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Matthew's prime producing polynomial project

A logical analysis of the trinomial n® + n + 41

We consider the composite values of n> + n + 41. We assume that n is an integer. We
only consider positive integer values for n in this project.

The story so far

We analyze the behavior of the factorization of integers of the form h(n) = n2 + n +
41 where n is a non-negative integer. It was shown by Legendre, in 1798 that if 0 <
n < 40 then h(n) is a prime number.

Certain patterns become evident when considering points (a,n) where h(n) = 0 mod a.
The collection of all such point produces what we are calling a "bifurcation" graph
due to certain self-similar features. From experimental data we find that the
integer points in this bifurcation graph lie on a collection of parabolic curves
indexed by pairs of relatively prime integers. Each such pair yields (again
determined experimentally and by observation of calculations) an integer polynomial
a*z2 + b*z + ¢, and the quartic h(a*z2 + b*z + c¢) then factors non-trivially over the
integers into two quadratic expressions. We call this our "parabola conjecture".
Certain symmetries in the bifurcation graph are due to elementary relationships
between pairs of co-prime integers. For instance if m<n are co-prime integers, then
there is an observable relationship between the parabola it determines that that
formed from (n-m, n).

We conjecture that all composite values of h(n) arise by substituting integer values
of z into h(a*z? + b*z + c), where this quartic factors algebraically over Z for a*z?
+ b*z + ¢ a quadratic polynomial determined by a pair of relatively prime integers.
We name this our "no stray points conjecture" because all the points in the
bifurcation graph appear to lie on a parabola.

We further conjecture that the minimum x-values for parabolas corresponding to (m, n)
with gcd(m, n) = 1 are equal for fixed n. Further, these minimum x-values line up at
163*d"2/4 where d = 1, 2, 3, ... The numerical evidence seems to support this. This
is called our "parabolas line up" conjecture.

The notation gcd(m, n) used above is defined here. The greatest common devisor of
two integers is the smallest whole number that divides both of those integers.

Theorem 1 - Consider h(n) with n a non negative integer.
h(n) never has a factor less than 41.

We prove Theorem 1 with a modular construction. We make a residue table with all the
prime factors less than 41. The fundamental theorem of arithmetic states that any
integer greater than one is either a prime number, or can be written as a unique
product of prime numbers (ignoring the order). So if h(n) never has a prime factor
less than 41, then by extension it never has an integer factor less than 41.

For example, to determine that h(n) is never divisible by 2, note the first column of
the residue table. If n is even, then h(n) is odd. Similarly, if n is odd then h(n)
is also odd. 1In either case, h(n) does not have factorization by 2.



Also, for divisibility by 3, there are 3 cases to check. They are n = 0, 1, and 2
mod 3. h(0) mod 3 is 2. h(l) mod 3 is 1. and h(2) mod 3 is 2. Due to these three
cases, h(n) is never divisible by 3. This is the second column of the residue table.

The number 0 is first found in the residue table for the cases h(0) mod 41 and h(40)
mod 41. This means that if n is congruent to 0 mod 41 then h(n) will be divisible by
41. Similarly, if n is congruent to 40 mod 41 then h(n) is also divisible by 41.
After the residue table, we observe a bifurcation graph which has points when h{(y)
mod x i1s divisible by x. The points (x,y) can be seen on the bifurcation graph.

*see residue table page*

Thus we have shown that h(n) never has a factor less than 41.

Theorem 2
Since h(a) = a”2 + a + 41, we want to show that h(a) = h( -a -1).

Proof of Theorem 2
Because h(a) a*(a+l) + 41,

Now h(-a -1) = (-a -1)(-a - 1 + 1) + 41.
So h(-a -1) = (-a -1)*(-a) + 41,
And h( -a -1) = h(a)

Which was what we wanted
End Proof of Theorem 2

Corollary 1

Further 1f h(b) mod ¢ = 0 the h(c -b -1) mod c =

Il
o

We can observe broken bilateral symmetry in the bifurcation graph on a folowing page.



Residue Table
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2 3 5 7 11 13 17 19 23 29 31 37 41 43
1 2 1 6 8 2 7 3 18 12 10 4 0 41
1 1 3 1 10 4 9 5 20 14 12 2 0
2 2 5 3 8 13 9 1 18 16 10 6
3 4 9 1 2 15 7 24 22 16 12 10
1 5 6 9 10 4 15 3 30 24 20 18
1 5 6 3 14 2 13 9 34 30 28
6 6 5 15 7 14 25 21 9 1 40
9 6 12 2 5 10 4 23 15 11
3 9 11 18 21 26 20 2 31 27
10 1 12 17 16 15 7 20 8 2
8 8 15 18 13 6 27 3 28 22
4 3 2 12 28 18 25 9 1
2 10 7 13 23 11 12 33 25
2 14 16 20 6 1 18 8
13 4 21 19 3 29 5 36
9 15 5 20 2 22 35 23
7 9 14 23 3 17 26 12
5 2 28 6 14 19 3
3 15 6 11 13 14 39
7 15 18 14 11 34
1 26 27 17 10 31
20 10 7 22 11 30
18 25 20 29 14 31
13 4 1 19 34
3 21 12 26 39
24 9 25 35 3
18 30 3 5 12
14 22 20 18 23
12 16 2 33 36
12 23 9 8
10 9 28 25
34 8 1
24 31 22
16 15 2
10 1 27
30 11
4 20 40
12 28
6 18
2 10
0
0
41



The function h(n) ~ n? + n +41 has interesting properties. Especially when n is restricted to the integers. As we know
h(n) is a prime number for as n goes from 0 t039. h(40) is 41%, a composite number.

Also h(n) can be generated recursively as h(0) = 0 and h(n) = h(n-1) + 2*n. We checked this pair arithmetically.

600

500+

400+

3004

2004

1004

~

U‘-""'|.."..|.'..|. T v T T T
100 200 300 400 500 600

Bifurcation Graph

These are pirs (x,y) such that h(y) mod x = 0.
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Here is a zoomed out iteration of the same graph.

There seems to b an apparent regular structure in this bifurcation graph.

Also there is a pattern about a slanted line that almost goes through the origin.



