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1.1 HISTORY AND BACKGROUND OF OPERATIONS RESEARCH

In the books of management one often finds a specific period of the development of management
thought, called the Period of Scientific Management. It was in 1885 that Fredrick W. Taylor,
“father of scientific management”, developed the scientific management theorjes. It was

also called the Modern era when rapid development of concepts, theories and techniques of |-

management took place. During World War II, production bottlenecks forced the govérnment
of Great Britain to look up to scientists and engineers to help achieve maximum military
production. These scientists and engineers created mathematical models to find the solution of
the problems about increasing production of military equipment. This branch of study was called

Operations Research (OR). Since it was used in the research in war operations of armed forces. |

These problems of the armed forces seemed to be similar to those that occurred in production
systems. Because of the success of OR in military operations and approach to war problems it
began to be used in industry as well.

1.2 DEFINITION OF OPERATIONS RESEARCH

Many authors have given different interpretation to the meaning of Operations Research as it
is not possible to restrict the scope of Operations Research in a few sentences. Students must
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understand that there is no need to single definition of Operations Research which is acceptable
to everyone. Two of the widely accepted definitions are provided below for understanding the
concept of Operations Research.

“Operations Research is concernedwith scientifically deciding how best to design and operate
man-machine system usually under conditions requiring the allocation of scarce resources.”

- Operati(_m§ Research Society of America
The salient features of the aboye definition are:
(@) Itisa scientif]c decision-making technique.
(6) It deals with optimizing'(maximizing) the results.
(©) ltis concemed with man-machine systems.
(d) .The resources are limited.
“Operations Research Is a scientific approach to problem solving for executive management.”
- H.M. Wagner
The above definition lays emphasis on:
(a) OR being a scientific technique:
(b) Ttis a problem-solving technique. ' ]
(¢) Itis for the use of executives who have to take decisions for the organizations.

A close observation of the essential aspects of the above two definitions will make it clear that
both are in reality conveying the same meaning. Other definitions of OR also converge on these
essential features. One need not remember the definitions word by word but understand the true
meaning of the definition provided by different authors. The emphasis has to be on the application
of technique so that organizations are benefitted. Hence, the real work of any managerial technique
is the ability of the organizations to take advantage for meeting their objectives,

1.3 OPERATIONS MANAGEMENT, PRODUCTION MANAGEMENT,
SYSTEM MANAGEMENT AND OPERATIONS RESEARCH

All the above subjucts are interrelated and one must understand the fundamental concepts of
these subjects before one is ready to study the details. :

Any pro&uction function brings together men, machines and materials. These are used to
provide goods and services, which satisfy the needs, wants and desires of the people. For long,
the term ‘production’ has been associated with factory like situations where goods are produced
in the physical sense. In fact, a factory is defined as “a premises where peaplie are employed for
making, altering, vepairing, ornamenting, finishing, cleaning, working, breaking, demolishing or

‘adopting any article for sale.” For example, in a factory the mass production of any househeld

product or goods may take place. The management of production of such goods is important
but equally important is the management of the service part associated with it. Similarly, one
can distinguish between the production of say McDonald’s burger which is a product and its
delivery, which is a service. If we generalize the concept of production as the ‘process through
which goods and secvices are created’, both manufacturing of goods and service organization -
can be included in production management. Thus, non-manufacturing processes like health,
transport, banks, education, etc. come under the scope of production management. It is because
of this reason that term ‘production’ or ‘operations management’ has been suggested by many
authors to include the application of techniques of management of men, machines and materials.




So, general concept of ‘Operations’ and not production can include both manufacturing and
service organizations. There is an operation function involved in all enterprises, biz or small.

1.4 SALIENT FEATURES OF OPERATIONS RESEARCH

After having understood the basic concept of OR and the need, on¢ can easily understand its
salient features.

1.

System Approach: OR is a systematic approach as is clear from the conceptual model
of OR explained above. It encompasses all the sub-systems and departments of an
organization. Since it is a technique that effects the entire organization, optimizing
results of one part of the organization is not the proper use of OR. Before applying OR
techniques the management must understand its impact and implications on the entire
organization.

OR is both a Science and an Art: OR has the scientific orientation because of its
inherent methodology and scientific methods are used for problem-solving. But its

_ implementation needs the art of taking the entire organization along. OR does not

perform experiment but helps in finding out solutions. OR must take into account
the human factor which is the most important factor in implementing any technique/
methods of problem-solving.

Interdependency Approach: Problem of orgamzatlons could be related with
economics, engineering, infrastructure related with markets, management of human
resources and so on. If OR has to find a solution to problems related to diverse fields,
the OR team must be constituted of members with background disciplines of science,
management and engineering, etc. Only then, practical solutions which can be implemented,
can be found to the advantage of organizations.

Management Decmlon-makmg Management of any organization has to make deCISlon
which has, 1mpact on its profitability. All business organizations exist to make profits.
Non-business organizations like hospitals, educational institutions, NGOs, etc. generate
profits by reducing the inputs and increasing the outputs through effective and efficient
management. Decision-making involves generating different alternatives and selecting
the best under the given situation. OR helps in making the right decisions.

Quantitative Technigue: OR is a quantitative technique, which uses mathematical
models and finds rational quantitative solutions to the managerial problems. The
management may use the OR inputs and take into account the quantitative analysis of
the problem in finding the solution in the best interest of the organization.

Use of Information Technology (IT): OR extensively uses the IT for complex
mathematical problems to its advantage. OR approach to decision-making depends
heavily on the use of computers.

1.5 TOOLS OF OPERATION RESEARCH

Operation Research is a very versatile science and has many tools/techniques, which can be
used for problem solving. However, it is not possible to list all these techniques as everyday
‘new methods in the use of OR are being developed. Some of the tools of OR are discussed in
the succeeding paragraphs:
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Linear Programming (LP): Most of the industrial and business organizations have the
objectives of minimizing costs and maximizing the profits. LP deals with maximizing a
given objective. Since the objective function and boundry conditions are linear in nature,
this ‘mathematical model is called Linear Programining Model. It is a mathematical
technique used to allocate limited resources amongst comp:ting demands in an optimal
manner. The application of LP requires that there must be a well-defined objective
function (like maximizing profits and minimizing costs) and there must be constraints
on the amount and extent of resources available for satisfying the objective function.

Queuing Theory: In real life situations, the phenomenon of waiting is involved whether
it is the people waiting to buy goods in a shop, patients waiting outside an Out Patient
Department (OPD), vehicles waiting to be serviced in a garage and so on. Because
in genéral, customer’s arrival and his service time is not known in advance; hence a
queue is formed. Queuing or waiting line theory aims at minimizing the overall cost
due to serviicing and waiting, How many cervicing facilities can be added at what cost
to minimize the time in quene is the aim in the application of this theéxy.

Network Analysis Technique: A network can be used to present or depict the activities
necessary to complete a project. This helps us in planning, schedulin g, monitoring and
control of large and complex projects. The project may be developing a new battle
tank, construction of dam or a space flight. The project managers are interested in
knowing the total project completion time, probability that a project can be compiéted
by a particular time, and the least cost method of reducing the total project completion
time. Techniques like Programme Evaluation and Reviewing Technique (PERT) and
Critical Path Method (CPM) are part of network analysis. These are popular techniques
and widely used in project management. '

Replacement Theory Model: All plants, machinery and equipment needs to be replaced
at some point of time, either because there is deterioration in their efficiency or because
new and better equipment is available and the old one has become obsolete. Sooner or
later the equipment needs to be replaced. The decision to be taken by the management
involves consideration of the cost of new equipment which is to be purchased and
what can be recovered from the old equipment thfough its sale, or its scrap value, the
residual life of the old equipment and many other related aspects. These are important
decisions involving investment of capital and need to be taken very carefully.

Inventory Control: Inventory includes all the stocks of material, which an organization

buys for prodirction/manufacture of goods and services for sale. It will include raw material; .
semi-finished and finished products, spare parts of machines, etc. Managers face’
the problems of how much of raw material should be purchased, when should it be

purchased and how much should be kept in stock. Overstocking will result in locked

capital not available for other purposes, whereas under-stocking will mean stock-out

and idle manpower and machine resulting in reduced output. It is desirable to have
just the right amount of inventory at the right time. Inventory control models can help
us in finding out the optimal order size, reorder level, etc. so that the capital resources
are conserved and maximum output ensured.

Integer Programming: Integer programming deals with certain situations in which the
variable assmnes non-negative integer (complete or whole numb er) values only. In LP
models the variable may take even a fraction value and the figures are rounded off to
the nearest integer to get the solution, i.e., number of vehicles available in a problem
cannot be in fractions. When such rounding off is done the solution does not remain
an optirnal solution. In integer programming the solution containing unacceptable
and fractional values are ruled out and the next best solution using whole numbers is



obtained. An integer programming may be called mixed or pure depending on whether
some or all the variables are restricted to integer values.

7. Transportation Problems: Transportation problems are basically LP model problems.
This model deals with finding out the minimum transportation cost for transporting
the single commodity from a number of sources to number of destinations. Typical
problem involves transportation of some manufactured products (say cars in 3 different
plants) and these have to be sent to the warehouses of various dealers in different parts
of country. This may be understood as a special case of simplex method developed
for LP problems, alldcating scare resources to competing demands. The main purpose
of the transportation is to schedule the dispatch of the single product from different
sources like factories to different destinations as total transportation cost is minimized.

8.  Decision Theory and Games Theory: Information for making decisions is the most

important factor. Many models of OR assume availability of perfect information
which is called decision-making under certainty. However, in real life situations, only
partial or imperfect information is available. In such a situation we have two ¢ases,
either decision under risk or decision under uncertainty, Hence from the point of view
of availability of information, there are three cases, certainty and uncertainty, the two
extreme cases and risk is the “in-between” case.
Games theory is concerned with decision-making in a conflict situation where two
or more intelligent opponents try to optimize their own_decision. In Games theory,
an opponent is referred to as a player and each player has a number of choices, The
Games theory helps the decision maker to analyse the course of action available to his
opponent. In decision theory, we use decision tree which can be graphically represented
to solve the decision-making problems.

9. Assignment Problems: We have the problem of assigning a number of tasks to a
number of persons who may use machines. The objective is to assign the jobs to the
machines in such a way that the cost is least. This may be considered a special case of
LP transportation model. Here jobs may be treated as ‘services’ and machines may be
considered the ‘destinations’. Assignment of a particular job to a particular person so
that all the jobs can be completed in shortest possible time hence incurring the least
cost, is the assignment problem.

10.  Markov Analysis: Markov analysis is used to predict future conditions. It assumes
that the occurrence of a future state depends upon the immediately preceding state and
only on it. It is based on the probability theory and predicts the change in a system
over a period of time if the present behaviour of the system is known. Predicting market

share of the companies in future as also whether a machine will function properly or not

in future, are examples of Markov analysis.

11.  Simulation Techniques: Since all real life situations cannot be represented
mathematically, certain assumptions are made and dynamic models which act like the
real processes are developed. It is very difficult to develop simulation models which can
give accurate solutions to the problems, but this is a good method of problem solving,
when the problems are very complex and cannot be solved otherwise.

1.6 IMPORTANT APPLICATIONS OF OPERATION RESEARCH

In today’s world where decision-making does not depend on intuition, managerial techniques
are widely used. All the applications of OR cannot be listed because OR as a tool finds new
application everyday. It finds typical applications in many activities related to work planning.
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Some important applications of OR are:
1. Manufacturing/Production
— Production planning and control
— Inventory management.
2. Facilities Planning
— Design of logistic systems
~— Factory/building location and size decisions
— Transportation, loading and unloading
— Planning warehouse locations.
3.  Accounting
-— Credit policy decisions
— Cush flow and fund flow planning,
4. Construction Management
— Allocation of resources to different projects in hand
—  Workforce/labour planning
— Project management (scheduling, monitoring and control).
5. Financial Management '
— Investment decisions
— Portfolio management,
6. Marketing Management
~— Product-mix decisions
— Advertisement/Promotion budget decisions
— Lainching new product decisions.
7. Purchasing Decisions
Inventory management (optimal level of purchase), Optimal re-ordering,.
8. Personnel Management
— Recruitment and selection of employees
— Designing training and development programmes
— Human Resources Planning (HRP).
9. Research and Development
— Planning and control of new research and development projects.
—~ Product launch planning. '

1.7 DECISION THEORY APPROACH

While'discussing the upp-roach, it will be helpful for us.to take a real life situation and relate it
with the steps involved in taking decisions. Let us take the case of a manufacturing company,
which is interested in increasing its production to meet the increasing market demand.

Step L. Determine all possible alternatives

The first obvious step involved before making a rational decision is to list all the viable
alternatives available in a particular situation. In the example considered above, the following
options are available to the manufacturer: :



(a) Expand the existing manufacturing facilities (Expansion);
(5} Setup a new plant (New facilities); :

(c) Engage other manufacturers to produce for him as much as is the extra demand (Sub
contracting).

Step II. Identify the future scenario

Itis very difficult to identify the exact events that may occur in future. However, it is possible
to list all that can happen. The future events are not under the control of the decision-maker. In
decision theory, identifying the future events is called the szare of nature. In the case which we
have taken of a particular manufacturing company, we can identify the following future events:

(¢) Demand continues to increase (High demand)

(b) Moderate demand

(¢) Demand starts coming down (Low demand)

(d) The product does not remain in demand (No demand).
Step IIL Preparing a payoff table -

The decision-maker has to now find out possible payoffs, in terms of profits, if any, of the
possible events taking place in future. Putting all the alternatives together (Step I) in relation
to the state of nature (Step II) gives us the payoff table. Let us prepare the payoff table for our
manufacturig company.

State of nature
Alternatives - :
High Demand Moderate Demand | Low Demand | No Demand
Expansion 1 2 3 4
Add '
5
New Facilities 6 7 8
Sub-contact 9 10 11 12

If expansion is carried out and the demand continues to be high (one of the 12 alternatives),
the payoff is going to be maximum in terms of profit of say ¥ X. However, if expansion is carried
out and there is no demand (situation 4), the company will suffer a loss.

Step IV. Select the best alternative

The decision-maker will, of course, select the best course of action in terms of payoff. However,
it must be understood that the decision may not be based on purely quantitative payoff in terms
of profit alone, the decision-maker may consider aother qualitative aspects like the goodwill
generated which can be encashed in future, increasing market share with an eye on specially
designed pricing policy which ultimately gives profits to the company, etc.

1.8 ENVIRONMENT IN WHICH DECISIONS ARE MADE

Decision-maker faces the following situations while making decisions:
{a) Decision under conditions of certainty

This is a hypothetical situation in which complete information about the future business
environment is available to the decision-maker. It is very easy for him to take a very
good decision, as there is no uncertainty involved. But in real life, such situations are
never available.
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(6) Decision under conditions of uncertainty

The fusure state of events is not known, i.e., there are more than one state of nature.
As these uncertainties increase, the situation becomes more compiex, The decision-
maker does not have sufficient information and cannot assign probabilities to different
occurrences. )

(¢) Decision under risk

Here, tliere are a number of states of nature like the above case. The only difference is
the decision-maker has sufficient information and can allot probabilities to the different
sates of nature i.e., the risk can be quantified. -

Decision Under Certainty

This is a rare situation and no decision-maker is so fortunate to have complete information before
making a decision. Hence, it is not a real life situation and is of no-consequence in managerial
decisions,

"In this situation only one state of nature exits and its probability is one. With one state of
nature, possible alternatives could still be numerous and the decision-maker may use techniques
like Linear programming, Transportation and Assignment technique, Economic Order Quantity
(EOQ) medel, input-output analysis, etc. '

In our example of the manufacturing company, if the company had perfect information that the
demand would be high: it would have three alternatives of expansion, construction of additional
facilities and sub-contracting. Any one alternative, which gives the best payoff, say constructing
additional facilities may be picked up to get the maximum benefit. So, the Jjob of decision-maker
1s simple just to pick-up the best payoff in the column of state of nature (high demand, low
demand, no demand) and use the associated alternative (expand, add facilities, sub-contract).

Decision Under Uncertainty

Under conditions of uncertainty, one may know the state of nature in future but what is the
probability of occurrence is not known. Since the data or information is incomplete the decision
model becomes coinplex and the decision is not optimal or the best decision. Such situations and
decision problems are called the Games Theory, which will be taken up subsequently.

Let us take the case of our manufacturing company. If the company wishes to launch a new .
product like a DVD player, it knows that the demand of DVDs in future is likely to rise, but the
probability that it will increase is not known. Also, the company may face the uncertainty of
manufacturing these profitably, because the imported DVDs may bécome very cheap becaunse
of the Government policy.

There are number of criterion available for making decision under uncertainty. The agsumption,
of course, is that no probability distributions are available under these conditions. The following
are discussed in this chapter : '

(@) The maximax criterion

() The minimax (Maximin) criterion

(c) The Savage criterion (The Minimax Regret Criterion)
(d) The Lablace criterion (Criterion of Rationality)

() The Hurwicz criterion (Criterion of Realism).



In the above criteria, the assumption is also made that the decision-maker does not have an
‘intelligent’ opponent whose interest will oppose the interest of decision-maker. For example,

when two armies fight each other, they are a case of intelligent opponents and such cases are

dealt with and handled by Games Theory.

The Maximax Criterion

This the case of an optimistic criterion in which the decision-maker finds out the maximum
possible payoff for every possible alternative and chooses the alternative with maximum payoff
in the particular group. Let us reproduce the case of our manufacturing company with payoffs
in rupee values.

- State of nature (Demand)
Alternatives High Moderate Low No Maximum
Demand Demand Demand | Demand of row
Expansion -40000 20000 —20000 -50000 40000
’;‘:(‘illif:s’ 50000 | 25000 | -30000 | -70000 | 50000 Maxi“ax
Sub-contract 30000 20000 —5000 —20000 30000

It is obvious that maximum payoff is ¥ 50000 corresponding to the alternative ‘Add new

facilities’.

The Minimax (Maximin) Criterion

The criterion is considered the most conservative as it aims at making the best of the worst possible
situation. The decision-maker finds the miniimum possible payoff and then worst possible payoff
and then selects the best (maximum) out of minimum payoff. Let us review the above table with
minimum of row and then pickup the maximum out of these, i.e., ~20000.

‘The Savage (Minimax Regret) Criterion

State of nature (Demand)
Alternative High Mederate Low No Minimum
Demand | Demand Demand Demand of row
Expansion | 40000 20000 | —20000 | —50000 | —s0000
Add )
- 50000 25000 30000 —70000 —70000
New Facilities

Sub-contract | 30000 | 20000 5000 | —20000 | —-20000 Ma’f_mm

This criterion is named after L.J. Savage who developed'it. The decision-maker may regret
making decision after it has been made because of the turn of events (state of nature). Hence, the
decision-maker must keep the regret at the back of his mind and try and minimize that regret.
It involves three steps process. :

(a)

(b
(c)

Determine the maximum regret for each alternative;

Find out the quantum of regret associate with each alternative for different states of
nature ;

Select the alternative which gives minimum of the maximum regrets determined in (5)
above.
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The criterion which is considered ‘less conservative’ as compared to Minimax criterion,
which may described as extremely conservative. This quality of Savage criterion justifies the
need of such a criterion. Let us consider the following loss matrix which may be quoted as a

* classic example of the illogical conclusion, whih minimax criterion can give. A

Nature state {demand)

Alternative . 8, 92
r a, < 10000/- T 100/-
ay ¥ 8000/- T 8000/-

If we apply minimax criterion to this matrix, we are to pick-up a, alternative. However,
commonsense dictates us to select a; as in this case maximum of ¥ 100/- may be lost where
as in a, alternative there will be a certain loss of ¥ 8000/-. In Savage criterion this anomaly
has been rectified by constructing a new loss matrix. New matrix is constructed by finding the
difference between the best choice in the column and the particular value in the same column.
In our above example in the column @, the best choice is ¥ 8000. Now, the difference of the
first value under 8, is ¥ 2000 and the second value is 0. Similarly, the best choice under 0,,1s
T 100. So, the difference of the first value under 0, is 0 and the second value is ¥ 7900/-. The
minimax criterion yields @, as is expected. The students must note that the regret function
represents loss and so the minimax and not the maximin criterion can be applied to this matrix:

Example 1.1, Let us consider the following cost matrix which is to be converted into he regret
matrix:

8, 8, 8, 8,
a, 5 10 18 25
. 8 7 8 23
a, ) 21 18 12 21
a, .30 22 19 15
Solution.
8 8, o 0,
a 0 3 10 10 : :
a, 3.-. 0 0 8 Minimax value —
a 16 11 4 6
a, 5 15 1 .0

The Laplace Criterion

Decision under uncertainty is represented in the form of a matrix, the columns of which represent
the future state of nature and rows representing the alternatives or actions that are possible.

. Associated with each state of nature and each alternative action is the outcome or result of the

action when a particular future state of nature occurs. This outcome evaluates the gain (or loss).
Hence if a| represents the ith action (i=1, 2,...., m) and 6, represents the ™ nature state (f = 1,

2,3, ....,n), then v (a,, 0,) will represent the outcome resulting by ith action when Bj state of
nature occurs. This can be represented in the matrix below.



' 8, 0, 8,
a v(a,9) v(a;, 8,) Way, 8,)
a, v (a,, e]) v (azs 92) v(a, en)
a, via,0) v(a, 0 v{a,,8,)

The probability of occurrence of 8, 6, ..., 8, state of nature are not known, i.e., are uncertain:
If these probabilities were not different, we could determine them and the situation will not have
sufficient reason to believe. 8,,6,, ...., 8, are equally likely to oceur. This is called the Principle
of insufficient reason. Under these circumstances one selects the alternative 6, yielding the

largest expected gain. Hence, "
' max a {l Zv (a,-, Gj)} .

n
ja
where i/n is the probability that 8,(f =1, 2, ...., n) occurs.

Example 1.2. 4 service garage must decide on the level of spare parts it must stock to meet
the need of arrival of cars for servicing. The exact number of cars arriving for serving is not
known but it is expected to be in one of the four categories 80, 100, 1 20, 150 cars. Four levels
of stocking are thus suggested with level being the best from the point of view of incurring cost
if the number of cars arriving for servicing falls in category one. Any change from this ideal
level will result in additional costs either because extra spares are stocked or because demand
of servicing cannot be satisfied. The table below gives thse costs in thousand of rupees.

Category of cars arriving for servicing

8, 8, 0, 9,
a, 5 08 25 .
Stocking a, .8 7 8 - 23
level .
a, 21 18 12 21
a, 30 22 19 15

Solution. Laplace criterion assumes that probability of occurrence of6,,0,,8;and 9, arc equal.
Hence the probability of occurring of p(8,) = 174,/ = 1,2, 3, 4. The expected costs associated
with alternatives a,, a,, a,, a, are as follow:

Ela,]={ 1/4(5 +10+18+25)} =145
E[a,]={1/4 (8+7+8+23)} =115

E [a,] = {1/4 (21 + 18 + 12+ 21)} = 18.0
E[a,]={1/4 30+22+19+15)} =21.5

Thus, the best level of stocking of spare parts in the service station according to Laplace
criterion is given by a, (11.5).

Hurwicz Criterion

The criterion represents the method of choosing an alternative or action under the most optimistic
or under the most pessimistic conditions. The decision-maker selects a parameter o (alpha), which
is known as the index of optimism. When o = 1, the criterion is too optimistic and similarly
when o = Q it is too pessimistic. Depending upon the attitude of the decision-maker whether
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he leans towards optimism or pessimism, a value of o between 1 and 0 can be selected by him.
When there is ne¢ strong inclination, one or the other, he may assume o = 1/2.

Under most.optimistic conditions
- max g { amax v (g, Bj) + (I —0) min v (g, Bj)}
If o(a, 6,) represents profits and
nin g, {o. min v (a; E)J.) +(1-o)max v ( a; Bj)} if v(a, 9}.) represents costs.

Example 1.3. Let us take the example of service garage given above and apply Hurwicz principle
to it. The solution is provided below,

Min v (a, Bj) Max v (a, 9}.) aMin v (g Bj.) + (1 -0o)Max v (a; Bj)

a, 5 25 1s
a, 7 oz 15

ay 12 21 16.5
a 15 30 22.5

In this example 0. = 1/2 has been assumed. The optimum solution is provided by a jora,(is).

Decision-making Under Conditions of Risk

In real life situations managers have to make-decisions under conditions of risk. In decision-
making under conditions of uncertainty, the decision-maker does not have sufficient information
to assign probability to different states of nature. Whereas in decision-making under conditions
of risk, the decision-maker has sufficient information to assign probabilities to each of the states
of nature. ' ’

Decisions under risk are usually based on one of the following criterion : -
(@} Expected value criterion (Expected monetary value — EMV criterion)
{6) Combined expected value and variance
(¢) Known aspiration level
(d) Most likelv occurrence of a future state

Each of the above criterion is discussed in the following paragraphs:

Expected Monet.‘ary Value criterion

This criterion consists of the folldwing steps :
(@)  Constructing a payoff matrix with different states of nature and alternative decisions.
- Enter the conditional profit for each decision-nature state combination along with the
probabilities of occurrence of state and by adding the conditional values.

(b) Expected nionetary value (EMV) is calculated for each decision by multiplying the
profits by the probabilities of occurrence of the nature state and by adding the conditional
values,

(¢) Selecting the alternative, which yields highest EMV.

Example 1.4. 4 newspaper boy has the Jfollowing priabilities of selling a magazine:

Ne. of capies sold Probability
10 0.10
11 : 0.15
12 0.20
13 ' 0.25
14 " 0.30
1.00



Cost of copy is 30 paise and sale price is 50 paise. He cannot return unsold copies. How
many copies should he order ?

Solution. Step I. Constructing the conditional profit table

It is obvious that the newspaper boy has to order between 10 and 14 copies. Since the sale
price is 50 paise and the cost of one copy is 30 paise, he makes profit of 20 paise on each sale. If
he sells 10 copies and he stocks 10 copies, he makes a profit of 10 x 20 paise = 200 paise. If he
stocks 10 copies and demand is of say 12 copies, he still makes only a profit of 200 paise. When
he stocks say 11 copies, his profit will be 220 paise but if only 10 copies are sold, his profit of 200
paise is reduced by 30 paise, the cost of unsold copy, i.e., the profit is only 170 paise. Similarly,
when he stocks 12 copies, the profit can be 240 paise, when he sells 12 copies, but if he sells only
11 copies, his profit must be reduced by one unsold copy, i.e., 11 %20 -30x 1 = 190 paise.
And if he stocks 12 copies but sells only 10, the profit of 20 x 10 = 200 paise must be reduced by
30 x 2 = 60 paise as these are two unsold copies, i.e., 200 — 60 = 140 paise. Hence payoff is
equal to 20 paise X copies sold — 30 paise X unsold copies

thljlg.czilcl;)tla);f)sl d Probability _ Possible stock action (copies)
10 11 12 13 14
10 0.10 200 170 140 110 80
11 0.15 200 220 190 160 130
12 ’ 0.20 200 220 240 210 180
13 0.25 200 220 [ 240 260 230
4 - 0.30 200 220 240 260 280

Conditional Profit Table in Paise .

Step II. Determine the expected value of each decision by multiplying the profit with the
associated probability and by adding the values of all the alternatives. This is shown in the
Expected Profit table drawn below.

No. of .
copies that Probe'lbility Expected profit (paiée) by stocking
can be sold
‘ 10 11 12 - 13 14
10 0.10 20 17 14 11 8
11 0.15 30 33 28.5 24 19.5
12 0.20 40 44 48 - 42 36
13 0.25 50 55 60 65 57.5
14 0.30 60 66 72 78 84
Total expected profit 200 215 2225 220 205

Step II1, Pick-up the alternative yielding highest EMV, which is 222.5 paise it means that the
newspaper boy must order 12 copies to earn highest possible daily average profit of 222.5 paisc.

Example 1.5. You are given the Jollowing payoff of three acts A, A, A;and the events E |, E,, E ;:

States of Acts
Nature A, 4, A,
E, 25 -10 -125
E, 400 440 400
E; o5 740 730
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Operations Research The probability of the state of nature are respectively 0.1, 0.7 and 0.2. Calculate and tabulate

EMV and conclude which of the acts can be chosen as best.

Solution. EMV can be obtained by multiplying the probabilities with payoffs and adding all the

values ofa particul tion A, A..
NOTES particular action A, A, or A;
. Acts
State of nature | Probability ~ ' —
' A, A, A,
E, ' 0.1 25x0.1=25 -10x0.1=-1 -125x0.1=-12.5
E, 0.7 280 308 280
E, 02 130 148 150
EMV 4125 455 417.5

The best altermative is A,

Example 1.6. A mmanagement is faced with the problem of choosing one of three products for
manufacturing. The potential demand for each product may turn out to be good, moderate or
.| poor. The probabilities for each of acts of nture were estimates as follows:

Nature of Demand -

Product Good Moderate Poor

X 0.70 0.20 0.10

. Y 0.50 0.30 0.20
A 0.40 0.50 - 0.i0

The estimated profit or loss under he three states may be written as:

Froduct i ‘ E4 , E4 E4
X 30000 20000 10000
Y 60000 30000 20000 -
A © 40000 . 10000 15000

Prepare the expected value table and advise the management about the choice of product.
Solution: Step 1. Contruct the condition profit table.

Demand

Product -Probability Good Moderate Poor

: Profit :
0.70 0.20 0.10
. X 30000 - . 20000 10000
v 0.50 0.30 0.20
60000 30000 20000
7 040 | 050 0.10
40000 10000 —15000

" 14 Self-Instructional Malerial



Step II. Calculation of the expected values.

Demand
Product - Expected Value
Good Moderate Poor
X 0.70 x 30000 0.20 x 20000 0.10 x 10000 28000
Y 0.50 x 60000 0.30 x 30000 0.20 x 20000 43000 &
Z 0.40 x 40000 0.50 x 10000 0.10 x (~15000) 19500

Step IIL. Select the best aiternative. As the expected value of product Y is the highest, the
management should choose this product. -

Expected Opportunity Loss (EOL) Criterion

Another method is to determine minimum Expected Opportunity Loss (EOL). It represents the
amount by which the maximum possible profit under various possible actions will be reduced.
That course of action, which reduces this loss to minimum, is the best alternative. The following
steps are involved in calculating EOL. .

Step 1. Prepare the conditional profit table for every action-state of nature combination and
list the associated probabilities.

Step IL. For each alternative find out the Conditional Opportunity Loss (COL) this is done
by subtracting the payoff from the maximum payoff from a particular event.

Step III.  COL's are multiplied by the respective probabilities. All these are added to give
EOL. .

Step IV. Seclect the alternative, which gives the minimum EOL.

Let 8,, 0,, 6, be the states of nature and p (8,}, p (8,), ..., P (8)) be the respective
probabilities of occurrence of these states of nature. Then the Expected Opportunity Loss (EOL)
to acts a,, @y, 4, ... will be

. Q= (M| —p“)p_ (91) + (Mz _plg)p(ez) +..F (M,, _P|n)P (9,,)
az = (Mz _pp_l) P (92) + (Mz _Pzz) P(ez) +..F (Mn —pz,,)'p (9,,)
where M, = maximum profit or payoff corresponding to 8, and p,;, Py Pz Py, DE the
-outcomes of acts a,, a, and s0 on.
Expected opportunity Loss (EOL) is also called Expected Value of Regrets (EVR).

Example 1.7. Consider the following payoff table. The pr‘obability of occurrence of states of
nature 0,, 8,, 8, and 0, are 0.25, 0.4, 0.15 and 0.20. Write the regret table an find out EOL of

‘acts a,. a, and a;.

Nature State
Alternatives
9, 9, 9, 8,
a, 18 10 12 8
a, _ I6 i2 10 10
a, 12 i ] 12

‘Solution. Step I..Conditional profit table has already been provided in the example:

Step II. Preparing COL table by subtracting the value of each payoff in column &, (i = 1,
2, 3, 4) from the largest payoff value in the same column. '
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State of Nature .
Acts
0, 9, 0, 0, .
. Probability - 0.25 0.4 0.15 0.20
a, 18—-18=0 | 13-10=3 12-12=0 12-8=4
a, 18-16=2 13-12="] 12-10=2 12-10=2
a, . 18—12=6 13-13=0 . 12-11=1 12-12=0

Step III. EQL of acts a,, a,, a, are as follows:
a;=0x025+3x04+0x0.15+4% 0.20=2.00
a,=2X025+1x04+2x0.15+2%0.20 =1.6
. _a3‘—‘6x0.25+-0><0.4+l><0.15+0><0.20=1.65
Step IV. g, EOL is minimum = 1.6

Expected Value of Perfect Information (EVPI) Criterion

Ifthe decision-maker had perfect information before taking the decision, this criterion provides
the expected or average return in the long run.

Step I. Calculate the Expected-Payoff with Perfact Information (EPPI) which is equal to
(Max. payoff in first state of nature X probability of occurrence of same state of nature) +
(Max payoff in second state of nature x probability of occurrence of same state of nature) + ...
s0 on up to last state of nature. _ '

Step II. Determine EVPI = EVPI — Maximum EMV,

Example 1.8. Payoff of three acts 4, B and C ad state of nature XYZ are given below.

, Payoff (InT)
Acts :
A B C
State of Nature X =20 - 30 200
¥ 200 1 . -100 -50
z 400 600 300

The probability of the state of nature are 0.3, 0.4, and 0.3. Calculate the EMV for the data
given and select the best act. Also find the expected value of perfect information (E VPI).

Solution. Step I. Calculating EMV of acts AB,C
=-20x03+200+04+400%0.3 =194
=~50x03-100x%x0.4+600x0.3=125

_ _ C=200x03-50x0.4+300x0.3=130

T 194 is the maximum EMV. '

Step II. Calculate EPPI
Nature of Acts | Max for state’ | Max Payoff x
State Prob. A B C of nature probability
X . 03 =20 | 50 200 200 200x0.3=60
Y | 0.4 200 - 100 -50 200 200x04 =80
Z 03 400 600 300 600 600x0.3=180
EPPI . 320




Step III. EVPI-EMV : introduction to Operations
- =320-194=3126 Research

'Example 1.9. The probability of monthly sales of un item is as follows:

- NOTES
Monthly Sales (Units) 0 i 2 3 4 5 6 '

Probability 001 | o006 | 025 | 030 | 022 | o010 | o006

The cost-of carrying inventory (unsold during the month) is T 30 per cent per month and cost
of unit storage is T 70. Determine optimum stock to minimize expected cost.

Solution. Let P = Units purchased during a month
S = Units sold in a month
Then the cost function=¥ 70 (S-P)if P < §
and =%30(P-S)ifP>S "

Cost table for the above problem can be constructed as follows:

Monthly Strategies .
Sales Probability P (Units in stock or purchased)

(Units) S 0 1 2 3 4 5 6
0 - 0.01 0 30 60 90 120 150 180
1 0.06 70 0 30 60 90 120 150
2 0.25 140 | 70 0| 30| 60 | 90 [ 120
3 0.30 _210 140 70 0 30 60 90
4. 0.22 280 210 140 70 0 30 60
5 0.10 350 280 210 140 70 0 30
6 0.06 420 350 280 210 140 70 0

Expected Cost 224 155 92 54 46 60 84 °

The columns under different strategies are filled out using the cost functions given above.
For example, under column P = 0, S = 0, the cost function is 0. When the monthly sales
§=1and P=0since P <8, cost function T 70 (S — P) =70 (1 - 0) =¥ 70. Again under P =3 and
S =1, since P> 8§, cost functionis¥ 30 (P-S)=30 (3-1)=% 60 and so on.

