CHAIN RULE FOR WEIGHTED TRIEBEL-LIZORKIN SPACES

SEAN DOUGLAS

ABSTRACT. In this paper we establish a fractional chain rule in the setting of weighted Triebel-Lizorkin
spaces under various smoothness conditions. Notably, this provides a fractional chain rule for weighted
Lebesgue spaces, LP(w), for p < 1. Additionally, an explicit relationship between the smoothness index,
integrablity index, and the choice of weights is determined.

1. Introduction

In this paper we consider a fractional chain rule that forms a good substitute for the identity

%F(u) = F'(u)u
in the framework of weighted Triebel-Lizorkin (TL) spaces. This includes both homogeneous and inhomo-
geneous weighted TL spaces. The early use of a fractional chain rule goes back to Christ and Weinstein [3]
in the study of generalized Korteweg-de Vries (gKdV) equations. Specifically, these authors used fractional
chain and Leibniz rules to provide estimates for the solution of a gKdV represented as an integral equation
that enabled the study of the long-time behavior of the solution.

A fractional chain rule also plays an important role in establishing well-posedness of wave equations [9],
[8]. In particular, a more general smoothness condition, similar to that given subsequently in Theorem
was developed by Kato and Staffilani [11], [13] in the study of well-posedness of NLS equations. More
recently a weighted fractional chain rule was used to establish Morawetz type estimates in order to determine
the local well-posedness of a semi-linear wave equation [I0]. A fractional chain rule has also been obtained
in the more general setting of Besov spaces, however the integrablity index is greater than or equal to 1 [§].

A related inequality to a fractional chain rule is a fractional Leibniz rule, which has a multitude of
generalizations and extensions. A fractional Leibniz rule, also known as a Kato-Ponce inequality [12] are
estimates of the form

(1.1) HDS(fg)HL,, < Chs.p1 2 (HDsfHLm HgHLpz +Hf||LP1 ||D59HLP2) )

where f,g are Schwartz functions and p~! = pfl + py L In [1] Bernicot, Naibo, Maldonado, and Moen
extended to include p < 1, but required that s > n. Grafakos and Oh [5] obtained for % <p<w
with a sharp lower bound on the smoothness index s > n(1/min(p, 1) — 1). This same lower bound is also
shown to be sharp for a fractional chain rule and is discussed in Section 7.

The aim of this article is to provide a weighted fractional chain rule for p < 1, similar to the extension in
the range of indices of the Kato-Ponce inequality. The main results in this article are in the spirit of Christ
and Weinstein’s work. However, their proof heavily relied on the boundedness of the Hardy-Littlewood
maximal operator, which is not available for p < 1. To overcome this obstacle we adapt a similar technique
used by Naibo and Thomson [I5] to obtain a weighted Kato-Ponce inequality for Triebel-Lizorkin spaces.
Specifically, we use a Peetre type lemma from [16], which allows us to circumvent this obstacle.

All functions are defined over R™, so R" is suppressed from in the notation. The space of Schwartz
functions, smooth rapidly decaying functions on R", is denoted by S. The dual space of S, the space of
tempered distributions, is denoted by S’. For the homogeneous setting we need Sy, the space of Schwartz
functions that have vanishing moments of all orders; that is f € Sy if and only if f is a Schwartz function
and SRn x® f(z)dz = 0 where « is a multi-index. The dual space of S is the space of tempered distributions
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modulo polynomials and is denoted by S’/P. This is the space of tempered distributions in which two
elements are identified if their difference is a polynomial. It is a known fact that Sy is dense in S'/P and S
is dense in §’. For more information about tempered distributions see [[7], Chap. 1].

For f € L'(R™) the Fourier transform and inverse Fourier transform are respectively defined by

for=] fwemivtay  fe) = | fw)emvidy

The homogeneous fractional Laplacian for v € §’/P and s > 0 is denoted by D*u € S’/P and defined by
(D%u, ) == (u, (|- |°@) ) for ¢ € Sy (it turns out (| -|°P) € Sp). The inhomogeneous fractional Laplacian
for u € S’ and s > 0 is denoted by J*u € S’ and defined by (J%u, ) == (u, (1 + |- [)2@) ) for p € S.

