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Nonlinear Electrokinetic
Transport Under Combined
ac and dc Fields in Micro/
Nanofluidic Interface Devices
The integration of micro/nanofluidic devices led to many interesting phenomena and one
of the most important and complex phenomenon among them is concentration polariza-
tion. In this paper, we report new physical insights in micro/nanofluidic interface devices
on the application of ac and dc electric fields. By performing detailed numerical simula-
tions based on the coupled Poisson, Nernst–Planck, and incompressible Navier–Stokes
equations, we discuss electrokinetic transport and other hydrodynamic effects under the
application of combined ac and dc electric fields for different nondimensional electrical
double layer (EDL) thicknesses and nanochannel wall surface charge densities. We show
that for a highly ion-selective nanochannel, the application of the combined ac/dc elec-
tric field, at amplitudes greater than the dc voltage and at a low Strouhal number, results
in large dual concentration polarization regions (with unequal lengths) at both the
micro/nanofluidic interfaces due to large and unequal voltage drops at these junctions.
The highly nonlinear potential distribution gives rise to an electric field and body force
that changes the electrokinetic fluid velocity from that obtained on the application of only
a dc source. [DOI: 10.1115/1.4023442]
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1 Introduction

The advent of lab-on-a-chip devices has led to many develop-
ments in the areas of biological sensing, mixing, drug delivery,
etc. [1–4]. The application of external electric fields to drive the
fluids inside such devices aids in better control when compared to
using pressure driven techniques. The fluid is transported through
electroosmosis, which refers to the bulk motion of a fluid contain-
ing charged species under the action of an applied electric field
[5]. Electroosmotic fluid transport has found applications in mem-
brane separation, cell trapping processes, etc. [6,7]. The transport
phenomenon inside nanofluidic devices varies significantly com-
pared to its microscopic counterpart. The thickness of the electri-
cal double layer (EDL) in these devices spans much of the
diameter or channel height leading to the transport of predomi-
nantly counterions in the system [8]. The large surface-area-to-
volume ratios in these devices have paved the way to several
interesting phenomena such as ion permselectivity, rapid mixing,
and sample stacking [2,9]. Over the past few years, several numer-
ical and experimental studies on integrated micro and nanofluidic
devices have been reported [10–13]. Concentration polarization, a
complex phenomenon observed at the junctions of micro–
nanofluidic devices, has led to the development of preconcentra-
tion devices [14,15] and ion-permselective membranes [16,17].
Wang and Han [18] presented an experimental approach to
improve the binding kinetics and the immunoassay detection sen-
sitivity using such interconnect devices. There has also been a
growing interest in developing micro/nanofluidic devices as ionic
filters and nanofluidic batteries to control both ionic and molecu-
lar transport in aqueous solutions [19]. Rubinstein and Shtilman
[20] theoretically predicted nonlinear electroosmotic flow (EOF),
which is defined as electroosmotic flow of the second-kind at

micro/nanofluidic interfaces and these predictions were later
observed by Kim et al. [21] in their experiments. In all of these
studies, the transport characteristics are investigated by applying
dc electric fields.

Alternating current electroosmosis has also emerged as a pre-
dominant technique in driving the fluids in DNA hybridization
[7], enhancing species mixing in microfluidic devices [22,23], etc.
Ajdari [24] has theoretically predicted unidirectional fluid flow on
application of ac electric fields using asymmetric microelectrodes
placed on the surface of the microchannel. This was later experi-
mentally observed by Brown et al. [25]. Ramos et al. [26] theoreti-
cally analyzed the pumping phenomena using an electroosmotic
model. Dutta and Beskok [27] and Erickson and Li [28] presented
analytical solutions for ac electroosmotic flows in a 2D straight
microchannel. Alternating current electroosmotic flow in curved
microchannels was numerically investigated by Chen et al. [29]
and showed that the strength of the secondary vortices decreases
with an increase in the frequency. Olesen et al. [30] analyzed the
nonlinear response of the electrolyte solution under large ac vol-
tages using a simple parallel plate blocking electrode model.
Although significant progress has been made in understanding the
ac effects in microfluidic devices, few reports are available with
regard to the combined effect of the ac and dc electric fields on
the nanoscale systems [31]. In this work, an extensive numerical
study, based on the continuum theory, is carried out in order to
understand the electrokinetic transport and other hydrodynamic
effects under the application of combined ac and dc electric fields
in micro/nanofluidic interface devices. The simulations are carried
out for different EDL thicknesses and nanochannel wall surface
charge densities in order to study the flow characteristics. We
observe many anomalous and counterintuitive phenomena under a
thick EDL regime and at high nanochannel wall surface charge
density (in other words, when the nanochannel is highly ion-selec-
tive) as the net fluid flow changes from those obtained on the
application of only a dc source. These effects are predominantly
due to the nonlinear potential distribution along with the presence
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of dual concentration polarization space charges observed near
both of the interfaces of the micro/nanochannel at amplitudes
greater than the dc voltage and at a low Strouhal number. The
large temporal and spatial variations in the polarization space
charges near the interfaces lead to finite inertia effects resulting in
anomalous changes to the electroosmotic velocity. We calculate
the time averaged electroosmotic velocity from the temporal
numerical solution and understand its deviation from the dc elec-
troosmotic velocity. Furthermore, we suggest some potential
applications using the combined ac/dc electric fields.

The rest of the paper is outlined as follows. Section 2 discusses
the theory and the mathematical model, and Sec. 3 describes the
canonical micro/nanofluidic interface device with the necessary
simulation details. Furthermore, a discussion on the inherent time
scales involved in the present study along with the dimensionless
governing equations is presented. A detailed discussion of all of
the results illustrating the electrokinetic and hydrodynamic effects
due to the combined ac/dc electric fields is presented in Sec. 4.
Finally, our conclusions are presented in Sec. 5.

