Questions

Q1.

Given that 6 is measured in radians, prove, from first principles, that the derivative of sin 8 is cos
6

You may assume the formula for sin(A + B) and that as h —» 0, sin/
h - 1and cosh—1
h -0

(Total for question = 5 marks)

Q2.

. 1.4 rad/
_| ~.
A B 7.5 cm C

Figure 2

The shape ABCDEA, as shown in Figure 2, consists of a right-angled triangle EAB and a triangle
DBC joined to a sector BDE of a circle with radius 5 cm and centre B.

The points A, B and C lie on a straight line with BC = 7.5 cm.
Angle EAB = "/ radians, angle EBD = 1.4 radians and CD = 6.1 cm.

(@) Find, in cm?, the area of the sector BDE.

(b) Find the size of the angle DBC, giving your answer in radians to 3 decimal places.



(c) Find, in cm?, the area of the shape ABCDEA, giving your answer to 3 significant figures.

(Total 9 marks)

Q3.

(i) Solve, for 0 = 6 < 180°, the equation

5in 24

o .
(45in 26 —1)

giving your answers to 1 decimal place.

(ii) Solve, for 0 = x < 2m, the equation
5sin?x —2cosx —5=10

giving your answers to 2 decimal places.
(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total 8 marks)

Q4.

Va

Figure 2

Figure 2 shows a sketch of the curve C with parametric equations



x = 4tant, ¥ = 5+/3sin 2t, 0<t <

b2 | H

The point P lies on C and has coordinates [4 R 15]
NIy

P L

(a) Find the exact value of dy
dx at the point P.

Give your answer as a simplified surd.

The point Q lies on the curve C, where dy
dx =0

(b) Find the exact coordinates of the point Q.

(Total for question = 6 marks)

Q5.

(i) Find, using calculus, the x coordinate of the turning point of the curve with equation

ix -
vy =¢ cosdx, S x<

2| N

T
4

Give your answer to 4 decimal places.

(ii) Given y =gin?2y, 0 <y <X
’ © 4, find dv

dx as a function of y.

Write your answer in the form

dy

T
—— = p coseclgy), 0<y<—

where p and g are constants to be determined.



(Total for question = 10 marks)

Q6.
The curve C has parametric equations
x=2cost, y= \-@ cos2t, O0=st<nm

(a) Find an expression for dv
dx in terms of t.

The point P lies on C where t = 21
3
The line | is the normal to C at P.

(b) Show that an equation for I is

2x—23y-1=0

The line | intersects the curve C again at the point Q.
(c) Find the exact coordinates of Q.

You must show clearly how you obtained your answers.

(Total for question = 13 marks)

Q7.
(i) Given that

x=sec’2y, O<y<ZX
4



show that

dy 1
dx dxyf(x —1)

(ii) Given that
y = (x* + x3)In 2x

find the exact value of v .~ _ ¢
g 2

x , giving your answer in its simplest form.

(iii) Given that

)=, o
(x+1)7
show that
f'(x) = 8(x) > xz-1
(x+1)7
where g(x) is an expression to be found.
(Total 12 marks)
Q8. A curve C has parametric equations

T | = T
x=smn"f. y=2tant, 0<t<—

(a) Find dv
dx in terms of t.
(4)
The tangent to C at the point where , _ x
3 cuts the x-axis at the point P.
(b) Find the x-coordinate of P.
(6)

(Total 10 marks)



Q9.

Given that
x = sec? 3y. 0<y< i
6
(a) find dx
dv in terms of y.
(b) Hence show that
dy 1
dx bx(x —1)*

(c) Find an expression for d_m
dx” in terms of x. Give your answer in its simplest form.

(Total 10 marks)

Q10.
A curve has parametric equations

Fs

x=tan"/, y=sint, O<i<

to | =

(@) Find an expression for dy
dx in terms of t. You need not simplify your answer.

(b) Find an equation of the tangent to the curve at the point where t = 7~
4,

Give your answer in the form y = ax + b, where a and b are constants to be determined.

(c) Find a cartesian equation of the curve in the form y* = f(x).



(Total 12 marks)

Q11.

Given that 6 is small and is measured in radians, use the small angle approximations to find an
approximate value of

1 —cos4dd
20sin 34
(Total for question = 3 marks)
Q12.
(a) Prove that
tan ) + cot? = 2cosec2d, i+ % ne 7
(b) Hence explain why the equation
tanf! + cot =1

does not have any real solutions.

(Total for question = 5 marks)



Q13.

The depth of water, D metres, in a harbour on a particular day is modelled by the formula
D=5+2sm(300° 0<1t<24

where t is the number of hours after midnight.

A boat enters the harbour at 6:30 am and it takes 2 hours to load its cargo.
The boat requires the depth of water to be at least 3.8 metres before it can leave the harbour.

(a) Find the depth of the water in the harbour when the boat enters the harbour.

(b) Find, to the nearest minute, the earliest time the boat can leave the harbour.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 5 marks)

Q14.

(a) Express 2

P(P —2) in partial fractions.

A team of biologists is studying a population of a particular species of animal.

The population is modelled by the differential equation

dP 1
— = :P(P—E]CUHEL t=0

de 2

where P is the population in thousands, and t is the time measured in years since the start
of the study.

Given that P = 3 when t = 0,

(b) solve this differential equation to show that

6

1
3 — E-‘_;H]['sz



(c) find the time taken for the population to reach 4000 for the first time.
Give your answer in years to 3 significant figures.

(Total for question = 13 marks)

Q15.

On a roller coaster ride, passengers travel in carriages around a track.

On the ride, carriages complete multiple circuits of the track such that
e the maximum vertical height of a carriage above the ground is 60 m
e a carriage starts a circuit at a vertical height of 2 m above the ground

e the ground is horizontal

The vertical height, H m, of a carriage above the ground, t seconds after the carriage starts the
first circuit, is modelled by the equation

H = a — b(t — 20)?
where a and b are positive constants.

(a) Find a complete equation for the model.

(b) Use the model to determine the height of the carriage above the ground when t = 40

In an alternative model, the vertical height, H m, of a carriage above the ground, t seconds after
the carriage starts the first circuit, is given by

H =29 cos(9t + a)° + B 0 <a<360°
where a and B are constants.

(c) Find a complete equation for the alternative model.

Given that the carriage moves continuously for 2 minutes,



(d) give a reason why the alternative model would be more appropriate.

(Total for question = 7 marks)

Ql6.

P(c. d)

Figure 3
Figure 3 shows part of the curve with equation y = 3 cos x°.
The point P(c, d) is a minimum point on the curve with ¢ being the smallest negative value of x
at which

a minimum occurs.

(a) State the value of ¢ and the value of d.

(b) State the coordinates of the point to which P is mapped by the transformation which

transforms the curve with equation y = 3 cos x° to the curve with equation

(i) y=3cos [f)

4

(i) y =3 cos (x-36)°



(c) Solve, for 450° = 6 < 720°
3cosO =8tan 6
giving your solution to one decimal place.
In part (c) you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(Total for question = 8 marks)

Q1l7.
Some A level students were given the following question.
Solve, for -90° < 6 < 90°, the equation

cos B =2sin6

The attempts of two of the students are shown below.

Student 4 Student B
cos 8=2sm#f cos@=2sind
tan 8 =2 cos* @ =4 sin® @

8=634° 1 —sin® @ =4sm’ #

.3 1
sin"f = —
5
. 1
sinf!l = +—
Js
= £26.6°

(a) Identify an error made by student A.

Student B gives 6 = -26.6° as one of the answers to cos 6 = 2 sin 6.
(b) (i) Explain why this answer is incorrect.

(ii) Explain how this incorrect answer arose.



(Total for question = 3 marks)

Q1s.

VA

=Y

Figure 3

Circle C; has equation x> + y? = 100
Circle C, has equation (x — 15)? 4+ y? = 40
The circles meet at points A and B as shown in Figure 3.

(a) Show that angle AOB = 0.635 radians to 3 significant figures, where O is the origin.

The region shown shaded in Figure 3 is bounded by C; and C,

(b) Find the perimeter of the shaded region, giving your answer to one decimal place.

(Total for question = 8 marks)



Q1l19.

(i) Giventhaty > 0, find
J' 3v—-4 dy
w3y +2)

(i) (a) Use the substitution x = 4sin? 6 to show that

[ s

where A is a constant to be determined.

(b) Hence use integration to find

[l

giving your answer in the form amr + b, where a and b are exact constants.

(Total for question = 15 marks)

Q20.

VA Diagram
not to scale

*A J

Figure 2



Figure 2 shows a sketch of the curve with equation ,, = JE3-x)(x+1D. 0<x<3

The finite region R, shown shaded in Figure 2, is bounded by the curve, the x-axis,
and the y-axis.

(a) Use the substitution x = 1 + 2sin@ to show that

f (3—x)x+1)dx= ﬁcj i cos 6df

I -

where k is a constant to be determined.

(b) Hence find, by integration, the exact area of R.

(Total for question = 8 marks)

Q21.

Use integration to find the exact value of

x

j xs8in 2x dx
L]

(Total 6 marks)

Q22.
(a) Use integration by parts to find [ x sin 3x dx.
(3)

(b) Using your answer to part (a), find [ x?cos3x dXx.

(Total 6 marks)



Q23.

i

Figure 3

Figure 3 shows a sketch of the curve with equation y = 2sin2x 0< x<
(+cosx)’

T
2,

The finite region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

The table below shows corresponding values of x and y for y = 2sin2x

(1 +cosx)
0 = x 3 z
& 8 4 8 2
¥ 0 1.17157 1.02280 0

(a) Complete the table above giving the missing value of y to 5 decimal places.
(1)

(b) Use the trapezium rule, with all the values of y in the completed table, to obtain an estimate
for the area of R, giving
your answer to 4 decimal places.

(3)
(c) Using the substitution u = 1 + cos x, or otherwise, show that

2sin2x

———— dv = 4In(l+cosx) — dcosx + k
(1 + cosx)

where k is a constant.
(5)

(d) Hence calculate the error of the estimate in part (b), giving your answer to 2 significant



figures.

(Total 12 marks)

Q24.

(a) Find J.‘rcm 2x dv

(b) Hence, using the identity cos 2x = 2cos® x —1, deduce J'.rm.vﬁ x dv

(Total 7 marks)

Q25.

"

(i) Find the exact value of J"
T sin’x dx

(Total 9 marks)



Q26. f(@) = 4cos’@ — 3sin’8

(@) showthat go 1.7 c20

(b) Hence, using calculus, find the exact value of J—

L]

Q27.

91(6) de.

(3)

(7)

(Total 10 marks)

In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cos3A = 4cos’A — 3cosA

(b) Hence solve, for —90° = x = 180°, the equation

1 — cos3x = sin’x

Q28.

(i) Find

(Total for question = 8 marks)



jx e™ dx
(ii) Find
j 8
[2.’&' — “:l dX, X > 1/2

Given that y = 7 at x = 0, solve the differential equation

dy . = €X cosecy cosecy
(Total 12 marks)
Q209.

(a) Express 10 cos 8 — 3 sin @ in the form R cos (6 + a), where R > 0and 0 < a < 90°

Give the exact value of R and give the value of a, in degrees, to 2 decimal places.

.

Figure 3

The height above the ground, H metres, of a passenger on a Ferris wheel t minutes after the
wheel starts turning, is modelled by the equation

H = a — 10 cos (80 t)° + 3 sin (80 t)°
where a is a constant.
Figure 3 shows the graph of H against t for two complete cycles of the wheel.
Given that the initial height of the passenger above the ground is 1 metre,
(b) (i) find a complete equation for the model,

(ii) hence find the maximum height of the passenger above the ground.



(c) Find the time taken, to the nearest second, for the passenger to reach the maximum height
on the second cycle.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

It is decided that, to increase profits, the speed of the wheel is to be increased.

(d) How would you adapt the equation of the model to reflect this increase in speed?

(Total for question = 9 marks)

Q30.

Vi

™ AN jd
NSNS

=V

Figure 1

Figure 1 shows a plot of part of the curve with equation y = cos x where x is measured in
radians.
Diagram 1, on the opposite page, is a copy of Figure 1.

(a) Use Diagram 1 to show why the equation

cosx —2x——=10
2

e

has only one real root, giving a reason for your answer.



Given that the root of the equation is a, and that a is small,

(b) use the small angle approximation for cos x to estimate the value of a to 3 decimal places.

Diagram 1



(Total for question = 5 marks)

Q31.

Figure 2

Figure 2 shows a sketch of the curve C with parametric equations

. Fi3
x= 45111(1‘ +E)’ ¥ =3cos2t, 0<r<2n



(a) Find an expression for dv
dx in terms of t.

Find the coordinates of all the points on C where ¥

de =0
(Total 8 marks)
Q32.
Vi J\_\\ -
\\ ,u// g \E
\
\ '\I_I
\\ ".I
\
N
R \\ '.
hY |
\. ,
0 4 N T

Figure 3
Figure 3 shows the curve C with parametric equations

x =8 cos y=4sm 2t 0<r<

b

The point P lies on C and has coordinates (4, 2v3).

(a) Find the value of t at the point P.

The line | is a normal to C at P.

(b) Show that an equation for /is y = -xv3 + 6V3.

The finite region R is enclosed by the curve C, the x-axis and the line x = 4, as shown shaded in
Figure 3.

(c) Show that the area of R is given by the integral



foﬁ
i

7 sin’tcos tdt.

(d) Use this integral to find the area of R, giving your answer in the form a + bv3, where a and b
are constants to be determined.

(Total 16 marks)

Q33.
Vi
=
¢y
o x
S
Figure 2

The curve C; with parametric equations
x=10cost. v= 42sinr, 0 <t <2
meets the circle C, with equation
X+ 37 =66
at four distinct points as shown in Figure 2.

Given that one of these points, S, lies in the 4™ quadrant, find the Cartesian coordinates of S.

(Total for question = 6 marks)



Q34.

(a) Prove that
niw -
2cot2x +tanx = cotx Y#E—_neEL

(b) Hence, or otherwise, solve, for-m <= x < m,
6cot 2x + 3 tan x = cosec’x — 2
Give your answers to 3 decimal places.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 10 marks)

Q35.

(a) Prove that

cosd+sinAd (2n + Dz
secZd+tan2d = ——- A#—— nel
cosd —sm .4 4

(b) Hence solve, for 0 < & < 2.

sec2f +tan 24 =

b | —

Give your answers to 3 decimal places.

(Total for question = 9 marks)



Q36.
(a) Prove that

.
1 —cos2f = tanfsin2f, G # M,

(b) Hence solve, for _ 2 . - &
2 2, the equation

(sec? x — 5)(1 — cos 2x) = 3 tan® x sin 2x

Give any non-exact answer to 3 decimal places where appropriate.

(Total for question = 9 marks)

Q37.

(a) Express 2cosf - sinB in the form Rcos(6 + a), where R and a are constants, R>0and 0 < a
90° Give the exact value of R and give the value of a to 2 decimal places.

(b) Hence solve, for 0 = 6 < 360°,

"

- =15
2cosf —sinf —1

Give your answers to one decimal place.

(c) Use your solutions to parts (a) and (b) to deduce the smallest positive value of 6 for which

A

=15

2cosf +s5inf —1

Give your answer to one decimal place.



(Total for question = 10 marks)

Q38.
(a) Express 2 sin 8 — 4 cos 6 in the form R sin(6 — a), where R and a are constants, R > 0
and0<a<7

Give the value of a to 3 decimal places.

H(6) = 4 + 5(2sin 36 — 4c0s36)?
Find
(b) (i) the maximum value of H(6),

(ii) the smallest value of 6, for 0 = 6 < m, at which this maximum value occurs.

Find
(c) (i) the minimum value of H(8),

(ii) the largest value of 6, for 0 = 6 < i, at which this minimum value occurs.

(Total 9 marks)

Q39.
(a) Write 5cos 6 — 2sin 0 in the form Rcos(6 + a), where R and a are constants,

R>0andO0O=sa<™
3

Give the exact value of R and give the value of a in radians to 3 decimal places.

(b) Show that the equation

5cot2x — 3cosec2x = 2



can be rewritten in the form
5c0s2x — 2sin2x = ¢

where c is a positive constant to be determined.

(c) Hence or otherwise, solve, for 0 = x < m,
5cot2x — 3cosec2x = 2
giving your answers to 2 decimal places.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total for question = 9 marks)

Q40.
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.

(a) Show that

cos ) .
+tanf=——— G=2n+1)90° nelX
cos l —sind

Given that cos 2x # 0

(b) solve for 0 < x < 90°

|
cos2x + tan2x = 3cos2x

giving your answers to one decimal place.

(Total for question = 8 marks)



Q41.

VA

8]
=V

Figure 3

The curve shown in Figure 3 has parametric equations

x = 0sint v =S5sin2t 0<r<

b | &

The region R, shown shaded in Figure 3, is bounded by the curve and the x-axis.

(ST

(a) (i) Show that the area of R is given by
J 60sintcos” ¢ dr

0

(ii) Hence show, by algebraic integration, that the area of R is exactly 20

VA
M /f \"' ;\:T
T \
!
i
i
42!
|
1
l II | .
s
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Figure 4

Part of the curve is used to model the profile of a small dam, shown shaded in Figure 4.
Using the model and given that

e x andy are in metres
e the vertical wall of the dam is 4.2 metres high
there is a horizontal walkway of width MN along the top of the dam



(b) calculate the width of the walkway.

(Total for question = 11 marks)

Q42.
(a) Show that

cosec 2x + cot2x =cotx, x=90n°, n =R

(b) Hence, or otherwise, solve, for 0 = 6 < 180°,
cosec (46 + 10°) + cot (46 + 10°) = V3
You must show your working.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

(Total 10 marks)

Q43.
(i) Solve, for 0 = 6 < 360°, the equation
9sin(@ + 60°) = 4

giving your answers to 1 decimal place.
You must show each step of your working.

(ii) Solve, for — m = x < m, the equation
2tan x — 3sinx =0

giving your answers to 2 decimal places where appropriate.
[Solutions based entirely on graphical or numerical methods are not acceptable.]



(Total 9 marks)

Q44.

(a) Show that

lUsinzﬁ' — Tcosfl + 2

=4 —Scosf
3+ 2cosl

(b) Hence, or otherwise, solve, for 0 = x = 360°, the equation

.92
10sin” x — 7cosx + 2 o
=4+ 3sinx

3+ 2cosx

(Total for question = 7 marks)

Q45.
In this question you must show all stages of your working.
Solutions relying entirely on calculator technology are not acceptable.
(a) Show that the equation
2tanB(8 cos@ + 23 sin’ ) = 8sin28(1 + tan’ 6)
may be written as
sin28(Acos’ 8+ Beosf+ C)=0

where A, B and C are constants to be found.

(b) Hence, solve for 3607 < x < 540°

. 3 . . 3 " R
2tanx (8cosx + 23smn” x) = §sm2x (]l + tan” x) xeR x#450°



(Total for question = 7 marks)

Q46.

(a) Express 2 cos @ + 8 sin 0 in the form R cos(6 — a) , where R and a are constants, £>0 ad 0<a<

Give the exact value of R and give the value of a in radians to 3 decimal places.

The first three terms of an arithmetic sequence are

COsX COsSX T ‘:iIle' cosx + 2 ‘:iIle' X E=nT
Given that Sq represents the sum of the first 9 terms of this sequence as x varies,
(b) (i) find the exact maximum value of Sq

(ii) deduce the smallest positive value of x at which this maximum value of Sy occurs.

(Total for question = 6 marks)

Q47.

(a) Express sinx + 2 cosx in the form Rsin(x + a) where R and a are constants, R > 0

T
ande-..’adT;

Give the exact value of R and give the value of a in radians to 3 decimal places.

The temperature, 6 °C, inside a room on a given day is modelled by the equation

(A



R it
f=5+sin| —=—3|+2cos I_'-"_j 0<r<24

where t is the number of hours after midnight.
Using the equation of the model and your answer to part (a),

(b) deduce the maximum temperature of the room during this day,

(c) find the time of day when the maximum temperature occurs, giving your answer to the
nearest minute.

(Total for question = 7 marks)

Q48.

Figure 1

/
500 m / 700m

Figure 1 shows 3 yachts A, B and C which are assumed to be in the same horizontal plane. Yacht
B is 500 m due north of yacht A and yacht C is 700 m from A. The bearing of C from A is 015°.

(a) Calculate the distance between yacht B and yacht C, in metres to 3 significant figures.

The bearing of yacht C from yacht B is 6°, as shown in Figure 1.

(b) Calculate the value of 6.



(Total 7 marks)

Q49.
(i) Use an appropriate double angle formula to show that
cosec2x = A cosec X sec X,

and state the value of the constant A.

(ii) Solve, for 0 = 6 < 2m, the equation
3sec?6 + 3secHd = 2 tan? 6

You must show all your working. Give your answers in terms of m.

(Total 9 marks)

Q50.
(a) Solve for 0 = x < 360°, giving your answers in degrees to 1 decimal place,

3sin(x + 45°) =2

(b) Find, for 0 = x < 2m, all the solutions of
2sin’x + 2 = 7cos x
giving your answers in radians.

You must show clearly how you obtained your answers.

(Total 10 marks)

Q51.

(a) Given that sin’?6 + cos? 6 = 1, show that 1 + cot’ & = cosec’ 6 .



(b) Solve, for 0 = 6 < 180°, the equation
2 cot’ 6 -9 cosec 6 = 3,

giving your answers to 1 decimal place.

(Total 8 marks)

Q52. (a) Express 3 cos 6 + 4 sin 6 in the form R cos(6 — a), where R and a are constants, R
>0and 0 < a < 90°.

(4)

(b) Hence find the maximum value of 3 cos 6 + 4 sin 6 and the smallest positive value of 6 for
which this maximum occurs.

(3)
The temperature, f (t), of a warehouse is modelled using the equation
f(t) = 10 + 3 cos(15t)° + 4 sin(15¢t)°,
where t is the time in hours from midday and 0 = t < 24.
(c) Calculate the minimum temperature of the warehouse as given by this model.
(2)
(d) Find the value of t when this minimum temperature occurs.
(3)

(Total 12 marks)

Q53. (a) Use the identity cos(A + B) = cos A cos B — sin Asin B, to show that



cos2A=1-2sin’A

(2)
The curves C; and C, have equations
C;: y=3sin2x
C,: y=4sin’x—2cos2x
(b) Show that the x-coordinates of the points where C; and C, intersect satisfy the
equation
4cos2x + 3sin2x =2
(3)
(c) Express 4cos 2x + 3sin 2x in the form R cos (2x — a), whereR > 0and 0 < a < 90°,
giving the value of a to 2 decimal places.
(3)
(d) Hence find, for 0 = x < 180°, all the solutions of
dcos2x + 3sin2x =2
giving your answers to 1 decimal place.
(4)

(Total 12 marks)

Mark Scheme

Q1.