Let @(f) be a positive radially decreasing C*(R"™) function on R™ supported in twice the unit ball and
equal to one on the unit ball. Let ‘I’(f ) = &(&) — B(2¢), which is non-negative and supported in the annulus
1 < |¢] < 2. The Littlewood-Paley operator A; is defined to be convolution with 2/"¥(27.) for j € Z. For
ease of notation denote

Y = 20y (27,
The weighted homogeneous Triebel-Lizorkin space is u € §’/P such that

1
Fs (w) = (Z |2jsAj“‘q) ! < 0,

JEL LP (w)

[ul

for we Ay and 0 < s,p, ¢ < 00. The weighted inhomogeneous Triebel-Lizorkin space is v € 8’ such that

js AN
Fs (w) ::||50U||Lp(w) + Z (2 |Aju|) < 90,

j=1

[l

LP(w)

for w e Ay and 0 < s,p, ¢ < 00. The Hardy space HP (w) for 0 < p < o0, and w € Ay is defined to be u € &',
such that

lell ey = | sup [0 sl <oo.
O<t<oo LP(w)
The local Hardy space hP(w) for 0 < p < o0, and w € Ay is defined to be u € &', such that
el o () = || SUP [t D) * < .
O<t<1 LP (w)

The lifting property of Triebel-Lizorkin spaces states for u € S” and w € Ay that ||Ju|| zo (w) ™ l|lw| g (w)
pP;q pP;q

for 0 < s < o and 0 < p,q < . For homogeneous spaces the analogous lifting property for u € S’/P and
w € Ay is || D%ul| zo (w) ™~ llul] 2 (w) for 0 < s < o0 and 0 < p,q < o0. Furthermore, there is the following
p:q p,q

relationship between Hardy and TL norms; Ho||F1972(w) ~ Illp () and ||~\|F$’2(w) ~ Nl o () for w € Ag and

0 < p < 0. Asubtle point is that ||| o () ~[Ill () holds for u € S’/P, that is u is a tempered distribution
P,

w
defined by its action on Sp. If 1 < p < o0 and w € Ay, then ||| oy ~ 170 (1) ~[I*llpo (). Note that if g is a
function on R™ then [|g]| 1o () < 9ll4rw) < 9l o) for 0 < p < 00 and w € Ay. For more information on
weighted function spaces see [2].

For a Muckenhoupt weight w we define 7, = inf{r € (1,00) : w € A;}. Further definitions and notation
are defined in the next section. Now that all the relevant definitions have been discussed we state our main
result and its consequences.

Theoreml.l.Let0<s<1,0<p<oo,1<p1<oo,0<p2<oo,%=pil+pi2,wleApl,
p P

wy € Ay, w = witwy?, and 0 < n(max(

Twy l) _ P1—Tuy

) ) < s or £ > 1 (in the case p1 = o0 assume
p2 ' q P1 Tw

0< n(max(ﬂ‘““ - 1) <s)andue€Sy. Let F:C — C and G : C — [0,00) such that F(0) = 0 and

P2 7 q
G(u) € LP*(wy). Furthermore, suppose that for x,y € C that

[F(z) = F(y)] < [C;(m) + Gyl —yl,
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then

(12) 1E @) ) < Comagmnnon o IGE os o lilay-

If ueS then

(13 1E )y < Cosapninos (@) gy HIC@N on g Nl ) )-

Moreover, if G(0) = 0 then we obtain
(1.4) 1By ) < Comnpmn 021G o oy [0l 5,y -

Remark 1.1.1. The hypothesis F(0) = 0 is not necessary for since Aj(c) = 0 in the sense of dis-
tributions for any constant c. Furthermore, the assumption u € Sy (or u € §) is also inessential and only
serves to guarantee F(u) is a well defined tempered distribution, so we may take the Triebel-Lizorkin norm
of it. This follows from the fact |[F(u)| < C[G(u) + G(0)][u| and||G ()| 1py () < %0, s0 F(u) is a L (w1)
function, hence a tempered distribution. If we knew that G(0) = 0 for example, then we could allow for
ueS'/PnL* (orueS nL*®) and still obtain that F(u) is a well defined tempered distribution. This is a
detail overlooked in the existing literature.

