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Mark Scheme

Q1.
Question Scheme Marks | AOs

@ |1, M1 1.1b

4 2 149 Al 1.1b
—+hkx |dx=——+_fx" +
J.(f ) T g Ngm e Al | Llb

3)

(b) 1 2 2 1, .2
[ g loc‘I (——‘ —k><4J ————=+=kx(05) |=8 M1 1.1b

15
7.5+——8——k=8:>k=... dM1 1.1b
k= e oe Al 1.1b
15
3
(6 marks)
Notes

Mark parts (a) and (b) as one

@) ‘
M1: For x” — X" for cither X~ or x'. This can be implied by the sight of either 2 or .

Condone "unprocessed” values here. Eg. > and
Al: Either term correct (un simplified).
Accept axZ — or kx? with the indices processed.
Al: Correct (and simplified) with +c.
Ignore spurious notation e.g. answer appearing with an j sign or with dx on the end.
2 1,5 . o : o
Accept ——+ 3 oc” + ¢ or exact simplified equivalent suchas —2x~ +k % +c
X
(b)
T s e g , 2 A3 g :

M1: For substituting both limits into their——+ = kx~, subtracting either way around and setting

22

X
equal to 8. Allow this when using a changed function. (so the M in part (a) may not have been
awarded). Condone missing brackets. Take care here as substituting 2 into the original function
gives the same result as the integrated function so you will have to consider both limits.

dM1: For solving a linear equation in k. It is dependent upon the previous M only
Don't be too concerned by the mechanics here. Allow for a linear equation in k leading tok=

: k= % or exact equivalent. Allow for ' where m and n are integers and 2= %
z n

Condone the recurring decimal 0.26 but not 0.266 or 0.267
Please remember to isw after a correct answer
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Q2.
Question Scheme Marks | AOs
e | [
States < lim Jx ox is v -“ Jxdx Bl 12
Sx—0 s "I 4
5 3 9
= |:;x'3 } M1 1.1b
3
4
. 2 g X s
Rt v T Wl ¢ L 416
3 3 3.3
38 2
= 3 or 123 or awrt12.7 Al 1.1b
3)
(3 marks)
Notes for Question 5
9
BI1: States J- Jx dx with or without the 'dx’
MI: Integrates «/: to give Ax2: A=0
Al: See scheme
T 3 3
Note: | You can imply Bl for {/ﬁ.ﬁ ] or for Ax9? — ix4?
4
9 3 o 9
Note: Give B0 for I «/; dx - j. \/T dx or for I \/; dx without reference to a correct j‘ \/: dx
1 1 3 4
p)
Note: Give B1 M1 Al for no working leading to a correct 33—8 or 12? or awrt 12.7
; 38 2
Note: Give B1 M1 Al for j \/.x_'dx =? or 12-;: or awrt 127
4
3 o
. 2 3 38 2
Note: Give BIMl1 Al for | —x*+¢ | = — or 12— or awrt12.7
3 . 3 3
< . : 38 2
Note: Give B1 M1 Al for no working followed by an answer 3 or 12; or awrt 12.7
Note: Give M0 AO for use of a trapezium rule method to give an answer of awrt 12.7,
0
but allow Bl if j. \/; dx 1s seen 1n a trapezium rule method
Note: Otherwise, give BO M0 A0 for using the trapezium rule to give an answer of awrt 12.7
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Notes for Question Continued

Alt

The following method 1s correct:

N
“4 ;e,
2 3
2+ l
AJ L) v 252Y
2 g NGRS 3

Area (4) = lim z =% )E0) = tim Y ={2 2
n—m n—wx n\ n/
=1 iwml

= disi | 4+lZ}4"+1Zf;|
n—=» | n " n/ n \n" )
L) 1=l el
= lm | — 4 +—Zz + —Z
= lim ﬂ +i lM(n+l)‘ i; l7(7z-+-1)(7n+l) |:|
el n on n 6
B 2 /') 3 2
e i+4n -l:4n+ 2n +3r‘1 +n}
e 2n° 6m°
=lm|4+2+— +1+L+L]
n—w | n 3 2n O6m
= 4+2+-1-=1—9-
3 3

J?

ux—oO

5x = Area(R) = (3x9) — (2% 4)-?

or awrt 12.7
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%‘:'enigg? Scheme Marks
5 A 4 B
(@) (x-1)(3x+2) x-1 3x+2
5=A(3x+2)+B(x—1)
x—>1 5=54 = A=1 M1 A1
x—>— 5=—§B:>B=—3 Al (3)

(b)

_..(;(-1)(53x+2)dx:_“(ﬁ_biz}lJL

=ln(x-1)-In(3x+2) (+C) ft constants | M1 A1ft A1ft
()
5 1
c dc= || —|dy M1
() J.(x—l)(3x+2) J.[y) 2
In(x-1)-In(3x+2)=lny (+C) M1 A1
K(x-1
=M depends on first two Ms in (c) | M1 dep
3x+2
Using (2, 8) 8 =§ depends on first two Ms i (c) | M1 dep
3x+2
[12]
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Question Scheme Marks
(@) & o 63
lim E l&r=-“ = dx Bl 12
ax—0 X X
= 2.1
x=21
1)
(b) = [2mx]" =21n63-2mm2.1 M1 11b
=In9 CcsoO Al 1.1b
()
(3 marks)
Notes:
Mark (a) and (b) as one
(a)

6.3 6.3

2

4 -1

B1: States that I = dx or equivalent such as 2J‘ X dXbut must include the limits and the dx.
21+ 21

Condone dx <> dx as it 1s very difficult to tell one from another sometimes

(®)
M1: Know that Ild\' = In x and attempts to apply the limits (either way around)
x

2 2
Condone I:dx =plnx (including p=1) or J:dx' = plngx as long as the limits are applied.
x X

2 2 2 2
Also be aware that I;d\' =lnx . I—d\' = 21n|.r| +c¢ and J.—dr = 2lncx o.e. are also correct
X X x

[ plnx]:'_: =pln63—pln2.1 is sufficient evidence to award this mark
Al: CSO1In9 . Also answer = In3’ so k=9 is fine. Condone m‘ 9‘

The method mark must have been awarded. Do not accept answers such as In 5209

441
Note that solutions appearing from "rounded” decimal work when taking Ins should not score the

final mark. It 1s a "show that" question

-

3 21907
Eg [2lnx]}; =2In63-21n21=2.197=lnk=k=e =8998=9
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Q5.
uestion cheme arKks S
Q i Scl Mark AO
C:y=xlnx; /is anormal to Cat P(e, e)
Letx, be the x-coordinate of where / cuts the x-axis
: 2
$=l.nx+x]l[ {=1+Inx} Al =
dx %) Al 1.1b
x=e.myr=2= my =—% = y-e= ——,l)-(x-e)
u il M1 31a
1
y=0:—e=—;(x—e) =Dx=..
I meets x-axis at x =3e (allow x=2e+elne) Al 1.1b
a2
{Areas:} either | xlnxdx = [ ]: - Of %((their X4 ) —e)e Ml 2.1
vl VA
xInxdx = | —x"Inx - llilfdx‘ M1 21
8= fJxi 3 )Y -
[.4. 1, 1.1._1.2 .. 1a dM1 1.1b
- 2r Inx 2.x ,dr,j = 21 Inx 4.1 Al L1b
Al 1 .
Area(R)=| xlnxdx =[ .. | = . : Area(R,) =—((their x,) —e
ea(R,) J1 xInxde =[ .. || ea(R, 2(( eir x,) —e)e Sk e
and so, Area(R) =Area(R) + Area(R,) {=1e’ +1+¢%}
Area(R)=Ze’+ 1 Al 1.1b
10)
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Notes for Question

MIl: Differentiates by using the product rule to give Inx + x(their g'(x)). where g(x)=Inx

Al: Correct differentiation of ¥ =XInx, which can be un-simplified or simplified

M1: Complete strategy to find the x coordinate where their normal to C at P(e, ) meets the x-axis
1e. Sets y=01m y-e=my(x—e)to find x=...

