REMARKS ON ALMOST EVERYWHERE
CONVERGENCE AND APPROXIMATE IDENTITIES

SEAN DOUGLAS AND LOUKAS GRAFAKOS

ABSTRACT. We prove almost everywhere convergence for convo-
lutions of locally integrable functions with shrinking L' dilations
of a fixed integrable kernel with an integrable radially decreasing
majorant. The set on which the convergence holds is an explicit
subset of the Lebesgue set of the locally integrable function of full
measure. This result can be viewed as an extension of the Lebesgue
differentiation theorem in which the characteristic function of the
unit ball is replaced by a more general kernel. We obtain a similar
result for multilinear convolutions.

1. INTRODUCTION

Almost everywhere convergence for sequences (or families) of func-
tions is an intricate topic that can be especially complicated in its
study. For instance the almost everywhere convergence of Fourier se-
ries of square integrable functions is notorious for its difficulty; see [4],
6], [7]. But many other topics on almost everywhere convergence can
be delicate and involved. By a general theorem [15], in most important
cases, almost everywhere convergence is equivalent to the boundedness
of an associated maximal operator. And such boundedness is, in many
situations, particularly difficult to obtain. For an elegant presentation
of general issues related to almost everywhere convergence one may
consult the monograph [8] which exhibits a probabilistic viewpoint.

The use of approximate identities is of paramount importance in
harmonic analysis. As Dirac mass at the origin is not an integrable
function, the best way to approximate the unit element in the alge-
bra of integrable functions is to consider approximate identities. But
as convolution is a smoothing operation, convolution with approxi-
mate identities therefore allows the approximation of rough integrable
functions by smooth ones. Such convolutions may converge in norm
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and almost everywhere. The topic of almost everywhere convergence
for families of convolutions with approximate identities has been thor-
oughly studied by many authors. We mention for instance the following
works: [2], [14], [12], [13], [1], [3], [10], [11], [5], noting that this list is
by no means exhaustive. It is only representative of the different angles
and aspects of the theory.

In this article we focus on almost everywhere convergence for families
given by convolutions with specific approximate identities, formed by
a single kernel via L' dilations. And our goal is to find relatively weak
conditions on the kernel for almost everywhere convergence to hold.

2. PRELIMINARIES

We consider families of approximate identities formed by dilations of
a single integrable function on R™. Such families have natural and use-
ful properties in terms of norm convergence. Precisely, if K € L'(R")
has integral equal to 1 and

Ki(z) =t K(z/t), t>0,

are the L' dilations of K, then for any f € LP(R"), 1 < p < oo we
have that

K« f—=f  inLP(R")

as t — 0. Moreover, there is an analogous conclusion when p = oo, if
f € L>®(R™) is assumed to be uniformly continuous.

But the almost everywhere convergence (henceforth abbreviated as
a.e.) of the family f * K; to f as t — 0% is a more delicate matter.
Usually certain control on the decay of K at infinity and its blowup
near zero are required in order to obtain such convergence. In this work
we study certain conditions on K suitable for the almost everywhere
convergence of the family f % K, for general functions f on R".

A typical result along these lines is the following: Let K in L'(R")
have integral equal to 1 and satisfy |K(z)| < Al|z|™™ min(|z|, |z|77),
where A, > 0. Then given 1 < p < 0o and f € LP(R") we have

lim K;xf=f a.e.
t—0
Such a result can be proved by considering the oscillation

Oy = limsup |K; * f — f]
t—0

of a function f in Uj<pcoo LP(R™). The oscillation is zero a.e. for a
dense subclass of LP (such as smooth functions with compact support;
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note here we use p < 00). Thus for f € LP(R"), we have Oy = O;_,,
where ¢ lies in such a dense subclass. Moreover,

(1) O < Copy AM(f) + |11,

where M is the Hardy-Littlewood maximal operator. This allows one
to show that for any o > 0

(2) {z eR": Op(z) >0} ={z e R": Op_y(z) > d}.

As we will see in more detail in Section 6, by (1) and (2) in conjuction
with the weak type (1,1) property of the Hardy-Littlewood maximal
operator we obtain (2) is of Lebesgue measure zero and consequently
Of =0 a.e.

This approach does not cover the case of p = oo, in view of the
lack of a nice dense subspace of L*. But it has the more serious
drawback that it does not provide any information about the set of
measure zero on which the pointwise convergence fails. In this note we
discuss a method that can handle bounded functions and even functions
that grow at infinity, provided there is a certain compatibility with the
kernel [precisely, property (4)]. But the most important feature of this
method is that it precisely describes the set on which the pointwise
convergence holds.