Question Scheme Marks AOs
Use of sin(@+ h)—sind B1 51
(@+h)-0

Uses the compound angle 1dentity for sin(4+B) with 4=6. B=h M1 11b

= sin{f+h)=sinfcosh+cossinh ’

Achieves 5u1{€+h}—5m6'=5mﬁcosh+cosﬁ'smh—smﬁ' Al 1.1b

h h
= Smhcosﬁ+[cos;i_1)sinﬁ M1 2.1
h h
Uses h—0, 228 1ang 5121 40
Hence the limit, s(f+h)—sm 6 =cos @ and the gradient of Al* 2.5
(B+h) -6
the chord — gradient of the curve = % =cosgd #*
(5 marks)
Notes:
B1- St : : : - osin(@+h)—sind .
: ates or implies that the gradient of the chord 15 p or sumilar such as
sin(6+06) —sin§ for a small /i or o6
+06-0
MI1: Uses the compound angle identity for sin(4 + B) with 4 =8 B=h or &8
) N o

Al: Obtains — Geosh r:t:‘-.&sm h=smb or equivalent
M1: Writes their expression m terms of Su;h and cos:: -1
Al b

Uses correct language to explain that 6 cos @

For this method they should use all of the given statements h — 0, % —1,

cosh—1 5i.11(€+h)—sinﬁ'_c

(@+h)—8

osd

— 0 meaning that the linut,

and therefore the gradient of the chord — gradient of the curve — % =cos 8




Question Scheme Marks AOs

alt sm(@+h)—smn @
Use of
(@+h)-0 Bl 1
X ) sin -f:i'+E+ﬁ —sin :‘5'+£—E
Sets sin(@+h)—sinfd 2 2 2 2
(B+h)—@ h M1 L1b
and uses the compound angle 1dentity for sin(4 + B) and

sin(4 — B) with A=g+§, B

o | =

Achieves sm(@+ k) —sm e
h

[ a0+ 2 Jeos 2o+ 2 [ 2] [ 0.2 o[ 2 - con{ 042 }ia( 2] Al | 11b

= 2 xcos(ﬁhrg] M1 2.1

e )

Uses h —0. 5 0hence

—land 009[9+2}—>0058

2 h 2
_ 2 Al* | 25
Therefore the linut, sn(@+h)—sind = cos @ and the gradient of
(8+hy—-8
the chord — gradient of the curve = d—';:cosﬁ' *
(5 marks)

Additional notes:

Al*: Uses correct language to explain that % = cos & . For this method they should use the

o{3)
51 ;
(adapted) given statement h — 0. % — 0 hence 0 =

2

— 1 with c05(9+§}—}cosf}

sinf{@+h)—sind
(@+h) -6

meaning that the linut, = cos & and therefore the gradient of the

chord — gradient of the curve — % =cos @

(Q10 9MAO0/01, Specimen papers)



Q2.

Question
Number

Scheme

Marks

(a)

M1: Use of the correct formula or method for the
area of the sector

1, .,
Area BDE =—(5)°(L4)

=17.5 (em’) Al 17508

MI1A1

[2]

(b)

Parts (b) and (c¢) can be marked together

v ’ 3 ‘GE ,l _ ]
6.1 =5 +75 —(2%5%xT75cos DBC) or cosDBC = Siiel il N i (or equivalent)
2x3x715

M1

M1: A correct statement involving the angle DEC

Angle DBC = 0.943201... awrt 0.943

Al

Note that work for (b) may he seen on the diagram or in part (c)

[2]

(<)

Note that candidates may work in degrees in (c) (Angle DBC = 54.04.. .degrees)

Area CBD = lji{?‘.ﬁ) sin(0.943)

Area CBD=+5(7.5)smn(their0.943) or awrt
Angle EBA=m—1.4-"0.943" 15.2. (Note area of CBD=15.177_.)

(Maybe seen on the diagram) A correct method for the area of triangle CBD
which can be implied by awrt 152

M1

a7 —1.4 —"their 0.943"
A value for angle EBA of awrt 0.8 (from 0.7985926536... or 0.7983916536...) or value for angle
EBA of (1.74159... — theirangle DBC') would mmply this mark.

M1

AB =5cos(7 —1.4-"0.943")

or
AL _ Eeied e 1 A4 NAOA2N

AB =5cos(m — 1.4 — their0.943)
AB = 5c0s(0.79859_) = 3. 488577938 .
Allow M1 for AB = awrt 3.49
Or
AE = 5sin(r — 1.4 — their(0.943)
AE = 551n(0.79859_) = 3 581874365688
Allow M1 for AE = awrt 3.58
[t must be clear that 7 —1.4 -"0.943"35

being used for angle EBA.

Note that some candidates use the sin
rule here but it must be used correctly —
do not allow mixing of degrees and
radians.

M1

Area EAB=15c0s(T — 1.4 —"0.943") x Ssin(7 — 1.4 —"0.943")

This 1s dependent on the previous M1
and there must be no other errors in findings the area of triancle EAB

dM1

Allow M1 for area EAB = awrt 6.2

Area ABCDE =1517_+175+624 _=3892__

awrt 389

Alcso

[5]

Naote that a sign error in (b) can give the obtuse angle (2.198....) and could lead ta the correct
answer in (¢) — this would lose the final mark in (c)

Tatal

(Q15 6664/01, June 2014)




Q3.

Q}lest1011 Scheme Marks
Number
_ 28 ) p<o<1s0
(4sin28 — 1)
ez {1 sin28 =k where 1<k <1 Ml
Must be 26 and not 6.
{26 ={194712. 1605288 }}
. 6 = {9.7356..., 80.2644..) Al: Either awrt 9_;? or awrt 80.3 Al Al
(i) Al: Both awrt 9.7 and awrt 8§0.3
Do not penalise poor accuracy more than once e.g. 9.8 and 80.2 from correct
work could score M1A1AOD
If both answers are correct in radians award A1A0 otherwise A0AQ
Correct answers are 0.2 and 1.4
Extra solutions in range in an otherwise fully correct solution deduct the last
Al
‘ 3]
Ssin"x—2cosx—5=0, 0=x<21
5(1—cos’ x) — 2cosx —5=0 Applies sin’x=1—cos’ x M1
5cos? x + 2cosx — 0 Cancellling out cosxora valid attempt
T at splnng the quadratic in cosx and IM1
giving cosx = ... Dependent on the
e previous method mark.
awrt 198 or awrt 4.3(0) Degrees: 113.58, 246.42 Al
or their @ and their 27 — & , where
T Alft
- Both 1.98 and 4 3(0) Ss T
If working in degrees allow 360 — their
o
awrt 1.57 or ul and 4.71 or 3—” .
2 2 These answers only but ignore other B1
or answers outside the range
90° and 270°
[3]
NB:x= awrt{l.%, 43(0),1.57 or ; 471 or 3%}
' ] 8
Answers in degrees: 113.58, 246.42, 90, 270
Could score MIMI1AOA1ftB1 (4/5)

Q4.

(Q16 6664/01/R, June 2014)




Question

Number Scheme Notes Marks
x=dtanr, yv= S'JE:iinEa', 0=t {%
Either both x and y are differentiated
correctly with respect to f
dx ., dy -
(a) — =4secr, +=l[}~£cos.2r AP L L. dx
Way 1 dr dr or their Edn-lded by their & M1
_ _dy . ot
dv m.ﬁ cos2f 5 . or applies — multiplied by theirr —
= —=————— = —+3coslrcos di dx
dx 4sect 2 &
Correct pre (Can be implied) | Al oe
f 57
[t ol 432 |, 1= 7|
| \ 2) 3]
. dependent on the previous M mark
E _ M Some evidence of substituting M1
de dsec’ (%) =7 or t=60" intotheir ¥
3 dx
- 5 15
dy 5 15 —f3 or -
—= -3 or — Al cso
dx 16 1@3 16 , 161@
from a correct solution only
, [
() {10£c0521=02>r=%}
. Fa
At least one of either x = -‘Haul IJ or
So x = 4tan| Z | 3511:1 of X1 [ (a7 M1
| J 4“ ﬁampl% or x=4or },==5\E
or y=awr 8.7
Coordinates are (4. 543 (4.543) or x=4y =5~q{§ Al
[2]
]
Ouestion  Notes
dv 10+ 3cos 2t 3 . 5 . . .
(a) 1Al Comrect —. E.2 ———— or =+/3 cos2fcos’/ or 2 J3cos? t{cos f—sin” 1)
dx dsec”t 2 2
or any equivalent form.
~ 15
Note Give the final AQ for a final answer of ——-u’_ 3 without reference to ——J_ of ——J'
Note Give the final A0 for more than one value stated for i—
-
ib) Note Also allow M1 for either x = 4tan(45) or y = 54/3sin|2(45)
Note M1 can be gained by ignoring previous working in part (a) and/or part (b)
Note Give AQ for stating more than one set of coordinates for 0.
Note Writing x=4, y= 5\5 followed by (5 J3 4'] is AQ.




Question

Number Scheme Notes Marks
x=4dtanf, _v—S‘-E:imE{, 0 '-:-Z-:fx‘.%
(@) tani PN sinif = X cost = 2 = y= Mi
Way 2 4 ||(1— +16) ’ (x* +16) T oxt+16
|. U= 40»51 v =xl+16.:
| du dv [
Loz Do
]_ dx dx J
) A +16)£ B |
dy _ 40V3(% +16)- 2x(403x) I_ 4043(16—x%) ( +16)°
d (x* +16)° | (x* +16)° i
Correct d_ simplified or un-simplified | Al
it
dependent on the previous M mark
dy 404348 +16)-8043(48) Some evidence of substituting |
dr (48+16)° x = 43 into their %
- 5 15
: s 15 2 -
d;": _i.JE o —— 15"5 o 16#’5 Al cso
dx 16 1643 .
from a correct solution only
[4]
@ | sJ3sinl 20 X!
Way 3 y=>5 BBmLEIm l4_J,I
dy [ (VN 1)
, o \ = =  dcos| 2tan”| = || M1
: ( et \ :
d—}=5 3cosi2raﬂ'l|£|i - l| dx l -4'e.J~1—I )
d \ \4.)) 1+(4) L4) dy
) Correct d— simplified or un-simplified. | Al
-
dependent on the
) ) o \ p PPN previous M mark
v . e (N2 (1) [ em( ()] | some eni o
- _ — || =] 4= —— ==t | Some evidence of substituting | 4\
- V3eos(2un(3)) 5L 5 { 2 2J|-\2.Jt4JJ ' o
¥ =443 into their —
dx
- 5 15
5
dy 3 15 ——3 or -
= 23 or - Al cso
dr 16 16v3 16 | 16V3
from a correct solution only
[4]

Q5.

(Q33 6666/01, June 2016)



Question Scheme Marks
(i) y=e" cosdx=> | % | =cosdxx3e’ +e’* x—dsmdx MI1A1
Sets cos4xx3e’™ +e’* x—4sindx=0=3cos4x—4sin4x =0 Ml
1 3
=X —zmctanz M1
= x=awrt 09463 4dp Al
S
(i) x =sin’ 2_v:>%=25'i112.1'>< 2cos2y MI1A1T
lll
Uses sin4y =2sin2ycos2y in their expression M1
RPN W VN
3 =2smdy = dr  Jsmdy 2cose¢:4_1 Mi1Al
()
(10 marks)
(i) Alt I | x=sin’ 2y =>x =%—%coa‘4}' 2nd M1
dx :
— =72zindvy lst M1 Al
dy
b1 _
e ends E::o':ecdl'l Mi1AL
)
(ii) Alt ENS U . .
1I x? =sin2y =>EJ; 2 —EccsZJE MI1A1
1
Uses x? =sin2y AND sin4y =2sin2ycos2y in their expression Ml
dy 1 I
& Zemdy 2o MiAL
)
G)Ale | I . z_ady 11—
T . = R ~x 2 MI1Al
I ¥ =sm2y=2y=mvsmx® = = Ji—_xxl X
1
Uses x? =sin2y, v1—-x=cos2y and sin4y =2sin2ycos2y in their Ml
expression
::»ﬂ—;—— 4y MI1A1
dr  2sindy 2 oeeeTd
)
@

M1  Uses the product rule ' +vi' to achieve |

I/

\

The product rule if stated must be correct

Al Correct (unsimplified) % =cos4xx3e’™ +e’* x—4sindx

% I=Ae:'r cosdxtBe’*smdx A B=0




Ml  Sets‘implies their % = 0 factorises/cancels)by € to form a trig equation in just sin4x and cos4x

sindx

M1  Uses the identity =tan4dx . moves from tan4x =C, C' =0 using correct order of operations to

cosdx
x=_. Accept x=awrt0.16 (radians) x = awrt 9.22 (degrees) for this marlk.
If a candidate elects to pursue a more difficult method using Rcos(& + ). for example, the

munimum expectation will be that they get (1) the identity correct. and (2) the values of R and &
correct to 2dp. So for the correct equation you would only accept 5cos(4x+awrt 0.93) or

Ssin(4x —awrt 0.64) before using the cormrect order of operations to x=...
Similarly candidates who square 3cos4x—4sm4x=0 then use a Pythagorean identity should

3 4
proceed from etther sindx= 3 or cosdx= 3 before using the correct order of operations ...

Al = x=awrt 0.9463.

Ignore any answers outside the domain. Withhold mark for additional answers inside the domain
(11)
M1  Uses chain rule (or product rule) to aclueve £Psin 2 ycos 2 y as a derivative.

There 15 no need for lhs to be seen/ correct

If the product rule 15 used look for % =tdsm2ycos2ytBsm2ycosly,

Al Both lhs and rhs correct (unsimplified) . j—; =2sin2yx%2cos2y=(4sin2ycos2y)or

1=2sin2yx 24.':-:55-:2;;E
dx

M1l  Uses sindy=2sm2ycos2y m their expression.
You may just see a statement such as 4sin2ycos 2y =2smn4y whach 1s fine.
: : . . A4 .
Candidates who write % = Asin2xcos 2x can score this for K =3 sindx

dx

Ml  Uses & _ /n/:l. for their expression in y. Concentrate on the trig identity rather than the
-
dy

coefficient in awarding tlus. Eg ;E =2smdy= % = 2cosec4 y 1s condoned for the M1
Wy X

dx _ A 1.1
If a—aﬂ';r do not allow dx_a+b
Al (jl—i; = %ccsec-‘-!y If a candidate then proceeds to write down mcorrect values of p and ¢ then do not
withhold the mark.

NB: See the three altematives which may be less commeon but mark m exactly the same way. If you are
uncertamn as how to mark these please consult your team leader.

In Alt I the second M is for writing x =sin” 2y =>x :J_r% + %cos 4y from cosdy =+1+2sin’ 2y

1 1
In Alt II the first M is for writing x? = sin2 v and differentiating both sidesto Px 2 =Qcos?2 ;.% oe

In Alt 111 the first M s for writing 2y = invsin x"° ) oe and differentiating to M’% N L s

1_{xcn.s }9

(Q24 6665/01, June 2016)
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Question Scheme Marks AOs
@) » Y
Attempts Eyzdx—d" Ml | 1.1b
Var
dy f3sin2t
—=———— (=2./3cost Al 1.1b
dx sint ( V3 )
(2)
®) Substitutes =~ in E=M=(—-j§) M1 | 21
3 dx sint
) I (1
Uses gradient of normal = _W_ E M1 21
d
Coordinates of P = (—1,—?} B1 1.1b
Correct form of normal y+£=i{x+1] M1 2.1
2 B
Completes proof = 2x—2.3y—-1=0 * Al* | 1.1b
(3
(©) Substitutes x =2cos tand y = q@cc—sEr mnto 2x—23y-1=0 M1 3.1a
Uses the identity cos2¢=2cos”#—1 to produce a quadratic in cost M1 3.1a
=12cos t—4cost—5=0 Al 1.1b
Finds mt:%,% M1 2.4
. . 5.
Substitutes their cost:Emtu x=2cosf, ¥ =J§COSEI? M1 1.1b
57
=] —.—<f3 Al 1.1b
© [3'18 J-J
(6)

(13 marks)




Notes:

(a)

dy
dy . ' : ;
M1: Attempts Y __/dt and achieves a form k 51{12:‘ Alternatively candidates may apply the
dx dy sint
dr
. ; : st f
double angle identity for cos2t and achieve a form k"m_i
sint
Al:  Scored for a correct answer, either @ or 2.f3cost
s
(b)
. 2T . . dy . .

M1: For substituting = Y in their E which must be in terms of ¢
MI1: Uses the gradient of the normal 1s the negative reciprocal of the value of 2 This may be

seen in the equation of /.
B1:  States or uses (in their tangent or normal) that P = | —1. -

. thei ] v dy . : A3 _

M1: Uses their numerical value of —1 a1.1i.'1l‘.‘t1 their _1‘_T to form an equation of the

normal at P
Al*: This is a proof and all aspects need to be correct. Correct answer only 2x—2/3y—1=0

()

M1: For substituting x =2cos fand y= «.ﬁ cos 2t into 2x—2.f3y—1=0 to produce an equation
in ¢. Alternatively candidates could use cos2t=2cos” ¢—1 to set up an equation of the form
y=Ax"+B.

M1: Uses the identity cos2f=2cos 7—1 to produce a quadratic equation in cost
In the alternative method it 1s for combining their y = A"+ B with 2x— 243 y—1=0to get
an equation in just one variable

Al: For the correct quadratic equation 12cos” t—4cost—5=0
Alternatively the equations in x and y are 3x* =2x=5=0 1243 Vi 4+4y— 7J3=0

M1: Solves the quadratic equation in COS! (or x or y) and rejects the value corresponding to P.

: : 5 : 5).
M1: Substitutes their cost =g or their .*=zu‘ccos[E] inx=2cosfand y =~.Ecos 2t

If a value of x or y has been found 1t 1s for finding the other coordinate.

5 7 5 7
Al: ©O= [ % . E 3 ] CAllow x= % V= E J3 but do not allow decimal equivalents.

(Q13 9MAO0/01, Specimen papers)



Q7.

?\lﬁiﬂgp Scheme Marks
dx : Bl
(i _J =4sec” 2ytanly
dv 1
Use E=3E M1
14
Uses tan” 2y =sec’ 2y —1 and sec2y = /x to get %or %m terms of just x M1
dy 1 . _ _ Al*
— = I ( conclusion stated with no errors previously)
dx 4x(x-1)° (4)
dy 2 3 2 - 2 5
(ii) —'_=(.1' —x)xj—+(-x+3x )n2x M1 A1 Al
\ dM1 Al
e dy = 2
When x=—, —= =3(3)+43)" = 3($)+e
& dx (5)
: 1+ 1) (3sinx) -~ 3cosx(t(x+1)7F
(x+1)*
£(x) —3(x+1)(sinx)—cosx Al
x)= :
(x+1)* (3)

12 marks




@

dx " . dx sin 2ycos2y
Bl —=4sec 2Zytan2y orequvalent suchas — = 4+“
dy dy cos” 2y

?
w

dx
Accept = =2sec2ytan2yxsec2y+2sec2ytan2yxsec2y, l=4sec’ 2ytan2y
'l_:l
) _ dy
M1 Uses di = %to get an expression for a} i terms of y.

F

It may be scored following the award of the next M1 if % has been written in terms of x.
dy

Follow through on their expression but condone errors on the coefficient.

dx . dy 1 : . dy 2
Fcrexmnple—=2<..ec‘.'£ymnﬂy=>—}= - sOKas1s —=————
dy dx 2sec”2ytanly dx sec”2ytanly
: : . dx ) dy 1 .
Do not accept }' s going fo x's. So for example — = 2sec” Zytan2y = — = - 1s MO
dy dx 2sec” 2xtan2x

. | Cdx  dy. )
M1 Uses tan’ 2y =sec’ 2y—land x=sec’ 2y to get their d—or ) m terms of just x
A
dx dx 5 6
. =2sec’2ytan2y = . = 2x4J(sec” 2y —1) = 2x+/x —1 1s mcorrect but scores M1
Y Y

dx dx ) .
—=2sec2ytanly = —=2secly,f(sec” 2y—1) = 24/x/x =1 is incorrect but scores M1

dy dy

The stating and use 1+ tan’ x = sec’ xis unlikely to score this mark.

Accept l+tan’2y=sec’2y=l+tan’2y =x=tan2y=+x-1. So £= 2 . S
dr  4sec’2ytan2y  4xyr—1

Condone examples where the candidate adapts something to get the given answer

Eo B _ 1 ~ 1 !
" dx  4sec’2ytan’2y 4sec22_1f(sec32y—1] 4x,f(x-1)

Al* Completely correct solution. This 15 a ‘show that’ question and 1f 15 a requirement that all elements are seen.
(ii)

M1 Uses the product rule to differentiate (_rz + _rg) In 2x . If the rule 1s stated 1t must be correct. It may be implied by

their u =...u'=...v=..v"'=. followed by v '+ uv'. If the rule 15 nerther stated nor implied only accept expressions

2 %
of the form In2xx (ax +bx*) + (x> +x°) e



It 15 acceptable to multiply out the expression to get x’In2x +x° In2xbut the product rule must be applied to both
terms

: 2
Al One term correct (unsimplified). Either (x” + x°) % S_or (2x+3x")n2x
x

If they have nmltiplied out before differentiating the equivalent would be two of the four terms correct.

, 2 :
Al A completely correct (unsimplified) expression 28 (x* +x)x q; +(2x+3x7)In 2x
dx x

dM1 Fully substifutes x = % (dependent on previous M mark) into their expression for % =.... Implied by awrt 11.5

dy ) _ o dy ly dy 2et+3
o5 3(%£)+e" Accept equivalent simplified forms such as e R i e(l.5+e), = s(2e%3)
dx = do dx dx P
(iif)
1 2
M1 Uses quotient rule with # =3cosx, v=(x+1)3, u'=tA4sinxand v'=B(x+1) 3.
1
If the rule is quoted it must be correct. It may be implied by their # =3cosx, v=(x+1)%, u'=+A4sin xand
v'= B(x+1) 3 followed by = —?uv
)

gl
Additionally this could be scored by using the product rule with # =3cosx, v={x+1) ? u'=+4sinx and

4 1
v'= B(x+1) ¥ _If the rule is quoted it must be correct. It may be implied by their u = 3cosx, v=(x+1) 3
4
u'=t+Asinx and v'= B(x+1) 3 followed by vu'+uy'

If 1t is not quoted nor mplied only accept either of the two expressions

1 2 1 2
3 + 41 . 7 3 3 + 4 . 7 3
S (x+1)" xtAsinx 3:;0;x><3(.r+1} b (x+1)° xtAdsinx SCIGS.TKB(x+l)
((x+l)§) (x+1)°
1 4

2) Using product form (x+1) 3 x +Asinx+3cosxx B(x+1) 3
(x+ 1}*(—3 sinx)—3cosx($(x+ 1)%}
((x+1)%.]_

Al A correct gradient. Accept f'(x) =

1 4
K . 1 i
or f'(x)=(x+1) ? x=3sinx+3cos XX~ (x+1) :

=3(x+1)(sinx)—cosx

Al f'(x)= o

oe. or a statement that g(x) =—-3(x+1)(sinx)—cosx oe.

(Q23 6665/01/R, June 2014)
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— - [: - 3
dx sinfcosr\ sinfcos t

(b) g ® 5-3 5
3 4
2 X
ﬁ 5€C 3 :E
dx T T W3
sin-—cos —
2 3
16[ 3)
s [PUEs
J yil 4,
3
=
? 8

Question
Number Scheme Marks
(a) dx 2sinfcost dy 2sec’t B1BI
i st ST, = L5€C
dr dr
dy sec’ 1 )
or equivalent | M1 Al (4)

)

B1

M1 Al

M1

M1Al  (6)
[10]

Q9.