Note: | My 1s found by using calculus and my, = m;

Al: [ meets x-axis at x = 3e, allowing un-simplified values for x such as x=2e+elne

Note: | Allow x=awrt 8.15

MI1: Scored for either
e
e Areaunder curve = [ xlnxdx = [ ]: = _...with limits of e and 1 and some attempt to
vl
substitute these and subtract

e or Area under line = %((the.ir x,) —e)e. with a valid attempt to find X,

MI1: Integration by parts the correct way around to give Ax” Inx— J.B' X l{dr}: A=0.B>0
L x )

dM1: | dependent on the previous M mark
Integrates the second term to give +Ax": A =0

Al: llenx —lxl
2 4

MI: Complete strategy of finding the area of R by finding the sum of two key areas. See scheme.

Al: 3e?+1}

Note: | Area(R,) can also be found by integrating the line / between limits of e and their x,
their x,,

1e. Area(R2)= l —%x _%e ldl 2 [ ]:B'!x« =30
e s Z )

Noate: | Calculator approach with no algebra, differentiation or integration seen:

e Finding / cuts through the x-axis at awrt 8.15 1s 2% M1 2% A1

¢ Finding area between curve and the x-axis between x=1 and x=e
to give awrt 2.10 1s 3% M1

e Using the above information (must be seen) to apply

Area(R) =2.0972...+ 7.3890... = 9.4862... is final M1

Therefore. a maximum of 4 marks out of the 10 available.
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Question Scheme Marks AOs
_(x=2)(x-4) x'-6x+8_13 33 M1 L1b
Y&k = ik &% 27 b=k Al 1.1b

5. i3 3.1a
1\%_37‘_% _;dr 113—1'3+41% ey
I? 3 E e () Al L1b
Deduces limits of integral are 2 and 4 and applies to their
Ti % % Ml 2.2a
El -Xx +4x
32 Y. 1612
ZEes o0 =2
(m 8+8) (Sf J‘+4J‘) =N
‘1? e N6 15w Al 2.1
AreaR = P P R e
car =275 X (ors SJ‘]
(6)
(6 marks)
Notes:
.. (x=2){x—4) -
M1: Correct attempt to write —————=—— as a sum of terms with indices.
4x
3z Lk 1
Look for at least two different terms with the correct index e.g. two of r:., X 2, x which have

come from the correct places.

1l
ul.—-

The correct indices may be implied later when e.g. /X becomes x~ or % becomes x
x

. 1

X~ +2x ~ which can be left unsimplified e.g. Zx -

ulw
19 e
ul...
0]
1]
.JI._

1

Al: X —-x +2x

l\le
| =

1

orase.g. %[1 —6x° +8x J

1ol s
ul.—-

raf
.ql.ﬂ

;i 2 i 1
The correct indices may be implied later when e.g. /X becomes x~ or — N becomes x
X

1 n
dM1: Integrates x' —>x" for at least 2 correct indices

(ST
19l
1] v
1ol e
vl =
3]

re.atleast2of X" 2 x", X" —=>Xx, x —>Xx

It 1s dependent upon the first M so at least two terms must have had a correct index.
1

"ol
19 s
193] =

3 1
123—11')—‘127.1

1
Al: E\ —x" +4x” (+(‘) Allow unsimplified e.g. 3 g.\' —7X§\ —gx' +2x2x

=

1 2 2
orase.g. Z[gx —4x” +16X'}(+t‘)

na| "

1
1 5
M1: Substitutes the limits 4 and 2 to their 10 X —X +4x and subtracts either way round.

There 1s no requirement to evaluate but 4 and 2 must be substituted either way round with
evidence of subtraction. condoning omission of brackets.
5 3 1 5 3 1

1 1 -5 =35 5
E.g. condone EX4 -4 +4x4° _EX 27 =27 +4x2"
This 1s an independent mark but the limits must be applied to an expression that 1s not y so they

may even have differentiated.

™

5
=
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; . 12 16 16 12
Al: Correct working shown leading to = 2 —?but also allow B

Award this mark once one of these forms 1s reached and 1sw

J2 or exact equivalents

Integration by parts:

x=2)(x=4) ... Pl,. oo e 1p. (1 3. M1 1.1b
I4—ﬁdx='[z(x—2)(.x—4)x m=5(z—2)(x—4). —J‘§(2x—6);\ dx Al 1 1b
. TR T T ER
5(,\‘—2)(1‘—4)3"—J'E(Zx-é)x'dr=§(x—2)(x‘—4)x"—-[x"—3x'dx
: RO N dM1 3.la
=§(x—2)(.\'_4)x-_§x- +2x‘ Al 1.1b
1 3 5
Oreg =l(.1—2)(r—4)x3——r?(-r—6)+ix5
2 15
Deduces limits of integral are 2 and 4 and applies to their
1 3 5 22a
3 3 3 Ml
%(\—-7)(1'—4)\'—lx‘(2x—6)+%x'

16 128 - 16 ~

-_ - —f2 +—/2

=315 {0 3 -+15\/f}
Al 2.1

12 16 16 12

===a2= ———=/2

Area R 5\/: 5 (or 573 ._.]
(6)

Notes:
1 1
M1: Applies integration by parts and reaches the form a(x—2)(x—4)x = J.( px+g)x deo,p=0

1 1
oee.g. a’(x- —6<\'-+-8):c2 iJ‘(p.r+q)x: dxo.p=0

Al: Correct first application of parts in any form

1
dM1: Attempts their J‘( px+ q)x2 dx by expanding and integrating or may attempt parts again.

1 ve 3 1 1
Eg j(2x—6)x2 d.x:J [21‘2 —6x° ]dx: ore.g. J.(2x—6)x2 dx=

; . : ’
If they expand then at least one term requires x' —> x or if parts is attempted again, the structure

3 3
x (23‘—6)—ijx‘2 dx

[FSTNS]

must be correct.

Al: Fully correct integration in any form
3

x> +2x" and subtracts

ol

L
)

MI1: Substitutes the limits 4 and 2 to their =—(x—-2)(x—4)x" -

19| =
o

either way round. There is no requirement to evaluate but 4 and 2 must be substituted either way
round with evidence of subtraction. condoning omission of brackets.

16 128 4 16
E.g. condone 0—?+-E——0+§\/5+EJ§
This is an independent mark but the limits must be applied to a “changed” function.

2 2
Al: Correct working shown leading to %’ NG —?bm also allow ?—%’ﬁ or exact equivalents

Attempts at integration by parts “the other way round” should be sent to review.
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Integration by substitution example:

) SRY; 1Y I '11:-2 .112—4 )
u=\/f(x=u')=~J‘(l ;i/(,; 4)<1x=j‘( lx(z )%du
‘ M1 1.1b
j(u:—Q){u:—ﬂ Al 1.1b
= | ——— 2udu
4u
5
=% (1 —6u +8)du—l %—@T+8u](+c‘) d}:lll f:;
Deduces limits of integral are v/2 and 2 and applies to their
1 e’ . M1 22a
25 3
5

—};[%’-—16+16 L¥-4\/§+sﬁ))

- Al 2.1
2
Area R =—\/_ [ E—l—“\/_)
(6)
Notes:
(uz—z)(zl:— ) dx
M1: Applies the substitution e.g. # =~/X and attempts k | ——————~ —du

u du

Al: Fully correct integral in terms of # in any forme.g. J‘(u Al ))(u —4>du

. 1 . .
dM1: Expands the bracket and integrates 2" —>u"  for at least 2 correct indices

[ 4 5 2 3
1e.atleast2of u —»u , u »>u, k—ku
5

Al: L [ % - 6% +8u ]( +c). Allow unsimplified.