We recall that a locally integrable function on R is integrable over
all compact subsets of R™. The space of all locally integrable functions
is denoted by Li.(R™). The Lebesgue differentiation theorem says that
for every locally integrable function f on R™ there is a measurable
subset Ly of R™ (called the Lebesgue set of f) with the properties
|Rn \ £f| =0 and

(3) lim

t—0 v, t"

/I<t|f<a:—y>—f<x>|dy=o

for every x € L;. Here v, is the volume of the unit ball B(0,1) in
R™. The purpose of this article is to investigate how general can an
integrable function K be in order for f % K, to converge a.e. to f. The
Lebesgue differentiation theorem says that K can be the characteristic
function of the unit ball divided by wv,. The question we examine
is for what other integrable functions K such a convergence result is
possible. In Theorem 2.1 we show that the existence of a radially
decreasing integrable majorant of K is sufficient for almost everywhere
convergence to hold. A radially decreasing majorant of K is a radial
function which majorizes |K| and is decreasing as a function of its
modulus.
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A function L on (0,00) is called piecewise absolutely continuous if
there is a sequence of points

O—an<-<as<a1<a<a <---<ay <anyi; — 0

such that L is absolutely continuous on each interval [a;, a;1].

An example of a piecewise C! (hence absolutely continuous) decreas-
ing, and continuous function is L(s) = s~ ! min(s'/4, s71/4) which fails
to be differentiable at s = 1. Another more interesting example is the
following. Let g, € L'(R) such that g is nonnegative and supported
in [a—1, ax). Furthermore, suppose that >, . [|gx||L1(rn) < 00. Define

00 a;
o) = (Mol + [ 510t iy @)
k=j x
and let L(x) = ;5 hy(|z]). Then on each interval [a;-1, ;] the func-
tion L is absolutely continuous and decreasing, moreover L is continu-
ous at each a; for j € Z. To see that L is globally decreasing observe
if i/ < jand z € [a;_1,a,], 2’ € [aj_1,aj], then

L) < Y lgelo@ny <D lgellme) < L().
k=5’

k=j—1

We consider kernels whose absolute value is majorized by decreas-
ing, continuous, and piecewise absolutely continuous functions of the
modulus. For such kernels K we obtain an almost everywhere conver-
gence theorem for the convolutions f * K; as t — 07 for general locally
integrable functions.

Our main result is as follows:

Theorem 2.1. Let K be a function on R™ and let L : (0,00) —
[0,00) be a decreasing, continuous, and piecewise absolutely continuous
function. Assume that

(A) |K(x)| < L(|x|) for all x € R™.
(B)  The function L(] -|) lies in L'(R™).
Let f € L (R™). Suppose that there is a set E; of measure zero such

loc

that for every 0 <6 <1 and x € R"\ E; we have

(4) lim [f (@ = )| Ki(y)| dy = 0.

+
=07 Jy1>0

Then there is another set of measure zero Dy such that for all points x
in R™\ (Dy U Ef) we have

(5) (Lf I [ K] () < o0
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for sufficiently smallt (depending on x), and for all x in L\ (DsUEY)
we have

(6) lim (K * f)(z) = cf (),
t—0+
where ¢ = [, K(x)dx. Thus, K;x f — cf a.e. ast— 0"

In Section 4 we provide examples of pairs (f, K) satisfying condition
(4); these include L functions for 1 < p < oo and Lji,, functions if
K has compact support. Thus, condition (4) is very natural in this

context.

3. PROPERTIES OF THE FUNCTION L

We begin with the following observations about the function L:

(7) lim s"L(s) =0,
s—+00
and
lim s"L(s) = 0.
(8) lim s (s)=0

To verify these assertions, we note that by assumption (B) we have
I :/ u" ' L(u) du < oo.
0
Then for s > 0 we have

/ u" ' L(u) du = / u" ' L(w) du — / u" ' L(u) du
s/2 s/2 s

and this converges to 0 as s — oo being the difference of two tails of an
integrable function and also converges to I — I = 0 as s — 0". Since
L is decreasing we obtain

/ ; W L) du > L(s)(s/2)" (s — 5/2) — 21—nL<s)s",

for all s > 0, and from this we derive (7) and (8).
Next we focus on the following integration by parts lemma:

Lemma 3.1. Let b > 0. Let L be as in the statement of Theorem 2.1.
Then for any nonnegative absolutely continuous function ¢ on [0, b] that
satisfies

(9) o(r) < Cr" for some C' > 0 and all 7 € [0, ]

and

b
(10) / L(;) |¢'(s)|ds < oo for some t > 0,
0
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the integration by parts formula

[ ()smar=r(Dew) - [ 10 (3o

18 valid.

