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14.1 INTRODUCTION

In the realm of calculus, integration serves as a powerful tool for finding areas under curves, determining
volumes of irregular shapes, and solving various real-world problems. Among the arsenal of integration
techniques, the method of integration by substitution stands out as a versatile and fundamental approach.
This unit serves as an entry point into understanding the principles and applications of integration by
substitution.

14.20BJECTIVES

After completing this unit, students will be able to
1. Understand the concept of substitution and its role in integration.
2. Learn how to identify appropriate substitutions for different types of integrals.
3. Master the technique of integration by substitution through step-by-step examples.

4. Apply integration by substitution to solve a variety of integrals involving trigonometric,
exponential, and other functions.

5. Explore advanced applications of integration by substitution in calculus and beyond.

14.3METHOD OF INTEGRATION BY SUBSTITUTION

If we have to evaluate an integral of the type | f{¢p(x)} - ¢’ (x)dx then we put ¢p(x) = t and ¢’ (x)dx =
dt. With this substitution, the integrand becomes easily integrable.

Substitution Method I: When the integrand is of the form f(ax + b), we put (ax +b) =t and dx =
~dt.




Substitution Method II: When the integrand is of the form x™~1 - f(x™), we put x™ = t and nx" 1dx =
dt.

Substitution Method III: When the integrand is of the form {f(x)}"- f'(x), we put f(x) =t and
f'(x)dx = dt.
Substitution Method I'V: When the integrand is of the form ];(—(;)), we put f(x) =t and f'(x)dx = dt.

_ (ax+p)™*?!

. n . —
Example 1: [ (ax + b)"dx = pravEn + C, wheren # —1.

Solution: Putting ax + b = t, we get adx = dt or dx = %dt.

f (ax_l_b)ndx:lf g = L. gnt+1 +C:(ax+b)n+1+C
" a d i T T amrn ¢

Example 2: [ cos (ax + b)dx = isin (ax+b)+C

Solution: Put (ax + b) = t so that dx = %dt.

1
J- cos (ax + b)dx = EJ- cos tdt

1.

=—=sint+C
a
1

= Esin (ax+b)+C.

Example 3: [ cosec? (ax + b)dx = —%cot (ax+b)+C

Solution: Put (ax + b) = t so that dx = %dt.
1
] cosec? (ax + b)dx = E] cosec? tdt
1 1
= —acot t+C= —acot (ax+b) + C.

Example 4: Evaluate: [ (3x + 5)7dx

Solution: Put (3x + 5) = t so that 3dx = dt or dx = édt.

. S 1 S 1t _ (3x+5)°
- (3x+5)dx—§ tdt—§'§+C—T+C

Example 5: Evaluate | (4 — 9x)°dx.
Solution: Put (4 — 9x) = t so that —9dx = dt or dx = —%dt.

' s 1 5. 1 t® _—(4—9x)6
o (4—9X) dx——§ tdt——g'g-}'C—T-}'C.

Example 6: Evaluate [ (2_;) S dx

Solution: Put (2 — 3x) = t so that —3dx = dt or dx = —édt.




f ! dx = 1J- 1dt— ! ! +C = ! +C
)23t T T3] BT T3 @By T T =30
Example 7: Evaluate | vax + bdx

Solution: Put (ax + b) = t so that adx = dt.

_ 2(ax + b)3/?

C.
3a +

1 2
f \/ax+bdt=5f ﬁdt=£t3/2+C

Example 8: Evaluate [ cos 2xdx.
Solution: Put 2x = t so that 2dx = dt or dx = %dt.

1 1 1
] cos 2xdx =§f cos tdt =Esin t+C zzsin 2x + C.

Example 9: Evaluate | e 5*+3)dx

Solution: Put (5x + 3) = t so that 5dx = dt or dx = idt.

f eG¥+3) gy = %f etdt = % et +C = %e(Sx”) + C.

Example 10: Evaluate | sec? (3x + 5)dx

Solution: Put (3x + 5) = t so that 3dx = dt or dx = édt.

1 1
J- sec? (3x +5)dx = §f sec? tdt = Jtan t+ C

1
= §tan (3x+5) +C.
Example 11: Evaluate [ sin® xdx
Solution: We know that sin 3x = 3sin x — 4sin3 x.

sin® x = 1 (3sin x — sin 3x).