2{ '3 3

5
M1: Substitutes the limits 2 and V2 to their : [ L—6L+ 8u J and subtracts either way round.

There is no requirement to evaluate but 2 and v/2 must be substituted either way round with

evidence of subtraction. condoning omission of brackets.

1{32
E.g. condone _l_ 16+ 16—i—4\/_+8\/_J

Alternatively reverses the substitution and applies the limits 4 and 2 with the same conditions.

2 2
Al: Correct working shown leading to 1?“\/7 —%but also allow ?—1?“\/? or exact equivalents

Award this mark once one of these forms is reached and 1sw.

There may be other substitutions seen and the same marking principles apply.
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S:‘:: lt::rn Scheme Notes
E——*——x xeR, x=20
dt
@ "1 s Separates variables as shown dxand dr should not
Wav 1 J - | 5 be in the wrong positions, though this mark can be | Bl
: = v implied by later working. Ignore the integral signs.
Integrates both sides to give either +2 , tamx Mi
- X .
Inx = —%t+c or *k — =X (withrespectto?). k.a=0
Inx = —%r +c. including "+¢" | Al
{r =0,x= 60:>} N6 =c Finds their - and uses correct algebra
5 5, 60 to achieve y — 60e 2 0Of x = _6__?
Inx=-=t+n60= x=60e * or x=— :
2 =« &* with no incorrect working seen | Al ¢so
[4]
(a) dr 2 J‘ oo dE . J‘ 2
: —_— == t=|-—d Either —=-— or r=|-—dx | Bl
Way2 | dx 5x s 5 * dx 5x 5x *
Integrates both sides to give Mi
2 either f=.. or tahpx.a=0.p>0
t= —glnx +C =
t= —élnx +c, including "+¢" | Al
{r =0.x=60 :} c =%1n60 i —%lnx + %11160 Finds their cand uses correct algebra
" s to achieve x = 60e T of x — ﬂ
—it—lnx—ln60: x=60e 2 or Xx=—o e
=By _ e with no incorrect working seen | 41 cso
[4]
(a) T I X oy
Way 3 35 dx = L 3 dr Ignore limits | Bl
Integrates both sides to give either +Z 5 tamx M1
r X ¢
‘-]nx]f i }-_it-j or +k — =it (withrespecttof); k. a=0
L & 2
L. 3+t : §
[Inx];, = [—%t} including the correct limits | Al
)
5 =5t 60 .
Inx — In60 = -5t =>x= 60e © or x=— Correct algebra leading to a correct result [ Al cso
& e’
[4]
Substitutes x = 20 into an equation in the form
® | 20=60eF or m20=—2¢+160 of either x= £ 4e™ £ forx =+ je = |
- OF *alndx=+ut £ f OF t =+ AlnSx + f:
a. A.u,d+0and B canbe
i 2. (20) dependent on the previous M mark
RS i\ 60 Uses correct algebra to achieve an equation of the form of
{= 04394449 (days)} either 1= Aln(%)or Aln(2)or Aln3 or Aln(4) oe. or dM1
= 1=632.8006... = 633(to the nearest minute) | awrt 633 or 10 hours and awrt 33 minutes | Al cso
Note: dM1 can be implied by 7=awrt 0.44 from no incorrect working.
5
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Nianbir Scheme Notes
E—-——ir. xeB,x=0
dt 2
@) 2 Separates variables as shown. dxand df should not
Wav 4 o dx = — | dt be in the wrong positions. though this mark can be | Bl

implied by later working. Ignore the integral signs.
Integrates both sides to give either +o In(px)

2 or =k — * it (withrespecttof): k.a=0: p>0
;SIn(Sx) =—t+c ( = ) 2

M1

D
gln(Sx) = —t +¢. including "+¢" | Al

=
{=0x=60=} ZIn300=c

g Finds their ¢ and uses correct algebra

2 2 — . =
gln(Sx)=—1+§1n300:> x=00e - or to achieve x = 60e 2 or 1—:%
60 with no incorrect working seen | Al cso
eif
[4]
a [ dt 2 ) = e s 7
W(m)' 5 J‘E e : = L}-gdl Ignore limits | B1
Integrates both sides to give either =k — = &7
4 x (with respect to ) or +2 S iamx k.a=0 s
= l:—lln X X
260 o) o
t= [—élnx:l including the correct limits | Al
&
2 2 5
t=——Inx+—=In60 = —=7=1nx—In60
5 5 2
=>x= 609—3‘* or X= 6—3 Correct algebra leading to a correct result [ A1 cso
pelilta s U2 E
[4]

Question Notes

1 1
(a) Bl | For the correct separation of variables. E.g. J'g dx = J-; dt

5 2
Note | Bl can be implied by seeing either Inx = —%t +C Or t= -—;-lnx + ¢ with or without +¢

Note | B1 can also be implied by seeing [Inx]; = [——i—t]

0

/ 5 60 . .
Note | Allow Al for x=60ve™ or x= ﬁ with no incorrect working seen
!4
e

2 -3 - 7
Note | Give final AOfor x=e > +60 — x=60e 2

s

Note | Give final A0 for writing x = e = as their final answer (without seeing x = 60e =)
Note | Way 1 to Way 5 do not exhaust all the different methods that candidates can give.

Note | Give BOMOAOAO for writing down x = 60e T Of x = @ with no evidence of working or integration
e’

seen.
(b) Al | You can apply cso for the work only seen in part (b).

Note | Give dM1(Implied) Al for %r = In3 followed by #=awrt 633 from no incorrect working.

Note | Substitutes x=40 into their equation from part (a) is MOdMOAQ
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Question :
Nknbér Scheme Notes Marks
3 -
v, y>0 ., (i X ]dr.1'=4sin29
e I1(3v+?) : ) .L\M:;-x |
(1) A ' B ' ' See notes | M1
Way 1 y(3y + 2) Ty i Gy +2) = ApdemlIpe 36l At least one of their Al
y=0 > —4=24 = A4=-2 A=-2or their B=9
- e . | oot Both their
=a= =-38 = B=9 A=-2and their B=9 |4l
Integrates to give at least one of either
ﬁ—>i/’.1n}= or — —=>Tuln(3y+2) [ M1
3y—4 -2 9 y Gy+2)
—dy = | —+ dy A=0.B=0
y(3y +2) y By+2)
At least one term correctly followed through Alf
from their 4 or from their B
= —2111_\" + 3111(31’ + 2) {+ C} —2lny + 33y +2) or _Zlny + 3]_11(}1 + %)
with correct bracketing. Al cao
simplified or un-simplified. Can apply isw.
[6]
B@ | {x=4s’ 49:»} i_SSmecosa at d—-4sm9¢9 or dx=8sinfcosAdd Bl
J 4sin’ 9 Ssm¢9cost‘,7 } or 1’ 4sin 6 ’6 d6 M1
4—4sin 4—4sin
Jtan& 8sinfcosé d6 jt 4sm’6 d6} ( i ] —>+Atan90r*lx[ smﬁ] M1
—— 4-x cosé) | =
= J' 8sin’ 6 d@ ISsm36d9 including d@ | Al
; X Writes down a correct equatlon
3=4smn" 8 01'-3-=sin"00r sim9=i§-::>6?=£ . :
4 2 3 involving x = 3 leading to §= 3 T and | B1
{x =0->0= 0} no incorrect work seen regarding limits
[51
» '1-cos26 Applies cos26=1-2sin" &
=8} || ————|d6 <= |[4—4cos26)dE i "
(i) (®) { }j( 2 ] { j( ow25) } to their integral. (See notes) nal
For ta8+ Bsin26, a.f=0 | M1
1 .
— Zh—-—"cin? —2cin? "
{s}[ 56 sm_eJ {= 46-2sin26) Ean [%6-%sin261 i