(Q31 6666/01, June 2010)



Question

Nomber Scheme Marks
dx ) 6511131' ]
— =2x3sec3ysec3ytan3y=|06sec” Iytan 3y oe - I
() 5 c3ysee3ytan3y = (6sec’ 3ytan3y) o sy | MIAL @
: ; M1
Uses d—}=it0 obtain d‘—'l= ~ l
(b) dx dx dx Gsec”3ytan3y
dy
tan® 3y =sec’3y—1=x-1 Bl
2 2 2 dy dx . .
Uses sec”3y=x and tan 3y =sec 3y—1=x-1toget —or —mjustx. | M1
dx dy
dy 1
6x(x—1)-
2 b PR |
© d “} B O—[ﬁ(;x—l]l‘. .+3.1(.1 D] MIAL
dx” 36x(x-1)
d’y 6—9x 2 iy
D s - ¥ = 3 dM1A1
dx® 36x"(x-1)7 12x°(x-1)*
)
(10 marks)
Alt 1 L dx = .
x=(cos3y) = —=-2(cos3y) x—3sindy MI1A1
to (a) cly
Ale 2 q
i x=sec3yxsecly = = —sec 3yx3sec3iytan3y+sec3yx3sec3ytandy M
i '.L:l
Altl d’y B iy 2 3
o =[x -DE-D 7 + (-Dx 2 (x-1D)7F] MI1Al
To (o)
-3 —a y y
=Lx7 (-1 (- + (-D(x-1)] dm1
=Lx2(x =1 [2-3x] oe Al

)




Notes for Question

(a)
M1 Uses the chain rule to get 4sec3ysec3ytan3y = (A sec” 3y tan 3_1*) .
There 15 no need to get the lhs of the expression. Alternatively could use
the chain rule on (cos 3}!)_3 = Alcos 3'1-')_3 sm3y
or the quotient rule on L = i, ST 3
(cos3y)” (cos3y)
d : : e
Al d—r = 2x 3sec3ysec3ytan 3y or equivalent. There 1s no need to simplify the rhs but
y
both sides must be correct.
(b)
y 1 _ dy _
M1 Uses — = — to get an expression for — . Follow through on theirr —
dx dr dx dy
dy
Allow slips on the coefficient but not trig expression.
B1 Writes tan’ 3y =sec’ 3y —1 or an equivalent such as tan3y = ysec’3y—1and
1
uses x =sec’ 3y to obtain either tan’ 3y = x—1 or tan3y =(x—-1)2
All elements must be present.
Jx
1
Accept Jx-1 cos3y=—=tan3y=+/x-1
Jx
1
If the differential was in terms of sin3y,cos3y it is awarded for sin3y = :}:l
X
y) 2 i dy .
M1 Uses sec’3y=x and tan® 3y =sec’ 3y —1=x—1 or equivalent to get Y i
qust x. Allow slips on the signs in tan’ Jy= sec’ 3y—-1.
It may be implied- see below
Al* CSO. This 1s a given solution and you must be convinced that all steps are shown.

Note that the two method marks may occur the other way around

1 »
Eg. o 6sec’ 3ytan3y = 6x(x—1)> = ., s

1

Scores the 2° method
Scores the 1™ method

The above solution will score M1, B0, M1, A0




Notes for Question Continued

Example 1- Scores 0 marks in part (b)

dx , dy 1 1 1
—=06sec” Iytandy = —= = = " = = -
dy ¥ Gsec” 3xtanldx  Fgeg’ S_x-Jsec' 3x-1 6x(x — 1)?

Example 2- Scores MIBIM1AOQ

dx dy 1 1 1

X )
=lsec” 3ytandy=-——= = = - =
dy dx 2sec”3ytan3y 2gec? 3yafsec’ 3y -1 "x(:r—l}%

(c) Using Quotient and Product Rules

1 ! l
M1  Uses the quotient rule u with ¥ =1and v =6x(x—1)° and achieving
v
N sl
u'=0and v'=A4(x-1)? + Bx(x-1) 2.
If the formulae are quoted, both must be correct. If they are not quoted nor imphed by their

working allow expressions of the form

| _0-[4x-1}+ Bx(x-1)7] S 00— A(x—1)}+Bx(x-1)*?
i ( l]l NS Cx*(x—1)

6x(x—1)*

') 1 1
d’y 0-[6(x—1)* +3x(x—1)?
Al Correct un simplified expression J_r = Litzg) i

. oe
dx 36x (x-1)

1
dM1  Multiply numerator and denominator by (x —1)° producing a linear numerator which is then
simplified by collecting like terms.
1
Alternatively take out a common factor of (x—1) ? from the numerator and collect like terms from the

linear expression
This is dependent upon the 1% M1 being scored.
L . dy 2-3x
Al Correct simplified expression —-= - - 0¢
dx®  12x%(x-1)?




Notes for Question Continued

(c) Using Product and Chain Rules

1 1

dy i
M1 Writes —1 = = Ax(x—1) ?and uses the product rule with u or v = Ax7" and

=

6x(x—1)
=l
voru=(x-1) *_If any rule is quoted it must be correct.

If the rules are not quoted nor implied then award if you see an expression of the form
af1 1 :
(x—1) 2xBx'+C(x—1) 2xx*

-

Al E =T DD+ D (- 1)

—_— E] o i - -
dM1 Factorises out / uses a common denomunator of x 1(:{'—1)—"" producing a liear factor/numerator which

must be simplified by collecting like terms. Need a single fraction.

.‘

- : y o
Al Correct simplified expression T =4x (x- ? [2—-3x] oe
2 3

(c) Using Quotient and Chain rules Rules

L] ] 1
: viu'—uv' - o
M1 Uses the quotient rule ————with # = (x—1) ? and v = 6x and achieving

'!:l
=l
u'=A(x-1) *andv'=B.
If the formmlae 1s quoted, 1t must be correct. If it 1s not quoted nor implied by their working allow an
expression of the form

l\ﬁ | _oxx-pi-pe-p?

2

Ex~
1 it il
\d\‘;;/ ﬁxx—?(.r—l}l—(.r—l}lxﬁ
Al Correct un sumplified expression —%5- = = :
& (6x)

3
dM1  Multiply numerator and denominator by (x —1)° producing a linear numerator which is then
simplified by collecting like terms.
3
Alternatively take out a common factor of (x—1) ? from the numerator and collect like terms from the
linear expression
This is dependent upon the 1¥ M1 being scored.
) _ =
dy 2-3x dly (2-3x)x7(x-1)
Al Correct simplified expression } = s oe ']: = ( i )

& DPx-p & 12




Notes for Question Continued

(c) Using just the chain rule
dy 1 1 3 e .
—=(36x"—36x") ? and proceeds by the chain rule to

M1 Writes

z

1 -
6x(x—1)2  (36x° —36x7)

N
A(36x° —36x7) 2(Bx’ —Cx) .
Would automatically follow under this method if the first M has been scored

M1
(Q25 6665/01, June 2013)
Q1o0.
Question
Number Scheme Marks
(a) x=tan®t, Y =sint
ax = 2(tant)sec’ ¢, v _ cost C.orrectE and 4 B1
dt dt dt
tcost M
_dy _ cost | cos't) their 4=
Tdx  2tantsec’t ~ 2sint | +cost
their 4&- A1y
3]
N PR .
) When t=%, x=1, y=ﬁ1 (need values) The point |1, F) or(1, awrt 0.71) B1. B
These coordinates can be implied.
(¥ =sin( %) is not sufficient for B1)
When f=— m(T) =4y _ LT:
4 dx 2tanisec £




¥ __ ¥ __F _1

T V- ﬁ[x—

T V-iE¥iE

2opl+] 2[4

0r;‘,5=$|_'l]—c = c=:‘5—¢ =4—i§

Hence T y=_%=x+2 or y=n§x+ﬁ§

any of the five underlined

expressions or awrt 0.18 B1 aef

[ |5

1] 20@ 4z

Finding an equation of a tangent

1) with their point and their tangent | M1
gradient or finds ¢ by using | a&f

¥ =(their gradient)x + "c" .

or y=fy43f Correct simplified | A1 aef
—= 5 EXACT equation of tangent | cso

N
[3]
/ N
A candidate who incorrectly differentiates tan” t to give
Mote: The x and y coordinates o _oepc?t o f:. h ble to fluk thg
must be the right way round. o = £SECTTON 5 =seciis ihen able o fluke the
correct answer in part (b). Such candidates can
potentially get: (a) BOM1A1 J (b} B1B1B1M1AD cs0.
Mote: cso means “correct solution only™.
Note: part (a) not fully correct implies candidate can
. sint ¢t .
(ch x=tant = — ¥ =sint
cos™
Way 1
P
_—— a‘ Usescos®t = 1-sin®t | M1
T—sint
P v Eliminates 't to write an equation | .,
1-y? involving x and y.
X(1-y*)=y* = x—xy*=y*
2 5 21 Rearranging and factorising with ddM
X=y"+xy7 = Xx=y(+x) an attempt to make y* the subject.
2 X X
= Al
¥ 1+ x T+ X
[4]
Aliter
(c) 1+cot? t = cosec®t Uses1+cot®t = cosec®t | M1
Way 2
= _12 Uses cosec’t = _1n M1
sin® t sin ¢ | implied
Hence, et Eliminates 't' fo write an equation | ...
X oy invalving x and .
Hence, y* = 1- ! or X — or = Al
(1+3x) 1+ % 1+ x) 1+ x
[4]
— is an acceptable response for the final accuracy A1 mark.
B




Aliter
(c)
Way 3

Aliter

(c)
Way 4

x=tant ¥ =sint

1+tan®t = sec?t

1

" cos't
_ 1
1—sin
Hence, T+x = >
-y
Hence, y*=1- 1 or =
(1+ X) 1+ x
¥y =sin"t = 1-cos’t
— —_ 1
sectt
_a 1
{1+tan’t)
Hence, y* = 1- ! or =
(1+ x) 1+ x

Uses1+tan®t = sec®t

Uses sec?t =

cos’t

Eliminates ‘t’ to write an equation
involving x and y.

g1 _x
(1= x) 1= x
Usessin®t = 1—cos’t

Uses cos®t = -
sec? t

then uses sec®f =1+ tan"

1 X
1- o —
i1+ x) 1+ x%

M1

M1

ddM1

Al

[4]

M1

M1

ddM1

Al

X

% is an acceptable response for the final accuracy A1 mark.




Aliter

ic) x=tant ¥ =sint
Way 5
x=tan’t = tant =fx

Draws a right-angled triangle and | pqq
=% places bothfx and 1 on the
\E triangle

1 Uses Pythagoras to deduce the |
hypotenuse | M1

. Jx Eliminates ‘t’ to write an equation
Hence, y =sint = — involving x and y. ddM 1
Hence, y* = —— X_ | a1
1+ x 1+ x
[4]
12 marks

1

Y is an acceptable response for the final accuracy A1 mark.

There are so many ways that a candidate can proceed with part (c). If a candidate produces a correct
solution then please award all four marks. If they use a method commensurate with the five ways as
detailed on the mark scheme then award the marks appropriately. If you are unsure of how o apply the
scheme please escalate your response up to your team leader.

(Q33 6666/01, June 2007)

Q11.

Question Scheme Marks AOs

Attempts erther sin38~36 or cos4f~1———— m 3630

48)

3 1_‘1_{ ')} }
oo 39030 and consont L L2 ) | |
Attempts both sin38 ~ 38 and cos48 ~1- 3 T 78x30 B

and attempts to simplify
4
=3 oe Al 1.1b
3)

(3 marks)




(46Y
M1: Attempts erther sin 38 = 38 or cos48 =1 —% in the given expression.

See below for description of marking of cos48

. (489 2
M1: Attempts to substitute both sin38 ~ 38 and cos48 ~1- (48)
[ (a8)
ity
= —3gx3g — nd attempts to simplify.

Condone missing bracket on the 48 5o cosd4@ =1— would score the method

3

Expect to see 1t simplified to a single term which could be in terms of &
Look for an answer of k& but condone k8 following a slip

Al: Uses both identities and simplifies to — or exact equivalent with no incorrect lines BUT allow

3
. 46°
recovery on missing bracket forcos 48 = 1— -
{ 27
i 48
oot
\ ] 88* 4
B eas e 3 o MIMIAS

Condone awrt 1.33.

gy L0546 _ 1-(1-2sin’ 26) _2sin’26 _ 2x(26) _4
T 285038 28sin 38 28sin38  28x38 3

M1 For an attempt at sin 38 = 38 or the identity cos48 =1—2sin" 28 with sin26 =~ 28

M1 For both of the above and attempts to simplify to a single term.

Al ioe
3

(Q01 9MAO0/01, June 2018)

Q1l2.



Question Scheme Marks AOs
in & &
@ tan §+cot@ =0 4+ £ M1 | 21
cosf sind
in’ &+cos” &
S yreoes ¥ Al | 1.1b
sindcos &
_ 1
1
—sin 28 Ml 21
2
=2cosec2d * Al* 1.1b
(G
(b) States tanf+cotd=1=sm28=2 a1 04
AND no real solutions as —1<sin28<1 i
(¢)}
(5 marks)
Notes:
(a)
. sin & cost
MI1: Writes tané = and cot&@=—
cosd sin &
-2 2
i . . g+ g
Al:  Achieves a correct intermediate answer of u
sinfcosd
M1: Uses the double angle formula sin26=2sinfcos &
Al*: Completes proof with no errors. This i1s a given answer.
Note: There are many alternative methods. For example
1 tan® @+1 sec’ & 1 1
tanf+cotf=tan &+ = = = _ = —then as the
tan & tan & tan & 2 sinf cos@xsmé
cos Gx——
cosd
main scheme.
(b)
B1l:  Scored for sight of sin28 =2 and a reason as to why this equation has no real solutions.
Possible reasons could be —1<sin28 <1 and therefore sin26 # 2
or sin 26 =2 = 28 = arcsin 2 which has no answers as —1<sin268 <1

Q13.

(Q09 9MAO0/01, Specimen papers)




Question Scheme Marks AOs

(a) D=5+2sm(30x6.5)° =awrt 448m with units Bl 34
(1)
(b) . o M1 1.1b
3.8=5+25m{30r}°:‘»sm[‘BOr)°=—0.6
Al 1.1b
t=10.77 dnl 31a
10:46 am or 10:47 am. Al 32a
4)
(5 marks)
Notes:
(a)

B1: Scored for using the model ie. substituting t =6.51into D =5+ 2sin(30¢)° and stating
D =awrt 4 48m . The units must be seen somewhere in (3) . So allow when D =4482 =4 5m

Allow the mark for a correct answer without any working.

(b)
M1: For using D =3.8 and proceeding to sin(307)° =k, |Fr| =1
Al: sin(30¢)°=—0.6 This may be implied by any correct answer for f such as t =7.2
If the Al implied, the calculation must be performed in degrees.
dM1: For finding the first value of 7 for their sin(30¢)°=F after r=8.5.
You may well see other values as well which 1s not an issue for this dM mark
(Note that sin(30r)°=—06=30r=2169 as well but this gives r=7.2)
For the correct sin(307)°=—06=30r =323 1=r=awrt 10.8

For the mcorrect sin(307)° =406 =30 =396 9= r=awrt 13.2

So award this mark if you see 30t =1invsin their —0.6 to give the first value of t where 30 ¢ = 255

Al: Allow 10:46 a.m. (12 hour clock notation) or 10:46 {24 hour clock notation ) oe
Allow 10:47 a.m (12 hour clock notation) or 10:47 (24 hour clock notation ) oe
DO NOT allow 646 nunutes or 10 hours 46 minutes.

(Q08 9MAO0/01, June 2018)

Q14.



Question

Number Scheme Marks
@ |\ PP ” P (P2

®)

(c)

A=-13= S . Eitherome
1 1 5 c
€ P- 2 T e notes. cao, Ae
£=1P{P—2jcm1f
B
2 dP cos2i df be implied by la kin
= 2 - later w
PP-2 can be implied by later working
tiln(P-2)+ uln P,
I(P~2)~IP=sinXf (+c) o AROu=0
In(P-3)-lP= %sin 2t
P=3=} ml-m3=0+c {= c=-l3or m{-;)} See notes
1
In(P-2)-InP =—sin2t — In3
m{—3EP"2}| - Linor
Starting from an equation of the form
+Aln(P- f)+ ylnP =+ Ksindi + c.
P-2) _ g A, B K. 5=0, applies a fully correct method to
F eliminate their logarithms.
Must have a constant of integration that need
not be evaluated (see note)
IP-2) = Pet=Y _ 3p_§ = Perul A complete method of rea.tmugjn.g to
i s make F the subject.
gives 3P- P’ =6 = P3-&")=6 Must have a constant of integration
...... that need not be evaluated (see note}
Correct proof.
""""""""""""""""""""""""""""""""""""""""" States P=4 or applies P =4
. . Obtains = Asinlf =Inker *Asinf =Ink,
1. 3(4-2)) (37] ) ) _
—sin2f =In 2 ] =In 5“’ A= 0, k>0where iand k are numerical
R L L values and 4 canbe 1,
t = 0.4728700467... anything that rovads to 0.473
...................................................................................... Do not apply isw here

_ Canbe implied. | M

M1




Question

Number Scheme Marks
Method 2 for QT(b)
(b) n(P-2)-mP=_sint (+¢) As before for... | BIM1AL
P e
].ul uJ =—sindf+¢
. P 2
- Starting from an equation of the form
tAln(P- )= ylnP =+ Ksindt + ¢,
P_ 3 andi £ P_ 3 Asindr 1 L 1 {
( ) _ o or ( ) _ A A B K. 8= 0 applies a fully correct 36y
P P method to eliminate their logarithms.
Must have a constant of integration
_________________________________________________________________ that need not be evaluated (see note) |
Lsin2 Lin2s A complete method of rearranging to
P-2) = 4P = P— 4Pe™="= 2 P ging
Gt el L& A S make P the subject. Condone sign
Lo, . 2 slips or constant errors. Must have a | 4% dM1
= P(l-4de* )=2 > P= (1- -IE;’m"] constant of integration that need
e [ not be evaluated (see note) |
7 See notes
{t=0,P=3=} 3= T am. {Allocate this mark as the | 2% M1
_ (- det ) o _1™MlmarkonePEN). |
[ 2 1
= i= =A==
{ (1- 4) 3]
2 6
= P=- — =P =—*
|- le{.._,-n;,] (3—e™) Correct proof. | Al = cso
w3 J
Question Notes
M1 | Formi t identity. F e, 2= A(P-2)+BP & 2 '{+ B
orming a correct identity. For example. 2= - [0 —————— = —
@ | A £ F P(P-2) P (P-2)
Note | A4 and B are not referred to in question.
Al Eitherone of 4=—-1or B=1.
Al ﬁ - % or any equivalent form This answer cannet be recovered from part (b).
Note | M1AIAI can also be given for a candidate who finds both 4 =—1 and B =1 and ? + PB )
(P-2
is seen in their working.
Note | Candidates canuse “cover-up’ rule to write down -3 — ; . 50 as to gain all three marks.
(F-2
Note | Equating coefficients from 2= A(P-2)+ BP gives 4+ B=2-24=2=4=-1 B=1




{b) El Separates variables as shown on the Mark Scheme. dPand df should be in the correct positions,
though this mark can be implied by later working. Ignere the integral signs.

Note | Eg: '[ EEP dP = JCOSEJ‘ dr or Jﬁd? = éjfﬁszf df g.e. are also fine for B1.

P

"M | £Al(P—2) £ ulnP. A=0, g=0. Alsoallow £Aln(M(P—2)) £ glnNP: M.N canbe 1.
Note | Condone 2In(P—2)+2InP or 2In{P(P—2)) or 2In(P* -2P) or In(P*-2P)

1% A1 Cnrrecrresultnf]Il{.P—Z}—]IlP=%Si.|12i' or 2In(P-2)-2InP=sinls

o.e. with or without +¢
28 M1 | Some evidence of using both =0 and P =3 in an integrated equation containing a constant of

"3N1 | Starting from an equation of the form + AIn(P— §) + ulnP = £ Ksindt + ¢. Ay f.K.6=0.
applies a fully correct method to eliminate their logarithms.

4871 | dependent on the third method mark being awarded.

A complete method of rearranging to make P the subject. Condene sign slips or constant etrors.
Note | For the 3 M1 and 4% M1 marks, a candidate needs to have included a constant of integration,

6

ES _ E{-sin].-:l
P-2)) 1. -2 WS

(—P}J = Ssin2f + ¢ followed by %: el +e is30MO, 45 Mo, 2% A0,

. A .

sud 47 | Cotrect proofof P = Note: This answer is given in the question.

Note In

-7 T —_ L
P-2) _ s (P-2)_

] (P-2)) 1_ ., ( .
Note luL—P ] = Jsindi+c > o + ¢ is final MIMOAO

4% M1 for making P the subject
Note there are three type of manipulations here which are considered acceptable for making

P the subject.
(1) M1 for ME=D i yp_ gy _ peter o 3p_g _ pet=i o p3_ cH=) g

P
—r-—° _
(3-e7
(2) M1 for M - e*:“"-”:,g_i R . E:,:, P =+
P P P (E_e:.m_-r]

(3) M1 for {M(P— )+ 111P=%sin2r+h13 :%p(p_ 2)= 3T o p?_p o gt
= (P-1"-1= 3" leading to P=
(c) M1 States P =4 or applies P =4

M1 Obtains + Asin2f =Ink or £Asinf = Ink, where 4 and k are numerical valoes and A canbe 1
Al anything that rounds to 0.473. (De not apply isw here)

_Note | Do not apply ignore subsequent working for A1 (Eg: 0.473 followed by 473 years is A0)

Note | Useof P=4000: Without the mention of P=4, %sm 2f=1n2.9985 or sin2f=2In2 0085

o forsmn2r=21912. willusuallyimply MOMIAO
Note | Usze of Degrees: f=awrt 27.1 will usuvally imply MIMIAO

(Q32 6666/01, June 2015)

Q15.



Question Scheme Marks AOs
(a) a=060 Bl 3.1b
2="60"—B(—20) =h=_. M1 34
H =60—0.145(t — 20)* Al 33
(3)
(b Height=2m Bl 34
(1)
(c) a =180 or =31 M1 3.4
H =29cos(9r+180)°+31 Al 33
2
(d) e.g. “The model allows for more than one circut™ Bl 3.5a
@
(7 marks)
Naotes
()
Bl: a = 60 (may be seen in their final equation of the model or implied by 60 substituted for a in the
model)

M1:  Attempts to find b by substituting in f =0, H =2 and their g and proceeding to a value for b.
May be seen as two simultaneous equations formed:
2=a —E?(—QU); and 60=a—5h(20-20) proceeding to a value for b
Al:  H=60-0.145(—20)" or equivalent such as H = —%f +5.8/+2 or H=60— ;090 (t—20)° isw

once a correct equation for the model 15 seen. Must be in terms of H and ¢ If they just state
a =060, b=0.145then A0

A correct answer with no working seen scores full marks.

h

(Bl}: 2 cao (condone lack of units) This can be scored even if their model 1n (a) is incorrect (they may
have used symmetry to determune this value)

(c)

MI: (@=)180 or (=) 31 Condone (& =)rx

Al:  H=29cos(9r+180)°+31 or equivalent e.g. i =—29cos(9¢)+31 15w once a correct equation for
the model 15 seen. Must be in terms of H and . If they just state & =180, £ =31then AQ.
A correct equation with no working seen scores both marks. Does not require the degree symbol.

d

I(Bl}: Score for a reason which makes reference to any of

¢ the alternative model allows repetition (allow phrases e.g. “multiple cycles™. “repeated circuits”,
“cyclical”, “peniodic”, “loops around”, “the origmal model can only go up and down once™)
the alternative model after 2 minutes the carrnage will be back at the start (e g “at 2 mins H =27)
the onginal/quadratic model after 40 seconds (or any tume after this) will be negative (e.g. “the
height will be negative which cannot happen™)

¢ the onginal model after 2 minutes would not be back at the start

Do not allow vague responses on their own e g “the original model is a parabola™

If calculations are used then they must be correct using a correct model (allow rounded or truncated)

Look for a valid reason and ignore reference to anything else as long as it does not contradict

f 0|3 |10]|15 |20 25|30 |35(40 45|30 |35 |60 |80 (100|120

ho| 2 |27 |46 |56 |60 | 56 | 46 | 27| 2 |-31|-71|-118|-172|-462|-868|-1390

(Q13 9MAO0/01, June 2023)



Qle6.