Proof. First we note that replacing b by tb, ¢(r) by ¢(tr), C by t "C,
matters reduce to the case t = 1. So we prove (11) when t = 1.

We consider the largest point ay such that ay < b. Then b < ayyq
and we apply integration by parts on each interval [a;, a;41] for i <
N and also on [ay,b]; note that L is absolutely continuous on these
intervals.

By (8) there is an ¢y > 0 and such that
(12) 0<e<e = L(e)e" < 1.

For € < min(eg, ay_o) we pick M < N — 2 such that ay < € < aprqq
and we write

/E " L) (r)dr

= > (Llanolon) - Laota)) - [ irotar

i=M+1

b
FLO)6(b) — Lay)dlay) / L/(r)é(r)dr

+L(ar+1)d(an+1) — L€)p(e) — /GMH L'(r)¢(r)dr

using the classical integration by parts identity, which is justified from
the fact that L and ¢ are absolutely continuous on each closed interval
that appears.

The sums are telescoping and thus summing them yields

b b
(13) / L)' (r)dr = Lb)p(b) — L(©)d(e) — / L(r)o(r)dr.

At this point we need to let € — 0. Assume momentarily that

(14) /O L/ ()6 (r)dr < oo,

Then we let ¢ — 07 applying the Lebesgue dominated convergence
theorem, whose use is justified by (10) and (14). We obtain

/O L) (r)dr = L(b)é(b) — / L(r)é(r)dr,
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noting that
L(e)p(e) = L(e)e™ ¢(e)e ™ =0
—— —
tends to 0 bounded

in view of condition (8) and (9). It remains to prove (14). Using (9)
and the fact that L’ < 0 (whenever it is defined) we need to show that

b
—/ L'(r)yr™dr < oo.
0
We just repeat the argument leading to (13) with ¢(r) = r™ to obtain
b b
(15) / L(r)ynr™ tdr = L(b)b" — L(e)e" — / L'(r)yr™dr,

and from this and (12), since € < ¢, we deduce

’ b
_/ L'(r)yr"dr < —L(b)b" + 1 -1_/ L(r)nr"tdr
‘ 0

n

= = LOW" + 1+ ——IL(| - Dllr e

n—1

where w,_1 is the surface area of the unit sphere S"~' and || L(|-])|| .1 (m)
is the L' norm of the function  — L(|z|) on R". Letting ¢ — 0™ and
using the Lebesgue monotone convergence theorem proves (14) and
completes the proof of (11). O

4. THE PROOF OF THEOREM 2.1
Proof. We fix f € L{. (R") and K, L as in the statement of the theorem.

loc

For every N € Z* and every t > 0 we have

/ ~ { / M) o dy} d
< ( / ml" (1) ay) /| @l

120 Dlll s o /| @l

< 0Q.

IN

Thus for every N € Z*, there is a set of measure zero Dy such that
x € B(0,N)\ Dy implies

1
(16) / |f(a:—y)\—L<M> dy < oo forallt>0.
lyl<1 ¢
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Here and throughout B(z,7) is the open ball in R™ of radius r > 0
centered at z. Let

Dy = J Dx.
N=1
Then for all z € R™\ Dy we have

a0 [ -l s [ e g3 a <o

lyl<1 t t

Now for a given z € R" \ Ey, (4) with § = 1 implies that there is a
tz1 > 0 such that for all ¢ satisfying 0 <t < ¢, we have

(18) /| MGl < 10

Combining this fact with (17) we obtain that when x € R™\ (D;U Ey)
and 0 <t <t;; we have

[ 15 = 1K) dy < .

This proves (5).

Let L be the Lebesgue set of f. We fix a zg € L\ (DyU Ey) which
has full measure and we prove (6) for x = .

Let v, = |B(0, 1)| be the volume of the unit ball in R™ and

I, = / L(|x|)dz = nvn/ s"1L(s)ds < oo.
n 0

Given € > 0, as xy € Ly, there is a dp > 0 (we may assume that
dp < 1) such that

1 5
19 0<rsi = — /| £(20 = y) = Flan)ldy <+
For ¢ > 0 and t < t,; we write
(0 x f)(w0) = ef(x)
o =) Kil)dy = (| Kuly)dy) fwo)

— Kt d

S/Rnlf(a:o ) = fao)| | Kily)| dy

(20) < / £ (w0 — ) — F0)| 1 Fuly)| dy
ly|>d0

(21) n /| g0 = )] )l dy
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We begin with term (20). We have
[ 1= )~ £ Kol dy
ly|=do

< / o=l Ky 1) [ Kbl

ly|>do

- / =9l Ky +15(20) K ()] dy.

ly|=60/t

By assumption (4) there is a positive constant t,, 5, such that for all
t satisfying 0 < ¢ < t,, 5, we have

/||>5 |f(zo = y)| [ Ke(y) | dy < e.