Expected cost = Zp, X C,
where p, is the probability of oécrirrence of sales and C, is the cost incurred.
' Expected cost =0.01 X 0+ 0.06 x 70 + 0.25 x 140 + 0.30 x 210
(When 0 units are stocked) +0.22 x 280 + 0.10 x 350 + 0.06 x 420 =T 224
Expected cost = 0.01 x 30+ 0.06 X 0 + 0.25 x 70 + 0.30 x 140
(When 1 unit is stocked) +0.22x210+0.10 x 280 + 0.06 X 350 =% 155
Expected cost = 0.01 x 60 + 0.06 % 30 + 0.25 x 0 + 0.30 x 70
(Where 2 units are stocked)  +0.22 x 140 + 0.10 x 210 + 0.06 x 280 =% 92
Expected cost =0.01 x90 + 0.06 x 60 +0.25x 30+ 0.30 x 0
(Where 3 units are stocked) +022x70+0.10x 140+ 0.06 x210=% 54
Expected cost = 0.01 X 120 + 0.06 x 90 + 0.25 x 60 + 0.30 x 30
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(Where 4 units are stocked) +0.22x0+0.10x 70+ 0.06 x 140=3 46
Expect cost = 0.01 x 150 + 0.06 x 120 + 0.25 x 90 + 0.30 x 60
(Where 5 units are stocked) +0.22x30+0.10X0+0.06 X 70 = T 60

The expected cost is minimum, i.e., T 46 if 4 units are stocked each month hence the optimum
units to be stocked to minimize cost is 4.

Example 1.10. The demand for a seasonal product is given below.

Demand during the season Probability ‘
40 0.10
45 .0 0.20
30 0.30
33 0.25
60 ‘ 0.10
65 ] 0.05

The product costs T 60 per unit and sells at T 80 per unit. If the units are not sold within the
season, they will have ne market vaiue. .

(i) Defermine the optimum number of units to be produced.
(ii) Calculate EVPI and interpret it.
Solution. (z‘)-The payoff matrix can be prepared by remembering that
Payoff = sale units % cost of produét
For example, if 45 units are stocked and only 40 are sold, payoff = 40 x 80 — 45 x 60
= 3200 - 2700 = ¥ 500/- '

Demand Strategies (P Units in stock or purchased)

S Probability =5 45 50 55 60 65
40 0.10 800 500 200 | —100 | —400 | —700
45 0.20 800 900 | 600 300 0 | -300
50 0.30 800 . | 900 | 1000 700 400 100
55 025 | 800 500 | 1000 | 1100 800 | 500
60 010 | 800 | -900 | 1000 | 1100 | 1200 | 900
63 0.05 800 900 | 1000 | 1100 | 1200 | 1300

Expected value 800 860 840 - 54 460 180

It can be seen that expected value is the highest, i.e., T 860 with 45 units. Hence, the optimum
number of units to be purchased is 45. :

(i) EPPI— The student should recall that this can be found out by multiplying probability
‘with the maximum payoff under each demand so

EPPI=800%0.1 +900x0.2+ 100003+ 1100x0.25+1200x 0.1 +1300x0.05
=3 1020
EVPI=F 1020-% 860 =% 160

Interpretation of EVP]

EVPI helps the decision-maker to get the perfect information about the state of nature. This
helps in reducing the uncertainty. How much can be spent by the decision-maker to get perfect



information ? EVPI gives that upper-limit. In the above example, the best alternative is to produce
45 units with expected payoff of ¥ 860. The expected profit under perfect information is ¥ 1020
and EVPI is ¥ 1020 -- ¥ 860 = T 160. However, the degision-maker can spend up to T 160 per
season to get the perfect information, which helps him to reduce the uncertainty of demand.

Example. 1.11. Jagdamba Dairy wants to determine the quantity of ice cream it should produce
to meet the demand. Past pattern of demand of their brand of ice cream is as Jollows:

Quantity Demanded (kg) No. of Days Demand Occurred
- 10 _ 8
15 12
20 20
25 60
25 40
30 . 40
40 40
50 ' 20

The company cannot stock ice cream more than 50 kg. Ice cream costs X 60 and is sold at
3 70 perkg. :
(@) Construct a conditional profit table.
(b)  Determine the alternative, which gives the maximum expected profit.
{c) _Derermir:;e EVPI '
Solution. (4) Constructing conditional profit table.
It is clear from the problem that the company will not produce ice cream less than 10 kg and
more than 50 kg.
Let CP denote the conditional profit, S the quantity in stock and D the demand, then CP=10S
when D 2 S because ¥ 10/- is the profit per kg.

CP=70D - 60 S when D < S as whatever is the demand is sold at X 70 per kg and what is
not sold but is in stock and has been produced at the cost of T 60 per kg must be reduced from
the profit.

Let us take the case when the stock is 20 kg and the demand is 15 kg. In this case
CP =70 x 15— 60 % 20 =— 150 and so on. Also, probability associated with demand levels have
to be found out. The quantity of ice cream required for 8 days out of 3 total of 200 days is 10 kg.
It means that the demand of 10 kg has an associated probability of 200 = (.04. Similarly, other

'probabilities can also be determined. Conditional profit table along with associate probabilities
is shown in table below. '

Demand Probability Possible alternatives of stock (kg)
{kg) 10 15 20 25 30 40 50
10 0.04 100 | —200 —500 | —800 | —1100 |-1700 |-2300
15 0.06 100 150 —150 | —450 -750 |—-1330 |-1950
20 0.1 100 150 200 | —100 —400 | 1000 |- 160v
25 0.3 100 150 200 250 -50 —650 [—1250
30 0.2 100 150 200 250 300 -300 —900
40 0.2 100 150 200 250 300 400 -200
50 0.1 100 150 200 250 300 400 500
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(6) Expected payoff and EMV: are shown in the table below:

Demand Probability Possible alternatives of stock {kg)
kg 10 15 20 25 - 3¢ 40 50
NOTES 10 0.04 4 -8 | 20 | -32 —44 - 68 -92
' 15 0.06 6 9 -9 | =27 —45 -81 | -117
20. 0.1 10 | 154 20 | ~10 | —-40 | -100 | —160
25 0.3 30 45 60 75 -15 | =195 | =375
30 0.2 20 30 40 50 —-60 -60 | -180
40 0.2 20 30 40 50 60 80 —40
50 0.1 10 157 10 25 30 | 40 50
EMV 100 136 151 -19 -114 | -384 | -914

Expected payoffs are determined by multiplying the payoff under each stock action by its
associated probability. It means payoff for stock action of 10 is obtained by multiplying 100 by
0.04, i.e., 4. Similarly, for stock 15, the probability 0.04 is multiplied with — 200, i.e., 8 and so on.

Since the maximum EMV is ¥ 151 for stock of 20 kg of ice cream the daity can expect an

average daily profit of T 151,
(c) EVPI can be calculated with the help of following table:

EVPI=EPPI - EMV =298 — 151 =% 147/-
EMY for items having salvage value

Demand Pro.bnbili ty Co;(:-i,t:i{:nal Exlpected Profit ‘ﬁgllnggr&d Information

10 0.04 100 4

15 0.06 150 9

20 0.1 200 20

25 0.3 250 75

30 0.2 300 60"

40 0.2 400 80

50 . 0.1 500 50

' EPPI = 298

In earlier calculations if the product is not sold it is assumed that it is of no use, i.e., it has no
salvage value. It may be true in many perishable products, but in case of other products this -
assumption is not correct as every such product will have a salvage value, hence, this salvage
value must be taken into account while calculating the conditional profits for every stock options.

Example 1.12. Let us continue with the above example and assume that unsold ice cream can

be sold atX 50 per kg. Post-sales.pattern is between 10— 13 kg per day. Find the EMV if the
past sales have the following probabilities: .

Sales 10 ' M ' 12 T
Probability 0.2 0.2 0.25 0.35

Solution. Let CP = Conditional profit
S = Quantity in stock
D = Market demand
CP=10S whenD>§
and CP=70D-60S+50(S—D)whenD < §
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Payoff matrix using the above relationship is as follows:

Demand or Prol;ability Possible stock (8) action (alternative) in ¥
event 10 11 12 13
10 0.2 100 -~ 10 80 70
Il 0.2 100 110 100 90
12 0.25 140 130 120 110
13 0.35 160 150 120 130
Now, we can calculate the expected pyoffs and the EMV for each stock action.
Possible Demand- . Possible stock (8) action (alternative)
Probability
D (event) 10 1 12 13
10 0.20 02x100=20{02%x-10=-2| 02x80=16/02x70=14
11 0.20 24 22 20 i8
12 0.25 35 32,50 30 27.50
13 0.35 56 52.50 42 45.50
- EMV (®) i35 105 108 105

Max EMV =¥ 135 for stock action of 10 kg ice cream per day.
Example 1.13. Daily demand (X) for bread at a general store is given bythe following probability

distribution:

X

100

150

200

250

300

Probability

0.20

0.25

0.30

0.

15

0.10

If a bread is not sold the same day it can be disposed of at T 2 per piece at the end of the
day. Otherwise, the price of fresh bread is X 10. The cost of the bread is ¥ 8. If the optimum
level of stocking is 200 breads daily, find cut:

(a) Expected Monetary Value (EMV) of this optimum stock level

(b) Expected Value of Perfect Information (EVP{)
Solution. Selling =¥ 10 (if sold the same day)
=3 2 (if sold at the end of the day)
Let CP = Conditional profit
Then CP=2SwhenD>§
And CP=10D-85+2(S-D)whenD<S§
Conditional profit table ad EMV is calculated in the table below.
Demand (D) Probabilities Payoffl)f::as(;:(éls{;ng 200 Expected payoff
100 0.20 —400 - 80
150 0.20 0 0
200 0.30 400 120
200 0.30 400 120
250 0.15 800 120
300 0.10 1200 120
EMV 280
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Let us calculate payoff value when demand (D) is 100 and stocking (S) is 200 since D < S
CP=10D-85+2(S-D)
=10x 100 -8 x 200 + 2 (200 ~ 100)
= 1000 — 1600 + 200 =—400

When , D =150, S = 200
CP = 1500 — 1600 + 2 x 50
=0
When D = 200, S = 200"
. ' CP = 400
When D =250,5=200
. CP=2500- 1600 -2 x 50 = 800

When D =300,S=200 CP=1200

Expected payoff for 100 demand = 0.20 X — 400 =- 80
150 demand =0 and so on
Therefore, ) EMV =% 280

_If the demand is known with certainty, Expected Profit with Perfect Information (EPPI) is
calculated in the table below: '

Demand (1) Probabilities Pa}ég{ﬁf]ff:aﬁ:‘(:g'ng Expected payoff
100 0.20 : 200 T 40
¢ 150 0.25 ‘ 300 75
200 1030 400 120
250 0.15 500 75
300 0.10 600 60
EPPI | - 370

EVPI = EPPI - EMV = 370 — 280
=Z 90/-

Decision Trees .

We have seen decision situations in which no future decisions will depend on the decision taken
now. Such decision criteria are called ‘single-stage’ alternatives. In real life situations a decision
taken has implications for the subsequent decisions. Hence one must consider multiple stage
decision process in which the future decisions will depend on the decision taken now. Such
decision problems can be represented graphically with the help of decision tree, such graphical
representation facilitates the decision-making process. )

Decision tree indicates decision alternatives, states of nature, probabilities associated with each
state of nature and conditional profit or loss. It consists of nodes and branches. The following
symbols are used:

Decision Node O (squ'are)
State of nature O (circle)

Different coursss of action or strategies emerge out of the nodes as main branches of the

| decision tree. At the end of each decision branch, there is a node representing state of nature out

of which sub-branches come out representing change events. The payoffs from those alternatives



and their probability of occurrence are shown alongside these branches. At the end of terminal
of the chance branch is shown the expected value of the outcome.

“Let us assume a decision-making problem representedby the following conditional profit table :

' Alternatives of production units
State of nature Probability
A, (50) A, (100)
S, (High demand) c.4 5000 : 10000
S, (Low demand) 0.6 6000 — 4000

The decision tree can be draw as follows to represent the above problem.

=04
SuP= 0. Z 5000
State of nature T 6000
of nodes Z 10000

Fig. 1.1

EMYV of alternative A, or node 3 is .
=T [10000 x 0.4 + (—4000) x 0.6]
= ¥ [4000 — 2400]
=3 1600/-
Some more illustrations are taken to demonstrate the use of decision tree.
Example 1.14. A company has the option of building a new plant or expanding its existing
plant. The decision depends primarily on the future demands for the product the plant will
manufacture. The construction of a new plant can be justified on the grounds that if the demand
keeps expanding the new plant can be run to its optimum capacity, otherwise it may be advisable
1o expand the existing facilities as the demand increases. The problem is shown wih the help of
decision tree diagram below. :

Steps in Decision Tree Analysis
1. Listthe decision points and the strategies (alterative courses of action) for each decision
point in a systematic manner.
2. Determine the probability and payoff associated with each alternative for each decision
point.
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3. Find outthe expected payoff (EMV) of each course of action, starting from the extreme
right working backward to the left. ’

Select the course of action that gives the best payoff for each alternatjve,

Continue working backward to the next decision point on the left.

Continue with tnis process until the first decision point on the extreme left is reached.
Consider the situation on the whole and find its course of action to be adopted from
the beginning to the end under different possible outcomes.

Nk

Advantages of the Decision Tree Approach

1. Ttis systeinatic, orderly, logical and sequential approach. )
2. Itlists all possible outcomes and helps decision-nodes to examine each one of them.

3. It is easy to understand. Its graphical representation can be communicated to others
with ease.

4. Since a decision now affects the decisio -making in future, decision trees are particularly
useful in such situations. '

5. This approach can be applied to different decision problems, such as introduction of
new product, investment decisions, etc.

Limitation of Decision Tree Approach
L In real life situations, the decisions are made under a large number of variables. in such
cases, the diagram becomes extremely complicated.
It assumes ﬁtility of money is linear with time, which is not the case.
3. Decision Trees yields only and ‘average’ value solution as the problem is analyzed on
the basis of expected values. :
4. The assignment of probabilities for different events is many a times not exact and only
a reasoned value,
Example 1.15. 4 farmer is not sure whether he should dig a tube well in s field. He is presently
using the canal water for irrigation of his fields Jor which he pays ¥ 5000 per year. The history

.of tube well digging in the village has not been very encouraging, only 50 per cent of the wells

dug up to 200 feet yielded water, Some Jarmers drilled further up to 300 feet but only 25 per
cent of then struck water at 300 feet. The cost of drilling is ¥ 100 per feet. The farmer has to make
the following three decisions:

{a)  Shall he drill up 1o 200 feet 7
(b)  If no water is struck at 200 feet should he drill up fo 300 feet ?

(¢) Should he continue to buy water from govermment for next years, as the life of the
tube well is only five years ?

Solution. The decision tree diagram of the above problem is drawn below :

Fig. 1.3



At decision node 1, the farmer has to take a decision before drilling up to 200 ft., or not
drilling. If he drills he pays ¥ 25000 @ 5000 per year for 5 years. If he drills up to 200 ft., there are
two probabilities 0-5 of water found and'no water being struck, If the water is found, the cost he
incurs is T 20000 as he digs 200 feet @ ¥ 100 per fi. If no water is found at 200 ft., he takes the
decision of drilling up to 300 feet or not drilling. If'he doses not drill 300 ft., he incurs cxpanses
of T 45000 because he has already spent ¥ 20000 for drilling up to 200 feet and he has to pay
T 25000 @ T 5000 per year. If he drills up to 300 ft., there is'an assured probability of 0.25 that
water will be found and of 0.75 that water will not be found. If water is found he spends ¥ 100
per ft. for 300 ft. If it is not found he spend ¥ 55000 as he has already spent ¥ 30000 on digging

up to 300 ft., but he has also to spend Z 25000 @ ¥ 5000 per year for five years.
‘ As explained earlier, i such problems we work backward
EMV of node B = ¥ [0.25 x 30000 + 0.75 X 55000] .
= ¥ (7500 + 41250) = T 43750
EMV of node 2 = T 45000 (Choosing the lesser of the two of ¥ 48750 and T 45000)
EMV of node A = % [0.5 x20000 -+ 0.5 x 48750] =¥ (10000 + 24375)
= ¥ 34375
EMV of node 1 = 25000 (lesser of the two values ¥ 34375 and <25000)

Hence, it can be easily seen the best course of action for the farmer is not to drill and pay
F 25000/ for water from canal to the government for five years.

Example 1.16. A complex airborne navigating system incorporates a sub-assembly, which
unrolls a map of the flight plan synchronously with the movement of the aeroplane. The
sub-assembly is bought on very good terms from a sub-contractor, but is not always in perfect
adjustment on delivery. The sub-assemblies can be readjusted on delivery to guarantee accuracy
at a cost of T 50 per sub-assembly. it is not however, possible to distinguish visually these
sub-assemblies that need adjustments.

Alternatively, the sub-assemblies can each be tested electronically at a cost of X 10 per
sub-assembly tested. Past experience shows that about 30 per cent of those supplied are
defective; the probability of a test indicating a bad adjustment of the sub-assembly is 0.8, while
the probability that the test indicates a good adjustment when the sub-assembly is properly
adjusted is 0-7. If the adjustment is not made and the sub-assembly is found to be faulty when
the system has its final check, the cost of subsequent rectifications will be X 140.

Draw up an appropriate decision tree to show the alternatives open (o the purchaser and use
it to determie his appropriate course of action.

Solution.

%50

Fig. 1.4
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Operations Research The purchaser can either have the sub-assembly tested electrically and pay ¥ 10 or can have
' it readjusted at a cost of T 50. If he gets them tested, probability of defective sub-assembly is 0.3

and good is 0.7. Those which are defective out of these 80% (0.8) will be with bad adjustment

and need readjustment at the cost of T 50. On}y 20% (0.2) are OK as per test but if these are found

NOTES to be faulty in the finat check, the purchaser has to spend T 140. Out of 70% of sub-assemblies,
which are not defective, 70% are OK as per test and such assemblies will not cost anything to

the purchaser but 30%, which are bad as per test, will have to be readjusted at the-cost of ¥ 50
per sub-assembly,

EMVofnode B=%(0.7x0+03x50)=% 15
EMV of node C=% (0.2 x 140 + 0.8 x 50) =7 68
EMV ofnode A=% (0.7 x 15+ 0.3 x 68) =% 30.90
EMV of node 1 =% (10 + 30.90) = 40.90 (when test is carried out)
EMV of node 1 = ? 50 (when no test is carried ont)
Since the least cost is T 40.90; the decision the purchaser has to take is to get sub-assemblies
tested.

Example 1.17. XYZ Ltd., wants to update/change its existing manufacturing prices for product
A. It wants to strengthen its R & D cell and conduct research Jor finding a better product of
manufacturing which can get them higher profits. At present the company Is earning a profit
of X 20000 after paying for material, labour and overheads. XYZ Ltd., has the SJollowing four
alternatives: : '

r

-(a)  The company continues with the existing process.

(b}  The company conducts research P, which costs T 20000, has 75% probability of success
and can get the profit of ¥ 5000.

(¢c) Thecompany conducts research Q, which costs ¥ 10000, has 50% probability of success
and can get the profit of ¥ 25000.

(d)  The company pays % 10000 as royalty for a new product and can get profit of X 20000.
The company can carry out only one out of the two types of research P and ( because of
certain limitations. Draw a deécision tree diagram and find the best strategy for XYZ Lid.

~

Solution. The decision tree is drawn as shown below:

¥ 50000

Q fails
05

current
o [ Process royalty

T 10000

Q
et >
Research P

P fails
0.25

Research Q

¥ 20000
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Points 1, 2, 3, 4 and 5 are decision hoxes. The four alternatives to the company are shown  Introduction to Operations

coming out of decision box 1. Research P succeeds (probability 0.75) or it fails (probability Research
0.25). If it fails the company has three alternatives; conduct research Q, continue with the existing

process or pay royalty. If Q fails the company is left only with the option of paying royalty or

continuing with existing process. The payoffs are written at the end of the branches. NOTES

Let us now calculate the EMV starting from node 5 (working backward)
EMYV at decision node 5 = Maximum out of ¥ 20000 and ¥ (2000b — 10000} =T 20000
EMYV at decision node 4 = Maxiyﬁum out of ¥ 20000 and ¥ (20000 — 10000) =% 20000
EMYV at decision node C =% (0.5 x 25000 + 0.5 x 20000) =¥ 22500
EMV at decision node D =% (0.75 x 50000 + 0.25 x20000) =¥ 42500
EMYV at decision node 3 = Maximum out of ¥ 20000 and ¥ (20000 — 10000) =< 20000
EMYV at decision node 2 = As for decision node 3, i.e., T 20000
EMYV at decision node B =% (0.5 x 20000 + 0.5 X 25000) =¥ 22500
EMYV at decision node A =% (0.75 x 50000 + 0.25 x 20000) = 42500
EMYV at decision node 1 = Maximum out of four alternatives
(@) T (42500 —-20000) =X 22500
& T (22500 - 10000) =T 12500
{c) T 20000
(@) T (20000 - 10000) =% 10000
_ Max. =% 22500
The company should conduct research P to find a new process to earn a maximum profit
of ¥ 22500,
Exémple 1.18. ABC L1., has invented a picture cell phone. It is faced with selecting one alternative
out of the following strategies: ‘
(a) Manufacture the cell }:;hone.
(b) Take royalty from another manufacturer.
(c)  Sell the rights for the invention and take a lump sum amount.

Profit in thousands of rupees which can be incurred and the probability associated with sch
alternatives are shown in the table below:

Event Probability Manufacturer Royalty Sell rights
High 0.25 200 60 50
Medium 0.40 50 40 50
Low 0.35 —-10 20 50

Represent the company problem in the form of the decision tree and suggest what decision

the comany should take to maximize profits.

Solution.
High demand (0.25) —— 200000
Medium demand (04) — X 50000
WM e Low demand (0.35) —— T—10000
250000
R High demand (025) —— ¥ 60000
Medium demand (0.4) — ¥ 40000
Low demand (0.35) —— 220000
Fig. 1.6
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EMV atnode B =% (0.25 x 60000 + 0.4 X 40000 + 0.35 x 20000) .
=¥ (15000 + 16000 + 7000) = ¥ 38000

EMV at node A =% (0.25 x 200000 + 0.4 x 50000 + 0.35 x — 10000)
=X (50000 + 20000 — 3500) =T 66500

~ EMV at decision node | = Maximum out of ¥ 50000, T 38000, T 66500
=% 66500
Thus, the best ecision by ABC Ltd., is to manufacture the picture cell phone itself to get
profit of ¥ 66500. -

Example 1.19. The investment staff of TNC Bank is considering four investment proposals for
clients, shares, bonds, real estate and saving certificates; these investments will be held 'for one
year. The past data regarding the four proposals is given below :

Shares : There is 25% chance that shares will decline by 10%, 30% chance that they will
remain stable and 45% chance that they will increase in value by 15%. Also, the shares under
* consideration do not pay any dividends.

Bonds : These bonds stand.a 40% chance of increase in value by 5% and 60% chance of
remaining stable and they yield 12%,

Real Estate : This proposal has a 20% chance of increasing 30% in value, a 25% chance
of increasing 20% in value, a 40% chance of increasing 10% in value, a 10% chance of
remaining stable and a 5% chance of loosing 5% of its value. '

Saving Certificates : These certificates will yield 8.5 with certainty.

Use a decision tree to structure the alternatives available to the investment staff, and using
the expected value criteria choose the alternative with the highest expected value,

Solution. Let us assume that we have T 1000 to invest. The decision tree is shown below.

Decrease 10% (0.25) T 900
Stable ¥ 1000 (0.30)
Increase 15% T 1150 (0.45) \

Increase by 5% (0.4) T 1050
(0.6) Stable T 1120

Increase 30% Z 1300 (0.2)
. Increase 20% ¥ 1200 (0.25)
Increase 10% T 1100 (0.4)
Stable ¥ 1000 (0.1)
8.5% yield (1.0) Decrease T 9950 (0.05)
T 1085
Fig. 1.7 . \

EMYV at node 5 =¥ 1085
EMYV at node 4 =% (0.2 x 1300 + 0.25 x 1200 ++ 0.4 x 1100 + 0.05 X 9950)
' =% (260 + 300 + 440 + 497.50) = ¥ 1497.50
EMV at node 3 =3 (0.4 x 1050 + 0.06 x 1120) =T (420 + 672) = T 1092
EMYV at node 2 =% (0.25 x 900 + 0.30 x 1000 + 0.45 x 1150)
=3 (225 + 300+ 517.50) =¥ 1042.50




EMYV at decision node 4 18 maximum, i.e., I 1497.50. So the decision should be to invest in
real estate. !

1.9 PITFALLS IN THE USE OF OPERATION RESEARCH FOR
DECISION-MAKING '

The first stage of OR application after collecting data/information through obsetvation is the
formulation of the problem. It is the mast important and most difficult task in OR application.
Have the OR team been able to identify the right problem for finding the solution? Has the problem
been accurately defined in unambiguous manner? Selecting and developing a suitable model is
not an easy task. The model must represent the real life situation as far as possible. Collection
of data needs a lot of time by a number of people. It is time-consuming and expensive process.
Collection of data is done either by observation or from the previous recorded data. When a
system is being observed by the OR team, it effects the behaviour of the persons performing
the task. The very fact that the workers know that they are being observed is likely to change
their work behaviour. The second method of data collection, the records, are never reliable and
do not provide sufficient information which is required.

As OR problem-solving techniques is very time-consuming, the quality of decision-making
may become a causality. The management has to make a decision either way. Decision based on
insufficient or incomplete information will not be the best decision. A reasonably good solution
without the use of OR may be preferred by the management as compared to a slightly better
solution provided by the use of OR which is very expensive in time and money.

Due to the above reasons, many OR specialists try and fit the solution they have, to the
problerl. This is dangerous and unethical and organizations must guard against this. .

1.10 LIMITATIONS OF OPERATIONS RESEARCH

Operation Research is an extremely powerful tool in the hands of a decision-maker and to that
extent the advantage of OR techniques are immense. Some of them are:

(@) It helps in optimum use of resources. LP techniques suggest many methods of most
effective and efficient ways of optimally using the production factors.

(b)  Quality of decision can be improved by suitable use of OR techniques. If a mathematical
- model representing the real life situation is well-formulated representing the real life
situation, the computation tables give a clear picture of the happenings (changes in
the various elements i.e., variables) in the model. The decision-maker can use it to his
advantage, specially if computerized software can be used to make changes in variables

as per requirement.

The limitations of OR emerge only out of the time and cost involved as also the problem of
formulating a suitable mathematical model, otherwise, as suggested above, it is a very powerful
medium of getting the best out of limited resources. So, the problem is its application rather than
its utility, which is beyond doubt. Some of the limitations are: -

(a) Large number of cumbersome computations. Formulation of mathematical models
which takes into account all possible factors which define a real life problem is difficuit.
Because of this, the computations involved in developing relationships in very large
variables need the help of computers. This discourages small companies and other
organizations from getting the best out of OR techniques.
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(b)  Quantification of problems. All the problems cannot be qualified properly as there
are a large number of intangibie factors, such as human emotions, human relationship
and so on. [f these intangible elements/variables are excluded from the problem even
though they may be more important than the tangible ones, the best solution cannot be
determined. . '

(c)  Difficult to conceptualize and use by the managers. OR applications is a specialist’s Jjob,
these persons may be mathematicians or statisticians who understand the formulation of
models, finding solution and recommending the implementation. The managers really
do not have the hang of it. Those who recommend a particular OR technique may not
understand the problem well enough and those who have to use may not understand
the ‘why” of that recommendation. This creates a ‘gap’ between the two and the results
may not be optimal.

1.11 TIPS ON FORMULATING LINEAR PROGRAMMING MODELS

(@) Read the statement of the problem carefully.

(b)  Identify the decision variables. These are the decisions that are to be made. What set
of variables has a direct impact on the level of achievement of the objectives and can
be controlied by the decision-maker? Once these variables are identified, list them
providing 2 written definition (e.g., x; = number 6f units produced and sold per week
of product 1, x, = number of units produced and sold per week of product 2).

(c) Identify the objective. What is to be maximized or minimized? (e.g., maximize total
weekly profit from producing product 1 and 2).

(d) Identify the constraints. What conditions must be satisfied when we assign values to
the decision variables? You may like to write a verbal description of the restriction
before writing the mathematical representation (e.g., total production of product
1> 100 units). _

(e) Write out the mathematical model. Depending on the problem, you might start
by defining the objective function on the constraints. Do not forget to include
then—negativity constraints.

1.12 GRAPHICAL SOLUTION

Example 1.20: 4 Jirm manufactures two products. The products must be processed through
one department. Product A requires 4 hours per unit and product B requires 2 hours per unit.
Total production time available for the coming week is 60 hours. A restriction in planning the
production schedule, therefore, is the total hours used in producing the two products cannot
exceed. Also, since each variable represents a production quantity, neither variable can be
negative. Determine 1he combination of products A and B that can be produced?

Solution. Let x, represents the number of units produced of product A and x, represents the
number of units produced of B. Then the restriction is represented by
) 4x, +2x,<60
The problem also implies that x; 20andx,20. .
In equation, 4x, +2x,=60
We can put different values of one variable to get the value of the other variable i.e., x, =0,
X, =30and x, =0, x, = 15. Hence point A is (x, =0, x, = 30) and point B is (x, = 15, x, = 0).



This is shown graphically here. - Introduction to Operations
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Fig. 1.8

The shaded area represents the combination of products A and B which can be produced.

1.13 SUMMARY

¢ The development of management thought, called the Period of Scientific Management.
It was in 1885 that Fredrick W. Taylor, “father of scientific management”, developed
the scientific management theories : .

e The salient features of the definition are:
(@) Itisa scientific decision-making technique.
(b) It deals with optimizing (maximizing) the results.
(¢) Itis concerned with man-machine systems.
(d) The resources are limited.

o  Most of the industrial and business organizations have the objectives of minimizing
costs and maximizing the profits. LP deals with maximizing a given objective. Since
the objective function and boundry conditions are linear in nature, this mathematical
model is called Linear Programming Model.

e Queuing or waiting line theory aims at minimizing the overall cost due to servicing
and waiting. How many servicing facilities can be added at what cost to minimize the
time in queue is the aim in the application of this theory.

e A network can be used to present or depict the activities necessary to complete a project.
This helps us in planning, scheduling, *monitoring and control of large and complex

' projects. ' .

o The decision to be taken by the management involves consideration of the cost of new
equipment which is to be purchased and what can be recovered from the old equipment
through its sale, or its scrap value, the residual life of the old equipment and many other
related aspecits. :

« Inventory includes all the stocks of material, which an organization buys for production/
manufacture of goods and services for sale. ’
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Integer programming deals with certain situations in which the variable assumes norn-
negative integer (complete or whole number) values only.

Transportation problems are basically LP model problems. This model deals with
finding out the minimum transportation cost for transporting the single commodity
from a number of sources to number of destinations.

Information for making decisions is the most important factor. Many models of OR
assume availability of perfect information which is called decision-making under

_certginiy.

Decision theory, provides a rational approach in dealing with such sitnations, where
the information is incomplete and uricertain about future conditions.

In decision theory, a number of statistical techniques can help the management in
making rational decisions.

It is very difficuit to identify the exact events that may oceur in future. However, it is
possible to list all that can happen. The future events are not under the control of the
decision-maker. In decision theory, identifying the future events is called the state of
nature.

Under cenditions of uncertainty, one may know the state of nature in future but what is
the probability of occurrence is not known. Since the data or information is incomplete
the decision model becomes complex and the decision is not optimal or the best decision.

Decision under uncertainty is represented in the form of a matrix, the columns of which
represent the future state of nature and rows representing the alternatives or actions
that are possible.

In real life situations managers have to make-decisions under conditions of risk. In
decision-making under conditions of uncertainty, the decision-maker does not have
sufficient information to assign probability to different states of nature.

EVPI helps the decision-maker to get the perfect information about the state of nature.
This helps in reducing the uncertainty.

In real life situations a decision taken has implications for the subsequent decisions.
Hernce onc must consider multiple stage decision process in which the firture decisions
will depend on the decision taken now.

Decision tree indicates decision alternatives, states of nature, probabilities associated
with each state of nature and conditional profit or loss. It consists of nodes and branches.

We have the problem of assigning a number of tasks to a number of persons who may
use machines. The objective is to assign the jobs to the machines in such a way that
the cost is least. This may be considered a special case of LP transportation model.
The first stage of OR application after collecting data/information through observation
15 the formulation of the problem. It is the most important and most difficult task in
OR application. ,

1.14 REVIEW QUESTIONS
1. What is the concept of Operation Research (OR)? Write a detailed note on its
development. ’
Discuss significance and scope of OR in business and industry.
KN

What are the different phases of OR? How is OR helpful in decision-making?



10.
11.

12.

13.

14.

15,

16.
17.
18.

19.

Discuss briefly various steps involved in solving an OR problem. Illustrate with one
example from the functional area of your choice. |

Explain applications of Operations Research in business.

What is the significance and scope of Operation Research in the development of Indian
Economy?

What is the role of OR in modern day business? Give examples in suppott of your
answer. -

Discuss the meaning, significance and scope of Operations Research. Describe some
methods of OR. -

Tllustrate and explain various features of OR.
Define Operations Research in your own words and explain various tools of OR.

Give the role and significance of OR in business and industry for scientific decision-
making. '

“Operations Research is an aid for the executive in making his decisions by providing
him with needed quantitative information based on the scientific method of analysis.”
Discuss the statement and give examples to illustrate how OR is helpful in decision-
making.

Briefly explain the technique of OR and its uses in India. Which of the three techniques
is most widely used in India and Why? :

“OR is useful only if applied with Information Technology.” Comment.

Many believe that OR is a technique which helps in resolving conflicts between
production, finance, marketing and personnel functions of a manufacturing unit. Do
you agree? Explain your answer giving examples. )

Define OR and discuss its scope.
Discuss the significance and scope of Operations Research in modem management.

Write a detailed note on the use of models for decision-making. Your answer should
specifically cover the foilowing:

() Need for model building

(if) Type of model appropriate to the situation
(iif) Steps involved in the construction of a medel
(iv) Setting up criteria for evaluating different alternatives

(v) Role of random numbers.

Comment on the following statements:
(@ () ORis the art of winning wars without actually fighting them.
(if) OR is the art of finding bad answers where worse exist,
() OR is not more than a quantitative analysis of the problems.

(¢) OR advocates a system approach and is concerned with optimization. It provides
a quantitative analysis for decision-making.

(d) OR replaces management by personality.

Introduction to Operations
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20.

21.
22,
23.
24.
25.

26.
27.

28.

29.

30.-

31.

32

33.

34.

3s.
36.

37

38.

Suggest a suitable OR model, giving reasons if any, for each of the following OR
problems: .

(@) Stockpiling of crackers prior to Diwali.

(6) Decision to replace the fleet of buses of a transport corporation after use for
12 years.even though some of them may be in working condition.

(¢) A book vendor deciding to place order for books before a new school session
begins.

(d) Modifications in the design of a new product due for launch in near future.
(e) Statistical forecasting for sale of ice-cream.

“OR replaces management by personality.’” Discuss.

What are the steps involved in OR problems?

What are the different types of models used in OR? Explain in detail.

What are the situations when OR techniques will be applicable?

Explain clearly the various ingredients of a decision problem. What are the basic steps
of a decision-making process ?

What are different environment in which decision are made ?
Explain clearly the following terms:
(i) Action space, (if) State-of-nature, (iii) Payoff table, and (#v) Opportunity loss.

Describe some methods, which are useful for decision-making under uncertainty.
Illustrate ench by an example.

Write a short note on decision-making under uncertainty.

Indicate the: difference between decision under risk and decision under uncertainty in
statistical decision theory.

Write notes on;
{a) Laplace criterion,
(b) Minimax regret criterioh, '
{c) Criterion of Bayes, and
(d) Criterion of realism.

With suitable illustrative examples, explain the maximum, and the regret criteria in

decision-making,

(@) Write a note on Hurwicz criterion, Define a the index of optimism connected with
it. For what values of a the criterion is too optimistic and too pessimistic.

(b) Define ‘maximum criterion’. Illustrate with an example the ‘Savage minimax
regret criterion’.

What is EMV ? How is it computed to be used as a criterion of decision-making and

-which ?

Define EVPL. How is it calculated ?
Explain the difference between EOL and EVPI.

Bring out the significance of “utility” as a superior decision criterion as compared to
expected value criterion. :

(@) What do you understand by Decision tree analysis?
(b)) What is node in a decision tree ?



39.

40.

A decision problem has been expressed in the following payoff table :

QOutcome
Action | 11 111
A 10 - 20 26
B 30 30 60
C 40 30 20

(@) What is the minimum payoff ?
() What is the minimum opportunity loss function ?