Question Scheme Marks AOs
@ | (-180°-3) Bl 1.1b
(1)
(b) (i) (—720°.-3) Bift 22a
(11) (—144°.-3) Blft | 22a
(2)
© | Attempts to use both tan&=2 sin’ 6+ cos’ §=1and solv
empts to use both tan@=_——-7, sin G+cos f=landsolves | ., 31a
a quadratic equation in sin & to find at least one value of &
30053=8tan6?:>3cos:§=85i116? Bl 1.1b
3sin’ G+8sinf—3=0
_ _ M1 1.1b
(3sin6—-1)(sin8+3)=0
sin&:% Al 22a
awrt 520.5° only Al 21
()
(8 marks)
(a)

Bl: Deduces that P(-180°.-3) or c=-180""".d =3

(b))

Blft: Deduces that P'(—720°,—3) Follow through on their (c.d ) — (4c.d) where d is negative

(b)(a1)

B1ft: Deduces that P'(-144° —3) Follow through on their (c.d ) —(c+36°.d) where d is
negative

(c)

MI1: An overall problem solving mark, condoning slips, for an attempt to

e use tanf=

sin &
cos’

e use *sin ftcos A=+1
¢ find at least one value of & from a quadratic equation in sin &

B1l:  Uses the correct identity and multiplies across to give 3cos@=8tanf =3 cos’ 6 =8sind

og

MI1: Uses the correct identity sin’ @+cos @=1to forma 3TQ 1n sin & which they attempt to
solve usimng an appropnate method. It 1s OK to use a calculator to solve thus

: 1 . 1 pe,
Al: smf= 3 Accept sight of 3 Ignore any reference to the other root even if 1t 15 "used"

Al:  Full method with all identities correct leading to the answer of awrt 520.5° and no other
values.

(Q09 8MAO0/01, Oct 2020)



Q17.

Question Scheme Marks AOs
(a) . cos@
Identifies an error for student A: They use — P =tan &
iy Bl | 23
It should be ~—— = tan &
cost
1)
(b) (1) Shows c0s(—26.6°) # 25in(—26.6°), so cannot be a solution a1 54
(11) Explains that the mcorrect answer was introduced by squaring Bl 24
2)
(3 marks)
Notes:
(a)
Bl:  Accept aresponse of the type 'They use 058 _ tan & . This 15 mcorrect as s _ tan 8"
sin & cos &

It can be implied by a response such as 'They should get tan & = % not tan&=2'

Accept also statements such as "1t should be cot&=2"

(b)
Bl:  Accept a response where the candidate shows that —26.6 15 not a solution of
cos @ =2sin @ . This can be shown by, for example, finding both cos (—26.6") and

2sin (—26.6“} and stating that they are not equal. An acceptable alternative is to state that
cos (—26.6°) =+ve and 2sin (—26.5“] =—ve and stating that they therefore cannot be

equal.
Bl:  Explains that the incorrect answer was mtroduced by squaring Accept an example showmg
this. For example x =35 squared gives x* =25 which has answers +5

(Q02 9MAO0/02, Specimen papers)

Q18.



Question Scheme Marks AOs
(@) Solves x*+y° =100 and f.ﬂr—lS‘ll2 +y? = 40 simultaneously to
c M1 3la
findx or y Eg (x—-15) +100-x* =40=> x=__
Either = -30x+325=40=x=95
Al 1.1b
Or y=g=awﬂt3.12
Attempts to find the angle AOB in circle C,
"g.5" M1 3la
Eg Attempts cosa = to find o then =2
(9.5
Angle 408 = 2xarcos| = |=0.635rads (3sf) * Al* 21
" A
@
®) | Attempts 10%( 27 —0.635) = 5648 M1 11b
Attempts to find angle AXB or AXO in circle C, (see diagram)
15-"0.5" M1 3la
Eg cos § = = = (Note AXB =103 rads)
B 70 i
Attempts 10x (27— 0.635)+/40 % (27 -2) dM1 21
= 807 Al 1.1b
4
(8 marks)
Notes:
Cl
Angle AQB =0.635"
Angle AVH =103
(a)

M1: For the key step in an attempt to find either coordinate for where the two circles meet.
Look for an attempt to set up an equation in a single varable leading to a value for x or y.

V39

Al: x=95 (or y=T=awrtt3.12)




M1: Uses the radius of the circle and correct trigonometry in an attempt to find angle 40B in circle §
E g Attempts coga:% to find o then x2

- §100-"9.5%
Alternatives include tand = EECTYII =(0.3286.)to find o then x2

10° +1i:13—(.¢|’3_9}l 161

And cos AOB = =
2x10x10 200

Al#*: Correct and careful work in proceeding to the given answer. Condone an answer with greater accuracy.
Condone a solution where the intermediate value has been truncated, provided the trig equation is cofrect.

V39

Eg sind :E =0=0317= A0B =20 =0.635

Condone a solution written down from awrt 36.4° (without the need to shown any calculation.)
E

(b)
M1: Attempts to use the formula s = r& with »=10 and # =27 -0.635

The formula may be embedded. You may see 2710+27/40-10% 0.635... which is fine for this M1

M1: Attempts to use a correct method in order to find angle 4¥B or AXO in circle C,

2
" " 40+40- '\fg—g
3127 and cos AXB = ( } 41

15-05 2xya0x430 80

Note that many candidates believe this to be 0.635. This scores M0 dM0 A0

Ameongst many other methods are tan 8 =

dM1: A full and complete attempt to find the perimeter of the region.
It 15 dependent upon having scored both M's.
Al: awrt 89.7

(a)

M1: For the key step in attempting to find all lengths in triangle 04X, condoning slips
A1l: All three lengths correct

M1: Attempts cosine rule to find o then =2

A1*: Correct and careful work n proceeding to the given answer

(Q11 9MAO0/01, Oct 2020)
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I?I: ﬁg:ru Scheme Notes Marks
(i I {31+9) . (i) '[ ; |d1 x=4sin’ @
(1) 4 See notes | M1
Way1 }-(33- + 2} Ty (33- +7) = 3y —4=40y+D+ By At least one of their Al
J.=o = —4=024 = 4=-_7 A=-2or their B=9
j=—2 _5=_2 Both their
y=-3 6=-38 = B=9 A=-2and their 3=9 |2
Integrates to give at least one of either
£—>if‘.1ur or =T uln(3y+2) | M1
3y-4 —2 9 y ' Gy+2
Jv(au-—z)dl =JT_(3u-—z)d‘1l 4+0.8+0
T ' . At least one term correctly followed through Al fi
\ from their 4 or from their B
= =2y +3mBy+ ) {+ef | yp )i 3mGy +2) or 2y +3h(y+2)
with correct bracketing, Al cao
simplified or un-simplified. Can apply 1sw.
[6]
%11"'51% {x = 4sin’ 5;:}‘-; — =8sinfcosé or i =4sm26 or dv=_8sinfcoscdd Bl
J— dsin’ 6 8sinBeosd | ,i o’ 5 sin26 {d6) M1
4—4sin’ 6 4—4sin
Jt:mﬁ Esmﬁmaﬁidﬁ} or J ng. 43111‘51{1&1 lLJ S+t Ktanfor+ Kl Emﬂ] M1
= 4—x cosd) | =
=J.85i1113d6‘ '[Bsinzﬁdﬁ' including df | Al
o 3 ) 3 o Writes down a correct equation
J=4sm'F or—=sm For smb=— = F=— ) ) , T
4 2 3 involving x = 3 leading to #= 3 and | B1
{I =0-»6= 0} no incomrect work seen regarding limits
B I51
@ ® | ={8} rﬂ]de = | (4 - 4cos26)dé Appliescos26=1-2sin’ 8 | \py
.2 \ - to their infegral. (See notes)
) . For +a8 + Gsinl8, o f+0 [ Ml
( 1 1 - | ( . F "\
- 31[—6'—_. 26 = 46-2sin28 3 1, 1. |
i N 491.11 J % s } sin” 8 — [—B——sml’ﬁl Al
.2 4 J
Tes 5| (] N 1
1| “ssin’ 6dé= s[iﬁ-ismzerm MESY ﬁH-[U-mJ
| <o 2 4 a | L6 42
4 J‘ o - ) 4 1;
= ?,T_ 3 ‘two term” exact answer of e g. E,:-r— ﬁ or 51 A — %E} Al oe

4]
15




Question Notes

(i) | Writing ¥ =4 _ 4. B 3ndacomplete method for finding the value of at least one
y(3By+2) ¥y (By+2)
of their 4 or their B.
Note MIAL can be implied for writing down either dy-4 2 + their B
y3y+2) ¥y (Gy+13)
3y—4 _ theird 9 with no working.
y(3y+2) ¥ By+2)
Note Correct bracketing 1s not necessary for the penultimate Alft. but 15 required for the final Al in (1)
Note Give 2 MO0 for _3¥ =4 going directly to ta ]J:u:ﬂ\]r +2y)
y(3y+2)
Note _.but allow 2* M1 for either M_y +ain(3y° +2y) OF M_;. +aln(3y® +23)
3y +2y 3y +2y

(ii)(a) 1M1 | Substitutes ¥ = 4sin’ @ and their dx | from their comrectly rearranged :11_;] into

Note dx = idg. For example dr = dé&

Note Allow substituting dx = 4sin 2 for the 1° M1 after a correct % =4sin28F or dy=4sin28d8

( <ind )
A1 | Applying x = 4sin’ 6 1o { to give £K tand or_KL sin |
4—.11 cosd)

Note Integral sign 1s not needed for flus mark.
1% A1 Simplifies to give J 8sin’6de including dd

2 Bl | Writes down a correct equation involving x = 3 leading to & =% and no incorrect work seen

regarding limits

=Y

Note Allow 2% Bl for x = 4sin1l %, —3 and x=4smn'0=0

Note |Allow 2¥ Bl for #=sin| J;i followed by x =3, 8:%;x= 0.6=0

(1i)(b) M1 Writes down a correct equation involving cos 28 and sin® &
_ > (1-cos26)
E.g: cos28=1-2sin’8 or sm?gJ‘i}ﬂ or Ksinlg = K _Cfs '

&

and applies it to their integral. Note: Allow M1 for a correctly stated formula
(via an incorrect rearrangement) being applied to their integral.

Integrates to give an expression of the form +o8 + fsin28 of k(zad = Fsin2é).
a=0, -0
(can be simplified or un-simplified).

Ml

1" Al Integrating sin® & to give %& - %sin?ﬂ: un-simplified or simplified. Correct solution only.

Can be implied by ksin® & giving —trﬁ - Esm 28 or %l:lﬁ? - 5in2¢) un-simplified or simplified.

and 4] A correci solution in part (i) leading to a “two term” exact answer of

eg. %;r—\ﬁ or %.'T— 3 or ?T—— or —(4? 3-."'_]
Note A decimal answer of 2. 4567393097 __ (without a correct exact answer) is AQ.
Note Candidates can work in terms of .4 (note that A isnot given in (i1))

and gain the 1% three marks (Le. MIMLA1) in part (b).

Note If they incorrectly obfain Fg sin’ & d¢ 10 part (1)(a) (or correctly guess that 1 =8)

then the final A1 is available for a correct solution in part (i1)(b).




Scheme Notes Marks
(i 3v—4 dy — Gy+2 dv — Jy+ 06 dy
Way 2 y3y+2) 3t +2y y3y+2)
3} + 6 = i_ B — 5.1_ £ 6 = .".[(3}— ]} " B_'I. See notes | M1
yBr+2 y Gy At least one of
. e n_ o | Al
Y0 o 6224 = A=3 their 4 =3 or their B=-46
Both their 4 =3 and their B=-6 | Al
y=—%+ = 4=-1B = B=-4
Integrates to give at least one of either
3y-4 MO+ 4 ainy+2y)
S — 337+ 2y -
3y +12) 4 M1
o1 - — T Alny 01 Gy +2}—>i;f1ﬂ.{:}= +2)
6y+2 3
=J v+ d.\'—J—d.1'+J q M=0,4=0 B=0
3y +2y ¥ Gy +2) At least one term correctly followed through | Al fi
. - In(3y* +2y) -3lny + 2In(3y + 2)
= In(3y* +2y) -3y + 2In(3y + 2) {+ ¢ ST . -
3; ») ’ C. ) { J with correct bracketing, Al cao
simplified or un-simplified
[6]
@ e SR el SRS DR RS
Way 3 y3y+2) 3y 2y y3yv+2)
3*- : E._il+ 3_31 = 5=AQ3y+2)+ By See notes | M1
Wy=2 oy Grsd ) At least one of their 4 =2
.'_I'=ﬂ :>5=2:i:>zf=% or their p— 1= Al
y=-% = 3=-38 = B--% Both their 4 = £ and their B = -1 | A]
Integrates to give at least one of either
M3y )
-4 MOy*D |, + ety +2y)
y 3y +2y
y3y+2) 4 Ml
_ ) o1 T — T Alny 01 Gy +2}—>i_,{{].ﬂ[:_}= +2)
Jv+1 < = ] . .
=J3175.v—'[;d.1'+'[ I g M =0.4%0,B=0
3y +2y ¥ (By+2) At least one term correctly followed through | Al fi
1 ) 5 5
5 5 3 —In(3y" +2y)—=lny + = 1+ 2
= é]ﬂ{g:l'_ _E}IJ —%]ﬂ:_l' + %].ﬂl:ju]. + 2:] {+ C} 2 1]1{-,]' + .‘-} 2 111.} 2 ]ﬂ{-?"_]' + } Al cao
= = = with correct bracketing,
simplified or un-simplified
[6]
Scheme Notes
@ A SRV N AR . SR
Way 4 y3y+2) Y3y +2) y3y+12)
3 4
= dy — dy
(3y+2) v3y+12)
4 =2 B = 4=A3y+2)+ By See notes | M1
y3y +2 y Gy+2) At least one of Al
Vol — 424 — A2 their 4 =2 or their B=-6
Both their 4 =2 and their B=-6 | Al
y=—%1 = 4=-1B = B=-6
Integrates to give at least one of either
E s tam@y+2)or 2 s timy or
yEy+2) Gy +2) Y M1
3 — tuln(3y + 2),
3 X Gy+2)
= dy— | =dy+ A=0.B=0,C=0
Iy+2 ¥ (3y+2)
At least one term correctly followed through | Al ft
. In(3y+2)-2Iny + 2In(3y + 2)
= In(3y+2)-2lny +2In(y +2) {+ f} with correct bracketing, | Al cao
simplified or un-simplified
[6]




Alternative methods for BIMIMIAL in (11){a)

8@ | (v =4sin*e =} X _ssinbcoss AsinWay1 | BI
ay 2 dg
Ilﬂ_gsjngmgg{dﬁ} As before | M1
4—4sin° ¢
| [ scosesing (a6}
J Y(1—sin™ &)
[ sind .
= | == 2 |
= — 84J(1—sin 6)siné {d6)
" -.,,Il(l—';m &)
- 6,856 {46! Correct method leading to
= | 5o, 551 i . J
A [ y(1—sin” &) being cancelled out M1
= | 8sin" £ d& ISshllﬁdﬁ including df | Al cso
L) {.1‘=4sin:ﬁ:s}%=4sin2ﬁ AsinWay1 | BI

x=4sin’f=2-2c0s2f . 4—x=24+2c0s28
2-2cos28
2+2c0s28
' L 2 I—Teos? 2—-2cos28
JZ 2eos28 -fh "CDS'H1sm26{d5}=J

o J2+2c032ﬁ'ﬂr2—2c0525' ‘l’4—4cns:2f3

[2-2cos26 | . 1 Correct method leading to
- | /=" 4sin28(d8! = | 2(2-2cos28) [da) i = ]
2528 o { J J ( 0s26) { J sin 28 being cancelled out Ml

4sin26 {d6} M1

4sin28 {dﬁ}

= | 8sin’ £ de JAEEin!ﬁdﬁ including 46 | Al cse

(Q34 6666/01, June 2016)
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Question

Number Scheme Marks
3
(@) A=J Gox)x=D) dr . r=1+2siné
I L USSR UUTURUNEURRTY N
dx E = 2cos& or 2cos & used correctly
—=2cosd dg El
e in their working, Canbeimplied |
{I (3-x)(x+1) dx or |\l||:3+2‘x—x:j dx ]
""" fr——————————— . .i:+m  Substitutes forbothxand dx_ |
= (3—(1+ 25 &) )((1 + 25in&) + 1) 2cosf {dF |2
_____ N{}{}“hmdx*»’dﬂlgﬂmdﬁ -
= J',.,l'{z- 2smé)(2 + 2sm#é) 2cosé {d8}
- J1|II|:-1-—4si|139 2cosé {d6)
= J‘..H:I—-i{l—ms:ﬂ) lcosﬁ{dﬂ} or J dcos’ 8 2::056‘{:13} Appliescos & =1—sin" 6 M1
Lo et e et e e e e e s et e e e e emne e seemotes | ...
—sfeoreae, (x=4) 4 cos’ 608 or I4cos'6‘d€ u
______ ... Note: df isrequiredhere |
0=1+2siné or —1=2siné or sinf=-— = E=—%
- See notes | B1
and 3=1+2smf or 2=2smf or smf=1= 15'=’—:
.................... VRO OSSO - )
, | 1+ cos28 Applies cos28=2cos* 8-1
© { kjms E{dg}; B {k}.“ 2 J{dﬁ'} to their integral Ml
_ {k}[l€+lsiu2.; Integrates to give +af £ Ssin 28, cx:‘ll]._,e?.#(} M1
N 4 . erk(zagz fsnle) | (AlenePEN)
{So 4J “cos’fde = [26+ sin}&]‘;}
f Wy
= Q(E H]J— 2(—£ + 5in _2;;]
2 2 ) 4] \
=[;1-}_ _E__3| =4-_;T+£ 4H+£ or
! 32 3 2 372 Al
1 v | caocso
I - itsac | RN
[3




Question Notes

(a) Bl g _ Zeosd . Also allow dr =2cosfdf. This mark can be implied by later working.

dg
Note | You can give Bl for 2cos 8 used correctly in their working.

i A
M1 | Substitutes ¥ =1+ 2sin@ and thewr dx | from thewr mamnged% J mto Af(3-x)(x+1) dx.
b 4

Note | Condone bracketing errors here.
Note | dv=.AdS. Forexample dv = dé&.

dx
Note | Condone substituting dv = cos& for the 1% M1 after a correct i 2cos8 or dx=2cosfdd

M1 | Applies either
+ l-sin’f=cos’ @

o A-JAsin®f or A(l-sin’ &)= Acos’ 8
o 4_4sin'F =4+2c0s26-2 = 2+2c0s28 = deos’ B

Al | Correctly proves that IJ(3—I){I+1} dx isequalto 4 [ cos?6dé or I4C052 fde

Note | All three previous marks must have been awarded before Al can be awarded.
Note | Their final answer must include d&.
Bl Evidence of a correct equation in sin@ or sin™ & for both x-values leading to both & valves. Eg:

. . . 1 7
e O=1+2smf or —1=2sinf or smﬁ':—; which then leads to ﬂ=—%. and

e 3=1+2sinf or 2=2sinf or sinf =1 which then leads to Eﬂ=§
- & P -
Note | Allow Bl for =1+ 2sin -% —0 and x=1+2sin g]=3
. r; 2

. ) . (x-1 o x-1) ) T T
Note | Allow Bl for sm5‘=i.TJ or §=sin {TJ followed by x=0, §= = x=3 =7

(b NOTE
M1 Writes down a correct equation invelving cos26 and cos™ &
3 ] 1 28 1 (1 2e
Eg: cos2d=2cos" -1 or cos” 49=—+ c:.;:s or Acos™ @ =4 [ lreeer ci)s J

and applies it to their integral. Note: Allow M1 for a correctly stated formula (via an

M1 Integrates to give an expression of the form +@f + Fsinlf or k(zafx fsml2f). a=0, =0

Al A corvect solution in part (b} leading to a “two term”™ exact answer.

ir 3 8 3 1 y
Ee gy oo grpoer gl

Note | 5.054813... from no working 15 MOMOAD.
Note | Candidates can work in terms of k (note that k is not given in (a)) for the MIM1 marks in part (b).
Note | If they incerrectly cbtain 4J cos’Ad6 in part (a) (or guess k=4) then the final Al is available

-z
@

for a comrect selution in part (b) only.

(Q31 6666/01, June 2015)
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%l:jeniggp Scheme Marks

J'xsmzxdx=—“°;zx+‘[°°izxdr M1 A1 A1
i )

_ S X M‘l
4
[ ]?zi M1 A1
o 4
[6]

Q22.
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Question
N Scheme Marks
1 1
(a) [.rsjnBI dx = _E .tcosBx—j —Ecos 3x {d.x} M1 Al
1 1.
= —5100531 + —sin3x {+ c} Al
[31
1 2
() [_rz cosdxdrx = Exz sin3x— [ g_rsijﬂx {dr} M1 Al
1 2( 1 1 \
=—.rzsj.n3.r——| ——xc053x +—sin3x ‘ {+ c] Al isw
3 3.3 9 ]
(1.5, 2 2 . ] )
{: E_r sin3x + Excos 3x — Esm 3x {+ c}} Ignore subsequent working [31
6

(a) M1: Use of “integration by parts’ formula uv — Fuu' (whether stated or not stated) in the correet direction,

where u = x — v’ =1 and v'=sin3x — v = kcos3x (seen or implied), where k is a positive or negative
constant. (Allow k=1).

This means that the candidate must achieve x(kcos3x) —j (kcos3x) , where k is a consistent constant_

If x° appears after the integral, this would imply that the candidate 1s applying integration by parts in the wrong
direction, so MO.

Al: —%xcos 3.:—! —%cos 3x {dx} . Can be un-simplified. Ignore the {dx]

Al: —% xeos3x + %sin?px with/without + ¢. Can be un-simplified.

(b) M1: Use of ‘integration by parts’ formula uv — Fuu' {(whether stated or not stated) in the correct direction,
where u=x" — u' =2x or x and v'=cos3x — v = Asin3x (seen or implied), where A is a positive or
negative constant. (Allow A =1).

This means that the candidate must achieve x*(Asin3x) —j 2x(Asin3x), where ' =2x

or x*(Asin3x) — [x(i sin3x) ,where u' =x.

If x° appears after the integral, this would imply that the candidate is applying integration by parts in the wrong
direction, so MO.

Al: %J:!sinlt— [%xsj.u'jx{dr}. Can be un-simplified. Ignore the {dx}.

Al: %xz sin3x —§| —%xcos Ix+ %si.u?px ‘ with/without + ¢, can be un-simplified.

You can ignore subsequent working here.
Special Case: If the candidate scores the first two marks of M1A1 in part (b), then you can award the final Al

1, . 2 .
as a follow through for 3 x sin3x 3 l:thf:irfo]low through part(a) answer ).