Moreover there is a t; s > 0 such that for 0 <¢ <} ; we have

|f (o) [K(y)ldy < e

ly[=d0/t

as the integral above is the tail of an integrable function. Combining
these facts we obtain

(22) [ 1o =) = fan)| 1Kl dy < 22
ly|>do

whenever

(23) 0 <t < min {tug.1, tag.so Lag.do ) -

To handle the term in (21) for every r > 0 we use polar coordinates
to write

/| Sz =)= )l dy
= [Co [ 1w p9) = sta) vy
0 sn—1

| Py

Flo) = [ 1fan=0) = f(a)] db.

Note that by Fubini’s theorem, F' is defined for almost every p > 0 as
|f(zo — ) — f(z0)| is integrable over the ball B(0,7).

where we set
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We now write for any ¢t > 0

/||<6 |f(zo —y) — fzo)] | Ki(y)| dy

e < [ st sl () ar <o

and the expression on the right is finite in view of (16) since xy does
not lie in Dy U Ey and §p < 1. We now write

1 lyl
|f(zo —y) — f(w0)] _nL — | dy
[ wt(7)
% " 1 _/r
= — F L=
/0 dr[/o (p)dp}tn (t)dr
- /%F( )d lL(@)—/% /TF( )d llL'(f)dr
= ; prap ) b\ 5 ; ; PIAP )y ;)
where we used the integration by parts formula (11) with b = §y and
o) = | Flo)dp
0

which is absolutely continuous. Note that ¢ satisfies condition (9) with
C = ev, /I and condition (10) since

/060 F(T)L(€>dr < /y|§50 | f(zo —y) — f(z0)] L(‘%)dy < 00

in view of (24).
We now return to estimating

(/050 Fio) dp) tlnL@) _/060 </OTF(/)) dp)%%L’(%)dr

which we write as follows:

(25) (% /0 60F(p)dp) j—iL(%) - /0 6(;” /0 F(p) dp)i—Z%L’(%)dr.
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Using (19) and the fact that —L' > 0 a.e. we estimate (25) by
n 0 pn |
L iﬂ@) _/ L_L/(i> dr
I "\ ottt \t

_ ¢ 58 50 boft nrt
_Evn [t—nL<7>—/0 r™ L' (r)dr

Here we used the integration by parts identity (11) again with the
function ¢(r) = r™ and the fact that nv, = w,_;. Combining the
inequality just proved with (20), (21), and (22) we obtain

|(K * f)(z0) — cf (xo)| < 26 + € = 3¢,
whenever (23) holds. This proves (6). O

5. COMMENTS AND REMARKS

Several remarks on Theorem 2.1 are in order.

Remark 5.1. Given f € L%OC(R,L), if it is the case that for all z € R™

<M> dy < oo

t t

(26) / M= 1

then Dy = 0. Additionally if Ey =0, then (6) is valid for every point
in the Lebesque set of f. In this case, the convergence of f x K; (as
t — 0% ) holds on the Lebesgue set Ly of f.

Remark 5.2. If the function K in Theorem 2.1 has compact support,
then condition (4) holds for any locally integrable function f. Indeed,
if K is supported in a ball B(0, M), then the integral in (4) is over the
set 0 < |y| < Mt and this set becomes empty when t < /M.

Remark 5.3. If L(s) = s " min(s?,s7) for some v > 0, then condi-
tion (4) can be derived from

(27) /R Mdz < 00.

w (L4 [2))m
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Indeed, assuming (27), for any x € R", we obtain

(28) / /()] dz < o0

(L |z — 2

by splitting the z integral above into the regions |z| < 2|z| and |z| >
2|z|. The integral over the region |z| < 2|z| is finite as f is locally
integrable. Also, in the case |z| > 2|z| we have ‘Qﬂ < |z —z] < 2z, so
we obtain the finiteness of (28) from (27). Then for |y| > 6 andt > 0
we have

A
Kily)l < 5

—-n

y
t

i = < A”(G_gl)wr n |2|>—n+7-

Cly T
Combining this estimate with (28) we deduce (4).

