ﬁdm\)ols : @ = "o all” @ = l'\)elonas’i-o”
@ = “Jhere exick ”

Del.

let £ bea set of real nuwbers

« A number M is talleAd an upEb.bound {?mE if [x=gM ) Vxee(
e A nuwber m 1S called oo lower bound §nE i([' |mfx. \ XeE

o We Souy 0 set s bounded { it hasa lower and an wyper bound.
o \{ Heie is o lower (upper ) bound , we say ie Wnpbunded belioh  ( ‘BUbvb )

Txowple: 1,19, %, 15" are al upper bounds Rvr € = [0,1]
0,-1,-6,-100 areall Wuer bounds fr E=To,1]

Det .
let € beo set of real muwbers.
o A nuwber M is He maximuwe of Hhe Set B, Aewsted  M=may (E) -
MEeE AND | Misan upper bound §n € g
* N nowbee M isthe Minmume of thesek B, densted M= min(e) .

MEE | AND  Imisa lower bound fn E (

Zxawp\e-. E=[D,l] min(E)=0, max (€)= |

Nhairig £= (o0 9

Can 0 be Hhe mimlmum_? No, because D;&/ (0,10 and o. min)max must Wve fen'W\esnt.'-
Pt inkwitively, O Apes Jeel like a. "best”or “olvious” mintmum , except

we cannot eall it o, minimune . There iso. Tam fin s Sort of Sttuakion,

0 will be o 7 greatust louer bound "ot infimum




’Deg let E fe 0 et ot real nuwbers that is bounded above & hon - euwgpty
The Supremum (” least upper bou.ncl”) of E isa nuwber M suchthat:

—/ lewent of & hes

* Mis an uppar bound o1 € *ﬂae \TFQL )
R

* Misthe least upper bound ,j.e. Mg .Q?:Ib

VE€>0, 3 xcE st M-g <X £
(fo‘r all €20, Hhere exickk an elewent X€E st. M-£4x )
I-Y— E #—75 is unbounded above e . Sweply sup (E) = oo,

Exqu.q;\e: {= Sup (0,1) 3 Sup (I, =) = oo
0 € /1

'D_E_X,: lex € be.a.nm—.zlu-pl'v sef of real nuwdgers IX Eis hunded below @
Je itﬁil_‘m_("qreaiast lower b.mm:l") ojE is the nuwber m ol tthat :
* misa lower bound fn E . gty S
¢ mis he greatest lower bound i,
Y£>0, JX€E St. X < m+E
IX' E #;6 is unbounded. below , e oy inf (E)= -eo

m
ﬂllb

Zxauple: 0= inf (0,1) _({ }1
o\ £

Zxaugple: Find the inf 2 sup of
E:{—:‘—:new}
e={ 4 & k. }

Dbsexve: Swe ':"= 0
‘ NS0 q
o ncleasing of ARy -
il segonce eteasiyy o desrasiy |
h lE[ N+

ne n alecteo&ivx




The sequence beisx deu.zoq—ﬂ&, t'suwed&uebd fells us thed ﬂfi Z20Qn, Ynen

%o (4= [ is an upper brwnd (WE , but mmreum@ go really

. max (E)= 8up(E) =1,

.-ﬂ'bs"‘i Fide note : Why ave Hiey esual (ie. why fa. max exists, fhen it is the t—upvemm?)

NTS: L'v €20, 3 x€E st. x;‘\ Thes ts h‘iubl\a true for X=4 €E,
3 =

¢ 1
Lub
What abeuts inf? Gince Hhe sequewce decreasesto O, it secws the inf chanldld beO.
Since N0 - can euar egual 0, s woWld have to bean in{ & not amin.
Now et we. fermaulatedo. veasonbie “Guess”, we Hae to oobually prove fhat afE=a
%: in{ (E)-0
What woud 0 have o do tobe inf(E)?
Frst of all, it needs fobea luwer bownd . k#t? Yes: 0< 7 vnem,
Second. , we would need o Show:

e C) V€>0, 3 xeE St. X <e]

4 S )
%f\, € szo, dnemN st. Jn—<a) or é<n
N~

E This seews obvieus (anak it 's), ok
it must be d_hsh'ﬁed, ba Som el
colled 40 Archimedean Rop.ut\\’ td' R