(Q27 6666/01, Jan 2012)
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Question
N Scheme Marks
(a) 0.73508 Bl cao
]
(b Area zlxz ;>{0+2(their 0.73508+1.17157 + 1.02280) +0] Bl M1
Ex 58589 = 1.150392325.. =1.1504 (4dp) awrt 1.1504 | Al [31
© {u=l+wsr]:>%=—si.u:r Bl
2sin2 2(2
J i } (2sin yeos x) dx sin2x = 2sinxcosx | Bl
(1+cos x) (1+ cosx)
= J.““_D (Ddu [ 4J.Mdu]» M1
| w ]
—4J‘:i—l:d.u=4[]uu—u)+f aM1
\u A
=4n({l1+cosx)—4(1+cosx)+ ¢ = 4In(1+cosx)—4cosx + k& AG | Al cso [5]
T - . ks
{ \ Apph limits x =— and
@ |= [4m| 1+ cosZ |~ dcost | ~[41n(1 + cos0) - 4c0s0] S Tl 1
b 2) 2] x = Oeither way round.
= [4m1- 0] - [41m2 — 4]
+4(1— In2) or
=4-4In2 {=1227411278_] +(4—41In?2) orawrt +12, | Al
however found.
Eror = [(4-41n2) -1.1504. ] awrt +0077
Al cso [3]
=0.0770112776... = 0077 (2sf) or awrt £ 6.3(%)
12
(a) B1: 0.73508 correct answer only. Look for this on the table or in the candidate’s working.
(b) Bl: Outside brackets %x% or % or awrt 0.196
MI: For structure of trapezium rule| ... |; (0 can be implied).
Al: anything that rounds to 1.1504
Bracketing mistake: Unless the final answer implies that the calculation has been done correctly
1
Award BIMOAO for Exg + 2(their 0.73508 +1.17157 + 1.02280) (nb: answer of 6.0552)
Award BIMOAO for%xg (0 +0)+ 2(their 0.73508+ 1.17157+ 1.02280) (ub: answer of 5.8589).
Alrernarive method for part (b): Adding individual rrapezia
x| 0+0.73508 0.73508+1.17157 1.17157+1.02280 1.02280+0
Area = —x t t t = 1.150392325._
8 2 2 2 2
Bl: % and a divisor of 2 on all terms inside brackets.
M1: One of first and last ordinates, two of the middle ordinates inside brackets ignoring the 2.
Al: anything that rounds to 1.1504
©) BI: E:—si.mr of du =—sinxdx or E: !
dx —sinx
Bl: For seeing, applying or implying sin2x = 2sin xcosx.
MI: After applying substitution candidate achieves *+ k J‘H (d.u) or +k ‘I.M (du)
u u
Allow M1 for “mnvisible” brackets here eg: + IW_—D [du] or + J‘H—Jr“) (du) ,where Aisa
u u
positive constant.
/ N
dM1: An attempt to divide through each term by u and + k J | 1, |du — +k(Inu — u) with/without
\uw
+ ¢ . Note that this mark is dependent on the previous M1 mark being awarded.
Alternative method: Candidate can also gain this mark for applying integration by parts followed by a
correct method for integrating Inu. (See below).
Al: Comectly combines their +cand " —4 " together to give 41.11(1 +cosx) —4eosx+k
As a minimum candidate must write either 41n(1+ cosx)—4(1+ cosx)+c— 4n(1+ cosx) — 4cosx + &
or 4In(1+cosx)—4(1+cosx)+k— 4In(1+cosx) —4dcosx +k
Note: that this mark 1s also for a correet solution only
Note: those candidates who attempt to find the value of k will usually achieve AQ
(dy

MI1: Substitutes limits of x =% and x =0 into {4111[1 + cosx) —4cos .r} or their answer from part (¢) and

subtracts the either way round. Note that: [4m| 1+ cos— ‘ - 4005—} [0] is MO.

1: 41— 1n2) or 4—4In?2 or awrt 1 2, however found .
This mark can be implied by the final answer of either awrt +0.077 or awrt £6.3
Al: For either awrt £0.077 or awrt £ 63 (for percentage error). Note this mark is for a correet solution
only. Therefore if there if a candidate substitutes limits the incorrect way round and final achieves (usually
fudges) the final correct answer then this mark can be withheld. Note that awrt 6.7 (for percentage error) is
AQ.
Alternarive mel}md for dM1 in part (c)

A A
JCL . (1 u)hu—J e dc | |(l—u)1nu+ulnu—J.Edu‘:((l—n)]na+u]nu—u)
A
(u 1 PR
du*|(u—l}]nu— ].nud.u| (u l)luu—‘uluu— —du‘|:((u—1)]nu—u]nu+u)
u s

So dM1 is for I—du going to [(l—u}h.w +ulnu —u) or ((u—l)].nu —ulnu + u) oe

Alternarive method for part (d)

MIAI for {4J“\%—1ﬁi du = J>4[1:m —ul, = 4[(In1-1) - (n2-2)]=4(1-m2)

Alternative method for part (d): Using an extra constant A_from their integration.

4ms§+ |- [41_11(1 +cos0) — 4cos0 + ?-.]

A isusually —4  but canbe a ;alue of k that the candidate has found in part (d).

Note: The extra constant A should cancel out and so the candidate can gain all three marks using this
method, even the final Al cso




Q24.

(Q30 6666/01, Jan 2012)

ﬁﬂ;sgg’r” Scheme Marks
=X & 1
@ | ' = w=1 |
|4 =c0s2x = v =1sin2x|
(see note below)
Use of ‘integration by
Int = |xc052x dx = %xsian—j%sinExj dx parts' formula in the | M1
J correct direction.
Correct expression. | A1
sin2x — —1cos2x
= +xsin2x —4(-1cos2x) + or sinkx — —tcoskx | dM1
with k=1, k=0
= 3XSiN2x + 2COS2X + € Correct expression with +c | At
[4]
- . o Substitutes correctly
(b) | |xcos®xdx = |x(Z=F=)dx for cos® xin the | M1
: : given integral
=— xcoszxdx+—|xdx
2] 2]
=_1 1;.(5"12;{ +15052x-:+1 ol —(their answer to (a)); J—
22 4 2 2 AT,
' or underlined expression
— X ysin2x = Leosax= 1y (+c) Completely correct |, ,
4 g 4 expression with/without +c
[3]
7 marks
Notes:
(b) Int = | ¥cos2x dx = %xsian:jésinHj dx This is acceptable for M1 | M1
__[u =X = &= |
|9 =cos2x = v =Asin2x|
[ )y i [ e This is also
Int = | xcos2x dx = Axsin2x + | Asin2x 1dx k
.l : .l 3 acceptable for M1 M1




Aliter
(3]
way 2

Aliter

(b)
Way 3

| xcos®x dx = | x(=5=) dx

[u=x = L 1
-

] ;
L —lcos2x+1 v =1sin2x +1x|

Lxsin2x +Lx° — |($sin2x + 1x) dx

*

P - 1 2 P { 4
Txsin2x +1x + feos2x —1x + ¢

_ L ysin2x + Leosax+ Ly (+c)
8 4

| XCoS2x dx = -I.x{zcoszx - 1) dx

= zjxcoszxdx— | xdx = Jxsin2x + }Jcos2x + ¢

11 Xsin2x + 1[:052}( '|;— —]| xdx
4 P2

= Ixc052xdx=— —
212

=lxsin2x + lcos2x— 1x: (=)
4 8 4

Substitutes correctly
for cos® xin the
given integral ...

M1

.or

u=xand E=Icos2x+3

1.
EI: their answer to (a));

INE

or underlined expression

Completely correct

expression with/without +¢ Al

3]

Substitutes correctly
for cos2x

M1

in j ¥Cos2x dx

1. .
—| their answer to (a));
2! @) | ar-

or underlined expression

Completely correct

expression with/without +¢ Al

31

7 marks

Q25.

(Q31 6666/01, June 2007)



Question

Number Scheme Marks
i 1
;|;=[|;|_[.i.] = %:%:T‘
© | |m(3)d = jl.mm dr = T
* ﬂ: == V=X ‘
| dx )
Use of “integration by parts’
|].u[:] dr = xIn(£)- |x; dr foimulamt].;rzigs:: M1
Correct expression. | Al
( [ An attempt to multiply x by a
=xln(+)-|1dx ; S
xin(3) J_ candidate’s £ or Lor L. a1
=I]ﬂ(§:]—l'+c Correct integration with + ¢ | Al aef
(41
P X
(1) sin” x dx
- . . 2 2] Consideration of doubl
[NB: cos2r=+1+2sin’ x gives sin’ v =122 | m':;zif::uiz::msf;; M1
% 1—cos?2 H
=I lc#dx =%j (1—coslx)dx
Integrating to give A
- T +ax+bsinlx;
B gl_ X—asnox ] Correct result of anything |
equivalent to 4x—Llsin2x Al
=1z -incr-a]_',_“#' _ - .
T {'1' T - Substitutes limits of £ and 5
and subtracts the correct way | ddM1
~ round.
=H{G-0-E-9]
=4Hz+4) =§+4 T(F+3) of $43 | Alaef

Candidate must collect their
T term and constant term
together for Al

9 marks

Question Scheme Marks
Number
Aliter
(1) Tl dr = [ itav—1n2 I — (a2
Wap 2 J]u[l_]dr (lnx-1n2)de J]nxdx J].n,_d.r
[ d
. u=lnx = d_u =
|]J.1:rd.:=j1.luxdx:> 4 y
L dv
—=1 = V=X
Ldx
a Use of “integration by parts’
|].n.'c dr = xl.ux—jx..—l? dx formula in the correct | M1
- direction.
—rlnr— e Co1rectiqteyatiqn of Inx Al
with or without + ¢
[]nﬁ dr — tln2+e Cc-rrectil:_negmtic!n of In2 M1
J with or without + ¢
Hence, | In($)dr = xlnx—x—xln2+ec Correct integration with + ¢ | Al aef

(4]




Q26.

Question

Number Scheme Marks
Aliter
_{ﬂl |-sin:xd.r= ‘sinxsinx de and T = |sin®xdx
Wayl | Jg Jg .
u=sinx = & —cosx l
& —sinx = v=-cosx|
- J= -E—sin.ru:o&.x +Jc%1 . d:\} An attempt to use the M1

|

S I= -l—ﬁjnrcosx+j[1—sm: x:JtiTJ-

(

|si.ux dx= {—Einxcosx+-[1 de — |5i.n“.'c dx}

* *

-

a9

sinx dx= [—smxcosx+-[1 dx}

-

2 rsi.n: xdy= {—siﬂxcosx+ x}

-

-

| sinx dv= {——ésinxcnsx+ %]

*

J sin’ ¥ dr = [['—Tg sin(£) cos(£) + ifl - [—% sin() cos(E) + if—’}
[

correct by parts formula.

For the LHS becoming 2T | dM1

Correct integration | Al

Substitutes limits of ¥ and

% and subtracts the | ddM1

correct way round.

Hr+2) or $+4 | Al aef
Candidate must collect [5]

their pi term and constant
term together for Al

(Q30 6666/01, Jan 2008)



Question
Miimbicr Scheme Marks
(a) f(8)= 4cos’@—3sin’ @
r kY
=4[—1+%c0526)—3[%—1?c0335J M1 M1
& 2 y 2 2
1. 7
=—+—cos28 * cso | Al (3)
A5
. 1. . 1f..
(b) Iﬁ'cos _-Hclé?=:6'sm 245'—? sin 26 d@ M1 Al
[ - 1
=16‘51x126+1c0526‘ Al
- 1. s 5 . 7
| £(8)d8 =—8" +—Fsin 28 +—cos 28 M1 Al
/ ' 4 4 8
g |2 7 ;
[ ] e b gl b gy M1
0 16 8 8
g, 7
= —— Al (7
16 4 )
[10]
(Q33 6666/01, June 2010)
Q27.
Question Scheme Marks AOs
(@) cos 34 =cos (24 + 4) = cos 24cos 4 — sin 24sm A M1 3.1a
=(2cos A—1)cos.A—(2sin 4cos.4)sin 4 dM1 1.1b
={2::ca'sJ A—l]cosA—Etos_-l[:l—tosjf_t] ddM1 2.1
—4cos’ A—3cos 4* Al* L1b
)
(b) l—cos3x=sin’x=cos’x+3cosx—4cosx=0 M1 1.1b
= COS x{4ccus: X—Cos x—_:i:] =0
= cosx(4cosx+3)(cosx—1)=0 dM1 31a
= COSX=_.
Two of —00°, 0, 00°, awrt 130° Al 1.1b
All four of —00°, 0, 90°, awrt 130° Al 21
4
(8 marks)




Notes:

(@)
Allow a proof in terms of x rather than A
M1: Attempts to use the compound angle formula for cos({24 + 4) or cos{4 + 24)
Condone a slip in s1gn
dM1: Uses correct double angle identities for cos 24 and sin 24
cos 24 =2cos’ 4—1 must be used. If either of the other two versions are used expect to see an attempt to
replace sin®4 by 1 — cos*4 at a later stage.
Depends on previous mark.
ddM1: Attempts to get all terms in terms of cos 4 using correct and appropriate identities.
Depends on both previous marks.
Al=: A completely correct and rigorous proof mchiding correct notation. no mixed vanables, missing brackets efc.
Alternative right to left is possible:
4cos’ A—3cosd= cos.al{dlcos: A—3}=cosd(2cos: A—1+2|[1—si11: A)—2]= cosA[cosEA—Esin: A]
=cosAcos24-2simdcos Asin d =cos Acos 24 —sin2dsin 4 =cos(24A+ d)=cos34

Score M1: For 4cos’ 4—3cosd= COSA[4COS] A—ﬂ

dM1: For cosA{ZcoslA—1+2[1—5in2.4]|—2} (Replaces 4:052A—1b}' 2cos’ 4—1 and 2{1—51112.4})
ddM1: Reaches cos Acos 24 —smn2Asin 4

Al cos(24+ A)=cos34

®
M1: For an attempt to produce an equation just in cos x using both part (a) and the identity sin® x =1—cos® x
Allow one slip in sign or coefficient when copving the result from part (a)

dM1: Dependent upon the preceding mark. It is for taking the cubic equation in cos x and making a valid attempt to
solve. This could include factorisation or division of a cos x term followed by an attempt to solve the 3 term
quadratic egquation in cos x to reach at least one non zero value for cosx.
May also be scored for solving the cubic equation in cos x to reach at least one non zero value for cos x.

Al: Two of —00°, 0, 90°, awrt 139° Depends on the first method mark.

Al: All four of —00°_ 0, 90°, awrt 139° with no extra selutions offered within the range.

Note that this is an alternative approach for obtaining the cubic equation in (b):

l-cos3x=sin’x= l—cos?&x:%{l—cos Z.r)

= 2—2cos3x=1-cos2x

=1=2cos3x—cos2x
=1= 2(4-:053.‘(—312051']—{2::052 .‘::—1]

3 2
= 0=4cos x—3cosx—cos x

The M1 will be scored on the penultimate line when they use part (a) and use the correct 1dentity for cos 2x

(Q10 9MA0/02, Oct 2020)

Q28.



Question

e Scheme Marks
. : ia’xe”—Jﬁe“{dx}, a=0, f>0 | M1
(1) J.re“ dr = —xe“—J‘ —e* {dx} . .
E y —xe'”—J —e* {dx} | Al
4 4
e L {+ ¢} e Lo | A
4 4 16
(3]
: . +102x -1 | M1
. e | B )
(1) ,[ (2x 1}:3 i (2)(-2) {+ C} at G\ or equivalent. | A1
| @)(-2) '
{= <220 e }} {Tenore subsequent working}. [2]
y . T
(111) — = e"cosec2y cosec y y=—atx=0
dx 6
Main Scheme
1 . .
J— dy = Je" dc  or Jsml}-‘ sy dy = Jex dx Bl oe
cosec2y cosecy
JESiIlJ-‘COS}" smy dy = Je" dox Applying ———— or sin2y — 2sinycosy | Ml
cosec2y ' i :
Integrates to give + usin’ y | M1
%sjf y =e"{+c} 2sin’ ycosy —» %sin:‘_v Al
e"—e” | Bl
p PR T
-3 2 1 - ] — — - —
Tsm;lg}zeu_c or :]:1_1=€ Use of ) 6and.x 0 | v
11 T = N iy « 11
= c=—— giving —smnty =& —— —smy =¢ —— | Al
= : 12 e 12
[7]
Alternative Method 1
1 . .
J— dy = Je" de  or Jsml}-‘ sy dy = Je"" dx Bl oe
cosec2y cosecy
J—%{msj}: —cosy)dy = Je" dx sin2ysmy —» = Acos3y T Acosy | Ml
Integrates to give Tarsin3y = Gsiny | M1
L. o 1(1 . )
—| —sm3y—siny|=¢e" {+¢ ——| -sm3y —smy | | Al
31\3 : ' J { } 2\3 d : ,'1
e’ — e" as part of solving their DE. | Bl
1(1 . (3 . 11 1 e e e
— ;smj% _Sml%] _e®+e or _?IE_?l_l _ . Use of y 6‘ancl x=0inan |,
B £ L TE integrated equation containing ¢
= c——E ving —lSiJJ_;'h’-i-l'Sinl’—Er—H —lsj.u3v+lsinv=e” L Al
T B T 6 =~ 2 12
[7]

12




Question Notes

&)

(11)

(11)

M1l

Al

Al

isw

SC

Mi

Al

Note

B1

Note

M1

M1

B1
M1
Note
Al

Note

Alternative Method 2 (Using intesration bv parts twice)

Integration by parts is applied in the form +gxe™ — J Be* {dx} , where @ =0, #>0.

(must be in this form).
I 4 J‘ I = :
—xe™— | —e™ Idx! orequivalent.
5 LS dx} oreq

%xe*"" _ L e with/without +¢. Can be un-simplified.
You can ignore subsequent working following on from a correct solution.

) dv .
SPECIAL CASE: A candidate who uses u =x, e e**  writes down the correct “by parts”
x

formula,
but makes only one error when applying it can be awarded Special Case M1.

+A(2x-1)7, A =0. Note that Acanbe 1.
2 iy
M or -2(2x-1" or ——— with/without + ¢. Can be un-simplified.
(2)(-2) (2x = 1)

You can ignore subsequent working which follows from a correct answer.

Separates variables as shown. dyand dx should be in the correct positions, though this mark can be
implied by later working. Ignore the integral signs.
Allow B1 for J; . Je’ or JSiJlZ}’ siny = Jex
cosec2y cosecy
1
cosecly
seen anywhere mn the candidate’s working to (111).
Integrates to give £usin’ y, u=0 or zasindy+ fsiny, a=0, f=0
2

m_c_ 2 ___ . . L - 3_ ke 4 e h o o a_a ot

—2smycosy or smn2y—2smycosy or sin2ysmy—>=EAcos3ytdcosy

Il e e

Evidence that e* has been integrated to give e* as part of solving their DE.
Some evidence of using both y = = and x = 0 1 an integrated or changed equation containing c.

that 1s mark can be implied by the correct value of c.

9 . 11 1. 1 . 11 -
—sin” y =" —— or ——sin3y +—siny=e" —— or any equivalent correct answer.
3 12 6 2 12

You can ignore subsequent working which follows from a correct answer.

Jsini}’ smydy = Je” dx Bl oe

1 . 2 . 1 i 2.
—cosysm2y — =smycos2y =& {+¢ —cosysm2?y — —sm ycos2y
ysin2y -3sinyeos2y =€ {+¢} 3w v - & |m

1 . 2 . 2 :
—cosysin2y ——sin ycos2y =e* — — ——sin3y +—siny =e* — — | Al
a e g :

Applies integration by parts twice

to give Tacosysinly x Ssmycos2y Lk

(simplified or un-simplified)

e’ — e as part of solving their DE. | Bl

as in the main scheme | M1
11 1 1 11

12 6 2 12
[7]

(Q35 6666/01, June 2014)



Q29.

Question Scheme Marks AOs
(a) R=4/109 Bl 1.1b
3
tano =— M1 1.1b
10
a=16.70" so 4f109 coa(ﬁ'+16.?0°) Al 1.1b
3)
(h) (1) e.g H=11-10cos(80f)°+3s5m(80r)°or
H =11-+/109 cos (80t +16.70)° Bl 33
(1) 11++T09 or2144m BIft | 34
(2)
(©) Sets 80r+"16.70" =540 M1 3.4
540-"16.70"
t=——————=(6.54) M1 | L.1b
80
t =6 mins 32 seconds Al 1.1b
3)
(d) Increase the ‘80" in the formula 33
For example use H =11-10¢c0s(901)°+ 351(901)° ’
1)
(9 marks)
Notes:
(a)
Bl: R=./109 Do not allow decimal equivalents
M1: Allow for tana = i%
Al:  o=16.70°
(b)(1)
Bl: seescheme
(b)(ii)
BIft: their 11+ their /109 Allow decimals here.
(c)
M1: Sets 80r+"16.70"=540. Follow through on their 16.70
M1: Solves thewr 80t4"16.70" =540 correctly to find ¢
Al:  t=6 mins 32 seconds
(d)
Bl:  States that to increase the speed of the wheel the 80°s in the equation would need to be

increased.

(Q13 9MAO0/02, Specimen papers)



Q30.

Question Scheme Marks AOs
(a)

2 confinued

~_ ] ol B
NN

DHagram 1
For an allowable linear graph and explaining that there 1s only one B1 54
intersection -
(2)
() 1 ¥ 1
=2 x——=0=1-_-2x—=—=0 M1 1.1b
COosX X 3 3 X 3
Solves their X* +4x—1=0 dM1 1.1b
Allow awrt 0.236 but accept —2 + \E Al 1.1b
(3)
(5 marks)

(a)

1
B1: Draws y = 2x+— on Figure 1 or Diagram 1 with an attempt at the correct gradient and the correct

2

intercept. Look for a straight line with an intercept at = E and a further point at :'/l Jl] Allow a tolerance of
2 2
0.25 of a square in either direction on these two points. It must appear in quadrants 1, 2 and 3.
Bl: There must be an allowable linear graph on Figure 1 or Diagram! for this to be awarded
Explains that as there is only one intersection so there is just one root.
This requires a reason and a minimal conclusion.

The question asks candidates to explain but as a bare minimum allow one "intersection”
Note: An allowable linear graph is one with intercept of iE with one intersection with cos x OR gradient of

+2 with one intersection with cosx

(b)

Ll

. . X . .
M1: Attempts to use the small angle approximation cosx =1—— in the given equation.

2
The equation must be in a single variable but may be recovered later in the question.
dM1: Proceeds to a 3T(Q) in a single variable and attempts to solve. See General Principles
The previous M must have been scored. Allow completion of square or formula or calculator. Do not
allow attempts via factorisation unless their equation does factorise. You may have to use your calculator
to check if a calculator is used.

Al: Allow —2+4f5 orawrt 0.236.

Do not allow this where there is another root given and it is not obvious that 0.236 has been chosen.



(Q02 9MAO0/01, June 2019)

Q31.



Question
Number

Scheme Marks

(a)

(b)

)
x =4sin I+E|, y=3cos2t, 0, 1<2T
J

\

LR . (. B1B1
di 5l

dy —6sin 2t
go, By —Osin2i

Bl oe

(31

4ccs|l t +£ |

. 6)

{;=o =! _6sin2r=0 T
4

x=4sm|:\%;|=2, y=3c0s0=3 — (2.3) "

A
@r=", x=4sin| — | =" y=3cosm=-3 = (24/3,-3)
L3 )

@1="" x=4sin| 22 | = , y=3cos 3 =—-3 - (-243,-3) AlAIAL

[5]
8

(@

B1l: Either one of % = 4ccs|l t +% | or % =—6sin2s . They do not have to be simplified.

Bl: Both % and :;:—J correct. They do not have to be simplified.
Any or both of the first two marks can be imphied.

Don’t worry too much about their notation for the first two B1 marks.
1

B1l: Their % divided by their % or their dlx

— . Note: This 1s a follow through mark.
dt dx |

their| — |
\dr )
Alternative differentiation in part (a
dx
x=2-q'r§sim + 2cosf = a = 216005! — 2sint

v=32cos’r -1) = % =3(—4cosrsinr)

: dy . .
or y=300521—35m2r = E‘=—6msrsmr—65mrcosr

or y=3(1-2sin’r) = %:3[—4(:05!5111:)

(b)

M1: Candidate sets their numerator from part (a) or their % equal to 0.

Note that their numerator must be a trig function. Ignore % equal to O at this stage.

M1: Candidate substitutes a found value of 1, to attempt to find either one of x or y.

The first two method marks can be implied by ONE correct set of coordinates for (x, y)or (y, x) interchanged.
A cotrect point coming from NO WORKING can be awarded M1M1.

Al: Atleast TWO sets of coordinates.

Al: Atleast THREE sets of coordinates.

Al: ONLY FOUR correct sets of coordinates. If there are more than 4 sets of coordinates then award AQ.
Note: Candidate can use the diagram’s symmetry to write down some of their coordinates.

Note: When x= 4-si.ul % ; =2, y=3cos 0 =3 is acceptable for a pair of coordinates.

Also it 1s fine for candidates to display their coordinates on a table of values.