A farmer wants to plan which of the three crops he should plant on his 100-acre form.
The profit of each crop depends upon the rainfall during the growing season. The
rainfall could be high, medium and low. The estimated profit of the former for each
of the crops is as shown in the table:

Estimated conditional Profit

Rainfail Crop A Crop B Crop C
High . 6000 3000 © 7000

Medium 4000 : 4500 4000
Low 2000 5000 5000

The farmer decides to plant only one crop, which would be his best crop use the
following criterion:

(g) Maximum () Maximin -

{¢) Laplace {d) Minmax Regret.

Introduction to Operations
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UNIT 2: LIN EAR PROGRAMMING-I

(Formulation of LPP and Graphical Solution Method)

2.1 Introduction

2.2 ° Formulation of Linear Programming Problems
2.3 Graphical Method of Solving Linear Programming Problems
24 Summary : ’

2.5  Review Questions

2.1 INTRODUCTION

Linear Programming (LP) is a mathematical technique, which is used for allocating limited
resources to a number of demands in an optimal manner. When a set of alternatives is available
and one wants to szlect the best, this technique is very helpful. Management wants to make the
best use of organizational resources. Human resources, which may be skilled, semi-skilled or
unskilled must be put to optimal use. Similarly, the material resources like machines must be
used in an effective manner. Time is very important resource and any job must be completed in
allotted time. Application of LP requires that the following conditions must be met:

(a) There must be a well-defined objective of the organization such as:
(i) Maximizing profit
(7)) Minimizing cost.
(b)  This objective function must be expressed as a linear function of variables involved in
decision-making.

(¢) There must be a constraint on availability of resouirces for the objective fufctions, i.e.,
for achieving maximum profit or for reducing the cost to a minimum.

LP technique establishes a linear relationship between two or more variables involved
in management decisions described above. Linear means it is directly proportional, i.e., if
S per cent increase in manpower results in 5 per cent increase in output, it is a linear
relationship.

(d) Alternative course of action must be available to select the best, for example, if a
company is producing four different types of products and wants to cut down one
product, which one should stop manufacturing. The problem gives rise to a number of
alternatives and so LP can be used.

(e) Objective function must be expressed mathematically, i.e., we must be able to develop
a linear maihematical relationship between the objective and its limitation. Linear
equations are of first degree, i.e., if we want x and y as the variable, the equation
3x+106y=20 is a linear equation in whlchx and y can assume different values. However,
an equation like 5x% -+ 10y* = 200 is not a linear equation, because of the variable x and

y are squared, this is a typical second degree equation.



Formulation of Linear Programming Problem

The formulation of linear programming requires the following steps:

(a)
)
(©)

@

Identifying/defining the decision variables.
Specifying/defining the objective function to be maximized.or minimized. ’

Identifying the constraint équations, which have to be expressed as equalities or
inequalitics.

Using the equation either in graphical or simplex method to find out the value of
decision variables to optimize the objective function.

Assumptions for Solving a Linear Programming Problem

The application of LP makes use of the following assumptions:

(a)
Q)

()

Linearity. The objective function and each constraint is linear.

Certain and Constant. It means that the number of resources available and production
requirements are known exactly and refnain constant.

Non-negative Variables. The values of decision variables are non-negative and represent
real life solutions. Negative values of physical goods or products are impossible.
Production of minus 10 refrigerators is meaningless.

Potential Applications of Linear Programming

Some real life situations, where LP is very useful are given below:

1.

Product Mix Problem: Organizations often face the problems of making decision
to manufacture different quantities of products, with the constraint of manpower,
machines, availahility of raw materials, etc. The idea is to minimize cost of production
or maximization of profit under a given set of conditions.

Transportation Problems: LP finds typical use in finding solution to such problems.

The problem is to transport products from a number of sources to a number of |

destinations with minimum cost. These are the real life situations where the goods
have to be moved from the factory premises to warehouses in different parts of the
country or from warehouses to Clearing and Forwarding (C and F) agents and so on.
How many goods should be transported to meet the demands of different destinations
so that the cost of transportation is minimum, can best be decided by use of LP.

Blending Problems: Large number of products use different types and guantities of -

raw materials. For exainple, in textiles industry a number of raw materials are used.
The idea is to make available different raw materials (with different specifications)
in such quantities so that the product is manufactured at minimum raw material cost.
Such problems are called blending problems.

The Diet Problem: This problem arises when one has to decide mixing of different
type of foods to get a particular amount of nutritional values with minimizing cost of
purchasing the diet. Hospitals can use LP methods for solving such problems.

Investment Decisions (Portfolio selection) Problem: This is a very common problem
with those who want to make use of different investment opportunities. When the
amount fo be invested is fixed and different opportunities like investment in shares,
bonds, mutual funds, pbst—ofﬁce schemes, banks, etc., are available, LP method can
provide us the solution to get maximum returns.

Linear Programming-i
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6. Use of LP by Airlines: Operation of airlines routes is a very complex problem. With
limited aircrafts and large number of destinations airlines would like to operate in the
mos! economic routes at particular flight timings. LP is a very useful technique for
solving such problems.

2.2 FORMULATION OF LINEAR PROGRAMMING PROBLEMS

Example 2.1. 4 manufacturing company is producing two products A and B. Each of the
products 4 and B requires the use of two machines P and Q. A requires 4 hours of processing on .
machine P and 3 hours of processing on machine Q. Product B requires 3 hours of processing
on machine P and 6 hours of processing on machine Q. The unit profits for products A and B are
¥ 20 and R 30 respectively. Thé available time in a given quarter on machine P is 1000 hours
and on machine Q is 1200 hours. The market survey has predicted that 250 units of products A
and 300 units of product B can be consumed in a quarter. The company is interested in deciding
the product mix to maximize the profits. Formulate this problem as LP model.

Solution. Formulating the i)roblem in mathematical equations
' Let X, = the quantity of product of type A manufactured in a quarter.
Xy = the quantity of products of type E manufactured in a quarter.
Z = the profit earned in a quarter.
(Objective function, which is to be maximized).
Therefore, Z=20X AT30X,
Z is to be maximized under the following conditions:
4X, +3X,; <1000 (Time constraint of machine P)
3X,, +6X; <1200 (Time constraint of machine Q)
- X, <250 (Selling constraint of product A)
X5 <300 (Selling constraint of product B)
X, and X =0 (Condition of non-negativity). _
Example 2.2. 4w oil refinery uses blending process to produce gasoline in a typical

.| manufacturing process. Crude A and B are mixed to produce gasoline G ; and gasoline G, . The

inputs and outputs of the process are as follows:

Inputs (ton) Oulputs (ton)
Process .
Crude A Crude B Gasoline (G ) Gasoline (G,)
1 1 2 - 6 8
2 .6 8 5 . 7

Availability of crude A is only 200 tons and crude B is only 300 tons. Market demand of gasoline
G, is 150 tons and gasoline G, is 120 tons. Profit by using process 1 is ¥ 200 per ton and by
using process 2 is ¥ 250 per ton. What is the optimal mix of two blending processes so that the
refinery can maximize its profits?
Solution. Let X be the number of tons to be produced by process 1.
Y be the number of tons to be produced by process 2,
Z = Profit earned {Objective function which is to be maximized) .

Therefore, . Z = 200X+250Y



Z is to be maximized under the following conditions:
X+6Y <200
2X +8Y <300
6X +5Y <150
8X +7Y <120
X=z20
Y20 _
Example 2.3. Manufacturing company XYZ Ltd. manufactures two different types of products,
refrigerators and washing machines. Both these products have to be processed through two

machines. Machine A and Machine B. Machine A is available for 200 hours and machine B is
available for 100 hours. The requirement of time on these mahines is as follows:

Refrigerate Washing Machine
Machine A 10 : 6
Machine B ) J 4

The company makes a profit of T 800 on sale of one refrigerator and ¥ 500 on sale of one
washing machine. What quantities of refrigerators and washing machines should company XYZ
Lid. produce to maximize its profits?

Solution. Let X be the number of refrigerators to be manufactured and Y be the number of
washing machines to be manufactured. '

Z = Profit earned (Objective function which is to be maximized).
Therefore, Z =800X +500Y
Z is to be maximized subject to the following constraints:
10X + 6Y < 200 (Availability of machine A)
5X +4Y <100 (Availability of machine B)
X220
Y =0
Example 2.4. 4 company manufactures three types of electrical products, electric iron, fan and

toaster. All the three products have to be processed on two machines A-and B. The processing
time required by each product on both the machines is as given below:

Electric Iron Fan Toaster
Machine A 2 3 2
Machine B 1 2 3

Machine A is available only for 200 hours and machine B is available for 160 hours. The firm
- should not manufacture more than 400 electric irons, more than 500 fans and more than 200
toasters. An electric iron gives a profit of ¥ 110, a fan of X 150 and a toaster of ¥ 80. What
product mix would you recommend to the company so that its profits are maximized?

Solution. Let X, be the number of electric irons to be manufactured.
X, be the number of fans to be manufactured.
X, be the number of toasters to be manufactured.
Z = profits generated (Objective functions which is to be maximized).
Z is to be maximized under the foflowing constraints:
' Z= 110X, + 150X, + 80X,
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2X, +3X,+2X, €200
. X, +2X, +3X, <160
Also, X,X,X%,20
Example 2.5. 4 Jirm is manufacturing three products A, B and C. Time to manufacture product A
is twice that for B and thrice that for C and they are to be produced in the ratio 2: 3: 4. The relevant )
data is given below. If-the whole labour is engaged in manufacturing product A, 2000 units of the
product can be produced. There is a demand for at least 200, 300 and 400 units of the product A, B,

C and the profit earned per unit is T 1 00, X 70 and X 50 respectively. Formulate the problem as
a linear programming problem.

s Requirement per Unit of Product (kg) Total Availabitity
Raw Material
A B C (kg)
P 6 5 9 4000
o 4 8 6 5000

Solution. Maximize Z = 100A + 70B + 50C (Objective function) subject to the followiﬁg
constraints: ) . .
' 6A + 5B +9C <4000 (Constraint of raw material P)
4A + 8B + 6C < 5000 (Constraint of raw material Q)
A+ C <2000 .

1 1
A+—B+—C2z200
2 3
A =200

"B =300
C 2400

AB:C:2:3: 4 or 3A—2B=0

or 4B-3C=0

wg M|
&0 W]

A,B,C >0

Example 2.6. 4 town located at high altitude has two locations where kerosene and petrol is
stored by Army for use in four different zones during winters when the highway is closed and
no supplies of kerosene and petrol are possible to these locations. The table below provides
the cost (%) of supplying one kilolitres of kerosene and petrol from each stock location o each
zone. In addition, the storing location capacity and normal level of demand for each zone are
indicated in kilolitres. Formulate the LP problem.

Zone . ] ]
1 L ' y Maximum Supply (k litre)
Storage location 1 4 6| 250 3.00 1000
Storage location 2 51 2| 350| 4s50| - 800
Storage location 3 300 500 400| 350

Solution. In this problem, there are eight decisions to be made-how many k. litres should be
transported from each storage location to each zone. In some cases the best decision may be not
to transport any units from a particular location to a particular zone. - -



Letx, ), X5, X5 5 X4 coneennes denote the number of k. litres supplied by location 1 to zone 1,
1t02,1to3and 1 to 4 respectively.

Similarly, let x,, , x,, , x,; , X,, be the number of k. litres supplied by location 2 to zone 1,
2 to zone 2, 2 to zone 3 and 2 to zone 4.

Total cost=4 x|, +6x, +2.50x,;+3.50x,+5x,, +2x), +300 Xy T 4.50 x,,.
This function has to be minimised.
The constraints are:
Xy +xp, tx 5+ x, <1000 (For location 1)
Xy 1 Xy + X5 +x,, < 800 (For location 2)
Also, the constraint of ensuring that each zone receives the quantity demanded.
For zone 1, the sum of the transportation from location 1 and 2 should be 300 k. litres
or xy tx, =300
Given that each origin can suppiy units to each destination in some measure
X, tx,, =500
X3+ x5, =400
Xpq Xy, =350
The complete formulation of LP model is as follows:
Minimize Z=4x;+6x,+25x,+3x,+5x, +2 Xy +35x);,+45x,,
Subjectto  x, +x, +x,5+x, <1600
Xp1 Xy + Xo3 + Xy, <8O0
x;; x5, =300
Xy, + x5 =500
X3+ Xy =400
X4+ %y, =350

X1 X125 X130 X140 Xp15 X, Xp30 Xy 2 0.

2.3 GRAPHICAL METHOD OF SOLVING LINEAR PROGRAMMING
PROBLEMS ‘ ‘

The various steps in solving the LP problem using the graphical method are as follow:
1. Formulate the problem with mathematical form by:
(@) Specifying the decision variables,
(b) Identifying the objective function and
-(¢) Writing the constraint equations.

Plot the constraint equations on a graph
Identify the area of feasible solution
Locate the corner points of the fedsible region
Plot the objective function

Choose the points where objective functions have optimal value.

A O o

‘Linear Programming-1

NOTES

Self-instructional Material 41



Operations Research

NOTES

42  Self-Instructional Material

Example 2.7. A manufacturing company is producing two products A and B. Each reguires
processing on two machines 1 and 2. Product A requires 3 hours of processing on machine 1
and 2 hours on inachine 2. Product B requires 2 hours of processing on machine 1 and 6 hours
on machine 2. The unit profits for product A and B are ¥ 10 and 3 20 respectively. The available
time in a given quarter on machine 1 and machine 2 are 1200 hours and 1500 hours respectively.
The market survey has predicted that not more than 400 units of product A and not more than
250 units of product B can be sold in the given quarter. The company wants to determine the
proditct mix fo maximize the profits. Formulate the problem as linear programming mathematical
model and solve it graphically.

Solution.
Step 1. Formulating the problem into a mathematical model.

Let X be the number of product A manufactured in a quarter and Y be the number of
product B manufactured in a quarter.

. Z = profit in a quarter (objective function)
Z is to bz maximized under the following constraints:
Z= 10X +20Y
3X + 2Y < 1200 (Time constraint of machine 1)
2X + 6Y < 1500 (Time constraint of machine 2)
X < 400 (Selling constraint of product A)
Y < 250 (Selling constraint of product B)

X=0
Y2=0  (Non-negativity constraint)
A )
600 - ‘/Time Constraint machine 1 2 )
o X < 400 //// Feasible solution area
5 500 ; —————— IS0 Profit line
'Ig— .
2 400 ;
= .
2.
3
2 300 A .
g < 250
g 200 4 P(300, 150)
dg
' Constraint machine 2
" N\
ottt 'é N R
100 200 300 400 500 €00 700 800
Quarterly output product A
Fig. 2.1

Step 2. Plot the constraint equations in the graph as shown in Figure 2.1.
This can be done by converting the inequalities into equalities.
3X+2Y=1200

X=0

Y = 600

When



Step 3.
Step 4.

Step 5.

When Y=10

X =400 )
Hence, plot X =400 and Y = 600 and draw a Jine joining these two points. Similarly,
draw time constraint of machine 2. Also, the selling constraints of product A and
product B can be drawn.

Identify the area of feasible solutions as shown by the shaded area in Figure 2.1.

Plot the objective function. This can be done by assuming sorne arbitrary profit figures,
which can be related within the feasible area (shaded area). For example, if we assume
a profit of T 2000, it can be obtained by manufacturing 200 units of product A or 100
units of product B. Plot 200 on product A axis and 100 on product B axis. When we
join these two points we get the isoprofit line. It is called iso (same) profit line because
any point on this line will give different combinations of product A and B, which will
give the same profit, i.e., ¥ 2000/-. Many different lines with different profits ¥ 4000,
% 6000, etc., can be plotted.

4

Determine the optimal solution.

To do this, draw a straight line parallel to the isoprofit line already drawn, in such a
manner that it is farthest from the origin but also intersects the feasible area at some
point. This point where the line drawn parallel to the isoprofit line and which is farthest
from the origin intersects the feasible area is called optimal point (P). In the present
problem this point P is represented by P (300, 150).

Tt means 300 units of product A and 150 units of product B should be manufactured
to give maximum profit to the company. ‘

Maximum profit Z= 10X +20Y
. X=300
Y =150

Z = 300 x 10 + 20 x 150 = ¥ 6000/-

Example 2.8. Solve the following inequalities graphically:

Maximize Z=3X+2Y
Subject to X+¥<35
X-Yz0
X 20
Yz 35
X240
Y0
Solution. Convert the above constraints inequalities into equafities.
X+Y=35 ' (D)
Y=35 A ..}
Y=15 (i)
X-Y=10 (V)
X=20 - (v
From (i) When X=0,Y=35. (0, 35)
When - X=35Y=0 (350)
From (iv) X=0
Y=0
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The feasible solution region is shown with shaded area. Let us find out which
maximum value of objective function Z.

T 1 ] I I

5 10 15 20
Fig. 2.2

point gives the

Point Coordinate Max Value 3X +2Y
P (5, 5) 15
Q (20, 5) 70
R (20, 15) 90
S (15, 15) 75

Hence maximum value Z = 2 90 at point R,

Example 2.9. 4 landlord has set up a stud JSfarm where he wants to breed the best horses. His
veterinary doctor has advised him to use two special diets, say A and B, for the horses. The
nutrition value of these diets and minimum reguirement of these nutrients is as follows:

) Availability of Nutrients in the Products . )
Nutrients y 3 Minimum Reguirement
1 40 12 120
20 10 60
3 8 36 108

1f special diet A costs X 60 per unit and diet B costs T 80 Dper unit, using LP graphics method,
determine how much of producis 4 and B must be purchased by the landlord so as to provide
the horses not less than the minimum required as per the advise of the ver,



Selution. Mathematical formulation of the problem

Let X, and X, be the number of units of diet A and diet B to be purchased. The other data given
in the problem can be summarized in the table below.

Decls:_l[ljl:;u ‘.\::)nable Product Nutrient Available Cost ?)
1 A 40 20 8 60
2 B 12 10 36 80
Minimum requirement 120 60 108
Objective function
Minimize Z = 60X, + 80X, with the following constraints:

40X, + 12X, = 120
20X, + 10X, = 60
8X, + 36X, = 108
X, %,> 0
Plotting the constraint equations in the graph

First, the inequalities have to be converted into equalities.

From (i)

From (i)

From (iif)

w

40X, + 12X, = 120 )
20X, + 10X, = 60 (i)
8X, +36X,= 108 i)
X,=0, X,=10
X,=0, X,= (3, 10)
X, =0, X,=
X,=0, X, = 3,6)
X, =0, X,=
X,=0, X,=135  (13.5,3)
X, 4
14+
131
12 ¢
1+ 40X, + 12X, = 120
10
g.-
8 L
7+
6..
5 -
4 -
5. 20X, + 10X, = 60
5. 8X, + 36X, = 100
1-_
e s LT L e ol S ¢
0.0 1 2 3_04 56 7 8 910 111213

Fig. 23
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Coordinates of P can be found out by solving the equations
20X, + 10X, = 60 and 8X + 30X, =108

NOTES ’ X = 1.7
X2 2.6
Point . Coordinates Objective Function 60X, + 80X,
B 0, 3) 240
P (1.7, 2.6) 102 + 208 = 310
Q . - (3,0) 180 '

Since the minimum cost is at point Q, the landlord should purchase 1.7 units of product X, and
2.6 units of product X, .

Example 2.10. A firm manufactures two products P, and P, on which the profits earned are
< 5 and X 8 respectively. Each product is prepared on two machmes M, and M,., the machine
time required for these products on the two machines and their availabiligz is as shown below.

Product P Product P Availability of Machine (minutes)
- e 1 2 per day.
Machine M, 2 ¥ 400
Machine M, | 4 1 ‘ 600

| Fi md the munber of units of products P, and P, to be manufactired per day to get maxinum profits.
Solutmn Maximize Z = 5P, + 8P, (Objective function)

Subject to the following constraints:
' 2P, + P, < 400
4P, +P, <600
P, 20
P,=0
Convert the inequalities into equalities.
2P, + P, = 400 (D)
4P, + P, = 600 ..(id)
From (i) P, =0, P,=400 (0, 400)
P,=0, P;=200 (200,0)
From (ii) P,=0, P,=600 (0,600)
- " P,=0, P,=150 (150,0) _
Plotting the equation on the graph (see graph Fig. 2.4)
Shaded area is the feasible solution area. Coordinates of OABC and value of Z.

Point Coordinates Value of Z = 5P, + 8P,
0 (0,0) ' 0
A (0, 400) 3200
B (100, 200) 2100
C (150, 0) 750
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Maximum value of Z = 3200°at point A.

1\
600 —
500 —
2P, + P, =400
400 — v
Product PZ 4P, + P, = 600 7 //
. 172 7 | Feasible solution area
00—\ : 2 Z :
B
200 —
100 —
0 c >
' T f f [ "
150
100 Y200 300 400 500 600
Product P,
Fig. 2.4

Example 2.11. The ABC company wishes to plan its advertising strategy. There are two medias
snder consideration call them Magazine I and Magazine I respectively. Magazine I has a reach
of 2500 potential customers. The cost per page of advertising is T 400 and X 600 in magazine I
and II respectively. The firm has a monthly budget of T 6000. There is an important requirement
that the total reach for income group under X 20000 per-annuim should not exceed 4000 potential
customers. The reach in magazine I and II for this income group Is 400 and 200 potential
customers. How many pages should be brought in the two magazines to maximize the total reach?

Solution. Let X and Y be the number of pages in magazines [ and I1 respectively which ABC
company should buy

Maximize Z = 2000X + 2500Y (Objective function as in this case the reach of two magazines
has to be maximized) ‘
Subject to the following constraints:

400X + 600Y < 6000 (Constraint of monthly budget)

400X + 200Y £ 4000 (Constraint of minimum potential customer
which should be reached)

X>0
Y>0
Now, convert the inequalities into equalities.
400X + 600Y = 6000 : D)
400X + 200Y = 4000 ' ),
From (i) X=0, Y=10  (0,10) ’
vy=0, X=15 (150
From (if) X=0 Y=20  (0,20)
' Yy=0, X=10  (10,0)
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Plotting these equations as straight lines on the graph to find the feasible solution area.

Y 4
20 ~ 400X+ 200Y = 4000
— 2
15 Z 2%4 Feasible solution area
10 —
5 — // 400X + 600Y = 6000
4] .
[ Tc T | e
5 10 15 20 X
Fig. 2.5

OABC is the feasible solution area.

Coordinates of these points and value of Z is as follows:

Point~ Coordinates Value of Z = 2000X + 2500Y
0 (0, 0) 0
A ) (0,.10) 25000
B T (75,5) 27500
C (10, 20000
Coordinates of point 13 can also be found out by solving equations () and (i), subtract (i) from (7).
400Y = 2000
Y=35

Putting Y =5 in (ii) gives X = 7.5.
The company should produce 7.5 pages in magazine I and 5 pages in magazine II to maximize
its reach, i.e., to 27500 people.
Exceptional Cases. We have so far discussed the linear programming problems where there is a
unique optimal solution always available. However, it may not be the case for all the problems.
In general, a LPP should have the following:

(@) A definite and unique optimal solution.

(5) Anunbounded solution.

(¢) No solution.
Let us discuss the case of an unbounded solution.

Example 2.12. 4 firm manufacture two products. The products must be processed through
one department. Product 4 requires 4 hours per unit and product B requires 2 hours per unit.
Total production time available for the coming week is 60 hours. A restriction in planning the
production schedule, therefore, is that total hours used in producing two products cannot exceed
60 hours, or if x ; equals the number of units produced of product A and x, equals the number
of units produced of product B, the restriction is represented by the inequality.

4x, +2x, < 60



There are two other restrictions implied
by the variable definitions. Since each
variable represents a production quantity,
neither variable can be negative. These
restrictions are represented by the
inequalities x, = 0, x, = 0. The solution
set of original inequality represents
different combinations of the two
products which can be manufactured
while not exceeding the 60 hours limit. .
Figure 2.6 illustrates this graphically.

All combinations of the two products
" represented by points A and B would
use all 60 hours.

X, {(Units of product B) 1

0 ——t+——1

5 10 15 20 25 30 35
X, (Units of product A)
Fig. 2.6

Example 2.13. Determine the optimal solution to the LPP given below graphrcally

Minimize Z=3x, + 6x,
Subject to 4x, +x,2 20 ) (D
X, +x,< 20 (i)
x;tx,2 10 .. (i)
X, x,20
Solution.
For equation (i) x=0,x,=20,x,=0,x, =5
" For equation (if) x;=0,x,=20,x,=0,x =20
For equation (/ii) =0,x,=10,x,=0,x, =10
AX, AX,
20—{B 20—B
Area of feasible Area of feasible
15— solution ABCD 15— solution ABCD
10 — 10 —
3,}; %
A
5 (6,0) 3. A <56,
i NSy
/NG C
— o 1 1 % Gol 1o T T °%
5 . 10 15 20 10 15 20
Fig. 2.7 Fig. 2.8

To find out the optimal solution, let us assume an arbitrary value for Z say 60.

Z= 3x, + 6x, =60

x=0,x,=

This is graphed on the right hand side of Figure 2.8.

10 andx, =0, x

?

20.

To determine the direction of the movement of the objective functlon we can choose a point on
either side of the line 3x, + 6x, = 60 and determine the corresponding value of Z. If we select
the origin, the value of objective function at (0, 0) is
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Since the valiie of Z at origin i less than 60, our conclusion is that movement of the
objective function towards origin results in lower value of Z. Since we want to minimize
Z, we will want to move the objective function, parallel to itself, as close to the origin as °
possible while still having it touch a point in the area of feasible solution. The last point
touched before the objective function moves out of the area of feasible solution is D (10, 0).

Given that minimum value of Z occurs at (10, 0), the minimum value is

Z=3x10+6x0=30.

2.4 SUMMARY

s Linear Programming (LP) is a mathematical technique, which is used for allocating
limited resources to a number of demands in an optimal manner. When a set of
alternatives is available and one wants to select the best, this technique is very helpful.

" Management wants to make the best use of organizational resources.

e  The formulation of linear programming requires the following steps:
(@) Identifying/defining the decision variables.
(b} Specifying/defining the objective function to be maximized or minimized.

(c) Identifying the constraint equations, which have to be expressed as equalities
or inequalities.

(d) Using the equation either in graphical or simplex method to find out the value
of decision variables to optimize the objectwe function. :

» The various steps in solving the LP problem usmg the graphical method are as foIlows
1. Formulate the problem with mathematical form by:
(a) Specifying the decision variables,.
(b) Identifying the objective fu,nction and
(c) Writing the constraint equations.
Plot the constraint équati'ons on a graph -
Identify the area of feasible solution
Locate the corner points of the feasible region

Plot the objective function

AN

Choose the points where objective functions have optimal value.

2.5 REVIEW QUESTIONS

What are the essential characteristics of a Linear Programming model?

2. Explain the terms: Key decision, objective, alternative and restrictions in the context
of linear optimization models by assuming a suitable industrial situation.

3. Discuss the application of LP in any functional area of management. Use suitable
example from business or industry.. 5

4. “Linear Programming is the most widely used and most suoccssfully used mathematlcal
approach to decision-making”. Comment.

5. Explain the advantages and major limitations of LP model. Illustrate your answer with
suitable examples.



10.

11

12.

13.

14.

15.

What are the major allocation problems that can be solved by using LP model? Briefly
discuss each one of them. .

Tlustrate graphically the following special cases of LP problems:
(/) Multiple optimal solutions
(if} Non-feasible solution
(#i)) Unbounded problem.'
Write the standard form of LPP in matrix form.
Write a short note on the limitations of Linear Programming.

Discuss briefly the steps to formulate a Linear Programming Problem. Give suitable

examples.

Explain the following terms:
(i) Linearity (if) Feasible solution

(ii) Objective function {(iv) Unbounded solution

(v) Optimal solution.

Maximize P=14X+X,
Subject to X, <3
2X, +X,< 8
3X,+4X,< 24
X,20,X,20
Using graphic method.

Three products are produced on three different operations. The limit of available time
for the three operations are respectively 430, 460 and 420 minutes and profit per unit
for the three products are 3,2 and 5 respectively. Times in minutes per unit on each
machine operation is as follows:

Operation Product
I I 111
1 1 2 1
2 3 0 2
3 1 4 .0

Write LP model for this problem.

Solve the LPP given below by graphical method and shade the region representing the
feasible solution. .

Minimize Z=2X,+10X,
X, -X,20
X, -5X,2-5
X,20,X,20
Solve graphically the following LPP:
Minimize Z=3X, + 5X,
Subjectto —3X, +4X,< 12

2X, - X, 2 -2
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16.

17.

18.

19,

2X, +3X =12

X, <4

X, 22

X,20,X,20
Solve the LPP graphically: -
Maximize - Z=80X +120X%,
Subject to X +X,<9

20X, + 50X, < 360

X22,X,23
when X,and X, 20
A small 1nanufacturer employs 5 skilled men and 10 serni-skilled rﬁen and makes an
article in two qualities, a deluxe model and an ordinary model. Making of a deluxe
model requires 2 hours work by a skilled man and 2 hours work by a semi-skilled man.
The ordinary model requires one hour work by a skilled man and 3 hours work by a
semi-skilled man. By union rules no man can work for more than 8 hours a day. The

manufacturer’s clear profit of the deluxe model is ¥ 10 and of the ordinary model ¥ 8.
Formulate the model of the problem.

A firm manufactures three products A, B and C. The profitsare ¥ 3, ¥ 2 and ¥ 4
respectively. The firm has two machines and the processing time in minutes for each
machine on each product is given below.

Products
Machine :
A B C
C 4 3 5
D - 2 2 4

Machines C and D have 2,000 and 2,500 machine-minutes respectively. The firm must
manufacture 100 A’s, 200 B’s and 50 C’s but not more than ISQ A’s set-up an LP model
to maximizs the profit.

A certain farming organisation operates three farms of comparable productivity. The
output of each farm is limited both by useable acreage and by the amount of water
available for irrigation. Following is the data for upcorming season:

Farm Useable Acreage Water Available in acre feet
400 ' 1500
600 i 2000 -
300 900

The organization is considering three crops for planting which differ primarily in their
expected profit per acre and their consumption of water. Furthermore, the total average that
can be devoted to each of the crops is limited by the amount 8 appropriate harvesting
equipment available. '



CroP Ri‘::;'gl:n ?xa;::e?‘z:ts::;p::': Expected Paint per acre
A 700 5 7400
B 800 4 T300
C 300 3 100

In order to maintain a uniform workload among the farms, it is the policy of the
organisation that the percentage of useable acreage planted must be the same at each
farm. However, any combination of the crops may be grown at any of the farms. The
organization wishes to know, how much of each crop should be planted at the respective
farms in order to maximize expected profits. Formulate thus as a linear programming
problem. .

ILLUSTRATED CASE STUDIES

Case Study No. 1

ABC Ltd engages Quality Control inspectors from a consultancy company which has a pool of
such manpower as it does not want to have inspector on its own pay roll. It uses 40 inspectors of
Grade I level and 60 inspectors of Grade II level, The company expects the following standards:

Grade of No. of Pieces to be Inspected | Wages per hour | Accuracy to be
Inspectors in an 8 hours day & Achieved
I 30 25 98%
il 20 40 96%

At least 1600 pieces must be inspected in a day of 8 hours;

If an error in inspection is made, it will cost the company ¥ 50. The company is interested in
knowing the optimal assignment of inspectors so that the inspection costs are minimized.

Hint. Two types of costs are incurred by each grade of inspector
(g) Wages to be paid to the inspector,
{b) Cost of inspection error.

Cost of one Grade [ inspector per hour
T (25 +50x0.02x %J

Similarly, cost of one Grade IT inspector/hour can be determined.
Minimize Z = x; X Cost of Grade I inspector + x, x cost of Grade I inspector
With the constraints x, £40
x, £ 60 (Constraint of number of inspectors)
30x, +20x, <200

Case Study No. 2

A company produces special alloys used by the defence forces in manufacture of certain
components of an air defence gun. The alloy specifications provided by the defence forces are:

(a) Chromium = 10%
{b) Melting point > 600°C
(c) Specific gravity < 0.99
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The company uses three types of raw materials to produce the alloy of above speciﬁéations.

properties of the raw material required for this purpose are as given below.

The

R poperty
Raw material P | Raw material Q | Raw material R
Chromium (%) 8 12 16
1 Melting point (°C) 700 °C 650 °C 600 °C
Specific Gravity : 0.98 T 102 0.96
't The cost of the raw materials per unit in open market are:
P =¥ 10000
Q=¥ 25000
R=3¥8000

The company wants stock to the specifications so that they can continue getting the orders from
defence department, which is their main stay for profits and also give them the credibility and
goodwill in the market, At the same time, they are interested in reducing the cost of raw materials
to the minimum. Advise the company as to what percentage of raw matenals P,Qand R are to

be used for makmg the alloy.
[Hint. Minimize Z = 10000 x, + 25000 x, + 8000 x,
Constraints are: : '
8x, + 12x, + 16x 2 10
700x; + 650 x, + 600 x, = 600
0.981 x, 4 1-02 x, + 0.96 x, < 0-99
' X tx,tx, = 100]




UNIT 3: LINEAR PROGRAMMING-II

(Simplex Method)

Structure =

3.1 Introduction

3.2  Solving Operations Research Problem Using Simplex Method

3.3 Minimization Problems (All Constraints of the Type =) Big ‘M’ Method
3.4 Minimizing Case—Constraints of Mixed Type (< and 2)

3.5 Sensitivity Analysis

3.6 Summary

3.7 Review Questions

3.1 INTRODUCTION

Simplex method is an algebraic procedure in which a series of repetitive operations are used and
we progressively approach the optimal solution, Thus, this procedure has a number of steps to
find the solution to any problem, consisting of any number of variables and constraints, however
problems with more than 4 variables cannot be solved manually and require the use of computer
for solving them.

This method developed by the American mathematician G. B. Dantizg, can be used to solve
any problem, which has a solution. The process of reaching the optimal solution through different
stages is also called iterative, because the same computational steps are repeated a number of
times before the optimum solution is reached.

3.2 SOLVING OPERATIONS RESEARCH PROBLEM USING
SIMPLEX METHOD

Following are various steps for solving OR. problem using simplex method.
Step L. Formuilate the problem.

The problem must be put in the form of a mathematical model. The standard form of the LP
model has the following properties:

(@) An objective function, which has to be maximized or minimized.

() Allthe constréints can be put in the form of equations.

(c) All the variables are non-negative.
Step IL. Set-up the initial simplex table with slack variable or surplus variables in the solution.

A constraint of type < or > can be converted into an equation by adding a slack variable or
subtracting a surplus variable on the.left hand side of the'constraint.

For example, in the constraint X|‘+ 3X, £ 15 we add a slack §; = 0 to the left side to obtain
an equation. .
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-

X, +3X,+8, =15, 8,20

Now, consider the constraint 2X, + 3X, — X3 2 4, since the left side is not smaller than the
right side, we can subtract a surplus variable S; > 0 from the left side to obtain the equation.

2X;+3X,~X;-S,=4  §,>0

The use of the slack variable or surplus variable will become clear in the actual examiple as
we proceed. '

Step IIL. Determine the decision variables which are to be brought in the solution.
Step IV. Determine which variables to replace. |

Step V. Calculare new row values‘for entering variables.

Step VL. Revise remaining rows.

Repeat step I1I to VT till an optimal solution is obtained. This procedure can best be explained
with the help of a suitable example.

Example 3.1. Solve the following linear programming problem by simplex method:
Maximize Z=10X; + 20X,
Subject to the following constraints:
3X,+2X,< 1200
2X;,+ 6X,< 1500
X, <350
X, <200
XL X, >0
Solution. Step 1. Formulate the problem.
Problem is élready stated in the mathematical model.

Step IL Set-up the initial simplex table with the slack variables in solution. By introducing the
slack variables, the equations in step 1, i.e., the mathematical model can be rewritten as follows:

3X, +2X,+§, = 1200
2X, +6X,+ S, = 1500
X, +8;=350
X, + S4=200

where S, S,, S, and S, are the slack variables. Let us rewrite the-above equation in a symmetrical
manner so that all the four slacks 8, S,, $; and S, appear in all the equations.