.3 _ 3 . 1 .
So, [ sin® xdx = | (Zsm x —sin 3x) dx

3 1
= —j sin xdx _Zf sin 3xdx

4
1 (—cos 3x)
:Z(_COS x)—Z-T+C
3 cos 3x
= _ZCOS X+ 12

Example 12: Evaluate IOT dx

Solution: Put log x = t so that %dx = dt.

f lngd —] tdt—1t2+C—1l 2+cC
KX . x = =3 —2(ogx) .




2
Example 13: Evaluate [ m(xﬂ dx

Solution: Put log x = t so that %dx = dt.

sec? (log x)
] ——Zdx = ] sec? tdt = tan t + C = tan (log x) + C.

X
etan_1
Example 14: Evaluate ey
Solution: Put tan~! x = ¢t so that — —~dx = dt.
(1+x2)

etanlx .
. — t — ,t — ptan™
] mdx—f etdt = e +C—€an x+C.

sin Vx
Vx

Solution: Put v/x = t so that %x‘l/zdx =dt or%dx = 2dt.

Example 15: Evaluate [ dx

J‘ sin vVx

dx = ZJ- sin tdt
Vx

= 2(—cos t)+ C = —2cos t + C = —2cos Vx + C.
Example 16: Evaluate [ cos® x sinx dx

Solution: Put cos x = t so that sin xdx = —dt.

_ t* 1
f cos3 xsin xdx = —J- t3dt = _Z-I_C = _ZCOS4 x + C.

Example 17: Evaluate [ (+/sin x)cos x dx
(i1) Put sin x =t so that cos xdx = dt.

2 2
] (Vsin x)cos xdx = f Vtdt = §t3/2 +C = §(sin x)3? +C.

cosec? x
(1+cot x)

Example 18: Evaluate [

Solution: Put (1 + cot x) = t so that —cosec? xdx = dt.

f cosec? x G = f ldt
h (1 + cot x) = t
= —log t + C = —log |(1 + cot x)| + C.

sin x

Example 19: Evaluate [ Graco o2 X

Solution: Put (3 + 4cos x) = t so that —4sin xdx = dt.

f UL lf dt=—4C=——t(
h (3 + 4cos x)? =Ty t27 4t ~ 4(3 + 4cos x)

Example 20: Evaluate [ dx

2x
(2x+1)2




Solution: Put (2x + 1) = t so that 2x = (t — 1) and dx = %dt.

. 2x 1 -1

f Zx+ 12 _Ef 2 &

_1J- 1dt lf 1dt_1l t+1+C
—2) T ) R R AT

1
= Elog |(2x + 1)| +

- s
2%+ 1) T

. (2+3x)
Example 21: Evaluate [ Gom dx

Solution: Put (3 — 2x) = t so that x = (%) and dx = —%dt.
9-3t
e, g 2+ L@,
- (3 — 2x) 2 t T4 t

_3 1dt+3f dt = —Biog el + 2t 4 c
2 4Ty =g logltl+7

13 3
= —Tlog |(3 —2x)| +Z(3 —2x) + C.

x2

3
(1+x%)

dx

Example 22: Evaluate

Solution: Put x3 = t so that 3x%dx = dt.

) 3x? dt -1 -1 ,.3
J- mdx:f mztan t+C=tan"" x>+ C.

%3
(x2+1)3

dx

Example 23: Evaluate [

Solution: Put (x? + 1) = t so that x2 = (t — 1) and xdx = %dt.

x3 x% - x
] S e :f S e
10 (t-1) 1 1 1 1
=5f = dt:zf t—zdt—zf it

S S S B,
T2t 4¢t2 S 2(x2+ 1) 4(x2+1)2
—(1 + 2x?

Gl P

4(x% + 1)2

x8
(1-x3)1/3

Example 24: dx

Solution: Put (1 — x3) = t so that x3 = (1 — t) and x?dx = —gdt.




' x8 D = x% - x? y
el e

1 1 —1t)? 1 1+t% -2t
3 t1/3 3 t1/3
1 1 2
=—= t"1/3dt——f t>/3dt +—] t2/3dt
3,[ 3 3
1 1 2
2 8 +5 +

1 1
— (1 — +3)2/3 _ (1 — +3)8/3
2(1 x°) 8(1 x*)
2
+§(1 —x%)53 + (.

Example 25: Evaluate [ %.

Solution: Put x3 = t so that 3x?dx = dt or x*dx = gdt.

f dx J‘ x? y
_—— — dx
x-Vx6—1 x3-Vx6 —1

[multiplying numerator and denominator by x? ]

1 1 d—l 1 C_l 1,34
_§f mt—gsec t+ —§sec x>+ C.

