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Introduction

The probability is the measure of the likelihood of the occurrence of an event. Mathematically,
any event, say E, is a subset of a sample space S of some experiment. The probability of an
event is denoted by Pr(E). Mathematically, Pr is a set function, defined from the set of all
events of S onto the interval [0,1]. It is called the probability function. It satisfies the axioms
of probability (or the Kolmogorov Axioms). .

Some sample spaces contain quantitative (numerical) outcomes; others contain qualitative
outcomes. Often it is convenient to work with sample spaces containing numerical outcomes.
Hence, we map the original sample space into a new sample space containing numerical values.
This is more useful when the original sample space contains qualitative outcomes. A function
that maps the original sample space into a set of real numbers is called a random variable. The
new sample space thus created is called the induced sample space or the range of the random

- variable. It is customary to denote random variables by upper case English letters such as X,

Y, Z.
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Sample Space Induced Sample Spgc_g !

Let S be a sample space, X be a random variable, and Sx be the inQQCCd Samplp space. The
_total Probability of the san’lple space S is 1. Hence, the total probablllt?' associated with the
indneed sample space Sy is also 1. Usually, it is possible to describe how the total probability
associated with the induced sample space is distributed within its subsets, using a mathematical
function. Sych 4 function is called a probability distribution of the random variable.

The_re are two types of prohability distributions, depending on the type of the variable; the
rObal,"“ i discrete random variable and the probability density function for
a continuous random variable. In this session we discuss about the probability mass function.

1.1 Definition

Let X be g discrete rando
The probability distribyt
value of the induced sa
denoted by Py.

m variable. Then, the induced sample space (range) of X is countable.
ion of X that specifies the probability associated with each individual
mple space is called the probability mass function (pmf Jof X. It is

Definition 1.1. The probability distribution or probability mass function (pmf) of a discrete
random variable X is the function Px defined as

Px(z)=Pr(X =z1),z€R.
Note: In' th.e above definition, ‘X = z’ is an abbreviation for the set {we SIX(w) =z} Itisan
event. Similarly, we use abbreviations ‘X <2, "X 22’ ete. for the events {w € S|X(w) < z},
{wes|x (w) > z} etc. respectively.

1.2 " Properties of a pmf

The function Py has the following properties:

1. ForanyzeR,0< Px(z) <L
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2. Let E be an event and £ = {X(
PI(E) = ¢ Px(c)

3. Let S be the sample space and Sy = {X(w) : w € S} be the induced sample space. Then,
Z:E,Sx PX(I) = 1
Example 1.1.

A curd 1‘.'cndor has observed that 70% of the customers buy 1 container, 15% of the customers buy
2 containers, 10% of the customers buy 3 contawners and 5% of the customers buy 4 containers.

w) : w € E} be the corresponding induced event. Then,

(i) Let X be the number of containers botight by a randomly chosen customer. What is the
probability mass function of X ?

(i) Let N be the number of customers up to the first customer to buy 4 containers on a given
day. What is the probebility mass function of N ?

Solution 1.1

(i) The probability mass function of X can be written as

T 1 2 3 4
Px(z) | 0.70 | 0.15 | 0.10 | 0.05

or
0.70 if 2=1
015 if z=2
Px(z)=19 010 if z=3
005 if =4

Note: It is implied that Px(z) =0if 2 #0,1,2,3,4.

(ii) Let X; be the number of containers bought by the 2th customer (z =1,2,3...). Let n be
any integer 1,2,...,. Then, the event N = n is equivalent to the event (X; <3)N (X2 <
3)N...N (Xp1 £3)N (X, = 4). Hence,

Py(n) = Pr(N=n)
= PI[(X] 53)0()(253)0...0(){“-1 53)0(){“:4)

Since the events (X; <3), (X2 €3), ..., (Xa-1 £ 3), (Xn = 4) are independent,

Pu(n) = Pr(X, <3)Pr(Xy<3)...Pr(Xny < 3)Pr(Xy=4)
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AlL X{’s have the same distribution as that of X. Hence for any ¢ =1,2..,

Pr(X,<3) = Pr(X<3)
= Pr(X =1)+Pr(X =2)+Pr(X=3)
Px(1) + Px(2) + Px(3)
0.70 +0.15+0.10
= 095

I

or

Pr(X;<3) = Pr(X <3)
1-Pr(X =4)
1 - Px(4)
1-0.05

= 09

It

I

So, the pmf of N is

Pu(n) = (095071005, n=1,2,...
Activity 1.1.
Consider Ezxample 1.1.

(1) Show that Py(n) 15 a pmf.

(11) What 1s the probability that the first customer to buy 4 containers on a gwen day s within
the first 3 customers of the day?

Activity 1.2.

A novice player is playing the game of darts using the dart board shown in figure I.1. The
circles have radii 0.5, 1, 1.5 and 2 units respectively. It has numbers from ! to 4. The player
receives a score corresponding to the number assigned to the region in which the dart lands. Let
X be the score of the player on a randomly selected throw. Assuming that the player hits on
the board with probabulity I, find the pmf of X.

1
Figure 1.1: Dart board

Example 1.2,
A production process, when in-control, produces 95% products that conform lo the standards.

4
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In order to check whether the process is in-control, a sample of 25 products 1s ezamined every

hour. Let X be the number of defective products in o sample. Find the probability mass function
of X, when the process is in control.

Solution 1.2

Notice that X' = 0 if and only if all the products in the sample are non-defective. When
the process is in-control, the probability that any randomly selected product is non-defective
is 0.95. Therefore the probability that all the products in the sample are non-defective is
(0.95)% = 0.2774.

Px(0) = Pr(X = 0) = 0.2774.

Next notice that X = 1 if and only if the sample contains exactly 1 defective product.
There are (2‘5) = 25 mutually exclusive ways of occurring this. For example, the first item
is defective and all others are non-defective,or the second item is defective and all others are
nen-defective, and so on. The probability of any one of these ways is (0.05)(0.95)** = 0.0146.
Hence, Px(1) = Pr(X = 1) = 25(0.0146) = 0.365.

Likewise, X = 2 if and only if the sample contains exactly 2 defective products. There
are (225) = 300 mulually exclusive ways of occurring this. For example, the first and the
second items are defective and all others are non-defective,or the first and the third items are
defective and all others are non-defective, and so on. The probability of any one of these ways
is (0.05)*(0.95)* = 0.0008. Hence, Py(2) = Pr(X = 2) = 300(0008) = 0.24.

Similarly, X = z if and only if the sample contains exactly z (z = 0,1,2,...,25) defective
products. There are (2:) mutually exclusive ways of occurring this. The probability of any one
of these ways is (0.05)7(0.95)*-=. Hence,

Px(z) = Pr(X = z) = (¥)(0.05)7(0.95)%-*,z = 0,1,2,... ,25.
Activity 1.3.

Consider Ezample 1.2. If the semple contains 0 or 1 defective products, it is decided that the
process is in-control; otherwise it is decided that the process is out-of-control. What is the
probability of deciding that the process 1s out-of-control when actually the process 1s in-control,
that 1s, when the actual proportion of conforming products is 0.95?

Example 1.3.

In a boz there are k balls of which m are black. A random sample of n balls are taken from the
boz. Let X be the number of black balls in the semple. Supposing n < m, what s the probability
mass function of X ?

Solution 1.3
Using the theory of classical probability it is easy to see that

m\ fk~m
Px(I)=(—=)(T'i-L’)-. z=0,1,...,n

n
Activity 1.4,

Five qnimal’s froma popufatwn of animals in a certain Tegion were caught, 'tagged, and released
back into the population. A fter they have had enough time to miz in, 10 animals were observed.

5
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ch an event if there were n animels

There were 2 animals wath tags. What is the probability of su
in the populetion?

Activity 1.5. ... Plot the probability
Can.su:llcf Ezample 2.1. Calculate the ebove wbﬁblfl‘!l{f: ["':m'”'m'
versus n. For what velue of n is the above event most likely’ -
€1 pctions. Bipomi
There are a number of commonly used models for P‘f’ba‘;ﬁ‘:{) ;na;:i::m distribution are
distnibution, Geometric distribution, Negative binom!al distn “ - ‘Lhc subsequent 5eSS10NS.
some examples. You shall learn these models and their properties it

Summary

) . - . i . ot
In this session, we discussed about a function that describes the distribution of probability

related to a discrete random variable. It is called the probapihty mass function. It directly
gives the probability of each possible value of the random variable.

Learning outcomes

By now you should be able to
e Describe what a pmf is.
e Determine whether a given function is a pmf or not.
e Derive the pmf for relatively simple random variables.

e Calculate the probability of an event using a pmf.

14
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Introduction

Let X be a continuous random variable. Then, the induced sample space as well as any induced
event is uncountable. Hence, the expressions Pr(E) = 3__. Px(z) and 3 .5, Px(z) =1 are
meaningless because the summation cannot be taken over an uncountable set. This shows that
it is not possible to define a pmf Py for a continuous random variable. Instead, we define a
probability density function. In this session, we discuss about probability density function for

a continuous random variable.

2.1 Definition

The probability density function fx of a continuous random variable X is a function with the

following properties.
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1. For any r € R, Ix(z) =0

2. 1T E is an event and & = {X(w):w € E}, then, Pr(E) = Je

3 USv={Xw):we S}, then [ fx(z)=1.

2.2 Existence of pdf

To see the existence of such a function, consider & continuous ra
that we have a very large number N of observations of X, meaS}er .
to a large number of decimal places). Suppose that the following group

the histogram in figure 2.1(a) have been constructed from those d
2 class interval of this histogram is equal to the relati

ve frequency per uni

fx(z)dz.
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Then, for the ith interval,

Pr(z ~8z/2 < x ST+ 62/2) =~ Aren of the bar
and therefore

Height of the bag = Area of the bar . ————-__________"'(’i —07/25 X <246 z/2)

0z bz '

So, it is clear that the height of a bar represents the ‘probability density’ in

What will happen if we let 6z — g7 (number of ¢lass
may be able to approxim

ate the histogram by & smooth ¢
area under each histogram is 1, the area under

that class interyal
intervals are increased). Then we

urve like in figure 2 1(d). Because the
the curve is also 1, For any point z,

tf(z-§ <X <
the height of the curve A lim Pr(z - 8z/2 < X S 2+6z/2)
dr=0 0z
nsity at point z', Let the above

will represent the ‘probability de
fx. Then, fx has the propertie

smooth curve be denoted by
]

5 1 1o 3 described in section 2.1. This function 15 called the
probability density function (pdf) of X '

It should be clearly

understood that fx(z) is the ‘probability density at point z'; Not the
‘probability at point 1’

2.3 Calculation of probability using pdf

Let ¢,d € R such that ¢ <d. Then,

d
Prc< X <d) = / Ix(z)dz

Figure 2.2: Pr(c< X < d) = f: fx(z)dz

Note: If X is a continuous random variable with the p.df. fx, then for any k € R,
k
Pr(X =K) =Pr(k < X < k) = j; fx(z)dz = 0.

9
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d
; - (z)dr
Prie < X < d) = Pr{c < X < d) = Prfe < X <) =Pe(c S X <9 j: s

There are alar ge number of commonly used mathematical functions t‘h‘.lt are used ag modelg
f9r probability density functions. Uniform distribution, normal dismbut‘lon gamma distrity,,
tion, exponential distribution are few examples. A suitable model for.a given random Variab|,
can be chosen based on the shape of the histogram. Sometimes, a suitable model can be cho.
sen based on prior knowledge, or literature on similar situations. You shall learn abou f,,,
commoaly used pdf models in the subsequent sessions. Here we consider two examples,

Example 2.1. g

I:Gb!c 2.1 gft‘cs :,,']c mtxng t:mes Of 40 mndam]y sc!tctfd bﬁ"POinf pCﬂS of a CErtﬂin bﬂlnd. Lel
X' be the writing time of a randomly selected pen. Suggest a suitable model for the'pdf of X

262 350 348 331 308 341 344 314 295
297 325 253 306 377 28.7 23.1 25.7 267
287 307 364 273 321 292 301 263 259
286 372 313 227 274 31.7 300 336 29.6

Table 2.1: writing time

Figure 2.3 shows the histogram of the above data.

008 000 010
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probability dangity
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1

00

10
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Histogram is roughly symmetric and bell-shaped. Therefore, a bell shaped symmetric curve
is suitable as the model for pdf of X. There are a number of mathematical functions that has
the symmetric bell shape. One such function is given by

2
f(g;) = Tzl_;gexp{—-lg-(z;p) }.-oo<z<oo

This is called the normal distribution. It contains two parameters x and ¢. In order to
determine suitable values for these parameters, we use the well known mathematical properties
of this function. This function is symmetric around the value z and f(z) ~ 0 when z < u—30
and z > p + 30. Matching these properties with the above histogram and curve, we choose
i =30 and o =~ (42 — 18)/6 = 4. Hence, we may take

Ix(z) = ﬁexp{—% (3_430)_} , —00 < T < 00

as the the pdf of X. This curve is shown in Figure 2.3. It seems a fairly good approximation.

Now, suppose we want to find the proportion of pens that can write more than 25 hours.
In other words, we need Pr(X > 25). Using our model, this probability can be calculated as

© 1 /z—30\?
Pr(X > 25) = —— d
0> 2%)= [ 4\/27"""{ 2( i )}I

This calculation is somewhat difficult. There is an easier method to calculate such probabilities
of normal distributions. We shall discuss this method later.

Example 2.2.
The following data aere the times (in days) between accidents occurred at a certain factory.
Figure 2.4 shows the histogram of these dala. Fit a suitable pdf.

Suppose there has been an accident today. Using your model, calculate the probability that
there unll be no accidents within the next 30 days.

26 47 168 63 20 112 2 25 51 19 145 23 4 2 0 76 80 12 97 68 2 21 34 181 89
997311104 11 40 1 58 10 3 22 31 49 28 49 15 19 38 89 41 7 12 1

11
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Figure 2.4: Histogram of times between accidents

According to the histo

am, the distribution is positively skewed and has a positi weo |
when z = 0. A mode] & i 4 y positive densi,

that is commonly used in such situations is

fz) =X, 250,350
This is called the exponential distribu
we should know the values of the par
shall employ a simple method here.

The sample median of t
0.5. This implies

tion with parameter A. To be able to apply the mode],
ameter. There are several methods to estimate ) We

he data is 24. Hence, it is reasonable to expect that Pr(X < 24)=

24
Pr(X <24) = / Ae =05
0
A = —In(0.5)/24 =~ 0.03

The density function obtained with A = 0.03 is shown in Figure 2.4. It seems to approximate
the shape of the histogram well. Hence, we may take
fx(z) =003 25

as the pdf of X.

There will be no accident within the next 30 days if and only if

the time up to the next
accident is greater than 30 days. Therefore, the required probability i

S

Pr(X > 30)

o0
f 0.03e=2%=4,
20
0.4066

Activity 2.1.
For coming to work, I must take two buses. From the past experience, I know that a bus con

12
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come at any time within 6 minutes. Also, the probability that a bus comes within any period of
the same length is the same. Hence, it is reasonable to assume the following probability density

function for the waiting time W (in minutes) for a bus.
fw(w)=1/6,0 < w < 6.

Ustng a method that you will learn later, it can be shown that the tota! waiting time T at the
two bus-stops has the densily function

6
2.

L

ro={¥ . ¢

36

o o

IAIA
IAIA

(i) What is the probability that the waiting time at the first bus-stop wnll be less than 2
minutes?

(i) What is the probability that the waiting time at the first bus-stop wll be less than 2 minutes
and the waiting time et the second bus-stop will be greater than 2.5 minutes?

(1it) What s the probabilrty that the tolal waiting time will exceed 5 minutes?

Summary

In this session, we discussed about a function that describes the distribution of probability
related to a continuous random variable. It is called the probability density function (pdf)
The shape of the pdf is approximately equal to the smoothed histogram of a large data set.
It provides the probability density at each value; not the probability. The probability in any

interval is given by the integration of the pdf over the interval.

Learning outcomes
By now you should be able to

e Describe what a pdf is.

e Explain the difference between the functions Pr, Py, and fx.

e Check whether a given function is a probability density function or not.

e Calculate probability when a pdf is given.

13
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Introduction

We can describe a sample of data using few descriptive statistics. For example, the sample
mean and sample median describe the location or the average of the data set, while the sample
standard deviation and inter-quartile range describe the dispersion of the data set. Note that
these measures vary from sample to sample from the same population.

Similarly, we can fairly well describe a population of values of a random variable X (simply
called the population), using few parameters like the population mean, and the population
standard deviation. Unlike the sample mean and the sample standard deviation, these values
are fixed and usually unknown. The population of interest may be an existing one or an
imaginary one. Sometimes, the variable of interest X is some characteristic of the existing
units. Then, the population is the set of values that we would get if we measure X of all the
units. For example, suppose X is the monthly mobile-phone bill of a randomly selected student
in your university. Then the population of X is the set of all values that we would get if we

14
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ask the monthly mobile-phone bills from all the students in the university. Note that this is
an existing population. We may want to find the mean and the standard deviation of this
population. Sometimes, the population of interest can be the population of values that will be
generated if we observe the random variable repeatedly. For example, suppose X is the time
between accidents in a workplace. Then, the population of X is the set of all the values we will
get if repeatedly observe the times between accidents, infinitely many times. In this case, the
population of interest is imaginary. However, we may be interested in finding the mean and
standard deviation of this population.

We can calculate the summary measures for both of these populations without observing
the values of the whole population. All we need to know is the probability distribution of X.

Suppose we know the distribution of X. In this session, you learn how to calculate the mean
and the standard deviation of a population of values of a random variable X. We simply call
them the mean and the standard deviation of X.

3.1 Mean of a random variable

It is easy to understand the definition of the mean of a random variable by looking at the
definition of the mean of a data set. We calculate the mean of a data set by dividing the sum
of the values by the number of values (or the sample size) in the sample.

Now, suppose X is a discrete random variable. If X is related to an existing population,
think of all the values of X for the units of the existing population. If X is not related to an
existing population, think of the population of values that will be generated if we repeatedly
observe X. In any case, the proportion of each possible value will be equal to the probability *
assigned to that value by the pmf Px. In case of an existing population, suppose the population
size is N. Otherwise, think of a very large number N of values that will be generated by
repeatedly observing X.

Suppose that the different possible values of X are T1,%2,Z3,.... Then, out of the N
observations, approximately NPy (z;) number of values will be z1, N Px(z,) number of values
will be z; and so on. Therefore the population mean is (z1NPx(z,) + z,N Py (z2) +...)/N =
71 Px(11) + Z2Px(z2) +... .. Hence, the mean of a discrete random variable X (or the mean of
the population of values of X) is defined as follows.

Definition 3.1.

Let X be a discrete random variable with pmf Px. The mean (ezpected value) of X is defined
as

E(X)= Z zPx(z)

Example 3.1.
Consider Ezample 1.1. Calculate the mean number of containers of curd bought by e randomly
selected customer,

Solution 3.1

15
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0.10) + 4(0.05) = 1.5
generated if we observe X infinitel,
ers that & customer buys on average,

E(X) = 1(0.7) + 2(0.15) + 3(
This is the mean of the population of values that would l.>e
many times. It can be interpreted as the number of contain
Example 3.2.
Consider Ezample 1.1. Calculate E(N).

Solution 3.2

95)%(0.05) +.. -
E(N) = 1(0.95)°(0.05) + 2(0.95)(0.05) +3(0;95)’(0-05) +4(0.95)°(0.05) o
= 0.05(1+ 2(0.95) + 3(0.95)* +4(0.95) + .- ]
= 20
This means, on average, the number of customers up to the first one to bu}}: 4ﬁcontamexs is
20. To understand this suppose you count the number of customers up to the first customf:r
to buy 4 containers. Once a customer buys 4 containers, you re-start the experiment again
and from the next coustomer, count the number of customers up to the_ﬁrst. customer tq buy
4 containers. In other words, assume that you observe Y repeatedly an infinitely many times.
Then, the mean of all such observed values will be 20. So, here, we ﬁnd.the mean of the
population of values that would be created if we observe Y infinitely many times.

In general terms, this can be interpreted as every 20th customer, on average, buys 4 contain-
ers. This answer is intuitively meaningful as well. According to the pmf, 5% of the customers
by 4 containers. That means, 1/20 customers buy 4 containers. Therefore we can expect that
every 20th customer, on average, would buy 4 containers.

Activity 3.1.

Consider Activity 1.2. What is the mean score that can be ezpected from the player? Interpret
the value that you obtain. - '

Definition 3.2.

Let X be a discrete random variable with pmf Px. The mean (ezpected value) of any function
g(X) 1s defined as

E[g(X)] =) 9(z)Px(z)

Example 3.3.
Consider Ezample 1.1. Calculate E(X?).

Solution 3.3
Here, g(X) = X2. Then,

E(X?) = 1%(0.7) +2%(0.15) + 3%(0.10) + 4%(0.05) = 3

Even though E(X?) is not a directly useful quantity, as you will see later, it is required for the
calculation of the variance.

16
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Definition 3.3 (Mean of a Continuous Random Variable).

Let X be a continuous random variable with pdf fx(z). The mean (ezpected value) of X 1s

defined as

E(X)= [ " 2fx(z)dz

—00

Let g(X) be any function of p A Then, the mean of g(X) is given by

Bl = [ :g(z)fxtz)dz

Example 3.4.
Let X be a random variable with pdf

fx(z) = -:—(1 -z%), -1<z<1
Find E(X) and E(X?).
Solution 3.4

E(X) = /m:cfx(:r.)d::

= /:i:c(o)dz-i—f-llz [g(l—zz)] d:c+-/lm::(0)d:r.
=0 :

Similarly,

E(X?) = f_ 11::2 [%(1-::2)] dz

= 0.2

Activity 3.2.
Consider Activity 2.1. Calculate the expected total waiting time on a randomly selected day.
Properties of the function IX

1. If a is a constant, then E(a) = a.

9. If a, b and c are constants, X is a random variable, and g and h are functions, then
Ela+bg(X) + ch(X))=a+bE[g(X)] + c E[h(z)]-

Activity 3.3.
Prove the above properties.