3X, +2X, + 1S, + 08, + 0S; + 0S, = 1200
2X; + 6X,+ 08, + 18, + 08, + 08, = 1500
1X, +0X, + 0S; + 0S, + 18, + 0S, = 350
0X, + 1X, + 08, +0S, + 08, -+ 1S, = 200
Let us write the objective- function Z by introducing the slacks in it.
' Z = 10X, +20X, + 08, + 0S, + 08, + 0S,



The first simplex table can now be written as:-

TABLE 3.1

G Sull\:llit)i:m 310 200 0. 0 0 0 gox.ltributio-n
, X, X, S, | s, | 8 | 8 |UnitQuantity
0 S, 3 2 1 0 0 0 1200
0 S, - 2 6 0 1 0 0 1500
0 S, 1 0 o | o | 1| o[ 35
0 s, | 0 Igy I I 200 - e
! element row
Z .0 0 0 0 0 0 0
(G - Z) 10 20 0 0 0 0
KeTy column

The first simplex table is shown in Table 3.1. The table is explained as below:

1.

Row 1 contains C; or the contribution to total profit with the production of one unit of
each product X, and X,. This row gives the coefficients of the variables in the objective
function which will remain the same. Under column 1 (C)) is provided profit per unit
of 4 variables 8, 8,, S5, S which is zero.

All the variables 8, S, 8, §, are listed under solution mix. Their profit is zero and
written under column 1 (C)) as explained above.

The constraint variables are written to the right of solution mix. These are X, X,
S, Sy, 85 and S,. Under these are written coefficient of variables and under each are
written the coefficients of particular variable as they appear in the constraint equations.
For example, the coefficients X,, X,, 8;, S;, S; and S, in first constraint equations
are 3, 2, 1, 0, 0 and 0, respectively which are written under these variables in the
first level. Similarly, the remaining 3 rows represent the coefficients of the variables
as they appear in the other 3 constraint equations. The entries in the contribution
unit quantity column represent the right hand side of each constraint equation.
These values are 1200, 1500, 350 and 200 respectively, for the given problem.

The Z; values in the second row from the bottom refer to the amount of gross profit that
is given up by the introducing one unit of that variable into the solution. The subscript
J refers to the specific variable being considered. The Z; value under the quantity
column is the total profit for the solution. In the first column all the Z, values will be
zero because no real product is being manufactured and hence there is no gross profit
to be lost if they are replaced.

The bottom row of the table contains net profit per unit obtained by introducing one
unit of a given variable into the solution. This row is designated as the C; — Z; row.
The procedure for calculating Z; and C; — Z; values is given below:
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. Calculation of Z, _

C;x X, Cx X, C;x Sy

0x3=0 0x2=0 0x1=0
+ ‘ _' + +

0x2=0 0x6=0 0x0=0
+ .+ +

0x1=0 0% 0=0 0%x0=0
+ Lo+ +

Ox0=0 0x1=0 0%x0=0

Zy, =0 Zy,=0 Zy, =

Similarly, ZSz’ 253 and Zg o Can be calculated as 0 each,

Calculation of Cj— Zj
CX1 —Zx] =10-0=10

Cx,~Zx, =20~ 0=20 *
Cs, ~Zg, =0-0=0

. . Cs,~Zs,=0-0=0 _
Cs,~Zs,=0-0=0 . .

CS4—ZS4=0—0=0
The total profit for this solution is ¥ zero.

Step 3. Determine the variable to be brought into the solution. An improved solution is possible
if there is a positive value in C; - Z; row. The vartable with the largest positive value in the
C;— Z; row is subjected as the objective is to maximize the profit. The column asscciated with
this variable is referred to as ‘key column’ and is designated by a small arrow beneath this
column. In the given example, 20 is the largest possible value corresponding to X, which is
selected as the key column. )

Step 4. Determine which variable is to be replaced. To make this determination, divide each
amount in the contribution quantity column by the amount in the comparable row of key column,
X, and choose the variable associated with smallest quotient as the one to be replaced. In the
given example, these values are calculated as:

for the S| row, 1200/2 = 600
for the S, row, 1500/6 = 250
for the S, row, 350/0 =
for the S, row, 200/1 = 200 ‘
Since the smallest quotient is 200 corresponding to S,, S, will be replaced, and its row is

identified by the small arrow to the right of the table as shown. The quotient represents the
maximum value of X which could be brought into the solution.

Step 5. Calculate the new row values for entering the variable. The introduction of X, into
the solution requires that the entire S, row be replaced. The values of X,,, the replacing row, are
obtained by dividing each value presently in the S, row by the value in column X, in the same
row. This value is termed as the key or the pivotal element since it occurs at the intersection of
key row and key column. :



X,«—— Key column

2
6 Key element
0

s, 00D 0 0 0 1 200« Keyrow
20

_The row values for entering variable X, can be calculated as follows:
0/1=0; 1/1=1;

0/1=0; 0/1=0; 0/1=0; 1/1=1; 200/1 =200

Step 6. Update the remaining rows. The new S, row values are 0, 1, 0, 0, 1 and 200 which are
same as the previous table as the key element happens to be 1. The introduction of a new variable
into the problem will affect the values of remaining variables and a second set of calculations
need to be performed to update the initial table. These calculations are performed as given here:

Updated S, row = old 3, row — intersectional element of old S, row x corresponding element

of new X, row

=3-[2%x0]=3

=2-[2x1]=0

=1-[2%0]=1

=0-[2x0]=0

=0-[2%0]=0

=0-[2x1]=-2

= 1200 — [2 x 200] = 800

Similarly, the updated elements of S, and S, rows can be calculated as follows:

Elements of updated S, row Elements of updated S; row

2-16%0] =2 1-[0x0]=1
6-[6x1]1=0 0-[0x1]=0
0-[6%0]=0 0-[0x0]=0
1-[6%0] =1 0-[0%0]=0
0-[6%0]=0 . 1-[0x0]=1
0—[6x1]=—6 0-[0x1]=0

1500 — [6 x 200] =300 350 — [0 x 200] = 350

Rewriting the second simplex table with the updated elements as shown in Table 3.2:

TABLE 3.2
c. | Solution g0 | T20 | O 0 0 0 Contribution
1o Mix | X, X, S, | S, | 8 | Sy | Quantity | Ratio
0 S, 3 0 1 0 0 | -2 800 | 266.7
‘Key
0 S, 2 0 0 1 0 | -6 300 150 > o
0 S, 1 0 0 0 1 0 350 350
20 X, 0 1 0 0 0 1 200 o
Z, 0 20 0 0 0 | 20 * 4000
(C~Z) | 10 0 0 0 0 |-20

Key column
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The new variable entering the solution would be X,. Tt will replace the S, row which can be
shown as follows: '

For the S, row, 800/3 = 26607
Forthe S,row,  300/2 = 150
For the S, row, 350/1=1350
For the S, row, 200/0 = e

As the quotient 150 corresponding to S, row is the minimum, it will be replaced by X, in the
new solution. The corresponding elements of S, row can be calculated as follows:

X
3/
S @0 0 1 0 —6 300« Keyrow

I .
0
0

\ 10
T

‘Key clement

Key element

New elements of S, row to be replaced by X, are:
22=1; 0/2= 0; 0/2=0; 12=1/2; 0/2=0; —6/2=—13; 300/2= 150;
The updated clements of S, and S; rows can be calculated as follows:
Elements of updated S, row Elements of updated S; row  Elements of updated X, row

3-[3x1]1=0 1-[Ix11=0 0-f0x1]=0
0-[3x0]=0 0-[1%x0]=0 1-[0x0]=1
1-[3x0]=1 0-[1x0]=0 0-[0x0]=0
0-[3x1/2]=--3/2 0-[1x1/22]=-1/2 0-[0x1/2]=0
0-[3x0]=0 1-[1x0]=1 0-[0x0]=0
-2-[3x-3]=-7 0-[1x-3]=3 [-[0x—3]=1

800 —[3 x 150] =350 350 —[1 % 150] = 200 200 — [0 x 150] = 200

Revised simplex table can now be written as shown in Table 3.3 below:

Key

TABLE 3.3
, XI10 | 320 0 0 0 0 | Contribution | Mini-
Solution !
C. . X X S S g S; Per Unit muran
e Mix ! 2 ! 2 ’ ! Quantity | Ratio
0 Sy 0 .0 I (=372 | 0 7 350 50 o
row
10 X 1 0 0 12 0| -3 150 =50
0 S, 0 0 0 |-1/2 1 30 200 66.7
20| X, 0 1 0 0] 0 1 200 © 200
Z 10 |20 |0 510]-10 5500
(C—-2Z) 0 0 0 =510

] Key column
Now, the new entering variable will be S, and it will replace S, as shown below:




- 350/7 =50
150/~ 3=-350
200/3 = 6607
200/1 =200

In these figires, 50 represent the minimum quotient which corresponds to row S,. The negative
sign is not considered.

The new elements of S; row to be replaced by S, can be calculated as follows:
Sq
S, 0 0 1 -3/2 0 (7) 350 «<—Keyrow

-3 Key element

Keycolumn - -

The new elements of S, row would be

0/7=0; 0/7=0; 1/77=17; (-3/2) x (1/7)=-3/14; 0/7=0; 7/7=1; 350/7=50
The updated elements of the other rows can be calculated as follows: .
Elements of updated X, row Elements of updated S; row Elements of updated X, row

1-[-3x0] =1 0-[3%0]=0 0—[1x0]=0
0—-[-3%0]=0 0-[3%x0]=0 1—[1x0]=1
0—[-3x 1/7] =3/7 0—[3 % 1/7] = —3/7 0-[1x1/7]==1/7
12-[-3%x3/14]=—1U7 . —12-[3x-3/14]=1/7  0—fl x—3/14]=3/14
0-[-3%0]=0 1-{3x0]=1 0-[1x0]=0
—3e[-3%1]=0 3-[3x-1]=0 1-[1x1]=0
150 — [~ 3 x 50] =300 200-[3x50]=50 = 200—[1x50] =150

The new simplex table can now be written as shown in Table 3.4.

TABLE 3.4
C; | Solution 210 20 0 -0 0 0 Contributien
Mix X, X, 5, S, S, S, Quantity
0 S, 0 0 1/7 —3/4 0 1 50
10 X, 1 0 37 | -7 |0 | o 300
0 Sy 0 0 -3/ 1/7 1 0 50
20 X, 0 1 -1/7 3/14 0 0 [50
Z; 10 20 10/7 40/14 0 0 6000
C-2)- 0 0 -10/7 | -40/14 0 0

As there is no positive value in C;—Z; row it represents the optimal solution, which is given as:
X, =300 units: X, = 150 units
And the maximum profit Z = ¥ 6000

Linear Programming-il

NOTES
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Minimization Problems

An identical procedure is followed for solving the minimization problems. Since the objective
is to minimize rather than maximize, a negative (C;—Z;) value indicates potential improvement.
Therefore, the variable associated with largest negative (C; - Z,) value would be brought into
the solution first. Additional variables are brought into set-up such problems. However, such
problems involve greater than or equal to constraints, which need to be treated separately from
less than or equal to constraints, which are typical of maximization problems. In order to convert
such inequalities, the following procedure may be adopted:

For example, il the constraint equation is represented as:
33X +2X,> 1200
To convert this into equality, it would be written as:
3X,; +2X,—S,=1200 .

where S, is a slack variable. However, this will create a difficulty in the simplex method because
of the fact that the initial simplex solution starts with slack variables and a negative value (— 1S,)
would be in the solution, a condition which is not permitted in linear programming. To overcome
this problem, the simplex procedure requires that another variable known as artificial variable
be added to each equation in which a slack variable is subtracted. An artificial variable may be
thought of as representing a fictitious product having very high cost which though permitted in
the initial solution to a simplex problem, would never appear in the final solution. Defining A
as an artificial variable, the constraint equation can be written as:

Assuming the objective function is to minimize cost, it would be written as:

10X, -+ 20X, + 08, + MA, to be minimized.

Where M is assumed to be very large cost (say, 1 million). Also S, is added to the objective
function even though it is negative in constraint equation. An artificial variable is also added to
constraint equations with equality signs, e.g., if the constraint equation is

3X; +2X,=1200
then, in simplex it would change to .
3X, -+ 2X, + 1A, = 1200 o
to satisfy simple}{ requirement and would be reflected as MA in the objective function.

Example 3.2. ABC company manufactures and sells two products P; and P,. Each unit of P,
requires 2 hours of machining and ! hour of skilled labour. Each unit of P, requires 1 hour
of machining and 2 howrs of labour. The machine capacity is limited to 600 machine hours
and skilled labour is limited to 650 man hours. Only 300 units of product Pz can be sold in the
market. You are requiréd to

(i)  develop a suitable model to determine the optimal product mix;

. (i) find out the optimal product mix and the maximum contribution. Umt contribution
firom product P, is ¥ 8 and from product P, is X 12;

(iii) " determine the incremental contribution/unit of machine-hours, per unit of labour and
per unit of product Py o

Solution.

Step 1. Formulation of LP model.

Let X, and X, be the number of units to be manufactured of the two products P, and

| P, respectively. We are required to find out the number of units of the two products to be




manufictured to maximize contribution, iLe., profits when individual contribution of the two Linear Programming-il
products are given. LP model can be formulated as follows:

Maximize Z=8X, +12X,
Subject to conditions/constraints
 2X, +X, £ 600 (Machine time constraint)
X, + 2X, < 650 (Labour-time constraint)
X, < 300 (Marketing constraint of product P;)

NOTES

Step 2. Converting constraints into equations.

LP problem has to be writtenin a standard form, for which the inequalities of the constraints |
have to be converted into equations. For this purpose, we add a slack variable to each constraint
equation. Slack is the unused or spare capacity for the constraints to which it is added. In less
than (£) type of constraint, the slack variable denoted by S, is added to convert inequalities into
equations. S is always a non-negative figure or 0. If S is negative, it may be seen that the capacity
utilised will exceed the total capacity, which is absurd. The above inequalities of this problem
can be rewritten by adding suitable slack variables and converted into equations as follows:

2X, + X, + S, = 600
X, +2X, + 8, =650
X, + 8, =300

X, X3, 81, S5 53> 0

Slack variables S,, S, and S; contribute zero to the objective function since they represent only
unused resources. Let us include these slack variables in the objective function. Then maximize

7= 8X, + 12X, + 0, + 0S,+ 08;
Step 3. Set-up the initial solution. ’

Let us recollect that the computational procedure in the simplex method is based on the
following fundamental property:

“The optimal solution to a Linear Programming problem always occurs atone of three corner
points of the feasible solution space )

Tt means that the corner points of the feasible solution region can provide the optimal solution.
Let the search start with the origin which means nothing is produced at origin (0, 0) and the
value of decision variable X, and X, is zero. In such a case, §; =600, 5, = 650, S; =300 are the
spare capacities as nothing (0) is being produced. In the solution at origin we have two variables
X, and X, with zero value and three variables (S,, S, and S,) with specific values of 600, 650
and 300. The variables with non-zero values, ie., S|, S, and Sy are called the basic variables
whereas the other variables with zero valuesi.e. X, X, and X, are called non-basic;variables. It
can be seen that the number of basic variables is the same as the number of constraints equations
(three in the present problem). The solution with basic variables is called basic solution which
can be further divided into Basic Feasible Solution and Basic Infeasible Solution. The first
type of solutions are those which satisfy all the constraints. In Simplex Method, we search for
basic feasible solution only.

Stép 4. Developing initial simplex table.

The initial decision can be put in the form of a table which is called a Simplex Table or Simplex
Matrir. The details of the matrix are as follows:

1. . Row 1 contains C; or the contribution to total profit with the production of one unit of |
each product P, and P,. Under column 1 (C) are listed the profit coefficients of the
basic variables. In the present problem, the profit coefficients of Sj»'S, and Sy are zero.
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In the column labelled Solution Mix or Product Mix are listed the variables S, S, and
S5, their profits are zero and written under column | (C)) as explained above.

In the column labelled “contribution unit quantity” are listed the values of basic variables
included in the solution. We have seen in the initial solution 8, = 600, S, = 650 and
S3=300. These values are listed under this column on the right side as shown in Table
3.5. Any variables not listed under the solution-mix column are the non-basic variables
and their values are zero.

The total profit contribution can be calculated by multiplying the entries in column
C; and coluinn “contribution per unit quantity’ and adding them up. The total profit
contribution in the present case is 600 x 0 + 650 x  + 300x0=0.

Numbers under X, and X, are the physical ratio of substitution. For example, number
2 under X, gives the ratio of substitution between X, and S,. In simple words, if we
wish to produce 2 units of product P, i.e., X, 2 units of S | must be sacrificed. Other
numbers have similar interpretation. Similarly, the number in the ‘identity matrix’
columns S, S, and S, can be interpreted-as ratios of exchange. Hence the numbers
under the column S, represents the ratio of exchange between S 1 and the basic variables
S, S;and S, '

Z;and C; — Z, are the two final rows. These two rows provide us the total profit and
help us in finding out whether the solution is optimal or not Z;and C;~Z; can be found
out in the following manner;

(a) Z;= C; of 8, (0) x coefficients of X, in Sy row (2) + C; of 8, (0) x coefficients
of X, in S, row (1) + C; of S5 (0) x coefficient X, in S; row (1)=0 x 2 +
X[+0x]1=0.

Using the same procedure Zj for all the other variable columns can be worked
out as shown in the completed first Simplex table given in Table 3.5.

(b} The number in the (C - Z;) row represent the net profit that will result from -
introducing 1 unit of each product or variable into the solution. This can be
worked out by subtracting, Z; total for each column from the C; values at the
top of that variable’s column. For example, C; - Z; number in the X, column

will 8 -0 = 8, in the X, column it will be [2 0 = 12, etc.

The value of the objective function can be obtained by multiplying the elements in
C,; column with the corresponding elements in the C; rows, i.e., in the present case
Z=8x0+12x0=0 : S '

TABLE 3.5
8 |12 | 0o [ o |0 Contribution
L C Solu.tion X X S S S Per Un'it Quantity
Mix I 2 1 2 3 (Solution Value)
0 S, 2 1 I 0 0 600 -
0 S, 1 2 0 1 0 650
0 S, 0 1 0 0 1 300
Z 0 0 0 0 0
C-z) | 8 |12 07 o | o




8. By examining the number in the (C;~ Z;) row, we can see that total profit can be increased Linear Programming-l!
by ¥ 8 for each unit of product X added to the product mix or by ¥ 12 for each unit of product
X, added to the product mix. A positive (C;—Z;) indicates that profits can still be improved.
A negative number of (C; — Z;) would indjcate the amount by which the profits would
decrease, if one unit of the variable was added to the solution. Hence, optimal solution
is reached only when there are no positive numbers in (C,—Z)) row.

NOTES

Step 5. Test for optimaliy.

Now, we must test whether the results obtained are optimal or it is possible to carryout any
1mpr0vements It can be done in the following manner:

1. Selecting the entering variable. We have to select which of the vanables out ofthe twonon-
basic variables X, and X,, will enter the solution. We select the one with maximum value of
C;—Z; Variable X, has a (C; - Z;) value of 8 and X; has a (C; - Z)) value of 12. Hence,
we select variable X, as the variable to enter the solution mix and identify the column
in which it occurs as the key column with the help of a small arrow.

2. Selecting the variable that leaves the solution. As a variable is entering the solution,
we have to select a variable which will leave the solution. This can be done as follows:

(a) Divide each number in the solution value or contribution unit quantity column by
corresponding number in the key column, i.e., divide 600, 650 and 300 by 1, 0

TABLE 3.6

Solution 8 12 0 0 0 | Solution | Minimum

CJ‘ Mi Values Ratio
1X X, X, S; |8, ] 8 h
0 S, 2 1 1 0 0 600 600 K
ey
0 S, 1L | @]o|t]o 650 325 row
0 S 0 1 0 0 1 300 300 '
Z 0 0 0 0 1]
(C.— Zj) 8 12 0 0
Key column

(b) Select the row with smallest non-negative ratio as the row to be replaced, in
present example the ratios are:

For §, row, 600/1 = 600 units of X,
For §, row, 650/2 = 325 units of X,
For Sy row, 300/1 = 300 units of X,

It is clear that S, (with minimum ratio) is the departing variable. ‘This row is
called the key row. :

{c) The number at the intersection of key row and key column is called the key
number which is 2 in thé present case and is circled in the table,

Step 6. Developing second simplex table.

Now, we can develop the second simplex table.
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. : Solution | Minimum
C; Sn;flon 8 : 120 o Values Ratio
NOTES C % % St 15 | '
: 0 5, 2 0 I 0 0 300 150
0 S, 1 ool 1o 50 50 -»ii‘\’i’
12 S, o | 1 [o] o1 300 w
Z; 0 12 0 0 0. 3600
Cc-z) | 8] o0 [o]o]o
Kly column

Now, X, will be replaced.

TABLE 3.8 Third Simplex Table

Solution 8 12 |0 |10 0 Solution
Gy : Values
Mix 10X | 8] 8 |8
0l S 2 |0 |1 o o 200
Xy 1 0 0 1 0 50
2l X% o |t jo]o |1 300
4 g8 |12 (oo |o 4000
G-Zp 0 [0 [0 [0 |oO

As R, will remain same because pivot element is already unity,
_ Maximum Profit = 4000 .

We find that the value of objective function has been improved from 0 to . But the correct
solution is not optimal as there are positive values (12) and (8) in the (C; - Z;) row. Also, since
minimum ratio is 325, we select X, row to leave the solution as X, (key column) will enter the
solution. The new X, (key) row will remain same as its elements 1/2, I, 0, 1/2, 0 and 325 have
to be divided by key element, i.e., (shown circled in the above Table). However, row S, and 3,
elements will undergo change.

Row 8, = old row number — [corresponding number in key row] x [corresponding fixed ratio]

Fixed ratio = old row number in key column/key number = 0

It can be concluded that this problem does not have a optimal solution as X, row is to be
replaced by X, row. . ’

Example 3.3. Solve the following problem using Simplex method.
Zppay = 15x; + 2x, -+ 33,
 Subjectto 2xy+2x;—4x;< 18
8x; + 2x;+ 2x,< 36
Xy X5 X3 2 0.

Solution. Converting inequalities into equalities condition are

2x, + 2x;, —4x, + 0S; + 08, =18
8x, t+ 2xy + 2x5 + 08, + 0S8, =36

Xy, X2y X3, 81, 5, = 0
Constructing the first simplex table:
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Solution | 5 2 3 | 0| 0| Solution | Minimum
G Mix X, ' X, | X, |8 |8, Values Ratio
0 S, 2| 2 -4 1|0 18 9 NOTES
0 S, 8 | 2 2101 36 45
z, 0] 0 0|00
c-z, |-15[-2 |-3 |0]0

Since — 15 is least in G; — Z;, S, will be replaced byX,

TABLE 3.10
Solution 15 2 3]0 0 Solution
CJ Mi Values
X x| % X3 | 8] 8
0 Sy 0 3 -9 L1z 1 9
2 2 4
5 X T TR P I U
4| 4 8
Z 501515 4115 67.5
4 | 4 8
C,—-Z, 0 7 3 0 5
5 | 4 2

Elements of second row (x,):
Divide every element of second row by 8 of previous table.

Elements of second row = Elements of first row by previous table
~ Elements of second row in previous table x Conversion factor

18-36 ><2 =9
8
2—8X2=0 :
8 -
2—2)( g = E
8 2
_4_2x.%__2 -
8 2
1—0><-% =1
8
0_] x.% =_l
8 4

In Table 3.10 all elements in Z; — C; row are positive.

So, optimum solution has been achieved. )
Z ooy = 67.5 where x; =4.5,x, =0
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3.3  MINIMIZATION PROBLEMS (ALL CONSTRAINTS OF THE TYPE >)
BIG ‘M’ METHOD '

We have till now seen in this chapter, the type of problems where profit had to be maximized
and the constraints were of the type <. However, there could be problems where the objective
function has to be minimized (like the availability of funds, raw material or the costs of operations
have to be minimized) and the constraints involved may be of the type 2 or=. In such cases, the
simplex method is somewhat different and is discussed in the form of following steps:

Step 1. Formulation of mathematical model.

Minimize Z=Cyx;+Cxy+Cyxy+ e, +C,x
Subject to the constraints

allx1+alz.xz+al_3x3+ ......... +a]nx =b

A Xy FAp Xyt ayXyt ot ay,x,2 b,

a,x;ta,.xuta

[ R L ta,,x,2b,
where X15 X2y X3 ceeuenen. x,20
Now, we subtract the surplus variables S, S,, ............ » Sy, etc., to convert the inequalities

into equations.
Le., Minimize

'Z=CIII+C2)C2+C3.X3+

......... +C, X, +08 +08, +........ + 08,
Subject to the constraints -
alIx1+a|2x2+q13x3ji‘ ......... +a‘1”x,,-Sl=b|
¥t apnX; T apxy it tay,x,~8,=b
Xy ¥ App Xy + GpaXy t e, + Dr e X — Sm = bm
where _ s 520(=1,2, ... )]
' 5;20(G=1,2, ... m)
As in the maximization problem, initial basic solution is obtained by putting
'xl - x2 T enarasass = xn =
SO, _Sl=bl or Sl=—'b1
—’Sz=b2 or SZ.=‘_b2
_ -5,=b, or §,=-b
It may be seen that §, S, ........., S, being negative vioiate the non-negativity constraint and

hence is not feasible. Hence, in the system of constraints we introduce m new variables AL A,
......... » A, known as artificial variable. By introducing these variables the equations are:

a“xl+a12x2 +ai3X3+ ......... +a|nxn—S]+A1=b1
. azlxl+az-2x2+a23x3+ ......... +ﬂ'2”'xn—SZ+A2=bz
A X; + 8 Xyt @y Xyt . ta,,x,—S,+A, =b,

68 Self-Instructional Material



where X2 03(=1,2,3, ... .. W H)
5,20(G=1273, .. ,m)
A20(G=1,23, .. , m)

As we have introduced artificial variables A, Ay, ......... , A, this has to be taken out of the
solution. For this purpose, we introduce a very large value (M) assigned to each of artificial
variable and zero to each of the surplus variables as the cosfficient values in the objective
function. The problem now becomes '

Minimize Z=Cix;+Coxy+Cyxgt i +C, x,
+ 0S5, + 05, +..... + 0S8, +
MA; +MA, + ... tMA
Subject to the constraints
ay Xt apxy; T ax;t .. +a,,x,— 8, tA =5
Gy X F Ay Xy F Gy3 X5 e + Ay, X, — Sy + Ay = by
Aoy X1 F A XgH Qo X3 4 e, +a,, X, ~ S, +A,=b,

Step 2. Serting up of initial simplex table

Here, we allot 0 values to variables x; =x, =x; =.....=x,=0sothat A; = b;, A, = b,, ......... s
A,=b,.

¢ |6 € CuC 00 0 MMu M
- - Minimum
CB SOlutlon Solutloﬂ xi x2 x3 aenvaa x_., Sl Sz Sm Al Az ...... . Am Ratio
Mix Values

CB, A b, Qi G a3 - a,-1 0 0 1 0 ... 0
CBZ A2 b2 ) Gy Ay Ggg weees Az, 0-1 01 0.... 0
CB,, A,,, bm Oy Qpz Dy oo Qyny 0 0-100 1
Zj 0 0 0 ... 00 0 0 0 O 0
C;-Z) €, C CynnCp0 0 0 MM M

Step 3. Test for optimality '
Calculate the elements of (C; — Z;)} row.
(o) Ifall (CJT - Zj) 2 0 then the basic feasible solution is optimal.

(6) Ifany one (C; - Z) s 0 then pick up the largest negative number in this row. This is
the key column and determines the variable entering the solution. '

Now, the second simplex table can be constructed.

Step 4. Test for feasibility

Determine the key row and key number (element) in the same manner as is done in the
maximization problem.

Linear Prograrnming-{i
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Example 3.4. 4 special diet for a patient in the hospital must have at least 8000 units of vitamins,
100 units of minerals and 2800 units of calories. Two types of foods X and Y are available in
the market at the cost of X 8 and X 6 respectively. One unit of X contains 400 units of vitamins,
2 units of minerals and 80 units of calories. One unit of food B contains 200 units of vitamins,
4 units of minerals and 80 units of calories. What combination of foods X and ¥ be used so that
the minimum requirement of vitamins, minerals and calories is maintained and the cost incurred

| by the hospital is minimized ? Use simplex method. -

Solution. Matheimatical model of the problem is as follows:
Minimize Z=8x; +6x
Subject to the constraints
‘ 400x, + 200x, = 8000 (Constraint of minimum vitamins)-
2x) + 4x; 2 100 (Constrairit of minimum minerals)
80x, + 80x, = 2800 (Constraint of minimum calories)
X» X, 2 0 (Non-negativity constraint)
where x, and x, are the number of units of food X and food Y. Now, the constraint inequalities
can be converted into equations. Here; we take ar initial solution with very high cost, as opposed

to the maximization problem where we had started with an initial solution with no profit. We
subtract surplus variables S, S, and S;.

400x, + 200x, — S, = 8000
2x, +4x, — S, = 100
80x, + 80x, —.S; = 2800

The surplus variables S,, S, and S; introduced in these equations represent the extra unit
of vitamins, minerals and calories over 8000 units, 100 units and 2800 units in the least cost
combination. ‘

Let x,, x, be zero in the initial solution.

Hence 5, =-28000
Sz =-100
S;=—-2800

This is not feasible as S, S, and S; = 0 and cannot be negative. We have to see that S, S,
and S; do not appear (as they are — ve) in the initial solution. So, if x;, x, and 8,, S,, 8, are all
zero, new foods which can substitute food X and Y must be introduced. A, A; and A, are the
artificial variables to be introduced. Let the artificial variables (foods) be of are very large price,
M per unit

400x, +200x, — S; + A, = 8000
2x, + 4x, — S, + A, = 100
80x; + 80x, — S + A, = 2800

- and Z objective function

Minimize ' Z = 8x, + 6x, +0S, + 0S, + 0S, + MA, + MA, + MA,
where  x, x5, 8), 5,5, 83, Ay, Az., A >0 l

Now, it is possible to set-up initial solution by:putting X =x=8,=8,=5;,=0mnsucha
manner that A; = 8000, A, = 100 and A, = 2800.



TABLE 3,12 First Simplex Table Linear Programming-il

C; 8 6 0 0 0 M(M| M
Ce B b (= xp) Minimum
Soluti_on Mix | Solution | x; x, S; | S; | Si | Ay |Az] Az | Ratio NOTES
Variables | Values
Key
M Ay 8000 400 200 -1 0 | 11010 20 _>r0W
M Ay 100 2 4 0 -1l 0{0}1|0 50
M Ag 2800 80 80 0 o |[-1]0(|0}]1 35
Z a02M | 284M| -M [-M|[-M| M (M| M
482M | 284M M | M| M|0)07]0
Key column

x, is the key column entering the SOl‘lltiD;l, A is the departing row and 400 (circled) in the table
is the key number (element). .

Now, apply the row operations.
1
) R-1 —— R—-1{cld
® (new) > -0 (old)
(i) R-2(new) - R~-2(old)—2R 1 (new}
(iii) R- 3 (new)— R~ 3 (old) - 80 R — 1 (new)

TABLE 3.13 Second Simplex Table

G 8| 6 0 0|l o|M|M[M
So;;:'m Solution Minimum
b | variables b‘(’:;"’)s N St | S| S |A| A A patig
=B) 5
1 1
8 x, 20 1| = | -—— oo 0o 40
2 400
1 Key
i _ . 3=
M| A o |0 || 53 |1 1|0 20 0w
] .
M A, 1200 | 0 | 40 5 0| -1 o | 1| 30
4+43| —4+41
z, 8 -M|-M M
J : M| maoo | M M
7 S L VR Y 0
C—~Z. 0 0
€2 M | MR00 _
Key column

Value of Z calculated as follows:
Zj(x1)=8>< 1+Mx0=38

Z, () = % X8+3xM+40M=4+43 M

1 1 1 -4+ 41M
Z(S)= —— x8+ — M+ -—M=—
5 (S1) 400 200 5 200
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Z;(S3)=~-M
‘ Z(A)=M; Z,(A;)=M
NOTES It is clear from the above table, that x, enters the solution and A, departs, using the following

row operations:
We introduce x, and remove A,

() R-2(new)—> :_l)’-R— 2 (old)
(i) R~—1(new) = R—1 (old)— %R—Z (new)

(fi) R -3 (new) > R -3 (old) — 40 R - 2 (new)

R -2 (new) = 20, 0, 1,-1_,—i, 0,1 o
33

600
1 1
R-1(mew)=10,1,0,—-—, —, 0
300 6
R - 3 (new)=400,0, 0, 2 , ﬂ,— 1
15 3

wa, the third simplex table can be drawn.

TABLE 3.14 Third Simplex Table

G |[s]ef o 0 O /MM | M
So;\l;;;:)n Solution . | Minimum
Cs Variables : (azll:?s) Xy | X 5 5, S AT A | A Ratio
(=B) o
- 1 1
8 X1 .10 Lo N ﬁ E 0 - ) ’ ”
6| x 20 o1 _1 I I I IR L
| 600 3
. M A ’ l
3 a0 oo 2 Sf - (-1 0 | Key
' . row

~1+8M | -2+4M

Z 8|6 -M| - - M
4 60 3
. 1-8M | 2-4M
(C-2) 00— 3 M| - | -0
" Keycolumn

It can be seen S, has to be introduced and Aj has to depart. This procedure can be adopted
for further improving the solution by constructing fourth simplex table and so on.

3.4 MINIMIZING CASE—C ONSTRAINTS OF MIXED TYPE (S AND >)

We have seen the examples earlier where the constraints were either > type or < type. Both there
are problems where the constraint equation could contain both types of constraints. This type of
problem is illustrated with the help of an example.
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Example 3.5. A4 metal alloy used in manufacture of rifles usestwo ingredients A and B. A total
of 120 units of alloy is used for production. Not more than 60 units of A can be used and at least
40 units of ingredient B must be used in the alloy Tcredient A costs ¥ 4 per unit and ingredient
B costs % 6 per unit. The company manufacturing rifles is keen to minimize its costs. Determine
how much of A and B should be used.

Solution. Mathematical formulation of the problem is

Minimize cost Z = 4x, + 6x,
Subject to constraints
x, +x,=120 {Total units of alloy)
x; < 60 ‘ {(Ingredient A constraint)
Cxpz40 (Ingredient B constraint)
XXy 20 (Non-negativity constraint)

where x; and x, number of units of ingredient A and B respectively. Let x; and x, = 0 and let us
introduce an artificial variable which represents a new ingredient with very high cost M.

x +txn+A; =120
Also x,+8,=60
Third constraint x,—S, + A, =40
Now, the standard form of the problem is
Minimize Z=4x, +6x, + MA, + 05, + 0S5, + MA,
Subject to the constraints
xFx,+A =120
x;+8,=60
Xy~ S, +A,=40
X, %0, 8y, 85, A A; 20
Initial basic solution is obtained by putting x; = x, = 0 and S, = S, = 0 so that A, = 100,
S, =60, A, =40. ’ )
TABLE 3.15 First Simplex Table

G 4 6 M| 0| 0 |M | Minimum Ratio
Solution | Solution
C Mix Values *1 X2 AL S| S 1 A
M A 120 | 1 1 [t]loefolo 120
0 S 60 l 0 0o(1[07]0 - | Key
M A, 40 0 €)) 0ol ol-11]o0 40 Tow
Z; 1 M XM (M| 0 |-M| M
(C-Z) 4-M|6-2M1 0 | 0 | M| 0
Key column

6 — 2M is the largest negative number hence, x, will enter the solution and since 40 is the
minimum ratio A, will depart.

R -3 (New) — R -3 (old) as key element is 1.
R=1(New)— R-1(old)—R-3 (New)

Linear Programming-1!
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TABLE 3.16 Second Simplex Table

, Minimum
G |4 e Mpo o My
. ) Solution .
Cg | Solution Mix Values X N x| A S S, A,
M A, 80 1 0|11]o0 1 80 K
) L)
0 s, 60 | @ |lolo|1] o 60 >
6 X 40 0 100 “1 - '
z M {6 M| 0]|M-6
(€ Z) 4-M| 0| 0] 0 |-M-6
Key column
R~1(mew)=1-0=1;1-1=0,1-0=1,0-0=0,0—(-1)=1
ie., 0,1,1,0,1,100-40 = 60

. x; will be introduced and S, ‘will depart.