A weighted fractional chain rule for Lebesgue spaces is given in [I0] with a similar smoothness condition
of Theorem [I.1] However, in [I0] it is assumed that 1 < p1,pe,p < 00 and wy € Ap,, we € Ap, and
¥ P

importantly w = wl’?1 wl? € Ap. Nevertheless, Theorem |1.1| can hold even when w ¢ A,. For example
suppose that p > 1 and ¢ = 2 so that the weighted Triebel-Lizorkin norm reduces to the weighted Hardy
norm, which controls the Lebesgue norm. It is well known that |- |* € A, if and only if p € (—n,n(p — 1)).
Let wy = |2["(7w1 =Dy = |z|*(Tw2=1) | then

w(z) = |o|" T DR | Tee DT 2 @SSR

Choosing for example p; = 1.5,7,, = 1.1,ps = 4,7, = 2 gives T;]”—ll + % > 1, hence w ¢ A,. But if
D3 (F(u)) is a function then (1.2]) implies
ID*F ()|l Loy SID°F (W)l oy S I1F(w)]

F;z(w) S HG(U)”LPl (’w1) HDSu||LP2 (wz)

for sufficiently large s < 1.

We now consider a special case of Theorem Let p <1, po < qg=2 and wy,ws € A;. Then the lower

bound on the smoothness index becomes 0 < n( 1y = n(% — 1) < s. This is the same lower bound

1
pz Pl
for s in the unweighted Kato-Ponce inequality [5]. This discussion in conjunction with the reduction of the
Triebel-Lizorkin norm to the Hardy space norm when ¢ = 2 provides the following corollary.
Corollary 1.1.1. Let 0 < s < 1, 0 < p <1, 1 <p; <00, 0 < py < 2 % = p%—l—p%,
P P

w=ww® andn(l/p—1) <sandue Sy (orueS). Let F:C — C and G : C — [0,0) such that
F(0) =0 and G(u) € LP*(wy). Furthermore, suppose that for x,y € C that

[F(z) = Fy)| < [G(x) + G|z -yl

wy,wz € A17

then
(1.5) ||D8F(U)HHP(U,) < Cn757p17p2’w17w2HG(U)”LPl(wl)HDSU||HP2(1U2) .
Furthermore, if 0 < s < n(1/p—1) then (L.5)) can fail. If ue S then

17 F ()l y < Coomn s son (1@ oy G s gy 10l ) )-

Remark 1.1.2. Corollary implies a fractional chain rule for Lebesgue spaces for p < 1 when the
tempered distributions D*(F(u)) and J°(F(u)), defined by their actions of Sy and S respectively, correspond
to functions. Sectionl] addresses the sharpness of the lower bound on s in (1.5) for the unweighted case.

Assuming a stronger smoothness condition like that in the original fractional chain rule of Christ and
Weinstein [3] we can allow for more general weights.
3
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Corollary 1.1.2. Let0<s<1,0<p < o0, 1<p1<oo,0<p2<oo,p2<q<oo,%zp%er%,wleApl,

wy € Ay w = wlwy?, s > n(max (T;’; ') 1) — 1) and u € S(R™). Furthermore, suppose that F € C*(C),
F(0) =0 and F'(u) € LP*(wy) then

£ (u)]

Using the fact F(0) = 0 and the fundamental theorem of calculus it can easﬂy be seen that F(u) is in
LP*(wy), hence is a well defined tempered distribution. It is worth pointing out that in Corollary for the
case p; = o0 the lower bound for the smoothness index becomes the same lower bound as the Muckenhoupt
weighted Kato-Ponce inequality for Triebel-Lizorkin spaces [15].

/
F;ﬁq(w) S C"Lvst7p17p27w17w2 ||F g(w2)

2. NOTATION

Much of the notation is adopted from [I5]. We denote by M the uncentered Hardy-Littlewood maximal
function with respect to cubes. For a locally integrable function g and ¢ > 0, the maximal operator M; is
given by M;(g) = M(\g|t)%. For real numbers A, B we use A < B to mean A < CB for some positive
constant C'. The dependence of C on other variables and parameters will often be suppressed and clear from
the context. The notation A ~ B means A < B and B < A. For a set £ < R™ we denote X to be the
characteristic function of E.

Let W*(£) be a Schwartz function supported in 471 < |¢§] < 4, 1 on 47! < [¢] < 4 and denote A} to
be convolution with 2/"W*(27.). Notice that ¥¥* = ¥ and A3A; = Aj. For f e Sy we have the identity
ZjeZ Ajf = f. Also note that {¥ = 0, in fact ¥ has vanishing moments of all orders. The operator Sy is
defined to be convolution with ®, and the operator Ay, is defined to be >, A;.

A Muckenhoupt weight or A, weight is a non-negative locally integrable function w on R™ such that for
1 < p < 0 and for all cubes @ in R™ with sides parallel to the axes, we have

! “v T da . 0
[w]a, = sup<|Q|J ()dm) (@L}w(x) P d) < 00.