2 Theory

2.1 Governing Equations. In this section, the complete set
of equations for simulating electrokinetic transport in micro/nano-
fluidic channels under dc and ac electric fields are presented. Elab-
orate details and the assumptions underlying these theories can be
found in Ref. [5]. In the past, several studies have shown that the
continuum theory can accurately describe electrokinetic transport
for dimensions larger than several nanometers [10,32,33]. Hence,
continuum theory has been used in this paper since the smallest
dimension considered in the present study is 30 nm. In electroki-
netic flows, the total flux is contributed by three terms: a diffusive
component resulting from the concentration gradient, an electro-
phoretic component arising due to the potential gradient, and a
convective component originating from the fluid flow. The total
flux of each species in the solution is given by

Ci ¼ �Dirci � XiziFcir/þ ciu (1)

where Ci is the flux vector, F is Faraday’s constant, zi is the va-
lence, Di is the diffusion coefficient, Xi is the ionic mobility, ci is
the concentration of the ith species, u is the velocity vector of the
fluid flow, and / is the electrical potential. Note that the ionic mo-
bility is related to the diffusion coefficient by Einstein’s relation
[34] Xi ¼ Di=RT, where R is the ideal gas constant and T is the
thermodynamic temperature. The electrical potential distribution
is calculated by solving the Poisson equation

r � ð�rr/Þ ¼ � qe

�0

(2)

where �0 is the permittivity of free space, �r is the relative permittivity
of the medium (here, water is considered as the medium �r ¼ 80),
and qe is the net space charge density of the ions defined as

qe ¼ F
Xm

i¼1

zici

 !
(3)

where m is the total number of species considered in the system.
The mass transfer of each buffer species is given by the Nernst–
Planck equation

@ci

@t
¼ �r � Ci (4)

Equations (2), (4), and (1) are the classical Poisson–Nernst–
Planck (PNP) equations, which describe the electrochemical

transport. The incompressible Navier–Stokes and the continuity
equations are considered, in order to describe the movement of
the fluid flow through the channel, i.e.,

q
@u

@t
þ u � ru

� �
¼ �rpþ lr2uþ qeE (5)

r � u ¼ 0 (6)

where u is the velocity vector, p is the pressure, q and l are the
density and the viscosity of the fluid, respectively, and E ¼ �r/
is the electric field. Here, qeE is the electrostatic body force acting
on the fluid due to the space charge density and the applied elec-
tric field. The aforementioned set of equations, also referred as the
space charge model [35,36], are found to accurately capture the
physics observed in the experiments of micro/nanofluidic inter-
face devices [10,12,13,37] and, hence, are used in the present
study.

3 Simulation Details and Boundary Conditions

In this study, we considered a rectangular nanochannel of 2 lm
length (L0) and 30 nm height (h), connected to two reservoirs
(1 lm� 1 lm cross section) on either side of the channel, as
shown in Fig. 1. A 2D simulation study was carried out by assum-
ing that the depth (perpendicular to the plane of the paper) of the
micro and nanochannels to be much larger than the length. Reser-
voir 1 (on the right side), considered as the source, is given a posi-
tive voltage ð/dcÞ and reservoir 2, considered as the receiver (on
the left), is grounded. An ac voltage is applied after the system
reaches a steady-state with the dc field. Both of the reservoirs are
filled with a KCl buffer solution with a bulk concentration c0. We
assume that the concentration of Hþ and OH� is much lower com-
pared to the bulk concentration of the ionic species and, hence,
the water dissociation effects are not considered in the numerical
model [10]. We also neglect the Faradaic reactions that occur near
the electrode in the present study. The simulation parameters and
the boundary conditions are specified as follows. The operating
temperature is T ¼ 300 K and the density and the viscosity of the
fluid are 1000 kg=m

3
and 1:003� 10�3 Pa � s, respectively. The

diffusivities of Kþ and Cl� are 1:96� 10�9 m2=s and
2:03� 10�9 m2=s, respectively. A fixed surface charge density
ðrchÞ is assumed on the walls of the nanochannel [32]. The bound-
ary conditions at the walls of the nanochannel are

nw � r/ ¼ rch

�0�r
; nw � Ci ¼ 0; u ¼ 0; nw � rp ¼ 0 (7)

where nw denotes the unit normal vector (pointing outwards) to
the nanochannel surface. On the walls of the nanochannel, the
fluid velocities are assumed to be subjected to nonslip boundary

Fig. 1 Simulation setup (not drawn to scale), consisting of a
nanochannel of height (h 5 30 nm) connected to two reservoirs
of a 1 lm 3 1 lm cross section
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conditions and the normal flux of each ion is assumed to be zero
[38]. Furthermore, several studies in the recent past [14,32,33]
have shown that the nanochannel wall surface charge influences
the ion-selectivity of the channel and plays a predominant role on
the electrokinetic transport. In all of these numerical studies, the
charges on the reservoir side walls are assumed to be zero. A simi-
lar assumption is made in the present study and the boundary con-
ditions at the walls of the reservoirs are given by

n � r/ ¼ 0; n � Ci ¼ 0; u ¼ 0; n � rp ¼ 0 (8)

where n denotes the unit normal vector (pointing outwards) to the
reservoir boundary surface in Eq. (8). However, we perform an
additional numerical analysis to investigate the effect of the side
wall reservoir surface charges on the electrokinetic transport. We
briefly discuss these results in Sec. 4.3. Finally, the boundary con-
ditions at the ends of the source (Eq. (9)) and receiver (Eq. (10))
reservoirs are specified as

/ ¼ /dc þ /acsinðxtÞ; ci ¼ c0; n � ru ¼ 0; p ¼ 0 (9)

/ ¼ 0; ci ¼ c0; n � ru ¼ 0; p ¼ 0 (10)

where c0 is the bulk concentration of the ionic solution, as previ-
ously mentioned, /dc is the applied dc voltage, /ac is the ampli-
tude of the ac electric potential, and x is the angular frequency
(x ¼ 2pf , where f is the applied frequency).