Note: The coordinates must be exact for the accuracy marks. Ie (346.,-3) or (-346..,-3) 15 AQ.
d 0]

Note: a} =0 = sinr =0 ONLY is fine for the first M1, and potentially the following M1A1AQOAD.

dy

Note: =0 = cost =0 0ONLY is fine for the first M1 and potentially the following M1A1AQAQ.

d 0]
Note: a} =0 = sint =0 & cosr =0 has the potential to achieve all five marks.

Note: It 1s possible for a candidate to gain full marks in part (b) if they make sign errors in part (a).

(b) An alternative method for finding the coordinates of the two maximum points.

Some candidates may use v = 3cos2s to write down that the y-coordinate of a maximuom point is 3.
They will then deduce that ¢ =0 or T and proceed to find the x-coordinate of their maximum point. These
candidates will receive no credit until they attempt to find one of the y-coordinates for the maximum point.

3
MIMI: Candidate states y =3 and attempts to substitute r =0 or 7 into x =4sj.n| t +% |
;

MIM1 can be implied by candidate stating esther (2,3) or (2,-3).
Note: these marks can only be awarded together for a candidate using this method.
Al: Forboth (2,3) or (-2,3).
ADAD: Candidate cannot achieve the final two marks by using this method. They can, however, achieve these
marks by subsequently solving their numerator equal to 0.




(Q29 6666/01, Jan 2012)

Q32.
%Tlﬁ:: Scheme Marks

(a) ArP[4,2J§) either 4=8cost or 243 =4sin2t M1
= only solution 1s t=% where 0., t.. 3 Al

(b) | x=8cost. V=4un2f
—-——S'smr' E—Bf_‘r::us."z‘ M1 Al
dr a7 i

dy Beos(iE)
AP = -
dr —Bsin(f) MI
|o8-1) 1 058
n=——— =—==awrt (.5
L -8)E) 3 |
Hence m(N) = —f3 or _—1 M1
F
N: y-23=—43(x-4) M1
N: y=—3x+63 (%) Al cso (6)
4 i

(@) | 4=[vydc=[4sin2z(-8sinr) dr M1 Al
A= [ —32sm2fsinrdr = [ —32(2sintcost).sins dr M1
A= r—64.5in3 rcost dr
4= [M.sinlrcosr dr (%) Al (4

Q33.

(Q33 6666/01, June 2008)




Question Scheme Marks | AOs
C, - x=10cost, y= 4«,1’55i11r_ 0<t<21; Cyx" +y =66
Way 1 (10cost)? +(4+f2sinf)* =66 Ml 3.1a
100(1 —sin” 1) + 32sin” r = 66 100cos” t +32(1 — cos’ r) = 66 M1 =
' T T T Al 1.1b
. bl - 3 L > ) ]
100 —68sin" F=606 = sin" f=— : 2= R
sin”f 51 5 68cos t+32=606 = cos ¢ > dM1 L1b
= smf=_. = cosf=...
Substitutes their solution back into the relevant oniginal equation(s)
to get the value of the x-coordinate and value of the
; . M1 1.1b
corresponding y-coordinate.
Note: These may not be in the cormrect quadrant
S=(542, -4 or x=52, y=—4 or §=(awtt 7.07, —4) Al 3.2a
(6)
T2, 'i'.:_: y '__ 2 2_2n,
Way 2 fcos“r+smm f=1=} | ™ |_4..E | =1 {= 32x"+100y" =3200} M1 3 1a
X 66-x 66—y ¥ Ml 21
100 32 100 32 Al 1.1b
2y —100x* = 2112-32y" +100y° =3200
32x qﬁ&(){) 100x" =3200 : ) y aM1 11b
=50 =% x=_. y =16 = y=_.
Substitutes their solution back into the relevant original equation(s) to
get the value of the corresponding x-coordinate or y-coordinate. M1 1.1b
Note: These may not be in the comrect quadrant
S=(542,-4) or x=5y2, y=—4 or §=(awrt 7.07, —4) Al 3.2a
(6)
Way 3 (€X' +)y =66=) x= J66 cos ., y= J66 sin
{C =C, =) 10cost=+[66coser, 42sinr=+f66sine
) i . s 3 M1 31a
2 - a [10cost | | 44f2sint |
{eos” @ +sim” o =1=} | + ‘ =
e T Ve
then continue with applying the mark scheme for Way 1
Way 4 (10cost)? +(4+f2sinf)? =66 M1 3.1a
- 2f) ([ 1—cos2t) M1 2.
100/ 1+cos2t |_32, 1—cos2t |=I56
! 2 - ! 2 ) Al 1.1b
50+50cos2r +16—16cos 2t =66 = 3dcos2r + 66 =66
" dnil 1.1b
= cosif=__
Substitutes their solution back into the onginal equation(s) to get the
value of the x-coordinate and value of the y-coordinate. M1 1.1b
Note: These may not be in the comrect quadrant
S=(5+2. -4 or x=5v2, y=—4 or §=(awrt 7.07. —4) Al 3.2a
(6)
Naote: Give final AQ for writing X =3+/2, y=—4
followed by S=(—4,5 ﬁ)

(6 marks)




Notes for Question

Way 1

MI: Begins to solve the problem by applying an appropriate strategy.
E g Way 1: A complete process of combining equations for C; and C, by substituting the

parametric equation mnfo the Cartesian equation to give an equation in one variable (1.e. 7) only.

MI: Uses the identity sin” 7+ cos” t=1 to achieve an equation in sin” f only or cos” ¢ only

Al: A correct equation in sin” ¢ only or cos’ ¢ only

dM1: dependent on both the previous M marks
Fearranges to make sinf=... where —1 = sm#¢ =lor cosf=... where—1=cosr =1

Naote: Condone 3¢ M1 for sin’t = % st = %

MI1: See scheme

Al: Selects the correct coordinates for §
Allow either S =(54/2,—4) or S =(awr 7.07. —4)

Way 2

MI1: Begins to solve the problem by applying an appropniate strategy.
E.g. Way 2: A complete process of using cos’ ¢ +sin” f =1 to convert the parametric equation
for C, into a Cartesian equation for C)

M1 Complete valid attempt to write an equation in terms of x only or ¥ only not involving
trigonometry

Al: A correct equation in ¥ only or v only not involving trigonometry

dM1: dependent on both the previous M marks
Rearranges tomake x=... or y=_..

Naote: their x° or their y* must be >0 for this mark

AIL: See scheme

Naute: their x° and their y* must be =0 for this mark

Al: Selects the correct coordinates for 5

[ 10

W

Allow either 3=(5J_. -4) or S=(awrt 7.07. - or § =(w.""’r_ —4) or §= -4 |

Way 3

M1: Begins to solve the problem by applyving an appropriate strategy.

E.g. Way 3: A complete process of writing C, in parametric form, combining the parametric
equations of €] and C, and applying cos” o +sin’ & =1to give an equation in one variable
(1.e.1) only.

then continue with applving the mark scheme for Way 1

Wayv 4

MI: Begins to solve the problem by applying an appropriate strategy.
E.z. Way 4: A complete process of combining equations for €, and C, by substituting the

parametric equation info the Cartesian equation to give an equation i one vanable (1.e. f) only.

MI: Uses the identities cos2f=2cos” f—1 and cos2t=1—2sin’f to achieve an equation in cos 2f only
Naote: At least one of cos2t=2cos’t—1 or cos2f =1—2sin’ t must be correct for this mark.
Al: A correct equation m cos?2f only
dM1: dependent on both the previous M marks
Rearranges to make cos2r=__ where—1=cos2r =1
M1 See scheme
Al: Selects the correct coordinates for 5

Allow either S =(54/2, —4) or §'=(awrt 7.07, —4) or S=(/50, —4) or S=| —. —4|

10
e




C,: x=10cost, y=4+[2sint, 0<t<27; C,:x*+)* =66
Way 5 (10cost)? +(4+f2sinf)* =66 Ml 3 1a
10cos?)* + (442 sint)? = 66(sin : a >
(10cosf)” + (442 sint)” =66(sin" f +cos™ ) Al 1o
100cos™ £ +32sin” t =66sin” t + 66cos” t =>34cos’ t =34sin’ ¢
— tanr= dM1 1.1b
Substitutes their solution back into the relevant original equation(s)
to get the value of the x-coordinate and value of the
; . M1 1.1b
corresponding y-coordinate.
Note: These may not be in the correct quadrant
S=(542. -4 or x=5y2, y=—4 or S=(awrt 7.07, —4) Al 3.2a
(6)
Way 5
M1: Begins to solve the problem by applying an appropriate strategy.

E g Way 5: A complete process of combining equations for C; and C, by substituting the

parametric equation into the Cartesian equation to give an equation in one variable (1e ) only.

MI: Uses the identity sin” +cos’ t=1 to achieve an equation in sin” only and cos t only
with no constant term

Al: A correct equation in sin” ¢ and cos’f containing no constant term

dM1: dependent on both the previous M marks
Fearranges to make tans=. .

MI: See scheme

Al: Selects the correct coordinates for §

Allow either S =(54/2, —4) or § =(awit 7.07. —4) or §=(+/50, —4) or §=| % 4|

(Q04 9MAO0/02, June 2019)
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Question Scheme Marks
(a) Jeot2x+tany=———+tany Bl
tan 2 x
- (1—tan” x) N tan” x M1
tan x tan x
1
= M1
tan x
=cotx Al*
(4)
(b) 6cot 2x+3tan x = cosec” x—2 => 3cot x = cosec x —2
= 3cotx=1+cot> x—2 M1
=0=cot’ x—3cotr—1 Al
32413
= cotx = ;j— M1
5
=Slany=———>x= M1
3+ /13
= x=0294 —-2848, -1.277.1.865 A210
(6)
(10 marks)
) e
(a)alt 2::0r2x+tanxsﬂ+tanx Bl
1 sin 2x
Ezcos-'_ X—sin” X N SN X M1
2 xXcosxy  COSX
_ co';.‘ X—sin” X .';111‘ X _ .ccs‘ x M1
S XCOSX SINXCOSX  SUMIXCOSX
_ cosx
T osinx
=cotx Al*
a)alt 1—tan® x
(2} dcot2xrtanx=2 "B D) o0y BIMI
Jtan x
2 2tan’ x (1—tan® x)+tan® x
=—— + tan x or
2tanxy 2tanx tan x
2
= =cotx MIAL*
~tan x
2 Jcosx 1
Alt (b) | 6cot2x+3tanx = cosec x—2 = — =—F-2
S X ginn~ X
['xsin: 1‘}|=>3';inxms'x=1—25inlx M1
3.
:b?smﬁx=ccslx MI1A1
- 9
::>tanlx=§;"x=.. M1
= x=0294 —2848, -1.277 .1.865 A210
(6)




(@)

. . . 2 . Jcos2x
Bl States or uses the identity 2cot 2x = or alternatively 2cot2x=—
tan 2x sin 2x
tan”

X )
.Note 2cot2x = 1z BO

tanx fan 2x

This may be implied by 2 cot 2x = 120" *

: ; 2tanx
M1  Uses the comrect double angle identity tan2x = .
l—tan” x
Alternatively uses s 2y =2smxcosx, cos2x = cos- x—sin” x oe and tanx =
cosXx

ab

M1  Wrtes their two terms with a single common denomunator and simplifies to a form P

For this to be scored the expression must be in either sin x and cos x of just tan x.

In altemnative 2 1t 1s for splittng the complex fraction mto parts and stmplifying to a forma—j .
i

2 > 3
) . . cos” X 2cos” x 2
You are awarding thas for a comrect method to proceed to terms like— . .
SMXCOSX Jgipycos vy 2fanx

Al*  cso. For proceeding to the correct answer. This 1s a given answer and all aspects must be correct
mcluding the consistent use of varables. If the candidate approaches from both sides there must be a
conclusion for this mark to be awarded. Occasionally yvou may see a candidate attempting to prove
cotx —tanx = 2cot 2x . Thus 1s fine but again there needs to be a conclusion for the A1#

If vou are unsure of how some items should be marked then please use review

(b)

M1  For using part (a) and writing 6cot2x+3tanx as keotx, k=0 in their equation (or equivalent)
WITH an attempt at using cosecx=+1%+cot’ x to produce a quadratic equation in just cotx /tan x
Al cot” x—3cotx—1=0 The=0 may be implied by subsequent working

Alternatively accept tan” x+3tanx—1=0
M1  Solves a 3TQ=01in cotx (or tan) using the formula or any suitable method for their quadratic to find at
least one solution. Accept answers wrnitten down from a calculator. You may have to check these from

an mcorrect quadratic. FYT answers are cotx =awrt 3.30, —0.30
+13 -3+ /13
Be aware that cotx = E] = -

5 tan x 3

Ml Fortanx= Lt and using arctan producing at least one answer for x in degrees or radians.
cotx

You may have to check these with your calculator.
Al Twoof x=0.294,—2.848, -1.277 .1.865 (awrt 3dp) 1 radians or degrees.

In degrees the answers vou would accept are (awrt 2dp) x=16.8°,106.8°, —73.2% —163.2°

Al All four of x=0294_ -2 848 —1.277 _1 865 (awrt 3 dp) with no extra solutions in the range
-7, EET

See main scheme for Alt to (b) using Double Angle formulae still entered MAMM A A 1 epen

1st M1 For using part (a) and wrniting 6cot2x+3tanx as fcotx, k=0 m thewr equation (or equuivalent)

2

- 2 . .
,cosec X = and *sin” x to form an equation sin and cos

; COSX
then using cot x =— —
sin X

sin” x
Ist Al For %sin 2x=cos2x or equvalent. Attached to the next M

2nd M1 For using both correct double angle formmla
3rd M1 For moving from tan2x = C to x=_using the correct order of operations.

(Q27 6665/01, June 2016)



Q35.

?\uuit‘t:‘;? Scheme Marks
1 sin? A4
i 244+ tan24 = +
(@) see +an cos2d  cosld Bl
_ 1+sin24
T cos24d Ml
ae:
_ 1+.:smAj:cf;[ M
cos” A—asin” 4
_ cos” A+sin’ A+2sin cos A
cos” A—sin® A4
_ (cos A+sm A)(cos A+sin A) M
{cos A+sin A)(cos A —sm A)
A+ =in .
_ cos 5?11 A4 Al
cosd—sin A
(5
1 cosf+zind 1
M+tan=— —08M — = —
) secsf+ tan ?.3 cosd —singd 2
= 2cosf +2sind =cosf —smb
- tand = _l M1 Al
= 6 = awrt 2.820, 5.961 dMIAL
C)]
(9 marks)

(a)

Bl A correct identity for sec24= —_ OR tan2.4 = 2224

cos2A4 cos24

It need not be in the proof and it could be mmplied by the sight of sec2.4= 1
M1 For setting their expression as a single fraction. The denominator must be correct for their
fractions and at least two terms on the numerator.
1+cos2A4tan2.4 1+sin24
or
cos2d cos2d
M1 For getting an expression i just sin 4 and cos 4 by using the double angle identities

sin24=2sin 4cos 4 and ccsli:an;;i—mzﬁ, 2eos? 4—1 OF 1-2sin® 4.
Altematively for getting an expression in just sin 4 and cos 4 by using the double angle

This 1s usually scored for

wdenfities sim24=2sindcos4 and tan2.4 = ﬁwﬂh tan 4 = sin A )
—tan” A cos.d
] 2sin i
For example _ cosd 15 BIMOMI so far

T - 3 o . 3
cos" A—sin" 4 1_sin” )
cos” 4

M1 In the main scheme it 15 for replacing 1 by cos® 4 +sin® 4 and factonising both numerator and

denominator

cos A —sin” 4




Al* Cancelling to produce given answer with no errors.
Allow a consistent use of another variable such as ¢, but mixing up variables will lose the

Al*

(b)
M1 For using part (a), cross mulitplying, divading by cosé toreach tanf =17

Condone tan28 =F for this mark only
Al tanf=-1
3

dM1 Scored for tanf=F% leading to at least one value (with 1 dp accuracy) for & between 0
and 27r. You may have to use a calculator to check. Allow answers in degrees for tlus mark.
Al §=awrt 2.820, 5.961 with no extra solutions within the range. Condone 2 82 for 2 820.

You may condone different/ nuxed vanables in part (b)

There are some long winded methods. Eg. M1. dM1 applied as in mam scheme

=}{2c059+951n9)2 ={mst?—si11|5"j|2 =4+45in26=1—sin26

- sin23=—% is M1 ( forsin20 = k) Al

arcsin &

= ¢ =2.820, 5961 for dM1 (forg = ) Al

; . 3
£05|9+35i115'=0=‘;-[.Jﬁ]cos[_ﬁ—l.;b} 0 M1 for. -:0516* a} 0,a= arctan[:l:lor':i: ]}Al

= 6=12.820,5.961 dMI1 Al

cosf +3sinf=0= (10 )sin(6+0.32)=0 MI Al
= #=12.820,5961 dM1 Al

cosf = —3smf = cos’ #=9sm’ f = sin’ H—ILz:-smﬁ' ( M1 Al

= § = 28205961 dM1 Al

{:DGI?=—35111!9:--::0'523:95&11]!9:‘,-{:0623:%:?{:0'53:(:&]\[% M1 Al

= 6 =2.820,5.961 dM1 Al



Question

Number Scheme Marks
AL T cof,A—s%u_‘I _ cnsA—t»%uA _cns.—!—sl:.u.-f
cosd—sin 4 cosd—sind cosd+sind
From cos” d-+sin® 4+2sin Acos A
RHS = ~ — - | (Pythagoras) a1
- o —Cosd—smr
_14sin2d 4 — {Dowble Angle) M1
T coslde—
1 sin 2.4
T cos2A  cos2A (single Fraction) M1
=sec24+tan24 Bldensing, A1*
) cos A+ sin 4
AltII Assume true sec2d+tan24=—""" """
cos 4 —sin 4
Both 1 sin24 cosAd+sind
. + = B1 (igenrisy
sides cos24  cos?d  cosd—sind (idemsey)
1+=in24 s 4d+sin 4
= L S_m M1 (single fraction)
cos2A cosAd—sin 4
1+2sindcosd  cosAd+szin 4
- — = - T\-'Il[dwbleugiﬂs]
cos” A—sin” A cos A—sin 4
L May
#(cos 4 —sin d) = ﬂ: cos A +sin 4
cosd+sin 4
1+ 2sin dcos.A=cos® 4+ 2sin dcos A+ sin® A=1+2sin dcos A True | M1 @pyhazors) A 1*
Alt 111 sec?4d +tan24 = ] +tan 2.4 (Tdendiry) Bl
cos24
_ 1 2 tan 4
cos2d 1—tan A4
Very 1—tan® 4+2tan dcos2.4 ALl
] J = - (Single fraction) [
difficult cos2A(1 —tan” A)
1 —tan” A+ 2tan A(cos® A—sin” 4)
(cos” 4—sin” A)(1—tan” 4)
sin*A  _sind, . {Double Angle and i
l————+2—(cos” A—sin” 4) | justsinamdces) M1
cos” A cosd
. . o[, sin®A4)
(cos” A—sin” d)|1— -
cos™ A4
5 cos” A—sin® A+ 2sin Acos 4(cos” 4—sin” 4)
weos A= - — _. —
(cos® A—sin” A)cos” 4 —sin” A)
_ (cos® xi_—_m-ﬂj}(] +2sin 4cos A)
(cos® A—em d)(cos® A—sin® A)
Final two marks as in main scheme NI1Al1#

Q36.
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Question Scheme Marks | AOs
=17
1-cos26 =tan@sin28, 8= 20T 7
(a) o _(SIDE ),
Way 1 tan Fsin 28 = .. —CDS&;I(Qsmﬁcos&} M1 1.1b
[ sing | M1 1.1b
=| sing .l(ZSiné?m‘;ﬁ)= 2sin’ 8=1-cos28 * RE 1
3)
(a) _ B T s BT, P I U S
Way 2 1-cos28 =1-(1-2sin" &)=2smn" & M1 1.1b
(siné&y, . . . M1 1.1b
-| msg-rj(zsmﬁcmf:?} =tan Osin 28 Al* 21
3)
(sec” x—5)(1—cos2x) = 3tan” xsin2x. —%-:z:x-:::%
(h) (sec” x —5)tan xsin 2x = 3tan” xsin 2x
Way 1 or (sec’ x—5)(1-cos2x) =3tan x(l —cos2x)
Deduces x=0 B1 22a
Uses sec’ x=1+tan’ x and cancels/factorises out tanx or (I—cos2x)
eg (1+213112:r—31anx—5)ranx=0 Mi 21
or (1+tan” x—3tanx— 51 —cos2x) =0
or 1+tan’ x—5=3tanx
tan” x—3tanx—4 =0 Al 1.1b
(tanx—4)tanx+1)=0=tanx=... M1 1.1b
T 1326 Al 1.1b
Ty Al | 11b
(6)
(9 marks)

Notes for Question

(a) Way 1
) sin & _ ) .
M1: Applies tané& = 5 and sin 28 =2sin fcos & 10 tan Hsin 28
cos

MI1: Cancels as scheme (may be implied) and attempts to use cos28=1- 2sin’ &
Al*: For a correct proof showing all steps of the argument
(a)
Way 2
M1: For using cos28=1-2sm’ 8
Note: | Ifthe form cos26=cos’ 6 —sin’ & or cos28=2cos’ 8—1 is used, the mark cannot be awarded

until cos’ £ has been replaced by 1-sin’ &
MI1: Attempts to write their 25I0° & in terms of tan# and sin28 using tan 8 = smt; and

Cos

sin 28 = 2sin fcos & within the given expression
Al*: For a comrect proof showing all steps of the argument
Note: | Ifa proof meets in the middle; e.g. they show LHS = 2sin’ @ and RHS = 2sin® 8 then some

indication must be given that the proof is complete. E.g. 1-cos26= tan #sin 26, QED. box




Notes for Question Continued

(b)
Bl: Deduces that the given equation yields a solution x=0
MI1: For using the key step of sec” x=1+tan’ X and cancels/factorises out tanr or (1—cos2x)

or sin2x to produce a quadratic factor or quadratic equation in just tanx
Note: Allow the use of +sec’ x =+ 1+ tan” x for M1

Al: Correct 3TQ in tanx. E.g. tan’ x—3tanx—4=0

Note: Eg tan’ x—4=3tanx or tan’ x—3tany=4are acceptable for Al
MI: For a correct method of solving their 3TQ 1n tanx

Al: Any one of —i awrt —0.785. awrt 1.326, — 457, awrt 75.964°
Al: Only x= — I 1.326 cao stated in the range —T <X T

Note: Alternative Method (Alt 1)

(sec’ x—5)tan xsin 2x = 3tan” xsin 2x
or (sec” x—5)(1—cos2x) = 3tan x(1 —cos 2x)
Deduces x=0 Bl 22a
: - o . o sinx Complete process

sec’ x—3=3tanx = JIE 3=3 cosx | (as shown) of using the

5 - _ wdentities for sin 2y and
1-5cos” x=3smnxcosx cos2x to proceed as far as M1 21

Y o Vg — .

1_5:1+C:>S~1 ;=%mk A4+ Beos2y == Csinlx

3.5 3. 3 5 3

————coslx =—sm2x — I Zos?r="sin?x

573 3 5 2::05_.1 2511]_1 Al 11b
{3smn2x +5cos2x=-3} oe.

Expresses their answer in the

JB34sin(2x+1.03) = -3 form Rsin(2x + &) =k k=0 M1 1.1b
with values for £ and o
. 3
sin(2x+1.03) = -——
( ) AT
T Al 1.1b
r=——_1.326

Ty Al 1.1b

(Q12 9MAO0/02, June 2018)
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Question Scheme Marks
(@) | R=~5 Bl
tana':%:aaf:?dé.ﬁ?" MIAI
(3
2z 5= 2 =15
M) S ef—smB-1 ~  Beos(6+26.69-1_
= cos(F+ 26.6‘:‘):]513; =(awrr 0.507) MIA1
8+2657°=5054"°
= & =awrf33.0°0r gwrt 273.9° Al
f+26.6°=360°—-their'59. 5% dM1
= & =awrt 273.9% and awrt 33.0° Al
(3
(¢) | 6—their 26.57° = their 59.54°= 6 = Ml
& =awrt86.1° Al
(2)
(10 marks)
(a)
Bl R=-/5.Condone R=%-/5 Ignore decimals
M1 rana:i%.tana:i%:ba:...
If their value of R 1s used to find the value of @ only accept cosa = i% OF smma= i% =a=..