[w]a, = sup <|Q| f w(x) dx) Hw_luLao < 0.

The space LP(w), is defined as the set of Lebesgue measurable functions on R” such that

£l ey = UR |f(x)Pw(z) dz) " < .

For p = oo, Lebesgue measure and wdx are mutually absolutely continuous, thus the essential supremum
with respect to wdz and Lebesgue measure are the same, hence |||, = |||, (,,)- Muckenhoupt’s Theorem
states that if 1 < p < o0 and f € LP(w) then, w € Ay if and only if [M(f)ll o) < Cpnw)a, 1l 2o (w)-
Muckenhoupt weights are nested, that is if 1 < p; < ps < o0 then A, < A,,. As stated in the introduction
for we Ay =, 4p we deﬁne Tw = inf{r € (1,00) : we A,}.

We say w € A; if

3. PRELIMINARIES

The inequality in (3.1)) is an extension of a lemma from Taylor’s book [[14], Lemma 4.2], which was given
for ¢ =2 and a = —o0. A proof of the inequality in (3.2)) can be found in [[T5], Lemma A.3] with 7 = 6 — s.

Proposition 3.1. Let {ay}rez be a sequence of non-negative real numbers, 0 < q¢ < o0 and a € {0, —o0} then

1 1

(3.1) ( 3 (2]’8 3 ijak)q> ' < ( 3 (2ﬂ'8aj)4> ' fo<s<1

j>a a<k<j ji>a
: :
(3.2) < 3 (2]’5 3 2<’”>9ak)q> < ( 3 (2j5aj)q> f0<0<s.
Jj>a i<k ji>a

4
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Proof. We only consider the case a = 0, the proof for a = —o0 follows by a similar argument. Suppose that
q <1, then

1

( CEDS zk—jak)q)é _ ( 5 (2 ga-sg—zaj_l)qy

j=1 1<k<j j>1
j—1 a
sqo—1
< < 99542 qa§l>
j>11=1
1
[e.0] q
= <Z ola(s—1) Z 2(J—l)sqa;1_lXN(j _ l))
=1 JEL
1
aq
< (Seray)

Now suppose ¢ > 1, then

(Z (21'5 3 2’“—ja,€)q>; _

j>1 1<k<j

VN
N
.
|
DAL
[\W]
<.
I
[\)
L
S
<
L
N—
v
Q=

1
j—1 q
( Z 21(s—1)/221(3—1)/22(j—1)sajl)tJ)
1=
j—1
(21(8*1)/22(j*l)8aj_l)q>
=1

ola(s—1)/2 Z (Q(J'*l)saj_lXN(j _ l))q)
=1
1

4 aj)q>5.

where in the first inequality we applied Holder’s inequality.

[

A
Q=

i

N
Q=

I
/N Q/\ N
08 v W

Il
-

[\)
<
@

< (X

<.
\%
—

O

We will regularly use the fact that a locally integrable function convolved with a L' dilate of a radially
decreasing integrable function is pointwise bounded by the Hardy-Littlewood maximal operator [[6], Theorem
2.1.10]. A direct application of this fact provides the following result.

Lemma 3.2 ([16], Lemma 2.6). Let 0 <t <o, fe L} (R"), A>0 and a > % then for x € R"

loc
[+ 1A D7 f (@ =)0 < Cnt AT EM(f) ().
The following is the celebrated Peetre’s lemma, an essential estimate when dealing with function spaces.

Lemma 3.3 ([16], Theorem 2.10). Let 0 <t < oo, and u be a function on R™ whose distributional Fourier
transform satisfies supp(u) < B(0, k), then

Sup —————w <
yerr (1 + klyl)

where the constant is independent of k.

The proceeding lemma is a slight modification of a corollary from [[I6], Corollary 2.12]. As pointed out
in the appendix of [I5] one can allow for A > 0, rather than A > 1 as originally stated in the corollary. Also
there is a typo, A~% should be replaced by A" . The proof is essentially the same as that given in [I6],
with the only addition being the function h. The proof is provided for the reader’s convenience.

5
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Lemma 3.4. Suppose 1 <1 < o and 0 < t < 7' where n and ' are related by % + # =1. Let A > 0,

R>1,h>=0anda>%. Ifu and ¢ are functions on R and the distributional Fourier transform of u

satisfies supp(u) < B(0, AR), then
. h)[u)llp@@ =) dy < B" 7 A7 |[h(@ = ) (1 + |A- )@l Mi(w)(x)

where the implicit constant is independent of A, R, and u.