" Use the following row operations:

() R~2(new) - R, (old)
(i) R-1(new) > R, (old) - R, (néw)
R-2(new)=1,0,0,1,0 ,
R—1(new)=1-1=0,0-0=0,1-0=1,0-1=-1,1-0=1.
ie,0,0,1,-1,1

TABLE 3.17 Third Simplex Table
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| Minimum
i I N M1 Ratio
Solution | Solution ]
G Mix Values | X1 | X2 | At 8, 8, A,
4 R 60 11010 1 0 | - row
6 Xy 0 |o0]1]o0 0 = 46
Z | 4|6 |M|-M+4| M-5
€2 0] 0] 0 M-t |-M+6
Key column

We now introduce S, and take out A, using following row operations:
- -R—1(new) » R—1 (old)
R—3 (new) - R -3 (old) + R — | (new)



TABLE 3.18 Fourth Simplex Table " Linear Programming-il

_ (o 4 (.6 | M 0 0 M
Cg | Solution Mix | Solution Values | x; | x, | A S, S, | A,
0 8y - 40 0t 0. -1 1 ~ NOTES
4 x| 60 1 1o 1 0
6 X5 80 - 0|1 -1 0
' Z 416 | - -2 0
(C~Z) 0]0] - 2 0

Since all the numbers in (C; - Z;) are either zero or positive, this is the optimal solution.
%, =60,x,=80and Z=40x 60+ 6x80=T720

Maximization Case-Constraints of Mixed Type
A problem involving mixed type of constraints in which =, > and < are involved and the objective
function is to be maximized.
“Example 3.6. Maximize Z = 2x; + 4x; — 3x;3
Subject to the constraints )
Xptx;tx; =8
Cxp—xp2 1
3x; + 4x; +x3< 40
_ Solution. The problem can be"formulated in the standard form.
Maximize " Z=2x+4x,-3x, +0S, +0S,—MA, -MA, .
Subject to constraints
CxptxtxytA =8 -
X —Xx,— S +A;=1
3x, +4x; +x,+8,=40
% 20,x,20,8,20,8,20,A,20,A, 20

'

TABLE 3.19 First Simplex Table

¢ | 2 |4 3|0 jo|-M|-m
* Solution | golution .
o Mix | Vales | e x| ow | S | S | A | Al |
B | Variables 1 2 3 1 2 1 2 Ratio
() | 2Cx) '
“M| A 8 1 1 1 jofo|[1]ol" s
-M| A, 1 @ (-1 0 [-1|0] 0 {1 1 - | Key
oW
0| ¢ 40 3 (a4l 1 |o|l1]o o] 4 :
3
z M |0 | -M|M |0 |-M|-M
3+ | ,
(Cr-Z) 2+42M | 4 | L |-M{ o]0 |0
Key column

-
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Operations Research  where A, and A, are the artificial constraints, S
and M is a very large quantity.

| is the surplus variable, S, is the slack variable

For initial basic solution X
NOTES . i , ' Al. =8,A2= 1, Sz=40
- This is a problem of maximization, hence we select 2 + 2M, the largest positive number in
| (G- Z;) x; will enter and A, will depart. Use the following row operations:

R -2 (New) - R -2 (old)
R -1 (New) — R —1 (old) - R, (new)
R -3 (New) - R -3 (old) - 3 R, (new)

TABLE 3.20 Second Simplex Table

c | 2| 4 -3 0 _|o|-M] -M
So:llti;on Solution Minimum
- 7
Cs | Variables ;(:I:S ol X% X3 SUIS2| A A L b
(B) ‘, - i
M| A 7 o] @ | 1 boje - P
\ - 2 row
2 X 1 L] -1 0 R A -
o | s, 3 {of 7 0 S L 271
z |2 |om-2] -M [-M-2]0] [M+2
C-2z) - 0 [6*+2M|-3+M|M+2]| 0 2
Key column

R -2 (new)= R -2 (old)

R-1(new)= R—1 (old)— R -2 (new) :

"R-3(new)=40-3x1=37,3-3x1=0,4-3x—]1=7 _
0-3x0=0,0-3%x-1=3,1-3x0=1,0-3x1=-3

Now, x, will enter as new variable and A will depart as shown. Third Simplex table can be
prepared by using the following row operations: '

R~—1 (new)=R.-1 (old) .
R—-2(new)=R -2 (old) + R - 1 (new)
R -3 (new) =R -3 (old) — 7 R -1 (new)

R—l(new)=l,0, l,l,—l- 0

2 22
R—2(new)=2,l,0,—l—,10

2 2 2
R—3(new)=37—‘7x-§—;%,0-7XO=0,7—‘7><1=0

- 1 -1 -7 -
0—7><lX—z,3—7><"=—,1~—7><0=1=E,0,0,—,—1,1
2 2 2 2 2 272

-
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TABLE 3.21 Third Simplex Table

G 2 4 -3 0 0 | -M|-M
Selution Mix Solution Values ‘
Ca Variables (B) b(=xp) ! non 5 S; | A | A
X 1
4 ) Xy . z 0 1 l 5 0
2 2
' 1
2 1 2 1 0 5 _l s 0
2 2.
0 S - , 0 o |- 7. 1 1
2 2 2
Z 2 3 1 0
(C~Z) 0 0 | -6 | -1

Since all the entries in C; - Z; are either 0 or ilegative, optimal solution has been obtained with
9 7 11

E, Xy = E,x3=0, SZ= ? andZ=2x]+4x2—3x3+OSI+OSZ

=9+14-0+0+0=%23.

T
J\-l_

Two Phase Simplex. Method
Example 3.14. Maximize Z = 5x; + 3x,
Subject to constraints
2xp4x,8 1
L oxt 4x2-2 6
xp x5 2 0.
Solution. Phase L. It consists of the following steps: . -
Step 1. Adding slack variables, the problem becomes
' 2% +tx,+8,=1
X, +4x,-S,= 6 .
Step 2. Putting x;, =0 and x, =0 ) ’
S‘l 1 .
S,=-6.

This gives the initial basic solution. However, it is not a basic feasible solution since S, is
negative.

So, we will introduce artificial variable A| and the above constraint can be written as -
. 20 +x,+8,=1 (0
Xy +4x2—SZ +A’l =6 ' ..(if)

‘Step 3. Substituting x, =x,=S,=0in the constraint equation we get, S, =1 and A, =6 as
the initial basic solution. This can be put in the form of a Simplex tables follows: '

Linear Programming-i!
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Operations Research TABLE 3.22

Ci - 0 0 0 0 ! ) Minimum
. ‘Y . Selution .
NOTES L | Basic Variables Values | X 5, S; | A Ratio
’ — Key
0 .8 1 2 | O] 1 0 {0 N
1 A "6 1 4 | 0 -1 | 1 3
' ' 2
Z; 6 4 0 | -1 1
(C-Z) 2 -4 0 |1 1

Key column

As (C Z'j) is negative under some columns, the current basic feasible solution can be
Improved

Sy will be replaced by x, as x, is the key column and S, is the key row, also 1 is the key
element.

New row x; (old S;) will be obtained by dividing all the elements by 1.

New row A, can be obtained by using the relationship already known.
6 4x1=2,1-4%x2=-7,4-4x1=0,0- 4><1=—4
—1-4x0=-1,1-4x0=1

New Simplex table can be constructed as follows:

TABLE 3.23

0 0 [ 0 0 1

G- : :
. . Solution .

l 'Basu: Variables Values X X3 8 8, | A

0 x, 1 2 1 . 1 0 0
1 A 2 -7 0 —4 -1 1
Z; 2 -7 0 4 -1 1

C-2) 7 0 4 | 1 0

Since all the elements are either positive or zero, an optimal basic solution has been arrived.

However, Al =2 which is > 0, the given LPP does not possess any feasrble solution and the
procedure stops:

3.5 SENSITIVITY ANALYSIS

The solution to LPP is based on a number of deterministic assumptions like the prices are known
| exactly and are fixed, resources are known with certainty and time needed to manufacture/
assemble/produce a product is fixed. In real life situations, which are dynamic and changing, the
effect of variation of these vatiables must be studied and understood. This process of knowing
the impaét of variables on the outcome of optimal result is known as sensitivity analysis of linear .
programming problems. Let us say, for example,-that if originally we had assumed the cost per
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" unit to be ¥ 10 but it turns out be ¥ 11, how will the final profit and solution mix vary. Also, if we
start with the assumption of certain fixed resources like man hours or machine houts and as we
proceed we realise the availability can be improved, how will this change our optimal solution.

Sensitivity analysis can be used to study the impact of changes in:

(a)
(b)
(c)

Addition or deletion of variables initially selected. _
Change in the cost or price of the product under consideration.

Increase or decrease in the resources.

Sensitivity analysis uses the following two approaches:

(@

(5)

(c)

It involves solving the entire problem by trial and error approach and involves very

cumbersome calculations.

Every time data of a variable is changed, it becomes another set of the probleni and
has to be solved independently. . -

The last simplex table may be investigated. This reduces completion and computations
considerably. ‘

Limitations of Sensitivity Analysis

Sensitivity analysis does take into account the uncertainty element, yet, it suffers from the
following limitations:

(@

(b

©

(@)

Only one variable can be taken into account at one time. Hence, the impact of many
variables changing cannot be considered simultaneousty.

It suffers from the linearity limitations as only linear relationship between the variable
is considered.

The extent of uncertainty cannot be studied.

As the result can be judged by individual analysts depending upon their skills and
experience, it is to that extent subjective in nature.

3.6 SUMMARY

Si'mplex. method is an algebraic procedure in which a series of repetitive operations
are used and we progressively approach the optimal solution.

Simplex method developed by the American mathematician G. B. Dantizg, can be
used to solve any problem, which has a solution. The process of reaching the optimal
solution through different stages is also called iterative.

The objective is to minimize rather.than maximize, a negative (C;— Z,) value indicates
potential improvement. Therefore, the variable associated with largest negative
(C;—Z;) value would be brought into the solution first. Additional variables are brought
into set-up such problems.

The solution to LPP is based on a number of deterministic assumptions like the prices
are known exactly and are fixed, resources are known with certainty and time needed
to manufacture/assemble/produce a product is fixed. In real life situations, which are
dynamic and changing, the effect of variation of these variables must be studied and
understood. This process of knowing the impact of variables on the outcome of optimal
result is known as sensitivity analysis of linear programming problems.

Linear Programming-Ii
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3.7 REVIEW QUESTIONS

1

A

10.
11.

12,

13.

14,

Explain the following terms:
(@) Basic feasible solution.
(b) Optimal solution.
Explain step by step the method used in solving LPP using simplex method.
Explain the use of slack, surpius and artificial variables when are these used and why.
How are the key column, key row and key element (number) selected?

Explain the use of simplex method in solving the maximization and minimization
problems, What are the differences in the approach? )

What do you understand by a redundant constraint ? Do these constraints influence
analysis and final solution of a LPP?

What are the limitations of LPP ? Give examples to support your argument.

What do the coefficient in a simplex table represent? Why is it necessary to compute
a new set of coefficients for each table in the analysis? ‘

Explain the terms decision variables, basic variables, entering and departing variables.

Write a detailed note on the sensitivity analysis.

. Maximize . X+ 20+ 3 —xy

Subject to - X+ 2%, + Ix;=15
2%y + Xy + 51, = 20
Y +20+x3+x,=10

Using simplex method.

Minimize ] Z=8x, + 4x, + 2x,
Subject to : dx)+2x, +x; <8
3x, +2x, <10

Xt x txy;=4
X, X% 20
Using simplex method.
Use Simplex Method to Maximize

p=5x—2y'+32

Subject to x+2p—z22
Ix—2y<3

y—3z<5

ny,z20

Solve the following LPP using simple method:
‘ Z=25x, + 80,
Subject to Sx)+6x, 2 15,
90 +9x, 227

x20,x 20.



15.

16.

17.

18.

19.

The ABC company makes two products P, and P, with contribution per unit of ¥ 15
and ¥ 11 respectively. Each of the products is made from two raw materials A and B.
P, and P, require the raw material in the following amounts:

in kg
Product
A 4 B
P, 4 : 3
P, 2 ) 1
“Availability in Kg 400 500

Find the optimum product mix for maximum profit.

ABC manufacturing company makes three products x;, x, and x; with contribution per
unit to profit T 2, T 4 and ¥ 3 respectively. Each of the three products passes through
three centres as part production.process. Time required in each centre to procedure one
unit of each product is as given below: ' -

. Hours per Unit
Product -
: Centre 1 Centre 2 Centre 3
X, 3 2 I
X, 4. 1 3
X, 2 2 2
Time available (hours) 60 40 80

Determine the optimal mix for next week production. -
Explain the simplex method by carrying out the iteration in the following problem:
Maximize Z=>5x,+2x; + 3x;—x, + xs.
Subjectto  x; + 2x, +3x; +x, =8
3y tdx, +x3+x5=7
‘ xtoxs = 0.

For the foll‘owing production given in the table, formulate the poblem as linear
programming and solve.

Machine Time (In hours) Profit per Product
Product '
A B C ®
P 4 2 20
Q 2 3 0
R 0 1
Available Machine '
Hours per Week 20 150 30
Use simplex method to solve:
Maximize ZZ6a; + 4x,
Subject to 2x, +3x,< 30
Jx;+2xn< 24
Xyt+tx23
Xy, X 2 0.

Linear Programming-ii
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20.

21.

22.

23,

24,

Solve the following LP problem by revised simplex method:

Minimize Z==3x +x,+x,
Subjectto = ©  x;-2x,+x;<11
—dxy +x,+ 2%y 23
2y —xy=— 1
Xp, X, X3 20

The products A, B and C ar¢ produced on three machines centres X, Y and Z. Each
product involves operations on each of the machine centres. The time required for each-
operation for unit amount of each product is as follows:

' Machine Centres
T'roducts
T X Y Z.
A 10 7 2
B - 2 3 4
C ' 1 2 1

(Time in hour)
There are 100, 77 and 80 hours available at machine centres X, Y and Z respectively.

The profit per unit of A, Band Cis ¥ 12, ¥ 3 and ¥ | respectively. Formulate the
problem as LPP (Linear Programming Problem) and find the profit maximization
product mix. ' ' "[IGNOU MBA, Dec 2000]
A pharmaceutical company has 100 kg of A, 180 kg of B, and 120 kg of C available
per month. They can use these materials to make three basic pharmaceutical products,
namely 5- 10— 5,5-5—10 and 2 — 5 — 10 where the numbers in each case represent
the percentage by weight of A, B and C respectively in each of the products. The cost
of these raw materials are given below: '

Ingredient . Cost per kg 3)
A 80
B . 20
C ‘ 50
Inert ingredient . k 20

- Selling prices of these products are ¥ 40.50, ¥ 43 and T 45 per kg respectively. There is

a capacity restriction of the company for product 5 — 10~ 5, s0 as they cannot produce
more than 30 kg per month. Determine how much of each of the product they should
produce in order to maximize their monthly profit.

Solve the following problem using simplex method:

Maximize Z=21x,+ 15x,
~ Subject to Cm X =226
dx; +3x,< 12
where . X, Xy 20
Maximize Z=3x +38x,
Subject to x; +x,=200
x, =80
X260
where ' X, x,20.



25. The owner of fancy goods shep is interested to determine how many advertisements ‘Linear Programming-il
to release in selected three magazines A, B and C. His main purpose is to advertise
in such a way that the total exposure to principal buyers of his goods is maximized.
Percentage of readers for each magazine is known. Exposure in any particular magazine
is the number of advertisements released multiplied by the number of principal buyers. NOTES -
The foliowing data are available: :

Particulars : Magazines .
A B C
Reader 1.0 lakh 0.6 lakh 0.4 lakh
Principal buyers - 20% 15% 8%
Cost per advertisement T R000 T 6000 T 5000
The budgeted amount is at the most T 1.0 lakh for the advertisement. The owner has
already decided that magazine A should have no more than 15 advertisement and B
and C each gets at least 8 advertisement. Formulate the Linear Programming Problem
model and solve it.
36, Maximize . Z=-5x
Subject to X tx<l
~0.5x,-5x,5-10
X,%20
27. Maximize Z=73x +2x,
Subject to - 2%, +x,82

3x;+ 4, 212
x20,x,20

28. Solve the foilowing problem by simplex method

Maximize Z=3x+2y
Subject to -x+2y 24
- 3x+2y < 14
x—y <3
x,y 20.
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'UNIT 4: LINEAR PROGRAMMING-IIT

(Duality in Linear Programming)

4.1
4.2

-~

]

44

45

4.6
4.7

. “ e_S_'fl"lthﬂ[E_l PO
L 4 5 a . ¥ ¥ -

Concept of Primal-Dual Relationship o, Duality in Linear Programming
Dual Problems when Primal is in the Standard Form

Formulation of the Dual of the Primal Problem

Interpreting Primal-Dual Optimal Solutions

Dual Si_mplex Method

-Summary

Review Questions

4.1 CONCEPT OF PRIMAL-DUAL RELATIONSHIP OR DUALITY IN
LINEAR PROGRAMMING ‘

The original LPP is called the Primal. For every LP problem there exists another related
unique LP problem involving the same data which also describes the original problem. The
original or primal programme can be solved by transposing or reversing the rows and columns
of the statement of the problem. Reversing the rows and columns in this way gives us the dual
programme. Solution to dual programme problem can be found out in a similar manner as we
use for solving the primal problem. Each LP maximising problem has its corresponding dual, a
minimising problem. Also, each LP minimising probletn has ifs corresponding dual, a maximising
problem. This duality is an extremely important and interesting feature of Linear Programming
Problems (LPP), Important facts of this property are: ’

(@)

(®

(©)

(d)

(e)

()

The optimal solution of the dual gives complete information about the optimal solution
of the primal and vice-versa.

Sometimes coaverting the LPP into dual and then solving it gives many advantages, for
example, if the primal problem contains a large number of constraints in the form
of rows and comparatively a lesser number of variables in the form of columns, the
solution can be considerably simplified by converting the original problem into dual
and then solviag it )

Duality can provide us economic information useful to the management. Hence,, it
has certain far reaching consequences of economic nature, since it helps managers in
decision-making. .

It provides us information as to how the optimal solution changes due to the results
of the changes in co-efficient-and formulation of the problem. This can be used for -
sensitivity analysis after optimally tests are carried out.

Duality indicates that there is a fairly close relationship between LP and Games Theory
as it shows each LPP is equivalent to a two-person zero-sum game.

Dual of the dual is a primal.



Linear Programming-ili

4.2 DUAL PROBLEMS WHEN PRIMAL IS IN THE STANDARD FORM

We have already seen the characteristics: of the standard form of LPP, let us recall them once
again. These are: ) '

. . NOTES
(@) Allconstraints are expressed in the form of equation, only the non-negativity constraint '
is expressed as > = 0.
(b) The right hand side of each constraint equation is non-negative.
(¢) All the decision variables are non-negative. K
(d) The objective function Z, is either to be maximised or minimized.
Let us consider a general problem.
The primal problem can be expressed as
Maximize Z=C X, +C, X, +.....+C X )
Subjectto  a X ta, X, +..... ta, X <=b,
aZle+a22X2+' +a2nX <=b" )
a,X ta, X, t...ta X <=p
X Xy X, =0 :
The dual can be expressed as follows:
Minimize "Z*=B Y, +B,Y,+.. +B Y,
Subjectto  a, Y, +a,Y,*...+a Y >=C,
alZ YI +a22 YZ+ """ +ar1712Ym>; CZ »
a, Y, *a, Y, ita Y >=C |
. Y, Y, o , ¥ >=0
m
where Y, Y., .o » Y _ are the dual decision varjables. -
In general, standard form of tbe primal is defined as : B
Maximize or Minimize Z = EC ;X
j=1
. Con
Subject to Za,-j x;=b i=1,2, ... , m
Jj=l '
X,>=0 j=L2 un
For constructing a dual of this standard form, let us arrange the co-efficient of primal as:
x X o Ky X, 4— Primal variables
Right side of dual —»| € G G-1—C, ' \
constraints :
Ay Aygfos By oy, b | «—n
a, a5, . Ly :
Left side co-efficients ' - ¥ [ by %2\ Dual variables
; i i ! ' |
of dual constraints | g ! | | [
am_l ‘qmz - amj amﬂ bm' -+ )IPH

th . . N
J " dual constraint dual objective
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It may be noted that dual is obtained symmetrically from the primal using the following rules:

(a) Forevery primal constraint, there is a dual variable, here X s Xy vereeneny X, @re the primal
constraints and Y, Y,, ......., Y_are the dual variables.

(&) For every primal variable, there is a dual constraint XI, X,s veereennny X are the primal
variables, :

(¢) The constraint co-efficients of a primal variable form, the left side co-efficients of the
corresponding dual constraints, and the objective co-efficient of the ‘same variable
becomes the right hand side of the dual constraint as shown above. ‘

. The above rules indicate that the dual problem will have m variables X,.Y, ... , Y _)and
n constraints (related with X, X, .....;, X ). The sense of optimisation, type of constramts and
the sign of dual variables, for the maximisation and minimisation types of standard form are
give below., '

Standard Primal . Dual

.Objective Constraints. -Variables Objective | Constraints | Variables
Maximization | Equations with | All Non-negative | Minimisation |>= Unrestricted

Non-negative

Minimisation | RHS Maximization | <

Unrestricted

4.3 .FORMULATION OF THE DUAL OF THE PRIMAL PROBLEM

The parameters and structure of the primal provides all the information necessary to formulate
a dual. The following general observations are useful.

(@) The primal is a maximisation problem and the dual is a minimising problem. The sense
of optimisation is always opposite for corresponding primal and dual problems.

() The primal consists of two variables and three constraints and dual consists of three
-variables and two constraints. The number of variables in the primal always equals
the-number of constraints in the dual. The number of constraints in the primal always
equals the number of variables in the dual.

(c) The objective function co-efficients forx, and x, in the primal equal the rlght-hand-mde
constraints for constraints (1) and (2)in the dual The objective function co-efficient for
the jth primal variable equals the right-hand-side constraint for the jth dual constraint.

(d) The right-hand-side constraints for constraints (1), (2) and (3) in the primal equal the
objective function co-efficients for the dual variables ¥, ¥, and y,. The right-hand-side
constraints for the ith primal constraint equals the objective function coefficient for
the ith dual variable. .

(¢) The variable.co-efficients for constraint (1) of the primal equal the column co-efficients
for the dual variable y,. The variable co-efficients of constraints (2) and (3) of the
primal equal the column co-efficients of the dual variables y, and y,. The co-efficients
a,in the primal are transpose of those in the dual. That is, the row co-efficients in the
primal become column co-efficients in the dual, and vice-versa.



The above observations can be summarised in the form of a table given below.

S.Ne

Maximization Problem

Minimization Problem -

No. of variab.les

1. | No. of constraints =

2. | (=) Constraints < | Non-negative variables
-3, | (2) Constraints < | Non-positive variables

4. | (=) Constraints < | Unrestricted variables

5. | Number of variables < | No. of constraints

6. | Non-negative variable & | (2) Constraints

7. | Non-positive variable o (<) Constraint

8. | Unrestricted variable < | (=) Constraint :
9. Objective function co-efficient for o Right -I.land—side constant for jth

jth variable constraint
10. Right -hand-side constant for ith o Objective function co-efficient for jth

constraint

variable

11.

Co-efficient in constraint 7 for
variable /,

=

Co-efficient in constraint 7 for variable i.

The following figure shows this relationship between primal and dual:

Maximize

1 Primal Problem

| Dual Problem |

i

Subject to
. A
< |nso

2 =| 800y, + 350y, + 125y, |

5

4

b4

Minimize

Subject to

Y43 -4 ¥ 2]

v

Yo (42| Y2 (43| 3 = 4
A =0

@
Ja Y3

Example 4.1 The following is a primal problem:
Minimize Z=10x,+20x,+ I5x,+ [2x,

Subject to

.‘I.fI +4x,-2x, =50

x, +x,tx,+x,2100

2x,—x,+3x,<140

- ()

G |

.. (i)

X, %, %, 20, %, unrestricted

Formulate its corresponding duel.

Linear Programming-ill

NOTES

Self-instructional Material 87



Operations Research

- NOTES

. BB Self-Instructional Material

Solution.

+ | Primal Problem | ' | Dual Problem |
Minimize l

. Maximize

\Z=10x, +20x, + 15x, + 12x,|

Z=| 100y, + 140y, + 50y, |

Subject to . Subjectto N v
.. [1] 2 10| <
‘>E2+x3+x4l = 100 | 0| <
' - -1
—] 2% +3x, | = | 140 1 15| =
1 3 12| <
| xtdo-2 | =] 50| x - b2
XX, x, 20
X, unrestricted
] il
Dual is ! :
Maximize : Z=100y + 140y, + 50 y,
. Subject to Y, +2,+y,<10
. y,+49,=20
|- Y=y, =15
' _ J_;I+3y2—2y3512

’ » 20, y, <0, y, unrestricted .
Ithas been seen earlier in the table comparing the primal and the dual that an equality constraint
in one problem corresponds'to an unrestricted variable in' the other problem. An unrestricted

variable can assume a'value which is positive, negative or 0. Similarly, a problem may have
non-positive variables. (x}_ <0). -

Example 4.2. Given the following primal problem, formulate the corresponding dual problem.

Minimize - - L =8x,+5x,+ 6x, .
Subject to X, tx,tx =25
‘ dx, - 5x,2 10
X, —x,+2x, <48
| C- x<12

X, X, 2 0, x, — unrestricted

Solution.
Corresponding t!iual is
Maximize Z=25y+10y,+48 y,
Subject to : Y4y, ty =8
' 4y, - 5y,<5
Y=+ 2,26

Y, ¥, 2 0, y, unrestricted



Primal Problem Dual Problem

Minimize l : Maximize

_ v

Subject to

Subject to

25 1

[
= | 10
Xp— Xy T 2%

Xpx =0
X; unrestricted

48 4

1A

Dual Problem .

LetY = [y, ¥ ¥p ¥, | be the dual variables, then the dual problem is to determine Y so as to
| Minimize . S(N=(3,4,1,6) [y, v,y 3]
‘ Subject to the constraints -
B! 2 |
6 1 -5 =3/|7 2|5y pyer,20
. g!

-1 4 3 7 6
Ya
or Minimize F( = 3y, +dy, +y, + 6y,
Subject to the constraints
Sy -2y, +y,-3y,22 b
6y, +y,—5y,-3y,25
-y, +4y,+ 3y, +7y,26
and . VsV 3 ¥4 2 0
Example 4.3. Obtain the dual problem of the following LPP:

Maximize Z=x,—2x, + 3x,
subject to the constraints . :
—2x,tx,+3x,=2
2x, +3x,+4x,= 1
X, X, %, 20
Solution. This can be done conveniently by the following method:
Ijual is, Minimize Z =2y +y, subject to
— 2p, +2y,21
-y t3y,2-2
3y, +4y, 2 3 y,, y, are unrestricted in sign.
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. Primal Problem ) Dual Problem

Maximize l ‘ Minimize -
: . ' " Subjectto
Subject to

B v |2 2] 1
—H 2xitntiy] = | 2 1 3 : -2
. 3
— 3 4 .
—bl 2x, -+ 3x, +4x3| = 1 “y Ty . ’
- 1 2 £

As for equal to (=) constraint, the variable is unrestricted.

Example 4.4. Obtain the dual problem of the following p;v'imai problem:
Minimize . . Z=600x,+ 500 x,
Subject to the constraints -
3x, +x,2 10
8, +x,>18
Ox, + 4x, 2 20
10x, + 20x,2 30

x, x20 _
. - Solution, f .
- Minimize l Maximize '
zZ= ' Z= 10y,+18y2+¢20y3+30y4|
Subject to ’ 0 B

. Subject t: .
[3x + >
. " = 3 Elm 10 600
o [ ] 4l |20 500
—— 2 | 18 ~
: Y2 Y

>
4 &
bdl J’f
— 6x, + 4x, I = | 20
1
_ Dual problem is . .
Maximize 'Z=10p, + 18y, + 20y, + 30y,

Subject to
3y, + 8y, + 6y, + 10y, < 600 _
¥, +y, + 4y, + 20y, < 500
' YpYp¥p¥y20
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Example 4.5. Write the dual of the jbllawmg LP problem: ) Linear Program‘r;ring-m
Maximize . - Z=20x,+ 12x,+ 16x, + I0x,
Subject to 3x, — 4x, + 10x, + 6x,< 90

x, +x,+x,=36
= 2x,+ 4x, + 6x,2 50
andx, unresmcted in sign.

NOTES

Solution. When ever an unrestricted variable is provided in primal, it must be converted or
+ expressed as difference of two non-negative variables.

ie., ' . x,=x,—X, where X, and x,, 20 . '
The given problem can be rewrltten as
Maximize Z=20x +12x,+ 16x +10 (x,, —x,,)
Subject to constraints .
3x, - 4x, + 10x, + 6 (x, — )<90

x, +x,tx, 2360r—x;,—x,—x, -36
xl+x2+x3£~3_6
—2xz+4x3+6(x“—x42)250

or 2x, — 4x,—6 (x,, —x,,) < — 50
Now, the dual can be formulated as
Dual is Z"lyl +y,+ty, +2,220

—4yl—y2—y3'2 12
10y, —~y, +¥,—4y,2 16
—6y,2 10

¥y ¥, 2 Oy,, y unrestricted

Primal Problem Dual Problem

Maximize l -

Minimize

= + 120, + 16, + - '
z [20x1 12x, + 16x; + 10 (x,, x.:z)l Z= 90y1—36y1+36y,—50y4J

Subject to constraints : .
T o0 Subiject to constraints

3x, —4x, + 10x, + 6(x,; —x = . —1 1 [
_—>| 1740 1+ 6y —X) l - 3 nE _2| T2
e I -4 [-1] |1 0 |12
1wl |1 {1] -4 ° 16

p X, Fx = 36
6 Lo 0| -6 10
. Y roEE. e —
'—>r2x2 —Ar, 60 —xg)| S |50 T

4.4 INTERPRETING PRIMAL-DUAL OPTIMAL SOLUTIONS

_As has been said earlier, the solution values of the primal can be read directly from the 0pt1ma1
» solution table of the dual. The reverse of this also is true. The following two propemes of primal-
" dual should be understood.
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If feasible solution exists for both primal and dual the problems, then both the problems have
an optimal solution for which the objective function values are equal. A peripheral relationship

NOTES is that, if one problem has an unbounded solution, its dual has no feasible solution.

-| Primal-Dual Prol;erty 2

The optimal values for decision variables in one problem are read from row (0) of the optimal
table for the other problem. The following steps are involved in reading the solution values for
the primal from the optimal solution table of the dual:

Step I.  The slack-surplus variables in the dual problem are associated with the basic variables
of the primal in'the optimal solution. Hence, these slack-surplus variables have to be
identified in the dual problem,

Step II.  Optimal value of basic primal variables can be directly read from the elements in the
index row corresponding to the columns of the slack-surplus variables with changed
signs. ‘

Step III: Values of the slack variables of the primal can be read from the index row under the
non-basic variables of the dual solution with changed signs.
Step IV. Value of the objective function is same for primal and dual problems.

Example 4.6. Solve the following LPP by, using its dual.

Maximize. Z= Sx,— 2%+ 3x, .
Subject to 2x,+ 2x,—x,22
3x, - 4x2 <3 _
x,+3x,<5
. Xpx,x,20
Solution. The problem can be rewritten as
Maximize : Z=5x ~2x,+ 3x,
Subject to _ —2x -2, +tx, <-2
I Primal Problem | S : Dual Problem
Minimize Maximize
- T ,
z 3% 2% 3% Z=|-y, +3,+ A
Subject to Subject to
—{ x5 | < (-2 10,
: . 1
— e | s |3
13
= 5

(converting > sign into < by multiplying both sides of the equation by-1)
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3xl-—4x2£3
x2+3x3.<_5

>
X5 Xy Xy 2 0

The dual is: Minimize Z=-2y +3y,+5y,
- Subject to the constraints — 2y, +3y, > 5

-2y -4y, ty,2-12

y, t3y,23
: Yp¥p 20 :
Step I. " Convert the minimisation into a maximisation problem.
Maximize Z* = 2y, -3y, + 5y,
Step II. Make RHS of constraints positive.
-2y, —4y, +y, 2 -2 is rewritten as
2y, +4y, -y, <2
Step ITI. Make the problem as N +.§ co-ordinates problem
Maximize Z* =2y -3y, +5p, + 08, + 08, +0S, - Md, — M4,
Subject to -2y, + 3y, -8, +4,=5
Zy Ay, -y, TS =2
| ¥, +3y, -8, +A4,=3
YoV V3 S Sp 53, 41, 4,20
Step IV. Make N co-otdinates assume 0 values.
' Putting »=y,=y,=8,=8=0.
we get 4, =5,5,=2,4,=3 is the basic feasible solution. This can be represented
in the table as follow:
Initial Solution
L : Minimum
CJ. . 2 -3 =5 0 0 0O |-M|-M Ratio
Basic | Solution . :
Cs Variable | Variables | Y2 oo | S S S A A
~M| A | s 2 p3 [ o |-felool 3
) 1
0 S, 2 2 | @) 1jofrjofojol oo
M A, 3 1 0 | 3 Jofjo|-1]0 |1 0o
Z, M M| -3BM| M| 0 | M| -M|[-M
: 2-M -3 =5
(C,-2) valaam | ™| O | M| 0|0
Step V. - Cj —~Zis positive under some covlumns, it is not the optimal solution. Perform the
optimality test.
Step VL. Write second, third or fourth Simplex table unless you come to the optimal solution.

This has been provided in the following table:
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Optimal Solution

C, 2 |35 o0o]ojo| -M -M
Basic | Solution '
Cy Variable Vériables ¢ V2 s S, 515, A Ay
0 S3 11 -15 0 ] -4 [ -3 1 4 -1
5 2 1 ) 1
-3 — - = 1 0 -_— 0-]10 =, 0
2 3 3 3 3
© 14 14 4 4
-5 = ~— (o]l 1 [=-2|=1]0 = 0
3 3 3 3
23
Z, 7—6 -3 -5 2 5 0 - 0
0
(C -Z) oo |“B st |-Bom| M
ro 3 3 . 3

Since all the values in (C,— Z,) are negative, this is the optimal solution,

5 . _14
37 3
85

&)

yl=0’y2=

4.5 DUAL SIMPLEX METHOD

The basic difference between the regutar Simplex Method and the Dual Simplex Method is that
whereas the regular Simplex Method starts with basic feasible solution, which is not optimal
and it works towards optimality, the dual Simplex Method starts with an infeasible solution
which is optimal and works towards feasibility. The following steps are involved in this method:

Step 1.
Step II.

Step IIL

Step IV.

Step V.

Step VL

Convert the problem into a maximization problem, if initfally it is a minimization
problem, .
If there are any > type constraints, these must be converted into < type constraints
by multiplying both sides by -- 1.
.Obtain the initial basic solution — For this, the inequality constraints have to be
converled into equality by adding slack variables. Make a dual Simplex table by
putting this information in the form of a table.
Compute C,—Z, for each column. _
(a) Ifall C, - Z, are negative or zero and all solution-values are non-nf:gative, the
sclution found above is the optimum basic feasible solution.
() Ifall Cj - Zj are negative and zero and at least one value of ‘solution value’ is
negative then proceed to next step, ie., step V. .
. {c) TIfany C Z is positive, this method cannot be applied.
Select the row that contains the most negative ‘solution value’. This row is called
the key row or the pivot row. The corresponding basic variable leaves the current
solution.
Scrutinise the elements of the key row.
(@} Ifall elements are non-negative, the problem does not have a feasible solution.

(b) Ifatleast one element is negative, find the ratios of corresponding elements of
'C, ~Z,row to these elements, ignoring the ratios assocjated with positive or zero



elements of the key row. Select the smallest of these rows. The corresponding

column is the key column and the associated variable is the entering variable.
Mark (circle) the key element or pivot element.

