.58 Mpr. LATHAM's dccount of, &c,

As to the quantity of water taken offy I find it to
t, upon the neareft calculation, to twenty-fo

three gallons on an average, as in many of the operations
1 took off from twenty-eight to thirfy pints. The number
of times I tapped her was in 155, which brings out
i the whole 3720 pints, being\ 465 gallons, not far
fhort of feven hogfheadsand an half,_As to the authen-
ticity of the whole,four connections With the family,
and frequent op oung lady
during her illp€fs, will put it beyond a donbh, Ihave
therefore nd more to add, than my wifh that t
may prove acceptable to the Society.
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VIL. Prodlems concerning Interpolations, By Edward
Waring, M. D. F. R. §. and of the Infistute of Bononia,
Lucafian Profefor of Mathematics in the Univerfity of
Cambridge.

Read Jan. g, R. BRIGGS was the firft perfon, I believe,

AU that invented a method of differences
for interpolating logarithms at fmall intervals from each
other: his principles were followed by REGINALD and
movToN in France. Sir 1sAAc NEWTON, from the {ame
principles, difcovered a general and elegant folution of
the abovementioned problem: perhaps a ftill more ele-
gant one on fome accounts has been fince difcovered by
Meff. NicHOLE and sSTIRLING. Inthe following theorems
the fame problem is refolved and rendered fomewhat
more general, without having any recourfe to finding the
fucceflive differences.

THEOREM I.

Affume an equation @+2x+cx*+dx® . ... 4" "=y,
in which the co-efficients a, 4, ¢,d, ¢, &c. are invariable;
I2 let
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let a, B, 7, 0 ¢, &c. denote # values of the unknown
quantity x, whofe correfpondent values of y let be re-
prefented by s, s, s, s, 8 &c. Then will the equa-
tiongwdx+cx* +dxitext . . "t zp=

F—RAX¥—y X=X x—1X &¢~xs,+ F—a Xo—yXx—dxx - X & gigh
a—BXu—yXa—3Xa—1X & f—a XB=y X B—EXB—1 X &
e Xx—BXx—IXx—tX &c.xsy+x—axmxx—yx;:7x &c.xs,

— — e e
y—aXy—BXy—0x7y—1x & d—axd—fxd—yxd—i1x &

r—g XX BX x—y X x=3 X &e,

bRtttk S x §'+ &c.
f—aX—AX =y Xemdx &

DEMONSTRATIQN,

Write 4 for x in the equation y=

F—BX Ay X X — XN —ix & K g Ky X X ER ¥~ X &e.

e BXa—y X o= X a—1X & 8%+ B XAy XBaixB—1x &c, xsf+
&c.; and all the terms but the firft in the refulting equa-
tion will vanifh, for each of them contains in its nume-
rator a fadtor ¥~a=x-a=0; and the equation will be-

_a—BXa—yXxa—dxa—ex & ..
GO Y m—y XY xat X 8, x s*=s%, In the fame

manner, by writing B, ¥, d; ¢ 8&c. fucceffively for x
the given equation it may be proved, that when x is
equal to @, ¢, d, ¢, &c. then will y become refpectively

s, 57, s%, s, which was to be demonftrated.
2. Affume y=aw’ +bar+ 14+ cxr+ 2 pdyr+30, | xrn—1s;
and when x becomes «, £, v, d, £, &c. let y become re-
fpeétively
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fpedively s*, 5%, &, §’, s!, &c.; then will y =

x'xx'—B’xx‘—--,’xx'—)'Xx'— |‘X&C. o
X

a"X el =B X = e =¥ et = X &

" %' —al b — e = ¥t 0 % &, S
B "%B —a' %'~y x 8 =¥ %~ X &

+ x:x-":—-"xx:-s'xx’_)‘xx‘_,‘x&c‘ x §7+ &¢.
v k-l =g k=2 %y = % &e.
This may be demonftrated in the fame manner as.
the preceding theorem, by writing , 8, v, J, ¢, &c. fuc-

ceffively for x.

PROBLE M.

Let there be # valuesa, 6, v, dy¢, &c. of the quantity x,,
to which the 7 values s*, s, sv, s%, s', &c. of the quan-
tity y correfpond; fuppafe thefe quantities to be found
by any function X of the quantity x; let =, ooy Ty &
be values of the quantities x, to which s, s¢, s7, 57, &c.
values of the quantity y correfpond: for x fubftitute its
abovementioned values-, ¢, 7, 7; &c. in the function X,
and let the quantities refulting be 5%, s¢, 57, 57, &c. not
equal to the preceding- s~, 8¢ 8%, 87, &c. refpectively; to
find a quantity which added to the fundtion X fhall not
ouly give the true values of the quantity y correfponding
to the values a, £, 7, d) ¢, &c. of the quantity x, but alfo

cor-
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correfponding to the values =, ¢, o, 7, 8c. of the above-
mentioned quantity x.