We nondimensionalize all of the equations by scaling the
distance with the length of the nanochannel (L0), time with the
frequency time scale (1=f ), concentration with the bulk concentra-
tion of the electrolyte solution ðc0Þ, electric potential with
/0 ¼ RT=Fz, fluid velocity with U0 ¼ �0�rE0/0=l, where E0 is
the average applied field in the nanochannel (i.e., it is the total
voltage drop divided by the nanochannel length), pressure with
p0 ¼ lU0=L0, and space charge density with qe0

¼ Fzc0. Further-
more, we consider a symmetric monovalent electrolyte
ðzþ ¼ �z� ¼ zÞ, such as KCl, in the present analysis. We normal-
ize the diffusion coefficient of each ionic species with the charac-
teristic diffusion coefficient ðD0 ¼ 2� 10�9m2=sÞ. Applying
these scaling variables, the system of governing equations in the
dimensionless form can be written as:

• conservation of mass

r� � u� ¼ 0 (11)

• conservation of momentum

St
@u�

@t�
þ u� � r�u�

� �
¼ 1

Re
�r�p� þ r�2u� þ 1

2b2
q�eE�

� �
(12)

• transport of positive ions

St
@c�þ
@t�
þr� � ðc�þu�Þ

� �
¼ 1

Pe
D�þr�2c�þ þD�þr� � ðc�þr�/

�Þ
� �

(13)

• transport of negative ions

St
@c��
@t�
þr� � ðc��u�Þ

� �
¼ 1

Pe
D��r�2c�� �D��r� � ðc��r�/�Þ
� �

(14)

• Poisson equation for electrical potential

r�2/� ¼ � 1

2b2
q�e (15)

In the preceding equations, variables with superscript ‘*’ are
the dimensionless variables. The various nondimensional numbers
are given by b ¼ kD=L0, the Peclet number Pe ¼ L0U0=D0, the
Reynolds number Re ¼ qU0L0=l, and the Strouhal number
St ¼ fL0=U0. The Debye length ðkDÞ, determining the thickness of

the EDL, is defined as kD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0�rRT=2F2z2c0

p
. The inherent time

scales present in the system are the viscous time scale ðL2
0=�Þ

(where � ¼ l=q is the kinematic viscosity of the fluid), the con-
vective time scale ðL0=U0Þ, and the molecular diffusion time scale

ðL2
0=D0Þ. In the present study, we are interested in understanding

the ac effects on the electroosmotic fluid velocity for different
EDL thicknesses; hence, the important nondimensional numbers
investigated are the Strouhal number ðStÞ and the nondimensional
Debye length ðbÞ.

The coupled PNP and Navier–Stokes equations are numerically
solved using the finite volume method in open field operation and
manipulation (OPENFOAM) [39]. The convective terms in the PNP equa-
tions are discretized using second-order bounded normalized variation
diminishing schemes [40] and all of the Laplacian terms are discre-
tized using a second-order central differencing scheme. The SIMPLE
algorithm is used for pressure-velocity coupling [41]. A finer mesh is
introduced near the walls; at the entrance and exit of the nanochan-
nel. The model is validated with the numerical results of Daiguji
et al. [32,33] and Jin et al. [10]. Along with the numerical valida-
tion, the accuracy of the electroosmotic velocity for thin EDL limits
is verified with the analytical solution based on the Helmholtz–
Smoluchowski equation. These results are not reported here for the
sake of brevity (refer to Ref. [42] for details). Furthermore, the
results reported here are ensured to be independent of the grid size.

4 Results and Discussion

We initially consider a low bulk ionic concentration c0 ¼ 1mM
(corresponding to a thick EDL regime b ¼ 0:0049) and a nano-
channel wall surface charge density, rch ¼ �1 m C=m

2
(corre-

sponding to a normalized nanochannel wall surface charge density
r� ¼ rchL0=�0�r/0 ¼ �109:227) to investigate the effect of com-
bined ac/dc electric fields on the electrokinetic transport. At this
low ionic concentration, the nanochannel is found to behave as an
ion-selective membrane leading to the predominant transport of
counterions inside the nanochannel. Under these thick EDL limits,
we discuss the anomalous electroosmotic transport physics
observed inside the nanochannel under different ac/dc electric
fields. In order to understand the anomalies and the nonlinear
effects in the electrokinetic transport, we calculate the time aver-
aged potential, body force, pressure, and velocity and compare
them with the dc case. We note that for a nonlinear system,
depending on the degree of nonlinearity, the time averaged quanti-
ties under the ac/dc electric field need not be equal to the dc value.
Several numerical and experimental studies in the recent past
have observed the ion-selectivity of the nanochannel to depend on
both the bulk ionic concentration and the nanochannel wall sur-
face charge density [12,13,43]. We extend our study to discuss the
influence of the combined ac/dc electric fields on the electroki-
netic transport for different dimensionless EDL thicknesses and
nanochannel wall surface charge densities.

4.1 Nonlinear Potential Distribution. As previously dis-
cussed, the integration of micro/nanofluidic devices leads to many
complex phenomena [10,43,44]. The most important phenomenon
among them is concentration polarization (CP) [12,17,21], which
is predominantly observed in highly ion-selective nanochannels
on the application of large dc voltages [16] due to the formation
of significant concentration gradients in the electrolyte solution
near the interfaces, causing an accumulation of ions on the ca-
thodic side and a depletion of ions on the anodic side for a nega-
tively charged nanochannel surface. At low dc voltages, the
electrical potential drop mainly occurs inside the nanochannel
since the resistance in the nanochannel is much larger than that in
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the reservoirs. The potential drop at such voltages can be assumed
to be linear inside the nanochannel. However, at large dc voltages
the resistance is very small on the cathodic enrichment side, while
the low ionic concentration and the presence of induced polariza-
tion space charges at the anodic depletion interface region leads to
a large resistance at this region which, in turn, results in a large
potential drop near the anodic junction, as shown in the inset of
Fig. 2(a). Thus, under large dc electric fields interesting polariza-
tion physics is observed near the anodic interface region of the
micro/nanochannel and the presence of induced polarization space
charges can be understood from the large potential drop developed
at this interface region. The polarization effects observed under dc
electric fields in ion-selective nanochannels have been extensively
studied in the literature [10,37].