Step VII. Make the key element unity (1). Carryout the row operations as is done in the regular
Simplex Method and repeat until.

(a) An optimal feasible solution is obtained in a finite number of steps or,
() An indication of non-existence of feasible solution is found.

Examplé 4.7. Use dual simplex method 10:

Maximize =—3x,- 2x,
Subject to x, +x,21
x, +x, <7
x, + x,2 10

x2S3 xl,x2.>_0

Solution. The given problem may be put in the form as

Maximize =—3x, —2x,
Subject to -x—-x, <=1
x, +x, &7
-x,—-2x,<-10
x,53
x,%,20
Adding slack variables S, S, §, and S,.
Maximize ‘ Z=—3x,—2x, +0S, +08,+08,+08,
Subject to —~x—x,+8 =~1

x,tx,+8,=17
-x -2, +8,=-10
o x,+5,=3
X% 85 8, S, and S,z 0
This can be put in the form of First Simplex table.
Putting x, =x,=0,8=-1, §,=7,8,=-10 and S, = 3.

C, C— 3] -2l 00| o]0
Basic Solution
4 Variable | Value * * 5, Sz - S, S,
0 5, -1 -1 | -1 1 0 0 0
0 5, 7 1 1 0 1 0 0 K
ey
0 - _
S3 10 1 @ 0 0 1 0 _’_row
0 S, 3 0 1 0 0 0 1
Z 0 0 o |l o | ol o
(C,-Z) -31-21| 0 0 0 0
Key column

Selecting the row with most negative solution value, i.e., - 10, this is the key row. To find the
key column. ' '

Linear Programming-Hll

NOTES

Self-Instructional Material 85



Operations Research

NOTES

96 Seff-Instructional Material

C-Z -3
For x, column = — . - =——=3
element corresponding to x, inthe keyrow -1

. -9
x,column=——=1

Selecting the smaller of these ratios, i.e., x, is the key column and - 2 is the key clement and —2
is the key elemeit (circled). Row S, is to be replaced by x, . Value of x, elements is obtained by
diyiding the row by key element, i.e., - 2. Hence the row x, (earlier S, )is 5,-;- ,1,0,0, _2_1, 0.

New row values of S,, S, and §, can be determined by using the relationship. .
New row elenient = (Element in old row) — [(Intersectional element in old row)

. . X (Corresponding element in replacing row)
8, row Element solution value =— 1 - (- 1 x )=-1+5=4

1 I
. xleemen [ 2) 5

X, element=—1-(-1x1)=0
S element=1—-(-1x0)=1

S,element=0—-(-1x0)=0

S, element =0— | ~1x -—1)=l
2 2
S,element=0-(~1x0)=0
So,new S, row elements are: 4, — %, 0,1, 0, —% , 0.
- Similarly, elements of new S, row can be found out,
New 8, row elements ' '
Solution value element =7 - (1 x 5) =2
x, element = 1 - [lxlj -1
_ 2 2
L ‘x,element=1—(1x1)=0
'S, element =0 — (1 x 0y=0
S,element=1~(Ix0)=1
‘ 1 1
S,element=0~|Ix——|= =
, eleme ( 2] S

S, element=0-(1x0)=0.
New 5, elements )
’ " Solution value element = 3 — (1x5)=-2

1.
x, element =0— (1><_1_) =_
2 2
x,element=1-(1x1)=0
S, element =0—-(1 x0)=0

S,element=1-(1x0)=1



' -1
S, element = 0 — lx—]=l
2) 2

S, element =0— (1 x0) =0 .

New S, elements '
Solution value element=3 - (I x §)=-2

X, element = 0 — (lxl):_._l.
. L 2 2

x,element=1-(1x1)=0 '

S, element=0—(1x0)=0
S, element=0-(1x0)=0

"S,element=1-(1x0)=1

. 8, element = 0 - [lx%)=—_% ‘

These values can be written in the Second Basic Infesible Solution as follows:

o

C C— -3 |=2] 0, 0
. .
l | Basic variable | Solution variable X, x, | §, 18, |5
0 s, 4 | L fol1i]o]|-2
! 2 2
0 s, 2 Ll Jofof1 |l
2 . 2
-2 X, 5 Ll 1]o}o|-L
i 2 2
- ) |
0 S, -2 . @ 0] 0 0 | 5 . _’_Key
) . Tow
zZ —10 -1.|-2]0 1
‘ C-2Z) -2 0|0 -1
7 . C-Z 2 4
" Corresponding element in Key row 1 01 0}0]-2
' . 2
Key column

‘Key row is marked with the arrow on the right side —
C-Z

Selecting the smaller of ratio value =

Key column is marked T in the table.

Key element — % ‘is marked with a circle in the table.

Row 8, is to be replaced by x,. All elements of S 4 are divided by the key %lement
these are the elements of new x, row, i.e., 4,1,0,0,0,-1,-2.

Corresponding element in Key row -

)
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New valueé of S, low .

_Solution variable = 4 —(—% X 4) =6

. -1 :
Element X = T - (—l X l] =

[

o= (-2x0)-o

) .The values are: 6,0,0,1,0,-1,— 1.

New values of 8, row

Solution variable =2 — (% X 4]= 0

) Elemen'tx1 = %—(%xlj=0 :

x2=0—(?12-x0) =0
1

Sl=0-“—' (5X0]=0
1

SZ=I—(EXOJ=1

7]
I
=
|
P
b | —
X
|
o

So, the new values are: 0,0,0,0, 1, 1, 1.

New values of X, TOW are:

Solution variable =5 —[% X 4] =3
. . 1 (1
. t . Element x, = ——(—xl.]=0
2 \2



The new values are 3,0, 1,0,0,0, 1
These values can be placed in the table to determine whether it turns out to be a feasible
solution or not.

-2
-3

C— -3 | -210 0 0 0

Vf:iil;le \S’:lrl;;lzl!:a * *; S, S, 3, S,
S, . 6 0 0| 1 0 1| -1
S, 0 0 0| 0 1| 1| 1
x, 3 0 1] 0 0 0 1

%, 4 1 ol o | o |-1]-2
Z, .—138 3 -2 0 0 3 4
(C,-2) o ot o | 0 |-3|-4

Since all the C, - Z, values are either zero or negative, this is the optimal feasible solution.

x1=4,x2=3
Zm=—3x4—2x3=—18

4.6 SUMMARY

The original LPP is called the Primal. For every LP problem there exists another
related unique IP problem involving the same data which also describes the original
problem. The original or primal programme can be solved by transposing or reversing
the rows and columns of the statement of the problem.

Each LP minimising problem has its corresponding dual, a maximising problem
This duality is an extremely important and interesting feature of Linear Programming
Problems (LPP).

The primal is a maximisation problem and the duaI is a minimising problem. The sense
of optimisation is always opposite for corresponding primal and dual problems.

The primal consists of two variables and three constraints and dual consists of three
variable and two constraints. The number of variables in the primal always equals
the number’ of constraints in the dual. The number of constraints in the primal always
equals the number of variables in the dual.

If feasible solution exists for both primal and dual the problems, then both the problems
have an optimal solution for which the objective function values are equal.
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The optimal values for decision variables in one problem are read from row (0) of the
optimal table for the other problem. .

The basic difference between the regular Simplex Method and the Dual Simplex Method

~ 1s that whereas the regular Simplex Method starts with basic feasible solution, which

1s not optimal and it works towards optimality, the dual Simplex Method starts with
an infeasible solution which is optimal and works towards feasibility.

4.7 REVIEW QUESTIONS

S AW oN e

10.
11.
12.,

13.
14.
15.
16.

17.

18.

19.

100 Self-Instructional Materiaf

Discuss in brief ‘Duality” in linear programming.

Explain the primal-dual relationships.

State and explain dual L.P.P.

Prove that the dual of the dual of a given prim’;l is again primal.

State the fundamental propertics—of duality and prove any one of them.

If the kth constraint of the primal problem is an equality, then prove that the dual
variable o is unrestricted in sign.

If any variable of the primal problems is unrestricted in sign, the corresponding constraint
in the dual will be a strict equality. Prove it.

State the dual theorem and explain its implications.

If either the primal or the ‘dual problem has a finite optimal solution, then the other
problem also has finite optimal solution and the values of the two objective functions
are equal. Prove this.

Prove that the necessary and sufficient condition for any linear programming problem
and its dual to have an optimal solution is that both have feasible solutions.

Prove that if the primal has an unbounded solution, the dual has either no solution or
an unbounded solution. '

What is the essential difference between regular simplex method and dual simplex
method? :

Develop the theory of dual simplex algorithm. N
Write a short note on ‘Complementary Slackness’.
State and prove the complementary slackness theorem for the symmetrical dual problem.

What do you understand by ‘duality’ in linear programming? State and prove the
theorem of dual primal relationships.

Use dual simplex method to solve the L.P.P:

Minimize Z = 2x, + 3x, subject to the constraints:

25, -X, =%, 23,0,-x,+%,22,%,x,x 20,

Solve the following linear programming problem by dual simplex method:

Minimize Z=2x +9x,+ 24x, + 8x, + 5x, subject to the constraints:

it — —_— - _— — _—
X tx, + 2 X, —x.= 1, 2xl+x3+x4+x5 x,=2

xj20;j=_l,2, ...... , 7 _

Use dual simplex method to solve the L.P.P:
Minimize Z = x, + 2x, + 3x, subject to the constraints:
X, —x, ta, 24,x!+x2+2x358: o



20.

21.

Apply the principle of duality to solve the LPP:

Maximize: Z=3x, -2x,
Subject to x, +x, <5
) x <4
1<x, <6
x,20,x,<0.
Minimize Z=25X + 10X,
X, +X,=50
X, 220
X,z40
X, X, 20
Write dual and solve. '
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UNIT S: THE TRANSPORTATION
PROBLEMS

NOTES

Structure

5.1 Introductioﬁ
5.2 ‘Terminology Used in Transportation Model
5.3 Assumptions of Transportation Model
5.4 Solution of the Transportation Model
5.5 North-West Corner Rule
5.6 Row-Minima Method
5.7 Column-Minima Method
5.8 Least Cost Method
59 Vogel;s Approximation Method (VAM)
5.10  Performing Optimality Test
5.11 Feasible Solution by VAM
5.12  Optimality Test by MODI Method or UV Method
5.13  Summary ‘
5.14  Review Questions

5.1 INTRODUCTION

The transportation model seeks the determination of a transporation plan of a single commodity from
a number of sources to a number of destinations. The model must have the following information:
(@) Amount of demand at each destination ’
(b) Availability at each source
(¢) The unit transportation cost of commodity from each source to each destination.
Since we are concerned with only one commodity, the destination can get the commodity
from any of the sources. The objective of the problems is to find out the amount (quantity) to
be transported from each of the sources to each destination so that the total transportation cost
is minimum.
Let us put the definition in mathematical terms.
Let m = number of sources/origin (say plant location)
n = number of destinations - _
a, = number of units of the commodity available at source (i=1, 2, 3, ....., m)
bj = number of units required at destination (=1, 2, 3, ..., n)
C,; = unil transportation cost for transporting the commodity from source 7 to destination j.

v
It is clear that the objective in this type of situation is to determine the number of units to be

transported from source / (@)} to destination j(b J.) so that the total transportation cost is minimized.

102 Seif-instructional Material




Let X, = the number of units to be transported from source i to destination J.

Now, we have to find X (non-negative value) which satisfies the fol]owmg constraints:

ZX,}. =g, fori=1,2,3, .., m (availability at source i constraint)

m
Zx,j = bj forj=1,2, 3, ..., n (requirement at destination j constraint)

The total cost of transportation Z (the objective function) can be written as

Z=Y 2% -

i=i i=1
The above objective function is to be minimized with the constraints given above.. -

Ii may be seen that the equation representing the constraints as well as that of objective
function are linear equations in X5 Hence, essentially it is a Linear Programming Problem (LPP).

The model makes an assumption to simplify problem, the transportation cost on a given route
is directly proportional to the number of units transported. It must be noted that the constraint
of availability of commodity at source must specify that all the transportation from the source
cannot exceed the supply. Hence,

n
th_j €a;i=1,2,3,...,m
j=1

Similarly, requirement of the commodity at destination must be equal to or more than the
demand, i.e.,

inj < b,';j': 1’ 2) 3: e B
i=1 .

In real life situations, supply may not equal demand or exceed it. In such situations, the
. transportation model needs to be balanced.

52 TERMINOLOGY USED IN TRANSPORTATION MODEL

Following ar¢ some important terms used in Transportation model:

1. Feasible solution: Non-negative values of X5 wherei=1,2, ..., mandj=1,2,.,n
which satisfy the constraints of availability (supply) and requirement (demand) is called
the feasible solution to the transportation problem.

2.  Basic feasible solution: It is the feasible solutiofi that contains only m + n —1-

non-negative allocation.

3. Optimal solution: A feasible solution is said to be optimal solution when the
transportation cost is minimum.

- 4. Balanced transportation problem. A transportation problem in which the total supply
from all the sources equals the total demand in all the destinations.

Mathematically, Ea,. :ij '

i=1 J=1

The Transportation Problems
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Unbalanced transportation problem: Such problems which are not balanced are called
unbalanced.

. n

" Mathematically, Zai # Zb ;

i=1 j=l )
Matrix terminology: In the matrix used in transportation problem, the squares are
called cells. These cells form ‘columns’ vertically and ‘rows’ horizontally. Unit costs
are written i the cells. ' '

Warehouses
, 2 3 4
Plant Al a4 2 10
‘ B 6 8 7 5
Demand 15 7 8 12

The cell located at intersection of row B and column 4 is the one in which the unit cost .
5 is written as (B, 4). )

3.3 ASSUMPTIONS OF TRANSPORTATION MODEL

(a)

®)
- ©
@
©

it
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" _entire organization.

Transportation model makes the following basic assumptions:

Availability of commodity: The supply available at different sources is equal to or more

than the total demand of different destinations when it is equal it is called a balanced .

problem,
‘ nt n -
i.e., . Zai =2bj
i=1 i=1

Transportation of commodity/items: The model assumes that all items can be
conveniently transported from sources to destinations.

Certainty of per unit transportation cost: There is a definite cost of transportation of
items from sources to destinations. ¢

Independent cost per unit: The per unit cost is independent of the quantity transported
from sources to destinations. '

Transportation cost: Transportation cost on any given route is proportional to the
number of units transported.

Objective function: The objective is to'minimizE the total transportation cost for the

5

Example 5.1, A car manufacturing company has plants at cities A, B and C. Its destination
cenires are located at cities X and Y. The capacity of three plants during the next quarter is 1000,
1500 and 1200 cars. The quarterly demand of the two destination centres is 2300 and I 400 cars.
The train transportation cost per car per km.is ¥ 2. The chart below shows the distance in km
between the plants and the distribution centres,

X Y

1000 2690
1250 ‘ 1350
1275 . 850




How many cars should be transported from which plant to which destination centre to minimize
cost ?

Solution. Step 1. In the above problem the market distances and the cost of transportation
per km is given. This must be converted into the costs.

X Y
A 2000 5380
B T 2500 2700
.C 2550 | 1700

LetX, be the number of cars transported from plants to destination centres (x, 2 0) since the
total supply (1000 -+ 1500 + 1200 = 3700) happens to equal the total demand (2300 + 1400 = 3700)

the transportation model is balanced.
1

X ' Y Supply

A X X2 1000

Source: B X, X5 1500
c ' X,, X, 1200

Demand 2300 ) 1400 3700

Step IL. Objective is to minimize the cost of transportation.
ie., Z = 2000X,,+5380X,,+2500X,, +2700X,, +2550X;, +1700X,,

In general, if C,.j is the unit cost of transportation from ith source to jth destination, the
objective is: -

n n
Minimize 2 2 C,Xy
i=1 j=1
Step I11. Constraints
(a) Availability or supply of cars

X,; + X,, = 1000 (Source A) -
X,, + X,, = 1500 (Source B) .
X31 + X32 1200 (Source C)

It may be seen that the constraints are equal to number of plants, i.e., there are three constraints.

(b) Requirement of demand of cars at destination centres
X,, +X,, +X;, = 2300 (Destination centre X)
X5 + X, + X, = 1400 (Destination centre Y)

It ay be seen that in this problem there are (3 X 2 = 6) variables and (3 + 2 =5) constraints.
In general, such a solution will involve (m x ») variables and (m + ») constraints,

It is also clear that the objective function and the constraint equatioxis are linear in nature,
hence this problem can be solved by simplex method of linear programming. However, since
6 variables are ‘involved (in real life situations there will be muchi more) the calculations will
be very long and time-consuming requiring the help of computers. Also, the simplex method
is more suitable for maximization problems whereas the transportation problem requires the
minimization of the objective function.

The Transportation Problems
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5.4 " SOLUTION OF THE TRANSPORTATION MODEL

Step 1. Make a transportation model

NOTES Distn'butioﬁ centres
X Y Supply
2000
A 10
X,, = 1000 T = 35380 0
¥ 2500 - ¥ 2700
Plant B : + 1500
s X, = 1300 X,=1400 | 1%
C 72550, £ 1700 + 1200
T
Demand- 2300 + 1400 =3700

The above problem is balanced or self-contained wherever it is not 50, a dummy source or
destination, as the case may be, is created to balance the supply and demand.

Step 1L Finding a basic feasible solution

Basic feasible solution can be found out by using different methods. One technique developed
by Dantzig is called the ‘North West Corner Rule’,

5.5 NORTH-WEST CORNER RULE

| In this method, we start with the North-West Comer (top left) and allocate the maximum amount
allowable by the supply and demand to this variable, i.c., X~ The satisfied column/row is then
crossed, meaning that remaining variables in this column/row equal zero. If a column and a row
are satisfied simultaneously, only one of them is crossed out. After adjustment of the quantities
of supply and that of demand for all left over (uncrossed-outy rows and columns, the minimum
possible column/row is allotted to the first uncrossed out element in the new column/row. The
process gets completed when exactly one row or one column is left uncrossed out.

The procedure can be explained specifically in the following steps:

Step L. Start the North-West (top left) comer and compare the supply of source 1 (8,) with
the demand of destination centre 1 (D,). Three conditions are possible.
(@) D, <8, itmeans that the demand at destination centre D[ is less than the supply at source
S,-In X, (North-West/top left corner) set X, equal to D, and proceed horizontally.

() D, =8, ie, the demand is equal to supply, then set X, equal to D, and proceed

diagonally. ,
(o D> Sl, i.e., the demand is more than supply, then set X, =8,and proceed vertically.

Step IL Proceed in this manner, step by step till a value is allotted to South-East right
bottoni corner.

The North-West corner rule can be best demonstrated by the example in hand.
1. Set X, = 1000, i.e., the smaller of the amount available at S,(1000) and that needed
at D, (2300).

2. Proceedtocell (BX).és per rule(c) above which demands that you should proceed verticaily.
If D; > S, compare the quantity available at S, (1500) with the amount required.
Quantity available at D,(2300 — 1000 = 1300) and set X,, = 1300.
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3. Proceédtocell BY (rule above) as now D < S, Here S, is 1500 and the demand is 1400. The Transportation Problems
So, set X,,, = 1400. We are required to proceed horizontally to next cell. Since there is
no other horizontal cell, the allocation ends here.

The transportation cost asscciated with the solution is
Z = 2000 x 1000 + 2500 x 1300 + 2700 x 1400.
= 2000000 + 3250000 + 3780000
= 9030000. )

NOTES

5.6 ROW-MINIMA METHOD

In this method, we allocate maximum possible in the Jowest cost dell of the first row. The idea
is to exhaust either the capacity of the first source or the demand at destination centre is satisfied
or both. Continue the process for the other reduced transportation costs until all the'supply and
demand conditions are satisfied. ’

In the above problem, we first allot in cell AX of first row as it has the lowest cost of ¥ 2000.
So, we allocate minimum out of (1000, 2200), i.e., 1000. This exhausts the supply capacity of
plant A and thus the first row is crossed off. The next allocation is in cell BX as the minimum
cost in row 2 is in this cell. We allocate minimum of {1500, 1300), i.e., 1300 in this cell. This
exhausts the demand requirements of destination centre X and so column 1 is crossed off.

Distribution centres

X Y Supply
A [z2000 Z5380 1000
1000 :
Plants B 2500 z 2700 1500
' 1300 200-
C 32550 31700 - © 1200
1200
Demand 2300 1400 3700

Now, we proceed tfo row No. 3 in which the minimum cost ¥ 1700 is in cell CY. Here we
“allot minimum out of 1400 and 1200. Since the demand of distribution centres is 1400 and we
have allotted only 1200 we allot 200 in cell BY. Now, column Y is satisfied and we cross out
column Y. Also since in row two the complete supply of 1500 is satisfied (1300 + 200 = 1500)
row two is also satisfied and can be crossed out. Similarly, row three is also satisfied and can
be crossed out. <

Hence Z = T (2000 x 1000 + 2500 x 1300 + 2700 x 200 -+ 1700 x 1200) =¥ 7830000.

5.7 COLUMN-MINIMA METHOD

In this method, we start with the first column and allocate as much as possible in the lowest cost
cell of this column, so that either the demand of the first destination centre is satisfied or the
capacity of the second plant is exhausted or both. There are three cases:

(@) If the demand of first distribution centre is satisfied, cross off the first column and
move to the second column on the right.
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(6) Ifthe supply (capamty) of the ith plant is satisfied, cross off the ith row and recon51der

) the first column with the remaining demand.

(¢) Ifthe demand (requirement) of the first distribution centre as also the capamty of ith ~
plant ace completely satisfied, make a zero allotment in the second lowest cost cell of

the first column. Cross off the column as well as the 7th row and move to the second
column.

Continue the process for the resulting reduced transportation table till all the conditions

are satisfied. The matrix below shows the solution with this methed which is similar to Row
Minima method

Distribution centres

X _ Y Supply
T 2000 T 5380 1000
A 1000 '
Plants \B T 2500 T2700 1500
1300 200 |
c 1¥2550 T 1700 1200
, 1200 -
Dem_aﬁd . 230,0 . - 1400 3700 -

Let us solve the given problem with the help of this method. Lowest cost cell in the column
is AX. We allocate minimum, i.e., 1000 out of 2300, 1000. With this the capacity of plant
A is exhausted and thus row one is crossed off. The next allocation is made in cell BX as it
now has the minimum, cost of ¥ 2500 in the first column. We allocate minimum 1300 in this .
* cell. Now, the demand of distribution centre X is satisfied we can cross the first column.
Now, we move to the second column in this minimum cost cell is CY. Allocate 1200 in this
cell out of 1400 and 1200. Consider the next least cost cell in this column which is BY in which
we can allot only 200. Now all the conditions are satistied.

Transportatlon cost assoc1ated with this solution is

Z =% (2000 x 1000 + 2500 x 1300 + 1700 x 1200 + 2700 X 200)
=% 7830000

which is same as obtained with solution by row-minima method.

5.8 LEAST COST METHOD . ' .
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In this method, we allocate as much as possible in the lowest cost cell or cells and then move to the
next lowest cost cell/cells and so on. Let us solve the above problem using the least cost method.

Distribution centres = Supply

A X Y

' % 2000 7 5380 1000

X,,= 1000 X,=0
B 22500 ¥ 2700 1500
Plants , Xy =1300 | X,,=200
c 32550 | ¥1700 1200
Xy =0 X, =200 °

Demand © 2300 1400



Here the lowest cost cell is CY (X 17_00) and maximum possible allocation, meeting supply
and demand requirement is made here, i.e., 1200. This meets the supply position of row 3 and
hence it is crossed out. )

The next least cost cell is AX (2000). Maximum possible allocation of 1000 is made here and
row one is crossed out. Next lowest cost cell is BX (2500) and maximum possible allocation of
1300 is made here as the total demand in column X is 2300 and we have already allocated 1000
in ¢ell AX. Next lowest cost cell is CX (2550) only 0 can be allocated here to meet the demand
(2300) and supply (1200) position. Next cell with lowest cost is BY (2700). Here allocation of
200 is possible. The next lowest cost cell is AY where only 0 allocation is possible.

Hence, .
Z =7 (2000 x 1000 + 2500 x 1300 + 2700 x 200 + 1700 x 1200)
=¥ 7830000.

59 VOGEL’S APPROXIMATION METHOD (VAM)

This method usually provides a better initial (starting) solution than the methods described
already. In fact, VAM generally, yields an optimum or very close to optimum starting solution.
This method takes into account not only the lest cost Cy but also the costs that just exceeds Cji
The following steps are involved in this method.

Step I. Write down the cost matrix as shown below.

Distribution centres Supply

A X, | T2000 |X, | %5380 [1000 (3380)
Plants B X, | %2500 |X, | 2700 |1500 (200)
C X,, | z2s50 [X, | T1700 |1200 (850)

2300 1400

- Demand  (500) ' (1000)

Find out the difference between the smallest and second smallest cost elements in each
column and write it below the column in brackets, ie., in column X the difference is 500 and
in the second column it is 1000. ’

Find out the difference between the smallest and second smallest cost elements in each row
and write it on the right side of each row in brackets, i.e., in row A 3380, in row B 200 and in
row C 850.

It may be noted that the difference,” which is indicated under columns or rows actually
indicates the unit penalty incurred by failing to make an allocation to the least cost cell in the
row or column. :

Step I Select the row or column with the maximum difference and allocate as much as
possible (keeping the restrictions of supply and demand in mind) to the least cost cell in the row
or column selected. In case of a tie, take up any one. Now, in this example, since 3380 is the
greatest difference, we choose row A and allocate 1000 to least cost cell, i.e., AX.

Step IIL. Cross out the row or column which satisfies the condition by allocation just made.
So, row A is crossed out. The matrix without row A is as shown as follows.

The Transportation Problems
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X Y
‘B Z 2500 72700 1500 (200)°
x21 X22
C Z 2550 % 1700 1200 (850)
X, X,,= 1200

Repeat steps T to 11 tll all the allocations have been made. Now, column Y shows maximum

difference, so we allocate to the least cost cell in Y column, i.e., CY ar amount of 1200 but this
does not‘satlsfy column Y completely.

Also, row C shows maximum difference (850) out of the two rows. We allocate 1200 to cell
CY which is the least cost cell int row C. Since this allocation completely satisfies row C, we
cross row C and the shrunken matrix is shown below.

X Y

' 5 Z 2500 £ 2700
X,, = 1300 X,,=200 |*

Since cell BX has the least cost, maximum possible allocation of 1300 is made here. In cell
BY, we allocate 200.

All the above allocations made can now be shown in onesingle matrix as below.

% 2000 % 5380
Xll XIZ
* 1000
% 2500 3 2700
XZI . XZZ
1300 200
T 2550 Z 1700
X23 X32
: 1200

The cost of 'trgnsportéfion associated with this solution is
Z =73 (2000 % 1000 + 2500 x 1300 + 1700 x 1200 + 2700 x 200) = X 7830000.

510 PERFORMING OPTIMALITY TEST

We have found out a feasible solution. Now, we must find out whether this feasible soltion is

optimal or not.-Such an optimality test can be performed only on such feasible solutions where
1.  The number of allocationism+n—1 )
where m = number of rows and n= number of columns.

In given problem m = 3 and » = 2 so number of allocations is 4 which is the actual case hence

{ optimality test can be applied. Also, all the allocations are independent of each other.”

We can test the optimality of a feasible solution by c;irrying out an examination of each vacant
cell to find out whether or not an allocation in that cell reduces the total transportation cost. This

can be done by the use of the following two methods:
' %
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The Stepping-Stone Method

Let us copsider the matrix of the above problem where we have already found ut the feasible
solution.

Distribution centres

X : . Y
72000 T 5380
AL X X3
1000 |
< 2500 72700
Plants B | X X1
1300 | 100 | 2000 | +100
2550 ~ 1700
C X3 X
+100 1200 | -100

Let us take up any arbitrary empty cell, i.e., CX and allocate +100 units to this cell. Now in
order to maintain the restrictions of column X, we must allocate —100 to cell BX and to maintain
the row B restriction we must allocate +100 to cell BY. This will result in unbalance of column
Y conditions and so we must allot —100 to cell CY.

Now, let us work out the net change in the transportation cost by the changes we have made
in allocations.

Evaluation of cell CX = ? (2550 % 100 —2500 % 100 +2700 % 100~ 1700 x 100} -

" = 255000 — 250000 + 270000 — 170000
=% 105000

As the evaluation of the empty cell CX results in a positive value the total transportation cost
cannot be reduced. The feasible solution is an optimal solution already.

We must carryout evaluation of all the empty cells to be sure that optimal solution has
been arrived. The total number of empty cells are m x n—(m+n—1)= (m— 1) (2 —1). Hence
{(m— 1) (n— 1) cells must be evaluated. In the present problem m = 3 and n = 2, so only two
empty cells are there but in other probléms, the number of empty cells could be much more and
this procedure becomes very lengthy and cumbersome.

The Modified Distribution (MODI) Method or UV Method

The problem encountered in the stepping stone method of oﬁtimality test can be overcome by
MODI method because we don’t have to evaluate the empty cells one by one, all of them can be
evaluated simultancously. This is considerably time saving. The method has the following steps:

Step L Set-up the cost matrix of the problem only with the costs in those cells in which
allocations have been made. ‘ '

X Y
A Z 2000
B Z 2500 Z 2700
C 21700

Step IL Let there be set of number V, (V 1» V,) across the top of the matrix and a set of
number U; (U,, U, U,) across the left side so that their sums equal the costs entered in the
matrix shown above.

The Transportation Problems
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"V, =200

'V This is shown in the matrix below.

V=0 200
_ 7 2000 U, | %2000
2500 U, |%2500 % 2700
1500 U, 3 1700
U, +V, =2000 U, +V,=2700
, U, +V, =2500 U, +V,=1700
Let V,=0thenU =2000, ~  U,=2500

V, =2700 — 2500 =200
U, = 1500

Step IIL Leave the already filled cells vacant and fill the vacant cells with sums of U, and

0 . Vv, 200 \

2
2000 © .U, 2200 (V,+V,)
2500 U, '
1500 U, 1500 (U, +V)),

Step IV. Subtract the vacant values now filled in step Il from the original cost matrix. Thxs
will result in cell evaluation matrix and is shown below for the example in hand.

’

5380 —2200=3180

2550 — 1500 = 1050

Step V. If any of the cell evaluation turns out to be negative, thenthe feasible solution is not
optimal. If the values are positive the solution is optimal. In the present example, since both the ,
cell evaluation values are positive, the feasible solution is optimal.

Let us take another example where some of the evolutions turns out to be negative to explam '
the entire procedure.

Let us assume the following transportation model for this purpose:

Distribution centres.

P Q R s Supply
CA | 200 300 1100 700 | 6(100)
_Plants B | 10] o | 600 |100(D) | 1(00) -
B ‘ 10 (300)
C 500 | 800 1500 900 | 17 (Total)
Demand 7 5 -3 2
©(100) T(300)  (500) - (600)

5.11 FEASIBLE SOLUTION BY VAM

Step 1. In column P, the difference between the two lowest cost elements is 100 which is entered
as (100) below column P. Similarly; the two smallest elements in row Q are 0 and 300. The
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difference is 300. We write their difference as (300) below column Q. Under column R, we write
(500) and under column 8§ we write (600). Slrmlarly, against row A, we write (100), agamst row
. B (100) and against row C (300).

Step IL We choose column $ (having largest difference 600). In this column, cell BS has
the lowest cost, i.e., 100 and we allot 1 as maximum possible allocation of only 1 is possible.

Step III. Cross out Tow B as the supply 1 is completely satisfied by the allocation made, 1, in step LI

Step IV. Write down the shrunken matrix after crossing out row B as follows:

P Q | R S Supply

A 200 |300 {(5) 1100 | 700 6 (100)

o 500 | 800 ! 1500 | 900 10 (300)
Demand 7 5 3 2
' (300) (500)2 (400) 200

We repeat step [ and write the difference in rows and columns as shown above. In column
Q least cost is AQ, we make allocation of 5. Since this satisfies the condition of column Q
completely, we cross out column Q and shrunken matrix is written as follows:

P R S Supply
A 200 1100 700 1 (500)
e | 500 | 1500 | s00 | 10(400)
Demand 7 3. l
" (300) (400) (200)

Once again step I is repeated and the difference in rows and columns are written as shown
above. We now make allocations in cell AP as this is the least cost cell. Only 1 can be allotted in
this cell since this satisfies row A, it is crossed ofT and the shrunken matrix is rewritten as follows:

p - R S Supply
c 500 1500 | 900
® ® M 10 (400)

Demand 6 3 1

In this, as cell CP has the lowest cost, maximum possible allocation of 6 is made here. Next
lowest least cost cell is CS and 1 is allotted here and 3 in the cell CR.

The allocations made above are shown in the allocation matrix given below.

P Q R ) Supply
A 2000 | - 300 1100 700
® |6 ;
‘Plant: B 100 0 600 100
D 1,
C 500 800 1500 900 10°
.. ® ® | O
. o Demand 7 5 3 -2

The Transportation Problems
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e . =310200

NOTES 5.12 © OPTIMALITY TEST BY MODI METHOD OR UV METHOD

Step I. Set-lllp cost matrix only for cells in which allocation have been made.

V- - P Q R S
! A 200 300 . . '
U, B 100

C 500 1500 | 900

Step II. Enter a sct of numbers VJ. across the top of the matrix and a set of numbers U, across
the left side so that their sum is equal to the cost entered in step L. ’

U+ V, =200 C Uy +V, =900
U, +V, =300 U, +V, = 100
U, +V, =500 Uy +V, = 1500 .
IfV, =0,U, =200 V, =300, U, = 500, V, = 400

U, =-300, V,="1000

So the matrix may be réwritten as-

ViU, v =0 100 1000 400
200 . ]. 200 300 )

-300 o 100
500 500 1500 900

Step III. Let us fill the vacant cells with the sums of U,. and Vj. This is shown béiow.

VAU 0 100 1000 400
200 1200 600
: ~300. -300 =200 700
! 500 600

Step IV. Now let us subtract the cell values of the matrix of step from the original cost matrix.

1100—1200 | 1700~ 600

100 + 300 0+200 . 600 — 700
| 800-600
_ P Q R S
| A v | e | =100 100
B 400 | 200 | 100
o - | 200

This js called 1|he cell evaluation matrix.
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Step V. Now since two of the cell evaluations are negative, it means the basic feasible
solution is not optimal. Hence; we will take steps to find an optimal solution.

Step VI. Identify in the evaluation cell, the cell with most negative entry. In the present
example there are two cells, i.e., AR and BR cells with same negative values of —100. So, let us
take cell AR. '

Step VII. Write the initial feasible solution in the matrix. The cell value with most negative
value is called the identified cell and is marked (¥'). '

Step VIII. Trace a path in this matrix consisting of a series of alternatively horizontal and
vertical lines. The path begins and terminates in the identified cell. All comers of the path lie

in the cells for which allocation have already been made. As the path has to begin and end at
the identified cell, it may skip over any number of occupied or vacant cells. This is shown in

the table below.
P Q R S Supply

A -1 +1 -

© 1 ® 6
B 1o

‘C@ ©) ®

+1 -1 10
7 5 3 2

Step IX. Mark the identified cell (AR) as positive and each occupied cell at the corners of
the path alternatively positive and negative and so on. .

Step X. Make a new allocation in the identified cell (AR) by entering the minimum allocation
on the path that has been assigned a negative sign. Now, add or subtract as the case may be, these
new allocation from the original values of the cells on the corners of the path traced, keeping
the row and column requirement at the back of the mind. This makes one basic cell as zero and
the other cells become non-negative. That basic cell whose allocation has become zero (AP in
this case) leaves the sofution. The matrix of the second feasible solution can be rewritten as:

P Q R S Supply
A 300 1200
® @® 6
B 100
1
@
C 500 1500 900
. 10
@. @ @
7 5 3 2

The total cost fbr this feasible solution is
=T (300x 5+ 1200x 1+ 100x 1 +500x7+ 1500 %2+ 900 % 1)

=% 10200

which is less than the cost found in the original feasible solution.
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i ~ Solution. Initial feasible solution

Demand

Step L

Step II.

Step III.