17
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Example 2.5, ot comes 10 the tune-up factlity of

it X' e the nsumher of rylimders m {he engint ._-.f a car th X a8 ¢ - ll’im ' X 8.0
& o ognler mmmny }‘}‘f oet ﬂj a t!lﬁ" up 28 fr.’df!“ to lb the [0”011'1nq fl‘]fl’,tlf?ﬂ_
Recoritng 1o the past deta, the prmf of X 1s approrimately giten 23

075 if z=4
Pelz)={ 015 o =0
0.10 ‘f r=8
The company undertakes 25 tune-ups per day. The cOmPony

:’;}’- * cylinders £o that the daly expected profit 1 RS 50000.00.

wands to charge Rs. kx for a car
What should be the value of

Solution 3.5
The profit from a tune- up of a car with X cylinders is
P = kX — (1000 + 300X +5X7).
Therefore, the expected profit from a tune-up of a car with A cylinders is

E(P) = E(kx-moo—soox-sx‘-’) )
— KE(X) - 1000 - 300E(X) = 5E(X7)

Note that
E(X) = 4(0.75) + 6(0.15) + 8(0.1) = 4.7
and
E(X?) = 4(0.75) + 6%(0.15) + 8%(0.1) = 23.8.
Therefore, the expected profit from a tune-up of a car with X cylinders is
E(P) = k(47)— 1000~ 300(4.7) — 5(23.8)

Note even though the profit P from tune-ups of different cars are different (depends on X), the
expected profit from a tune-up of a randomly selected car is fixed.
Since the expected profit from 25 tune-ups is Rs. 50000.00, the expected profit from one
tune-up is Rs. 2000.00. Thus,
k(4.7) — 1000 — 300(4.7) — 5(23.8) 2000
k =~ 063.62

I

It is possible that the E(X) does not exist for a random variable X. For example, if the
rendom variable X has the density function

fx(z) =

————, ~0<Z
r(1+1%) <00,

then E(X) does not exist. However, such situations are rare in practice. Most of the random
varigbles that we come across in practice have finite expected values.

18
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3.2 Variance of a random variable

Recall that the variance of a data set of size n is defined as
1 n
2 = - L — )2
S = ,-E=1 (z; — T)

So, it is the mean of squared distances between individual values in the sample and their sample
mean. It is a measure of the total distance from individual values to the mean of the values.

Similarly, we define the variance of a random variable as the population mean of squared
distances between the X values and the population mean of X values.

Definition 3.4.

Let X be a random variable (discrete or continuous). Then, the variance of the random variable
X is defined as

V(X)=E{[X - E(X))*}
The positive square root of V(X) 1s called the standard deviation of X.

SD(X) = y/Var(X)
Theorem 3.1.

For any random variable X with finite E(X),
V(X) = B(X?) - [E(X))?

Activity 3.4.
Prove the above Theorem.

Example 3.6.

Consider Ezample 1.1. Calculate the standard deviation of the number of contatners of curd
bought by a randomly selected customer.

Solution 3.6
We have already seen that E(X) = 1.5 and E(X?) = 3 in Examples 3.1 and 3.3.
' V(X) = E(X*) - EX))
= 3-15"=0.75
- SD(X) = V075087
So, the number of containers of curd bought by customers is deviated from the mean number
of containers bought by a customer by 0.87, on average.
Example 3.7.

Consider a repeatable ezperiment where the result is either a ‘success’ or a ‘failure’. Let

0 if the experiment results in a failure
X = . ;
1 if the ezperiment results in a success

Suppose that the probability of ‘success’ in an ezperiment 1s 8. Obtain expressions for E(X)
and V(X).

19
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E(X) = 1(8)+0(1-0)= 99
B(Xx?) 13(9) + 0%(1 — 6) = o
V(X) E(X2) _ [E(X)]z =0- 0% = 0(1 )
Example 3.3 -t e
Consider Ezample 3.4. Calculate SD(X).
Solution 3.8 .
2 = o
In Example 3.4, We have calculated that E(X)=0and B(X )
E(X?) - [BX)]’
0.2— (0> =02
- SD(X) = 0200447

Il

I

V(X)

Activity 3.5.

Consider Activity 2.1. Calculate the standard deviation of the total waiting time on a randomiy

sclected day.

Properties of the function V
1. i a is a constant, then V(a) = 0.

2. If @ and b are constants, and X is a random variable then
Vie+bX)=pv(X).

Activity 3.6.
Prove the above properties.

Activity 3.7.
The weights W (in kg) of papaya sold by a fruit seller are distributed with the pdf

fw(w) =09 4 5 05,

He has bought 500 papaya at a fized rate of Rs. 95.00 Per papaya and sells at Rs. 85.00 per
kg. What s the expected total profit and standard deviation of total profit from selling the 500

papaya?

Summary

In this session, you learned about two descriptive measures of a random variable; namely, Fhe
mean and the standard deviation. They are also called the mean and the standard deviation

20
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of the corresponding distribution. In order to calculate the standard deviation, you must first
calculate the variance.

It should be clearly understood that the mean and standard deviation of a random variable
X are not the same as sample mean 7 and sample standard deviation s. The mean and standard
deviation of a random variable (or a distribution) are the mean and standard deviation of the
population of values of X. This population can be either the set of values that would be
generated if we observe the value of X of all the units in an existing population or the set of

values that would be generated if we observe the value of X in infinitely many repetitions of
an experiment. ' .

Sample mean and sample standard deviation are calculated using a sample of data from
such a population. The population mean and the population standard deviation are calculated
using the probability distribution; not using the data.

Learning outcomes
By now, you should be able to

¢ Define the mean and the standard deviation of a random variable

¢ Calculate the mean and the standard deviation of a random variable when the pmf or
pdf is given

¢ Interpret the values of the mean and the standard deviation of a random variable.

21
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Introduction

In the previous sessions you learned about the distributions of random variables and their
descriptive properties. When we want to calculate the probability of some event, first we define
a suitable random variable and express the event of interest in terms of that random variable.
Then, we employ a suitable model for the probability distribution to calculate the necessary
probability. In addition, using the same model, we can calculate the descriptive measures

related to the variable of interest.

There are a large number of commonly used models for probability distributions. In this
session we discuss one important model that is used when the problem of interest is related to

—_—r—— —— —— — ——— e e e T TS TS IDET
B e T e T T

——— e
1 T

===

the number of ‘successes’ in a sample of fixed size. It is called the Binomial Distribution.
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4.1 Definition

Bernoulli trial

A random experiment of which the outcome can be classified into two eategories is called
Bernoulli trial. For example, recording the gender of a person (male, female), result of an
exam (pess, fail), result of a medical test (positive, negative), quality of a product (defective,
non-defective), result of a coin toss (head, tail) are Bernoulii trials

In genezal, the possible outcomes from a Bernoulli trial are called ‘success’ and ‘failure’. We
denote these results by S and F respectively.

Binomial experiment

A stuation or an experiment that conforms to the following list of requirements is called a
‘binomial experiment’

! The experiment consists of & sequence of u Lials, where n is fixed 1n advance of the
experiment.
2. Each trial can result in one of the two passible outcomes, which we call ‘success’ (S) ot

‘failure’ (F)

3. The outcomes in different trials are independent; ie., the outcome of any particular trial
does not influence the outcome of any other trial.

4. The probability of ‘success’ is the same for each trial; suppose this probability is #

Consider a binomial experiment with n trials and probablity # of a *success' from any trial

ler
X = the number of 'successes’ in n trials.

Then, X is said to have a binomial distribution with probability mass function

Px(z) = (:)0’(! —-0)"" =0,1,2,....n (4.1)

This is denoted as X ~ Hin(n, 6).

4.2 Derivation of the pmf

Let = be any value of the set {0,1,2,. . n}. The event X = = happens when there are
suecesses in n trials. This can happen in (7) number of mutually exclusive ways. Therefore,
Pr(X = z) is equal to the sum of the probabilities of those (7) outeomes. Since the probability

of each of those outcomes ic &(1 - g)n-=, Pr(X = z) = (*)65(1 — g2~ e the
is given by (4.1). )= (Q)&*( )""*. Hence, the pmf of X

23

Scanned with CamScanner



- qumber of ‘successes’ in 3

Binomial distribution can be used to model the distribution ;l’ at}f‘i‘:i ‘1o population. Then, the
sample of size n when the sample is taken with replacement ri{ as the approxima.te probability
situation fits exactly to a binomial experiment. It is also use ihe - mple is taken without
distribution of the number of ‘successes' in & sample of size 1 :‘vhe conditions 3 and 4 above are
replacement from a very large population. In this situation,

not satisfied exactly; they are satisfied apprmdmatelY-

Example 4.1.

A multiple choice ezam consists of 10 questions,

am;ng. There is only one correct choice to a quest

and each wrong enswer is given 0 marks. To pass, &

an A, a mark gf 80% orwmfre is required. Each question caTTy G‘I“z; ﬂ::r]cn'owiny a thin;, and
What is the chance that you will pass if you 90 to the ezam W0 "

have to resort to pure guessing?

ssible answers to choose

each Ry ponswer is given 10 marks,

ion. Bach correct @

Solution 4.1
Let X be the number of correct answers. You will pass if and
need Pr(X > 5). . jable of interest is
The answer to each question is either correct or wrong. Since the varia ‘ ooy . Th
the number of correct answers, wc shall consider getting a corre:{:li.a-ﬂs"_"er 58 & SI.ICCBSS - e,
answering a question is a Bernoulli trial and answering the 10 questionsisa binomial experiment
with 7 = 10 and 8=0.2. Hence , X ~ Bin(10,0.2) and

and only if X > 5. Hence we

Px(z) = (1:) (0.2)*(0.8)""% z=0,1,2,...,10

Therefore

Pr(X>5) = 1-Pr(X <4)

"= 1—[Px(0)+ Px(1) + Px(2) + Px(3) + Px(4)]
1 — [0.1074 + 0.2684 +0.3020 + 0.2013 + 0.0881]
= 0.0328

Il

Activity 4.1. | _
Consider Ezample 4.1. Suppose you have studied enough so that on each question, 3 wrond
answers can be eliminated. What is the probability that you will get an A?

Example 4.2.

According to the past data, 57% of all TV’s of a certain brand are submitied for service 'whfle
under warranty. Of these, 75% can be repaired whereas the other 25% must be replaced with
new units. A shop has sold 15 of these TV's last week. What is the probability that at least on¢
of those TV's wnll be returned for service during the warranty period?

Let X be the number of TV's (out of the 15 sold last week) that will be returned for service
during the warranty period. We need Pr(X > 1).

24
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‘ Any TV will either be returned or not returned for service during the warranty period.
Since the variable of interest is the number of TV's that will be returned for service during the

warranty period, we shall consider returning a TV as a ‘success’. The 15 TV’s of interest can

be considered as a sample of TV’s taken without replacement from a large population. Then,
we have a binomial experiment with n = 15 and 8 = 0.05. Hence X ~ Bin(15,0.05) and

15
Px(z) = (I)(o.05)=(0.95)‘5"'; z=0,1,2,...,15.

Therefore"

Pr(X>1) = 1-Pr(X=0)

1 — Px(0)
15) 0/ g=)15-0
— - 0.0
1 (0}(.._5) (095)
= 1-0.4633
= 0.5367

Activity 4.2.
Consider Ezample 4.2. What is the probability that at most 1 of those TV's sold last week wall

have to be replaced with a new unit free of charge?

Activity 4.3.
Very large lots of products are armwing at a dealer. The dealer is willing to accept lots with less

than 5% defective products. However, he cannot check each and every item in a lot to decide
the actual percentage of defective products in a lot. Therefore, he uses the following method to
decide whether to accept or reject a lot: He examines 20 randomly selected products from the
batch and accepts the batch only if the number of defective products in the sample is less than

2.
(i) What is the probability that a batch with 5% defective products (unknowingly to the dealer)

will be accepted?

(1) tht'is the probability that a batch with 107% defective products (unknowingly to the dealer)
will be accepted?

(iii) What is the probability that a batch with 2% defective products (unknowingly to the dealer)
will be rejected?

(iv) Comment about the method that the dealer 1s using.

4.3 Mean and variance of Binomial distribution

Theorem 4.1. ‘
Suppose that X ~ Bin(n,0). Then, E(X) =n6 and V(X) =nb(1 - 0).

25
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Proof

lety=z_ Then,

L\- ow ngte

that

l n=11

v=0 ,,4(..?%8"(1 =0)""1"¥ = 1. Therefore,

Recall that v(x ) = E(X?)-E(X ). Since we already know E(X), let us now find E(X?),

EX) = ()”’u -0
z=0
i Z ()9‘(1 -0
= Zl rl(n- I)'B:(l )
=1(] — )"“
- w0y
- (=1,
btA) - ﬂupzoy!(;i—l_ws (1 V)
L":t)l .1(1 _mn—l—
Iv('\-l-y)'

E(X) =

n

Scanned with CamScanner

Y is the pmf of n Rin(n =1 .0 distribution.

E(x?*) = zx=(")o*(1'— gy-=
=0
= Zz’( )8’(1 - g)-z
I.'=l
:1 n! .
= zz—l Il(n-‘ I)‘g (l - 0) T
= nezz (n_l ! 0:-1“ g\n-z
z=1 I—l ) - )
Let y=z— 1. Then,
2 n-1 (n— 1)1
E(X ) = neg(y+ l)may(l "9)“‘1"!‘
n-1
—1)! .
- Z”Eo(z“n-%ﬁ”’(l ~O LS ()
y=o ' ¥=0 y!(n -1- y)l
26
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l:ow nouj\ letd}_,:,,nyy, oY (1 - 0) 1-¥ is the expected value of a Bin(n ~ 1,0) distri-
ution. According to the previous derivation, this should be (n - 1)0. As explai
. « , . plained above,
s =D _gv(y — )1~V = 1. Therefore,

y=0 y'(n—-1-y)'
E(X*) = nf|(n-1)8+1]
and
E(X?) - [E(X)]’
nf [(n —1)8 + 1] — (n6)?
= nb(1-6)

V(X)

|

Note: Another way to find E(X?) is to use the fact that E(X?) = E[X(X - 1)] + E(X).
E[X(X —1)] can be found as follows.

E[X(X — 1)] = zn:g;(z = 1) (2)91(1 _ g)u-z

=0

- :z:;z(z =1 (’;) 6=(1 — 6)"=

= :Z;:z(z - l)z—!(_r:n!—_xﬁgz'(l )
= (n—2) - -
= n(n- 1)92; G _’;)!(n — 2(1 - 9)

Let y = z — 2. Then,

E[X(X - 1)] = n(ﬂ- = ].)92 g _.__..———| (n - 2)1 9!'(1 —_ 9)n—2—y
=0 y(n—2-1y)!

= n(n—1)6?

Example 4.3.
An airport transport service provided by a hotel can accommmodate up to 10 passengers on one

irip and any passenger who wishes to use this facility must make a reservation by paying Rs.
1000.00. According to previous records, 20% of all those making reservations do not appear for
the trip. From those appear for the trip, the hotel charges additional Rs. 1000.00 per passenger.
The hotel returns Rs. 500.00 to each person who does not appear for the trip. The total amount
the hotel spends for a trip is Rs. 3000.

Suppose that 10 reservations have been made for the trip that leaves the hotel at 8.00 A.M.
tomorrow. What is the ezpected profit from that trip?

Solution 4.3
Let X be the number of passengers that will appear for the trip (out of those 10 who have

made reservations). Then, the profit from the trip is
Y = 1000(10) + 1000X — 500(10 — X) — 3000 = 1500X — 2000

i
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Therefore, tbe expected profit is
E(Y) = 1500E(X) - 2000
Since X ~ Bin(10,0.8), E(X) = 10(0.8) = 8. Hence,
E(Y) = 1500(8) — 2000 = 10000
The expected profit from the trip is Rs 10000.00

Summary

mial distribution. It is used_ as the mode] fo,
n a sample of fixed size. It is also.used unde
or sampling without replgcement from 2
le is taken without replacement from 5

In this session we discussed about the Bino
the distribution of the number of successes i
sampling with replacement from a finite population
very large population. The situation when the samp
finite population is discussed in the next session.

Learning outcomes
By now you should be able to

e ldentify binomial experiments,
» Calculate probabilities using binomial distribution, and

e Calculate expected values and standard deviations. |
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5.1 Definition
5.2 Derivation of pmf

5.2 Mean and variance of Hypergeometric distribution
Summary

Learning outcomes —

Introduiﬁtion

i There are situations where we are interested in the distribution of the number of successes in
3 a sample, yet the situation does not fit in to a binomial experiment exactly or approximately.
This happens when the sample is taken without replacement from a finite population.

5.1 Definition

Suppose that a population of size k contains m items of a certain kind (say, ‘successes’). A
sample of n items is taken from this population without replacement and the number of successes
in the sample are counted. We shall call such an experiment a ‘hypergeometric experiment’.

29
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caid to have 3 hypergeome

1 . - -
t'.lk':\‘: X b E!"p number of ' in the sample. Then, A ¥
SHuRon. The pml. of N e given by
m L-m )
P"(I)" * ﬂ."I_f__ ;.—.:0,1,..-‘mi"(n'm) (51)

(+)

This is denoted as X ~ HG(n,m, k).

5.2 Derivation of the pmf

population of k items, oyt of

Consi : . - om 3
ider the experiment of taking a sample of n items fr disregarding the order of ¢,

’_Whic.h ™ items are ‘S's. The sample space contains (£) outcomes,
items in an outcome. All these outcomes are equally likely.

Let  be any value in the set {0,1,2,..., min(m,n)}. How many samples COMAn & §'s ang

k—m)
(ﬂ. - I) F's? There are (™) ways of selecting = S's out of m S's. There are (,,__) ways of
selecting (n — z) F's out o(f:(k - :1) F’s. Therefore, the total number of ways to select a sample

containing z S's and (n — z) F's is (7) x (:.-': : Yx (o

X\ p-r H 3
Then, by the classical definition of probability, Pr(X = z) = === This gives (5.1).

Example 5.1. . .

An English lecturer has assigned his students an essay of 10 pages. He has the following palicy e
marking an essay: The lecturer randomly selects 4 pages. If more than 2 of those 4 pages contain
spelling or grammar ervors, the essay will be returned to the student unthqut marking. -.Siupposg
a certain essay contains J pages with spelling or grammar errors. What s the probability that
the essay will not be marked?

Let us consider having an error on a page as a ‘success’. Let X be the number of pages
with errors in the sample of 4 pages. We need Pr(X > 2).
Here, the lecturer samples from a finite population without replacement. Therefore, X ~

HG(4,3,10). Hence,
T (O
(¥)

Pr(X >2) =

z=0,1,2,3

Px(z) =

[
w
Pl
>

Il
=

Js)

___—//
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" Activity 5.1.

A worker in an auto parts store has mized 5 improperly assembled (defective) starters with a
. stock of 50 starters in working condition, by a mistake. In response to a purchase order, 10
© randomly selected starters were sent to a garage. What is the probability that the garage receives

<" at least 1 improperly assembled starter?

. Activity 5.2. ' : .

The proportion of non-defective products produced by a certain production process 15 95%. These

" - products are put in bozes of 4. Before sealing the bozes, two randomly selected products are ez-

%~ . amined from each boz. If at least one of those ezamined products are defectwe, all 4 products are
“..- ezamined and all the defective products are replaced with non-defective products before sealing

.- the box. If the two ezamined products are non-defective, they are put back in the boz and sealed.

What is the overall propotion of outgoing bozes with zero defective products?

Mean and Variance of Hypergeometric Distribution

. Theorem 5.1.
Suppose that X ~ HG(n,m, k). Let § = 2. Then, B(X) =6 and V(X) = nf(1 - 0) (=)

Proof

For convenience, assume that n > m.

m k—m
e e

|3 _¥ m! (k —m)! I(k — n)!
:; ;Iz!(m—m)!(n—::)!(k-—m—n+:r)!n( k! 2
; _ oM - (m—1)! (k —m)! (n=1)(k —n)!
u‘ k;(:1:—-1)!(m—-z)!(n—:z)!(k—m—n+z)! s (k)—(l)! -
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- Lct y= I_ 1. Then’
ik —m)!
E(X) = 2m3 _(m-1) (k= m) S (:)_(m
kS Vim—y - i oy - k- m o (n =Dk = 1) = (n = )
1
= f_h_“_' {(m—1)! (k= 1—(m= ”)l 1)+ v)! (k- DL
" & Wm—T-pi e wk- - m- 0=
m-—1 (k=1)=(m=1)
- ,,E“Z"( v ) (n-1)-y )
k v=0 ( (k_l)
(n-1)

— -1 ’ -
It is clear that the term inside the summation is & pmf of @ HG((n — 1), (m — 1), (k : 1)
distribution. Hence, the sum is 1. Therefore,
m
E(X) = nT 5
Note: Let 6= the population proportion of successes = - Then, E(X) = nf, which is the
same result for a Bin(n, §) distribution.

It can be shown that

E(X?) = n—TE- [(n - 1)((11;—115)- + 1] ;
Hence
2
V(X) = n [(n-— 1)5(’%:—11)) + 1] - (»7)
- 20-9 ()
Letting = %,

Vi) = n0(1—6) (i:’l‘)

This differs from the variance of Bin(n, ) distribution by the factor (5=3). This is called the
‘finite population correction (fpc) factor’. The fpc factor is close to one when n is small relative
to k. So, the Binomial model can be used as an approximation to Hypergeometric distribution
if k is large and n is small relative to k.

If X ~ HG(n,m, k), k is large, n/k is small and m/k = 6, then, X =~ Bin(n,6).

Activity 5.3.
If X ~ HG(n,m,k), prove that E(X") =n [(n - 1) + 1]_
Help: Use the fact that E(X?) = E[X(X - 1)] + E(X).