Proof. Observe,
| rwlutllete = )l dy

- [ B - i+ 1A o) dy

1+|A |)
H 1+|A e =)@+ 14Dl
aol || Jule =7 Jule —y)l 1
<llbte = )+ 14 D*elln| | e | (;55 W)
(33) Slih(e = )1+ Al (A~ My () (@) 7 (5;%% W)

el A= REO~ 0 uw—y)| \
<l = )1+ 14l A7 RECD) (M) T (sup )
i n t

no_n(1__t L/ 1-5
(34) Sl =)0+ A D%l A7 BT (Mi(u)(@) 7 (Melw)(@))
= R ATV b — (1 + A+ )%l Ly Mi(u)()
where in (3.3]) we applied Lemma and in (3.4) we applied Lemma ]

In [I5] Naibo and Thomson only used the case 1 = o0, our use however, will necessitate an optimal value
of 7.

The following weighted vector-valued Fefferman-Stein inequality will be of great use: If 0 < p < o0,
0<q<0,we Ay, and 0 <t < min(p/7y, q), then for all sequences {f;}72; of locally integrable functlons
defined on R"™, we have

(3.5) DM (£ SN :
! LP (w) LP(w)

where the implicit constant depends on ¢, p, ¢, and w.

4. Proof of Theorem [1.1]

The proof is inspired by the method in [[14], Proposition 5.1] for LP spaces with p > 1. However, our
argument is more delicate and relies on the use of Lemma and Lemma First suppose p; < 0.
To bound

(4.1) |1 (w)]

3 0) = (Z (2j5|Aj<F<u>>|)q> E

JEZ
L (w)
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we begin by estimating the Littlewood-Paley operator of the composition. Recall S‘i’ = 0, and observe

|8 F(u)()] =

F) W) — ) dy = F)(@) [ () dy'
R’Vl

n

< [ IF@E@ - Fo@I ¥ - v
(4.2 <G [ Jule) - ()| 45 )] dy

n

(4.3) + | Gu))|u(z) —u)|[¥;(z —y)| dy.

R

We will first bound (4.3]) by making several further decompositions,

G(u)(y)|u(x) —u(y)| [¥;(z —y)| dy

RTL
(4.4) Z Y)Agu(z) — Agu(y)| V(@ — y)| dy+
k<j
(4.5) > Y)|Aku(z) — Agu(y)| [V;(z — y)| dy.

]<k R”L
4.1. Bound for (4.4)

We estimate (4.4]) by further expressing it as

(46) S cwwiam - s - iy
k<j |z—y|<2—Fk
(47) e X[ G0~ Sl )y
k<j T—Y|> v

Fix t > 0, and choose N € N so that N — % > n. To estimate (4.6) observe that
|Aru(y) — Apu(z)| = |ALAru(y) — AfAgu(z)]

< f |Au(z) Wi (z — 2) = Wi(y - 2)ld>

- wa|AkU(2)| . 2/€(V1y*)k(9y + (1 - H)x — Z) . (y _ l’)d9 dz

2kn

1
$2k — A dod
lv ”'fRnL' N T i ey —a) F o =2y

2k (1 + 2k|y — x|)Nd
z
(1+2k|z — 2|)N ’
where in (4.8]) we used that § < 1 and the following simple inequality for vy, v € R™

(4.8) < 2k|y — x| |Agu(z)]
Rn,

1 <1+|U1|
L+ |vg +o1] 14 vl

Recalling that in (4.6)) we are assuming that |z —y| < 27* we obtain (4.8) is bounded by a constant multiple
of

okn
k — —_— —
2%y x|JRn |Agu(z z)|(1 - 2k|z|)Ndz
[Apu(z — )|(
R (1+2k]2))%
7

2kn
—d
(1 + 25z

n
t

= 2"y — | 1+2%2)
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ey
(4.9) — 2y — 2| My (Agu) () f ) zlmmv

SPATES wlMt(AkU)(w)
where in (£.9) we used Lemma [3.3] Thus can be written as

-3 )24y — 2| Mo A (@) ¥z — y)ldy

k<j lz—yl<27*

< 2 2 MU(AR)(2) | Glu)()2y — Pl [W)(a — y)ldy

(4.10) < ];\4](0 (z) D] 257 My(Apu) ().
Now to bound -
) . COWIAG) — A o)y
(1.11) <Tiawl | G -l
(112) ) |, CowIAmIYE