Al a =awrt 26.57°

(b)
Ml  Attempts to use part (a) = cos(@*their 266°)=K. |K]|.. 1

Al cos( & T their 26.6%) = % =(awrt 0.207). Can be implied by (& + their 26 6°) = awrt 59.5°/59 6°

Al One solution comrect, & = awrt 33.0%r & = awrt 273.9° Do not accept 33 for 33.0.

dM1 Obtains a second solution in the range. It 15 dependent upon having scored the previous M.
Usually for @+ their 26.6° = 360° —their 59.5°= § = .
Al Both solutions 8 = gwrr 33.0° and awrr 273.9° . Do not accept 33 for 33.0.
Extra solutions inside the range withhold this Al. Ignore solutions outside the range 0 _ & < 360°
(©)
M1 & —their 26 57° = their 59 54° = 6= ___
Alternatively —& + their 26.6° = —their 59.5° = §=__.
If the candidate has an incorrect sign for « . for example they used cos(& —26.57°) m part (b) 1t would
be scored for &+ their 26 57° =their 59 34°= 6 = __

Al awrt 86.1°ONLY. Allow both marks following a correct (a) and (b)
They can restart the question to achieve this result. Do not award 1f 86.1 was their smallest answer in
{(b). This occurs when they have cos(8—26.57°) wnstead of cos(f+26.57%) m (b)

Answers i radians: Withhold only one A mark. the first tume a solution 1n radians appears
FYI (a) a=0.46 (b) 6 =awrt 0.58 and &, =awrt 4.78(c) & =awrt1.50. Require 2 dp accuracy

(Q22 6665/01, June 2016)
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Question

Number Scheme Marks
(a) R=+20 Bl
4
tang =—= o =awrt 1.107 MI1Al1
) ©)
(b)(i) '4+5R*'=104 Blft
(ii) 36‘—'1.107'=%:>r9=au'1't0.89 MI1A1
) 3)
(c)(i) 4 Bl
(ii) 33-"1.107"'=27 = & =awrt 246 MI1A1
3)

( 9 marks)




Bl Accept R=+/20 or 2/5 or awrt 4.47

Do not accept R =1+20

This could be scored in parts (b) or (¢) as long as you are certain it is R
: 4 2 :
M1  forsightof tana =1—, tana = iz. Condone sma=4.cosg=2=tana =

b | d=

=
If R 1s found first only accept sina = i% .cosa=1t—

=

Al a =awrt 1.107 . The degrees equivalent 63.4° is AQ.
If a candidate does all the question in degrees they will lose just this mark.

(B)(1)
Blft  Either 104 or if R was incorrect allow for the numerical value of their '4+35R?".
Allow a tolerance of 1 dp on decimal R’s.

(b)(i1)

M1  Using 38+ their'1.107"'=

'
—=0-=.
2

iq ! 1 T - -
Accept 30+ their'1.107'=(2n+1) Pl & =.. where n 1s an integer
Allow slips on the lhs with an extra bracket such as

3(6+their'1107)=2=6=..

The degree equivalent is acceptable 36 —their'63.4°'=90°= @ =
Do not allow mixed units in this question

Al awrt 0.89 radians or 51.1°. Do not allow multiple solutions for this mark.
(€)@

B1 4

(e)(i1)

M1 Using 38 +their'1.107'=2r = 8=...
Accept 36 +their'1.107"'= nr = 6 = .. where n is an integer . including 0
Allow slips on the lhs with an extra bracket such as

3(@+their'1.107") =22 = 0=..

The degree equivalent 1s acceptable 368 — their'63.4°"=360° = & =but
Do not allow mixed units i this question

Al 6 = awrt 2.46 radians or 141.1° Do not allow multiple solutions for this mark.

(Q29 6665/01, June 2014)
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Question

Number Scheme Marks
(@) R=+0 Bl
¥
tanaf:%:}a:awrr 0.381 M1Al
(3)
- -
(h) 5cot3x—3cosec]x=3=>:"-c‘_3":x— , 2 -2 M1
smn?x  smnlx
= 5cos2x—2smm2x=3 Al
(2
. R 3
(c) Jeos2x—2sm 2y =3= cos(2x+0.381) =-fT_9 M1
2340381 (3 ) M1
dx+ 0. ZArCCos, — =X =... iy
29 )
x=awrt 0.30, 2.46 AlAL
(4)
(9 marks)
AltI (c) Sc0s2x—2sin2x=3=10c0s" x—5—4sinxcosx =3
= dtan’ x+2tanx—1=0 M1
—1+./5
::’tanszJ_::’ x=.. dnii
x=awrt 0.30, 246 AlAL
(5]
AltII () | Scos2x—2sin2x=3=>(5cos2x }|z =(3+2smlx) & cos’ 2x=1—sin’ 2x
= 295’ 2x+12sm2x—16=0 M1
) —124+4/2000
ﬁsull.rzTi_?x:..ﬂxz_ dnil
x=awrt 0.30 246 AlAL
4)
(a)
B1 R=4290
Condone R=1+29 (Do not allow decimals for this mark Eg 5.39 but remember to 15w after+f29 )
2 5
M1 rancr::%.rana::';ﬁa‘:_..

5

IfRisusedtofind o accept snor =t —orcosa = iii o=

=T




Al o =awrt 0.381 Note that the degree equivalent o =awrt 21.8° 15 AD

e
cos 2x
and cosec 2y by —
sin 2 x sin 2x

Do not be concerned by the coefficients 5 and -3.

M1 Replaces cot 2x by in the lhs

: sin 2x
Replacing cot 2x by

does not score marks until the tan 2x has been replaced by -
tan 2x cos2x

They may state xsim 2x = 5005 2x —3 = 2sin 2x which implies this mark

Al cso Scos2x—2sinlx=3 There 15 no need to state the value of ¢’
The notation must be correct. They cannot mux vanables within their equation

sin . .
Do not accept for the final Al tan 2x= —— 2x withun their equations
cos

(c)
M1 Attempts to use part (a) and (b). They must be using their R and o from part (a) and their ¢ from part (b)

c
Accept cos(2xz'a") = 03

c c

Condone cos(8+'ar") = gy Oreven cos(xt'a") = T for the first M

dM1  Score for dealing with the cos, the @ and the 2 correctly and in that order to reach x =
Don't be concemed if they change the vanable in the question and solve for & = (as long as all operations have
been undone). You may not see any working. It 1s implied by one cormrect answer.
You may need to check with a calculator

-

Eg for an incorrect & cos(2x+1.19) = — = x =—0.105 would score M1 dM1 A0 A0

29
Al One solution correct, usually x=0.3/0300r x=2.46 or in degrees 17.2%or 141.(0)"°
Al Both solutions correct awrt x = awrt 0.30, 2 46 and no extra values in the range.
Condone candidates who write 0.3 and 2 46 without any (more accurate) answers

In degrees accept awrt 1 dp 17.2°,141.(0)° and no extra values in the range.

Special case: For candidates who are nusreading the question and using their part (a) with 2 on the rhs.
They will be allowed to score a maximum of SC M1 d1 A0 AD

M1 Attempts to use part (a) with 2. They must be using their R and o from part (a)
2 ) 2
Accept cos(2xxz'a’) = ? Condone cos(@x'a") = ? orevencos(xt'a") = @ for the first M
dM1  Score for dealing with the cos, the & and the 2 correctly and m that order to reach x = .
You may not see any workung. It 1s implied by one correct answer. You may need to check with a calculator.

2
Eg for an correct & and R cos(2x+0.381) =——==x=0.405

J29

Alt to part (c)
M1 Attempts both double angle formulae condoning sign slips on cos2x | divides by cos’ x

and forms a quadratic in tan by using the identity £1= an” x=sec” x
dvil  Attempts to solve their quadratic in tany leading to a solution for x.
Al Al Asabove

(Q24 6665/01, June 2017)

Q40.



Question Scheme Marks | AOs
(a) i 1+sin&)cos
L g Ltsnd  (+sinf)cosd M1 | 1.1b
cos & cos & cos @
_1+51'.1149x1—51n49_ 1-sin’8 cos’ &
~ cosf 1-sinf cosf(l-sind) cosf(l—sind)
or dM1 2.1
(1+smB)cosf (1+sinf)cosf  (1+smb)cosf
cos” @ © 1-sin’@ (1+smA)N1l—smnd)
cosd
= Al* 1.1b
1 —sin#
(3)
'h 1 —_— .
(b) +tan2x=3cos2x M:}{;us 2x
cos 2x | —sin2x M1 2.1
= 1+sin2x=3c0s 2x=3 {1 —sin’ 2.1'} = cos2x =3¢cos 2x(1—sin 2x)
= 3sin’ 2x+sin2x—2=0 = c0s2x(2—-3sin2x) =0 Al 1.1b
2
sian:E. (-1)=2x=._.=>x=_. M1 1.1b
x=20.9°, 69.1° Al | LIb
Al 1.1b
(3)
(8 marks)

Notes

(a) If starting with the LHS: Condone 1f another vanable for ¢ 1s used except for the final mark
M1: Combines terms with a commeon denominator. The numerator must be correct for thewr
common denominator.

dM1: Either:

| +siné
[ ]

P : Multiplies numerator and denominator by 1 — sm &, uses the difference
Cos

of two squares and applies cos’ @ =1—sin" 8

(1+sind)cosé
cos’ @
difference of two squares

: Uses cos” @=1-sin" & on the denominator, applies the

It 1s dependent on the previous method mark.

Al*: Fully correct proof with correct notation and no errors in the main body of their work.
Withhold this mark for writing eg sin instead of sin# anywhere in the solution and for
eg sin @ instead of sin” &




Alt(a) If starting with the RHS: Condone 1f another variable 1s used for @ except for the final
mark
1+siné _ cos {1+ sin &)
- leading to — or
l+sind l—sin~ @
o3 leading to — 5!
cos cosB(1—sind)
dM1: Applies cos’ @ =1-sin’ #and cancels the cos@ factor from the numerator and
1 +sinf

M1: Multiplies by

Multiplies by

denominator leading to or

cos f/
Applies cos® @ =1-sin® @ and uses the difference of two squares leading to
(1+sin #)(1 —sin &)
cos@(1—sind)
It 15 dependent on the previous method mark.

Al#*  Fully correct proof with correct notation and no errors i the main body of their work.
If they work from both the LHS and the RHS and meet in the middle with both sides the
same then they need to conclude at the end by stating the original equation.

(b) *Be aware that this can be done entirely on their calculator which is not acceptable®

M1: Either multiplies through by cos 2x and applies cos® 2x =1—sin” 2x to obtain an

L : cos 2x -
equation in sin 2x only or alternatively sets | sinox =3cos 2x and multiplies by
—sin 2x

1—sin2x

Al:  Correct equation or equivalent. The = 0 may be implied by their later work
(Condone notational slips in their working)

M1. Solves for sin 2x, uses arcsin to obtamn at least one value for 2x and divides by 2 to obtain
at least one value for x. The roots of the quadratic can be found using a calculator.
They cannot just write down values for x from their quadratic mn smm2x

Al:  For 1 of the required angles. Accept awrt 21 or awrt 69. Also accept awrt 0.36 rad or awrt
1.21 rad

Al:  For both angles (awrt 20.9 and awrt 69.1) and no others inside the range.
If they find x =451t must be rejected. (Condone notational slips in their working)

(Q13 8MAO0/01, June 2022)

Q41.
Quesrion Scheme Marks AOs
(a)(i) dr )
px—=5sin =6 Sx2 rxf
'Wdr sin2fx feost or sinfeostxfeost M 1




(Area =) J.Ssmzrx Geostdr = ISX Z2smitcostx6costds
or dM1 1.1b

J.S smzrxﬁcos!d!=j603iﬂrcm] rdr

(Area=) J._.ﬁ{}sinfccsl!dr * Al* 21%
a
(3)
(a)(i) s 3 M1 1.1b
a0 “tdf=-20cos’t )
sin{cos Cos Al 1L1b
Area=[—20cos’ |2 =0-(-20)=20 * Al* 21
(3)
2
(®) 55in2f=42 = sin 2r=4f M1 34
t=04986...,1.072... Al 1.1b
Attempts to finds the x values at both ¢ values dM1 34
t=04986.. = x=22869
. Al 1.1b
r=1072=x=5269..
Width of path = 2 40 metres Al 32a
(5)
(11 marks)
Notes:
(a)(@)

dx . . :
M1: Attempts to multiply y by i to obtain Asin 2fcos? but may apply sin 2f = 2sint cost here

dM1: Attempts to use sin 2/ =2sinfcosf within an integral which mav be implied by

eg .»!Ismlrxmsr df = | ksintcos” £ dt
Al*: Fully comrect work leading to the given answer.
This must include sin2r=2smtcost ore.g 3sin2t=10sintcost seen explicitly in their proof and a correct
mtermediate line that includes an integral sign and the “d¢”
Allow the limits to just “appear” in the final answer e.g. working need not be shown for the limits.

(a)(i)
M1: Obtains Jﬁﬂlsiu tcos® fdf = kcos’t. This may be attempted via a substitution of u = cos  to obtain

JﬁDsmrtoszrdf =/’

Al: Correct integration —20 cos’ ¢ or equivalent e.g. -201°

Al*: Rigorous proof with all aspects correct including the correct limits and the { — (—20) and
not JUst  _30cos’ ~— (~20cos’ 0) =20

(b) '

2 .
M1: Uses the given model and attempts to find value(s) of t when sin2¢ = 4% Look for 27 =sin™ 32 ==
3

5 5
Al: At least one correct value for ¢, correct to 2 dp. FYT f =0 4986....1.072__. orin degrees r=28357. . 6142



dM1: Attempts to find TWO distinct values of x when sin 2r = % Condone poor trig work and allow this mark if 2
values of x are affempted from 2 values of 7.
Al: Both values correct to 2 dp. NBx=2.3869.. ., 5269 .

Or may take Cartesian approach

5sin2¢ =42 = 10sintcost =42 =102 1_:_6 =42=x"_36x"+2286144=0= x=2.860.._5260 .

6V

M1: For converting to Cartesian form Al: Correct quarfic M1: Solves guartic Al: Correct values

Al: 2 40 metres or 240 cm
Allow awrt 2.40 m or allow 2.4m (not awrt 2.4 m) and allow awrt 240 cm. Units are required.

(Q12 9MA0/02, Oct 2020)

Q42.
Question
Number Scheme Marks
1 cos2x
(a) coseclx+cotlx=— +u|:'s = M1
sm2xy  sinlx
l+cos2x
- sin2x Ml

.
I1+2cos x-1

2sinxcosx

_—_—
:".CG—"I M1 Al
2sinxcosx
= c-.:'n;x =cotx Al*
sinx
(3)
1)) cosec(46+10°) + cot(460+10°) =43
cot(20+..%) =3 M1
20+...=30°=>8=12.5° dM1. Al
20..=180+PV°=>0=.° dm1
g=102.5" Al
(5)

(10 marks)




(a)

i cos2x 1
M1  Writing coseclx =

, and cot2x=— or
sin 2x s 2x tan 2x

. The denominator must be correct for

. . . a+b
M1  Writing the lhs as a single fraction

their terms.
M1  Uses the appropriate double angle formulae/trig identities to produce a fraction

: . " .. pxq
in a form containing no addition or subtraction signs. A form or
similar

: i : 2cos” x 2sinxcosx 5 =
Al A correct intermediate line. Accept or or similar

2einxcosx 2einxcosxtanx
This cannot be scored if errors have been made

) : . cosx
Al*  Completes the proof by cancelling and using either —— cotx or

=cotx
fanx
. . . . 2cosxcosx
The cancelling could be umplied by seeing —— =cotx
2 smx cosx
, , cos , . o
The proof cannot rely on expressions like cot =—— (with missing x’s) for the
sin
final Al

(b)

M1  Attempt to use the solution to part (a) with 2x =46 +10= to write or imply
cot(26+..°5) =3
Watch for attempts which start cotea = V3 . The method mark here is not scored
until the @ has been replaced by 28+...°
Accept a solution from cot(2x+...°) = 3 where 8 has been replaced by another

variable.



and

dM1 Proceeds from the previous method and uses tan..=
cot..

"

1 .
al‘ctanlﬁJ =30" tosolve 260+..°=30°=8=..

Al 6 =12.5" or exact equivalent. Condone answers such as x=12.5"

dM1 This mark is for the correct method to find a second solution to 8. It 1s dependent

upon the first M only.
Accept 20+...=180+ PV° = 0=."°

Al 6 =102.5° or exact equivalent. Condone answers such as x =1 02.5°
Ignore any solutions outside the range. This mark is withheld for any extra

solutions within the range.
If radians appear they could just lose the answer marks. So for example

20+... =%[D.524):> 6 =..is M1dM1A0 followed by

23i...=i’r+'%':>19=..d]\zﬂﬂﬂ

Special case 1: For candidates in (b) who solve cot(46+...°%) = V3 the mark scheme is
severe, so we are awarding a special case solution. scoring 00011.
cot(48+ B°) = NEFT £ =30°=0=.. 1s MOMOAO where #=>5%0r10°
=40+ f=210°> @ =.. can score M1A1 Special case.
If B=5°6=5125If B=10° 6=50

Special case 2: Just answers in (b) with no working scores 1 1 0 0 0 for 12.5 and 102.5
BUT cot(28+5°) = V3 => #=12.5°,102.5° scores all available marks.



Question :
Scheme Marks
Number
1 1 ST
(a)Alt 1 coseclx +cot2x = — + 1°° M1
sm2x  tanl2x
_ 1 l1-tan"x
2sinxcosxy 2tanx
_tanx+ (1—tan” x)sinxcosx e 2tanx+2(1—tan” x)sinxcos x M
Jsinxcosxtanx dsinxcosxtanx
. 3 .
tanx +sinxcosx—tan” xsinxcosx
Zeinxcosxtanx
_ tanx+sinxcosx—tanxsin~x
Jeinxcosxtanx
- 3 -
_ tanx(l—smn” x)+sinxcosx
2sinxcosxtany
_ fanxcos X + S XCosX
2sinxcosxtanx
_ SINIXCOSX +SINXCOSX
2sinxcosxtanx
2sinxcosx d
=— oc 3T MIAL
2sinxcosxtanx
1 .
= = cotx Al* (5)
tan x
(a)Alt 2 Example of how main scheme could work in a roundabout route
1 1 1
coseclx+cot2x=cotx < — + = 1t M1
sm2x tan2xy tanx
. . d
Stan2yitanx +sin2xtany =sm 2xtan 2x 2% M1
2tanx . _ sinX . 2tanx
————xtanx+ 2simxcosX x =251 XCOS X X—————
l—tan” x - cos% l—tan” x
) e )
tan"x . ... dsin” x
————+2sm X =—m——
1-tan™ x l1—tan™ x
2 2 L. 2 - 2
x(l—tan” x) © 2tan” x+2sin” x(l—tan” x) =4sm” x
] .7 ¥ .7
< 2fan" x—2sm - xtan  x=2sin" x
2 - 2 .2 rd 4 |
& 2tan” x(1—sin” x)=2sin" x 37 M1
2tan” X < 1-sin“ x =cos” x Al
As this 1s true. mitial statement 1s true Al*
(5)

(Q27 6665/01, June 2014)

Q43.



SEson Scheme Marks
Number
(1) 9sin(8+60)=4: 0<8<360
(i) 2tanx—3smx=0; -r<x<7
(i) : .. 4 . .. . a4
sin{& + 60 )=§. so (68 +60)=263877__ | Sight ofsin | 9 or awrt 26.4° or 0461°
) M1
_ Can also be implied for & =awrt —33.6(1.e.
(@ =263877..) 26.4 — 60)
0+ 60" = either "180 — their &" or
"360 + their " and not for 8 = either
So. 8+ 60 ={153.6122_. 3863877} | "180 — their o"or "360 + their &". This | M1
can be implied by later working. The
candidate’s & could also be in radians but
do not allow muxing of degrees and radians.
Al- At least one of
and 8 ={93.6122__ 3263877} awrt 93.6° or awit 3264 Al Al
Al: Both awrt 93.6 and awrt 326.4°
Both answers are cso and must come from correct work
Ignore extra solutions outside the range.
In an otherwise fully correct solution deduct the final Alfor any extra solutions in range
[4]
y] ] —3sinx =0 Applies tanx = s M1
\ cosx ) cosx
Note: Applies tan x = ——— can be implied by 2 tanx— 3sinx = 0=> tanx(2—3cosx)
i LBULA — ISWIAUUS L = U
sinx(2—3cosx) =0
2 2
CosY =— cosy =— Al
3 3
Al: One of either awrt 0.84 or awrt —0.54
x =awrt{0.84. —-0.84 } Alft: Youcan apply fi for x =% o, where | AlALR
a=cos kand -1<k <1
In this part of the solution, if there are any extra answers in range in an otherwise
correct solution withhold the Alft.
Both x =0 and —7 or awrt —3.14 from
{sinx:ﬁ :>} x=0and -7 sy =0 ] Bl
In this part of the solution. ignore extra
solutions in range.
Note solutions are: x ={-3.1415_.—0.8410...0,0.8410... }
Ignore extra solutions outside the range
For all answers in degrees in (11) MIATAQALGBO 15 possible
Allow the use of 8 in place of x in (i1)
5]
Total 9

(Q17 6664/01, June 2014)
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Question Scheme Marks AQs
@ 10sin2 6— T cos 6+ 2 Elﬂ[l—cos‘ 6)~Tcos6+2 Mi L1b
3+2cosf 3+2cosf
512—70056—10005‘ e Al 1.1b
3+2cosd
E[3+2c058)[4—5ms€] Ml 1.1b
3+2cosd
=4—5cosf * Al* 2.1
(&)
) 5
®) 4+3sinx=4—5cosx = tanx=—§ M1 2.1
x=awrt121° 301° Al Al i::
3
(7 marks)
Nofes
(a)

M1: Uses the identity sin” @ =1—cos” @ within the fraction
12—7cos6—10cos* 8
3+2cosfd

3+2cos8)(4—5cos 8 12— Tu—10u" :
a ( cos ][ cos ] Allow for kil where they introduce u =cos @
3+2cosd 3+2u

We would condone mixed variables here.
M1: A correct attempt to factorise the numerator, usual rules. Allow candidates to use u =cos@
oe
AT%: A fully correct proof with correct notation and no errors.
Only withhold the last mark for (1) Mixed variable e.g. € and x's (2) Poor notation
cos & <> cos” @ or sin® =1—cos’ within the solution.
Don't penalise incomplete lines if it 1s obvious that it is just part of their working

10sin° 6 —Tcos O +2 _ lﬂ(l—cus‘ﬁ:]—Tcos§+2 B 12—7cos&—10cos’ &
3+2cosf B - 3+2cosd

Al: Correct (simplified) expression in just cos & or exact equivalent such

E.g.

(b)
M1: Attempts to use part (a) and proceeds to an equation of the form tanx =%k, k=0

Condone 6<>x Do not condone @fany =0=tanx=b S x=...
Alternatively squares 3sin x = —5cosxand uses sin® x =1—cos’ x oe to reach
sinx=A4 —-1<4<1 orcosx=5-1<B<1
Al: Either x=awrt121° or 301°. Condone awrt 2.11 or 5.25 which are the radian solutions
Al: Both x=awrt121°and 301° and no other solutions.