Activity 5.4.
In a certain company that produces milk powder, ‘I kg’ bag is supposed to contain 998 g to 10029
of milk powder. When the process s in-control, 95% of the bags conform to this standard. The
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 other 5% are non-conforming. The quality control superuvisor is planing to set up a chart called
. 'p-chart’ to monitor whether the process is in-control. The p-chart is an on-line process confrol
technigue. It contains three lines, namely, the center line (CL), lower control limit (LCL) and

~ upper control imit (UCL). These are given by
CL = E(P)
UCL E(P)+3SD(P)

S ICL = max(0, E(P) - 3SD(P))
! ; . Figure 5.1 shows a typical p-chart.
«FJ ) ¥ - The quality control supervisor is going to {ake a random sample of 10 bags from each batch
.‘ 5 ...0f 100 bags produced and determine the number of non-conforming bags in the sample. Let X
1 i be the number of non-conforming bags in a sample and P = X/10. If the observed value of P
'f "+ is between the UCL and the LCL, the process is considered to be in-control. Otherwise, it is
'5-‘.5;;1" considered to be out-of-control and suitable remedial actions are taken after an inspection.
ne  EE-

ucL
[(a]
o
o
3 |
o
a ’ \
o™~
(= e
O ”,
o Ct
1 1 T I
5 10 15 20
sample number

Figure 5.1: A typical p-chart.

Determine the CL, UCL and LCL for this process.

- .
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Summary

In this session, we discussed about the Hypergeometric distribution. It 15 :sc;i mn:pllli;?;geéjsr
the distribution of the number of successes in a sample of fixed size ‘thn ; cd the populatioe
without replacement from a finite population. When the sample "’.‘w'g ltliI:ms have the samr;
proportion of successes 8 are fixed, Binomial and Hyper geopmetric disteiby ce of the Binomial
mean. The variance of the Hypergeometric distribution is equal to the mm:; tribution can be
distribution times a finite population correction factor. HYPCIEFO.m?t-n'T' % and the sampl
a_Pproximnted by the Binomial distribution when the population size is large and ble
size is small relative to the population size.

= dam

Learning outcomes 4 |
By now you should be able to
¢ Identify Hypergeomtric experiments,

e Calculate probabilities using Hypergeometric distribution, and

« Caiculate expected values aud standard deviations of randem variebles with Hynergeo-
metric distributions.

e iy

L e, YT
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GEOMETRIC DISTRIBUTION
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Introduction

6.1 Definition
6.2 Derivation of pmf
6.3 Mean and variance of Geometric distribution

Summary

Learning outcomes
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Introduction

In the previous session, the variable of interest was the number of successes in a fixed number
of trials, or the number of successes in a sample of fixed size. In this session, the variable of
interest is the number of trials or the number of failures up to the first success in a sequence of
Bernoulli trials. The distribution of such a variable is called the Geometric distribution.

6.1 Definition

Consider a sequence of independent Bernoulli trials with probability 0 of ‘success’ for each trial.
Let X= number of failures before the first ‘success’.

Then, X is said to have a Geometric distribution with probability 8 of success. The pmf of
X is given by
Px(z)=(1-0y8;, z=0,1,2,.... ' (6.1)

) S 35 s ~
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6.2 Derivation of the pmf

— g OCCursS if and only if the first

Let
z be any value of the set {0,1,2,3,...,}. The event X he outcomes &r€ independent,

T outcomes are F's and the (z isa S. Since t
_ + 1)st outcome 18 @ - <
PriX =z) = (1-p)(1-p)...1 —Za)p = (1 p)*p. This gIVes (61)
Note:
Sometimes, the variable of interest is ¥'= number of trials up £ (i
The pmf of Y is given by

ncluding) the first ‘success’.

Ply)=(1-0""; y=12: - (6.2)

Some authors call this the geometric distribution with probability 9 of success.

In order to distinguish between the two distributions (6.1) and (6‘2?' we shall d T_mt_e these
as X ~ Gy(6) and Y ~ G,(6). (G to denote the Geometric distribution, subscrip for ¢ to
denotes the variable of interest; number of failures by f and the number of trials by t). Note
that Y=X +1.

Example 6.1.

A politician contesting for a provincial council claims that he will ge?t.at least 40 percent of
all the notes. A reporter interviewed individuals until he finds 1 individual who support this

politician. He had to interview 5 individuals. What is the probability of happening such un
event

(i) if the actual proportion of supporters is 0.4
(ii) if the actual proportion of supporters is 0.57
(iii) if the actual proportion of supporters is 0.67
What do you think about the cendidate’s claim?

Solution 6.1
Let Y be the number of individuals interviewed until the first supporter is found.

(i) If the actual proportion of supporters is 0.4, then, Y ~ G,(0.4). Hence,
Pr(y =4 = (1- 0.4)4(0.4) = 0.0518

(ii) If the actual proportion of supporters is 0.5, then, ¥ ~ G,(0.5). Hence,
Pr(Y =?) = (1-0.5)*(0.5) = 0.0313

(iii) If the actual proportion of supporters is 0.6, then, Y ~ G,(0.6). Hence,
Pr(Y =§) = (1-0.5)5(0.6) = 0.0154

U—b.b)vx(o‘l.) /
36
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“So, if the candidate’s claim is correct, the maximum probability of occgrring an e.vent, like apove
;" is 0.0518. In other words, if the candidate’s claim is correct, an event like above is very unlikely
‘4 to occur. However, the event has occurred. Therefore, the candidate’s claim is unlikely to be

r ,, -, correct.

‘s Activity 6.1, . . _
*According to the past data, the-probability of rain-in @ certain area on @ given dqy dum?g
. August is 0.01. A one-day cricket tournament 15 going to be held for 10 days in this area in
- nert August. What is the probability that there will be no rain during the tournament? Answer

: this question using two suitable distributions. '

3.5
sl g

R

ST e R gl
L = S . I
) T e

6.3 Mean and Variance of a Geometric Distribution

.. Theorem 6.1.
.. Suppose that X ~ G¢(0). Then,

(a) E(X) = ¢
(b) V(X) =
Proof

oo

BE(X) = Y z(1-0)6

z=0
co

> z(1- a)=é

z=1

= 0(1-86) f:z(l —0)="!

r=1

I

We may use the following fact to calculate the above series.

S=3 K = 1+k+k+...

=1
1
S=1=%

= ds 1

¥l = — = — —

; dk  (1-k)?

Accordingly,
' 1

(1-9)

]
b - 37 - "W
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Activity 6.2.

Prove part (b) of Theorem 6.1,

Activity 6.3.

Suppose Y ~ G(6). Find E(Y) and V().
Example 6.,2.

A newly married couple have decided to have children unsl they 9

o — a A b t
probability of a male birth is 0.45. What is the expected family Si2¢ e
objective?

et a son. Suppose that the
hey achieve their

Solution 6.2

X Let X be the number of daughters until the first son. The
+3.

Since X ~ G;(0.45), E(X) = (1 — 0.45)/0.45 = 122 Therefore, E(S) = E(’X) +3 =
1.22+3=4.22. :

n, The family sizeis § = X+1 _*5"2 -

Activity 6.4. )
The p-chart is an on-line process control technique. It contains three lines, namely, the center
line (CL), lower control limit (LCL) and upper control limit (UCL). (See figure &. 1). '

The production engineer wants to establish o mechanism to control the proportion of def eclive
products in a production process at 0.01 level. So he maintains a p-chart with the following
control lines: CL=0.01, LCL=0, UCL=0.07.

The procedure that the engineer follows is es follows. A random sample of 25 products
is taken from the process every one hour and the sample proportion of defective products is
determined. The sample proportion is plotted against the sample number in the p-chart. If the
sample proportion is above the UCL, an ‘out of control signal’ is given. Then, the process s
stopped and checked for possible ‘assignable causes’ for the process to go out of control.

Suppose that the aciual proportion of defective products in the production process has in-
creased to 0.05 (the process has gone out-of-control) unknown fo the engineer at 9.30 A.M. The
next sample is due to be taken at 10.00 A.M. :

(i) What is the probability of receiving an ‘out of control signal’ from the sample taken at
10.00 A.M.?

(ii) What is the probability of receving an ‘out of control signal’ for the first time from the
sample taken at 1.00 P.M.? ‘

(1) What is the expected time to receive the first ‘out of control signal’?

Summary
In this session we discussed about the distribution for the number of failures up to the first
success in a sequence of Bernoulli trials. It is called the Geometric distribution. The number

of trials up to the first success also follows a geometric distribution

38
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] _’},?”_.-Then, X is said to have a negative binomial distribution with parameter 6. The pmf of X is
v given by

Px(z) = (""::'1'1 )0'(1-é)=; £=0,1,2,... (7.1)

— . 4w

';35}Let z be any value of the set {0,1,2,3,..., }. The event X = z occurs if and only if there are =
:'_-:"',F‘s and (r — 1) S's in any order from the first z +r — 1 trials and a S from the (z + r)th trial.

il~§.The probability of any such outcome is (1 — )76~ x 0. There are ( EEre—1 ) number of

r—1

. ways of getting such outcomes. Hence Pr(X =z) = ( o¥v -1 ) or(1—-0)=.

r—1

_': Notc:
: = Sometimes, the variable of interest is Y= total number of trials required to get r ‘successes’.

The pmf of ¥V is given by

Py(y)=(‘:{:11)0'(1—0)”"'; y=nr+1,... (7.2)

Some authors call this the Negative Binomial distribution with probability & of success.

In order to distinguish between the two distributions (7.1) and (7.2), we shall denote these
as X ~ NBy(r,0) and Y ~ NB,(r,0). (NB to denote the Negative Binomial distribution,
subscript f or t to denote the variable of interest; number of failures by f and the number of
trials by t). Note that Y = X +r.

Example 7.1.

A specialist in obesity wishes to recruit 5 obese patients to participate in a weight loss experiment.
From past ezperience he knows that about I in 6 patients are willing to participate in such
experiments. He ezamines 25 obese patients per day in his clinic. What is the probability that

he can recruit 5 patients in a day?

Let Y:"Ee the total number of patients to be asked until 5 patients agree. Then, ¥ ~
NB,(5,1/6). The specialist can recruit 5 patients in a day if and only if Y < 25.

25
Pr(Y < 25) > ( g: i ) 6°(1 — @)v->

y=35
= 0.5757

Activity 7.1.
The sales person of a pharmacy near a-children’s hospital notices on one morning that there

are only 10 bottles of syrup A left. He knows that approzimately 1 in 5 prescriptions require
syrup A. What s the probability that he will be able fill at least 30 prescriptions before ize gets
e new stock of syrup A? (Assume that all other drugs are available). N

. 41 *
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7.3 Relationship between Geometric distribu
ative binomial distribution

Theorem 7.1.
Sum of r independent, identically distributed G 7(6) random variable
Proof __,_

S has a NBf (0) dwtﬂbuttor;

Suppose you repeat a Bernoulli . : cuccosses. Suppose the probability
you repeat a Bernoulli experiment until you get T he first success. then,

of a success in any trial is 6. Let X, be the number of failures before t

Let X ~ G,(0). I}:et X3 be the numi::rcofhfailurcs after the first success but bc:[ort;J t.he_ se;ond
success. Then, X, ~ G,(f). Similarly, let X; be the number of failures after the (}: -~ )1{)9:t
success but before the ith success (i = 1,2,..-,7). Them X, ~ Gy(0). Also note at Xy’s
are independent. Now, let X be the number of failures before the rth success. Itll_s clear that
X =Xy +Xa+ ...+ X,. Since X ~ NBy(r,0), it is clear that the sum of r independent,
identically distributed G/(8) random variables has a N By(r, ) distribution.

A more mathematical proof is given in Theorem 15.8.

Mean and Variance of a Negative Binomial Distribution

Theorem 7.2.
Supposc that X ~ Gy(0). Then,

(a) E(X)=r(}9)
Proof
Theorem 7.2 is directly implied by Theorems 6.1 and 7.1.

Example 7.2. )
A unwersity wants to estimate the proportion of color blind students. Instead of the direct

method of taking a sample and finding out the sample proportion of color blind students, it has
used the indirect method. The university doctor has ezamined randomly selected students one
by one, until he finds 5 color blind students. He had to ezamine 503 students. Estimate the

proportion of color blind students in the university.

Solution 7.2
Let 6 be the proportion of color blind students in the university.

Let Y be the number of students that have to be examined until 5 color blind students ar¢
found. Then, Y ~ NBy(5,6) and E(Y) =5 (%5%) +5 (why?)
Assuming that the observed number of Y is close to E(Y),
5 (l_:_ﬂ) +5 = 503
6
6 = 0.0099

42
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' By now, you should be able to

.. Learning Outcomes

]

S ik

» Recognize situations that the Geometric distribution can be applied.

o Calculate probabilities using the Geometric distribution.

- ettt

e Calculate the mean and the variance.
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Introduction

In the last session, the variable of interest was the number of failures og the number of trials L',
to the first success in a sequence of Bernoulh trials An extension arises when the the variabie
of interest is the num b*z of fatlures or the sumber of trials up 10 a given number of successes
in a sequence of Bernoull! trnials The distnibution of such & variable is called the Negati®
binomial distribution.

4

7.1 Definition

Consider a sequence of independent Bernoull trials with probakbiliny

of*
Let X= number of failures before the b ‘success’, where r > 0 is 3 fix, »di:.:ﬂ

40
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Summary

Panyaele
e

' ~‘ In this session we discussed about the distribution for the number of failures up a given number
r ‘of successes in a sequence of Bernoulli trials. It is called the Negative Binomial distribution.

7 Geometnc distribution is the spacial case when r = 1. The distribution of the number of trials
=13 up to the rth success is also called-the Negative binomial distribution._

B g

Bt '?"'f*.a'-'-i*-"-*«'-':w-fpﬂ-‘f &)

N ‘?_a_a-qg,'-'-Ml-.'n.u-!A_u‘.'

'.-I‘z'Learning Outcomes
"By now, you should be able to
: ¢ Recognize situations that the Negative Binomial distribution can be applied.

o Calculate probabilities using the Negative Binomial distribution.

“# e Calculate the mean and the variance.

£
3
3
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Introduction

So far, we have discussed the distributions for the number of successes in a fixed number of
~ trials, and the number of trails up to a fixed number of successes. The distribution of the
number of events of some kind during a given period of time is another variable of interest
to many people. For example, the number of traffic accidents per week in a given city, the
number of radioactive particle emissions per unit of time, the number of telephone calls coming
into the reception of a company per hour, the number of meteorites that collide with a test
satellite during a single orbit, etc. are all variables of that category. The Poisson distribution
often provides a realistic probability model for such variables. The Poisson distribution can be
used for counts of some sort in a given area or volume as well. For example, the number of
bacteria per unit volume of some fluid, the number of defects per unit length of some material;
the number of flaws per unit length of some wire, etc.

44
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8.1 Definition

1. Let N(t) be the number of events occur during an ‘interval’ of size ¢, where the ‘interval’ can
<" be a period of time, a length of some material, an area or a volume of some substance. In
- addition, let o(h) be a function such that limp—p -‘ihﬂ — 0. For example, h?, h* are o(h) while
2 ‘ *his not o(h). As h goes to zero, o(h) functions go Lo zero faster than h.

Suppose that the following assumptions are reasonable:

1. The probability of an event within any, interval of length h is the same. That is, the

probability of an event during (t,,¢, - h) is the same as the probability of an event during
(t2, 12 + h), for any ty, ta.

5 ML AN A

2. The probability of occurring one event over a small interval of length h is approximately
5 proportional to the length of that interval. That is, Pr(N(h) = 1) = M + o(h). Here A
23 is the proportionality constant.

it Nog g ®

: 3. The probability of two or more events occurring in the same narrow interval is negligible,
" That is, Pr(N(h) > 2) = o(h).

aasne

4. The probability of an event in an interval is independent of the probability of an event in
any other non-overlapping interval.

Then, the pmf of N(t) is given by

Afsepedl!

e-ll ‘\t )n
Pygy(n) = "-;fT—

This is said to have a Poisson distribution with rate At per ‘interval’ of size t. \ is the rate of
eveats per unit ‘interval’. This is denoted as N(t) ~ Poisson(At). i

: n=0,1,2,... ' (8.1)

iRt A g
[ v | 4

Y Y

v o A SELLWRT,

Note:
Usually, N is used instead of N(t) for convenience. Then, the pmf is written as
-At n
Py(n) = f—i—;\t)—; n=0,1,2,...

8.2 Derivation of the pmf

We show how to derive expressions for Pr(N(t) = 0) and Pr(N(t) = 1). The rest can be shown
by induction.

Consider a small time interval of length h. The first three of above assumptions can be
expressed mathematically as follows.

Ah +o(h) k=1

Pr(N(h)=k) = o(h) k>2

1-Mh+o(h) k=0.

Let t > 0. We obtain Pr(N(t) = n) for each n = 0,1,..., through a differential equation.
For this purpose, let

v i

9n(t) = Pr(N(t) =n].

a -
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Derivation of Pr(N(t) = 0)

9o(t + &)

Pr(N(t+h) =0] .
Pr(0 events during an interval of lengt .
Pr(0 events during the the interval 0 to t + h) (a spec}l:;l case of assumptigy, 1)
Pr(0 events during 0 to t and 0 events during t to t+ |
“Pr[N(t) = 0] Pr[N(k) = 0] (assumption 4)
90() {1 = A+ o(h)]

h)
- golt+h) = golt) . o(h)
R - |
a(t) = =Xat) |
go(t) = ce™ for some constant c

Now, in order to determine the value of ¢, we use the following boundary condition Pr(N(p) =
0) = 95(0) = 1. By substituting this in the above equation, we get ¢ =1. Hence

This means,

golt) = €™

Pr(N(t) =0) = e

This proves 8.1 for n = 0.

Derivation of Pr(N(t) = 1)

ai(t+h)

Pr[N(t+h) =1]

Pr(1 event during an interval of length ¢ + h)

Pr(1 event during the the interval 0 to t +h) (a special case of assumption 1)
Pr(1 event during 0 to ¢ and 0 events during ¢ to t + h

or 0 event during 0 to ¢ and 1 event during ¢ to ¢ + h)

Pr(1 event during 0 to t and 0 events during t to ¢ + h)

+ Pr(0 events giuring Ototand 1 event during ¢ to t + h)

Pr[N(t) = 1] Pr[N(h) = 0] -

+Pr[N(t) = 0]Pr[N(h) = 1]

91(t) (1= Mo+ o(R)] + go(t) [Ar + o(h))

40
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v t+h) -git) . -dhgi(t) . Ahgo(t) .. o(h)
2 M TR TAB T R TAmTh
ol a(t) = =Aqi(t)+ Ago(t)

1 a(t) = =Agi(t) +Ae™

loi(t) + i) = A —

7o) = 2

engl (t) = /Adt +c
t = M+ec
1. .
S Since g,(0) = 0, ¢ = 0. Hence,

M
AL
lu
R\
R
o
e
'
.J‘o
5
Aoy
.
.i‘
.
B

Ao i ot o B
Lrsooeieas & |
P R

RN Sl TR
L ey
- » P

e

ai(t) = Ate™™

23 Lt
el .
: S

< This means.

1

-

Pr(N(t) =1) = Ae™™
- This proves 8.1 forn = 1.

P L ST
3 . J

- Derivation of Pr(N(t) = n)

By induction, it can be shown that g,(t) = Lﬂ‘;"’l We omit this derivation.
Example 8.1.
A towing service receives requests for towing vehicles at a rate of 2 per hour.

Compute the probability of receiving more than 3 requests during a two-hour period

Solution 8.1

Let N be the number of requests during two hours. Since the above assumptions are
* Teasonable, we may assume that N ~ Poisson(4). Then,
Pr(N>3) = 1-Pr(N <2)
= 1—(Pn(0) + Pn(1) + Pn(2))
=2(9\0  ,=2(n\1 ~2(n\2
]_(e (2) 4 (2) 48 (2))

0! 1! 2!
1-0.2381
0.7619

Activity 8.1.

Consider Ezample 8.1. If the operators of the towing service take a 30 minute break for lunch,
what is the probebility that they do not miss any calls for assistance?

. a7 =

g8
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Example 8.2. , 1 and mized well. 40 Cookigg
A bag of 200 chocolate chips is dumped in t0 & batch of kaxfg dm: o randomly selected Cookie
are made from such @ batch of dough. What ts the probabtity

has at least 4 chocolate chips?

Solution 8.2

Let X be the chocolate chips in a randomly selected cwe Ay
reasonable with time interval replaced by area. Hence, - -

ie. Then, the above assuml?tions are
ookie me that X ~ PWSSOH(S)

pr(xz4)=l—l’r(x53)

We leave the reader to complete the calculation.

8.3 Mean and Variance of a Poisson DiStrlbutl(,)p '

Theorem 8.1.
Suppose that X ~ Poisson()A). Then,

(a) E(X)=2Ax |
(b) V(X)= A
Proof

e~ MA)*
x!

e-A( A):
z!

I

E(X)

oo
2.2
z=0
oo
)3
z=l

©_ g=A(A)F"}
= “; - 1)

Lety=z—-1 Then,

2 e MV
E(X) = AZ_T)_
y=0 '

Note that '-_35;'\-’—' is the pmf of a Poison()) distribution. Hence, 3% 5:%(,5):'- = 1. Therefor®

E(X) = )

48
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i i EX(X-1) = > z(z—1) I(,
Rt e e !
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45 @ =2 z—2
R ) e}
7

i L Let y=1z —1. Then,

R, 2%

;' 3 0 e—A AWV

: Bxx-1) = 23R

E‘l = A\

E(X)-E(X) = A

3 E(X?) = M+EX)=A+A
—! »i Hence,

V(X) = E(X?)-[BEX)P
o = AN4r=-22

f - )\

Example 8.3.
The c-chart 15 a on-line quelty control technique. It is used to control the uverage number

of nonconformities per unit in a production hine. In a typical control chart there are three
horizontal lines. Let X be the number of nonconformities in a unit. Then, the standard control

limits of a c-chart are given by
CL = E(X)
LCL = max(0, E(X)—-35D(X))
UCL = E(X)+3SD(X).
A production process assembles electric clocks. The average (mean) number of nonconfor-

mities per clock is estimated to be 0.5. The quality engineer wishes to maintain a c-chart for
the number of nonconformities per unit. The engineer has decided to take sit clocks as one

unit.