This briv*{ wh to wha we Biret need tv 4ot sowe ground rulles about (R,



q)foouh'es of tte Beal Nuwdbers

®=-|'&e natuval puwbers ,2,3,...
Two operakions: addition 2 multiplication
Ordex relakion: m<n

@= +he inhz?us .. =%2-2,-1,0,1,2,3, ...
Three oparakions: addition =~ sublroakion mult plicahon

Order relabion

= e rabona nuwders: & = { %—: m,ne IN}
'erwqowah‘ans; addihon  Subkyochion, mulbplucalion ivition

on - m o
Order relabon LT

= 4Re. real nuwbers R 7?7 % at_n.bﬁ-\‘s, we will define R tobe
0. cowplete, ordered feld,
(l'.e. we will st=te c\earla e rules)

@ . Algebroie Structure
Ma:ud of the algelimaic manipulakions of real nunoers you afe used to perfsrmdiy
(gucty os &Witg) can be reduced tvo 4 Suall set of rules, aud ol otfier rules
Qure a'u.&*& conseguence of these. There are wany inslamee] of objeats fhat are
not” reall nuuwbers |, but 2ome otfver makhemabical costruehions, bukttak oleo
golbw Ye same aﬂae]mu‘c ndes. Qo us Skrushue war givena nawe, g_"’—l_d



The field anioms :  Asgume R has twe operakions ! + amd "
(addition 2 mulkiplicakion) whickh Sabishy fhe &Iluwiaq:

@ Yo,5€ R, T nuwber (0+0)ER and  Q+b=b+d, (cpmmul-ah'u;y of oddition)
YaQbce®, Her holds  (0+b)+C=a+ (b+) (aggocfaﬁuiy of odetition))
E Unique. nuwber OER st. Q+0=0+Q =0 (.‘Aenh‘lj fot adkifion)

@ Y oeR, 3 enrresqondiua nwwber dencted -0 € R
Such Hall 0+ (-0)=0

These ase all rggyima\ £v mulhiplication asevell:

@ Y 0,5€R, 3 number GbETR and 0b=bik
M) vayeer: [(b)e= alh)
@ £ Unigue nuwber 1eR st, 0L-4=10=0

@ ¥ 0ER,0#0 : awrewﬂa nuwkbes dencted K er
quei ot M=1

E’mlly , addifion & mylhplicahion must interast ina cestzin Wway .

@ -y Q,b,ce R: (Q-}-b')c = QC+be ( JA'S"Y‘;bLLHV“B )
" C'!& c"b

c(a+b) ba coumuh:h'ui!y of mulhplication

@ Drdesr Structure.

Ris a.ekun!llﬂ on erdered fieHd :
Y0,5€ R, exactly one of the following Statementt Istrue:  A=b, 4<b, or a>b.
VabceR: IF 0<b and Y<c axe true, then Q<4C istrue,

Vabe R : & 04k is frue, then 0+C < b+Q s algotrue 'Gn% cem.
Vo ber: [E asb ishue, fhen Qe <be isalsottue fnall a0,

(inverse. & oddition)



@ The Axiow of (owpleteness

@: Con Yoo think of a. non-ewply s, bounded obove, wshick. does
nob havea leatt uppe bound 7 (#'s ok if o cau't!)

Cow.p\efe_ness Axiom. A ﬂbnemp‘a SeX of real auwbess
tiat is ppunded above. has o least uppor brumd.

v Risa cowglete ordered field

THeorReM .  Archimedenn "Pfopo.(y of R

"l The set of nahural nuwkers N has no wpper boumd .

’?v_o_oi- (b Con*fadict\'an)
Assuwe ™ hasan wpper bousd.
Ba foie Cotspleteness Axlom , it must have o leagt uppor bound, calit X:=Sup IN € R)

Then
nex fswall nen N
L.m  x
But: there musk be me N al .R:-b
m=zX-| N
Then
M+ >X
bt M+l isalso in N = apntradickion | E
>, back +o

i\-{i>o, InemN St. -I,;-<a7

e can Sl‘nwk'\'&e p'roeJ‘ : ha the Archimedean FYM QA‘ R,
frall 250, fhere is ne N st. "g<ﬂ.