Answers without working, or with no incorrect working in (b).
Question states hence or otherwise so allow

For 3 marks both x=awrt121°and 301° and no other solutions.
For 1 marks scored SC 100 for either x =awrt121° or 301°




Alternative proot in part (a):
M1: Multiplies across and form 3TQ in cos & on rhs

10sin’ 6 —Tcos§+2 = (4—5cosd)(3+2cosf )= 10sin® 6 —7cosf +2= Acos” §+Bcos8+C
A1: Correct identity formed 10sin® -7 cos@+2 = —10cos’* 6— 7 cosd+12
dM1: Usescos” @=1-sin’ @ on the ths or sin® @ =1—cos’ on the lhs
Alternatively proceeds to 10 sin” @+10cos” @=10 and makes a statement about
sin® @+cos® B=1 oe
Al*: Shows that (4—5cos&)(3+2cosf )= 10sin® @—7cos 6+2 oe AND makes a minimal
statement "hence true"

(Q12 8MAO0/01, June 2019)

Q45.



Question Scheme Marks AOs
@ eg 2589 8 0s8+23(1-cos? &)) =8 » 2sin Bcos Bsec’ 8 Bl 12
cos
2tan 8(8cos 8+ 23sin” &) =8sin 20sec’ &
— 2sin B cos B(8cos 8+ 23(1—cos? &) = 8sin 28 21
sin 28(8 cos 8+ 23(1—cos” 8)) =8sin 28 7 %a
sin28(23cos” 8 —8cos8—-15)=0 MIAL
3)
(b) sin 2x(23cos” x—8cosx—15) =0
sin2x =0=x=360" or 540° Bl 2.2a
] 5
23cos” 1‘—8cosx—15=>cosx=—% Ml 1.1b
15 ]
COSX=——o = x=.. dM1 1.1b
x=360°, 540° and awrt 491° only Al 23
@
(7 marks)
Naotes

(a) Allow use of e.g. x but the final mark requires the equation to be in terms of

B1(M1 on EPEN): For recalling and using at least one correct tngonometric identity in the given equation.
e.g. one of: sin’ 6+ cos” & =1 1+ tan” 6 = sec’ &, tané = % sin26=2sinfcosd

cos

This may be seen explicitly or may be mmplied by their worlang by e.g. tanFcosf =sinf or they nught
multiply both sides by cos” # leaving 8sin2¢ on the ths implying 1+tan” 6 =sec” &

MI1: For manipulating the equation using trigonometric identities (condoning sign slips only in the
identifies and anthmetic slips) to obtain an expression of the form:

Asin28cos” #+ Bsin28cos 8+ Csin28 (=0) or 5i112|5‘|:,~1ccs]9+3c059+£'] (=0) with4d, B, C£0

Al: sin28(23cos* @—8cos 8—15)=0 ocee.g sin26(-23cos” +8cos+15) =0 cao
Note that this is not a given answer so condone notational slips e.g. cos & for cos” # provided the intention is
clear but the final equation must have no notational errors.

Note that the “=07 is not required for the M1 but 1s required for the Al
Note: some candidates arrive at the correct final answer fortuitously following errors in their worlk.

(b) Allow all marks in (b) to score if the correct equation is obtammed fortuitously in part (a)
Also allow use of 8 instead of x throughout in part (b). Correct answers, no working scores max 1000

Bl: Foroneof x=360(°) or x=540(°) Condone x=2x or x= 3x for this mark.
The degrees symbel 1s not required. This may come from cosx =1

MI1: Attempts to solve their 3TQ from part (a) or a “made up™ 3TQ (which may only be seen in (b)) leading
to a value for cosx. The general guidance for solving a 3 term quadratic equation can be applied.
Allow solution(s) from a calculator which may be implied by at least one correct value for their 3TQ.
Must be a value for cosx and not e.g. x.

dM1: Attempts to find one of their angles in the range 360 < x < 540 (but not 430) for their cosx = k where

|k| <1  May be implied by therr value(s) but must be in degrees.

Requures them to state a value for cosx. Must be checked (you can check cos(their x) = their & (1sf))
Al: x=360% 540° and awrt 491° only with no other values in range (including 4350).

The degrees symbol 1s not required. awrt 491 must come from cosx = —;—:;

(Q14 9MAO0/02, June 2023)



Q46.

Question Scheme Marks | AOs
(a) R=+22 18 =f68 =217 Bl |lL1b
2cosd+8smf=ReosFeosa + Rsin&sin
2=Rcoscr8 8=Rsing M1 1.1b
lana =——o =...
2

= awrt 1.326 Al |22a

(3)
(b)(i) A45="2J17" A1 |11k
917 Al 2a
(if) awrt 1.33 Blft |22a

(3)
(6 marks)

Notes

(a)
B1: R= 217 or 68
_'Z'JE or +4/68 score BO
(Condone if this comes frome g, 8= Rcose 2=Rsing )
Decimal answers score B0 unless the exact value 1s seen then apply 15w

8 2 . 8
M1: Proceeds to a value for a from tana =T —, cosr =T Jsma=1
2 " I||68|| " #6

May be implied by awrt 1.33 radians or 76 degrees
Al: awrt 1.326 for a. Apply 15w 1if this 1s then subsequently rounded to e g 1.33

(b)(D)
M1: For a value of £4.5xtheir R or allow = 4.5R (with the letter R)

But not embedded m an expression e.g. 94/17 cos (& — & ) unless extracted later.
Note that the sum may be found as 9 cos x +36sin ¥ with the maximum then found using calculus

eg. S=Qcosx—365inx:>§=—Qc_.inx+36cosx=ﬂ::> tanx:tl::siux:i, COSX = ——

dx V17 V17
= 9cosx+ 3651 X =94/17_ This will score M1 once they reach +4 5 their R
May be implied by 9-»,1"1_'.-' or awrt 37.1 (which may come from a graphical method)
May also see e.g. Max(9cosx+36sinx|= 9O +36° =
Al: 0417 or exact equivalent e.g. \f1377. 4.5/68. 4.5(2/17 | and apply isw once a correct answer is

seen
(ii)
Blfi: awrt 1.33 {or follow through on their @ even if in degrees (76). no matter how accurate)

(Q08 9MAO0/02, June 2023)

Q47.



Question Scheme Marks AOs

(a) R=\5 Bl 1.1b
tma=2=ag=_ M1 1.1b
a=1107 Al 1.1t
3
(e ‘
0 =5+5sin| —+1.107-3
12 )
(b) (5+5)°C orawrt7.24°C Blft 22a
1)
(c) at g
ﬁ—l.lﬂ?—3=§:>z‘= M1 ER L
t=awrt132 Al 1.1b
Either 13:14 or 1:14 pm or 13 hours 14 minutes after midnight Al 32a
3
(7 marks)
Notes:

(a)

Bl: =5 only.

M1: Proceeds to a value of o from tan o =+2. tanar = i%,s'in a= i%GR cosa = i%
It 15 implied by either awrt 1.11 (radians) or 63.4 (degrees)

Al: o =awrt1.107

(b)

Blft: Deduces that the maximum temperature is (37V5) °C or awrt 7.24°C Remember to isw
Condone a lack of umts. Follow through on their value of R so allow (5+°R")°C

(c)
T

M1: An complete strategy to find  from ;;‘::1.]0? -3= 7

Follow through on their 1.107 but the angle must be in radians.
It 15 possible via degrees but only using 15/+63.4—171.9 =90

Al: awrt r=132

Al: The question asks for the time of day so accept erther 13:14. 1:14 pm. 13 hours 14 munutes after
midmght. 13h 14, or 1 hour 14 minutes after midday. If in doubt use review

It 15 possible to attempt parts (b) and (c) via differentiation but it 15 unlikely to yield correct results.

dé = (mt _\ 2m . (@t ) (Y 1

e o5 ——3 | —Z—sin| ——3 | = 3 |== =13.23=13- ; : I

ar 13“"1\12 3| usmklz 3] O:H:ml_l? 3}| 2:>r 13.23=13:14 scores M1 Al Al
de 7

(7 ) sanl ™30 (x5l 1 13.23-13:14 they can score M1 A0 Al (SC
E=COS|L_E_'I__W]|.\5_ J= :br:ml.ﬁ— ,,|=E:>I= 23=13: £y can score v Al (5C)

A value of r =123 implies the minimum value has been found and therefore incorrect method MO.

(Q06 9MAO0/01, Oct 2020)
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Question Scheme Marks
Number
N
&
C
E'?'ID
B
T00m
500m
15
A
(@) | BC®=700" +500° -2 x 500 x 700 cos 15° M1 Al
(= 63851.92...)
BC = 233 awr Al (3)
b B . -
(b) | snB _ 511113 M1
700  candidate's BC
sin B=sin 15 x 700 /253, = 0.716.. and giving an obtuse B ( 134.2°) dep on 1% M | M1
& = 180° - candidate’s angle B (Dep. on first M only, B can be acute) M1
F=180-1342=(0)458 (allow 46 or awrt 45.7.45.8,45.9) Al () [7]
Motes: .
(a) Ifuse cos 15° = .., then A1 not scored until written as BC* = . correctly

Splitting into 2 iangles BAX and CAX, where X is foot of perp. firom B ta AC

Finding value for BX and CX and using Pythagoras M1
BC?= (500sin15°)" + (700 — 500 cos15%)° Al
BC = 253 awrt Al

5007 +candidate’sBC* — 7007

2x500xcandidate’sBC
Finding angle B M1 dep.,  then M1 as above

(1) cosB =

{(11) 2 triangle approach, as defined in notes for (a)
700 — valuefordX

tan CBY = 1
valueforBX

Finding value for £ CBX (=599 dep M1

8 =[180°" — (75" + candidate's £ZCBX)] M1

(111) Using sine rule {or cos rule) to find C first:

Correct use of sine or cos rule for C M1, Finding value for C M1
Either B =180°— (15" + candidate’s C) or &= (15°+ candidate’s C) M1
(1v) 700cosl5” =500 + BCcos? M2 {first two Ms eamed in this case]}

Solving for &; 6 = 45.8 (allow 46 or5.7, 45.8, 45.9) DMI1:Al

(b) Several alternative methods: (Showing the M marks. 3™ M dep. on first M))

or 700 =500% + BC, —2x500xBC, M1

Note: 5.C. In main scheme, 1if § used in place of B, third M gained immediately;
Other two marks likely to be earned. too, for correct value of 6 stated.

(Q13 6664/01, Jan 2008)




Q49.

21111'13;23:] Scheme Marks
(i) coseclx =— : M1
s 2x
1
= M1
2sinxcosxy
1 1
=—cosecxsecxy = A=— Al
2 2
(3)
(id) 3sec’@+3secH=2tan" @ => 3sec’@ + 3sech =2sec’ 1) M1
sec’@+3sec+2=0
(sec@+2)(sec8+1)=0 M1
secd =—2.-1 Al
cosd=-0.75. -1 M1
i i I AlAl
3 3
(6)
(9 marks)
£enty 4 3sec’@+3secd =2tan’ 8= 3x 1,, +3x : =2 M
cos cos@ cos™ &
3+3cos@=2sin" @
3+3cos8=2(1—cos’ 8) M1
2cos’@+3cosB+1=0
(2Zecos@+1)(cos@+1)=0= cosd=-0.5,-1 MI1ATL
27 4x
= o MI1.A1.A1
3 3
(6)

(9 marks)




Notes for Question

(1)
M1

M1

Al

M1

Al

Al

Alt (i)

M1

M1

Al

M1
Al

Al

Uses the identity coseclx =—
sin 2x

Uses the correct identity for sin 2x = 2sin xcos x in their expression.
Acceptsin 2X =S X COS X+ COS X SIN X

A= %follomng correct working

Replaces tan’ @ by £sec” @£ 1to produce an equation in just sec 8

Award for a forming a 3TQ=0 1 sec& and applying a correct method for factorising, or using the formula,
or completing the square to find two answers to sec@

If they replace secf = 1t 15 for forming a 3TQ 1n cosf and applying a correct method for finding two

cosd
answers to cosf

1
Correct answers to sec@ =-2.—1 or cos@f = = -1

Award for using the identity sec& = and proceeding to find at least one value for &.

cos @
If the 3TQ was in cosine then 1t 15 for finding at least one value of 8.
Two correct values of & . All method marks must have been scored.

] A
Accept two of 120°,180°,240° or two of%. 4; .7 or two of awrt 2dp 2.09, 3.14. 4.19

All three answers correct. They must be given m terms of 7 as stated in the question.

Accept 0.6r.1.3m.m
Withhold this mark 1f further values in the range are given. All method marks must have been scored.
Ignore any answers outside the range.

1 1 ) sin” 6
Award for replacing sec’8 with — , sec & with , tan” & with ﬂnﬂ multiplying through by
cos™ @ cosd cos”

cos” @ (seen in at least 2 terms) and replacing sin” 8 with *1+cos’@ to produce an equation in just
cos &

Award for a forming a 3TQ=0 1 cos& and applying a correct method for factorising, or using the formula,
or completing the square to find two answers to cos@

cosf = —l.—l
2

Proceeding to finding at least one value of & from an equation in cosé .
Two correct values of & . All method marks must have been scored

) A.
Accept two of 120°,180°.240° or two of =X, 4; .7 or two of awrt 2dp 2.09, 3.14, 4.19

All three answers correct. They must be given in terms of 77 as stated in the question.




Notes for Question Continued

Accept 0.6r.1.37T.7

All method marks must have been scored. Withhold this mark 1f further values in the range are given.
Ignore any answers outside the range

(Q24 6665/01/R, June 2013)

Q50.
Questml? Scheme Marks
Number
Note: A sinular scheme would apply for T&I for candidates using their @ and therr . So,...
1¥ M1: For attempting to find one of the correct S, s either side (but next to) 1000.
2*A M1: For one of these S, ’s correct for their a and their . (You may need to get your calculators
out!)
3™ M1: For attempting to find both of the correct S, °s either side (but next to) 1000.
Al: Cannot be gamed for wrong @ and/or r.
Trial & Improvement Cumulative Approach:
A simular scheme to T&I will be applied here: ‘
1% M1: For getting as far as the cumulative sum of 13 terms. 2™ M1: (1)S,, = awrt 999.7 or
truncated 999. 3" M1: For getting as far as the cumulative sum to 14 terms. Also at this stage
S,; <1000and S, >1000. Al: BOTH (1)S,; = awrt 999.7 or truncated 999 AND (2)
S,, = awrt 1005.8 or truncated 1005 AND n =14.
Trial & Improvement Method: for (0.75)" < % = 0.0234375
3*M1: For evidence of examining both n =13 and n = 14.
Eg: (0.75)"{=0.023757..} and (0.75)" { = 0.0178179...}
Al: n=14
Anv misreads. §, > 10000 etc, please escalate up to your Team Leader.
(a) 3sin(x+ 45 )=2; 0<x<360 (b) 2sin’x+2 =7cosx; 0<x<2rm
2
. . g _ si.n"(— l or awrt 41.8
(a) sin(x + 45 ]=§, so (x+45)=418103... (a=41.8103_) 3, M1
or awrt 0.73°
5 _ X + 45 = either "180 — their &" or
So, x +45 ={138.1897._., 401.8103..} ] , _ , M1
"360 + their " (& could be in radians).
Either awrt 93.2° or awrt 356.8° | Al
and x = {93.1897..., 356.8103...} i 4
Both awrt 93.2 and awrt 356.8 | Al
[4]




(b) 2(1-cos’x) + 2 =Tcosx Applies sin” x =1—cos” x | M1
2cos’x +T7cosx—4 =0 Correct 3 term, 2cos’ x + 7cosx — 4 { = 0} Al oe
(2cosx —1)(cosx +4) {=0} , cosx=_. Valid attempt at solving and cosx =... | M1
1 1
cosx =, {cosx =—4} cosx =— (Seenotes.) | Al cso
.
[’8 3,
T : ’ T .
x :? or 1.04719_. Either 5 or awrt1.05 | Bl
5 X : Sm 2 .
Xi= T or 523598 . Either = or awrt 5.24or 2x — their § (Seenotes)) | B1 fi
[6]
%ﬁiﬁﬂg? Scheme Marks
(a) 1" M1: can also be implied for x = awrt —3.2

2*4M1: for x + 45 = either "180 — their &" or "360" + their @". This can be implied by later
working. The candidate’s o could also be in radians.

Note that this mark is not for x = either "180 — their @" or "360" + their a"

Note: Imply the first two method marks or award MIM1A1 for either awrt 93.2° or awrt 356.8".
Note: Candidates who apply the following incorrect working of 3sin(x + 45) =2

= 3(sinx + smn45) = 2, etc will usually score MOMOAOAOQ.

If there are any EXTRA solutions inside the range 0 < x < 360 and the candidate would otherwise
score FULL MARKS then withhold the final aA2 mark (the final mark in this part of the question).
Also 1ignore EXTRA solutions outside the range 0 < x < 360.

Working in Radians: Note the answers in radians are x = awrt 1.6, awrt 6.2

If a candidate works in radians then mark part (a) as above awarding the A marks in the same way.
If the candidate wounld then score FULL MARKS then withhold the final aA2 mark (the final mark in

this part of the question.)

No working: Award M1IM1A1AO for one of awrt 93.2° or awrt 356.8  seen without any working.
Award MIM1A1A1 for both awrt 932" and awrt 356.8 seen without any working.

Allow benefit of the doubt (FULL MARKS) for final answer of

sinx {and not x}= {awrt 93.2, awrt 356.8}




Quest|0i_1 Scheme Marks
Number
(b) 1% M1: for a correct method to use sin” x =1 — cos” x on the given equation.

Give bod if the candidate omits the bracket when substituting for sin” x_ but

2 —cos” x + 2 =Tcosx, without supporting working, (eg. seeing “sin” x =1 — cos” x ™) would score
17 MO.

Note that applying sin” x = cos® x — 1, scores MO.

1¥ Al: for obtaining either 2cos® x + 7cosx —4 or —2cos’x — Tcosx + 4.

1% Al can also awarded for a correct three term equation eg. 2cos’ x + 7cosx = 4 or

2cos’ x = 4— Tcosx etc.

2% M1: for a valid attempt at factorisation of a quadratic (either 2TQ or 3TQ) in cos, can use any
variable here, ¢, ¥, x or cosx, and an attempt to find at least one of the solutions. See mtroduction to

the Mark Scheme. Alternatively. using a correct formula for solving the quadratic. Either the
formula must be stated correctly or the correct form must be implied by the substitution.

1
2 Al: forcosx = 5 BY A COERECT SOLUTION ONLY UP TO THIS POINT. Ignore extra

answer of cosx = —4, but penalise 1f candidate states an incorrect result e g cosx = 4. If they have
used a substitution, a correct value of their ¢ or their y or their x.

1 - :
Note: 2*? A1 for cosx = - can be implied by later working.

1¥ B1: for either g or awrt 1.05°

2* B1: for either S?E or awrt 5.24° or can be ft from 27 — their 8 or 360" — their § where

ﬁ:cos'l(k), suchthat 0<k<lor—-1<k<O, butk=0k=lork=-1.
If there are any EXTRA solutions inside the range 0 < x < 27 and the candidate would otherwise

score FULL MARKS then withhold the final bB2? mark (the final mark in this part of the question).
Also 1gnore EXTRA solutions outside the range 0 < x < 27,

Working in Degrees: Note the answers i degrees are x = 60, 300
If a candidate works in degrees then mark part (b) as above awarding the B marks in the same way.
If the candidate would then score FULL MARKS then withhold the final bB2 mark (the final mark in

this part of the question.)

x= ET and x = %’T scores MOAOMOAOB1B1,

x =60 and x =300 scores MOAOMOAOBIBO,

¥ ?T ONLY orx =60 ONLY scores MOAOMOAOB1IBO,

= S?H ONLY orx =120 ONLY scores MOAOMOAOBOBI.

No working: You cannot apply the ft mn the B14t if the answers are given with NO working.
9
Eg x= < and x= T’T FROM NO WORKING scores MOAOMOAOBOBO.

For candidates using trial & improvement, please forward these to your Team Leader.

(Q15 6664/01, June 2011)

Q51.



%ﬁf;g:: Scheme Marks
(@) | sm®F+cos’ =1
+in’ 6 sin 0 cos6_ 1 M1
sin“# sm™F sint A
1+cot’ @=cosec” & * Al cso(2)
(&) | 2(cosec’ 9—1:]—9cosec6‘=3 M1
2cosec’ @—9cosecf—5=10 or  S5sin’+9sin8-2=0 M1
(2cosec@+1){cosecd-5)=0 or [53i11|9—]){3i119+2}=0 M1
) 1
cosecf=5 or sind=— Al
#=11.5°168.5" Al Al (6)
(8 marks)
(Q24 6665/01, June 2008)
Q52. :
Question Scheme Marks
Mumber
(a) R =3"+47 M1
R=5 Al
tan a =i M1
3
a=53_"° awrt 33° | Al (4)
(b) Maximum value 15 5 ft their R | B1 ft
At the maximum, ccs{H—a}:larH—a’:U M1
d=a=53__° ft their ¢ | A1 ft (3)
(c) f(r‘) :lU+5cos(15r—rx)°
Minimum occurs when cns(lir—a}":—l M1
The minimum temperature is (10-5)° = 5° Al ft (2)
(d) 15¢—a =180 M1
t=15.35 awrt 13.5 M1 A1l (3)
[1Z]

(Q26 6665/01, Jan 2009)



Q53.

(c)

3sin2x + 4cos2x = Reos(2x—a)

3sm2x + 4ecos2xy = Reos2xcosa + Rsin2xsin o

Equate sin2x: 3=Rsina
Equate cos2x: 4=Rcosa

R=y34+4=25=5 R=5
tna=+% ortana==3 or

'rzma:% = o =3686989765 ° Sﬁla‘:iﬁ;ﬂ or cosazzﬁ
awrt 36.87

Hence, 3sin2x + 4c0s2x = Scos(2x—36.87)

B1

M1

QuesHan Scheme Marks
Number
Q (a) : ) Applies A=B to cos(4+5) to
A=B =cos(A+4) =cos24 = cos4cos4—sin4sin 4 ; , ;
give the underlined equation or | M1
cos24 = cos’ A—sin" 4
cos2A4 = cos’ A—sin* 4 and cos’ A+sin’ A=1
gives
cos24 = 1—-sin® A—sin’ 4 = 1-2sin> 4 (as Complete proof, with a link
T - between LHS and RHS. No errors | A1 AG
required) seen.
(2)
(b) C,=C, = 3sin2x=4sin" x — 2¢c0s2x Eliminating y correctly. | M1
Using result in part (a) to
substitute for sin’ x as
; t1+cos2x th
; 1-cos2x —— orksm xas
3sin2x = 4[?] — 2cos2x 2 M1
® (+1+cos2x’
k[f to produce an
equation in only double angles.
3s5imn2x =2(1-cos2x) — 2cos2x
3sin2x =2 — 2cos2x — 2cos2x
3sin2x + 4cos2x =2 Rearranges to give correct result | A1 AG
(3)

(3)




Question

Number Scheme Marks
(d) | 3smm2x + 4cos2x = 2
5cos(2x—36.87) =2
2 g P
s(?2x—3687) = = cos(2x ttheir &) = - M1
CDS{ 3 ) 5 { . their R
{21‘—36.8?} = 66.42182.° awit 66 | A1

(2x—36.87) = 360 — 66.42182 .°

Omne of either awrt 51.6 or awrt |
Hence, x = 51.64591..°, 165.22400.° 51.7 or awrt 1652 or awrt 1653

Both awrt 51.6 AND awrt 165.2 | Al

(4)
If there are any EXTRA solutions
inside the range 0 < x < 180 then
withhold the final accuracy mark.
Also ignore EXTRA solutions
outside the range 0 < x < 180"
[12]

(Q24 6665/01, June 2009)
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