Step IV,

Step V.
Step VL.
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Example 5.2. Find the ﬁ;'aszble solution of the following transportation probem using North-

w, W, W, W, Supply -
F, e 25 45 5 6
F, 65 25 35 55 |8
F, 35 3 65 15 |16
" Demand -4 7 6 13
W, W, W, W, Supply
14 | 25 | 45 ] 5| ]
®|— Q.
65 | 25- 1 35 ] 55 | .
@——" © :
35 | 3| 5 | l 15 | p
@ T ® -
30
4 7 6 13 %0

Since requirement (4+7+6+13)is equal to the snpply (6+8 *16) it is a balanced problem,

Set F\W, (i.e., North-West corner cell) = 4, the smaller amount, Here §, = 6 and

D, 4 and so proceed to cell F, W,as D <85,

Compare the number of units avallable in F, and row (2).and the demand in column
W, (7) and so set 2 in row F, W,. Since D > 5 in this case, we have to proceed
vertlcally, so move to cell F, W

Here supply is 8 and demand is 5. So, we set 5 in cell F,w, and proceed honzontally

D <S)tocellF, W..

In cell F,W,, supply is 3 and demand 18 6 so we set 3 in cell F, W, and proceed

vertically (D> S) tocell F

3 W,

Inrcell F;W, the demand is 16 and requirement is 3 so we set 3 in F T Wa.

“Allocate 13 in cell F,W,.
North-West Corner Method

F,W,
FW,
F;W,
F, W,
F3 W,
F, W,

14x4=56
25%2 =50
25x5=125
35X 3 =105
65x3=195
15%13 =195

Total cost = 726



Example 5.3 Find the initial basic feasible solution to the following transportation problem by The Transportation Problems
(a) Minimum cost method .
{(b) North-west corner rule.

State which of the methods is better.

NOTES
To:
_ P Q R Supply
A 2 7 4 5
From: B 3 3 1 8
C 5 4 7 7"
D 1 6 2 14
. Demand 7 9 18 34
Solution. Initia! basic feasible solution is shown below.
X Y Z
A 2 7 4 S5
@ ®
B 3 3 1 8
C 5 4 7 7
. @
.D 1 6 2 14
@1 @1
Demand 7 9 18 34

(@) Minimum cost method

The lowest cost cells are BR and DP let us allot 7 in cell DP and 8 in cell BR. Now
we move to cells AP and DR as both have the next lowest cost i.e., 2. In cell AP only
0 can be allotted. In cell DR we can allot 7. The next minimum cost cells are BP and
BQ in BP we can allot only 0 similarly in BQ we can allot only 0. The next minimum
cost cells are CQ and AR. In cell CQ we can allot 7 and in cell AR we can allot 3.

The next minimum cost cell is CP with cost 5. In this cell we allocate 0. In next Jowest
cost cell DQ, we can allot 0. The next Jowest cost cells are AQ and CR. In AQ we allot
2 and in CR we allot 0.

The cost of transportation associated with this solution is
Z=F(Tx2+4x3+1x8+4xT7+1 ><7+2x7)
_ =T(14-+12+8+28+7+14)=% 83
‘ (b) North-West corner, rule

Step I.  We start with cell AP (top left) so in this cell we allot 5 since in this case D > S, we
- proceed vemcally to cell BP,

Step II. In cell BP we allot 2 and since D < we proceed horlzontally to cell BQ. |
Stép 1L In cell BQ we can allot only 6 since in this case D > §, proceed vertically to cell CQ.
Step IV. Incell CQ we can allot only 3 and since here D < S, we proceed horizontally to cell CR.

Step V. Incell CR we can allot only 4 since in this cell D <8, proceed vertically to cell DR.
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Step VL. Incell DR we car allot 14.
Now, for this solution for transportation cost is
Z=F(2X5+3x2+6x3+3x4+7%x4+2x14)
=T(10+6+18+12+28+28)
=7 102.

It is clear that minimum cost method gives a better solution.

Unbalanced Transportation Problems
Example 5.4. 4 departmental store wishes to purchase th following quantity of ladies dresses:

Dress type A B C . D

Quantity 150 100 75 250
Tenders are submitted by three different manufacturers who undertake to supply not more
than the quantity give below (all types of dresses combined)

Manufacturer w X Y
Total quantity 350 250 150

The store estimates that profit per dress will vary with the manufacturers as shown in the
matrix below. How should orders be placed?

Dress
4 B C : D
Manufacturer W 2.75 3.50 4.25 2,25
X 3.00 3.25 4.50 173
Y 2.50 "3.50 4.75 2.00

Solution. The problem can be written in the form of the following matrix:
Step I. Mafrix

A B c . D Supply

W, 275 | 350 | 425 | 225 300
Manufacturer X 300 | 325 | 450 | 1.75 250
Y 2.50 | 3.50 | 475 | 2.00 | 150 (Total 700)
Demand 150 100 75 250 (Total 575)

Since the supply and aemand are not equal, it is not a balanced problem. Here total
supply is 700 and total demand is 575, so surplus supplies are 125.

We have to create dummy destination {store). The cost associated with store will
be taken zero as the surplus quantity manufactured remains in the factory and is not
transported at all, so the new matrix is;

A B C D E Supply
_ w 275 | 3.50 | 425 | 225 | 0 ‘ 300 (0.25)
Manufacturer 3.00 | 3.25 | 450 | 175 | 0 250 (1.25)
X ' 125 «
Y 2.50 | 350 | 475 | 200 | 0 150 (0.50)

Demand 150 100 75 250 (@25

(0.25) (025) (0.25) (0.25) (0)



Step II.

- Step I11.

Step IV.

Step V.

Step VL

Using Vogel’s Approximation Method (VAM). Let us write the difference between
the smallest and second cost in each column and each row and write it below the
column or on right side of the rows respectively.

Row with greatest difference is row X as indicated with ¢ an arrow. In this row the
least cost cell is XE. In this we can allot 125 since column E is fully satisfied this
column is crossed out. ow the shrunken matrix is shown below.

A B C D
W 275 | 350 | 425 | 225 | 300(0.25)
Manufacturer 3.00 3.25 4.50 1.75 .
ST x |7 @@ | 0025
Y 250 | 350 | 450 | 2.00 | 150(0.50)
Demand 150 100 75 250
025 (025 (025) (0.25)

In this matrix maximum difference is in row X and the least cost cell is XD We can
allét 125 units to this cell and since this row is fully satisfied it is crossed out. The
new matrix is as follows:

A B c D Supply
W 2.75 3.50 425 1 2.25 300 (0.25)
Manufacturer 2.50 | 3.50 4.75 1 2.00 150 (0.50)
"""""""""""" S N 7 N
150 100 75 1 250-

(0.25) "(025)  (0.25) 5(0.2"5)

In the above matrix maximum difference is in row Y which is shown with an
< arrow. In this row least cost cell is YD and so we allot 125 units to this cell sine
this satisfies column D so this column is crossed out and the resulting matrix is
rewritten as follows:

A B Cc

2.75 3.50 4.25 300 (0.25)
W
@3 @
150 100 75
(0.25) (025  (0.25)

In this least cost cell is WA in which 125 can be allotted. Also in WB we can allot
100 units and in WC 75 can be allotted.

The matrix with all allocation is shown below.

A B o D
2.75 350 | 425 2.25 0

Y 23 @ . 300
3.00 3.25 4.50 1.75 0

X 29 @23 250
2.50 3.50 4.75 2.00 0

Y D) 23 150
150 100 75 250 125

The Transportation Problems
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The cost of this solution is

Z =%(12x2.75+100%x3.50 + 75 x 4.25 x 1.75 + 25 X 2.50 + 125 x 2.00)

=¥ (333.75 + 350 + 318.75 + 218.75 + 62.50 + 250)

=7 1533.75

Example 5.5. The above problem can also be solved with the help of MODI method.

K, '
R ; ! . K K}‘ ‘ K3 ’
‘ o ] Plant
From 4 B B c. capacity’ .
R, w 4 |8 8 36
R, X 16 24 16 82
.
R, Y 8 16 24, 77
72 1 02 41

R+K; =C,
R, +K, =4
R, +K, =16
R, +K, =24
R,+K, =16
R, +K, =24
. R, =0 then
R, +K, =4
0+K, =
K, =
R,+K, =16
R,+4 =16
R, =12
Similarly, R,+K, =16
. R,+12 =16
R, =4

© R,+K,=24

12+K,= 24

K,= 12
Ry +K,=2

215

Solution. For each square we use the following formula to find its cost:

C4+K,=24

K,= 20



K‘ .
R I K, =4 K, =12 K;=20
I
To Project Project Project Plant
From A B C capacity
R,=0 w 4 8 8 56
R,=12 X 16 24 16 82
R,=4 Y g 16 24 77
Requirement 72 102 41 215
Improvement
Unused squares C;-R-K index
C‘.IZ - RI -K
152 8_0-12 -4
Cis=Ry- Ka
1-3 8_0-20 -12
Cyu-Ry-K;
2-3 16-12-20 -16
Cay-Ry-Ky
3-1 S_4_4 0
The value of water square 23 is most negative, we draw closed loop though this cell and
the new table will be
KJ‘ = = =
R. K, =4 K,=12 K, =20
To | Project Project Project . Plant
From A " B C capacity
R,=0 W 4 56
R, =12 X 16 82
R;=4 Y 8 . 77
Project requirement 72 215

The Transportation Problems
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R K,=_4 K,=12 K,=20
To Project Project Project Plant
‘ From A , B C capacity
R,=0 W 4 ' g 8 56
R, =12 X 6 24 16 82
@
R, =4 Y 8 . 16 24 77
Project 72 102 41 : 215
requirement
Stone square 1 — | :
R +K,=4
0+K,=4
K =4
2-1 R+K =16
R,+4=16
R,=12
2—-2 R,+K,=24
12+K,=24
K,=12
253 R,+K,;=16
12+K,=16
K,=4
3—>2 R,+K,=16
R,+12=16
R,=4
Calculation of opportunity cost of water squares is as given -
' Improvement
Unused squares C,}. -1 i~ K index
. Cp-R,-K,
-4
1=2 8-0-12
C-R-K;
4
1-3 8-0— +
Ca-Ry-K
3—>1 8_4_ 0
Cy-Ry-K, + 16
i3 24-4-4

The opportunity cost of cell I — 2 is negative



Third approved solution
K,
R. / K =4 K,=8 K,=4
To Project Project Project Plant
From A B C capacity
R,=0 \4 4 ' 8 8 56
R, =12 X 16 24 16 82
R,=8 Y 8 16 24 77
72 102 41 215
"The value of cell — 1 is negative in the improved solution.
K,
R / K,=0 K,=8 K,=0
To A B c Plant
From _ capacity
R,=0 w 4 8 8 56
R, =16 X 16 24 16 82
R,=8 Y 8 16 24 77
Project 72 102 4] 215
requirement
Total cost of optimal solution
Shipping Assignment Quantities Shipped Limit Cost Total Cost
WB 56 8 448
XA 41 16 656
XC 41 16 656
YA 31 8 248
YB 46 16 736
2744

Example 5.6. ABC tool company has a sales force of 25 men who work out from three regional
centres. The company produces four basic product lines of hand tools. Mr. Jain, Sales Manager
Jfeels that 6 salesmen are needed to distribute product line 1, 10 salesmen to distribute product
line 2, 4 salemen to product line 3 and 5 salesmen to product line 4. The cost (in %) per day of
assigning salesmen for each of the offices for selling each of the product lines are as follows:

The Transportation Problems

NOTES

Self-instructional Material 123



- Operations Research . Product Lines
. Regional Office 1 . 2 ‘ 3 - 4
A 20 2 16 18
NOTES B | 17 28 7 16
¢ 29 C23 79 20

At the present time, 10 salesmen are aflowed fo office 4, 9 salesmen to office B and 7 salesmen

fo office C. How many salesmen should be assigned ' from each office to each product line in order
‘to minimize costs ?

Solution Initial Feasible Solution is as follows:

To 7 1 2 3. | a4 5 bl
From . Dummy Availability
A 2o | | 2t T [T16 [ [18] o | 10
o O O ® .
‘ B 7 1©® | 28 ] | 14 ] 16 | 0 | 9

c 2 | 23 | 19 | ] 20 ] 0 | 7

Requirement 6 10 4 5 1 26

Let us now apply MODI method to test the optimality of the above solution:
7 :

, ‘ K K- K, Ks Ks
R Ml 19 20 | 16 18 -2 |
I To 1| -2 3 4 5 .| Availability

FramN\ |~ .| Dummy

R, | © A 20| Ja] [ [w] [0 | 10
: ' 1 4 D 51 /a2

R,| -2 B |17 28| (1] ] o 9
! ® © © G| [+

R, | 2 RE 23 [19] 20 0 7
8 A Al @

Requirement 6 10. 4 5 . 1 ‘ 26

The above is the bptimum solution, since all optimality costs are positive. -
Total cost =21 xi4+ 16X 1+18X5+17x6+14x3+23%x6+0x1=3472

Degeneracy in the Transportation Problem

We have seen that an:initial feasible solution to an  resources/origins and » destination problem
consists of (;m + n — 1) basic variables which is the same as the number of occupied cells,
However, if'the number of occupied cells is less than (m + n—1) at any stage of the sclution,
- | then the transportation problem is said to have a degenerate solution. Degeneracy as it is called

can occur at two stages, ie., at the initial solution or during the testing of the optimal solution.
Let us discuss both the cases. )
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Degeneracy at the Initial Solution Stage

If degeneracy occurs at the initial solution stage, we introduce a very small quantity € (Greek
letter pronounced as epsilon) in one or more of the unoccupied cells to make the number of
occupied cells equal to (m + - 1). €is so small a quantity that its introduction does not change
the supply (sources) and demand (destmatlons) constraints or the rim conditions: € is placed
in the unoccupied cell which has the least transportation cost and once ¢ is allotted to it, it is
supposed to have been occupied. € stays in the solution till degeneracy is removed or the final
solution is achieved. The value of ¢ is zero when used in the problems with movement of goods
from one cell to another.

The use of € and degeneracy can be explained with the help of examples, Here degeneracy
occurs at the initial solution.

5.13 SUMMARY

o The transportation model seeks the determination of a transportation plan of a single
commodity from a number of sources to a number of destinations. The model must have
the following information:

(@) Amount of demand at each destination
(b) Availability at each source
(¢) The unit transportation cost of commodity from each source to each destination.

Since we are concerned with only one commaodity, the destination can get the commodity
from any of the sources. The objective of the problems is to find out the amount
(quantity) to be transported from each of the sources to each destmauon so that the
total transportation cost is minimum.

o Feasible solution: Non-negative values of'; Xy where i=1,2, ..,mandj=1,2,.
which satisfy the constraints of availability (supply) and 1eqlurelnem (demand) is called
the feasible solution to the transportation problen.

® Basic feasrble sofution: Tt is the feasible solution that contains only m + n — |
non-negative allocation.

e Optimal solution: A feasible solution is said to be optimal solution when the
transportation cost is minimum.

s Balanced fransporiation problem: A transportation problem in which the total supply
from all the sources equals the total demand in afl the destinations.

Mathematlcally, Za = Zb

i=1 i=1

e  Unbalanced transportation problent: Such problems which are not balanced are called

unbalanced. ”

n
© Mathematically, za,- # ij
i=l j=1 "~
e Matrix terminology: In the matrix used in transportation problem, the squares are
called celis. Thesc cells form columns vertically and ‘rows’ horizontally. Unit costs
are written in the cells.
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Availability of commodity: The supply available at different sources is equal to or more
than the total demand of different destinations when it is equal it is called a balanced
problem.

1] H

e .= .

’ Za, ij
i=1 j=1

Transportation of commodity/items: The model assumes that all items can be
conveniently transported from sources to destinations. -

Certainty of per unit transportation cost: There is a definite cost of transportation of
iterns from sources to destinations. .

Independent cost per unit: The per unit cost is independent of the ' quantity transported

" from sources to destmatlons

Transportation cost: Transportation cost on any given route is proportional to the
number of units transported.

Objective function: The objective is to minimize the total transportation cost for the
entire organization.

5.14 REVIEW QUESTIONS

&
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10.

What is a transportation problem? How is it useful in business and industry?

Explain the’use of transportation problem in busmess and industry giving suitable
examples.

What do you understand by

{z) Feasible solution;

(6) North-West solution;

(¢) Vogel’s Approximation Method (VAM)?
Discuss various steps mvolved in fi ndmg initial feamble solutlon of a transportation
problem. ; ' -
Discuss any two methods of solving a transportation problem. State the advantages
and disadvantages of these methods.

How can an unbalanced transportation problem be balanced ? How do you interpret
the optimal solution of an unbalanced transportation problem ?

Explain the differences and similarities between the MODI method and stepping stone
method used for solving transportation problems.

What is a transportation method? Explain its objectives. How can we used this model
for solving a multiple-site facility beaten problem ?

Which method of solving transportation problems gives a more optimal solution ? How
will you know when you have achieve the least cost allocation of products between
origins and destinations? Explain with éxamples.

Formulate a cost minimization model for the allocation of facilities to locations in the
following problem:

ABC Ltd. is considering the layout of one of its plants divided into three different
working areas. There are three different production facilities and each one has one of
them. Assume the data not available.



11,

12.

13.

14.

Plant location of a firm manufacturing a single product has three plants located at A,
B and C. Their production during week has been 60, 40 and 50 units respectively. The
coinpany has firm commitment crders for 25, 40, 20, 20 and 30 units of the product to
customers C—1, C—2, C-3, C—4 and C-5 respectively. Unit cost of transporting from
the three plants to the five customers is given in the table below.

C-1 Cc-2 C3 cH4 C-5

A 6 1 3 4 6
Plant location B 4 4 3 3 2
C . 2 6 4 4 6

Use VAM to deiermine thegost of shipping the product from plant locations to the
customers.

Solve the following transportation problem. Availability at each plant, requirements
at each warehouse and the cost matrix is as shown below.

Warehouse
W, W, W3 . W, Availability
P, . 200 400 600 200 80
Plant P, 800 400 400 500 100
P, 400 200 500 400 190

Requirement 60 80 80 120

There are four supply points P-1, P-2, P-3, P—‘4 and P-5 destination A, B, C, D and
E. The following table gives in cost of transportation of materials from supply points
to demand statements in rupees.

To: .
A B C D E
P-1 10 12 15 16 18
P-2 12 10 12 10 10
From: P-3 15 20 6 12 16
P-4 12 18 10 12 12

The present allocation is as follows:

P-1to A 100, P-1 to B-20, P-2 to B-160, P-3 to B-10, P-3 to C—60, P-3 to E-120,
P-4 to D-200, P-4 t6 E-100. Find an optimal solution for allocations. If we reduce the
cost from any supply point to any destination, what do you think will be the impact.
Select any case and discuss the outcome. '

A steel company has three furnaces and five rolling mills. Transportation cost (rupees
per quintal) for sending steel from furnaces to rolling mills are given in the following
table:

Furnaces M, M, M, M, M, Aval(lal;xhty
A 4 2 3 2 6 8
B 5 4 5 2 1 v
€ 6 5. 4 7 3 14
Requirement .
(Quintal) 4 1 4 10| 8 8

How should they meet the requirement? Use VAM.

The Transportalion Problems
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15.

16.

A7,

18.

A cement factory manager is considering.the best way to transport cement from his
three and manufacturing centres P, Q and R to depot A, B, C, D and E. The weekly
production and demand along with transportation costs per ton are given below.

A B C D E Tons
p 4 1 3 4 4 - 60
Q 2 3 2 4 3 35
R 3 5 2 2 | 4 40
Requirement .
(Quintal) 22 45 7 20 18 30 135

What should be the distribution programme?

The cost conscious company requires for the next month 300, 260 and 180 tones of stone
chips for its three constructions, C,, C, and C3 respectively. Stone chips are produced
by the company at three mineral fields taken on short lease, All the available boulders
must be curshed into chips. Any excess chips over the demands at sites C, C,and C,
will be sold ex-fields. The fields M), M, and M; will yield 250, 320 and 280 tones
chips respectively. Transportation costs from mineral fields to construction sites vary
according to distances, which are given below in monetary unit (MU).

From ° < < ' &
M, 8
M, 9
M, 7

() Determine the optimal economic transportation plan for the company and the
overall transportation cost in MU.

(if) \Vhat are the quantities to be sold from M 1» M, and M, respectively?

A comipany has 4 different factories in 4 different locations in the country and four
sales agencies in four other locations in the country. The cost of preductions, the sale
price, shipping cost in the cell of matrix, monthly capacities and monthly requirements
are given below.,

Sale Agéncy
Factory 1 2 3 ‘ 4 . Capacity prggii:gzn
A 7 5 6 4 10 . 10 °
B 3 5 {4 |2 15 15
C 4 6 4! 5 20 16
D 8 7 6 5 15 15
Monthly requirements 8 12 18 22
Selling price 20 22 25 18

Find the monthly production and distribution schedule, which will maximize profits.

A leading firm has three auditors. Each auditor can work upto 160 hours during the
next month, during which time three projects must be completed. Project 1 will take
130 hours. ’



19. Determine an initial basic feasible solution to the following transportation problem The Transportation Problems

using North-West Corner Rule:

From:

Demand

To:
3 4 6 8 9
2 10 1 5 8
7 11 20 40 3
2 1 9 14 16
40. 6 18 6

Available
20
30
15
13

NOTES
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UNIT 6: ASSIGNMENT MODEL

. H
6.1 Introduction ‘
6.2  Definition of Assignment Model

NOTES

6.3  Practical Steps Involved in Solving Minimization/Maximization Problems
6.4 Unbalanced Problems
6.5 Summary-

6.6  Review Questions

6.1 INTROBUCTION

In real life situations, problems arise where a number of resources have to be allotted to a
number of activities. In a sense, a special case of the transportation model is the Assigmment
Model. This modet is used when the resources, have to be assigned to the tasks, i.e., assign n
persons to » different type of jobs. Since different types of resources whether human, i.e., men’
or material, machines, etc., have different efficiency of performing different types of jobs and it
involves different costs, the problem is how to assign such resources to jobs so that total cost is
minimized or given objective is optimized. A plant may have 10 persons and 10 different types
of job, the plant manager would like to know which person should be allotted which job so that
-| all the jobs can be completed in least time (and hence least cost). Similarly, if a transporter has
six trucks available for loading in each of the cities A, B, C, D, E and F and it actually needs
_| these trucks in six locations 1, 2, 3, 4, 5 and 6, obviously the trucker would like to know which
truck should be assigned to which location so that the transportation costs are minimized. In
the same manner it a sales agency has say four salesman available (with different abilities and
perhaps different capacities) and there are four territories where the agency wants to assign these
salesman, the problem is which salesman should be allotted to which territory so as overall sales
can be maximized. . ‘

An assignment problem is, in fact,.a completely degenerate form of a transportation
problem. In this case, the units (resources) available at each origin and units demanded at each
destination are all equal to one, .e,, exactly one occupied cell in each row and each column of
the transportation table. ‘

6.2 DEFINITION OF ASSIGNMENT MODEL

The objective in making the assignment can be one of minimization or maximization (i.e.,
minimization of total time required to complete # tasks or maximization of total profit from assigning
salespersons to sales territories). The following assumptions have to be made while formulating
assignment models: '

130 Self-Instructional Material
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. Assumptions : Assignment Model
1. Each resource is assigned exclusively to one task.
2. Each task is assigned exactly to one resource.

3.  For purposes of solution, the number of resources available for assignment must equal NOTES
the number of tasks to be performed. Let x;; be the variable in such a way that if

e |:1 if resource i is assigned to task j il

0 ifresource i is not assigned to task j
C;~ Objective function contribufion if resource i is assigned to task J.
~n= Number of resources and number of tasks.

Clearly, since only one job is to be assigned to each resource.
n n

Zxr'j= 1 and z;x,-J-:l
i=1 J=

And the.total assignment cost will be given by

n n
2= 2 XSy
j=1 =l

Hence, the mathematical formulation assumes the following form:

n It
Determine x;; 20 (i, j=1,2,......... , #) 50 as to minimize Z = Z %, Ci;
' 7=l i=l

Subject to the following constraints:
n

¥ x; =l =L .n
i=1 :
n
qu= 1 i=1,2,3,.... h
J=1
and x;= 0 orl
The general assignment model can be written as ‘ ’ '
Maximize (or minimize) Z=C;; x;; +Cppx;z+ euinininn +Ci, X1, F Coyxgg e,
+C, X, , subject to
xptxpt.a.. +x, =1
X21+x22+ ......... +x2n =1
Xy T Xt + x,, =1
x“+ IZI"' ...... +x“ =1
XppF Xt +X,, =1
Xiphxy, T +x,, =1

x;;=0 or 1 forall values of iand j.
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The student should notice that for this model the variables are restricted to the two values
ie., O for nor;—a?sigmnent of the resources or | for assignment of the resource. This restriction
is quite different from the other Linear Programming models we have seen so far,

" Theorem 1. I'The optimum assighment schedule remains unaltered if we add or subtract a
constant to/from all elements of the row or column of the assignment cost matrix, '

Theorem 2. I=f for an assignment problem all C;; 20 then an assignment schedule (x;) which
satisfies X x; ;'Ci; =0 must be optimal. These two theorems are the basis of the assignment
algorithm, We add or subtract suitable constant to/from the elements of cost matrix in such a way
that new C; ;20 {and can produce at least one new C;; =0 in each row and each column and try
and make assignments from among these 0 positions. The assignment schéedule will be optimal

if there is exqctl:.'r one assignment in each row.and each column (i.e., exactly one assigned 0).
Solution of Assigninent Problems

1. Complete Enumeration Method

In this method c'olsts for all possible assignments are worked out and the one having the minimum

cost is termed as the optimal solution. This method, for obvious reasons, can only be used for
small problems. As the problems become complex, it is impractical to workout a very large
number of alternatives and then pick up the optimal solution.

2. Simplex Method
In this method the simplex algorithm is used and we
n " .,
Minimize or Maximize Z= 2 ZCU X
L i=l j=1
Subject to constraints

O xtx,+.. +x,=1 - i=1,2-..... 1
(i7) ).‘-,j+x2j:+.a....,..+x,,j=1 . J=12, ... it
(i) x;;=0 of 1 forall values of iand j.
It can be seen there are # X 77 decision variables and # + 1 = 2n equalities. It means that for

a problem involving 8 workers/jobs there will be 64 decision variables and 16 equalities to be
solved. It is an e'xt;emely cumbersome méthod. )

3. Transportati&n Method

We have earlier menfioned that assignment model is a special case of transportation model, so it
should be possible to solve it by transportation method. However, we know that optimality test
in the transportation method requires that there should be 17+ 71— 1 = 251 — | basic variables, the
solution obtained by this method would be severally degenerate. Foran assignment made there
would be only # basic variables in the solution, hence to proceed for solving an assignment
model by using transportation model, a very large number of dummy allocations will have to
be made, which will make this method very inefficient to compute. : ‘
co, .

4. Hungarian Assignment Method or HAM (Minimization case)

This method was (lleveloped by Hungarian mathematician D Koning and is also known as
the Flood's Technique or the reduced matrix method. 1t is a simplér and more efficient

-| method of solving the assignment problems. The following steps are involved while using the

Hungarian method:
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Step I. Formulate the opportunity cost table by the following methed:

(a) Subtract the smallest number in each row of the original cost matrix from
every number in that row.

(b) Subtract the smallest number in each column of the table obtained at (a) above
from every number in that column.

Step II. Make assignments in the following manner:
(a) Examine all the rows looking for a row with exactly one unmarked zero in a as
square (’:\) as assignment has to made there. Cross (X} all other zeros in the

column as these will not get an assignment in future. Proceed in this manner
for all the rows.

(6) Now examine all the columns one by one until we find a column with exactly
one marked zero is located. Make an assignment to this single zero and pt a

square (I:D around it. Also cross out (x) all other zeroes appearing in the

corresponding row as no assignment will be made in that row. Proceed in this
manner for all the columns.

(c) Operations (a) and (b) are repeated till.
(i) All the zeros in rows/columns are cither put in the square (I:I) or are

crossed out (x) and exactly one assignment is in each roward each column.
- This is the optimal solution.

(i) Some row or column may be left without assignment, if so proceed to step IIT.
‘ Step ITI. Revise the opportunity cost matrix by '
() Marking () all rows that have no assignm.ent.
(i) Marking (\) all columns which have zeros but have not been marked earlier.
(fi)) Marking () all rows that have assignments and have not been marked earlier,
(iv) Repeat step 11 (§) and (#f) until no inore rows and columus can be marked.
(v) Draw straight lines through each unmarked row and each marked column. '

Now check the total -assignments indicated by number-of lines drawn is equal
to the number of rows or columns, the optlmal solution has been reached.
Otherwise proceed to step IV.

Step IV. Write the new revised opportunity cost matrix.

Initial opportunity cost matrix may never give the optimal solution, we are
normally required to revise this table in order to move one or more zero costs

from present location to new uncovered locations. This is done by subtracting |

the smallest number not covered by a line from all numbers not covered by a
straight line. This number (smallest) is added to every number, including zeros
available at the intersection of any -two lines.

Step V. Repeat steps II to I'V until an optimal solution is achieved.
The above step's are shown in the form of a flow chart in the following figure:

Assignment Model

NOTES
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Prepare the Assignment
Cost table for the
Problem

h 4

* Determine if a

Yes

Convert intoa
Minimization Problem. Subtract

Maximization Problem

No |,

all elements from the
largest element.

al

I
Iistablish ifitis a No

Convert into a

balanced problem

Yes

y

Subtract the smallest element in
each row from all the elements
of that row

A

Subtract the smallest element in
each column from all the elements
of that column

r

Draw minimum number of lines to
cover all zeros in each row
and column.

balanced problem

Each of the number of lines drawn -
is equal to the order of matrix

Subtract the smallest element of
No - .| uncovered line from other elements

l Yes

Optimal solution cbtained

and add to element lying at
intersection

Determine

the total cost

Fig. 6.1

6.3

PRACTICAL STEPS INVOLVED IN SOLVING MINIMIZATION/ -

‘MAXIMIZATION PROBLEMS
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Step I

- Step III.

Minimization Problems

elements of that row.

Step I.  Check if the number of rows is equal to number of columns. Ifit is equal, the problein
is a balanced one. If not, add a dummy column or row to make it a balanced one, by
allotting zero values to each element (cell) of dummy row or column as the case is.

Row subtraction. Subtract the minimum or least value element of each row from all

Column subtraction. Subtract the minimum or least value element of each column

from all elemqnts of that column.



Step I'V. Draw minimum number of horizontal and /or vertical lines in such a manner that all ~ Assignment Model
zeros are covered. For doing this, follow the procedure as follows: '

(@) Select a row containing exactly one uncovered zero and draw a vertical line

through the column containing this zero and repeat the process till no such row
is left. NOTES

(b) Select a column containing exactly one uncovered zero and draw a horizontal
line through the row containing the zero and repeat the process till no such
column is left.

Step V. If the total number of minimum lines covering all zeros is equal to the order of the
matrix, then we have got the optimal solution and there is no need to proceed further.

"Step V1. If not, subtract the minimum uncovered element from all the uncovered elements and
add this element to all the elements at the intersection points of the lines covering zeros.

Step VII. Repeat steps IV, V and VI till minimum number of lines covering all zeros is equal
to the order of the matrix. Y

Step VIIL. Now make asgignments by selecting a row containing exactly one unmarked zero and
put a square I:I around it. Also, draw a vertical line through the column containing

this zero. Repeat this process till no such row is left. Move to the column containing
exactly one unmarked zero and put a square I:I around it, also, draw a horizontal

line through the row containing this zero and repeat this process till no such column
is left. If there are more than one zeros in any one row or column, select any one
arbitrarily and pass two lines horizontally and vertically.

Step IX. Find the optimum value by adding up the values of the final assignments.

Maximization Problems

Step I. Rewrite the problem as a minimization problem by subtracting all elements from the
largest element,

Step II. Follow the same steps as above from I to IX.

Unbalanced Problems .

Establish whether the problem is a balanced one, i.e., the number of rows = number of columns.
If yes proceed as discussed earlier. If not, then add a dummy row or column to make the problem
a balanced one by allotting zero values to each cell of the demmy row or column, as the case
may be..

Example 6.1. A department head has four subordinates and four tasks to be performed.
Subordinates differ in efficiency and the tasks differ in their intrinsic difficulty. His estimate of
time each man would take to perform each task is given in the matrix below.

" Men
Tasks
E F G H
A 18 26 17 11
B 13 28 14 26
o) 38 19 18 15
D : 19 26 54 C10

How should the tasks be allotted, one to a man, so as to minimize the total man hours?
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Solution.

Step 1.

Step II.

Step TIL.

Subtract the smallest element of each row from every element of the corresponding
row, the reduced matrix is as follows (subtract 11 from row one, 13 from row 2,
15 from row 3 and 0 from row 4)

7 15 6 0
0 15 3
23 4 3 0
9 16 14 0

Subtract the smallest element of each column of the above-reduced matrix from
every element of the corresponding column, we get the following reduced matrix
(subtract 0 from column 1,4 from column 2,1 from column 3 and 0 from column 4),

7 11 5 0

0 11 0 13

. 23 "0 2 0

19 12 13 9

Starting with row 1, we make assignment to a single zero an put a square (D)

around it and cross out all other zeros in the column so marked. By doing so, we get

[0]

23
9

11

[o]

12

X
2.
13

i 15 [o]

13 .

).
K

Step IV,

Step V.

Note . that row 2 had two zeros, we have arbitrarily made- assignment to zero in
column 1 and put a square around it. Also, note that column 3 and row 4 do hot have
any assignment, )
(i) Tickrow 4 as it does not have any assignment. In fourth column of the ticked row
" (row 4), there is a zero, so we tick fourth column.

(#) In the first row of ticked column (column 4) there is an assignment made, so
first row is ticked. .
Draw straight lines through all unmarked rows and marked columns.

(i)

The following matrix shows the above operations:

7 11 s

.--..23 ........... ..----.2...-.........

9 12 13

Is the present selution an optimal solution ? To find that we know, there are 3 lines
drawn which is less than the order of the cost matrix (4). Hence it is not an optimal
solution we have to generate new zeros in the matrix to increase the minimum number
of lines.



}

Step VI. Letus find out the smallest element ot covered by the lines. Itis 5. Subtract 5 from
all the uncovered elements and add 5 to all the elements lying at the intersection of
lines, we get the following reduced matrix.

|2600

0 11 -0 18
22 0 2 5
[4 7 8 0

- Step VII. Repeat step III on the reduced matrix, i.e., scrutinise all the elements rowwise, say
with row one, make assignment to a single zero and cross out all other zeros in the
column so marked, we get

" E F G H._
N [0] X
Bl [0] 11 X . 18
¢l [o] 2 5
D_ 4 7 8 @

It can be seen now each row and each column has only one assignment, an
optimal solution has been obtained. The optimum assignment is A .- G,
B—E C—-F D-H

The minimum total time for this assignment would be obtained by addmg the
relevant times, i.e., 17 + 13 + 19 + 10 = 59 man-hotrs.

The Travelling Salesman Problem
One of the major applications of the assignment models is in the travelling salesman problem.

Let us say that a salesman has to visit » destinations. He starts from a parncular city, visits
each destination once and then comes back to the city from where he started. Here the objective
would be to minimise the time this salesman takes to visit all the destinations. The problem is
to select that sequence in which all the destinations are visited in such a manner that the time
taken is minimised. This problem is similar to the assignment problems already seen except
that there is an additional restriction that the salesman starting from a particular city, visits each
destinations only once and returns to his city from where he started.

Formulation of Travelling Salesman Problem

Let us define the variables x;;, as‘(notice constraint £ has been added in addition to i and J

already here) )
_ {1 if kth destination from i to j
7k 10 if kth destination is not from city / to city j

where I, j and % are integers which vary between 1 and #. The following constraints can be put
in the mathematical for as shown.

sz,“ =1, k=L23 .y and‘f;tj'

(b) As only one city can be reached from a Specxﬁc city, say i,

Z Zx where i= 1,2,3, ...... , 1

Assignment Model
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(é) And only from one city the salesman can go to a specific city say j,

N M
zz X ;=1 where j=1,2,3,...... ,H
ik

(d) Given that Ath visit ends at some specific city j, (k+ 1) th visit must start at the same
city j, thus we have

[

n I
fofi = inj(m)'for all values of jand k. |

If:tj i®J
Now the objective function ,
Minimise Z = iiz Xk diy  TRE]
ik
where d;; is the distance fr(_)ﬁl city i to city j.