I 1 ; S| (e 1) !
"8sin’ fd6= 8[ G—Ism 6]:%=8“\%—Z{\T|J-(O+O)J

1
% ,,
4 ¢ > . 4 1/ \
=§,7_ 3 ‘two term” exact answer of e.g. 3,7— 3 or 3(4/7—3\/5) Aloe.
[4]
15
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Question Notes
(1) 1tz | Writing A A + B anda complete method for finding the value of at least one
y3y+2) y (@y+2)
of their 4 or their B.
Note MIA1 can be implied for writing down either e = =2 + Teach
yGy+2) y (@By+2)
3y—4 _theird 9 _ yithno working
Y3y +2) y Gy+2)
Note Correct bracketing is not necessary for the penultimate A1ft. but is required for the final Al in (1)
Note | Give 22 MO0 for 3¥ =4  ooing directly to +aln(3)* +2y)
y(3y +2)
Note ...but allow 2* M1 for either M_) *aln(3y” +2y) of ﬂw_) taln(3y’ +2y)
3y +2y } 3y°+2y }
2 - / X" { SO
(ii)@) | 1M1 | Substitutes X =4sin" & and their dx | fom their comectly rearanged gx_ej into tﬁ J dx
Note dx = Aid@. For example dr =dé&
Note Allow substituting dx = 4sin 26 for the 1* M1 after a correct % =4sin2@ or dx =4sin26dé
d : - 2 f % . [ sing)
2 \f1 | Applying x=4sin"6 to [—— to give =K tané or th—j
4-x cosé)
Note Integral sign is not needed for this mark.
1% Al Simplifies to give J 8sin’6 dé including dé
2*d Bl | Writes down a correct equation involving x = 3 leading to 6= Z and no incorrect work seen
regarding limits
- ot K :
Note Allow 2 Bl for x= 45111'( ?) =3 and x=4sin’0=0
nd l”‘ X \ T
Note Allow 2* B1 for 8=sin" k ZJ followed by x =3, ¢9=?; x=0.6=0
(ii)(b) M1 Wirites down a correct equation involving cos28 and sin® @
. — cos2 .2 [1-cos26
E.g.: cos28=1-2sin’6 or sin* 6= ﬂ or Ksin“6 = A{%]
and applies it to their integral. Note: Allow M1 for a correctly stated formula
(via an incorrect rearrangement) being applied to their integral.
AL Integrates to give an expression of the form o€ + Fsin26 of k(zaf £ Fsin26).
i a0, =0
(can be simplified or un-simplified).
1Al | Integrating sin’ & to give %9 - %sinl& un-simplified or simplified. Correct solution only.
Can be implied by ksin® giving +6- gsmza or %( 26 - sin26) un-simplified or simplified.
2md A A correct solution in parf (ii) leading to a “two term” exact answer of
4 8 4 2\[5 1/
g —7-+3 —7—+3 e e —|47-34/3
eg 37 oré'rs/_or3 201’3('/7 \/_)
Note A decimal answer of 2.456739397... (without a correct exact answer) is AQ.
Note Candidates can work in terms of A (note that A is not given in (ii))
and gain the 1* three marks (i.e. MIM1A1) in part (b).
Note If they incorrectly obtain |' Tgsin’ 6d6 In part (1)(a) (or correctly guess that 1 =8)
then the final Al is availaiﬂe for a correct solution in part (ii)(b).

www.onlinemathsteaching.co.uk




Online Maths

Scheme Notes aching
- y— '+ 2 ;
R | A ) LIRS
Way 2 y3y+2) 3y* +2y y3y+2)
3:1‘ +6 = 4. B = 3y +6=AB3y+2)+ By See notes | M1
YBy+2) " ¥ By At least one of
s g pomgecier s AT
CF 2R RS their 4 =3 or their B=-6
Both their 4 =3 and their B=-6 | Al
y=-1 > 4=-1B = B=-6
Integrates to give at least one of either
3y- M—)ialﬂﬁyl +23)
—d 3y*+2y
y(3y+2) 4 Mi
o1 s — ZAlny 01 Gr+2) — X uln(3y +2)
=J 6y+2 4 _J‘ i J‘ dy M=0.4=0.B=0
3y 42y y Gy+2) At least one term correctly followed through | Al ft
; : In(3y* +2y)-3lny + 2In(3y + 2)
= In(3y"+2y)-3lny+2ln(3y+2) {+c ” : ‘ "
3 Y) . G; ){ } with correct bracketing, Al cao
simplified or un-simplified
[6]
@) 3y—4 & 3y+1 - 5 o
Way 3 3y +2) 3y +2y y3y+2)
) S =4, S-B — = 5=4@y+2) +By See notes | M1
YOx+D "y Gyt ) At least one of their 4 = &
J":O ﬁ):_;A:)-:% or theirB:-‘—? Al
FeSPS 3 2 B Both their 4= £ and their B =% | Al
Integrates to give at least one of either
3y—-4 M—)ialﬂ@f—bly)
———dy 3y*+2y
y3y+2) 4 M1
or T —ZAlny 01 (3}‘_+2)—>i/lln(3y +2)
J‘ 3y+1 J‘ J’ M=0,4=0.B=0
= y — dy + -
3y +2y Gy + ) At least one term correctly followed through | Al ft
1 2 5 5
, 5 SI(Gy +2y) -Siny + 2@y +2
= LGy +29) -2y + 2By +2) (+ ¢} IO SR D |
“ < 2 with correct bracketing. |
simplified or un-simplified
[6]
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Scheme Notes ing
2 (l) ﬂdl' = ._é‘v_dp— Ldy
Way4 | JyGy+2) ° Y3y+2) T JyBy+2)
a b sdpt g
(By+2) y3y+2)
o W oM B po A(Gy+2) + By See notes | M1
yGy+2) y Gy+2) Atleastone of |
s g SR
Sl ESTaEAS their 4 =2 or their B=-6
Both their 4=2 and their B=-6 | Al
y=—-+ = 4=-1B = B=-6
Integrates to give at least one of either
-t 5 s tam@y+2)or 25 tamy or
y3y+2) Gy ¥ M1
- N — —+ uIn(3y + 2).
3 n 6 Gy+2)
=J °d'r—J.:d“l+J‘ - dy A#0.B=0.C=0
e ) Cas2) At least one term correctly followed through | Al ft
In(3y+2)-2lny+21n(3y + 2)
= In(3y+2)-2lny + 21a(3y + 2) {+ C} with correct bracketing. | Al cao
simplified or un-simplified
[6]
Alternative methods for BIMIMI1ALI in (11)(a)
(1.1)(?) {.\‘ =4sin’ @ :} AL 8sinfcosé AsinWay 1 | Bl
Way 2 de
4sin’ 6 :
———— 8sinBcosd {d6} As before | M1
4—4sin° 6
= M 8cosBsind {d6}
J Y(1-sin"6)
- | 2E_ s fa—sin Bysin6 {a8)
v \}(I—Sin-g)
. i {dﬁ} Correct method leading to
= | sSmg.os51m . 5
L ,f(l—sm' €) being cancelled out b
= | 8sin’6.d6 J.Ssinzedﬁ including dé | Al cso
\(‘“a)(‘a); {x =4sin’6 =} % — 4sin26 AsinWay 1 | B
x=4sin’6=2-2c0520 . 4—x=2+2cos26
2 —2cos?
22200528 4sin26 {a6) A
2+2cos26
* 2 -2cos?2 2—-2cos2 2—-2cos26 .
_ [[¥2-2c0s26 ¥2-2c0s26 45in26 {d6) = | -————. 4sin26 {6}
A V2+2c0s26 J2-2co0s26 \}4—4cos"26
2—2cos26 _ . ) Correct method leading to
= | ———.4sm261{d6; = | 2(2—2cos26).{dé : /
25128 2 { ] j -2es2) { } sin28 being cancelled out =
= | 8sin’ 6 d6 J‘Ssinlﬁdﬁ including dé | Al cso
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Snestion Scheme Marks
Number
May mark (a) and (b) together
() | Expands to give 10x7 —20x B1
" w2 | M1 Alft
10 == -—"20";
Integrates to give —x ° +_x_ (+c¢)
"%" 2
F: s L 3 Alcao
Simplifies to 4x* —10x"(+¢) @
(b) Use limits 0 and 4 either way round on their integrated function (may only see 4 substituted) | | M1
Use limits 4 and 9 either way round on their integrated function - ami
Obtains either £-32 or + 194 needs at least one of the previous M marks for this to be awarded | Al
4 0
(Soarea= [ ydx|+ [ydx ) ie 32+104 =226 ddle*él)
0 3 2
[9]