The sum in (4.11)) can be estimated by

3 M) j ) O e (Pl )
< M(G(u)(z) > 2877 My(Agu) ().
k<j

The second sum in (4.12)) is estimated similarly,

Z J ot G (u) ()| Apu(y)|[¥;(x — y)|dy

k<j
2in ; .
SN SO e
b= P LV et )] PR IS S
fa Jo o GO0 = G O 20
k=i u)(x u)(x — k %L
(4.13) sgjz Mi(A)(@) | G)@ =91+ 2 ) gy
(4.14) < M(G(u)(x) Y 277 My (Aju) ()
k<j

where in (4.13]) we used Lemma and in (4.14) we used 2% < 27, So (4.4)) is pointwise bounded above by
M(G(u)(2)) Yopoj 2577 My(Agu) ().
4.2. Bound for (4.5)

To estimate (4.5)) we write

> f G ®)Aruly) — Axu(@)l[¥; (@ —y)ldy
Jj<k

8
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(4.15) > 1) [ Gl )1¥ (e~ iy
J<k
(4.16) 5 J G) ()| Ary) ¥ (& — )l dy.
Jj<k
To bound observe,
> IatAcu(e)] [ G )¥ @ = o)ldy
i<k
> My(Agu)(x) G @)@ —y)ldy
j<k "
< M(G(u ZMt Agu)(z).
Jj<k

4.3. Bound for the bad term (4.16)

The term in (4.16) i.e.
> Y| Agu(y)||¥;(z —y)|dy

j<kj Rn
is the most delicate. If > > 1 then here we would pointwise bound by >, M(G(u)|Agul), however this
method breaks down for p/Tw 1. Furthermore, a direct application of Lemma [3.3] ﬁ like in will not
work here since 7 < k.
Applying Lemmawith R=2"1>1,A=2p=Y,up =Aguand 1 <n< w0, 0<7r<n,a>n/r
where 7 and 7 are to be determined. A summand of is bounded by a constant multlple of

U= M, (Agu) (2) 277 | Glu) (@ =) (1 + (27 - ])

1
n

= 2(h=an/r=) N, (Agu) () <2j" JW (1 + [27y)) " [¥(27)|"(G (u) (x — y))”)

< 2(k7j)n(1/T*1/77')Mr(Aku)(I)Mn(G(u))(‘r)'

4.4. Applying the Triebel-Lizorkin norm

We have estimated (4.3)) above by a constant multiple of

(4.17) M(G(u))(x) Y 2877 My(Agu)(x)
k<j
(4.18) + M(G(u)(z) > My(Agu)(z)
Jj<k
(4.19) + M, (G(w))(w) D] 2= =) Ap (Aju) ().
i<k

We now apply the homogeneous Triebel-Lizorkin norm to (4.17), (4.18), (4.19). Starting with (4.17) and
choosing 0 < ¢t < min(pa/Tw,,q) we obtain

M(G(u))27* > 27 My(Aju)

k=i L (69)(w)
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. . A
(4.20) <[[M(G)l o1 () (Z (gas Z ok JMt(Aku))
JEZ k<j
LP2 (wz)
" q\?

(4.21) UG s || | 2 (27 (250
JEZL )
LPQ(’LUQ

1
q

(1.22) <G g ) (2 (2jSAju|)q>

JET

LP2 (ws)

S ||G(u)||Lp1 (wl)Hu| F{:g,q(wz)

where in (4.20) we applied Holder’s inequality, in (4.21) we applied (3.1), and in (4.22) we applied the
Fefferman-Stein inequality. We obtain the same normed estimate for (4.18)) by a similar method used to
bound (4.17)); namely Holder’s inequality, Lemma with 6 = 0, followed the Fefferman-Stein inequality.