We focus our attention in order to investigate the effect of the
combined ac and dc electric fields on the electric potential dis-
tribution. We note that in the present study, for a typical dc
voltage of about 0:5V and a characteristic length scale of about
2 lm, the characteristic velocity is about 4:6 mm=s. For such a
system, the convective time scale is approximately 0:44 ms. Fur-
thermore, the kinematic viscosity (�) of water at 300 K is around

1:003� 10�6m2=s, resulting in an approximate viscous time scale
of 4 ls. These time scales are relevant since we investigate ac
electric fields with different frequencies, ranging from
500 Hz� 1 MHz to consider different Strouhal numbers (St). The
ac voltages of different amplitudes (ranging from 0:1� 10V) are
considered in order to understand the effect of the ratio
a ¼ /ac=/dc on the nonlinear potential distribution. As expected,
under a small ac amplitude (a ¼ 0:2), there is no change in the
system behavior and the response of the time averaged axial
potential distribution is similar to the dc case, as shown in Fig.
2(a). Furthermore, similar physics are observed at all St. The time
averaged potential at each position along the centerline of the
channel is calculated as

/�ðx�Þh i ¼ 1

Tp

ðTp

0

/�ðx�Þdt (16)

It can be shown that, for small a (at any St), the time averaged
axial electroosmotic velocity due to the combined acþ dc electric
field can be obtained using the principle of linear superposition

u�acþdc

� �
¼ u�dc þ u�ac

� �
(17)

where hi ¼ 1=Tp

Ð Tp

0
ðÞdt is the time averaged component and Tp is

the time period of one cycle. The time averaged velocity of the ac
component is zero; hence, as expected, the electrokinetic flow is
unaffected under small ac perturbations. However, similar to the
nonlinear potential distribution observed in micro/nanofluidic
channels under a large dc voltage, the application of the combined
ac/dc electric fields at amplitudes greater than the dc field (i.e.,
a > 1) and at low St also introduces several changes to the poten-
tial distribution, leading to many counterintuitive and anomalous
effects in the electrokinetic transport. It is observed that, during
the first half of the cycle, the combined high amplitude ac, along
with a relatively low dc voltage, causes a large voltage drop (as dc
acts in the same direction as the ac voltage) near the anodic inter-
face and no significant voltage drop is observed near the cathodic
interface. However, during the other half of the cycle, the com-
bined acþ dc voltage causes a voltage drop near the cathodic
interface and no significant voltage drop is observed near the an-
odic interface. It is important to note that the voltage drop
observed near the cathodic interface in this half cycle is relatively
smaller (as dc acts against the ac voltage) compared to the voltage
drop observed near the anodic interface during the first half of the
cycle. Hence, the application of a large ac amplitude at low St,
along with a relatively low dc voltage, results in a large voltage
drop near the anodic interface and a relatively smaller drop of
potential near the cathodic interface. Figures 2(a) and 2(b) show
the time averaged nondimensional axial electrical potential distri-
bution for different a and St, respectively. We discuss the fre-
quency effects in detail in a later part of this section.

The regions (with significant voltage drops, as shown in Figs.
2(a) and 2(b)) near both of the interfaces are identified as the con-
centration polarization space charge regions and the lengths of
these polarization charge regions are determined by measuring the
large voltage drop regions, as shown schematically in Fig. 3.
Thus, we observe dual concentration polarization regions (region
I, denoted as CPL-I near the anodic interface and region II,
denoted as CPL-II near the cathodic interface) unlike the dc only
case where the large voltage drop (for a negatively charged nano-
channel) predominantly occurs at the anodic junction due to the
polarization space charge regions developed at this junction. Fur-
thermore, the dual polarization lengths are not equal to each other
(CPL-I>CPL-II) due to the unequal voltage drops at both of the
interfaces. We would also like to point out that the large potential
drop occurs from the inner regions of the nanochannel junction
and propagates towards the microchannel/reservoir junction, as
shown in Figs. 2(a) and 2(b). Thus, the sum of the lengths inside the
nanochannel junction and the reservoir junction together constitute

Fig. 2 (a) Numerical results of the time averaged nondimen-
sional axial potential distribution for different að5 /ac=/dcÞ at a
fixed St 5 4:65. Note: for the ac only case /acFz=RT 5 386:84
and St 5 4.65. The inset of the figure shows the nondimensional
axial potential distribution for a large dc voltage /dcFz=RT
5 193:419. At this voltage, there is a large voltage drop observed
at the anodic junction of the micro/nanochannel due to the con-
centration polarization space charges induced at this junction. (b)
Variation of the time averaged nondimensional axial potential dis-
tribution for different Stð5 fL0=U0Þ at a fixed a 5 16. In all of these
cases the applied dc voltage is /dcFz=RT 5 19:3419, b 5 0:0049,
and r�5 2109:227.
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the total CPL length. Similar phenomena of polarization space
charge propagation from the inner regions of the nanochannel anodic
junction towards the reservoir are observed in the experimental and
numerical studies of Mani et al. [12,13] under dc electric fields.