Notes
(a) B1: Expands the bracket correctly
M1: Correct integration process on at least one term after attempt at multiplication. (Follow correct expansion or

B B & g . . = -~
one slip resulting in 10x* —20x where k may be L or < or resulting in 10x> — Bx . where B may be 2 or 5)
2 X ;X : X , %
So x* »>— or x’ »>—or x’ > — andlor x—>—.
b 7 /2 2

Al: Correct unsimplified follow through for both terms of their integration. Does not need (+ ¢)

Al: Must be simplified and correct— allow answer in scheme or 4x3? —10x” . Does not need (+c¢)

(b) M1: (does not depend on first method mark) Attempt to substitute 4 into their integral (however obtained but
must not be differentiated) or seeing their evaluated number (usually 32) is enough — do not need to see
minus zero.

dM]1: (depends on first method mark in (a)) Attempt to subtract either way round using the limits 4 and 9

Ax97 — Bx9* with 4x4" — Bx4%is enough — or seeing 162 —( -32) {but not 162 —32}
Al: At least one of the values ( 32 and 194) correct (needs just one of the two previous M marks in (b))
or may see 162 - 32 + 32 or 162 + 64 or may be implied by correct final answer if not evaluated until last line
of working
ddM1: Adds 32 and 194 (may see 162 + 32 + 32 or may be implied by correct final answer if not evaluated until
last line of working). This depends on everything being correct to this point.
Alcao: Final answer of 226 not ( - 226)

Common errors: 4x4* —10x4%+4x9? —10x9* — 4x4* —10x4* =+ 162 obtains M1 M1 A0 (neither 32 nor
194 seen and final answer incorrect) then M0 A0 so 2/5
Uses correct limits fo obtain -32 +162 +32 = +/-162 1s M1 M1 A1l (32 seen) M0 A0 so 3/5

Special case: In part (b) Uses limits 9 and 0 =972 -810 -0=162 MO M1 A0 MOAO scores 1/5
This also applies if 4 never seen.
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Question o1
Mariber Scheme Marks

y=4x—xe’, x=0
(a) {y=0:>4x—xe§’=0:x(4—eé’)=0 :}
Attempts to solve eJ"x =4 giving X=_..
1 3 M1
S i . insermsof -4l where >0
41n2 cao (Ignore x=0)| Al
........................................................................................................... o FRRITE ¢
4, 1
% : oxe? —,BJe2 {dx}.@>0.8>0 | M1
(b) “‘Ieé'dx}= 2xe? —j2e2 {dr} s~ o B GRGELECIEEEE
2xe? — J' 2e?" {dx} with or withoutdx gillum)
R T R O
= 2xe? —4e? {+ c} 2xe? —4e? o.e. with or without +¢ | Al
........................................................................................................................ 131
Ay 2 ‘ 4 2
(© J. 4xdx } =2% 4x > 2x"or S D Bl
[ i - F - i 1 1) a2 a6t
I (4x —xe’ )dx ;= [ZX‘—l.’.xe- —4e? JJQ
1
i A — lan  ken) (o o ol A [T
= L2(41n2)" —2(4In2)e? + 4e? } - t 2(0)° = 2(0)e? "+ 4e? J See notes | M1
=(32(1n2)* - 32(1n2) + 16) - (4)
Bl ik o e . 32(n2)" - 32(in2)+ 12, see notes | Al
3]
8
Question Notes
(a) M1 | Attempts to solve € =4 giving X=... interms of +Alnx where >0
Al 4In2 cao stated in part (a) only (Ignore x=0)
N
(b) B gT Part (b) appears as MIMI1AI on ePEN, but is now marked as M1AIAL
1 -
M1 | Integration by parts is applied in the form axe? — B I el {d’(} . where >0, §>0.
(must be in this form) with or without dx
1 1
Al 2xe? — J. 267 {da} or equivalent. with or without dx. Can be un-simplified.
L L
Al 2xe? —4e? orequivalent with or without = ¢. Can be un-simplified.
L 1
Note | you can also allow 2e? (x—2) or e? (2x—4) for the final Al
isw | You can ignore subsequent working following on from a correct solution.
SC SPECIAL CASE: A candidate who uses ¥ =X . & —e? , writes down the correct “by parts™
formula. but makes only one error when applying it can be awarded Special Case M1.
(Applying their v counts for one consistent error.)
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Note

..Note

Al

Note

Note

Note

Complete method of applying limits of their X, and 0 to all terms of an expression of the form
1 1
+4x° + Bre? + Ce® (where A=0,B=0and C=0)and subtracting the correct way round.

Evidence of a proper consideration of the limit of 0 is needed for M1.
So subtracting 0 is MO.

A correct three term exact quadratic expressionin In2.
For example allow for Al

o 32(In2) -32(In2)+12
o 8(2In2) - 8(4In2)+12
e 2(4mn2)* -32(In2)+12
R Liamy
o 2(4In2)’ - 2(4In2)e?  +12

5 Lism) 1o
Note that the constant term of 12 needs to be combined from 4e* —4e°  oe.

2
Also allow 32In2(In2 - 1)+ 12 or 32]n2[1n2 -1+ 3)11;,’} for Al.

Do not apply “ignore subsequent working” for incorrect simplification.

Eg: 32(1n2)° -32(In2)+12 —» 64(In2)-32(In2)+12 or 32(In4)-32(In2)+12
Bracketing error: 32In2% — 32(In2)+ 12. unless recovered is final AO.

Notation: Allow 32(In’2) — 32(In2)+ 12 for the final Al.

5.19378... without seeing 32(In2)’ — 32(In2)+ 12 is AO.
I L)
5.19378... following from a correct 2x~ — t?.xe2 — 4e? J is M1AO.

5.19378... from no working 1s MOAO.

................................................................................................................
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g:e;::: Scheme Marks
3
@) A=j JO-0)+1) dv . x=1+2sin8
......... B e e S e T e S S S et e o Ty IS e e i S
dx g=2cost9or 2cos & used correctly
—=2co0s8 dé Bl
..fi.‘?. ................................................................. n their working, Canbeimplied |
{'N(Zi—x)(x-n-l) dx or |J(3+2x—x2) dx}
""" Pt ey RODAGITARS Tor Dotk Sad A ’
= (3—(1+ 2s1n8))((1 + 2sin8) + 1) 2cosf {d& 2
..... N)(){}Whefed**/’dﬁlgnmde e
- H(z-zsmo)(z-zsmey 2cosé {d6}
- ‘[,f(a,- 4sin’ 6] 2c0s6 {d6)
=I,’(4—4(l—cos’9) Zcosﬁ{dG} or I\Mcos:‘e Zcose{de} Appliescos™ @ =1-sin" & M1
................................................................................................... seemotes | .........
- a[cort0as, {k=4) 4jcos‘0d¢9 or j4cos‘¢9d6 "
...... e e o s e i s e IR NG AP CRGHIERRRRE | ey coce
I P e (v ooy T
2 6
See notes | Bl
and 3=1+2sinf or 2=2smf or sinf=1= 6=%
.................... AN —
2 il (1+cos26) Appliescos28=2cos* -1
®) {kjcos e{de}j - {k}.ﬂ : ] {a8} to theis integral | M1
P WY ] Integrates to give +af + fsin26. a=0. =0 |\
= {k}| —6+=sin2
44444 Hleegm) e pinsg) | Mmer
{So 4 J cos’6d6= [26+ smze]‘;}
~(o3)salF)) (A5 l5)
2 2 ) 6
‘('r)—{—fr B _ax B ﬁ.,.ﬁ “
TR N e 32 Al
' 1/ cao cso
3]
8
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Question Notes

(2)

®)

Bl
Note
M1

Note
Note

Note

Ml

Al

Note
Note

Note

Note

NOTE
Ml

Ml

Al

Note
Note

Note

d_; =2cosf. Also allow dv=2cosfd6. This mark can be implied by later working.