Remark 5.4. We note that condition (4) holds if f lies in LP where
1 <p < oo. Indeed, in this case we make use of the bound

/| @)y < 1 Vil
Y=

by Holder’s inequality. Here p' is the dual exponent of p which satisfies
Ip+1/p =1. If p < o0, then

5 - i,
Kl anson = ([ 1K@Pa)" < ("o tas)”
ly|>6/t 0/t

Since L is decreasing on (0,00) it has a limit as s — oo and this cannot
be a positive number, otherwise L(s)s"™! would not be integrable over
(0,00). Let us pick an so > 0 such that L(s) <1 for all s > so. Then
pick to such that t < to implies 0/t > sq. It follows if t < to, then for
5> 0/t we have L(s)” < L(s) hence

1

</ L(s)P's" ! ds)p < (/ L(s)s" ! ds)p
0/t 0/t

and this converges to zero as it is the tail of an integrable function.
Hence condition (4) holds in this case.

We now turn to the case p = 1 or p/ = oco. We apply Hélder’s
inequality as in the case p > 1, but we note that

1 ’y‘ 1 0 1 9” 9
K co(Tamn < su _l<_)<_l(_>—__l<_>'
|| t”L (R™"\B(0,0)) = |i/|2pe tn t AL t Qn tn t

Now letting t — 0 and using (7) we obtain that the preceding expression
tends to zero and thus condition (4) also holds in this case.
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Example 5.1. Three examples of functions L that satisfy the hypothe-
ses of Theorem 2.1 are the following:

v h <1
Li(s) = 5~ S, when s
s whens>1

Lo(s) = 5 (1+Ind)™ whens <1
2 (14+1ns)™® when s> 1

La(s) = 5 (1+mIn) ' (1+In(1+mni)™° whens<1
N (1+Ins) (1 +1In(1+1ns))™° when s > 1,

where v >0 and 6 > 1.

6. A DIFFERENT APPROACH WITH A NONEXPLICIT SET OF
CONVERGENCE

In this section we provide another proof of the a.e. convergence
claimed in Theorem 2.1 which has the shortcoming that it does not
relate the set of a.e. convergence with the Lebesgue set of f.

For simplicity we denote by B, the closed ball B(0, M) for M > 0.
We fix a locally integrable function f on R™ and also fix M > 0.
We work with points z in the closed ball By, for which |f(z)] < oo
and (|f| * |Ki|)(x) < oo for all ¢t > 0. (Almost all points z satisfy
|f(z)] < oo, and in Section 3 it was shown that almost all points also
satisfy (|f]* |K|)(x) < oo for all t > 0.) For such points = we clearly
have the estimate

(f * ) () —cf ()]
< T — K, d
_/|y|<1|f( )| 1K) dy
T lel 1f(@)
T — K d
+/M|f< o) 1K, (y)| dy

1) /| )y

Taking the limsup as ¢t — 0" and using (4) and the fact that the
integral of |K| over the region |y| > 1/t tends to zero as t — 07 we
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obtain

limsup|(f * K3)(z) — cf (z)|

t—0+

<timsup ([ 1@ = p)xisarss 1K)l dy + el 11(0)])

t—0t

=limsup(| f[x5,,., * [Ke]) () + [c] [f(2)])

t—0t+

<UL DI M fIxBae) (@) + lel Lf ()]
éC,M(’f’XBM-H)(x)'

Here C" = ||L(] - |)||z: + |¢|, M is the Hardy-Littlewood maximal func-
tion, and we used the fact that |g|*|K;| is pointwise bounded by M(g)
times the L! norm of an integrable radially decreasing majorant of K
(cf. [9, Theorem 2.1.10]). We also used that |g| < M(g) for any locally
integrable function g.

Let ¢ > 0. For our fixed f and M pick a smooth function with
support ¢ inside Bj;yq such that

(29) ||fXBM+1 - SOHLl <E.