(1) Find the control limits for ihe c-chart.

(ii)) The OC curve of a control chart is a graphical display of its sensitwity. The OC curve for
a c-chart is a graph of f()) = Pr(LCL < X < UCL|X ~ Poisson())) versus A. Draw

the OC-curve of the above c-chart, (You will learn the practical use of the OC curve in
due course).

‘-
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Solution 8.3

. P '55011,(3). Therefore,
Since X is the number of nonconformities per 6 clocks, X ~ Pt

CL = E(X) 3 %
LCL = max(0, B(X) - 38D(X)) = max(0:3 3V3)
UCL = E(X)+35D(X)=3+ 3/3 =~ 8.2

- BQ1)

Pr(0< X < 8.2|X ~ Poisson(1))
2, e (1)
B Z z!

==0

= 09999

B(2) = Pr(0< X <£82|X ~ Potsson (2))
_ o er
- Z z!

=0

= .0.9997

B(3) = Pr0< X <821X ~ Poisson(3))
()"
- Z z!

z=0
= 0.996

B(4) = Pr(0< X <82|X ~ Poisson(4))

ety
B ; z!

= 0979

Similarly, calculating S(A) for other values of A, the OC curve can be drawn as in Figure 8.1

it

|
\
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?’;8.4 Poisson approximation to the Binomial distribution

Manual calculation of Binomial probabilities is tedxous when n is large, especially, due to the
dlfﬁculty in calculating n!. The following theorem makes such calculations easier under certain
condltlons

2 oln e B S g AN g e b A

——— -

‘-——— Theorem 8.3.

a:’ g VSuppase that X ~ Bin(n,p). Ifn > 100, p < 0.01 and np < 20, then X = Poisson(np).
275 e " (np)*
A S Pr(X =z) ——(| 2
b " “ Proof
i? | R Beyond the scope of this course.
S
i .Summary
.. =
FTS
< - Inthis session, we have seen that the Poisson distribution is a useful distribution for the number
; of events during a given period of time. The underlying assumptions are reasonable in most
| 5 .- situations. However, it is important to notice that there are situations where such assumptions
: { - are not reasonable. So, you must think of the appropriateness of the four assumptions before
;7. using the Poisson model. Poisson model can also be used to calculate Binomial probabilities
i “'. under certain conditions.
¢

Learning Outcomes

By now, you should be able to

o Check whether the Poisson assumptions are reasonable for a given situation.
e When suitable, calculate probabilities using the Poisson model.
. Cal_ciﬁlﬁte the mean and variance.

¢ Calculate Binomial probabilities using Poisson approximation when suitable.
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Activity 8.3.

-stop al a rate
come to my buss : °f6
bus;fhe probabimy that there is a vacany

top is 0.4-

During the time between 7.00 A.M. and 9.00 AM,
per h_‘)"r' I get up to a bus only if there is @ vacant seat-
seat in a randomly selected bus when it comes to MY bus-5

I go to the bus-stop at 7.00 A.M. | ?
| come within 10 minutes!

(1) What is the probability that at least one bus wil
n to a bus within one hour from my

(i) What is the probability that I will be able to get t
arrival to the bus-stop? -

(i11) What is the probability that I will hav
to get in to a bus?

¢ to wait until at Jeast 5 buses come to my b‘{St-’stop

of events during a given period

i mber
d In G A uch examples

There are situations, where we are intereste '
able. The following aré two s

of time, yet the Poisson distribution is not suit

Example 8.4. ber of infections per patient
The infection o :all ressed as a numoer 0. wnject en
fection rate at the IDH hospital is typically P e and patients. Does this

days. This is obviously counting a number of events across both tim
data follow a Poisson distribution?

Solution 8.4 ok
To assume that the number of infections per day has a Poisson distribution, we need to assume

the following:
oes not change over time. In other

1. We need to assume that the probability of infection d 1
is the same as the probability of

words, the probability of infection early in the stay
infection later in the stay.

9. We need to assume that the probability of getting an infection over a short time period
is proportional to the length of the time period. For example, a patient who stays one
hour has twice the risk of a single infection as a patient who stays 30 minutes.

3. We need to assume that for 2 small enough interval, the probability of getting two of
more infections is negligible.

4. We also need to assume that the probability of seeing an infection in one time pel"lOd
does not increase or decrease the probability of seeing an infection in another period.

All of these assumptions are suspect, but especially the first and the last. 1f one patient E_ets
an infection it increases the chance that other patient will get the same infection, the infectior
rate changes from early in the stay to later in the stay. Therefore, it is not reasonable to assume
that the number of infection per day has a Poisson Distribution.

Activity 8.4.
For a class assignment, @ student counts the number of cars that pass by a junction 01 a b;;y

street during one minute intervals. He computes a mean of 10.8, and o variance of only &
Is the Poisson model suitable for the number of cars that pass by during one minute?

52
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i 9.1 Uniform Distribution

dom variable

Uniform distribution is a suitable model for the density function of a continuous ran

.. X, if the following assumptions are reasonable.

1. The possible values of X are in a finite interval (a,b).

2. The probability that X being in any interval of the same length, withi
In other words, there is no reason to think that any interval of given
or lower probability than any other interval of the same length.

n (a, b), is the same.
length has a higher

Random variable X is said to have a uniform distribution (also called rectangular distribu-

tion) in (a, b) if its probability density function is given by

1
f"(r)zb—a; a<z<b

This is denoted by X ~ U(a,b) or X ~ Unif(a, ).

Example 9.1.

At a well-knoun Chinese restaurant, the preparation time for a special dish on the menu is
listed as S0 minutes. The chef has recorded the preparation time for 100 such dishes for 100
randomly chosen orders. The minimum and marimum preparalion times are 25.3 and 34.9 (in

minutes). The histogram of the preparation times is presented n figure 9.1.

o
]

o
8

|
o |

Relatve teguency
b !
B

Figure 9.1:

omly chosen order. Assumption 1 is naturally

Let X be the preparation time for a rand
slightly

reasonable. In the histogram, the frequencies in different intervals of equal widths are

-
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different. How is

' ever, there is no particuler pattern. THEr® jon 2 seems e

values are more likely than the ot.ll])er values fn general. Hence, assumption 2 8 reasonable.
' U/(25.3,349)-

T :
herefore, it may be reasonable to assume that A ~

S — e e L—J!;“‘ﬁ‘z‘w

no reason to think that SOome

9.2 Mean and variance of a Uniform distribution

Suppose X ~ U(a,b). Then,

gt _

E(x?) - (X))
_ (a?+ab+b) [(a+ b)r
- 3 2

Il

V(X)

(a? — 2ab+b?)
12

9.3 Normal Distribution

ution (also called the Gaussian distribution) is probably the most often used

The normal distrib
orld of Statistics. The shape of the the normal density i

probability density function in the w
commonly known as ‘bell shape’.
Random variable X is said to have a normal distribution with location parameter j and

scale parameter @ if its probability density function given by

1 1/z-p\?
fx(z) = —J—Z—;;exp{—i(xay) };—00<:t<oo

—00 < < 00,0 >0

This is denoted by X ~ N(g,0?). Carefully note that the second value within prackets B

the o?; not 0.

Figure 9.2 shows normal density functions with different values of 1 and @.

56
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Figure 9.2: Normal density functions

It is clear from the above graphs that the normal density function is symmetric around the

d )

is location parameter p. The dispersion (or the spread) of the distribution depends on the scale
parameter g.’

d _ Eventhough the theoretical domain of this distribution is the entire real line, the density
comes very close to zero when £ = p 4 30. Therefore, the normal distribution is often used for
random variables with approximately bell shaped distributions in finite intervals.

9.4 Mean and Variance of a Normal Distribution

) Suppose that X ~ N{u, o?). Then,

is

E(X) = / z _;ﬂae‘% =) dz

: 57
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E(.X) = /m(az'_’_ “)‘/}_ e"%"adz

o0 2o -
A A / -3 dz
\/i?/_m ¢ V2t o

We use the ‘ .
¢ use the following mathematical identities to simplify the above integrals.

N -

/m e~Vdr = 2T (9,1)
/m wids = 0 . '(9-2) :

Using these identities, it is easy to show that

E(X) = »
Now, note that

Using the mathematical identity

/ " e iPdr = vr, (9.3)

(4]
E[(X-p)] = o

V(X) = o
SD(X) = o

E

I
—

The location parameter y and the scale parameter o are the same as the mean and t:;
standard deviation respectively. Hereafter we call N(, %) the normal distribution with M€
p and standard deviation .

58
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3 . Example 9.2.

; "The following are the capacities (in liters) the fuel tanks of 50 randomly selected cars of a
A . certain model. Figure 9.3 ts a histogram of these data.

;, ; ? 90.1 29.6 30.6 29.4 28.8 29.6 29.8 30.9 29.4 30.8 30.2 29.6 30.1 30.7 29.9 31.5 29.7 29.6
T %.09.580.229.429.529.030.1 304 29.2 29.5 30.0 29.6 30.6 29.7 29.9 29.5 30.6 830.9 30.5 30.1

{_;;:*303 29.8 29.8 29.6 30.0 30.4 28.9 30.1°29.5 29.8 29.2 29.9 29.8
s

i
N

TS

K. -

;.“ o '|
it -

© o4

“ o i

g o ?

3 Q< —

& 8 ° : t

€ :

: R - |

‘ ) o | ,.//' . i __L\

2'—* i ° r T T T - 1
t‘ i 29 30 3. 32
- Capacityof fuel tank (inL)

R \
)

*

a Figure 9.3:

According to the histogram, a normal distribution seems a good model. The figure shows
two possible normal densities. In order to decide suitable values for u and o, we may use the
fact that E(X) = p and V(X) = o2. As suitable approximate values for 4 and o we usually
use the sample mean Z and the sample standard deviation s respectively. Accordingly, we may
use the N(29.9,0.55%) model for the density of X.

Example 9.3.

Consider Ezample 9.2. Assuming that X ~ N (29.9,0.55%) calculate the probability that the fuel
tank of a randomly selected car of the above type will hold more than 31 hitres.
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Pr(X > 31) = /wfx(ic)d!I
31 2
© 1 (58
' = Jy V21055

ethod to obtain this probabiljt,

Ca.lcu]at‘ A e . ; m
. 1on of this integration is tedious. Alternatively, one Minitab output for Pr(X < 31).

'S Lo usea statistical package like Minitab. The following is the

Cumulative Distribution Function

Normal with mean
x P(X <= x )
31 0.977250

= 29.9 and standard deviation = 0.55

Hence, Pr(X > 31) = 1 0.977250 = 0.02275. R
Another method is to standardize X and use a standard normal probability table to calculate
the probability. This is discussed in the next session. '

9.5 Calculation of Normal Probability

Theorem 9.1.
Suppose that X ~ N(u,0?). Let Z = X—;'E Then, Z ~ N(0,1).

Proof
See Theorem 15.1 and Activity 15.1.

Transforming X into Z using the above transformation is called the standardization. Normal
distribution with 12 = 0 and o = 1 is called the standard normal distribution.

Example 9.4.
Suppose X ~ N(29.9,0.55%). Ezpress Pr(X > 31) in terms of Z.

Pr(X > 31)

X =299 31-299
P
r( 055~ " 055 )
Pr(Z > 2)

Probabilities related to Z can be found by using Table 20.1 in the Appendix. This table
gives probabilities Pr(Z > z) for non-negative z values containing up to 2 decimal places: *
value, up to the first decimal value is read from the first column. The next decimal value
is read from the first row (top row). The value at the intersection of the corresponding rov
and column gives Pr(Z > 2). For example, to find Pr(Z > 2.00), we find the value at the

60
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intersection corresponding to 2.0 from the first column and 0.0 from the first row (see Figure
9.4). Then, we find that Pr(Z > 2.00) = 0.0228.

> [u00 |0.01
0 |05 |0496
~_ 0.1 | 0.4602 | 0.4562
0.2 | 0.4207 | 074168
0.3 | 0.3821 | 0.3783
0.4 | 0.3446 | 0 3409
0.5 | 0.3085 |0.305
0.6 | 0.2743 | 0.2709
0.7 | 0.242 ]0.2389
0.8 | 0.2119 |0.200
0.9 | 0,1841 | 0.1814
1 | 0.1587 | 0.1562
1.1 | 0.1357 {0.1335
1.2 ] 0.1151 | 0.1131
1.3 | 0.0068 | 00051
1.4 | 0.080&8 |0.0793
1.5 | 0.0663 | 0.0655
1.6 | 0.0543 | 0.0537
1.7 | 0.0446 | 0.0436
1.5 | 0.0359 | 0.0351
1.9 | 0.0287 | 0.0281
2 [ o222 |

Figure 9.4:

Example 9.5.
Suppose that X ~ N(10,4). Caleculate Pr(X > 15).

P(X>15) = P(x;m 5 15;10)
= P(Z>25)
0.0062

Example 9.6. .
Suppose that X ~ N(10,4). Calculate Pr(X < 6).

P(X <6) = P(X;10<ﬁ_210)

P(Z < =2)

Note: The distribution of Z is symmetric around 0. Hence, Pr(Z < —2) = Pr(Z > 2). From
Table 20.1, Pr(Z > 2) = 0.0228.

i -
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Activity 9.1,

Caleul,

ate the probabylities given in the following table. Check the GECUTECY of your answers.

T A nswer |
No. u o Cn]cu]ﬂ:.\'.r' this Pmm .-\n;;’:
T [ 58 [10] Pri510<X <821) g;m
2 |07 Pr(X > 4892) ] o aart
—~——— 3 103 | 17| Pr(T397 € X < 138 28) . :‘qq
4 | 09|24 Pr(X < §28) “:'.;,‘q
5 52 110 Pi(X <€ 53.58) 0';"."1,
6 | 728 ProassX<ms 10 S704
7 | 82 |20 Prasiecx 59949 |0 7638
s |o1l15] Proroac X <0855 |01 =
o |45 | 4| Pr(a236< X <5050 | 0.6643

10 {7301 Pr(X > 7238) | 07329

Table 8.1:

Activity 9.2,

[aJ N P . -
Guppase X -« N(u &%), Find the following probebilities:

(VJ Plu-0<X<pu+o)
() Pr(pu-20< X <u+20)

(ii1) Priu-3r < X < n+ 30)

Summary

In this session, we discussed about two symmetric distributions; namely, the uniform distnb-
ution and the Normal distribution. The uniform distribution is rectangular while the normal
distribution is bell shaped. The uniform distribution s suitable when the probability withia
any interval of the same length, within the range of data, is the same. Norma! distribution
is probably the most often used distribution. It is symmetric around the mean The density
becomes almast zero at three standard deviations away from the mean. \When the normal
probabilities are calculated manually, we first standardize the distribution and use the z-tab?
to find the probabilities.

Learning outcomes

By now, you should be able to

70 /‘/
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o Describe the Uniform distribution
e Calculate Uniform probabilities
e Descnibe the Normal dstsibution

Caleulate Normal protubilitios —
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Session 10

CONTINUOUS SYMM?HNUED
ISTRIBUTIONS CON

e
oy eI
e

- o=
2 pE s
..:z::::::::::r:n::nz:m:::r::‘:ﬂf::’r '
Contents

lntroduction

101 Empirical rule for a normal distribution
10.2 Calculation of Normal quantiles

10.3 Normal Approximations

10.4 Student’s ¢ distribution

10.5 Quantiles of the ¢ distribution

Summary
Learning outcomes

Introduction

In the previous session, we discussed how to calculate normal PrO(t;-am'l;::xctj;)r:“ :: I;;:h:::;:: ' :
further discuss useful properties and applications of the nor}inﬂtu:ls::llt's tdistribution,
discuss about another useful symmetric distribution called the stuc

10.1 Empirical rule for a normal distribution

istribution lie within one standard deviaticn,
Approximately 68% of the values in any normal d!st.nbutzon lie 'J.’l.hl.'. o:.'e ;.ar ;i;;i rlil:v; i -‘n:-
approximately 95% lie within two standard deviations, and approximately 99.77 lie withz
three standard deviations from the mean.

64
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"_,:'I.O.Z Calculation of Normal quantiles

by
ptata's 21
| WA

-’,"_zer Notation

,:4, denotes the value such that Pr(Z > za) = a. Here, « represents a probability (0 < a < 1).
' "This notation is used often in formula for confidence._intervals and decision-rules of tests of
~ hypotheses. For example, a 95% confidence interval for the mean of a normal distribution
; -with known standard deviation o is given by T & 20‘025705- Here # is the mean of n random
- ‘gbservations from the normal distribution.

- Example 10.1.

! ‘Find 20,025+
Pr(Z 2 1.96) = 0.025.
E Ja 20025 T 1.96.
.. See Figure 10.1.
Z giztribution Zoss = 1.96
1

Area=0 025

Figure 10.1:

Activity 10:1.

7
Find the following values:
Zo01, 2005, 209, 20975, 2085

Activity 10.2.

In setting warranties on appliances, manufacturers want to set the time limit in such a way
that only a few appliances will have to be repaired at the manufacture’s ezpense, yet they want
the buyer to have some degree of protection against malfunctions over a period of time after
the purchase. A manufacturer of a certain appliance knows that the distribution of lifetime of
appliances is normal with a mean of 98 months and a standard deviation of 9 months. The
manufacturer would like to set the ezpiration time of the warranty at such a level that 90% of
appliances made will remain in working condition throughout the warranty period. What should
be the warranty period?

AT o i -~ PR ITS a

: 65
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10.3 Normal Approximations

Normal approximation to Binomial
* Suppose X ~ Bin(n, 0)

* When both nf and n(1 - 6) are greater than 5, the Bm(lrl; g))
imated by a N(nf,n(1 — §)) distribution. (see Figure

__——__—'—_‘—-—-__—..
)
2.
/f'\
. \
z =] /
a
8
U L
n-l
° L]
T T T T
0 10 0 30 %

Figure 10.2: Bin(40,0.6) distribution (pmf is shown by vertical lines) and the approximate
normal distribution N(24,9.6) by the solid curve.

Note that the Binomial distribution is discrete and the normal distribution is continuous.
Therefore, when we use the normal distribution to calculate a Binomial probability, we
should use a ‘continuity correction’. Let z be an integer. The integer z in the discrete
scale corresponds to the (z — 0.5,z + 0.5) interval in the continuous scale. This is called
the continuity correction’.

Recall that if X ~ Bin(n,0), then, E(X) = nf and V(X) = nf(1 — #). Then, for the
approximate normal distribution, 4 =nf and o = /n0(1 - ). .

Pr(X = Z)Binomiat ¥ Pr(: =05 <X £240.5) normat

_ Pr(r—05-usz<z+0‘5—p)
[+ - a ?

Pr(X < z)ginomiat = Pr(X <2+ 0.5)yormar

_ PI(ZSI+0.5—L¢.) )
o ! L
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Pr(X 2 T)pinomiat = Pr(X 2z - 0.5) Normal
- Pr (z2 z—O.S—u)
a

S M e e N v
; -

T Activity 10.3.
L..." Suppose X has a binomial distribution with n = 40 and p = 0.6. Find

13 (1) Pr(X <20)
b () Pe(X 2 20)
© () Pe(X =30)
L (i) X < 29)
S (g PrX > 15)
i Note: Pr(X < 25) = Pr(X < 24), Pr(X > 15) = Pr(X > 16)
; '
1 Normal approximation to Poisson
t ¢ Suppose X ~ Poisson(\)
e When X is greater than 10, Poisson()) distribution can be approximated by N(A,X)
distribution (see Figure 10.3).
b -3 /]
; /
§ ‘. /
; /
Z
}
'.-" - E"
ol A l ‘
o 10 = M

Figure 10.3: Poisson(20) distribution (pmf is shown b

vertical lines) and th i
normal distribution N(20,20). Y ) and the approximate

67 T
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§ince the Poisson
1ty correction she
those for the Bin

n is continuous, the continy,.
d. The results are similar ¢,
A now. For examplq

distribution is discrete and the normal distributio
uld be applied when the probabilities are calculat; b
omial distribution, except the fact that p = Aand o =

P!'(X < z)Painon =~ Pl'(x s z+ U'S)N"'m‘ﬂ

z-+05—-p
= Pr(ZS—‘_'a__")'

Activity 10.4. M
Suppose X has q Poisson distribution with m = 40. Find
(1) Pr(X < 20)
(1) Pr(X > 20)
(1) Pr(X = 30)
(iv) Pr(X < 25)

(v) Pr(X > 15)

There are other symmetric probability density functions. Some of the well known symmettic
distributions are:

e Student’s t-distribution (or simply, t-distribution)
e Logistic distribution

Out of the above distributions, the Student’s t-distribution is often used for statistical calcula-
tions; especially for tests of hypotheses and confidence intervals. Therefore, we briefly describe
the Student’s t-distribution.

10.4 Student’s t Distribution

Student’s ¢ distribution is not usually used as a model for the density of natural random
variables. Therefore, calculation of probability of a t distribution does not arise often. However,
the quantiles of the ¢ distribution are often required when computing probabilities related

|
\

TR DA et ete st

-

s

aal in 45 carmismabiana

it et g

to normally distributed data based on sample information. The t distribution arises as the
distribution of T = —‘/ﬂ‘g—'ﬂ, where X and S are respectively the mean and the standard A

deviation of a random sample of n observations from a N(y,0?) distribution. For a partid
proof of this result see Theorem 15.12 and Theorem 16.5.

A continuous random variable T is said to have a Student’s ¢ distribution with v degrees of :

freedom if its density function is given by

vl

[ (&l 2y (-52)
fr(t)=“ﬁ“;—;é‘j(1+%) » —00 < t,00,v > 0.
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This is denoted as T ~ ¢,. Usually in practical applications, v is an integer.

