Derivation of the Normal Distribution Curve

T )

Let
g(r) = probability that a point is at distance r from origin

f(z) = probability that a point is at distance z from origin

Assume:
1. Rotational symmetry (probability only depends on r)

2. x and y are independent

So

0= 1) 4 piny 20
47(x) da 4f) dy
= Tz @f(y)—l-f(x) dy do

Using x = rcos@, y = rsin6:

0= —f'(z)rsind f(y) + f(x) f'(y) rcosf
0=—f(x)y fly)+ flz) ['(y) >
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f@) f)y=flx) f(y)
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fx) 'y
zf(z)  yfly)

Since x and y are independent,

f'()
z f(z)

= ¢, where cis a constant

/];((if)) dx:/cxdx

In f(x) = - + D, where D is a constant

Rearranging and integrating,

flz) = Ae*/?| where A is a constant

Finding the constant A

Since f(x) is a probability distribution function, we assume / f(z)dx =1, or
[e%S) ) o 1
/ f(:v)dx:/ Ae2” da:zi, so ¢ must be < 0
0 0

Thus

and their product can be written:

> C 2 & C,2 1
522 g 592y — ——
A ¢ x/ ¢ 4 4A2

0
/00/0063(962+y2) de'dy _ L

Converting to polar coordinates:
w/2 poo s 1
e rdrdf = —
I i
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Let u =72, so du = 2r dr:

c
R
)
A2=_° — A= _—C, c<0
2 T
So
rge_ L _1 [
/06 TToA T 2V =
/eSxde: i, c<0
0 2c

Identifying ¢ via the variance

Let o2 be the variance defined as:

02—/ JCQf(JE)dx—Q/ x2A€SIQd$—2H_—0/ 2 e dx
—00 0 27T 0

c 1 C
Integrate by parts with u =z, dv =ze 57 d, so du = dx, v = = e 37"
c

o? =2,/ —C | L et —1/ egdex]
2m | c cJo
L 0
| 1 [=x 2 1 1
o —Slo—0—=y/ L =2 /2= 2
21 c 2c] cV 4 c
Therefore:
9 1 1
O-F=— — |[c= ——
c o2
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[— /1 1
A= 2—; =\ 52 = o where o is the standard deviation

Substituting these values for A and ¢ into f(x):

f(g;) = Ae%xQ = 1 6_%<§>2

 oV2r

Finally, transforming z — X — u, where X is the observed value, and u is the average of
these observed values, we arrive at the follwing equation for the normal distribution curve:
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