You can give Bl for 2¢0s 6 used correctly in their working.

4

Substitutes x =1+ 2sin& and their dx [from theirreamnged% ) into \’(3— X)(x+1) dx.

Condone bracketing errors here.
dx = Ad6. For example dx = d&.

dx
Condone substituting dx = cos & for the 1¥ M1 after a correct e 2cos@ or dx=2cosfdé

Applies either
e 1-sin"f=cos’ @
o - Asin’6 or A(1-sin’8)=Acos @
o 4-4sin’@ =4+2c0s26-2 = 2+2¢0528 = 4cos’ 8

Correctly proves that j J(3—.1‘)(x+l) dx isequalto 4 [ cos? 0d6 or I 4cos’ 8dE

All three previous marks must have been awarded before Al can be awarded.
Their final answer must include dé.

Evidence of a correct equation in siné or sin™ & for both x-values leading to both & values. Eg:

o 0=1+2sin6 or —1=2siné or sin€=—% which then leads to e=-%, and
o 3=1+2sin6 or 2=2siné or sind=1which then leads to 6:{-

Allow B1 for x=1+25in[—/—;) =0 and x=l+'—.’sin(§] =3

Allow Bl for sin€=(¥] or 6=sin'2(lx—;l) followed by x =0, 0=--)61; x=3, 6=-§

Writes down a correct equation involving cos28 and cos” 6

2 : ' 26
Eg: c0s26=2cos’f-1or cos’8=w or Acos’ 6 =i(w]

and applies it to their integral. Note: Allow M1 for a correctly stated formula (via an

A correct solution in part (b) leading to a “two term” exact answer.

ar B sz 3 1y
Eg:T+T or ?+T or €(8ﬂ+3\/§)

5.054815... from no working is MOMOAO.
Candidates can work in terms of k (note that k is not given in (a)) for the MIMI1 marks in part (b).
If they incorrectly obtain 4J. c0s?0d6 in part (a) (or guess £ =4) then the final Al is available

-z
O

for a correct solution in part (b) only.
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Question
Nuibor Scheme Marks
dy -1
—=6x -+ \\/I_
dx
3
xJx=x7 | Bl
.‘,n Aox xn—) Ml
3
g
yETE e Al Al
2 2
"
Use x=4.y=37to giveequationine. 37= 12J4 + %(\/Z)5 +C M1
1 :
=>c= % = equivalenteg. 0.2 Al
1,8
(M) =12x2 +=x +— Al
S 5
(7 marks)
5
B1 xvx =x2. This may be implied by +—0¢ in the subsequent work.
2
1 3
M1 x" — x™* in at least one case so see either x2or x2 or both
6 3 x;
Al One term integrated correctly. It does not have to be simplified Eg. -i—x3 or +—.
2 2
No need for +¢
Al Other term integrated correctly. See above. No need to simplify nor for +¢. Need to see
s
6 % x3 B e :
™ palle ol L simplified correct version
2 3
M1  Substitute x =4, y =37 to produce an equation in ¢.
Al  Correctly calculates ¢ =% or equivalente.g. 0.2
L5 g [ @
Al  cso y=12x%+ -:—.'cl +o Allow 5y =60x2 + 2x? +1 and accept fully simplified equivalents.

1 5
e.g. y=+(60x%+2x*+1)

) J'=12\/.\_'+%\/.\7+%
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guestim.n Scheme Marks
Number
J- '.u=2+\/(3x+l)
\/(h +1)
; Either ¥ -+ K @x +1)7 or Eosi-2) | M
du e dx dr du
?=(21+l)- or I="_2 & X &
5 . Either e (2x+1)? or b (w-2) Al
dx du
[ 1 A O 1. Correct substitution | A1
L[ 2+ Jox+)) d‘} i I; (w.--:2) % (Ignore integral sign and du).
I( 1-— }d" An attempt to divide each term by u. | dM1
+4u + Blny | 9dM1
= u-2lnu
u-2mnu |ALR
; Applies linuts of 5 and 3 1 u
{so [u-2mu] | =(5-2m5) - (3-2In3) or 4 and 0 in x n their integrated function | M1
and subtracts the correct way round.
= 2+21n(3] 2+21n(3] Al
5 5 €ao cso
(8]
8
Notes for Question
MI: Alsoallow du==x4 c )d\ or (u=2)du==Adx
u—
Note: The expressions must contamn du and dv. They can be simphfied or un-simplified.
Al: Alsoallow du = dy or (u—-2)du == Adx
(u-2)
Note: The expressions must contamn du and dv. They can be simplified or un-simplified.
Al: jl (u — 2) du . (Ignore integral sign and du).
u
dM1: An attempt to divide each term by w.
Note that this mark 1s dependent on the previous M1 mark being awarded.
Note that this mark can be implied by later working.
ddM1: *AuztBlnu, A20,B=0
Note that this mark 15 dependent on the two previous M1 marks being awarded.
Alft: u-2Inu or *4u * Blnu bemng correctly followed through. 4=0,B=0
M1: Applies linuts of 5 and 3 in v or 4 and 0 i x i their integrated function and subtracts the correct
way round.
Al: csoandcao. 2+ Zln[%) or 2+ 2In(0.6). [: A+2InB . soA=2.B =.§.)
Note: 2— 2ln(-::-] 15 AO.
Notes for Question Continued
ctd

Note: j-l-(u—z)du= u - 2Inu with no working is 2* M1, 3¥ M1, 3 AL
u

but Note: Il (u—-2)du= (u-2)lnu with no working is 2* M0, 3 M0, 3™ A0.
u
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Q14.
gt :f;g:rn Scheme
(a) | 1.0981
®) Area RI%XI ; 0.5+2(0.8284 + their 1.0981)+1.3333]
= %x 5.6863 = 284315 =2.843 (3dp) 2.843 orawrt 2.843 | Al
[3]
1 l dx
c u—l+«f :>—=—x or —=2(u-1) Bl
© { } dx 2 du -
=1y
1)’ - u - ML
{J.l xJ_d =}J.("_) 2(u-1) du e
x 1 -1)
i ! J.u 2u-1) | Al
u
- (u-1y° i =) (@’ = 3u* +3u-1) " Expands to givet a “foug feml’z" cubic m L |
u u Eg A *Bu *CuxD
i {2} ug s 3_1 & An attempt to d1v1'de at l_east three terms in M
u their cubic by u. See notes.
1) 3 2
= {2} L—3L+3u—1nu M—) L—3L+3u—lnuJ Al
u 3 2
2’ ) :
Area(R) = 5 2lnu
23y 2 é( 2) Applies limits of 3 and 2 in
= [ S 33)* + 6(3) - 71113] [ : -3(2)* + 6(2)- 71117] uor4and1inxand | Ml
, subtracts either way round.
2
e e —+’>ln{1} ——ln i Correct exact answer | , |
3 3 _ or equivalent.
(8]
12
(a) B1: 1.0981 correct answer only. Look for this on the table or in the candidate’s working.
(b) B1l: Outside brackets %xl or %
M1: For structure of trapezium mle[ ............. ]

Al: anything that rounds to 2.843
Note: Working must be seen to demonstrate the use of the trapezium rule. Note: actual area is 2.85573645. .