The t, distribution is symmetric around 0, and bell shaped. It resembles the standard nor-
mal distribution. However, the tails of the ¢ distribution are longer than those of the standard
normal distribution. The t distribution converges to the the standard normal distribution as v
increases. Figure 10.4 shows the density functions. of ¢ dustnbutlons with different degrees of

._‘_...'“__.. .:._ ‘“*{"":l"ﬁ'lfn ...'_.' -.'-L-._h-"'-"“'r e ] d.i' Y 'f-(tlsa.‘-f:q-

freedoms.
2
3 21
E v o
i
3 —
Y -8 - -2 0 2 4
P Figure 10.4: The density functions of the Student’s ¢ distribution. From innermost to outermost
(at z = 0), the {, densities with v = 1,5, 10, 20, 30, 40.
.?;.*"‘.
b
i":.

10.5 Quantiles of the ¢ distribution

o

20 - Suppose T ~t,. Often we need to find the quantiles of T. In particular, the upper 1, 2.5,
;eﬁ 5, and 10 percentiles are often required for calculations. Let a be a probability. Then, ¢,
};'ff denotes the upper a x 100% percentile of the t, distribution. In other words, Pr(T > tay) = Q.
",4-‘1

. The to, values are given in Table 20.2 in Appendix. For example, tg2s10 = 2.201. This
5= means, if T ~ tyo, then Pr(X > 2.201) = 0.025. .

Summary

In this session we discussed about the empirical property of the normal distribution. Further,
we learned how to calculate the quantiles of a normal distribution and the notation z,. The
normal approximations for the Binomial and Poisson distributions are useful when we calculate
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I
Probab}lities of those distributions manually. We discussed the need t.o;[ip.l{utt}il:ncontinuity
°°1’1'0f;‘tlon when we approximate a discrete distribution by & contmut:ﬂlf" N I:d lati .
ti ‘{\e] learned that the Student’s ¢- distributions is useful mnsﬁt;tmlc?‘]-tzrv:;s&alr?; St. f o
cular Y, the qll&ntiles Qf the A . . . d for co ence m ests of
t distribution are require istributi
gypothesm:. Student's ¢ distribution approaches the standard normal :m:;b:t;c{:)n when the
egrees of freedom increases. Therefore, often tpnu are replaced by zp when ‘
Learning outcomes ;
By now, you should be able to . “
. i
* Explain the empirical rule for the normal distribution. 1
¢ Calculate quantiles of any normal distribution. t
¢ Apply normal model for suitahle sitnations and calculate probabilities !
* Calculate Binomial and Poisson probabilities using normal approximations when suitable
* Calculate ¢ quauliles !
!
{
b
i
|
|
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Session 11

POSITIVELY SKEWED
DISTRIBUTIONS

Contents
Introduction

11.1 Gamma distribution

11.2 Mean and variance of a Gamma distribution
11.3 Calculation of Gamma probabilities

11.4 Normal approximation to Gamma distribution

Summary

Learning outcomes
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Introduction

There are many practical situations in which the variable of interest has a skewed distribution.
A family of pdf’s that yield a wide variety of positively skewed distributions is the gamma
family. The Chi-square distribution and the exponential distribution are two members of this

family.

11.1 Gamma Distribution

A continuous random variable X is said to have a gamma distribution with shape parameter
a and scale parameter A if its probability density function is given by
Ae e—:)za-l
; ’A = —; > 0.
fx(:r (57 ) T (0) I

—

-t

71

-
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This is denoted as nction defined as

~ Gnmma(a,A). Here, I'() is the gamma fu
oo [
0
— — 1) In addit;j
? e property I'a + 1) = al'(a). When « is an integen r(e) = (@ ) {tion,
(1/2)= 7 isa useful fact,.

Figure 111 illustrates the pdf’s of gamma distribution .
t by ‘-haﬂging the values of o and A we can obtain & varie

s for several pairs of (&, ) Tt is clear

tha ty of skewed curves.

e g s S
ot

.
Ch
Yy e e ———
294 T Ganmx12)
Lo | T Gommx2.9) l Gamm22)
I Gamm{2,3) pi .. Canmx12)
a |1, 77 Gommx2y _l e ]
< :!
P a
L] ] ',
v 9 : -
P o
- . o
a
Y
.l. '
[
3 4 \ 5
i l. \
gdl e s o
0 2 4 ] a 0 5 10 15

Figure 11.1: Gamma density functions

-

Example 11.1.
The following figure is the histogram of the Minitab data set named ‘Tiles. MTW’. These dc'xta
are the warping in 100 floor tiles (a data set used in Process Capability ezamples in on-line
Help). Let X be the warping of a randomly selected tile. According to the histogram, the Gamma
distribution seems a possible model for the density of X.
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Figure 11.2: Histogramn of warping data

11.2 Mean and Variance of a Gamma Distribution

Theorem 11.1.
Let X ~ Gamma (a,A). Then,

E(X) = a/A
V(X) = a/\

Proofl

o0 Ant'-"\In_l
X = [
EX) =}, T

AC m e 1%z
I'(a) Jo

Notice that

a Aue-xlIa-l ;
————dzr =1
0o

I(a)
© I(a)
o c—"‘;ra"ldf = —
[ ;

Analogously,

. MNe+1
[ = T2

R 73 ---
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Hence

s [la+1) _ &
BX) = @y s

-1
w | AeeP2 4
2
E(X?) = z —f'm‘)-‘— e

o —— o 0
Ac o0 e_IAIa.'-IdI
[(c) Jo
A Dla+2)
= P(a) Aﬂ-ﬂ'a

a(a + 1)
e

Now,

v(x) = E(x?)- B
a(a+1) a_«

—
— —

="x w¥

There are several methods to find suitable values for a and A Pf at%:.l:l:;}lli ;:121(:32 H?'ne
method is called the method of moments. In this method, we use 1:hetl'dea.n'usa.n and Popula.t?:!i
and sample variance should be approximately equal to the population
variance respectively.

. Y
So, we solve the following equations to find suitable values for a and

Example 11.2. . ; dat 2
Consider Ezample 11.1. The sample mean and sample variance of the warping dala are 2.92
and 3.19 respectively. Fit a suitable gamma distribution.

a/A =~ 2.92
(;I/A2 ~ 3.19

These give

A= 092
o 2.69

A2

The fitted Gamma (2.69, 0.92) density is shown in figure 11.3. The fit does not seem to be that
good. Better estimates may be obtained using other methods like the method of maximum
likelihood. However, those methods are beyond the scope of this course.
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Figure 11.3: Histogram of warping data and the fitted Gemma distribution

~11.3 Calculating Gamma probabilities

Suppose X ~ Gamma(a, A) and we want to calculate Pr(X < z). We can calculate this by
. integrating the gamma density function from 0 to z. However, this integration is tedious to do
- manually. The following Theorem and the ‘incomplete gamma table' is useful instead.

it Theorem 11.2.

Suppose that X ~ Gamma(a,X). Then, AX ~ Gamma (o, 1).

For the proof, see Theorem 15.3 and Activity 15.2.

Standard gamma distribution and Incomplete gamma function

A Gamma (@, 1) distribution is called a standard gamma distribution with shape parameter a.
Suppose W ~ Gamma(a, 1). Then, the function + defined as

w, a-1 e~V

y(w;a) = Pr(W < w) = /o yF(a) dy

is called the incomplete gamma function. The values of y(w, a) have been tabulated for
different values of w and . Tables 20.3 and 204 in Appendix provide those values. The
following example shows how to use Theorem 11.2 and the incomplete gamma table to calculate

gamma probabilities.

Example 11.3.
Suppose that X ~ Gamma(2,4). Calculate Pr(X >0.5).

e L) =
" < - N e W

[
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Pr(X >0.5) = 1-Pr(X £05)
- 1-Pr(4X £2)

Since W = 4X ~ Gamma(2,1), from Table 203, Pr(W < 2) = 0.59399. Hence,

I Pr(X >05) = 1-0.59399 = 0.40601

Activity 11.1.

aim emounts (in Rs. 1000 s) of a cerain ins

What i urance plan are modeled by Gamma(5,1/2).
a8 % the p robability that o randomly selected claim is more t

han Rs. 100007 ”

-

11.4  Normal approximation to Gamma distribution

t'I_'he Gamma(a, A) distribution converges to the N(a/\, a/)?) as e increases. This approxima-
lon can be used when a > 10. Figure 11.4 illustrates this phenomenon.

&
o
—  Gamma(3,1)
— Gamma(6,1)
o = Gamma(10,1)
g- ——  Gamma(15,1)

0.15
)

fx)

0.10

00

Figure 11.4: Convergence of gamma distribution to normal distribution as a increases.
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Summary

In this session, we discussed abon, a very usefu) positively shewed didaitanion calied e gpams
distribution We discussed how o use the tables of incomplete guentma Sunesion v, calosizis
gamma probabilities manually, We als) learned that the gatmma distriution vusmayss Vs %
normal distribution as the value of the shape parameter increats,

Learning Outcomes . “
By now, you should be able 1)

o Identify situations for which the Gamma model is mitable
o Caleulate Gannna prolabilitics wing U talles of iucanplels gannia fuidivi

, . S " bl
o Calculate Gamma probabilities using the normal approzimation when suitzble,

[y
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Session 19

POSITIVELY SKEWED o
DISTRIBUTIONS CONTINUE

Contents

Introduction

12.1 §? distiibution

12.2 Mean ang variance of ¥? distribution
12.3 Quantiles of x? distribution

12.4 Exponentia Distribution

12.5 Mean and variance of exponential distribution
126 F distribution

12.7 Quantiles of F distribution

Summary

Learning outcomes

_h___-,___—______—_.t,"_
-——-—...—.-.___—..-—.—.—-..——__..———.—._ = -
—-___——.___..____..._____..___._--._———--—-——--—h e e E = =

Introduction

In this session, we discuss about two particular members of the @
chi-square distribution and the exponential distribution. In additio
useful distribution called the F distribution.
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(- 12.1 y? Distribution
{‘u - -
A = 1/2 is called 2 1Chi-square’ distribution (x?

A gamma distribution with a = v/2 and
'distribution) with v ‘degree of freedom’.
If random variable X has a x? distribution with v degree

s of freedom, it is denoted by

>

—

X~ xs-

\

'12.2 Mean and Variance of x* Distribution

" Theorem 12.1.
 Suppose X ~ x2. Then,

.
i

i E(X) = v
V(X) = 2v

R e e
‘ &.‘-"""'f ‘T"'_’”v LR & 7T ST LIRP A
- ; Lig i 1! B P W e

¥ |, b d -

o Activity 12.1.

CoitS .

: Prove Theorem 12.1 using Theorem ii.1.

E. x? distribution arises often in theoretical statistical calculations. The following are such
2. ' situations:

!._ ' " - . -
4°. 70 e If % is the sample variance of n random observations from a normal distribution with
£ oo variance o, the distribution of (n — 1)§%/0? ~ XA-1-

i AR

S el Z~N(01), then 7% ~ X2,

"E ' Suppose n is an integer. If X ~ Gamma(n, A), then 2AX ~ Xin.

i .+ 12.3 Quantiles of ¥? Distribution

3’, Ly e

7775 The quantiles of the x? distribution are required often for various statistical calculations. Let a
be a probability. Then xg',, denotes the upper a(100)% quantile of a x? distribution. In other
3‘-' 5. words, if X ~ x2, then Pr(X > xg,,,) — o Table 20.5 in the Appendix gives the x? quantiles.

124 Exponential Distribution
2. The family of exponential distributions provides probability models that are very widely used in
This distribution is often used to model lifetimes of various

engineering and science disciplines. )
time interval has a Poisson distribution, the length of

items. When the number of events in a
time: interval between successive events can be modelled by an exponential distribution.

Random variable X is said to have an exponential distribution with rate parameter A(>0)

if its probability density function is given by
fx(z) =A™ 2> 0.

s * 79 g

a1

T T >
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stribution 18 & special case of 4y,

This is denoted by x . exp(A). Note that exponential 953 onary 3)
Sam?m distribution, It is casy to see that X ~ exp | values of A
Figure 12,1 shows exponential density functions for severd

b —

wd B0

~d BP0

-d Ex(1
Exp(05)

o4
T T T Ll
0 : 2 3 *

Figure 12.1: Exponential density functions

\
!
Exam_ple 12.1. Consider Ezample 2.2. %
The histogram has the shape of an ezponential distribution. !
i
{

125 Mean and variance of Exponential distribution :

Theorem 12.1. |

Let X ~ exp (A). Then, i
E(X) = 1/) |
V(X) = 1/)?

A rough check to see whether an exponential distribution is suitable for a random variable
is to check whether the sample mean and the sample standard deviations are roughly the same
(population mean and population standard deviation should be exactly the same). For the
accident data (Example 2.2), the sample mean and the sample standard deviations are 40.7
and 43.9 respectively. This is a good indication that an exponential model may be suitable.

]
!
{
1
q
i
'
]

: 80
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tions. These approximations are based on the assum
sample standard deviation are close to the population mean

respectively.

L neen? .
» &
:."_.33:'&-,-:;.,; i e

e e

". Example 12.2.

- calculate the probability that the time between two acciden

R LI TR

g g
R e S

R

SRV e
HEc

Al

i ing two approxima-
find a suitable value for A, one may use one of the following
e ' ptions that the sample mean and the

and population standard deviation

I N
~for— =S
A

> | =

Consider Ezample2.2. Fit a suitable ezponential distribution. Using the fitted distribution,
ts is more than 60 days.

For the accident data, the above approximations give
1 1
— = 40. — ~43.9.
Y 40.7 or X

These give A = 0.025 or A= 0.023. We decided to take A = 0.24 (the middle value of the two).
Figure 12.2 shows the ftted density function. It seems a Very good fit.

8
!

= %- ‘ |
Al >
L e ——

Figure 12.2: Fitted density function for the accident data

Then, the density function of X is

fx(z) = 0.24e70%% 2> 0.
Hence,

(= o]
Pr(X >60) = ] 0.24¢-0%7 dz
[

0
0.24

2

B L Sl .
" - e L T e L e
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Activity 12.2.

A company that produces a certain pain killer cIaif_ns .
ta.kxng a tablet of their pain killer is apanentia“y distrt

¢ to relieve headache after

that the bim _ 0.1 minutes.

puted with A

1. What B . dache?
at 1s the median time for relief from hea he will get relief withiy

. th headac
2. What is the probability that a randomly selected patient wit
10 minutes ofter taking a tablet?

3. If 5 patients with headache are given a tablet each, what 5
Patients will get relief within 10 minutes?

the probability that at leqsy ;

. istributions:
The following are few other commonly used positively skewed distr

* Log-normal distribution

I ——

* Pareto distribution
* Weibull distribution
e F distribution

The first three distributions above are commonly used to model distributions W_lth.h"g “EI}t
tails. For example, they are often used to model the insurance claims. The F d1stnbu'tlon, is
not often used as a model for the distribution of a natural variable. I-_Iow‘ever‘, its quantiles are
used often for Statistical tests. Therefore, we briefly describe the F distribution below.

12.6  F Distribution

F distribution arises from the ratio of two independent x? distributions, each divided by the
corresponding degrees of freedom. Suppose that Uy ~ xf,, and Uy ~ xf,, are two independent
random variables. Then, the distribution of W = g—;% is called the F distribution with
vy numerator degree of freedom and v, denominator degree of freedom. It is denoted by
W ~ F, .

12.7 Quantiles of F distribution

Fq 4 1» Notation

Let o be a probability. Suppose W ~ F,, ,,. Then, the upper @(100)% percentile of F,, ., i
denoted by Fj u, in-

Pr(W > Fopn) = .

Tables 20.6-20.13 in the Appendix provide Fy,, ., values. Unlike z, t and x? tables, there is 2
separate F table for each o value, of a set of selected « values. .
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Example 13.1.

—.'r:,’

- ,‘;'?T.'Solution 13.1

iy Exampjé’ 13.2.

o

[0 PR b

"j-_," " Pind the cdf of W.

Consider pmf given below.

Px(z) =

s Find the cdf of X. Draw the cdf of X.

[ |
e L I

0.2 if
0.3 if.
0.4 if
0.1 if

H R BR

if <2

02 if 2<z<4
Fx(z)={ 05 if 4<z<5
0.9 if 5<z<T

if 227

H e
—_—
-
-
-
-
I —
-
-
-4 _
-
24 4=
1 L L) Al . L
. .

1 The cdf of ‘a discrete random variable is a non decreasing step function.

1
25 W 0<w<b

fw(w) =14 2

o

—xw 5Zw<l0

otherwise

W e e T
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Solution 13.2

fwsl T
(0
if 0<w$5
Fw(0)+Jo 2 i <10
Fy(w) = 1. Lo)dz if 5<¥=
| Ao+ G- |
| Fw(10)

inl in a coin o
Y target and @ shot aimed ot the P Peratyy
Let X be the distance between a point 1079 :
target game. X has the following density function:

V4

<1 | F

fx(z)= "(1 ), ) odf.
s < 0.7) using the
Find the cdf of X and draw 1t. Compute Pr(-05<A = ) + et

" (25)-
Activity 13.2. Suppose that X ~ N(20,16). Find Fx(18) an

.~ coptinuous function.
The cdf of a continuous random variable is & 1OT decreasing © e

following Figure shows the cdf of the N(20,16) distribution.

COF cf N{20.16) distribution

el

(1]
N

Fls)
-1}
i

a2

ikt s

Activity 13.3. A random variable X has the following pdf. .

(
fx(z) = 015e 0803 £>05

Find the cdf of X.

86 i

e mm -
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For example, from Table 20.8, Fo o556 = 4.387.
" The following is an important formula when calculating the quantiles using F tables:
¢ E Fl—, . = —
. a,u 2 Fa,u;,y,
For example, DA
Fogsss = B L 02279
2, voses = Fiooses = - m = g7 T
+ Summary
In this session we discussed about the Chi-square distribution and the Exponex.ltia} distri_butiou.
" Both are particular cases of the Gamma distribution. The Chi-square distribution is particularly

~  useful in statistical calculations like confidence intervals and test of h)lfpothesgsA We discys.sed
how to calculate the quantiles of the Chi-square distribution and their notation. In addition,
we discussed how to find the quantiles of the F distribution.

Learning Outcomes

o g B E e AN AR R R SR .~=;.uy,-¢;"1 perare
J -

L ew R R T I

By now, you should be able to
5o « Find chi-square quantiles and explain the notation x3 -
e Apply exponential distribution to suitable situations and calculate probabilities

« Find F quantiles and explain the notation F v, 4n-

a Y
«

Al

R Y- >
e o

e

nj_«..;}gf

- D, Sl - T
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Session 13

CUMULATIVE DISTRIBUTION ;
FUNCTION .

Contents

Introduction

13.1 Definition

13.2 Relationship between cdf and pdf
13.3 CDF technique to derive distributions

Summary

Learning outcomes

It S ]

Introduction

In this session, we discuss another very useful function that describes the distribution of probe-
bilities of a random variable. It is called the cumulative distribution function (cdf). In addition
to its use in calculation of probability, it is useful for determining the distribution of functions
of random variables as well.

13.1 Definition

The cumulative distribution function (c.d.f) of a random variable X (regardless of discrete or
continuous) is denoted by Fy. Fy is defined as

T I o o S AT T MW T £ APV 5 e I

Wy

Fx(z)=Pr(X <z),z€R
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dF,(z)

=fx(z) °*

Fyly) = Pr(Y <y)
Pr(X* <y)
= Pr(-yy< X < \fy)

- [ ‘f_ Fx(z)dz

|
—
(=]
o
|
L
W
+
o\-
S
|H
o
1
W
&

Il
[+
f‘l
e

chl
A
-

. Nowlet z= 4% Then

/

2 v 1 dz
F, = -5z &%

v e'%"z“%

= | ——d
_ Ve—i:z—i

—dz
0 F(%)\/i
Now recall that the integrand is the gamma density with o = % and A = 1/2. This implies that
Y has a x? distribution with 1 degree of freedom. The density function of ¥ is,

fr(y) = e'_!”_y‘_%

r(3)v2
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Exampje 13.4. Let x ~ yyo, ). Find the dustribul

SOllltion 134

(y) = Pr(Y SV)
i = Pr(-InX V)
« Pr(ln X 2 -¥)
= Pr(X2¢e™")
1-Pe(X <€)

-1- [ Jx(e)dz

nl"‘f ldr
0

= l-c"

The density function of Y can be found by differentiating Fy(y) with respect to y,

d .
Irly) = d‘,”‘“”
= e 7
This is the density function of an exponential random variable with mean 1.

Example 13.5 (Inter-arrival Time Distribution for a Poisson Process). Consider the Poygn
process {N(t)} with rate A per umit time. Let

T = the time betueen two conseculive events
Find the distrbufions of T.

Solution 13.5

Let t > 0.
Frl) = 1-Pi(T > )
Pr(T>1) = Pr(the number of events within ¢ petiod of time is zero)

_ e ()

o

- g
So,

Elt) = 1-¢

--------
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: “Hence,

X ' BFT(t)

e

) = —5—

Y = e M.

o

i;{ﬁ' This implies that T has an exponential distribution with mean 1/X.

A O n Wit

$

'{. . c

Fooowummary .

; ‘I"‘- In this session we discussed about the cumulative distribution function. In a.c'ldition to i.ts use
% L for calculating probabilities, it is useful for deriving the distributions of functions of variables.
% 7

-

¥

5
n

¥ Learning Outcomes

-

-

5 By now, you should be able to

e Derive the cdf of random variables

&Nt e
Vo Y

e Derive distributions of functions of variables using cfd technique

X pedet by £L e
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Session 14

GENERATING FUNCTIONS

Contents
Introduction

141 Moment generating function

14.2 Properties of moment generating function
143 Cumnlant generating function

1.4 Probability generating function

Summary

Learning outcomes
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Introduction

So far we have considered only two descriptive measures of a random variable, namely, the mean
and the variance. The mean and the variance of a random variable contain important informa-
tion about the distribution function of that variable. However, the mean and the variance do not
contain all the information about the distribution. It is possible to give examples of different dis-
tribution functions that have the same mean and the same variance. The following are two such
distributions. (Source: www.dartmouth. edu/ ~ chance/teaching_aids /..-/Chapter10.pdf)

Suppose X and Y are random variables, with distributions

T 1] 2 3 [4]5] 6
Px(z) [0]025]05]0]0 0.25

v [ 1 J2[3]4] 5 T8
P (y) [025]0]0]05(025
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[ Itis easy t

. 2 Y 10 see that B(x) — ,
A and Py are quite diﬁ‘ere(::,) E(Y) = 7/2 ana V(X) = V(Y) = 9/4. However, the pmf’s Py
¥ Then, is ther iy
75{ - <> The answer i y:san'gh? set : that describes the distribution of a random variable completely?
PE T o e : of 'm, J he in thi i i

'; B distribution, whep, they exist, Oments’ that we describe in this session completely describes
77T variable, na::a?ozil You learn about, a functior that_generates all the moments of a random
% functions that :re elm orent generating function (megf). In addition you learn about two other
%’ . related to the mgf and are useful jn studying about distribution functions.
& 14.1  Moment Generatmg Function
" Definition 14.1.

