Discriminant Analysis, 

Second Edition
HUNT and KENNEDY · Financial Derivatives in Theory and Practice, Revised Edition

*Now available in a lower priced paperback edition in the Wiley Classics Library.
†Now available in a lower priced paperback edition in the Wiley–Interscience Paperback Series.

p&s-cp.qxd  8/28/2007  4:23 AM  Page 5



HURD and MIAMEE · Periodically Correlated Random Sequences: Spectral Theory
and Practice

HUSKOVA, BERAN, and DUPAC · Collected Works of Jaroslav Hajek—
with Commentary

HUZURBAZAR · Flowgraph Models for Multistate Time-to-Event Data
IMAN and CONOVER · A Modern Approach to Statistics

† JACKSON · A User’s Guide to Principle Components
JOHN · Statistical Methods in Engineering and Quality Assurance
JOHNSON · Multivariate Statistical Simulation
JOHNSON and BALAKRISHNAN · Advances in the Theory and Practice of Statistics: A

Volume in Honor of Samuel Kotz
JOHNSON and BHATTACHARYYA · Statistics: Principles and Methods, Fifth Edition
JOHNSON and KOTZ · Distributions in Statistics
JOHNSON and KOTZ (editors) · Leading Personalities in Statistical Sciences: From the

Seventeenth Century to the Present
JOHNSON, KOTZ, and BALAKRISHNAN · Continuous Univariate Distributions,

Volume 1, Second Edition
JOHNSON, KOTZ, and BALAKRISHNAN · Continuous Univariate Distributions,

Volume 2, Second Edition
JOHNSON, KOTZ, and BALAKRISHNAN · Discrete Multivariate Distributions
JOHNSON, KEMP, and KOTZ · Univariate Discrete Distributions, Third Edition
JUDGE, GRIFFITHS, HILL, LÜTKEPOHL, and LEE · The Theory and Practice of

Econometrics, Second Edition
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