Note: Award BIM1 Al for %(0.5 +1.3333) + (0.8284 + their 1.0981) = 2.84315

Bracketing mistake: Unless the final answer implies that the calculation has been done correctly

1 0
Award BIMOAO for ;xl +0.5+2(0.8284 + their 1.0981)+1.3333 (nb: answer of 6.1863).
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Award BIMOAO for %xl (0.5 +1.3333) + 2(0.8284 + their 1.0981) (nb: answer of 4.76965).
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(b) ctd

Alternative method for part (b): Adding individual trapezia
0.5+0.8284  0.8284+1.0981 " 1.0981+1.3333

2 2 2

Area ~ IX[ ]: 2.84315

B1: 1 and a divisor of 2 on all terms inside brackets.

M1: First and last ordinates once and two of the middle ordinates twice inside brackets ignoring the 2.
Al: anything that rounds to 2.843

(©
1 ;
B1: ﬂ = lx 2 or du= 1 dx or 2\/;du =dx or dv=2(u—-1)du or ax =2(u—-1) oe.
dx: " 2 2 \/; du
4 x x =1 . .
17 M1: becoming (Ignore integral sign).
1+ \/; u
S x . (u-1)? (u-1)° 2
1" Al (Bl on epen): ——— dx becoming ——— 2(u—1){du} or —. duf .
( pe) 1+x g u (- Bieu u (u—l)‘l{ }
You can ignore the integral sign and the du.
24 M1: Expands to give a “four term” cubic inu, +A4u’+ Bu’+Cu+D
where 4=0,B=0,C=0and D=0  The cubic does not need to be simplified for this mark.
3" M1: An attempt to divide at least three terms in their cubic by u.
3 2
o (SO o e L
u u
1 3 2
2% A1 s du > | L = +3u—Inu
u 3 2
4™ M1: Some evidence of limits of 3 and 2 in u and subtracting either way round.
2
3" A1: Exact answer of it +2In2-2In3 or H + Zln(l) or B ln(g]or Z(H +In2 - 1n3)
3 3 3 3 4 6 ;
22 2 = : : : 5 11 22 2
or 7y +2In 3) etc. Note: that fractions must be combined to give either = or 7= or 3;
—1\2 2 _ 2
{2} (e (u-1)du = {2} -l (u-1) du .
u u An attempt to expand (xz—1)", then
divide the result by u and then go on to | 2 M1
3 multiply by (u-1).
= {2}J‘(u -2+ l) (u-1) du = {Z}J‘(u' —...) du DD
u
’ L2 I
= {Z}J‘(u: -3u+3- l) du
u
(c) ctd | Final two marks in part (¢): u=1+ \/;

Area(R) = M—3(1+ \E): +6(1+x)-2In(1+ Vx)

3

2 —2(1+3ﬁ) -3(1+ \/Z)z +6(1+ Ja)-2n(1+ «/Z)
M1: Applies limits of 4 and 1 inx
5 (1+ \/i)J and subtracts either way round.

A (e i) + 6(1+ V1)-21n(1+ 1)

3

= (18-27+18-2In3)- (?—12 +12—2ln2}

=
; 3

11 11 9 2
= ?+21n2—21113 or ?+ 2111(3] or ——111(2), ete Al: Correct exact answer or equivalent.
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Alternative method for the final S marks in part (b) i
Wyt -1 d"“" =2
3 u'=u = —=-U
J‘ @-0 . dx
u ’ dv \ -1t
& (u-1y V= b
dx 4
_14 —_1\4
o (u—-1) | (u 11) dii
4u <4 u-
- n* iy ut =4 +6u’ —4u +1 dii M1: Applies integration by parts and
4u 4 u’ expands to give a five term quartic.
u-10 1 , 4 1 o
= Lin F; —J."' —4u+6-——+—du M1: Dividing at least 4 terms.
4u -+ I U7
u-1* 1( _, i
.o | =20 U —4nu~— Al: Correct Integration.
4u 4 u )
3 - 3 3
(-1 5 (u-1) wo_u i 3u fone. g
, U 4u 1z 2 2 4u |,
2
=(E+“_7_2+2_]n3_i]_(l E_i+é_m2_lJ M1
12 12 2. 2 12 8 2 2 2 8
_ (7-m3)—(§ u mz}
3
= 1_1 2T [
6 3
3 _13 2
Area(R) = ZJ (N—l)du = 2(E - ]nlJ Al
2 U 6 3
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Q15.
Question
N Scheme Marks
(a) 0.73508 Bl cao
1]
(b) Area z%x%;x[{]+2[thei1 0_735{18-1—1_1?15?+1_02280)+{}:| Bl M1
i3
=Ex 58589 . = 1150392325 =1.1504 (4dp) awrt 1.1504 | Al [3]
(c) {u=1+msx} = E=—si11Jr Bi
dx _
[[_2sin2c -| J‘M Sy i | 51
|J (1+cosx) ) (1 + cosx)
4{u—1
e .[ (u ]' (—1)du < .[{l “) M1
= Ifl—l;m=4{mu—u}+e M1
]
= 4In(1+cosx)—4(1+cosx)+¢ = 4In(1+ cosx)— dcosx + k AG | Al eso [3]
b . . T
/ ) b1 Appl limits ¥ =— and
) = {4]11| 1+ cos— |—4cos—  —[4In(1+ cos0) — 4cos0 | LS MG
2) 2] x = Oeither way round.
= [4In1-0] - [41n2 - 4]
H(l-1n2)or
= 4-4In2 {=1227411278_} +(4—4In2) orawrt £12, | Al
however found.
Emror = |(4—41n2)-11504 | awrt +0.077
Al eso [3]
=00770112776... = 0077 (2sf) or awrt +6.3(%)
12
(a) Bl: 0.73508 correct answer only. Look for this on the table or in the candidate’s working.
() | Bl Outside brackets %x% or % or awrt 0.196
M1: For structure of trapeziummule [ ... ]: (0 can be implied).
Al: anything that rounds to 1.1504
Bracketing mustake: Unless the final answer implies that the calculation has been done correcily
1 &
Award BIMOAO for EXE + 2(their 0.73508+ 1.17157 + 1.02280) (nb: answer of 6.0552).
Award BIMOAOQ for %xf (0 + 0) + 2(their 0.73508+ 1.17157+ 1.02280) (nb: answer of 5.8589).
& | 0+0.73508 073508+1 17157 1.17157+1.02280 1.02280+ 0
Area = —X + + + = 1150302325
8 2 2 2 2
B1: % and a divisor of 2 on all terms inside brackets.
M1: One of first and last ordinates, two of the middle ordinates inside brackets ignoring the 2.
Al: anything that rounds to 1.1504
() El: E=—si1:ut‘ or du = —sin ydy or E= l
dx —sinx
Bl: For seeing, applying or implying sin2x = 2sin xcosx.
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M1: After applying substitution candidate achieves + k J.—(ﬂ s (du) or +k I_(l_“) (du

where Aisa

Allow M1 for “invisible” brackets here, eg: I e l} I S u]

positive constant.
Y

dM1: An attempt to divide through each term by x and + k I | L |du — +k(lnu — u)with/without
M g

+ ¢ . Note that this mark is dependent on the previous M1 mark being awarded.

Alternative method: Candidate can also gain this mark for applying integration by parts followed by a
correct method for integrating Inu. (See below).

Al: Comectly combines their +cand " —4 " together to give 4111[1 +cosx)—dcosx+k

As a minimum candidate must write either 41In(1+ cosx)—4(1+ cosx)+ ¢ — 4In(1+ cosx) —4cosx +k

or 4In(1+cosx)—4(1+cosx)+k— 4In(1+cosx)—4cosx+k

Note: that this mark is also for a correct solution only.
Note: those candidates who attempt to find the value of k will usually achieve AO.

d
£ MI1: Suobstitutes limits of x =§ and x=0 into {41.11[1 + cosx) — 4cos .r} or their answer from part (¢) and

subtracts the either way round. Note that: {4ln| 1+ cos— | - 4m55:| [0] is MO.