‘-l R
L)
%
zé‘ ; * Let X be a random variable and 7, be a fired valve. Let k > 0 be an integer. Then,
4 E [(X - zo)*]
'; s called the ‘kth moment of X around To’.
?? : * In particular, the kth moment around § (central moment) s denoted by puy
e
o e = E [X*]
’ ‘Recall that the variance of random variable is defined as
i V(X)= B (X - )]
3.: + So, the variance is the second moment around the mean.
E‘* : Example 14.1.
*‘;. .. Consider the above two random variables X and Y which have equal means and equal variances.
’L. . Derive the first 3 central moments of X and Y. :

Solution 14.1
The first 3 central moments of X are,

m=E(X) = 1(0)+2(0.25) + 3(0.5) + 4(0) + 5(0) + 6(0.25) = 3.5,
p2=E(X?) = 1%(0) +2°(0.25) + 3%(0.5) + 4%(0) + 5*(0) + 62(0.25) = 14.5, and
ps = E(X?) = 13(0)+2°(0.25) + 3%(0.5) + 43(0) + 5°(0) + 6%(0.25) = 69.5

The first 3 central moments of Y are,
m = E(Y) 1(0.25) + 2(0) + 3(0) + 4(0.5) + 5(0.25) + 6(0) = 3.5,
uy = E(Y?) 1%(0.25) + 2%(0) + 3%(0) + 47(0.5) + 5%(0.25) + 62(0) = 14.5, and
ps = E(Y®) = 13(0.25) + 2°(0) + 3*(0) + 4°(0.5) + 5°(0.25) + 6°(0) = 63.5

ity g1~ ——

aa
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Note- EVcn '-hough thc two I.'Bndom vanables ha'

mo . A O
ment, the third moments are different. )

Examp]
Let Ple 14,2,

€ be a random variable with the pdf
2
fxl(z) =302"(1~ z)’

Calcu[ate the first § central moments OfX - l—_—\

Solution 14.2

1 . 2 =1/2
1 _ 0z’ (1 z)%dz
ﬂlf—*E(X):/o' zfx(I)dz“/o 302°(

1 I
1 _ 0z*(1 - z) dz = 2/7
=B = [ 2l | a0t
1 " .
o _ [ s0sf(1 ~ 2)dz =5/28
= B0C) = [ 7 (el = [

Aclivity 14.7.
Consider the pmf given below.

0.2

03
Px(z)=1 g4

0.1

H B RS
(LI (I |

ey e
~] U1 &N

Calculate py. for k =1,2,3

Activity 14.2.
Suppose X has the following density function:

Ix(z)=0e"%2>0,6 >0.
Ga[culate i faf k= 1'2,3.
Definition 14.2.

Let X be a random variable and t € R. The moment generating function (mgf) of X, denoti |:

by My, s defined as .
Mx(t) =F (Cm) ,
when it ezisis.

. . . dl
The mgf exists for most random varigbles. However there are random variables for V:;”éﬂ
the moments do not exist. Since such variables are rare in practice, we do not discuss

here.

92
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Example 14.3,
Consider the Pmf given in Activ;
Solution 14.3

t 14.1. derive the mgf.

Mx(t) = E(B‘Xt) .
= €(0.2) + %(0.3) + £™(0.4) + €™(0.1)

. . 0.2e 4 0.3¢1 4. 0.4¢% + 0.1
Example 14.4. <M rlle

Consider the the discrete random variable with pmf

4
Px(z) = Ty T 0,1,2...
Derive the mgf,

Solution 14.4

Mx(t) = E(Bx‘)

Example 14.5.
Suppose X ~/exp()«). Derive the mgf.

Solution 14.5
’ Mx(t)

!
S
%

Tt - R
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Activj
Let

ty 14.3, e
X~ Bcrnoulli(p), Show that My(t) =pe + @ moment generating fungy;
The Tables 29,14 and 20.15 in the Appendix present ¢ logg

me of the Commonly used distributions.
Activity 14 4.

nd 20.15 in the Appe,, ..
eTive the moment generating functions given in Tables 20.14 a dig

q-:-]."p'

S0

k=19
: the moments fix, 12,3,
The Moment generating function, when exists, generates 9.,

See this, note that

Mx(t) = E(eX)

t! lor expansion)
xw X% X ) (Taylo
= E(1+Xt+T+—'3—l"+ 2! + 4 .
' 4
By | B BXOE
= 1+E(X)t+—-2—-+T 4!
2 pstd pet!
= Trmt S+ B S
Now, note that
dMX(t) 2 m
dt g
d*Mx(t) - 1
dtz t=0
PM()] "
dt: =0
4
2 -

Example 14.6. . )
Consider Ezample 14.4. Using the moment generating function derive E(X ) and E(X?).

Solution 14.6

Mx(t) = E. 2 t< A

A—t'
de(t) _ A
dt —(A—1)2
de(t) _];
dt - A
1
LEX) = 3
9

-
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EMx(t) o

dt? A=ty
& Mx(t) 2
di? o Y
. 2 2 o
LEX?Y) = 3 '

Activity 14.5,

A certain ]
random variable X hqg the moment generating function

Mx(t)= —2L _

(1-108)7
Derive E(X) and E(X?),
Activity 14.6.
%’;ﬂ',m moment generating functions given in Tables 20.14 and 20.15, derive E(X) and

14.2  Properties of moment generating function

1. '.I'he m?ment. generating function of a random variable X, when exists, is unique. (There
1S & unique moment generating function for a distribution). Sometimes, this uniqueness
property can be used to identify the distribution of a function of a random variable.

‘ 2. Suppose @ and b are two constants and X is a random variable. Then,

Maxs(t) = e Mx(at)

Proof |

Mnx+b(t) = FE (e(ax+b)t)
= E (e"‘ ex(u)')
= EME (CX{M))

e’ My (at)

3. Suppose @ and b are two constants and X, and X, are independent random variables.
Then,
MaX1+bX3(t) = MXl(at)sz(bt)

e 95 o S
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Proof

Mm\'l FbX, (!‘.) = F (e(ﬂxl l-bx:)l)
= E (ex. (at) cx’ (u))
= E (ex,(ue)) E (eXa(M)) , Since Xi
= Mx,(at)Mx,(bf)

: Sugp;)(se X1, Xa,..., X, is a random sample (iid) from 2 dis
- +X2+ "+Xn- Then,

and Xz are independent
tribution with mgf M, Let

My(t) = [Mx@)]"

Activity 14.7.
Tove the last property mentioned above.

The applications of the above properties will be clear in the next session.

14.3 Cumulant generating function

Sometimes it is easy to work with the natural logarithm of the mgf espeCiﬂ_“Y et b
eXponential function.

Defintion 14.3. .
The natural logarithm of the moment generating function is calfed $gd-Simmag generating
function. It is denoted by Cx.

Cx(t)=In Myx(t)
Suppose that the Taylor series ezpansion of Cx(t) around the origin is

o0 rol”
Cx(t) = E'r—,

r=0

Then the coefficients x,, r =0,1,2, ..., are called the cumulants.

Important relationships between cumulants and moments.

Let p, and x, be the rth moment and rth cumulant (r = 0,1,2,...) of a random variable X,
respectively. Then, '

K = = E(X)
=y =V(X)

]

K2
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The cumulant 9eneratin, functipy, f
ofa

Tendom yarigpie X is

given by

CX(t) =2 ( . 1

Determine the meq ) R L 1) '
N and the ﬂananCe ofX
Solution 14.7 .
2

Cx(t) = Wt+ 22032_ +0 (ta)

E(X) = K= 20

VX) = =0

14.4 Probability 8enerating functjon
Defintion 14.4,

Suppose X is g random 1,

ariable that bt 1 . e
Pr(X=1)= Px(z). The probabilit gi‘::; t‘;"t',' non-negative integer values with probabilities

ng function is defincd as
Gx(s)= E(s*) = if

=0

Px(z) for 0<s<1. (14.1)
Note:

* If's=¢", then, Gy(e) = B((e")X) = E(eXty =

MX(t}:
o Ift= bs, then, My (lns) = p(ex ) = E((ehe)X) = p(sX) = Gx(s).
Example 14.8.

Show that t:m probability generating function for a binomial (n,p) distribution is Gx(s) =
(sp+1-p)". Deduce the moment generating function.
Solution 14.8

. GOx(s) = E(s%) :
s Zszn ;p’(l—p)""
=0
= Y "Cu(sp)*(1 - p)*-=
z=0

Using the mathematical identity (o + )" = 30_o"C.(a)*(8)"=, it is easy to see that
Gx(s) = (sp+1-p)

The moment generating function can be obtained by substituting s = €. Then,
Mx(t) = (pet+1-p)"

— 97~
14-PT2013-12-NSC-APU 2140-1419(xom)
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“Xay
Th Nple ld.9.

¢ m ing non-ne
Omeny 9enerating function of a discrete random yarable taking fative Valy,

1y *
-3~} )
Cal Mx(e) = 1 - - A
"evlate Pe(x < 1), pyix g :
Solution 14.9 ‘.
Citing et _ s ":‘
11! :<
T Myx(Ins) = Gx(s) = [1 - €1 =3 )] :
1c 3
Taylor “Xpansion of Gx(s) is given by :
; et -1 ;?,
Gx(s)= ets + -?T'Sg + .. !
Theu‘
= ".
Px(1)=Pr(X=1) = ¢ 1 :
- 3
Px(2)=Pr(X =2) = —;27 %
5
Summary

' Ip this session we discussed three generating functions, namely, the moment generating fy,
tion, the probability generating function and the cumulant generating function. The Momeny
Benerating function, when it exists, generates the central moments. In addition, it’s uniquene;s
is uscffnl in idcn{fying the distributions of functions of variables. The probability generatin,
function can be useg to generate the probabilities of discrete random variables taking intege
values. There are relationships between these generating functions. Depending on the Prob.
lem, we may work

with a convenient generating function and use the inter-relations to derive
moments or probabilities.

e op 18
s el rde i e gatet YR YL

Learning Outcomes

By now, you should be able to

o Derive the moment generating function, cumulant generating function and the probability
generating function of a random variable when the distribution function is given.

» Derive moments or probabilities using a given generating function.

98
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Session 15 -

DISTRIBUTIONS OF FUNCTIONS
OF RANDOM VARIABLES

Contents

Introduction

15.1 Distributions functions of single random variable

15.2 Distributions of linear combinations of several rando variables
15.3 Distributions of other functions of several variables

Summary

Learning outcomes

Introduction

We often need to calculate probabilities related to functions of one or more variables. A
linear-transformation of a single variable, linear combination of several variables, are two such
examples. In this section, we discuss the distributions of some imnportant functions of variables.

15.1 Distributions of Functions of Single Random Vari-
ables

Theorem 15.1 (Distribution of.a linear transformation of a normal random variable).
Suppose that X ~ N(u,0?). Leta andb be constants andY = aX +b, be a linear transformation

of X. Then,
/ Y ~ N(ap + b,a%c?).

- - S an

%
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e (S - -
shall prove this using the uniqueness of the moment generating function, whep it gy
1

My(t) = Max+s(t)
= eb‘MX(at)

S-
08 X~ Ny 02), My(t) = e+, Therefore

a 2
My(t) = € [eu(at)+§a=( ) ]

elantb)t+(aa)’e?

u:ils 15 the moment generating function of a N(ap -+ b,a’0?) distribution. Hence, by>
queness of the mgf, it implies that Y ~ N(ap + b,a’0?). ' the

Activity 15.1.

S‘HPPOSC that X ~ Ny, 0.2)_ Let Z = X_;g_ Show that Z ~ N(O, 1).
Example 15.1,

he distribution

and o] Statistics marks of a certain class ure normally distributed with

Standand dewiation 15. Those who have less than 25 marks get grade F and thos
MOTe or equal to 85 marks get A+. The lecturer thinks that the lowest 5% should
and highest 5% should get A+. The lecturer wants to linearly transform the marks
transformed marks satisfy the above condition. What should be the transformation?

™ean 5p
€ who haUE
get grade p
50 that th,

LEt_ X }'ve the current, marks. We are given that X ~ N(50,15%). Suppose that the trans.
formation is ¥ = aX + b. The lecturer wants Pr(Y < 25) = 0.05 and Pr(Y > 85) = 0.¢05.

According to Theorem 15.1, Y ~ N (50a + b, (15a)?). The first condition gives

Pr(Y <25) = 0.05

Pr (z < 25— (50a +b) = 0.05
15a

25 — (500 + b)

= —

—1.64
15a 2

Similarly, the second condition gives

Pr(Y >85) = 005

e o S i Pt S

15a
85 — (50a + b)
= —_—
15a

i

= 1.645

|
The above two equations give a = 0.8225,and b = 13.875. Hence, the transformation
Y = 0.8225X + 13.875.

100
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Theorem 15.2 (Distributjon of t
Suppose that Z ~ N(0,1). L iy __ljezszc%ufr:::ezf " Mandacd peemal rendoes veiabie)

Un~axi
proof
My(t) = E(eV
= E(ezz‘)
_ oo 22 1 1;
= e -
- Vor %
1 o (1-1)
= —_ —22(1
Von _mf-’ dz
1
= 2— —z7(3~t
m s [ ( )dz

= 2———-] ""(‘l—!) 1 2
e 2 —— 1 p—
/om 2\/_du (letting u = 2%)

l 00
= ___/ e-u(lz—t) _.l!
1/2

: 1,
tice that G0~ ~u(1-e) _y . ,
g:elce al “Tjae ( )u 1is the density of a Gamma(1/2, (1/2-t)) distribution. There-

1 I(1/2)

Mu(‘) - ﬁE(T_t)_l/z

As mentioned in section 11.1, ['(1/2) = /. Then,
2 1 1/2
t) = ([——

This is the m t i i ? distributi i

mgf,_'U’ el oment generating function of a x? distribution. Hence, by the uniqueness of the
Theorem 15.3 (Distribution of a multiple of a gamma random variable).

Suppose that X ~ gamma(a, A). Let Y = aX, where a is a constant. Then

Y ~ Gamma(a, %).

Proof

My(t) = Max(t)
= Mx(at)

R e
-,
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Since x .,
Gﬂmmn(u,,\)‘ Mx(t) = ()" Therefore,

My(t) = (,\—_i;z)
(53

This
15 1s the mgf of o Gamma (a, A/a) distribution. It implies that ¥ ~ Gamma(q, X /a)

Activity 155,
Suppose thay

3 X ~ Gemma(a, )). Using Theorem 15.3, deduce that AX ~ Gammq, 1)
20 ' g

15.2 Distributions of Linear Combinations of Sev'el‘al R&n
dom Variables "

Let
A_zx}i-xz. " +-Xn be random variables and ko, ki, .-,k be constants. Then, k, 4 kX

2t X, i inati X1, X2,y An. In this secti W
the disgrt X is called a linear combination of X, Xz, . -, Xn. In tlis section, we CORside

utions of some important linear combinations of several random variables.

Theore S e .
corem 15.4 (Distribution of a lincar combination of independent normal random Variableg

).

S - :
UPpose that X\ ~ N(uy,02), Xy ~ N(uz,03) are two independent random variables, e ab

and ¢ be constants endY = aX, +bX;+c. Then,

Y ~ N(apy + bus + ¢, a’af + b“o%).
Proof

My(t) = Max,+bxq4<(t)
= € [Max, 102, (t)]
= € [Mux, (t)Myx, (1))
= " [Mx, (at)Mx,(bt))
= ¢t [ep,(nt)+%nf(at)leg,(bt)+§o§(bt)2]

- e(c;.u +bu:+c)t+%(a’a%+ba§)t7

This is the moment generating function of a N(ag, +by, = c,a?0? + b202) distribution. Hence,

by the uniqueness of the mg, it implies that ¥ ~ N(ay; + by, + ¢, a2o? + bo?).

Example 15.2.
The time it takes for me to reach the university from my home has a normal distribution wih
mean 45 minutes and standard deviation 15 minutes.

102
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I have a lecture startin
o gat 9,00
M.mm The time i fakes 1o Pr‘epam. A; NI have to get some handouts prepared before the
s e e deviation min < handougs 45 @ normal distribution with mean 90
the lecture wnth the handom_s, Withoyt :@S. ; want to be 99%, sure that I will be able to go to
“ing late, what is the latest time that I can leave home?

NS IR IR

Solution 15.2

Let X, (in mjnutes) be . -
the ¢ e )
prepare handouts, and Y — Xllme to rezch thg u;:iversit.y, X3 (in minutes) be the time to
€asonable ¢, . ccording to given information, X, ~ N(45,15%),

Xa~ N(30,5%). 1t js .
to leave home k minyeq before 9.00?umes;]:131;:( 121' ?;d X;:) are independent. Suppose I have
o Y <k)=0.99.

di
According Theorem 5., YN (75, 250). We neeq k such that

PrY <k) = g9
Pr (Z < E:_Z_S_)

vasp) = 099
Vs T~
k 2.33v250 + 75

~
~

112 minutes
Hence the latest time I can leave home is 7.08 AM.

Theorem 15.5 (Distriby
random variables).

Stfppose that X 1, Xo,. -, Xn are independent, tdenticatly distribut
with Bernoulli (9) distribution. Let Y — Xi+Xo+.. .+ X,. Th

tion of the sum of independent, identically distributed (i.i.d) Bernoulli

ed (2.1.d.) random variables
en

Y ~ Bin(n,6).
Proof
This can be shown through the mgf. Proof is left for the reader as an activity.

Theorem 15.6 (Distribution of the sum of independent, Binorni
Suppose that X1,Xa,..., Xy are independent, random variable
L2, in. LetY =X, + X, +... + Xn. Then

al random variables).
s with X; ~ Bin(m,,0),i =

Y~Bz’n(m1+mz+...+mn.9)-

Proof

This can be shown through the mgf. Proof is left for the reader as an activity.
Note: X; can be considered as a sum of m; i.i.d Bernoulli (6) random variables, (i = 1,2,.. ., n).
Hence, the above Y can be considered as a sum of my+my + ... + m, i.id Bernoullj (6)

random variables. So, according to Theorem 15.5, ¥ should have a Bin(my +mz + ...+ m,, )
distribution.

o e
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Potsson random variables),

Theor N
oM 18.7 (Distribution of a sum of independent bles with Xi ~ Poisson (), ) Les

Su , ;
Prose that X1, Xa,. v Xy are independent, random varia

=Xi Ny + Xn. Then

Proof o
This can be shown through the mgf. Proof is left for the reader as an activity.

Theorem 15.8 (Djsty; o . random variables).
-8 (Distributj fiid. Geometric ranc 1a .
Suppose that X, X,,... Xo o ndependen, identicaly dstivuted (i) 7andom iy

with Gy(8) distribution. Let Y=X,+X2+... + Xn. Then

T T TN S AR XY _sahibutiany Wy T

Y ~ NBy(n,0).

Proof

This can be shown through the mgf. Proof is left for the reader as an activity.
Theorem 15.9 (Distribution of a sum of independent normal {andom Vﬂl‘iﬂbl&i). '

n?uppt-Jse tfz-at X1, Xy, ..., X, are independent random variables with Xi ~ N(mi, 07),i=1,2,. W,
LetY =Xy + Xy +...+ X,. Then

Y~ N(Zn: 1, Z 012)
i=1

i=1

Proof
This can be shown through the mgf. Proof is left for the reader as an activity.

Theorem 15.10 (Distribution of a sum of i.i.d. exponential random va.riables).
Suppose that X, X,,..., X, are independent identically distributed random variables with X, ~
ezp(A),2=1,2,...,n. LetY = X, + Xa+...+ Xn. Then

Y ~ Gamma(n, \).

Proof
This can be shown through the mgf. Proof is left for the reader as an activity.

Theorem 15.11 (Distribution of a sum of independent gamma random variables).
Suppose that Xy, X,,...,Xn are independent random variables with X, ~ Gemma(a;, A),1 =
1,2,...,n. LetY =X, +Xo+ ...+ Xy Then

n
Y~ Gamma(z o, A).

i=1

A AT T G L it Nl s e i < il st B B o W e g 4 N g [ S ] 0 B A il S e, N o

Proof
This can be shown through the mgf. Proof is left for the reader as an activity.

e e e bl O
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Example 15-3.
The lifetime of a certain type of bulp ;
ation 200 p, s knoun 1o have ¢ Gamma distribution with mean 1000

Solution 15.3
Let X and X5 be the lifet; o —
Accordiné to the2given1§nlt{£i:;?:?0zf tg-? ;‘30 bull(l))& It is given that X; ~ Gamma(a, A), 2 = 1,2.
» #\44) = 1000 and SD(X;) = 200, = 1,2. Therefore,
a/A = 1000
a/3? = 200

These two equat'ions imply that A = 0.025 and a = 25

?‘iff(r;}mf ;go'gheorem IIL Y = X) + X, ~ Gamma(2a, \) = Gamma(50,0.025). We
nee x : ) We leave it for the reader to complete the calculation. (Help: use the
normal approximation to Gamma distribution, introduced in section 11.4.)

15.3 Distributions of Other Functions of Several Ran-
dom Variables

The following are two important theorems worth knowing. We omit the proofs since they are
beyond the scope of this course.