Figure 4(a) shows the normalized CPL as a function of a,
at a constant frequency (St ¼ 4:65) and dc voltage
(/dcFz=RT ¼ 19:3419). We discuss two key observations from
the figure. First, dual concentration polarization space charge
regions are developed at both of the interface regions of the
micro/nanochannel when the amplitude of the ac field is greater
than the dc field (a > 1). Second, it is observed that the polariza-
tion lengths developed at both of the interface regions monotoni-
cally increase with a. It is important to note that, along with the
amplitude, the frequency of the ac field also plays an important
role in controlling the polarization space charges at the interfaces.
Figure 2(b) shows the time averaged nondimensional axial poten-
tial distribution for different St at a constant amplitude (a ¼ 16)
and dc voltage ð/dcFz=RT ¼ 19:3419Þ. It can be observed that for
low St (St ¼ 0:233 and St ¼ 4:65) large voltage gradients and
dual concentration polarization charge regions are developed at
both of the interface regions of micro/nanochannel. However, at
large St (St ¼ 465:12) or when the frequency time scale is compa-
rable to the viscous time scale ðL2

0=�Þ, the ac polarization and non-
linear effects decrease and the potential distribution follows the dc
case. Figure 4(b) displays the normalized CPL as a function of St
in order to further illustrate the aforementioned physics. Thus,
under the thick EDL regime, the dual concentration polarization
space charge regions (with unequal lengths) are developed at both
of the interface regions of a micro/nanofluidic device under low St
and for a > 1. The same scaling physics is observed even for the
case of a higher dc voltage, which is displayed in the inset of Fig.
4(a), where the dual polarization charge regions are built up as
a > 1. By controlling these polarization lengths we can control
the nonlinear effects inside the nanochannel.

4.2 ac Effects on Electrostatic Body Force and Induced
Pressure. We discuss the effects of the nonlinear potential distri-
bution and the dual concentration polarization space charge

regions on the electrostatic body force and pressure distribution.
Figure 5 shows a comparison of the nondimensional axial body
force distribution between a low dc field /dcFz=RT ¼ 19:3419
and a combined ac/dc electric field with a ¼ 20, St ¼ 4:65, and

Fig. 3 Schematic of the potential distribution along the length
of the micro/nanochannel. The regions with large voltage drops
near both the micro/nanofluidic interfaces are defined as
concentration polarization regions. Here, CPL-I represents the
polarization length at the right end (anodic end) of the nano-
channel, while CPL-II indicates the polarization length at the ca-
thodic end. The subscripts dc and ac 1 dc indicate the lengths
when the corresponding fields are applied (the solid line and
the dashed line indicate the approximate potential profile for
the large dc voltage and large a (and low St) ac 1 dc field,
respectively).

Fig. 4 Normalized dual concentration polarization lengths
measured at a fixed b 5 0:0049, r�5 2109:227 (a) as a function
of a at a fixed St¼ 4:65 and /dcFz=RT 5 19:3419. The inset of the
figure displays the dual concentration polarization lengths for a
large dc voltage /dcFz=RT 5 193:419 (b) as a function of St at a
fixed a 5 16 and /dcFz=RT 5 19:3419. The resolution of the
lengths measured is limited by the grid spacing.

Fig. 5 Nondimensional axial body force distribution (averaged
over one time period and averaged across the cross section)
for different electric fields at a fixed b 5 0:0049, r�5 2109:227,
and /dcFz=RT 5 19:3419
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the same dc voltage. For this ac/dc electric field, we observe large
body force gradients at both of the interface regions of the micro/
nanochannel, compared to the dc case. These observations are pri-
marily due to the large voltage gradients and the polarization
space charges observed near both of the interface regions, as dis-
cussed in the previous section. The axial body force ðfxÞ, dis-
played in Fig. 5, is averaged across the nanochannel and is
calculated as

fx ¼
1

h

ðh=2

�h=2

qeExdy (18)

where the subscript x denotes the x-component. The body force is
further normalized with the characteristic body force qe0

E0.
Figure 6(a) displays the time averaged nondimensional axial

pressure distribution for different a. To understand the amplitude
effects, the frequency (St ¼ 4:65) and the dc voltage ð/dcFz=
RT ¼ 19:3419Þ are kept constant. It can be observed that under
small ac perturbations (a ¼ 0:2), the time averaged ac/dc axial
pressure distribution shows minimal variation compared to that
from the dc field, while the application of higher ac amplitudes
ða ¼ 20Þ results in large induced pressure gradients at both of the
interface regions of the micro/nanochannel due to the large volt-

age gradients and electrostatic body force observed at these inter-
face regions. Furthermore, this is unlike the physics observed
under large dc voltage (see the inset of Fig. 6(a)), where large
induced pressure gradients are observed only at the anodic inter-
face region. These results further illustrate the presence of dual
polarization space charge regions under combined ac/dc electric
fields. Figure 6(b) shows the time averaged nondimensional axial
pressure distribution for different St. To study the frequency
effects, the amplitude (a ¼ 16) and the dc voltage
ð/dcFz=RT ¼ 19:3419Þ are kept constant. It can be observed that
for low St (St ¼ 0:233 and St ¼ 4:65) large induced pressure gra-
dients are developed at both of the interface regions of the micro/
nanochannel. However, at large St (St ¼ 465:12) or when the fre-
quency time scale is comparable to the viscous time scale, the
nondimensional axial pressure distribution follows the dc case,
indicating minimal ac dependence. This can be understood from
the fact that the ac polarization effects and voltage gradients also
follow the same scaling physics with respect to St, as discussed in
the previous section.

In order to understand the effect of voltage gradients and the
polarization space charge regions on the electroosmotic velocity
inside the nanochannel, we first discuss its effect on the total elec-
trostatic body force acting inside the nanochannel since the elec-
troosmotic velocity is directly dependent on the total electrostatic
body force. The total electrostatic body force ðFxÞ integrated over
the entire channel is calculated as

Fx ¼
ðxsþL0

xs

hfxdx (19)

where xs is the x coordinate where the nanochannel starts, the sub-
script x denotes the x-coordinate and fx is the body force averaged
across the nanochannel obtained from Eq. (18).