1: 401-In2) or 4—41n2 or awrt 12, however found.

This mark can be implied by the final answer of either awrt £0.077 or awrt £63
Al: For either awrt £0.077 or awrt £6.3 (for percentage error). Note this mark is for a correct solution
only. Therefore if there if a candidate substitutes limits the incorrect way round and final achieves (usually
fudges) the final correct answer then this mark can be withheld. Note that awrt 6.7 (for percentage error) is
AD.
Alternative method for dM1 in part (c)

Alternative method for dM1 in part (c)

a-w . _( V| e )
du= (—w)lnu— —]nudu|=|(l—u}]nu+u]nu— —du|=([l—u}]nu+u1nu—u]
“ l I

I{u l}du_|(u 1)11“;_‘[1:“.-.1;.-‘— (u— 1}]11u—|u]11u—.[ d.u|| ((u-Dinu—ulnu+u)
i

So dM1 is for I(;”m going to ((1—wny + ulnu —u) or ((—-Dinu —ulnu +u) oe.
u

Alternative method for part {d)
. g
M1AL for J4I \ 14 du = |
S )

P4 (e —ul, = 4[(n1-1)— (02 - 2)[=4(1-2)

Alternative method for part (d): Using an extra constant A from their integration.

Iy E"I T N
[41:1; 1+cos— | —4cos—+ A —[4In(1+cos0) — 4cos0 + A
Z ] 2 ]

A is usually —4 _ but can be a value of k that the candidate has found in part (d).

Note: The extra constant A should cancel out and so the candidate can gain all three marks using this
method, even the final Al cso.
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IQ\.?:;::: Scheme Marks
(a) X +2x+2=10=x+2x-8=0(s0 (x+4)(x-2)=0) Dx=...... Ml
Al
x=-4, 2
' @
(b) 3 5
Way 1 J‘(,\"+2x+2)d\'=%+%+ 2x(+C) MI1A1A1
: S ra ‘ 5
D2 (S22 M
" 2 L XS 2 3 2
Rectangle:10x(2-—4) = 60 Bl cao
R="60"-"24" Ml
=36 Al (7)
Total 9
(b) 2 A
Way 2 [(8-x —2.r)d1—8.1—?—7(+C) MI Alft Al
3 o2 T 4
S =[16-§-4]-(-3:+6—-16) =(9.3 - (- 26.7)) M1
3 2}, 3 3
Implied by final answer of 36 after correct work Bl
10—{x% +2x+2)=8—x"-2x. =36 M1, Al

Notes for Question

(a) M1 Set the curve equation equal to 10 and collect terms. Solves quadratic tox= ...

Al cao : Both values correct — allow 4 =-4. B=2

(b) M1: One correct integration

Al: Two correct integrations( ft slips subtracting 1n Way 2)

Al: All 3 terms correct (penalise subtraction errors here in Way 2)

M1: Substitute their limuts from (a) mto the integrated function and subtract (either way round)

B1: Way 1:Find area under the line by integration or area of rectangle — should be 60 here (no
follow through)

Way 2: (implied by final correct answer i second method)

M1: Subtract one area from the other (implied by subtraction of functions in second method)- award
even after differentiation

Al: Must be 36 not —36.

Special case 1: Combines both methods. Uses Way 2 mtegration, but continues after reaching “36"to
subtract 36" from rectangle giving answer as “24” Thus loses final M1 Al

Special case 2: Integrates {.\" +lx’—8) between limits —4 and 2 to get -36 and then changes sign

and obtains 36. Do not award final A mark —so M1A1AIM1BIMI1A0Q
If the answer 1s left as -36, then M1AIAIMIBOM1AQO

N.B. Allow full marks for modulus used earlier in working e.g.

2‘: L ‘—Zde
J2c-am ‘

www.onlinemathsteaching.co.uk



Online Maths
Teaching

Q17.
Method 1 Puts 10— x=10x—x* -8 and Or puts y=10(10—y)— (10— y)* -8 M1
5 (a) rearranges to give three term quadratic and rearranges to give three term quadratic
Solves their " x* —11x+18=0" using | Solves their " * =9 y+8=10" using M1
accePtable method as in general principles | acceptable method as in general principles to
to give x = give y =
Obtains x=2, x=9 (may be on Obtains y =8, y=1 (may be on diagram) | Al

diagram or in part (b) in limits)
Substitutes their x into a given equation | Substitutes their y into a given equation to | M1

to give y= (may be on diagram) give x= (may be on diagram or in part (b))
y=8,y=1 x=2,x=9 Al (5)
(b)
'[(IOX—XZ -8)dx= %—i—&\’{+ c} M1 Al
2 3 Al
02 2 _ [ M1
|:T— ? —8X:| = ( ...... ) - ( ...... )
2
=90 — — = 88%Zor &%
Area of trapezium=1(8+1)(9-2) =31.5 BI
So area of Ris 88%—31.5 =571 or 3 MIAL
cao
(7)
12
marks

Notes (a) | First M1: See scheme Second M1: See notes relating to solving quadratics

Third M1: This may be awarded if one substitution is made

Two correct Answers following tables of values, or from Graphical calculator are 5/5
Just one pair of correct coordinates — no working or from table is MOM0OAOM1A0

(b) | M1: ¥" — x"*! for any one term.

1% Al: at least two out of three terms correct 2™ A1: All three correct
dM1: Substitutes 9 and 2 (or limits from part(a)) into an “integrated function” and subtracts,
either way round

10x x

+—+8.v{+ r} Thi.S i.S Ml A]. A].

2 3

(NB: If candidate changes all signs to get I (-10x+x +8)dx = -

Then uses limits dM1 and trapezium is B1

Needs to change sign of value obtained from integration for final M1A1 so —882— 31.5 is MOAO)
B1: Obtains 31.5 for area under line using any correct method (could be integration) or triangle minus
triangle %XSXS —% or rectangle plus triangle [may be implied by correct 57 1/6 |

M1: Their Area under curve — Their Area under line (if integrate both need same limits)

A1l: Accept 57.16recurring but not 57.16
PTO for Alternative method
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for (b) Areagof R
= J‘ (10x—x* —8) — (10— x) dx 3™ M1 (in (b) ): Uses difference
? between two functions in integral.
J‘g_xg 11x—18dx M: x" — x""' for any one term. M1
2 Al at least two out of these three
S Al
¥ 11X simplified terms
=——+———18x{+ ¢} : :
3 2 Correct integration. (Ignore + ¢). Al
k]
_ ﬁ + 11x° _18x| = ( } . ( ) Substitutes 9 and 2 (or limits from
2 , T part(a)) into an “integrated function” dM1
and subtracts, either way round.
This mark is implied by final answer which rounds to 57.2 Bl
See above working(allow bracketing errors) to decide to award 3° M1 Mi1
mark for (b) here:
40.5—(-162) =57+ cao Al
(7
Special 9 ¥ 11¥ MIAI1A1
case of L ¥ —11x+18dx = e +18x{+ c}
above
method
5 DM1
E. 1. ST
3 2 )
This mark is implied by final answer which rounds to 57.2 (not -57.2) Bl
Difference of functions implied (see above expression) M1
40.5—-(-16%) =571 cao Al
(7
Special Integrates expression in ye.g. "y*—9y+8=0": This can have first
Case 2
M1 in part (b) and no other marks. (It is not a method for finding this
area)
Notes Take away trapezium again having used Method 2 loses last two marks

Common Error:

Integrates — x* +9x—18 is likely to be M1A1A0dM1BOM1AQ
Integrates 2—11x— ¥ is likely to e M1AOAOdM1BOM1A0Q

9
Writing ‘[ (10x— x* —8) — (10— x) dx only earns final M mark
2

www.onlinemathsteaching.co.uk