Affume s*~s*=T", ft—st=1T¢, 5°=5°=T% S'—8"=T",
8c.; then the errors of the fundtion X will be refpec-
tively T+, 14 17, 17, &c.; and the correcting quantity
fought may be

—— — — — S—

KA XX =BR =y X X=X K= X &, x—pxx=oXx—1X &Co

- e R — e . % b3 T'

.—gxa-ﬂx-—yxs--lxt—ux &c. " m—gXw—oxw—rX &,

¥ X X B XX =y XX —FXx—e X & y=—wXy—oXx=7xX &C. %

—_— Gl ey . 38 O iy —

g—axX g=BXg—yXg—dxg—ix & = p=wxg—oeXe—rx &,

N AKX BXy—yX k=X A—1 X &e, N—mx¥—gX¥—7X &¢, iy
o X

e —— T —_— g
c—aX7—BXomyXe—Ixo—t x &, e—aXoe=gX a—yx &
X—a X X—GX¥—yX x=3Xx—1 X &c, x—vxx-;xx-,x &, x T

—— T T —— —er—
T AT BX Ty XT=8X 7=1 x&c FmTX = XT—¢ X &C.
+ &c.
Aliter.
Let x —ax x—ﬁxx—f/xx—&xx-ex &c. xx—n

xx—exx—axx -7x &C.=N; r—axw—wa—yx”-}x-,;_

x&c.xyr—-exr:—ax'r rx&c.-—ﬂ,f xx g ‘fo ¥ x o~ o— 0%

e—éx e, xg=ax p—oxg=7x XC.=P; g-axo—fFxo—yx

a—-d Xg— r—Ex &C.xa—ﬂxa—exd—rx &ci=3s T—axT—x

T—yX =X T—£ X &C. X T— 7 X 't—ex — &c.=T,&c.; then
T' T

may the correting quantity fought be N e

2 A &c.).

_ +
LxXx—vo Txx=T7

This

e o i
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This problem may be demonftrated in the fame man-
ner as the preceding theorems, by writing for  in the:
correéting quantity fucceffively its values r, ¢, o, 7, &c,
2. For the correcting quantity fought may be affumec

—

~—a'xx' e B xx g Xa = ¥V x Ko x X ¥ gt

the quanntv
wma e Fx Y X = P x Ko X xS x =

X 2’ — ¥ % &, x T" + e i B T T 2 T A L
R T —

xw—1'x & fmw e B ey x g = x & Xe xe'—at

x¥—o'x¥—1 x &

x T¢+ &c,

X¢=0xe' =1 x &

3. In general, let z be any quantity which is=o,
when x becomes either a, §, ¢, ) ¢, &c.: let z become.
fucceflively a, B, ¢, p, &c. when & becomes Ty 3,05 Ts,
&c. refpetively, When x either = 0 0y 7, & let [T=03:
but if ¥=x, let [I=p: in the fame manner when x either
=1 0y 7y &c. let P=o; but when x=p let P=7: and fimi-
larly, let £ =0 when x is either 7, gs 7, &c.5 but when
v =g let X =y and likewife, when x is either r, 2, 0, &c.

let T=0; but when ¥=7 let T=¢: &c. then for the cor-
re¢ting quantity fought may be affumed -:—x;—' X T74

z ] 2 T z T
‘ v T
ST +—c X7 x T +-—Dx—‘ xT + &c,

T Il E-

e Y



64 Dr. WARING on Interpolations.

T H E O R E M.

Aflume (#) quantities «, £, 9, 0 ¢, &c. then will the
fum of all the (#) quantities of the following kind

o g
a—?x«—-yXa-—SXa—-:x &, i B—a X By XE—EXA—1 X K¢
L] )ﬂ

| S A o+ e
A Xy—BXyeF Xy X G d—a K= B Xd—y X o= X e,

e .= o, if # be any whole
g X 4= Ki—y X1 =2 X &ec, + &c 0, \L m b

number lefs than - 13 but if s = -1, then will the
above mentioned {fum=1. In general, the fum of the

Byd &, 4By &c, + 83 +rde&e. 4 &c.z +

Xty X ==t X =g X &C.

" (ay Fec, F aybic fadie 4oy bdie - &e )
Bt Xy X =2 X X &c.
¥ (aB28c, + afi&e.t adidc. 4 Bi&e. 4 &e)
g Xy—B X gt X y—i &

) 1 (s8y &c. + aBr&c. 4+ ayvee, + &t.! +
f—stEx)—yx 1 X &,
(w8 &c. + aBr&c, + ay2&c, + Byd&e, 4 &e.)
o—an:-BX;X-(:FX &

if m be lefs than #, and 724 r not equal to #—1, where »
is equal to the number of letters contained in each of the
contents above mentioned Sy d; &c. Bye, &c. e, &e.
yde, Rc. &c. &c. refpe@ively: but if m+7=»-1, then
will the above mentioned {fum = = 13 it will be + 1 if 7
be an even number, otherwife — 1.