Figure 7(a) displays the ratio of the total axial electrostatic
body force (averaged over one time period and integrated over
the entire channel) under the combined ac/dc electric field to the
total dc axial electrostatic body force as a function of a at a con-
stant frequency (St ¼ 4:65) and dc voltage ð/dcFz=RT
¼ 19:3419Þ. It is observed that the ratio of the total electrostatic
body force acting inside the nanochannel quadratically decreases
with respect to a. We understand that the increase in the polariza-
tion lengths at the interfaces result in a decrease in the time aver-
aged total ac/dc axial electrostatic body force acting inside the
nanochannel. Figure 7(b) shows the ratio of the total axial electro-
static body force (averaged over one time period and integrated
over the entire channel) under the combined ac/dc electric field to
the total dc axial electrostatic body force as a function of St. To
study the frequency effects, the amplitude ða ¼ 16Þ and the dc
voltage ð/dcFz=RT ¼ 19:3419Þ are kept constant. It can be seen
that the time averaged total ac/dc axial electrostatic body force
decreases compared to the total dc axial electrostatic body force at
low St. However, at large St or when the frequency time scale is
comparable to the viscous time scale, the time averaged total ac/
dc axial electrostatic body force shows a minimal variation com-
pared to the total dc axial electrostatic body force. Again, these
results can be understood from the fact that the dual concentration
polarization space charges and strong voltage gradients at both of
the interfaces are observed at low St. However, at large St, the ac
polarization effects are minimal, as elaborately discussed in the
previous section.

4.3 Electroosmotic Flow. With the understanding of the
effect of the combined ac/dc electric fields on the total electro-
static body force, we investigate the effect of these electric fields
on the axial electroosmotic flow (EOF) velocity inside the nano-
channel. Figure 8(a) shows the ratio of the time averaged ac/dc
axial electroosmotic velocity to the dc axial electroosmotic veloc-
ity as a function of a. To understand the amplitude effects, the fre-
quency (St ¼ 4:65) and dc voltage ð/dcFz=RT ¼ 19:3419Þ are

Fig. 6 (a) Time averaged nondimensional axial pressure distri-
bution for different a at a fixed St 5 4:65. Note: for the ac only
case /acFz=RT 5 386:84 and St 5 4.65. The inset of the figure
shows the nondimensional axial pressure distribution for a
large dc voltage /dcFz=RT 5 193:419. At this voltage, there is a
large induced pressure gradient near the anodic junction of the
micro/nanochannel due to the concentration polarization space
charges induced at this junction. (b) Variation of the time aver-
aged nondimensional axial pressure distribution for different St
at a fixed a 5 16. In all of these cases b 5 0:0049, r�5 2109:227,
and /dcFz=RT 219:3419.
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kept constant and the electroosmotic velocity is evaluated at the
midpoint of the nanochannel. It is observed that the ratio of the
time averaged ac/dc axial electroosmotic velocity inside the nano-
channel quadratically decreases with respect to a. This can be
understood from the fact that the ratio of the time averaged total
ac/dc axial electrostatic body force to the total dc axial electro-
static body force exhibits a similar scaling relation with respect to
a and the underlying physics is already discussed in an earlier sec-
tion. The inset of Fig. 8(a) also reveals similar scaling physics
with respect to a under a higher dc voltage ð/dcFz=RT
¼ 193:419Þ. The deviation of the time averaged ac/dc velocities
from the dc velocity illustrates the strong nonlinearities present in
the system. Figure 8(b) displays the time averaged nondimen-
sional axial electroosmotic velocity across the cross section of the
nanochannel for different a in order to further illustrate the
decrease in the time averaged axial electroosmotic velocity under
large a (a ¼ 20). However, minimal variations in the time aver-
aged axial electroosmotic velocity compared to the dc velocity are
observed under small amplitude perturbations (a ¼ 0:2). Figure
9(a) shows the ratio of the time averaged ac/dc axial electroos-
motic velocity to the dc axial electroosmotic velocity as a function
of St at a constant amplitude (a ¼ 16) and dc voltage
(/dcFz=RT ¼ 19:3419). The electroosmotic velocity is evaluated
at the midpoint of the nanochannel. It can be seen that the time
averaged ac/dc axial electroosmotic velocity decreases compared
to the dc axial electroosmotic velocity at low St. However, at large
St or when the frequency time scale is comparable to the viscous

time scale, the time averaged ac/dc axial electroosmotic velocity
shows minimal variation compared to the dc axial electroosmotic
velocity. These results, again, can be understood from the fact that
the ratio of the time averaged total ac/dc axial electrostatic body
force to the total dc axial electrostatic body force exhibits a simi-
lar behavior with respect to St and the reason for this variation is
discussed in an earlier section. Figure 9(b) displays the time aver-
aged nondimensional axial electroosmotic velocity across the
cross section of the nanochannel for different St (St ¼ 0:233;
4:65, and 465:12) in order to further illustrate the aforementioned
physics.

Finally, we would also like to briefly point out that, with an
application of the ac field alone, we observe a symmetric voltage
drop and induced pressure gradients at both of the interfaces of
the micro/nanochannel (see Figs. 2(a) and 6(a)). Due to this sym-
metry, it can be observed from Fig. 8(b) that the time averaged
axial velocity across the nanochannel is zero and, as expected,
there is no net fluid flow inside the nanochannel.