We set
Op(x) = limsup |(f * K;)(z) — cf (2)]

t—0+
and we call Oy the oscillation of f. A simple argument shows that
O, = 0 everywhere and that Oy = O;_, on the set on which Oy < oo
(which is a set of full measure as observed earlier).
Then for a given § > 0 we have

o€ Bz Ot >0} = [{r € B 0rt) > 5}
{I € By C/M(|f - 90|XBM+1)(x) > 5}‘
<[{re R @ M(T ~ lxn.)@) > 5}

3!
< 5 ||fXB]V1+1 - QOHLI

IA

by the weak type (1,1) property of the Hardy-Littlewood maximal
operator (which holds with constant 3™). Using (29) we obtain that

3nc’
o

‘{IGBMZ Of(x)>5}‘§ £
and letting ¢ — 0 we deduce

‘{ZBGBMZ Oy (z) >5}‘ =0
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for any 0 > 0, hence Oy = 0 a.e. on B)y;. Now letting M — oo through
the positive integers we conclude that Oy = 0 a.e. on R". This yields
the a.e. convergence of Theorem 2.1 but, unfortunately, there is no
explicit relation to the Lebesgue set of f.

7. ALMOST EVERYWHERE CONVERGENCE FOR MULTILINEAR
CONVOLUTIONS

In this section we generalize Theorem 2.1 to multilinear convolutions.
We say f € L} (R") if only if |f|P € L (R™) for 1 < p < co. Also,

loc loc

[ € Lg (R") means || xk f|| o (rn) is finite for any compact set ' C R™.
Notice as a consequence of Holder’s inequality L} (R") C Li. (R") for
I1<p<oc

We review the notion of multilinear convolutions. Throughout this
section we fix a positive integer m > 2. Suppose that K(yi,...,yn) iS
a measurable function on (R™)™, where each variable y; lies in R™. Let
f;j be measurable functions on R". If for some x € R" the following

integral

/( B e = ) K ) i <

converges absolutely, then we say that the multilinear convolution of
K with the m-tuple (f1,..., fin) exists at  and equals

/(Rn)m filz—v1) ol —ym) K1, s Ym) dyy -+ Y.

For notational simplicity we write

U= Wi Ym)
and
dy = dyy - - - dym,

and we introduce the tensor function

Rf(Y)= (i@ @ fu)Y, - Um) = frya) - fin(Ym)
for y; on R™. The m-tuple (fi,..., f) of functions on R" provides a
function on (R™)™. Then the multilinear convolution of K with the
m-tuple (f1,..., fm) at the point x € R" coincides with the regular
convolution of f; ® -+ ® f,, with K at the point (z,...,z) € (R™)™.
The L! dilation of K is defined as

1 Y Ym
Kt(yla"'7ym) = tm_nK<717aT>

when ¢ > 0.
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For the sake of simplicity in notation we denote the multilinear con-
volution of K; with the m-tuple (f1,..., fi) at the point = by

(®f * K;) ().

Theorem 7.1. Let K be a function on (R™)™ and let L : (0,00) —
[0,00) be a decreasing and piecewise absolutely continuous function.
Assume that

(A) |K(z)| < L(|z|) for all z € (R™)™.
(B) L(|-|) lies in L*((R™)™).

Let fr € L7 (R™) such that 1 < p; < o0 and 1 = Y ", %. Suppose
J

that there is a set Ky, . 5, of measure zero such that for every 0 < 6 <1

and x € R"\ Ey,

. we have

.....

(30)  lim [fi(@ =yl [ (2 = ym)[ [K:(§)] dy = 0.

+ a
=07 Ji71>0

Then there is another set of measure zero Dy, . such that for each
zin R\ (Dy,, g, UEy, 1) there is a t, > 0 such that

77777777

B0 [ ) el )] 47 <

for all 0 <t < t,. Moreover, for all

ve Ly NL)\(Dp, o Y ER 1)
we have
32) lim (@5 K0)(@) = eie) -+ (o),
where

c= / K(x)dz.
(Rm)™
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Proof. We fix f; € Li’ (R") for j € {1,...,m} as in the statement of

the theorem. For every N € Z" and every ¢t > 0 we have

L it =l () dg] s

_ /%L(%—')/B i@ =gl -+ (@ — g dedif

IN
=
A

H—‘H
/N
- [=
N—

Q.

<y
o

which is a finite quantity since f; € L’ (R") and L is integrable; here
we do the obvious modification if p; = co. Thus for every N € Z™,

there is a set of measure zero Dy in By such that

r € By\ Dy = \filx—y1)| - | fon(z — ym)\tlnL<M) dy < o0

l71<1

for all £ > 0. Setting

Df1 ~~~~~ fm — U Dy,
N=1
then for all z € R™\ Dy, . we have

3 [ 1wl -l () a7 < o0

and the same is true with |K,(7)| in place of £ L(!Z).

t
Now for a given x € R" \ Ey, 4., (30) with § = 1 gives that for

some t, 1 > 0 and all ¢ satisfying 0 < ¢ < t,; we have

(34) /|| @ = g0l ol — )| 1K) 5 < 100,

Combining this fact with (33) we obtain that for
reR" \ (Dfl

and 0 <t <t,; we have

<y
=
<]
A
13

/ (e — )] o — )] 1K
(R)™
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This yields (31) but also yields the slightly stronger estimate

(35) /g|g1|f1(x_y1)’““fm(x_ym)|t_"L<|z|)d < 00

for all t > 0 whenever z € R" \ (Dy,

.....