4 D EMON-

+&c.=o0,

ey

Sl o e W P
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DEMONSTRATION,

Suppofc a+ba+co’ +dad+ext+ &c. =57,
a+bB+cB +d3 +efft+ &c. =58,
atby+cyt+dy’+eyt+ e, =9,
a+0d+cd+dP +ed*+ &e, =5}
a+be+ce +ded+ee* + &e =s', multiply

thefe equations into a, B, ¢, b, E, &c. unknown co-effi-
cients to be inveftigated, and there refult
Axs*=paa+aba+Aaca’+ada’+aent+ &c,
Bxs’=Ba+pofB +BcE+BdS+Beff + &c.
exs'=ca+chy+cey'+cdyl+cdyt+&e.
pxs'=pa+Dpbd+Dcd*+Ddd? +Ddd*+ Ke.
Exs'=Ea+ Ebe+Ece’ + Ede’ +E6et + &, &c. &,
Now fuppofe as®+Bs®+ cs¥+ ps’+ Es'+ &c. =a +dx+ca
+dx?+ext+&ec. and the correfpondent parts refpectively
equal to each other; thatis, a (A+B+Cc+D+E+ &c.)=g;
b(Aa+BB+cy+DI+E e+ &c.)=bx; aa’+BS +Co’+D
+Eg* + &c. =a"3 Ax*+B3 + Col + DS+ R+ &Ko, =
aat+BB+cyt+ DI+ E gt &e. =xt, &c.: But it follows
from Theorem 1. that (if As*+Bsf+cs?+ ps'+Es'+ &

N BRX—p X ¥—IK ¥ —2 X &C,

=at+hx+ext+ditrext+&e)A= e,
~PRamy Xo=0X & —t X&C.

VokL. LXIX. K B=

T —
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FoaXx—y XN —x x = X&e, C_;_—:cxx—-—sxr:axx—vx&c
B 5_¢x,3_7x§-sxf?—l)(&c.’ —;:-_;x;_—-_ﬁx'y—lx'y—.x&c.’
T ax s —BX¥—yX ¥—t X &C _x—-xx-axx—:?x.:é'x&c.
D"y‘:'..x}:'ax}'.‘.',xa-.x&c.’ E-r-:x|—ﬁx T—'—yx:fx&c.’

gcc.: fubiftitute thefe values for A, B, €, Dy E, &c. refpec-
tively in the preceding equations(A+B+C+D+E+&C.=T,
an+pBrcy+Di+Eet XKoo=, AT+ BE*+cy'+ D+
Fet4 &C.=A% Az’+BE4CY +DI+EES+ &c. =’ &c.)
T Bxr—yxa—dxz—ix&e
a—PBxa—yXa—dxXa—iX&c

s AR fmm e A R
e XYy X X=X X —ex e, e aXx—BXx—dxx—X&e,

G-axB-ykB=Txf—i1x&c 7—e Ky—B X y—=3xy—1X&e,

and there refult the equations (1)

+&cC. =13
x—ﬂxx—-yxx~3x.\'—cx&c.+ﬁxx-—ux.v—yx,x—)x.t_.x&c,
ﬂ_zn—_=:_ ———

(2)“x t—BXa—yXa—dxa—1x&c f—a xﬁ-yxﬁ-—)xﬁ—-x &c.

s Xa—BX ¥ — X x—e X &,
+yx fmmnn e
y —aX7—B8Xy=3Xy—1X&e

+ &c.=x%;

2 '?:'Bxx—y)(_x——'tx.v—-x&c. ﬁ:x""'“xx-')’xmx.\'——;‘&m
(3)“ xf?izx;’_?,x-_ixu—.x&c. B—aXB—yXP—tXB -1 X&e,
;-:x.\'-ﬁ)(x—})(x—nx&c.
r—aXry—BXy =Xy —s X&e

_X-:BXT:TX:’X?:X&C- +ﬁmx"'—¢><x—7 X o =3 x 1 X &y
a—ﬂ)(a—y)(a-a)(a.—-ax&c. B—aXB—rXB8— X g—ix&ec,

2

+ 9 X

=x*; and in general,

d

i g y—aXy— Bx7—dxy—xie,

X —ax?—Fxd—rxi—ix&e,
+8&c.=xm, whatever may be the values of the quantities
%3 y B>, 0y €, &c.: reduce all thefe fraétions into terms,
proceeding according to the dimenfions of the quantity
%, and it is evident, that the fum of all the frations mul-
tiplied

"—“X*—ﬁ)(;-:—'xx—vifﬁ J"’ Yo XX —B XXy Xx—1 X&C.
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tiplied into any dimenfion of x not equal to # will be
= o3 but the fum of all the fractions multiplied into »™
will be = 1 : from this propofition the theorem is eafily
deduced.

1 have invented and demontftrated from different prin-
ciples to the preceding the firft part of this theorem, a
particular cafe of which was publifhed by me many years
ago.

From this theorem may eafily be deduced feveral
others of a fumilar nature.