Theorem 15.12 (t distribution).
Suppose that Z ~ N(0,1) and U ~ x2. Also suppose that Z and U are indcpendent. Let

=—2_ Th ~1,.
T Jon Then T ~ t

Theorem 15.13 (F distribution).
Suppose that U ~ Xf», andV ~ xf,z. Also suppose that U andX-are independent. Let W =

U/
Vi"

Then, e
. ' W~ Foan-

Summary
In this session we discussed several important theorems regarding functions of random variables.
Most of those theorems can be easily proved using the uniqueness of the mgf. This shows the

usefulness of the mgf.

Learning outcomes

By now, you should be able to
105.... . |
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on of a normal random variable

- . i
* Derive the distribution of a linear transformat al random variabl
ormal random e
* Derive the distribution of a squarefOf a standard 1

. istribution
* Derive the distribution of a multiple of & gamme d

. independent nor
* Derive the distribution of a linear combination of several indep mal Tandgy,

variables

' variables .
* Derive the distribution of the sum of iid Bernoulli random - !

: ; dom vari : ..
* Derive the distribution of the sum of independent Binomial ran ariables With the
same probability of success. |

* Derive the distribution of the sum of independent Poisson random variables.

* Derive the distribution of the sum of independent normal random variables

* Derive the distribution of the sum of iid exponential random variables

* Derive the distribution of the sum of independent Gamma random variables wit, the
Same rate parameter

* State how the # distribution and / distribution arise.

* Use the theorems discussed in this session to solve problems
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SAMPLING DISTRIBUTIONS

Contents
Introduction

16.1 Distribution of sample mean

16.2 Distribution of sample variance of normal data

16.3 Distributions of twe important pivoal quantities,
Summary

Learning outcomes

s, e E e ——

Introduction

In this session, we discuss about the distributions of some wi

on random'samples. There are called samplin
inference.

dely used functions of data collected
g distributions. These are very useful in Statistical

lé.l Distribution of the sample mean

Theorem 16.1 (Distribution of the sample mean of normal data.).. :
Suppose that Xy, X, ..., Xn 15 a random sample from a normal distribution w

ith mean u end
- 4+ Xz X, n. Then,
varience 9.2. Let X = X1+ X 3 be the sample mea The

B o’
X e N(p'l ';)

=g
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Proof

. der as an activity.
This can be shown through the mgf. Proof s left fo.r :}::es ri‘:is often used for making inge,
The following is  very important theorem inStHS T2 o fevond the scope of thig c:ntﬂs
T

. ince it i
l:g_i.:dmg the population mean. We omit the proof sinc Se
nit.

imit Th
Theorem 16.2 (Large sample distribution of sample mc?_l ;,-,Cb::;:li:h me anfzﬁ);, _
Si;ppos?_ that Xy, X, ..., X, 1s o random sample from a"y_wﬂ =#t. Then, the distributio L e
o°. Let Xn = X1+ X3+ +Xn be the sdmp[e mean, and Zn = ?,"71%' N of Zrl
approaches the stam'ilard normal distribution as ﬂI’P""“C}m‘s 0o

A

‘,.‘.1_, et MR TR T Tt

The central limit, theorem implies that the distribution of fﬁ;sapﬁiiﬁiiﬁf : 1{"\;(“'02/ n)
distribution as n is increased. The following figures illustrate P [;sson distrib:ati s 1'6'
shows the central limit behavior of X, when the data are from acdo However, the d('m' _NOtice
that the parent distribution (distribution of X)is somewhat S_RG":' . 2sed t; 30 F‘ft'“b“tion
of X has approached the normal distribution as the sample size 1s 1ncre i .d' igure 16 5
shows the central limit. hehavior of X, when the data are .from an expon(ln 121 distributiop,
Here, the parent distribution is very skewed. The_distrib‘utlon of Xl'( seems 3 COnv}tlzrge to the
normal distribution. However, the distribution of X contains some § ewnes:] even when n = 3,
A larger sample size is required for the distribution of X to become normal.

vy ..t‘_‘,_.‘__;;\

i { ar (7
Parent distribution=Poisson Distribution of xb
: g '
Tel : i
? : \ g - :
L= w .!-
g J ‘ \ \ I I 2 f—
l'l 1 4 ] L] 10 12 .“i
Distribution of xbar \
1 . o]
fs 8 53 2
: = o £ 4
3 - n=15 [gﬁ iz :
S gt | - ; ] %
L EA“E\ 53
° FM 1L o
o | ..I' hﬁ:iﬁl._ -2
e ——
1 4 [ ]
A ahar

Figure 16.1: Central limit behavior of X when data are from a Poisson distribution
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Parent distributine

e ~SXPonentjq ,
g \ Distribution of xbar
Al
N 3 S |ng ;;lll
8 - é-—... | ”t i !,||"l n=5
e Y8 | "I ! i!'
£ _ld; i' “H'LLI']HHM..__--- == -
0 10 20 30 40
war
] Distribution of xbar
g . o
] i:
£ e
o = n= 30
0 10 z‘o £0] —"ﬂ

Example 16.1.

The movement of a stock price ts modeled as follows. In each
up by 1 with probability 0.35, stays the same with probabilit
", probability 0.25. Calculate the approzimate probability that

will be up by more than 70 from where it started.

ttme period, the stock either goes
Y 0.40 and goes down by 1 with
after 500 time periods, the stock

Solution 16.1 . ‘
Let X; be the movement on the ith time period. According to the given information, for all 4,

E(X;) = 1(0.35)+ 0(0.4) — 1(0.25) = 0.1
E(X?) = 1%(0.35)+ 0%(0.4) + 1%(0.25) = 0.6
V(X)) = E(X?)-|E(X:)]=06-012=059

Let Y = X, + Xo +... + Xsoo. It is required to find Pr(¥ > 70).

T 1097 e

————
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B,

£ ~ N(0.1,0.6/500). Vi

: i 1 . '
/500. Accordiug to the contral limit NI oo gistribution of ¥ noet"lw

- ’ -if‘.nlculminn for the reader to complete. (Help: Fine

Example 16.2, Al ;

uch?se that a fraction 0 of products fTOm a pmduCﬁOTl line s dEﬁ‘JCitPe- of ;ej_(-]::;c;rez om sa”lple

th ™ tems ts taken from this batch of products. Let P be the proportion Prodycyg in
€.sample. Derive the distribution of P.

Solution 16.2
Let

o

X, = 1 if the ith item in the sample is defective i=1,2...,7
0 otherwise

and X = 1S ¥ Then it is clear that P = X. Therefore, the distribution of P js 4y,
same as that of X. The approximate distribution of X is given by the central limit theorep

Note that X; ~ Bernoulli(0),i = 1,2,...,n. Hence E(X;)=fand V(X:) = 6(1-6). Henee
by the central limit theorem, X ~ N(6,6(1 — 8)/n). It implies that P ~ N(8,6(1 - 8)/n).

Activity 16.1.

An airline checks baggage without weighing each bag. However, the total w.eighi of baggage
15 important in determining the fuel consumption and therefore has to be estimated. For this
purpose, the arrline has made a study of weight X (in pounds) of such bags and has found that
for a randomly chosen bag, X is a random veriable with mean 35 and variance 300. The cargo
arca has capacity for 100 pieces of baggege. If the cargo area of e plane is completely filled,
what is the probability that the total weight of the bags is no more than 4000 pounds?

Activity 16.2.
Independent measurements Xy, Xa,. .., Xn are taken of the true distance d in light-years be-
tween an observatory and e distant star. These measurements are known to have a common
distribution with mean 6 and standard deviation 2. An astronomer decides to use the sample
mean of measurements as an estimate for §.

If he uses 100 measurements, what is the probability that the estimate will be within 0.25
light-years of the actual distance §7

16.2 Distribution of sample variance of normal data

Theorem 16.3. '
Suppose that Xy, Xa,. .-, Xn 15 a random sample from a normal distribution with mean p and

variance o2, Let X = XutXattXa be the sample mean, and 5 = LS (X — X)? be the
sample variance. Then,
7 (n—1)8?

2
g2 ~ Xn-1-

Proof
The proof is omitted because it is beyond the scope of this course.
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SLoE et TR by K3 e T RS S
— 'b\

e
Sppose BN X, X o .
wriance 0%, Let X = X3¢, .

es ™ @ normal gy
and S grp - mpl

tribution with mean u and
Ple meqn,
re mdependcm_ and 2

= ;-}_;2?,,(,\'. - X)? be the

Let J\-I:Xm'-"lxn be
;(‘\'1,1\'21-" ,Xn,e) be

a funcy; ple fr
Unctig
zot contain 8. Such n of th

om a distributiop, With parameter 6. Let Q =
- X ¢ data apg
a quantxt.y Qis

N 8 such that the distribution of Q does
C0Ce intervy)g H " Pivota] Quantity. Pivota) qQuantities are very useful
arise from normal dat,. T We ey, o Importang pivotal quantities that
Theorem 16.5,

53;:0cse t:.zat if;t, ;{fz,. o xntis*c;xr random Semple from o en with mean p and

rariance o2. ;“gﬁ — the sample Mean, = _l—f :‘ I(X‘_):’)'* be the sample
. = VR(X-p . = =

wriance, ond Q = YEZ) o, %, Q s a piyote) quantity wit

normel distributs

Q s tn-[.
Proof
From Theorem 16.1,

From Theorem 16.3,

n—1)52
' ( o2 ) e X:—l
From Tneo'rem 16.4, X and § are independent. These resylts together with Theorem 15.12
mmply that
X-u
VA ~ th
3%/ -1)
\/H(Jg — 1) t

Ppare o, I normal distribution with mean T
3 sample from a h
Suppose that Xl,X;,....Xm is a random

o 111'"”
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15 another random sample from ,

and y - a2 o i /oy Ya _¥)2 62 1 o
anance 0. Also suppose that Yi,Yar- :’_‘1:12;:1(}(‘ X)) S, ;.__1.2:;1(7;:1;3\;

. : =

distribution with mean i, and variance a2, Let S:

?)2 . S;“n’ . ¥ nhtu wlth
and Q = sicf- Then, Qisa pivotal quantit:

Q ~ Fm-—l,ﬂ"l'

Activity 16.3 Th 16.6
3. eorem 16.6.
Using Theorem 15.18 and other necessary theorems, Prove

Summary
ortant sampling distributions. One of the o

imit theorem. This ca
important sampling distribution is given by |.,]1e the centi;[a(l)slm; the theorems discixr;s]::l ‘llnse
in making inferences concerning the population e TN L T ot you will learn gy
are useful in deriving confidence intervals and testing hyP Unde,

Statistical Inference. i

In this session, we discussed about some imp

Learning Outcomces

By now you should be able to

» Write down the distribution of the sample mean
e Use the distribution of the sample mean to find probabilities related to sample mean
« Write down the distribution of the sample variance of data that are normally distributed

e Write down the pivotal quantities and their distributions mentioned in section 16.3.

At il i i By, e b R

gt s,
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Session 17
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JOINT PROBABILITY
DISTRIBUTIONS

Contents
Introduction

17.1 Joint Probability Mass function
17.2 Joint Probability Density function

Summary
Lé.a.rning outcomes

e B B —

Introduction

In the previous sessions we studied distributions for a single random variable. Many problems
involve seyeral random variables simultaneously and often they are correlated. Therefore, we
need to téke into account the joint behaviour of the variables. In this session we discuss
probability distributions that take this fact into account.

17.1  Joint probability mass function

Lec:l.i;{“z:?;] ]}thwo discrete random variables. The joint probability mass function Pxy of X

endY is defined as
Pxy(z.y)=Pr(X =1,V =y)

113...
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Exalnple 1 7.1 .

Certain $
of brang /;h‘?/p sells two brands of VCR (say, brand A and brand B)

T "uowing table ﬁsold per day, and Y denote the number of brand

Y
Z,Y = y) we mean the interscction of the tWo events (X = Zyand (y _

v),

. Let X deno,{e th
B VCR sold per sagum;e,

ows the joint probabilities, according to the past data. e
. =
PX.Y(II y) 0 . 2

gl010 0.04 002
z 1]030 014 0.06
2008 0.20 006 :

Table 17.1:
L
et A be any set consisting of pairs of values (z,y). Then

Pr((X,Y)eAl= Y Pxy(z:v)
(z,y)EA
Example 17.1,
fon.j;der I_:‘:mmple 17.1. What is the probability that on a randomly selected day the numpe,. of
mnd A VCRs sold is more than that of brand B??

Solution 17.1

Pr(X > Y) = Px‘y(I,O) + Px.y(z, 0)+ Px.y(?, 1)
= 0.30+0.08+0.20 = 0.58

Example 17.2 (Multinomial Distribution).

Surpose that there are k distinct possible outcornes of a trial (This is an extension of a Bernoyl);
tr:~!). Denote these outcomes by 51,52,53,...,8 Let p; = Pr(sy),i = 1,...k such that P+
P24 ...+ pi = 1. Suppose that we repeat the trial n times. Let X; denote the number of times
onirome s; occurs inn trials, i = 1,2,...,k. If the trials are indeprndent, then, the joint pmf
of the random variables Xy, Xa,... X is

n!
2 k
Px, xa, .X&(IhIZs--wIk) = Ikl)pf‘pi R

(zy'z,! . ..

where z; = 0,1,...,n (i=1,2,...,k) such that z; + T, +... +zx =n aend py +p2 + ... +p. = 1.

Example 17.3 (Binomial Distribution). Binomial distribution is a special case of the multino-
mzal distribution. It arises when k = 2. The Binomial distribution can be written as
nl

Ponlnm) = G

114
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pore 31 =00 0 3y 4,

J . NPy 4p, —
The following table shows the jo P2=1,

nt pmf when n = 3 end p; = 0.4.

270 | To=1 | 2,=2 | z,=3
1 Z=01 0 700 Tozi6
Ky

|
= —| 0 [0z o
| —1=<1 0 10288 o 0

xample 17.4.

fuenty five ;yll;r;dzlcaz ,:;:flﬂs are selected from o shipment. It is found that 19 shafts have both
siameter a.'r; huvegsath in the ‘tolemnce limits, 3 have satisfactory lengths but unsatisfactory
dwmr;t:rs,bnth mmqurz:)r:cu;ry ";‘I: meters but unsatisfactory lengths, and 1 is unsatisfactory with
pegaril 10 BOTEARECSETEMENLS. The manufacturer claim: ' jons in cach
Y he above categories are 0,9, o | latms that the population proporti

0.04, and 0.02 respectuwcly. What is the probability of
: . _ ) : Y. hat 15 the pro
sccurring an event like above if the menufacturer’s claim is corect?

golution 17.4

25! .
m(0.9)“’(0.04)‘(0.-04)‘(0.02)1 = 0.003

PI(Xl = 19| X'2 = 3)X3 = 2,X4 = 1)

Activity 17.1.
Consider Ezample 17.1. According

to past data, sizty percent of all customers who purchase
2

trand B VCR’s also buy an eztended warranty. Let N denote the number of customers who
buy an extended warranty on a given day.

(1) Determine the joint pmf of Y and N.
(1) What is Pr(Y =3,N =1)?
(i) Calculate Pr(Y = N)

17.2 Joint probability density function
Definition 17.2.

Let X andY be two continuous random variables. Then f : :
_ _ . » x v (z,9) is called the joint 10
density function of X and Y if for any two-dimensional set A, Jomnt probability

Pel(X,Y) € 4] = [ Fxr (s, y)dzdy

TEA JYEA

l;.’““"'lple 17.5 (Bivariate normal distribution).
wo randomn variables X, and X, are said to have a bivariate normal distribution if the joint
e join
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probability density function 1s gien by

{
2 z1 = M (’3'P3)+(3‘2—u; ) 3
- 1 1 n-H —ﬂﬁ("", ) 7} _-;;'" 3
."Cl.x:(-‘n.'r;) =3 —_— _exp R —— P 1 i
rmoyoa /1 — p? 2“-92] &
—00 < Iy < 00, —00 < 13 € 00, H
—0C < py < 00, =00 < B <
o1 > 0,0y >0,
-le<p<l.

1 1 0 1 &Dd 1?-2.
Two bivariate normal density functions are shown in Figures 17

omA

§ ————
P
-
»
Y

]

coos QOe

300e 00\8 0EA
e e

. b =

-

Figure 17.2: Bivanate normal density function with p, = 20,0, = 3,y =10,0, =2,p=05

R PR R R ey,

Example 17.6.

A company markets cans of mized nuts containing almonds, cashews, and peanuts. Suppos ) :
that the net weight of each can 1s meant to be one pound, but the weight contribution of oy

type of nut 1s random. Let X be the weight of cashew and Y be the weight of peanuts 1 44 ..
randomly selected can The following is the joint frequency table of X and Y from 40 candomf
selected cans. i

116
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E 0.0-0.2 mm .y

olo|o| =
ololeo|o|e

Table 17.2: Joint frequency distribution of X and Y from a sample of size 40 cans

Suggest a sustable joint probability density function for (X,Y).

e w ——p—— e

golution 17.6

————

Note thet, because the thrfee. weights sum 10 1, only two weights are free to vary. Therefore, it
is enough to consider the joint probability distribution of two weights.

ral bl R

,' The joint probability deusity function of X aud Y is defined on the region
: Dz{(may):USISI, 0<y<1, 0<z+y<1}

i

i _This region is shown in figure 17.3.

X

o3

:’.;l l RS LI RMIIH LA ‘.--.‘:L- I %R

3 ©9) ‘\

Figurel'TB: Doma'mD={(I,‘y)'.0£$$1, OSUSL 0S$+y$1}

The following figure graphically shows the frequency distribution given in Table 17.2.

- ————
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Figure 17.4: Joint frequency distribution of X and Y from a sample of 40 cang

According to this figure, a joint probability density function of the following form Seemy
reasonable for X and Y.

. kzy, 0<z<1, 0<w<l z+w<=l
Fxy(z.y) = 0 otherwise

In order to determine the value of k, we use the fact that

] fxy(z,y)dzdy =1
D

Note that |

1 1-x

/ / kzydydz
z=0Jy=0

1 2qy=1-7

T [y_] dr
=0 2 y=0

1 | 2
= k / z(—--—{)—d:z
=0 2
1

= 2 (z - 22° +2%)dz
2 z=0

1
k[z? 223 :‘]“

] Jew(z,y)dzdy
D

= k

: <

212 3 4
k
24

z=0

Since this should be equal to 1, k = 24. So, the joint pdf is

2dzy;, 0<z<1, 0<y<1, 0<z+y<l (7.)
fxx(@y) = 0 otherwise

BT et o e L by

-t

.-4118 i :;
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| Tynsider Ezample

17.6. Assumj
. ng that the . .
hy cquation (17.1), € joint Probability density function of (X,Y) is given

(a) In order to calculate pr

X >
function over the region ( 1/2)

E shown in, lpare integrate the joint probability density

Figure 175,

Yo Spnre s e it
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Pr(X > 1/2) = Fxy(z,y)dydz
‘/;‘1 1-z
- j fxr(z,v)dyde
r=0.5Jy=0

l=-x
_ /-x j ~ 24zy(z,y)dydz
=0.5 Jy=0

1 2 -z

24 / z [%] dz
=05 0 ):
! l-z
z=0.5

0.3125

So, 31.25% cans contain more than 1/2 pounds of cashew.

(b) A can cortsining more than 1/3 pounds of almond contains less than 2/3 poungg
cashaw and peanut. Therefore, in order to find the percentage of cans containing More
than 1/3 pounds of almond, we shall find the probability that the total weight of cashey,
and peanut is less than 2/3 pounds. For this, we should integrate the joint pIObability
density function over the region F shown in Figure 17.6.

SEEF L ST SWE RS SR AP

5 i

Figure 17.6: Region F = {(z,y):0<z<1, 0<y<l, 0<z+y< 2/3}

120

\ \ e R A B L UT ST ar R erY vy

128

Scanned with CamScanner



‘: d —-%k\m e e S T
5

Pr(X+y <23 -
LfX-Y(I,y)dydz

_ f?/l leg
Jaso g fxx(z,y)dydz

2/3"

l-z
2=0 Lo 2zy(z, y)dydz

2/3 99 1-
= 24 T {y_ * dI
=0 0

2

- 24[’33{(14:)’ =
x=0 2

= 8/9=10.89

So, 89% cans contain more than 1/3 poung of almond
onds.

Summary

this session, we dis - )
i’?mction. The:se can i)“:sfgn:&‘:’uz;omt Drobapllity mass function and joint probability density
#red 8s extensions of the probability mass function and prob-

a?:;t:bﬁi?:;tfelf:;?:;lt::; dea}i with several random variables that are correlated. The joint
3 s o S s random vanz'xbles involved can be found using the joint probability
e ] Probability mass functions similar to that for single random variables.

Learning outcomes

By now, you should be able to
e Explain what is a joint pmf is
. Write ﬂown properties of joint pmf
. E)‘cplain what is a joint pdf is

e Write down properties of joint pdf

T — 2 A e e e g e e < e |

* Calculate probabilities using joint pmf or joint pdf.

~-  pr

Y Py —— g i T o8
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Session 18

JOINT PROBABILITY
DISTRIBUTIONS CONTINUED

Contents
Introduction

18.1 Marginal Distribution
18.2 Conditional Distribution

Summar_v

Learning outcomes

e e——— i g

Introduction

Suppose we are given the joint distribution of two variables. When we want to find a probability |
Or & moment. related to a single variable, it is convenient to work with the distribution of that
variable only. The distribution of a single variable is called the marginal distribution. In this
session, we consider the marginal distribution of a variable when the joint distribution of two
variables are known.

Another important problem is the calculation of probabilities and moments of a variable
when the value of the other variable is known. That is, calculating the probabilities and
moments of the conditional distribution. In this session we discuss how to derive the conditional
distribution of one variable when the value of the other variable is known.

o e Fl it S e e i1

18.1 Marginal Distribution

Definition 18.1 (Marginal probability mass function).
Let X andY b two discrete random varicbles with joint probability mass function Py (z,y)-

122
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t~'n e e

e pargindl P robability mass functions of X and Y are given by

Px(z) = ZPx,y(I,y) and Py(y) = ZPx,Y(IsU)
v T

rtspgctively'

xamplc 18-1.
Coﬂbfdcr Ezample 17.1. Tables 18.1 and 18.2 show the marginal distributions of X @

respectively.