4.5. Bounding the worse term (4.19))

To bound (4.19)), first choose r and 7. Recall by hypothesis

T, 1 — T
0< n(max (ﬂ,f) — u) < s.
P2 q p1

<p1 )’ __h
Twl P1 _Twl’

also since p; > 1 and w; € A,, we have 7,,, < p1, by the self improving property of Muckenhoupt weights.
Pick € > 0 small enough so that

Note that

1 1 ) -
_ s,
min (—sz 7q) —e (B —¢)
w2

’Twl

0<n(

and let n = 2~ — ¢ > 1 and 7 = min (£%,¢) — ¢ > 0. Note that 0 < r < 7’ which is required for Lemma
wy w2

Observe,

M, (G (u))(x)27° Z ok=D)n(/r=1/m) Np (A ()

sk e (£9) (w)
1
(4.23) < HMU(G(U))HLm () (2 <2js 2 2(lcfj)n(1/r—1/n’)MT(Aku)(m))q
' JEZ J<k
LT’2(w2)
1
. a\‘
(4.24) <My (G| 11 () (Z (215Mr(Aju)) )
JEZ Lo2 ()

q

. q
(4.25) SIG@) Lo (Z (gjsmjul) )
jJEL
LP2 (wz)

SIG o oy 1l 5,
where in (4.23)) we applied Holder’s inequality, in (4.24]) we applied (3.2]) with 0 < 8 = n(1/r—1/1) < s, and

in (4.25) we applied the Fefferman-Stein inequality and the boundedness of the Hardy-Littlewood maximal
10
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operator. Notice we may apply the Fefferman-Stein inequality as r < min(ps/Tw,,q). Furthermore, n <
P1/Tw, S0 M, maps LP*(wq) to LP*(wq). This finishes the desired estimate for (4.3)).

4.6. Bound for (4.2)
To finish the proof we turn our attention to (4.2) i.e.

G(@) [ Ju(e) = uly)| ¥z - )] dy.

n

From the proof of (4.3)) we see if we replace G(u)(y) by 1, then (4.2) is bounded above by a constant multiple
of

G(u)(w) Y 2877 My(Agu) ()

k<j
+ G(u)(z) Y, Mo(Apu)()
i<k
+Gu)(x) Y 2k A (A ) ()27
i<k
which all give the desired bound by the same proof used for (4.17)), (4.18]), and (4.19) respectively; that is

Holder’s inequality, Lemma followed by the Fefferman-Stein inequality.
All that remains is the case p; = o0. The only part of the proof that this effects is the estimate for the

bad term (4.16) i.e.

Ln

(127 )|

9= /r=1/n") Np (Agu) (2)2 7

Gu) (= )(1+ |27 - )|

L’
Recall the smoothness condition in this case is 0 < n(max (2”—22, %) — 1) < s. Choosing n = o0 and r
close enough to max (2”—22, %) gives 0 < 0 = n(% — 1) < s. We can then applying Lemma and the
Fefferman-Stein inequality analogously to subsection |4.6 ]
5. INHOMOGENEOUS TRIEBEL-LIZORKIN CHAIN RULE
Most of the proof reduces to the homogeneous version. We need to bound
js A%
(5.1) IF) gy ) = IS0 (P @Dllaay +]| | D (274185 (F@))1)
j>1
LP(w)

Using the estimates (4.2) and (4.3)) along with the identity g = Sog + Ak>19 for a tempered distribution g,
we obtain |A;F(u)| is bounded above by a constant multiple of

52) Glu)(w) | 1Suu(e) = Soutw)] 1o~ )] dy

(53) + 3, Gl | 180@) = Al 19, = 1y
(54) + | Gww)ISiu() — Soulw)| ¥ )l dy

(55) + 31 ] GwAnude) - Al ¥ — )y

Bounding is very similar to bounding ; that is we break up the sum of k£ € N into two parts
1<k <jand j < k. The proof then follows analogously to treatment of and with the only
difference coming from the Lemma where we use a = 0 rather than a = —o0, which does not affect the
proof.

11
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Since the only property of the operator Ay used is that it is convolution with a L' dilate of a Schwartz
function (.4 can be obtained from the same argument in subsection where k = 0. From this we obtain
(5.4) is pointwise bounded by a constant multiple of

M(G(u)) ()27 My(Sou)(z).

Since s < 1 applying the TL norm we obtain the desired bound.

The bounds for (5.2)) and (5.3]) follow from the the proof for (5.4]) and (5.5)) by setting G(u)(y) = 1. This
just leaves the So(F(u)) term. Observe,

So(F)(@)] < [ (e = 1) w)dy
(5.6) < 6@ [ [0 = )llu(e) - u(o)ldy
(5.7) + [l -l W) — uldy
(5.8) +|F(u |j|<1>:zf J|dy.