We now fix a point
zo € (L NN Ly )\ (D,

We will prove (32) for z = .
Denote

I —/ L(1F]) df < oo.
(Rm)™
Let € > 0. Without harm assume that ¢ < 1. Asxzg € Ly N---NLy,,,
there is a dp € (0,1) such that
1

V7™

(36) 0<r<dy =

/| B =)~ o)l dy < =

Now we use the identity
a1ag -+ Ay — biby -+ by, = Zbl"'bi—l(ai = bi)ait1 - am
=1

(with the obvious modification when ¢ = 1 or i = m) to estimate

TT 750 =) =TT £t i

m‘<’r" le

(37)

yil<r

|
by

2|

7—1 1
O [ 1t yj>|dyj}
j:lvnr lyjl<r

5 [ it - st | T ]

j=i+1

But the preceding expression is bounded by

ei[ﬂ |fjx0|+eHH |f,x0]

=1 +j=1 j=i+1

when r < §y in view of (36). So we proved that when 0 < r < §y we
have

U”T |y1|<r [ym|<r

fi(wo ;) = [T fi@0) |7 < = .. (w0)
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with
m 1—1
Chrrosfn(@0) = Y {H(!fg zo)| + 1 ] [ IT 170 ]
i=1 Lj=1 j=i+1

For ¢ > 0 and t < ¢, we write

(@ % Ki)(w0) = cfilo) - fn(wo)]|

=‘ / IT fitwo — wp) K@) g — ( ﬁ)dﬁ)Hfj(:vo)‘
(R™M)™ 54 (R™)™ j=1
S/ fi(zo) | | Ki(y)| dy
®™ |5 H ’
3 <[ |TTho-u Hfj 20| 1K) i
171280 1 =1
(39) # /o Wt =w) = TL)| 1)l
|71<d0 1 =1 j=1
To estimate (38) we write
fiz y)ldy
/|y|>5o H ! H

J=1 J=1

/|y|>50 (H‘f] To—=Y; |> K ()| dyf

+ (Jl:[l|fj(xo)!) /g|250/t \K(7)| dy.

By assumption (30) there is a positive constant t,, s, such that for
all ¢ satisfying 0 < ¢ < t,, 5, We have

/|y|>50 (H‘fﬂ )IKt( )| dij < e.

Moreover there is a t; s > 0 such that for 0 < ¢ <1} ; we have

0,00

/||>5 (H‘fj To = ¥i) )|Kt(?7)|dy?‘< 3
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Combining these facts we obtain that

(40) / T1 /o Hb%lm )| dj < 2
¥ |>d0 j=1

whenever

(41) 0 <t < min {two,l,tm(;o,t;mo}.

We now examine (39). For every r > 0 we use polar coordinates to
write

/|17|<7“

m

Hfj 370—3/] Hf](x(J)d

[5G0 = ;) = ][ fitwo)

J=1

[ /W
jAF(Mm

where we set
F(p) = pm“/s [T 7i(xo = 06;) — T fi(xo)|d6
mn—1 j:1 ]:1

By Fubini’s theorem, F'is defined for almost every p > 0.

At this point we treat (39) in a way that is completely analogous to
that (21) was handled. By the same reasoning (based on the identity
(11)) we obtain that for all ¢ > 0, when r < dy we have

/|5 Hfj fo—yy Hf] IO

7=1
where I, = ||L(] - DHLI((Rn)m). Combining this inequality with (40) we
finally obtain

df dp

|Ke(y)|dy < eCy, . 4, (w0) 1,

(@] K)(wo) = e [ filawo)| < 2+ Cprooop () 1)z
=1
whenever (41) is valid. This proves (32). O

8. EXAMPLES

We now consider examples of functions f that may grow at infinity
for which Theorem 2.1 applies.
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Example 8.1. Let 0 <y < n, |f(x)]| < C(1+|z|)” for 0 <7 <~ and
K (x) = |z[7" min([[", |z[77).
In this case the observation in Remark 5.3 applies. Then notice that

() C(1+ Ja])
—7 — 2 d
/Rn @ty Y= /R A+l ™ =%

since T < 7y, so condition (4) is valid.
A direct proof of condition (4) can also be given by changing vari-
ables. Then matters reduce to showing that

@) [l ayl) b iyl ] dy
lyl=6/t

tend to zero ast — 07. But fort < 1 we have
I+ |z —ty))" < (T4 [=))"(1 + |y[)",

so inserting this in (42) we obtain the tail of a convergent integral which
tends to zero; thus (4) is valid in this case.