Fig. 7 The ratio of the total axial electrostatic body force (aver-
aged over one time period) integrated over the entire channel
under the combined ac/dc electric field to the total dc axial elec-
trostatic body force for a fixed b 5 0:0049, r�5 2109:227, and
/dcFz=RT 5 19:3419 (a) as a function of a at a fixed St 5 4:65,
and (b) as a function of St at a fixed a 5 16

Fig. 8 Numerically calculated velocities (averaged over one
time period) measured at the center of the nanochannel
(x=L0 5 1) at a fixed St 5 4:65, b 5 0:0049, r�5 2109:227, and
/dcFz=RT 5 19:3419. (a) The ratio of the time averaged ac/dc
axial electroosmotic velocity to the dc axial electroosmotic
velocity as a function of a. The inset of the figure displays
the velocity variation with a for a large dc voltage
/dcFz=RT 5 193:419. (b) The variation of the time averaged non-
dimensional axial electroosmotic velocity across the cross sec-
tion of the nanochannel for different a. For the ac only case
/acFz=RT 5 386:84 and St 5 4.65. Note: the negative sign indi-
cates the flow direction from right to left.
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In all of the aforementioned results, in order to understand the
effect of the combined ac/dc electric fields on the electrokinetic
transport under thick EDL regimes, a low ionic concentration of
about 1 mM was considered. Under the thick electrical double
layer regime the nanochannel behaves as an ion-selective mem-
brane, i.e., there is a predominant transport of counterions inside
the nanochannel. Along with the bulk ionic concentration, the
nanochannel wall surface charge density also controls the ion-
selectivity of the nanochannel [12,13,43]. We extend our study
and provide additional numerical results to explain the effect of
the combined ac/dc electric fields on the electrokinetic transport
for different system parameters using the dimensionless electrical
double layer thickness ðb ¼ kD=L0Þ and the normalized wall sur-
face charge density of the nanochannel ðr�Þ. Figure 10 displays
the ratio of the time averaged ac/dc axial electroosmotic velocity
to the dc axial electroosmotic velocity as a function of St for dif-
ferent nondimensional EDL thicknesses ðbÞ. Here, b is varied by
changing the bulk ionic concentration ðc0Þ of the electrolyte. To
understand the frequency effects, the amplitude (a ¼ 6) and the dc
voltage (/dcFz=RT ¼ 19:3419) are kept constant and the veloc-
ities are evaluated at the midpoint of the nanochannel. It is

observed that the voltage gradients and the dual concentration
polarization space charge regions (near both of the interfaces of
the micro/nanochannel) predominantly observed at a low St
increase as the EDL thickness increases, resulting in a significant
decrease in the time averaged ac/dc axial electroosmotic velocity
compared to the dc axial electroosmotic velocity. However, when
the concentration of the electrolyte increases, i.e., as the nondi-
mensional EDL thickness ðb) reduces and the ion-selectivity of
the nanochannel decreases, the polarization and nonlinear effects
under the combined ac/dc electric fields decrease and the time
averaged ac/dc axial electroosmotic velocity approaches the dc
axial electroosmotic velocity, indicating minimal ac dependence
on the electrokinetic transport.

Figure 11 shows the ratio of the time averaged ac/dc axial elec-
troosmotic velocity to the dc axial electroosmotic velocity as a
function of St for different normalized nanochannel wall surface

Fig. 9 Numerically calculated velocities (averaged over one
time period) measured at the center of the nanochannel
(x=L0 5 1) at a fixed a 5 16, b 5 0:0049, r�5 2109:227, and
/dcFz=RT 5 19:3419. (a) The ratio of the time averaged ac/dc
axial electroosmotic velocity to the dc axial electroosmotic ve-
locity as a function of St. (b) The variation of the time averaged
nondimensional axial electroosmotic velocity across the cross
section of the nanochannel for different St.

Fig. 10 Effect of the dimensionless EDL thickness ðb 5 kD=L0Þ
and St on the ratio of the time averaged ac/dc axial electroos-
motic velocity to the dc axial electroosmotic velocity. The veloc-
ity is measured at the center of the nanochannel (x=L0 5 1) at a
fixed a 5 6, r�5 2109:227, and /dcFz=RT 5 19:3419. Here, b is
varied by changing the bulk ionic concentration ðc0Þ of the
electrolyte.

Fig. 11 Effect of the normalized surface charge density (r�)
and St on the ratio of the time averaged ac/dc axial electroos-
motic velocity to the dc axial electroosmotic velocity. The veloc-
ity is measured at the center of the nanochannel (x=L0 5 1) at a
fixed a 5 6, b 5 0:0049, and /dcFz=RT 5 19:3419.
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charge densities (r�). Here, the amplitude (a ¼ 6) and the dc volt-
age (/dcFz=RT ¼ 19:3419) are kept constant. It is observed that
at a large nanochannel wall surface charge density, the channel
essentially behaves as an ion-selective membrane. As expected, a
higher ion-selectivity of the nanochannel leads to stronger polar-
ization and nonlinear effects at low St, resulting in a significant
decrease in the time averaged ac/dc axial electroosmotic velocity
compared to the dc axial electroosmotic velocity. Furthermore,
the results are consistent with our previous arguments that the ac
fields have a minimal dependence on the electrokinetic transport
as the ion-selectivity of the nanochannel decreases, which is
achieved in this case by reducing the nanochannel wall surface
charge density (r�). We would also like to highlight that the scal-
ing physics, with respect to a, is consistent with our previous
observations for cases of higher EDL thickness and larger r�.
From the aforementioned results, we conclude that the ion-
selectivity of the nanochannel plays an important role in control-
ling the concentration polarization effects and electrokinetic trans-
port in micro/nanofluidic interface devices under combined ac/dc
electric fields.