It is clear that (5.8) will give the bound [[F(u)| 15 (,,- Furthermore, the bound for (5.6) will follow from our
bound for (5.7) by setting G(u(y)) = 1, hence we focus on (5.7)). Using the identity g = Sog + As1g for a
tempered distribution g, (5.7) is further decomposed by

(5.9) j|<1><x — IIC)W)||Soulz) — Souly)ldy
(5.10) S j|<1> 2 — PG @) Arulz) — Aguly)|dy.
k=1

Using Lemma and the triangle inequality (5.9) is further bound by

|[Sou(x If y)|®(x - )Idy+Mt(So(U))(x)JG(U)(z—y)(l+2|y|)%|‘1>(y)ldy

for t arbitrarily small. Hence the LP(w) norm of (5.9)) is bounded by a constant multiple of |G (w)]| 1oy ,, [t 7o -
By the triangle inequality we obtain ([5.10]) is bounded by

> Bva(e)] [ 2@ - )G |dy+2j|Aku (e~ )]1Gw)w)ldy

k=1 k=1
(5.11) < M(G(w)(@) Y [Agu()] + My (Glu Z 2n =) M, (A ) ()
k=1 k=1
< (M(G( ) (z) + M, (G ) )) 3 26T M, (Agu) ()
k=1
< (M@@) @) + M) ) (3 (27 X 2" M (a@)”)”
=1 k>j

where in we applied Lemma The estimate now follows by the same method used in subsection
with the same choices of r and 7. Hence, the L?(w) norm of is bounded by a constant multiple
TG, ] -

Lastly if G(0) = 0 then we have the bound [So(F (uv))(z)| < {|®(z — y)|G(u)(y)|u(y)|dy which is the same
term as in (5.7)), and therefore we may drop the 5 ()|l 1o () term in to obtain (L.4). O

6. PROOF OF COROLLARY [1.1.2]

The proof of Theorem [1.1.2]is similar to the proof of Theorem The improved smoothness condition
greatly simplifies the decomposition and avoids the bad term (4.16)). The following estimate was shown in
12
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31,

|4 (F(u))(z)] =

Flu))¥ (2 — y)dy — F(u)(«) [ ¥z — ) dy'
Rﬂ, Rn

< [ IF@@) - P4 - )
< [ [ 1Pt + 0 - dueliut) — )] 145G~ v
(6.1) < 2M(F'(w)(@) jan(x)—u<y>||wj<x—y>|dy

where ([6.1]) follows from a substitution.
By replacing G(u) by M(F’(u)) in subsection [4.6( we obtain |A;(F(u))| is bounded above by a constant
multiple of

(6.2) M(F'(u))(x) Y 2579 My (Agu)(z)
k<j
(6.3) + M(F'(u))(x) Y My(Agu)(x)
i<k
(6.4) + M(F'(u))(x) 3 20=m Q=Y pp (A (@)2 777 || (1 + (27 - )
i<k

where ¢, r and 7 are to be determmed Picking 0 < ¢ < min(pa/7y,,q) we have and (6.3) follow
by the same method as and - To bound (| . ) let n = o0, so ' = 1. Recall by assumption
s > n(1/min(ps/Tw,, q, 1) — 1), so choose 0 < r < min(pa/7y,,q, 1) close enough to min(ps/7y,,q, 1) so that
n(l/r —1) < s. Applying with = n(1/r — 1) and noting 0 < r < min(pa/7w,, ¢) we can apply Holder’s
inequality, Lemma[3.I] and the Fefferman-Stein inequality to obtain the desired result.

O

7. SHARPNESS

We now prove the lower bound on s is sharp for (1.5)) where wy = ws = 1. For this we need the following
lemma.

Lemma 7.1. [Lemma 1, [5]] Let f € S(R™) and s > 0, s ¢ 2N. If f(z) = 0 for all x € R™ and f £ 0, then
there exists a R > 1 such that

|D°f| = Cp s r.rlz|""° for |z| > R.

For p < 1 and 0 < s < n(1/p — 1) we construct an example such that (I.5) fails. Let F(z) = 22 then
G(2) = |z|, that is
1
[F(1) = Fla)l < | 2t + (1= Ozalles = 22l < 2] + |zalas — 2]
0
Let u = V. Note that ¥ is compactly supported away from the origin so the RHS of (|1.5)) is finite. Since
F(¥Y) = ¥? € S we have D*(¥?) is a L? function. So ||D*(F(¥))| ;, <|D*(F(¥))| z». By Lemma and
the fact s <n(1/p — 1) we obtain that | D*(F(¥))||;, = o0. Therefore the LHS of (L.5)) is infinite.
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