S

ndY

T 01 2 |

Px(z) | 0.16 050 0.34 |

Table 18.1: The marginal probability mass function of X

Y 0 1 2
Py(y) | 0.48 0.38 0.14

Table 18.2: The marginal probability mass function of Y

Activity 18.1.
Consider Ezample 17.3. Show that the marginal distributions of X\ and X, are Bin(3,0.4) and

Bin(3,0.6) distributions respectively.

Definition 18.2 (Marginal probability density function).
Let X and Y be two coniinuous random variables with joint prububility density function fxy(z,y)-
Then, the marginal probability density functions of X andY are given by

fx(z) = ffx.y(z,y)dy and
v
friv) = /fx.v(r,y)dz.

Example 18.2.
Suppose X, and X2 are jointly distributed unth the barate normal distribution given in Ez-
ample 17.5. Find the marginal distributions of X\ and X3.

Solution 18.2

fx‘(I)) L j“ lx‘.x,(ZI.I‘l)dJI

- j.: anzlvl —piﬂP{—ﬂ(xip’) [(3),;_'&)1 —2"(=rl ;lm) (12;2“) & (“2;‘2“2)2]}dza

o e

123
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Let gy o ()
ey

and y = el
a

Then,

™ 1 _ a3
Ix\(z)) = / H,..___l._ﬂ«oxp[ 20 _.-—)-(u2 2puv + z)] Oady

0o 27007 \/1

- /:2rajf-ﬁz

Now let 1 —

i (0= ).

-’-\': (Il) =

e e

exp |~ 51 = p?)

/ ——— exp [-—-— (w + u’)]
27o

! exp {‘1“2}
»/'2701 2

i |
L[ e
\/:?-"_falexp[ 2“}‘/_3’\/5}' 2

1 u? - 2puv + u’)} dy

This shows that X, ~ N(p,0?). Similarly, it can be shown that X3 ~ Ny, 02)

Example 18.3.
Cons:der the joint Pdf

fxy(z,y) =

Find the marginal distributions of X and Y.

Solution 18.3

/m fX,Y(Ia y)dy
L]

/ P 1 ateu-egy
| 334

== J:28-:‘{2, >0

frly) = /mfx.v(z,y)d-’ﬂ

72 4 e~ v-(=/2)
fu 384" dz

= 384“”‘”0

124
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i
¥
3
: xan‘ple 18.4.
(onsider the joint pdf
i Ixy(z
; YTy) = 62
! J the marginal distrobuyg; y2'0<$<1’0<y<1
I Fl.n ons ofX and}’.
golution 18.4 T - -
fx( '
x(z) = jo fxy(z,y)dy
1
= 6z 2d
[
= 2"'» 0 Ni<l
1
o frly) = [o fxy(z.y)dz
L 1
o5 0
, = 3 0< y<l1
, Example 18.5. ,

Consider the joint pdf

fxy(z,y)=eV,0<z<y<oo
¥ Pind the marginal distributions of X and Y.
“  Solution 18.5

=]

' . fx(z) = ft fxy(z,v)dy

. . j evdy
‘f. -

= e"’,:r:>0

frly) = A-vfx.r(z,y)dn:

v
= / E-ydI
0

E = B-yyly>0

ey

it N - -

125

122
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Acti\-ity 18.2,
Consider Example 176 Show that the mary
fala) = 1251 =7

| distributions of X and ¥ are giyen by
na
)2;0 <z< 1

angd

—y)%0<y <l
frly) = 12v(1=)
respectively

I“dﬂpendence of two random variables

Definition 18.3.

. ; only if their ;o
he two random varigbles X and Y are said to be independent if and vy if Joint

as the product of the two ma
abihty distribytion (30int pmf or joint pdf) can be wnitten ‘
© distribution.

p.T'Ob.
T9ing)
That is, if angd only if

Pxy(z,y) = Px(z)Py(y) when X andY are diSCfete
f X.Y(I' v) fx(z)fy(y) when X andY are continuous

I

Example 18.¢6. d

. 18.5.
Consider the Joint distributions in Ezamples 17.1, .I 13, 175, 58‘3;1 ;ci f! end 18.5. In each
case, delermine whether or not the two random variables are indepe .

Solution 18.6
In Example 17.1,

-PX,Y(0| 0) =0.10 75 Px(ﬂ)Py(O) = 016(048)
Therefore X and v are not independent.

Note: 1f Pyy(z,y) Px(
independent,. The random vari
all possible pairs of (z,v).

In Example 17.3,

z)Py(y) for at least one pair of (z,7) then X and Y are not
ables X and Y are independent, only if Px y(z,y) = Px(z)Py(z)

Pxy(0,0) =0+ Px(0)Py(0) = 0.216(0.064)
Therefore X and ¥ are not independent. This i

In Example 175, the marginal densities are univariate normal distributions.

It is easy
to see that Pxy(z,y) # Px(z)Py(y). Therefore X and Y are not, independent. Note that
Pxy(z,y) = Px(z)Py(y) if and only if p = 0, .

In Example 18.3, it is easy to see that Px'y(I,y) = Px(z) Py(y). Therefore, X and Y are
independent.
In Example 184, it ise

asy to see that Pxy(z,y) = Px(I)PY(y)
independent,

In Example 185, it is clear that p

xy(z,y) Px(2) Py (y). Therefore, X and Y are not
independent. This is also clear from the fact that X<y * (- There o e

L

- Therefore, X and Y are

J%
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joint distribution of independent random variabl
riables

’ oo Xnbei
» 1 X n be independent random variables. Then, the joint

TR e AR L

X2
‘ilr'l ;blés are discrete,
A}

andom variables are conti
if the T ontinuous,

18.2 Conditional Distributions

u' peﬁnition 18.4.
#H
E 1. Suppuse thul X and Y are two discretc random variables with
4 Px(z) _a_nd Py(y) be ifle marginal pmf’s of X and Y respectiv
probability mass function of Y given that X = z is denoted by
i p (z )
Pyix(ylz) = Fxy\%.Y)
Px(z) '

provided Px(z) # 0.

5. Suppose that X and Y are two continuous random variable
fx(z) and fr(y) be the marginal p.df’s of X and Y

probability density function of Y given that X = z is denoted

Pewaguan s 1 o 1L

frix(ylz) = f_"?:f(ﬁ(“;_')y_)

provided fx(z) # 0.

Example 18.7.
Consider Ezample 17.1.

- —_——— o~

(i) Derive Pxy(z]2)
(ii) Calculate Pr(X > )y =2)
(iii) Calculate E(X[Y =2)
(iv) Derive Pyx(¥l1)
' (v) Calculate Pr(Y < 11X =1)

(vi) Calculate E(Y|X =1)
o 127

.., Xn is given by t
n Yy the product of the individual pmf’s or the pdf’s.

respec:twely.

the joint

pmf or
1f the rap

Px, Xa,.. X
1 X2,00X, (“1-32----’%)=RX:($1.)Px,(zz)-.-Px..(In)-

[ X Xa(T0 20y, 20) = Sy (21) fa (T2) - - Fxn(En)-

jownt pmf P (
ely. Then the co

Py x (¥l) and

s with joint p.d-f fx (z,

Then the con
by fyix(vlz) and

pdf Of

dom

nditional

y). Let -

ditional

1

- ——
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Solution 18.7

i . Pxy(z.2)
(i) Pxy(z]2) = Burlen

Note that Py(2) = 0.14.

0.14
| Pyy(z,2) lev(fl'l_)_fﬂl%v(l'i’l)/ .
% 377
| 0.06 i
2| 006 ]

(i) Pr(X > 0]y =2) = 6/7.
(i) E(X|Y =2) =0(1/7) + 1(3/7) +2(3/7) = 1
(i\') Ple(y“) = Pxy(ly)

FPx(1)
Note that Fy(i) = 0.5.

v [ P (o) [ Brix@1) = Py (1,1)/05
o 020 15/25
1014 (/2 —
2" 006 3/25

(v) Pr(Y < 1|X = 1) = 22/25.
(vi) E(Y|X =1) = 0(15/25) + 1(7/25) + 2(3/25) = 13/25.

Activity 18.1.
Calculate V(XY =2) and V(Y|X = 1)

Example 18.8.
Consider Erample 17.6.

(I) What 1s f\'w(IlO?)?
(ll) What is fy|x(0.3l0 2)?

Solution 18.8

(i)

_ fxy(z,02)
fay(z]02) = “h07)

24(z)(0.2)
12(0.2)(1 - 0.2)2
= 3.125z

128
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fxw(0.3|02
] ) = 3.125(0.3) = 0.9375

Ir(0302) = fxv(03,02)
=~ ~.f¥(0.2)
= _203)02)
12(0.2)(1 - 0.2)2

= 09375
gxample 18.9.

X, and X; are Iy ds
Suppose 41 2 are Jowntly distrybyg _ | - .
af-"pPI‘ 17.5. Show that the foﬂdlliomlu dcljt:?h the bivarate normal distribution gwen in Ez

' ' o= ean
mt .‘";p,'t("'.‘ = 1t2). and variance o?(] - ) ution of X, given X; = 75 15 normal unth m
Solution 18.9
The conditional distribution of X 1 given Xy = 2, is given by

fxﬂx:(zlil:) = _MT_M

fx:(:2)

From Example 18.2, we know that X ~ N(p,, 03). Therefore,

it [ (o) (5m) « (5]

2
-?__‘ » N (n-a
Viney pr{ 2 ( o3 ) }

To make calculations simpler, let v = Lﬂ;'l—"—u and v = L‘J-:-,ﬂl Then,

fan(nlz) =

2"\0‘:; 1-¢ &P {- ﬁ"—ﬁrl {uz - ‘2[7111.' + vﬂl}

7 exp {1}
1

1
-~ V2man/- pﬁiup{ 21 =)
1 1

!

fxxs=nin) =

R

1 [0:(11 — i) —oplxa — #i)r
—'2(1 - p) 0,02
2
. ] }

ay
[(In —py) = —plz2 — B2
a2

i
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This shows the above result.

Activily 18.3. )
Suppose X, and . 2 j0intly have o bivariate normal distribution with gy = 10, p2 =20, o, _ 2,

72=3 and p = 0.6. Calculate Pr(X; > 12| X2 = 15).

Summary

In this session we we learned about marginal distributions and conditional distributiong We
g;::ruised how to derive the marginal distributions and conditigqai dist.'ribtftion's from the joing
normlalu :';-O us. I“'Particular, we derived the marginal and co_ndxtnonal distributions of bi"&l‘ia.te
ebles. ¥ istributions. In addition, we discussed about the mdepnndenc.e of t.-wf) random vy,

es. We learned that two random variables are independent if and only if the joint distribytjy,

can be written g the product of respective marginal distributions.

Learning Outcomes
By now, vou should he able to

® Deriv : " T . s,
¢rive marginal and conditional distributions when the joint distribution is given
e (C, e
. tleulate probabilities and moments related to the marginal and conditional distributions

* Determine wheth i i i
e er or not two random variables are independent, given the Joint distrib-

130
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Gession 19 o

DESCRIPTIVE PROPERTIES OF
JOINT DISTRIBUTIONS

Introduction

19.1 Mean of a random vector

I‘. 4
10.2 Mean of o function of random variables
Summary

Learning outcomes

———rmre o rm I ISR ::—::_.._-.._:__::_3_._.._:.—___._—_—._._.__-_.__.__.—__F_=:p=_h—-

Introduction

Suppose that Xy,... , X, are p random variables. Let

variable with comp
he joint
s of a joint dis

be the p variate random
we discuss the descriptiv
case p = 2. The inain desc
covariance matrix or thec

e properties oft
riptive jreasure
crrelation matrl
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welor
19,0 Mean ol n randon veelo

etindtion 1000,

I
| (1)

¢ wed 1%
Ve ot vandany vertor, ‘Then, i mean 18 dr )

( 1(Xy) )
)=\ pitKa)

(7 ,'!'-J,I ) o
x:rlf l!’l. PAXy) ™ L

o (1) and F(Ka) are cales
I'y . ORI FilZy) =
If X and Xy wre discrete with joint pnf X l'-”
tated uaing the correaponding marginal prof -
20, Tl (ra). ’
Somilarly, 1f X, and Xy aye confinuons uth

[ pmf s
are calenlated wing the rarreaponding margind pmf

l'.'(.\’-,] il ’” '!'ql.(‘('.l’,y)llw,

i yy), then AP AT :m_ff JA Xy
poine pdl’lﬁ:::tl):;h!r;rf:‘f‘;}) b f_“ 1)) 5, (24 )dzy nd

. - variables
19.2  Mean of o funcbion of randomnm vark
Delinition 10,2, v U he tion of X anwlY
Lot X and ¥ b two raridom variables, Let gl X, Y) be any Junctio /

4 : 4 : {X ‘/)
7, 1) he nean (mpt.f,l,r,d value) of gL X,
I X and Y are discrete with _Jumf.pm] Py y(2,0) then, the

i guen by
Hax, ) = S0 um) Pay ()
Py

an (erpecte : AY
If X and Y are contimatous wnth joint pf [x2(2.0), then, the mean (capected value) of 4 )

i gruen by

LigX,Y)| = /’/vﬂ(,s'-,f!}fx,v('f-.?!)'fu'fi

Foxnmple 10,1, 7 .
Consider Fammple 171, The profit from o brand A VCIC 15 Hs, 500 whale the profit from a

brand 1§ VOIU s [ta, 750, What 15 the mean profit per day?

Solution 19.1

The profit ks LO0X 47507 16 s s function of X and ¥, Therefore, et g( X,V ) = 500X + 7%90Y .

Then, the mean profit is given by

F0X 4T [0000) + 75000000 4 [50000) +750(1)10.08 4 [500(0) + T50(2)]0.02
|f,fﬂ1(]') b 75000050 [.",ﬂ()(l) -4 7.’,(;(1)50_]4 4 [:‘,(Jq“) 4 50(2”(,,“5

[0002) 4 000008 4 [50002) 4+ 75001 )]0.20 4 (500(2) + 750(2)}0.06
1045

_—
-

f"
v

e g s e A i . — i L —
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[l AR

Note" Gince the above 9(X,Y)
ote

.
At o ey

's & linear combination of X and Y,

ElglX,Y)] = E(500X + 750v) = 500E(X) + 750E(Y)

Gince

E(X) = ) zPx(z) = 0016y 1(0.50) + 2(0.34) = 113

Efy) = Zva(y)--U(AB)+1(0.3s)+2(0-14)=0-55»

k'
Elg(x.Y)] = 500(1.18) + 750(0.66) = 1085.

mple 19.2.
%ﬁ:sidii" Erxample 17.1. Calculate E(XY). Is E(XY) = E(X)E(Y)?

tion 19.2
IS.::UQ(BCE" Y)=XY. Then,
[(0)(0)]0.10 -+ [(0)(1)]0.04 + [(o)(z)]o.gfé
[(1)(0)]0-30 + ((1)(1)]0-14 + [(1)(2)]0.06
[(2)(0))0.08 + [(2)(1)]0-20 + [(2)(2)]0.
= 066

E[XY)

E(XY) =066 # ECOE(Y) = 1.18(0.66)

Example 19.3. BXY) = EX)E(Y)?

Consider Ezample 17.6. Calculate E(XY)- Is

Solution 19.3
dz
_ | zyfxy(z )y
E(XY) -L

/ " ' ry(2dzy)dyds
r=0 y=0

1-x
el
2 =0 y=0

1 (]‘-‘I)sd
= 24/ gty OF
x

Il

i\

=0

= 2/15

xy) = E(X)EY).
for the reader t0 check whether E(XY)
We leave it 10T

-
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Activity 19.1. g
Consider Example 18 4. Calculate E(XY). Is E(XY)= B(X)E(Y)’
Theorem 19.1,

Let X and Y be random varables. If the two random variables 0T¢

E(X)E(Y)

independent, then E(XY) =

Activity 19.2.
Prove Theorem 19.1.

Summary

r as well as how to calculate
In particular, we discussed
nce between two random

In this session we discussed about the mean vector of a random V?Cto
the mean of a function of two variables using the joint distribution.
how to calculate E(XY) which is required to calculate the covariancs
variables X and Y. We learned that E(XY') is not equal to E(X)E(Y) in general.

Learning Outcomes

By now, yon should be able Lo
e Calculate the mean vector of a random vector

¢ Calculate the mean of a function of random variables

134

[P PN PSR CPE AL P TSIP T I LY B Ll S pAs VR S¥ SRS JUREPT TE SR TLL o LR st S = L e o brde abat s a2 TR, BT Ll oy

FURIF. Pt PR DVLNF P, . L3 TV R s .

#

142

Scanned with CamScanner



ln.-—A *

e ——

Session 20

s e

DESCRIPTIVE PROPERTIES OF

JOINT DISTRIBUTIONS
CONTINUED

Introduction

20.1 Variance covariance matrix of a random vector
20.2- Correlation between two random variables

Summary

Learning outcomes

eSS ——

Introduction

In this session, we will learn about the variance covariance matrix and discuss how to derive the
variance covariance matrix of a random vector as well as the correlation between two random
variables, when the joint distribution is known.

20.1 Variance covariance matrix of a random vector

Definition 20.1.
Let X and Y be two random varables. The covariance between X and Y 1s defined as

Cov(X,Y) = E{[X - E(X)][Y - E(Y)}}

Theorem 20.1.
Let X and Y be two random varables.

Cou(X,Y) = E(XY) - E(X)E(Y)

135
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Activity 20.1.

Prove Theorem 20.1.

Theorem 20.2.

g:v&.?;ii’ohe two random variables. If the i

Activity 20.2.
Prove Theorem 20.9.

wo random variables are independent, then

Note:

The converse of Theorem 20.2 is not true in general. The covariance between two Tandom
variables can be zero even if the two random variables are not independent.

Example 20.1.

Suppose X ~ U(-1,1) and Y = X2. Then,

E(XY) - E(X)E(Y)
E(XX*) - E(X)E(X?)

= E(X%) - E(X)E(X?).

i s casy Lo sce that E(X3 =0 and E(X) =0 Therefore,

v s )

Cou(X,Y)

Cou(X,Y) = 0.
Howevcr, 1t 15 obvious that X and Y are not independent, since Y = X=,

Definition 20.2.

Let X = (X‘

X be a random vector. The vanance covariance matriz of X 1s defined as
2

V(X) = E{X - EQ))IX - E(X)]"}

Here, [X — E(X)|T s the transpose of vector [X — E(X)]. More simply, V(X)) 1s the following

maltriz.

V(X)) Cov(X, X3)
V(X) = ( Cov(X1, Xa) V(Xl'e) )

Notice that the variance covariance matriz is always symmetric.

Example 20.2.

Consider Ezample 17.1. Calculate the variance covartiance matniz of the random vector (

Solution 20.2

In Example 17.1, we have found the marginal distributions. Using those, we get
E(X) = 0(0.16) + 1(0.50) + 2(0.34) = 1.18
E(X?) 0(0.16) + 1*(0.50) + 22(0.34) = 1.86
V(X) = E(X?) - [E(X)]’ =186 —1.18% = 0.467

I
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EE(};) = 0(048) 411 35
Yy < 0’(0.48)+1=(0_
V(Y) = E(Y?) - [B(

In Example 19.2, we found that E

) +2(0.14) = 066
38) + 2(0.14) = 0.94
)P =0.94 - 0,66 = 0.5044

(XY) = 0.6, Therefore,

ColX,Y) = EXY)< E(x)B(Y)

0.66 — 1.18(0.66)
~0.1188

i

i

Hence, the variance covariance matrix is

0467 —0.1188
~0.1188  0.5044

Example 20.3.
Consider Example 18 5 Calenlate the vamance comarionce matrr nf the random vector ( i,( )

Solution 20.3

Using the marginal density functions found on page 125, we can calculate the variances. From
marginal density of X we can see that X ~ Ezp(1). Hence E(X) =1and V(X) = 1
Similarly, from the marginal density of Y we can see that Y ~ Gamma(2,1). Hence E(Y) = 2
and V(Y) = 2. In order to calculate the Covariance, we need E(XY).

E(XY) = / B} ] zye Vdydz
x=0Jy=x
3

Therefore,

Cou(X,Y) = E(XY)- E(X)E(Y)
= 3-1(2)=1

Hence, the variance covariance matrix is

11
1 2/
Theorem 20.3.

Let X and Y be two random variables, a,b and ¢ are constants. Then,
V(eX +bY +c) = a’V(X) + B*V(Y) + 2abCov(X, Y)

Activity 20.3.
Prove Theorem 20.35.

19-PT2013-12-NSC-APU 2140-1419(kom.)
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20.2  Corre]

Definition 20.3.

ation between two random variables

Let X
and'Y he pyo random varables. The correlation between X and Y 1s defined as

im:(x. Y) :
V)

It 15 a value between - and 1, incluswe; i.e., —1 < Cor(X,Y) £ 1.

COT(X, Y) =

nship between two random

Correlation is g measure of the strength of the linear relatio |
lationship between the two

:;1?:105', |¢or(x'y)] = 1 if and only if there is a perfect linear 1€
m variables. That is if Y = a + bX for some constants a and b.

_ Note that the correlation between the same variable is 1. That is, for any random variable
X, Cor(X,X) = 1.

Xy

The Correlation matrix of the random vector X = ( X ) is given by
LI

1 COI‘(.Y;.X:) ) )
- ( Cor(X1, Xa) 1

Cor(X) = ( Cor(Xy, X)) Cor(X,,X2)
S Cor(X\,X3) Cor(Xa, X3)

Summary

In this session. we learned about the variance covariance matrix as well as the correlation matrix.
Ta o1} : i i [

We discussed how to compute the variance covariance matrix and the correlation between two

random variables.

Learning Outcomes

by now, yon should be able to
e Define the covariance and correlation between two random variables

e Calculate the covariance and correlation between two random variables
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