As discussed earlier, we perform an additional numerical analy-
sis in order to investigate the effect of the side wall reservoir sur-
face charges (rw) on the electrokinetic transport under the
combined ac/dc electric fields. The tests are carried out for differ-
ent reservoir side wall surface charge densities, i.e., rw=rch ranges
from �2 to 2 at a constant nanochannel wall surface charge den-
sity r� ¼ �109:227 and b ¼ 0:0049. The amplitude (a ¼ 6), fre-
quency ðSt ¼ 4:65Þ, and dc voltage (/dcFz=RT ¼ 19:3419) are
also kept constant. As expected, it is observed that the introduc-
tion of a heterogeneous surface charge at the channel entrance
(i.e., if the surface charge polarity on the nanochannel walls (rch)
is opposite to the reservoir side walls (rw)) leads to larger voltage
gradients and higher polarization effects at both of the interfaces
compared to the homogeneous system under the same ac fields.
These polarization effects, in turn, result in a further decrease in
the time averaged ac/dc axial electroosmotic velocity inside the
nanochannel. For instance, we observe about a 10% decrease in
the time averaged axial electroosmotic velocity under the same
ac/dc electric field for a heterogeneous case ðrw=rch ¼ �2Þ com-
pared to the neutral side wall case. Although the heterogeneous
surface charge distribution at the channel entrance leads to addi-
tional polarization effects, we understand that the nanochannel
wall surface charge density and the ionic concentration of the
electrolyte (i.e., the ion-selectivity of the nanochannel) play a
more important role in controlling the concentration polarization
effects and electrokinetic transport in micro/nanofluidic interface
devices under combined ac/dc electric fields. Furthermore, we
would like to point out that all of the aforementioned physics can
also be observed for larger reservoir dimensions, when the system
is perturbed under a low Strouhal number. To our knowledge, the
nonlinear effects due to the combined ac/dc electric fields in
highly ion-selective nanofluidic devices and the presence of dual
concentration polarization regions at both of the interfaces of the
micro/nanofluidic device have not been reported before in the lit-
erature and by controlling these lengths, we can control the non-
linear effects and also modulate the fluid flow.

With the understanding of nonlinear electrokinetic transport
physics under combined ac/dc electric fields in highly ion-
selective nanochannels, we suggest some potential applications of
these electric fields. The large voltage gradients (inducing large
resistances) developed near both of the interfaces of the micro/
nanochannel under low St and at large a can be used to preconcen-
trate proteins and biological species to improve its detection. The
large electric fields due to the presence of concentration polariza-
tion space charges at both of the interfaces, along with the large
induced pressure gradients at the interfaces, lead to electrokinetic
vortices at both of these interface regions, which can provide mul-
tiple mixing regions. This is unlike the electrokinetic vortices
observed only at the anodic depletion interface region under the
application of large dc electric fields. Adequate mixing ratios can

be achieved by controlling the frequency and amplitude of the ac
fields. Furthermore, by controlling the electroosmotic transport
inside the nanochannel using the combined acþ dc electric fields,
these fields can be potentially used in reaction kinetics to enhance
the reaction rates [45] inside the nanochannel. Thus, along with
offering interesting physics at the interface regions, the application
of combined ac and dc electric fields also paves way for many
potential applications in micro/nanofluidic interconnect devices.

5 Conclusions

In this work, the effect of the combined ac and dc electric fields
on the electrokinetic transport and other hydrodynamic properties
are investigated in micro/nanofluidic interface devices. Many anom-
alous and counterintuitive observations on the electrokinetic trans-
port under different ac/dc electric fields and the underlying physics
behind these observations are discussed. For a highly ion-selective
nanochannel, strong nonlinear potential distribution and dual con-
centration polarization space charges at both of the interface regions
of the micro/nanochannel are observed at ac amplitudes greater than
the dc field and at low St. The large voltage gradients and the polar-
ization space charges developed near both of the interfaces result in
significant changes in the electrostatic body force and in the electro-
osmotic velocity compared to the dc case. The ion-selectivity of the
nanochannel is found to play an important role in controlling the
concentration polarization effects and electrokinetic transport in
micro/nanofluidic interface devices under combined ac/dc electric
fields. We believe that the understanding of the nonlinear transport
physics at these interfaces can lead to novel designs of micro/nano-
fluidic interconnect devices and we suggest some potential applica-
tions utilizing the ac/dc electric fields.
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Nomenclature

c ¼ concentration (mM)
D ¼ diffusion coefficient (m2=s)
E ¼ electric field (V=m)
f ¼ frequency (Hz)

fx ¼ axial body force averaged across nanochannel (N=m
3
)

F ¼ Faraday constant (C=mol)
Fx ¼ total axial electrostatic force per unit width (N=m)
h ¼ nanochannel height (m)

L0 ¼ nanochannel length (m)
m ¼ number of species
n ¼ unit normal vector
p ¼ pressure of the fluid (N=m

2
)

Pe ¼ Peclet number
R ¼ ideal gas constant (J=molK)

Re ¼ Reynolds number
St ¼ Strouhal number
T ¼ thermodynamic temperature (K)
t ¼ time (s)

Tp ¼ time period (s)
u ¼ velocity vector (m/s)
x ¼ axial direction
y ¼ lateral direction
z ¼ valence

Greek Symbols

a ¼ ratio of ac amplitude to dc potential
b ¼ dimensionless Debye length
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C ¼ flux vector (mol=m
2
s)

�0 ¼ permittivity of free space
�r ¼ relative permittivity of medium
kD ¼ Debye length (m)
l ¼ viscosity of fluid (Pa � s)
� ¼ kinematic viscosity of fluid (m2=s)
q ¼ density of fluid (kg=m

3
)

qe ¼ space charge density (C=m
3
)

r ¼ surface charge density (C=m
2
)

/ ¼ electrical potential (V)
x ¼ angular frequency (rad=s)
X ¼ mobility (m2mol=Js)

Subscripts

ch ¼ nanochannel
i ¼ ith species

w ¼ wall
0 ¼ bulk/characteristic variable
þ ¼ positive monovalence
� ¼ negative monovalence

Superscripts

ac ¼ ac component
dc ¼ dc component
� ¼ dimensionless variable
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