1
TS dx

dx = |

Example 26: Evaluate [

1 1 d
Vx+a) Eavo

Now, put (1 ++/x) =t so that%dx = 2dt.

Solution: [

1 1

S ———ax = ] S S—
f (Vx + x) Vx(1 +Vx)
1

= zf ?dt = 2log |t| + C = 2log |(1 +Vx)| + C.
@-1)
Vx+4 dx
Solution: Put (x + 4) = t? so that x = (t? — 4) and dx = 2tdt.

. (x—1) 3 (t? = 5)t
J- mdx —2f 5 dt

Example 27: Evaluate [

2t3
=2] tzdt—loj dt:T—10t+C
2
=§(x+4)3/2—10(x+4)1/2+6.

Example 28: Evaluate | xvx + 2dx

Solution: Put (x + 2) = t? so that x = (t? — 2) and dx = 2tdt.




f xVx + 2dx =f (t?2 — 2)2t%dt = zf t4dt—4f t2dt
2t 4t° - 2(x +2)%%  4(x +2)3%/?

5 3 5 3
Example 29: Evaluate | (4x + 2)Vx2 + x + 1dx
Solution: Put (x? + x + 1) = t so that (2x + 1)dx = dt.

f (4x+2)(\/x2+x+1)dx =2] Vede

4 4
=§t3/2+C =§(x2+x+1)3/2+C.

+ C.

(4x+3)

V2x2+3x+1 X
Solution: Put (2x? + 3x + 1) = t so that (4x + 3)dx = dt.

Example 30: Evaluate |

4x + 3 dt
( ) dxzj —=2Vt+C=2y2x2+3x+1+C.
V2xZ +3x + 1 Vt

Example 31: Evaluate [ %

Solution: Put (x% + 5x + 9) = t so that (2x + 5)dx = dt.
_ ] (2x +5)
- C

1
— = —dt =log |t| + C
x%+5x +9) * f t og [t] +

=log |(x? + 5x +9)| + C.

(6x=7)

Example 32: Evaluate [ Gr?—7x15)?

Solution: Put (3x? — 7x + 5) = t so that (6x — 7)dx = dt.

. (6x—7)
- f (3x%2 —7x +5)?

f (cos x—sin x)

-1

C.
(3x2—-7x+5) +

1 1
dxzf —dt=——+C=
t t

Example 33: Evaluate

(cos x+sin x)

Solution: Put (cos x + sin x) = t so that (cos x — sin x)dx = dt.

(cos x — sin x) 1
f . dx = f —dt
(cos x + sin x) t

=log |t| + C = log |(cos x + sin x)| + C.

Example 34: Evaluate | e

log (sec x+tan x)

Solution: Put log (sec x + tan x) = t.
Then, on differentiation, we get




1

(sec x +tan x)
or sec xdx =dt

sec x 1
] dx = f —dt
log (sec x + tan x) t

= log |t| + C = log |log (sec x + tan x)| + C.

- (sec xtan x + sec? x)dx = dt

Example 35: Evaluate [ sin 2x dx

(a2sin? x+b2cos? x)

Solution: Put (a?sin? x + b%cos? x) =t so that
dt
(@~ %)
sin 2x dt
= f _ dx = f @
(a?sin? x + b%cos? x) (a? = b?)t

1
= mlog |t| +C

= mlog (a?sin? x + b%cos? x) + C.

2(a? — b?)sin xcos xdx = dt © sin 2xdx =

14.4 LET US SUM UP

So, in this first unit we have learned about the
1. the concept of substitution and its role in integration.
2. how to identify appropriate substitutions for different types of integrals.
3. the technique of integration by substitution through step-by-step examples.
4

. integration by substitution to solve a variety of integrals involving trigonometric, exponential, and
other functions.

5. advanced applications of integration by substitution in calculus and beyond.

14.5 UNIT END EXERCISE

14.5.1 Evaluate [ ———dx

c2+b2x2
14.5.2  Evaluate [ e* cose® dx.

14.5.3 Evaluate | sin®x cosx dx.

3
14.5.4 Evaluate [ il =dx.
1+x
cos™1lx
14.5.5 Evaluate —f \/ﬁ dx.

14.5.6  Evaluate [ 20°* dx.

cosec x>

1457  Evaluate [ —

1
(1+x2)tan~1x

14.5.8 Evaluate [




—-X

dx

e*—e
1459 Evaluate [ ——
sinx cosx

14.5.10 Evaluatefa

cos?2x+bsi %2x
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