Example 8.2. Let |f(z)| < Cell” for 0 < p < ¢ < 00 and K(z) =
e~ We only verify condition (4). Let @ > 0. By changing variables
matters reduce to showing that

(43) / el=tyl? g=lul? gy
ly| >0/t

tend to zero as t — 0. But this assertion is valid, since for t < 1
[z —ty” < cp(la” + [tyl?) < cp(l2f” + ly[?).

Inserting this estimate in (43) and using that p < q, we obtain that
(43) tends to zero ast — 0T, being the tails of an integrable function.
This yields that (4) is satisfied for all z € R™.

We note that in both Examples 8.1 and 8.2 the a.e. convergence is

in fact everywhere convergence as the sets £y and Dy are empty and
L f is R™.

Example 8.3. Many texts discussing approximate identities (for in-
stance [16], [9]), such as the one in (6), prove pointwise convergence
for points at which the underlying function f is continuous. In this
example we apply Theorem 2.1 to a function that is not continuous at
any point.

Let {ay} be a positive sequence such that )", ar < co. Define

Q.

g9(x) = Z ———Xp,1(2),

|z — 1|2
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where {r;} is an enumeration of Q([0,1]. Note that g is integrable
by Lebesgue monotone convergence theorem (hence finite a.e.), is not

continuous at any point in [0, 1] and is unbounded on every interval of
[0,1]. Now define

fl@y=) glz—k), w€eR
which provides a periodic extension of g to R. Let K be a positive
compactly supported function as stated in Theorem 2.1. By Remark 5.2

we have Ey = (. We now determine Dy. Let x € Ly and k' be the
largest integer less than or equal to x. Observe,

flz —y)Ki(y)dy

ly|<1
E+1 oo
_1
<Y S [ e-keye bt k- Ky
k=k'—1 j=1 ly[<2

where we extended the domain of integration to |y| < 2 so that every
summand over j and k has an integral with a singularity;, to avoid
considering cases. Mowving forward we only consider the summands
relating to k = k', as the others follow by the same argument. Thus we
continue by bounding this summand,

o [ ek -y nl Ky
j=1 ly|<2
[e) 2
_3 3
<Y ([ Je-¥-yonltay) IKlse
j=1 ly|<2
= . N3
gzaj(/ Iyl‘zdy> [ Ee |23 )
j=1 ly|<3

which is finite as K has compact support, and the series is finite. It
follows that Dy = 0 as well, thus (6) holds on L;.

Example 8.4. We consider a bilinear convolution which resembles the
previous example. Define the functions

hi(z) = Z |z — k’_l/SX\x—mg/g
keZ

and

hy(r) = Z |5U —k— 1/2‘_1/3X|x—k—1/2|§1/2
kEZ
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on the real line. Note that hy,hy € L% _(R). The Lebesque sets of hy
and hy are Ly, = R\ Z and Ly, = R\ (5 + Z), as these are the points
of continuity of the respective functions.

Consider the function on R? given by
K(z) = |27 xpa1<1.

Then (hy ® hg) * Ky(x,x) converges to hy(x)hs(x) for x € Ly, N Ly,
ast — 0%. To see this first note that Ey = () again due to the compact
support of K. Let x € Ly, N Ly, and k' be the unique integer such that
|z — K| < 1/2. Observe,

/ hy(x — y1)ho(x — y2) Kt (Y1, Y2 )dy1dys
l71<1

E+1 k41
_1
<> D /‘ |w —k — |75
k=k'—1 j=k'—2 * [T1<5/2

X |z —§ = 1/2 = ya| 756 2(Jn| /£ + |wal /£) 3 dyndlys

where we extended to |y| < 5/2 so that for each summand over j and
k the integral has a singularity. Now without loss of generality we only
consider the summand where k = j = k', which is bounded by

1 2
/ T
(44) ‘y1|§5/2
x/ 2 — K = 1/2 =y 5/t R .
ly2|<5/2

The first integral in (44) is finite by considering y, near zero and 1y,
near x — k'; the only potential problem is when x — k' is zero, but this
is not possible as x € L,, = R\ Z. The second integral follows for the
same reason.
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