Example 6.2. Solve the following travelling salesman problem so as 1o minimize the cost per
cyele:

To
From A B C D ‘E
A -. 3 6 2 3
B 3 - 5 2 3
C 6 5 - 6 4
D 2 2 6 .- 6
E 3 3 4 6 -

Solution. Step I. Row Reduction: Let us subtract the smallest element of cach row from
other elements of the same row. In prohibited cell e will be assigned as shown below:

To
From A B C D E
A o0 1 4 0 1
B 1 oo 3 0 1
C 2 1 oo 2 0
D 0 "0 4 oa 4
E 0 0 .1 3 oo

Step II. Column Reduction: Subtract the smallest element of each column from other
elements of the same column. Assignments will be made in rows and columns having single zero.

To
From A B C D E
A s 1 3 0 1
B 1 oo 2 0 1
C 2 T - 2 0
.D 0 0 3 oo 4
E 0 0 0 3 o0




Step I1I. Draw the minimum number of lines to cover all the zeros after marking rows Assignment Model
and columns and after drawing lines through pnmarked rows and marked columns. This is

shown below.
To 7 ' NOTES
From A B C It) E
A co 1 3 i
B 1 oo 2 i 1
c . 2 ! - : Lo]
D [l ~ o) 1
L\J_' /}\ -t =3 -
SN I~ I I A S M|

Step 1V. The above table can be modified by subtracting the lowest element, ie., 1, from
all the elements not yet covered by the lines and adding the same‘in the intersection of the two

lines. Assignments can now be made. This gives the table as follows. y
To

From ‘A B C D. E
A - ;x| X
B h: ¢ o 1 [0] - X
C 2 1 e 3 [0]
b | ® 0x 3 e 4
E >4 » [0] 4 oo

Step V. The above table gives an infeasible solution as the optimum assignment is A — B,
B — D, D — A and the salesman does not visit C and E and returns home to-A.

Let us try and find the next best solution in which C and E cities are also visited by the
salesman.

Step V1. Let us make assignment at (2, 3) instead of 0 zero at (2, 4), which is the next higher
value, 1 in the matrix. Assign 1 .

The table is as shown below.

To
From A B C D E
A oo )¢ 2, 0 »
B X o X X
C 2 X 0o 3 {o]
D lo] 3 - 4
E 0] h ¢ X 4 oo

It may be seen optimum assignment is
A-5D—->B>C—-oE—A
Minimum cost per cycle=2+2+5+4+3=16.

Self-instructional Material 139



Operations Research

6.4 UNBALANCED PROBLEMS

Example 6.3." 4 transport corporation has three vehicles in three cities. Each of vehicles can be

NOTES . assigned ta any of the four other cities. The distance differs from one city to the other as under.
1 2 3 4
A 0 33 . 40 43 32
B 42 30 31 24
. : C 40 U 37 31

You are required: _
(8) ' To assign a vehicle to a city in such a way that the total distance travelled is minimized.
(b) Formulate a mathematical model of the problem.

Solution. () Step I. Introduce a dummy vehicle in city -D as the problefn is not balanced
. and take 0 distances as follows:

| B 2 3 T4

A 33 40 43 32
B 42 30 3r T 24
C 40 31 37 - 31
D 0 0 . 0 0

Step IL Subtract the minimum element of each row from all the elements of that row. There
1s no need to subtract 0 from each column. The matrix is

11

1 8 0
18 6 0
9 0 , 6 0
0 0 0 0

| Step IIL. Draw minimum number of lines to cover all zeros. It can be seen that number of
lines = 3, order of matrix = 4. Hence this is not an optimal solution and we have to take steps to
increase number of zeros. ' : g

1 8 11

18 6 7 0
B TR YA et oomeenns
----- St | ST SRR, SN

Step IV. Subtract the minimum uncovered element (1) from all the uncovered elements
adding it to the elements at the intersection point. Draw minimum number of lines to cover all
the zeros, we get

[+~ 2
-

Ha

P D NP
<o P

t W
[ == BN ]
[+ PO

\

Now, number of lines = 4, and is equal to the order of the matrix Hence, this matrix will
provide an optimal solution.
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Step V. Assignments can be made as shown below.

| ? o 9
7 $ 6
X [é]. 6 i

o0 @

Step VI. Minimum distance can be work-ed out as follows:

City Vehicle Distance
A 1 33
B 4 24
C "2 31
D 3 0
Total = 88

(b)) Formulation of LPP.

gl_l | 2 -’f1.3 14
Jég X232 X323 X324
Jés_l %3 *33 X34
é@ X3 ijﬁ,' %44 |

Minimize Z = 33 X H40x, 43 x)3 3204+ 42 x5, + 30055 + 31 53 + 24 xp, + 40 x5,
' 31 X35+ 37 x33+ 31 235 + 0y + 02 + 0 x5 + 0 x4
Subjectto X, + X, + X5+ Xg=1

T

Xy Fxgp X3 F g =
X3+ X3y Fxgy Fae =1
Xy txptxptry,=1
. ‘ x;20.
Example 6.4. A Company is faced with assigning 5 jobs to 5 operators. Each job must be

performed only by one operator. The cost of processing of each job by each operator is given
below in% ' '

Opérators
P Q R s T
A .7 5 9 8 11
B 9 12 6 11 10
Jobs ¢ 8 5 4 6 8
D 7 3 6 5
E 5 7 11.

Determine the assignment of jobs 1o the operators so that it will result in minimum cost.

Assignment Model
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Solution. Step 1. Select the minimum element in each row and subtract this element from

every other element in that row,

m o o w »

P Q R S T
2 0 4 3 6
3 6 0 5 4
4 1 0 2 4
4 0 3 5 .2
0 1 2 0 6

Step II. Now select the minimum element in each column and subtract this element from

every element of that column, we get the following matrix:

Mmoo w >

P Q R S T
2 0 4 3 6
3 6 0 5 2
4 1 L0 2 2
4" 0 ‘3 5 0
0 1 2 0 4

Step IIL. Inrow A, there is a single zero so assignment is made in cell AQ. In row B, there is
a single zero, so assignment is made in cell BR. While making assignment in row AQ, the other
zero appearing in the column Q, ie., in element DQ is crossed out. Similarly, when assignment
is made in row B3 in cell BR, the other zero in column R, i.e., in cell R is crossed out.

D

E

P Q R S T

3 (Is 5 2

4 1 §K 2 2
s
1 2 0 4

While inspecting rows, row, D has a single zero, assignment can be made in cell DT. No

assignment can be made in row E, since it has two zeros.

Now inspect columns column P has single zero, so'assignment can be made in cell EP and

other zero inrow E, ie.,

in cell ES can be crossed out.

Since it is possible only to make 4 assignments against 5, so optimum solution is not reached.

Number of lines drawn is equal t¢ the number of assignments made.

Step IV. Exainine the elements not covered by the lines and select the smallest element, in
this case 2 and subtract this from all the uncovered elements and add this to the elements lying
at the intersection of the two lines. This gives us the following matrix:
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P Q R S - T

A 0 [0] 4 1 4
B 1 6 [0] 3 2

- C 2 1 X [:] 2
D 2 X 3 3 [0]
‘B [0] 3 4 0 6

Step V. Make assignment in Tow C where there is a single zero. Hence assignment in cell

~ CSismade.

Step V1. -Optimum solution

A—=Q=5
BoR=6
C—>8S =56
D—->T=5
E—-P =5

Minimum Total Cost = 27.

Example 6.5. Five lathes are (o be allotted to five operators, the following table gives weekly

output figures:

Operator

Profit per piece is 25%. Find the maximum profit per week.

Solution. As the given problem is a maximization problem, we convert it into an opportunity
loss matrix by subtracting all the elements of the given table from the highest element of table,
i.e., 42. Opportunity Loss matrx is as follows:

Operator

wnn " O v

T

0 v w® O

Ly L, Ly L, Ls
20 2 27 32 36
19 23 29 34 40
23 28 35 39 34
21 24 31 37 42
24 28 31 36 41

L, L L, L, L,
2 20 15 10 6
23 9 13 8 2
19 14 7 3 8
21 18 1 5 0
18 14 1 6 1

Assignment Model
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. . Lll L, I Ly Ls -
P
Opcrator 16 14 ? 4 0
NOTES Q 21 17 1 6 0
R 6 11 .4 0 5
S 21 18 11 5 0
T 17 13 0 5 o
Column Reduction
. Ll LZ L3. I-‘4 LS
| Operator P 0 3 > 4 0 _
Q 5 6 7 6 0.
R 0 0 0 5
S 5. 7 7 5 0
T 1 2 6 5 0

<. The minimum number of lines to cover all zeros is 3 which is less than 3, the above matrix
will not give optimal solution. '

. Subtract the least uncovered element which is 1 from all uncovered clements and add it to
all the elements lying at the intersection of two lines, we get the following matrix:” |

[

I:n ) Lz L3 Pd I;’S
: 3 5 )
Operator P 0 4 :
t Q 4 5 6. 5 0
A ¥ S N U N §e--1--
3 6 , 6 4 0
T 0 1 5 4 [
. The minimum lines drawn to cover all zero are 3, ,Rei:eating the above procedure, the
matrix is . - -
L L L L, L
SR Sty IEEED | RS 2eccen Fpeeaenoes Fooeoeas S
Operator , ‘ ;
' Q 4 4 5 4 0
Ry SR SR f----neees frommmenoee L
.S 4 5 5 3 0
T LTINS R P S S SR -t
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The minimum number of lines to cover afl zeros is 4 which is less than 5 the resultant matrix is .

Operator

The minimum number of lines to cover all zeros is 5.

Hence the above matrix will give optimal solution.

_ Operator

And the assignment"o'f operator setting lathe time is given by

P—->L, =20
Q-oL, =40
RoL, =35
S—1, =37
Lo>L; =28
© 160

The maximum profit per week 25 x 160 = 4000,

Example 6.6. A small school has five teachers teaching five different subjects. All the five
teachers are capable of teaching all the five subjects. The output per day of the teacher and
course coverage (%) for each subject are given below. ’

Teachers
A

Mo O w

(Course.. .

Coverage %) .

If teacher D is not available, will your answer be different?

R I I

L'l L2 L3 L4 LS
0 2 g 3 4
e e EER bommnnenes 7 foeemnnee- 9---1
-------- -1:9:{):95-10
1 2 2 0 D ¢
S D . SR 3-eeees <
L L, - L L4' L;
@ 2 4 3 4
L 12 1 [o].
1 ): | @ X 10
1 2 -2 [0] X
X [0] 4 3 3

1 2 3 4 "5
7 9 4 g8 ' 6 -
4 - 9 5 7 8
‘8 5 7 9 8
6 5 8 10. 10
7 8 10 9 9
2 3 S 2 4

Assignment Model
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Operations Research Solution, We can multiply the output of teachers for different subjects with coverage of
course (%), the resultant marix is shown as:

1 2. 3 4 5

NOTES A 14 27 8. 24 24
B o ‘ Teachers B, "8 27 10 21 32
c 16 15 14 27 32

D - 12° 15 16 30 40

E 4 24 20 27 36

“+ The problem is of maximization.

* +.. We will deduct the maximum element, i.e., 40. The resultant loss matrix will be

-

Subjects
1 2 3 4 o5
' A 26 13 32 16 16
"B 32 13 30 19 8
Teachers C 24 25 26 13 8
o D 28 25 24 10 0
E 26 16 © 20 13 4
Row Reduction -
| 1 3 4 -5
A 13- 0 19 3
B 24 s 22 - 0
C 16 17 18 ¢ 5 0
D 28 25 24 10 0
E 22 12 16 9 @

Column Reduction

Now subtracting the main elements of each column from all its elements.

1 2 3 4 5,
e 0-neees g--------- 3-romsennes s e &
B 1 5 6 0
c | 3 17 2 2 0
D 15 25 8 0
e S SERREEEE g---------- 6o g----1-

- There are 3 lines, this is not the optimal solution.

So, we will follow the deduction method.
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g 2 3 4 5
A 0 0 3 0 5
B 9 3 4 6 0
c 1 15 0 0 0 NOTES
D 13 23 6 5 0
E 9 12 0- 6 2

Still the number of lines are less.
. Again the same procedure will be followed.

12 3 43
A o 9 3 0 g
B 6 0 1 3 9
C 1 15 ] 0 3
D 10 22 3 2 0
E 9 12 0 6 3
Optimum solution is obtained.
! 2 3 4 5

A @ 0- 3‘ K g

A—1 =14
B—2 =27
C—o4 =27
D—-5 =40
E—»3 .=20
128

6.5 SUMMARY

» In real life situations, problems arisc where a number of resources have to be allotted
to a number of activities. In a sense, a special case of the transportation model is the
Assignment Model. This model is used when the resources, have to be assigned to the
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tasks, 7.e., assign » persons to n different type of jobs. Since different types of resources
whether human, i.e., men or material, machines, etc., have different efficiency of
performing different types of jobs and it involves different costs, the problem is how ..
to assign such resources to jobs so that total-cost is minimized or given objective is
optimized. - : . :

An assignment problem is, in fact, a completely degenerate form of a transportation
problent, ’
Complete Enumeration Method. -

In-this method costs for all possible assignments are worked out and the one having

the minimum cost is termed as the optimal solution. This method, for obvious reasons,
can only be used for small problems. i

Simplex Method .
In this method the simplex algczrit}ir:l is used and we -
Minimize orlMaximize Z= z Z.Cr'j X '
i=l j=1
Transportation Methed .
Assignment model is a special case of trabsportation model, so it should be possible
to solve it by transportation method. However; we know that optimality test in the

transportation method requires that there should be n+n— 1 = 21— | basic variables,
the solution obtained by this method would be severally degenerate.

-Hungarian Assignment Method or HAM (Minimization case)

This method was developed by Hungarian mathematician D Koning and is also known
as the Flood's Technique or the reduced matrix method. It is a simpler and more efficient
method of solving the assignment problems.

One of the major applications of the assignment models is in the travelling salesman

-problem. ‘

6.6 REVIEW QUESTIONS.

148  Self-Instructional Material

1. (a) Show that assignment model is a special case of transportation model.

(b) Caonsider the problem of assigning five operators to five machines. The assignment

‘costs are as follows.

Operators
1 I m - I \Y
A 10 s 13 15 16
B, 3 9 18.. 3 6
Machines C 10- 7 2 2 2
D 5 11 7 7 .12
E | 7 °o 4 4 1

Assign the operators to different machines so that total cost is minimized.



2. Six machines M,, M,, M;, M,, M; and M, are to be located in six places P,, P,, P,,

Assignment Model

P,, Ps and Pg. C;; the cost of locating machine M; at place P; is given in he following

matrix.

P, P, P, P, P, Pg
M, 20 23 18 10 16 20
M, 50 20 17 16 15 11
M, 60 30 40 55 8
M, 6 7 10 20 25
M; 18 19 28 17 60 70
M, 9 10 20 30 © 40 55

Formulate an LP model to determine an optimal assignment. Write the objective _
function and the constraints in detail. Define any symbol used. Find an optimal layout

by assignment techniques of linear programming.

3. (a) Discuss assignment model. Indicate a method of solving an assignment probfem.

() A Company is faced with the problem of assigning six different machines to five
different jobs. The costs estimated in hundreds of rupees are give in the table below.

1 2 3 4 5
1 25 5 1 6 2
2 2 5 15 7 3
3 3 65 2 8 3
4 35 7 2 9 45
5 4 7 3 9 6
6 6 9 5 10 6

Solve the problem assuming that the objective is to minimize the total cost.

4. Five new machines are to be located in machine shop. There are five possible locations
. in which machines can be located. C;; the cost of placing machine  in place j is give
in the table below. :

.Machine _

It is required to place the machines at suitable places so as to. minimize the total cost.

Jobs
1 2 3 4 5
1 15 10 25 25 10
2 1 I 10 20 2
3 8 9 17 20 10
4 14 10 25 27 15
5 10 8 25 27 12

(9 Formulate an LP model to find an optimal assignment.

(if) Solve the problem by assignment technique of LP.

L}

NOTES
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5.

6.

Solve the following assignment problem:

; I 11 I v V|
1 11 17 8| . 16 .20
2 9 |- 7 12 6 15
3 13 16 15 12 | 16
4 21 24 17 28)- 26
5 14| 10 12 11 15

A team of 5 borseé and 5 riders has entered a jumping show contest. The number of
penalty points to be expected when each rider rides any horse is shown below.

R, R, Ry R, Rs

H, 5 | 3 4 7 2

H, 2 3 7 6 5

H, 4 i 5 2 - 4

Horse [y, 6 | 8 | 1 2 3
H; 4 2 5 7 1

How should the horses be allotted to the riders so as to minithise the expected loss of
the team?

A Company has five jobs to be done. The following matrix shows the return in rupees
of assign:ing ith machine (i=1,2, ...... ,S)tothejob(j=1,2, ...... , 3). Assign the
five jobs to the five machines so as to maximize the total expected profit.

Job
) 1 2 3 4 5
-1 5 11 10 12 4
9 2 4 - 6 3 5
Machines ‘
' 3 3 12 5 14 6
4 6 14 4 11 7
5 7 9 g 12 5

The owner of a small machine shop has four machinists available to assign to jobs for
the day. Five jobs are offered with the expected profit in rupees for each machinist on
each job being as follows. Find the assignment of machinists to jobs that-will return in
a maximum profit. Which job should be declined? -

Job- ' ' ’
A B c D E
1 620 |7.80 | 5.00 10.00 | 820
Machinists 2 710 840 | 6.10. | 730 | 590
3 870 [ 920 | 11,10 7.10 8.10
4 480 [640 | 870 | 770 | 8.00



An airline that operates seven days a week has time-table as shown below. Crew must Assignment Model
have a minimum layover of 5 hours between flights. Obtain the pairing of flights that
minimizes layover time away from home. For any given pairing, the crew will be based
at the city that result in smaller layover. ) ' .
. NOTES
Delhi-Jaipur Jaipur-Delhi
Flight . Flight .
No. Depart Arrive No. Depart Arrive
1 7.00 AM. 8.00 A M. 101 B.00 AM. 9.15AM.
2 8.00 A.M. 9.00 AM. 102 8.30 AM. 9.45 A M.
3 130AM. |230AM. | 103 12.00 Noon o
4 6.30 P.M. 7.30 P.M. 104 8.00 P.M. 6.45 PM.

For each pair also mention the town where the crew should be based.
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UNIT7: THEORY OF GAMES

L Sweare

7.1 Introduction

NOTES

" 7.2 Terms Used in Game .The;::ry
7.3 Limitations of Game Theor{/ _
7.4  Situations of Two-person Zero-s‘tim Pure Strategy Games
7.5 . Concel;t of Value of Game
7.6 Concept of Saddle Point or EquiIibriﬁm Point
7.7 Dominance Method or Prfnciple of Dominance
7.8 Summary . '

7.9 Review Questions

~

7.1 INTRODUCTION

Till now we have used criteria for decision under uncertainty assuming that ‘state of nature’ is
the opponent. Here the ‘nature’is in the form of many possible outcomes of some action. When
there are many possible outcomes or state of nature, one can’t predict what will happen, it can.
‘ only be predicted as a probability of a happening or occurrence. Such state of nature is beyond
the control of any organization. Here certain happenings (or state of nature) like shift in the
life style of people effecting demand; higher and better technology products made available in

future at cheaper rates etc. effect-the pay-off and will decide the action of the decision-maker.

However, in real life situations, there are many competitors of any organization. Competition
is the essence of existence of individuals and organizations: In modern day life no monopolistic
situations exist in free economy. There are always two or more than two individuals or
organizations making decisions and cach wants the outcome in their favour as there is a conflict
in the interest of each party. When decisions have to be made under conditions of uricertainty,
two or more ‘intelligent’ opponents are involved and each one wants to optimize decision in his
favour at the cost of other, Game Theory approach is involved. When we talk of ‘intelligent’
opponents what we mean is that in competitive situations each participant acts in a rational -
. ) manner and does his best to resolve the situation in his favour. :

This approach was developed by Professor John Von Newman and Oscar Morgensten when
they published a book,. “The theory of Games and Economic Behaviour’ Games-Theory is now
widely used in economics, business and administration and many humanity disciplines as also
'by armed forces for training purpéses. It is a useful scientific approach to rational decision-making,

»

7.2 TERMS USED IN GAME THEORY

Following are some important terms used in Game Theory:

1. Player: An opponent is referred to as a player.

2]
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Strategies: Each player has a number of choices, these are called the strategies.

- Qutcomes or Payoff: Outcome of a game when different alternatives are adopted by

the competing players, the gains or losses are called the payoffs.

Two persons zero-sum game: When only two players are involved in the game and
the gains made by one player are equal to the loss of the other, it is called two persons
zero-sum game. This may be the case when there are just two players in the game, i.¢.,
assuming that there are only two types of beverages, tea and coffee. Any market share
gained by the tea will equal the loss of market share of coffee. Since sum of the gains
and losses is zero, this situation is called two persons zéro sum gain.

n, persons game: A game in which » persons are involved is called » persons game.
When # is more than two, i.e., more than two persons are involved the games become
complex and difficult to solve

Pay-off matrix: When the gains and losses, whlch result from different actions of
the competitors, are represented in the form of a matrix in a table, it is called pay-off
matrix, we have already seen many pay-off matrix tables in earlier chapters.

Decision of a game: In game theory the decision criterion of optimality is adopted,
I.e., a player, which wants to maximize his outcome, maximin, is used and the one who
wishes to minimize his outcome, minimax is used.

A strategy basically relates to selection and use of one course of action out of various courses
available to a player at a particular point of time. There are two types of strategies.

(a)

(b)

Pure strategy. 1t is the course of action, which the player decides in advance. If there
are 4 courses of action and the players select the third, then it is the third strategy which
the player is using,

Mixed strategy. In mixed strategy, the player decides his course of action by relating
a fixed probability distribution. Some i)robability is associated with ¢ach course of
action and decision to select one is done based on these probabilities.

7.3 LIMITATIONS OF GAME THEORY

Following are some limitations of Game Theory:

1.

Risk and uncertainty are not taken into account: Smce in pure strategies of game
theory, no probability is associated with vanous courses of action, risk and uncertainty
are not taken into account.

A fixed number of competitors: The theory assumes that there are a fixed number
of competitors. In real life situations, there can be more than the expected number of
players.

Infinite courses of action: Games Theory assumes finite number of courses of action

available to cach player. However, it is possible that a player may have infinite number
of strategies available to him.

Knowledge about strategies available to the opponent player: The theory assumes
that each player has knowledge about the strategies available to the other players. This
may not always be the case. "

Zero sum game is not realistic: The assumption that gains of one player are equal to
the loss of the other player is not a realistic assumption.

Knowledge of pay-off in advance: i1 is not always possible-to know about the pay-off
of a particular course of action. -
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Operations Research 7. Rules of games do not permit tackling of all situations: All games are played

according a predetermined set of rules. These rules are based on certain assumptions

and govern the behaviour pattern of the players. Many situations will fall outside the

situation, which can be handled by these rules.
NOTES :

7.4 SITUATIONS OF TWO-PERSON ZERO-SUM PURE STRATEGY
GAMES

~
As brought out earlier, the criterion used in Game theory is Maximin or Minimax.
Maximin Criterion. The player who is maximizing his outcome or pay-off finds out his

minimum gains from each strategy (course of action) and selects the maxnnum value out of
these minimum gains,

Minimax Criterion. In this criterion the minimizing player determines the maximum loss
from each strategy and then selects the strategy with minimum loss out of the maximum loss list.

Example 7.1. Let us consider a two-person zero-sum game involving player A and player B!

The strategies available to player A are A}, A, and 4; and to the player B are B, B,. The pay-off -
matrix is given blow by assuming the values

Player B
B, B, Row Minima
A, 12 4 4
Player A, 10 6 ' 6
A A,y 8. 9 8 Maximin
Column Maxima 12 - . 9
. : Minimax

Solution. Let us suppose that if A starts the game and selects A strategy, player B will
select B, so that A gets minimum gains. Similarly, if A adopts A;, B will adopt B, strategy to
minimize the gain of A. Player A by selecting third strategy (A;) is maximizing his minimum
gain. Player A’s selection i called Maximum strategy.: Player B by selecting second strategy
(B,) is minimizing his maximum loss. Player B’s selection is called Minimax strategy.

.| Example 7.2. Consider the following pay-off matrix which represents Player A's gain.

Player B
B, B, B, B, Row Min_imum
A, 12 4 14 6 4
Player A A, 10 6 12 16 s ‘ Maximin
A, 8 2 _6 10 -6
Column Maximum 2 6 14 16
Minimax
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Solution. When player A plays strategy A, he may gain 12, 4, 14 or 16 depending upon
which strategy player B plays. But player A is guaranteed minimum of 4 in any case. In each
row minimum gain guaranteed is 4, 6 and — 6. The maximum out of this is 6, so player A by
selecting his second strategy A, is maximizing his minimum gains. Player B, he cannot loose
more than maximum out of 12, 10 and 8, i.e., whatever strategy A adopts, B cannot loose more
than 12. Similarly, for strategies B, B; and B, the maximum looses are 12, 6, [4 and 16. Thus,
by selecting B, he minimizes his maximum loss.

‘75 CONCTPT OF VALUE OF GAME

In game theor; the value of game is important to both the players. For the maximizing player,
it is the: maximum guaranteed gain. For minimizing player it is minimum loss. Consider the
’ followmg game ith pay-off matrix as shown:

Player B v
By B, Row minimum
Ay - 4 ) 6 4 maximin
Player A .
Az - 8 3 - 8
Column Max 4 6
Minimax

If player A adopts A, strategy, he pains 4, if player B adopts B, strategy he losses 4. In this
case maxi (min) = min (max).

7.6 CONCEPT OF SADDLE POINT OR EQUILIBRIUM POINT

In a pay-off matrix the value, which is the smallest in its row and the largest in the column, is

called the saddle point.

Example 7.3. Let us consider the following pay—oﬁr nature to illustrate the concept of sddle or
Equilibrium point;

" Player Y
Yl Y2
Player X Xg 100 120

Theory of Games

NOTES -
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Saddle point can be found by:
" 1. Find out the minimum of the row anci put a circle around it.
2. ‘ Find out the maximum of the column and put a square around it.
3. "The value having bot the circle (D) and the square is the saddle boiqt. It should be
remembered that: - T
() Saddle point may or ' may not exist in a game, It is not necessary that all pay-off
matrixes will have a saddle point.

(u) IFthere are more than one saddle points (which is a very rare occurrence), then the
problem has more than one solution.

(iif) The values of the game could be positi\;e or negative, A

(iv) If the value of the game is zéro, it is called a ‘fair game’.

Example 7.4. Find the ranges of value of P and Q, which will render the entry (2, 2} a saddle

. point for the game.
) Player B
-2 .4 5
Player A 10 T Q
4 P 6

Solution. Let us determine the maximin and miinimax in the pay-off matrix provided above

Player B
B, + By« | By | RowMinimum
A 2 4 5
Player

X A, 10 7 Q

' A, 4 P 6

Column
Max 10 7 6

Maximum value =7

Minimizing value 7 ignoring the values of P and Q now we want entry (2, 2), i.e. » Ay By to
be the saddle point, i.., 7 should be the minimum in the row A,, i.e., Q should be more than 7,
ie., Q=7 Similarly, we want 7 to be highest number out of 4, 7 and P. It means that P should
be equal to or lessor than 7, i.e., P< 7.

Hence the range of P<7and Q2 7. -
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Example 7.5. Air Force of a country a wants to bomb the major enemy positions of country B.
Bombers of country A have the option of attacking either high or low. If they fly low they can
cause more damage to the enemy because of the accuracy they achieve. Country B will use its
fighter aircrafis to intercept looking either high or low. If the bombers avoid the fighter they

destroy 8 targets but if the fighter intercept them, no target can be destroyed. If the bombers are |

able to fly low, they can destroy 4 extra targets before being intercepted.
Setup a game matrix. What advice you will give to commander of country A? .

Solution.
Country B .
FIGHTERS
HIGH LOW Row Min
Country A ‘B HIGH 0 4

.0 | )

M LOowW
B 8 @

E

R
_ Column Max 8 4

. Let us find the saddle point. It can be easil)} seen that low-low entry 4 is the saddle point as
it is minimum in its row and maximum in its column.

Value of the game V=4
"Bombers of country A and fighters of country B will both fly low entry (2 —2)

Solution of Two-persons Zero-sum Games with Mixed Strategies

In case of pure game, if a saddle point exists it straight away gives the optimal solution. Some
.games do not have saddle points. For example, let us consider the following zero-sum game:

.Player B .
B, ' B, Row Minima
A 12 4 4
A, 10 6 6
. Player A -
Ay 8 9 8 Maximin
Column Maxima 12 9 Minimax

In this matrix, the minimax value 9 is greater than the maximin value 8. The game does not
have a saddle point and the pure maximin-minimax strategies are not optimal. In this case the
game is said to be unstable. ' '

" Theory of Games

NOTES
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Operations Research Because of the failure of minimax — maximin or pure strategies to give an optimal solution, we
have to use mixed strategies. Each L player plays all his strategies according to some probabilities
rather than plays a pure strategy.

Letxy, x,, ... , x,, be the row probabilities by which player A selects his strategies.

NOTES
Lety,yy, ...... , ¥, be the column probabllltles of which player B selects his strategies then
Ex, Zy, =1
X Y2 0-

Hence, if. a represents, the (7, /) entry of the game mafrix, x; and y; will appear as in the
following matrix.

Player B
" Y2 ) Ya
Probabilities X, ay a1 By e a,
X3 ay; ay, €23 cevrerinnan. as,
Player A ‘ Xy as ay, L S ay,
X [y a2 [ P a

The solution of the mixed strategy problem is also based on the minimax criterion. However,
if A selects x; that maximizes the lowest expected pay-off in a column and if B selects it
minimizes the highest expected pay-off in a row.

This will be illustrated in the examples that follow:

Odds Method

This method can be used only for 2 X 2-matrix games. In this method we ensure that sum of
column odds and row odds is equal

Finding out Oclds

Step I, Take first row and find out the difference between-values of cell (1,'D) and
that of cell (1, 2) place this value in front of second row on the nght side.

Step II. Take second row; find out the difference between the value of cell (2, 1) and
that of cell (2, 2). Place it in front of the first Tow on the n'ght side.

Step IIL Take first column, find out the difference between the value of cell (1, 1) and
that of value of cell (2, 1). Place it below the second column.

Step IV. Take second column, find out the difference between the value of cell (1; 2)
.o and that of the value of cell (2, 2). Place this value below the first column.

Example 7.0. Consider a modified form of “matching biased coins™ game problem. The
matching player is paid T 8 if two coins turn both heads and T 1 if the coins turn both tail. The
non-matching player. is paid 3 3 when the two coins do not match. Given the choice of being
the matching or non-matching players, which one would you choose and what would be your
strategy?
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Solution. Let us prepare the pay-off matrix.

Player B
T
'Player-A H 3 @
)

Let us see if the saddle point exists. Minimum of row one is — 3 and similarly minimum of
row two is also — 3, a circle has been put around these figures. Maximum of column is'8 and
that of column 2 is 1. A square has been put around these two figures. There is no value, which
is the lowest in its row and maximum of its column. Hence no saddle point exists.

So, both the player will use mixed strategy.

* Use of Odds Method
Player B
B, B,
H T Odds
Player A’ Al 8 -3 4
A, -3 1 11
Odds 4 11
(a) Take first row — difference between the cell A; By and A, B,

8 —'(- 3)=8 -+ 3 = 11 place it in front of second row.

(b) Take second row — difference between the cell A, Bj and A; B,
—3 —1=-4 (ignore sign)

(c) Take first column -3 — 1 =—4 (ignore sign)

(d) Take second column 8 —(-3)=11

Value of the Game

For finding out the value of the game, following formula is used:

Theory of Games

NOTES

Player B
B, . B, Odds
Player A Ay a @ (by—by)
A, b ' b, (a)—a)
Odds  (ay—by)  (a,~b))
a (b —by) + (e —ay)

Valuer (b]—b2)+(al—a2)
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- NOTES

Probability of A, = b-b A= a-—a
: 1 (bl“bz)+(a1‘a2) : (b17b2)+(a]—a2)_
Probability of B, = a4~ b, B, = a-b

(a ‘b2)+(al ~b)

(a2 _bz)'f'(al -5h) -

4+11 15
Probabilities of A, = —, A, = L.
T s
Probabilities of B, = —, B, = 11
T 15727 15

7.7 DOMINANCE METHOD OR PRINCIPLE OF DOMINANCE

This method basically states that if a particular strategy of a player dominates in values his other
strategies then this strategy, which dominates, can be retained and what is dominated is deleted.

Dominance Rule for Column

Every value in the dominating column (s) must be equal to or less than the corresponding value
of the dominated column. o

Dominance Rule for Row

Every value in the dominating row (s) must be greater than or equal to the corresponding value

of the dominated row. A given strategy can be dominated if on average its valué is lesser than

the average of two or more pure strategies. To illustrate this point, consider the following game:
R .

B, - B, B,

A | 8 3 4

A, | 3| 4 5

" This game has no saddle point. Also none of the pure s‘trategies of A (A, Ay, A,) is lesser .
in value to any of his other pure strategies. Let us find out the average of A’s pure and second
pure strategies (A, and A,). '

((8-{—2) (3+9) (4+9)
2.7 2 7 a2

J= (5, 6, 6)

This is superior to A’s’third pure strategy (A,). Hence strategy A; my be deleted and the
matrix becomes : :

B
B, . By, B;
A |3 3 | 4
A
A, | 2 9. |
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Sometimes game, which is reduced by dominance method, shows a saddle point but in original Theory of Games
‘matrix there was nio saddle point. This saddle point must be ignored since it does not have the o
properties of 2 saddle point, i.e., least value in its row and the highest value in its column.

Example 7.7. Reduce the Jollowing gamé by dominance a{r'd find the game value:

NOTES
) : Player B . )

| . . ¢
| . I I m IV
= . a I 3 2 4 0

11 3 4 2 4

Playerd 1 4 2 | 4| o
IV 0 4 0 8

Solution. Let us find if there is a saddle point in the matrix. This matrix has no saddle point.
From player A’s point of view, row IIl dominates row I as every value of row IV is either equal
to or greater than every value in row §. Hence, row I can be deleted. The reduced matrix is

Player B
. . I m v
: 1 3 4 2 4 | ) !
Player A 1M 4 2 4 '
v 0 4 0 | 8

From player B’s point of view, column III dominates column [ as every value of-column IIT
is equal to or lesser than the value of column I. Hence, column I can be deleted. The resulting
‘matrix is : ' '

Player B -
it 1 v
-l 4 | 2 4
"PlayerA - I 2 4 0
' v | 4 0 8

In the above matrix, no single row or column dominates another row or column. Let us find if
average of any two rows dominates the pure sirategy of the other. There is no such possibility.
Now let us try if the average of any two columns dominates the third, i.e., if the average
-~ value of the two columns is equal to or less than the third average of columns III and IV is
2+4) 4+0) (0+8)_

2 T2 T

column II can be deleted. The resulting matrix is

(3, 2, 4). This value is equal to or lesser than value of column II, so

Player B’
- 11 v
. L2 4
Player A 11 4 0
' LY 0 8
] . 4+0) (0+8
Now, row II is dominated by average of row III and IV %, _(_f—) = (2, 4). Hence,

row 1 is deleted. This 12sult in the reduced matrix shown below. . Self-Instructional Material 161
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Player B
) 11 v
: 1L 4 0
NOTES Player A
. v -0 8

“This is now a 2 X 2 matrix and can be solved by Odds method.

Step I. Subtract the two digits of column III and write them under column IV (ignor-
ing signs).
Step II. Subtract the two digits of column JII and write them under column IV (ignof—
ing signs). ‘
" Step III. Subtract two digits of row III and write in front of row Il (ignoring signs).
Step IV, Subtract two digits of row II and write it in front of row III (ignoring sign)
The resulting matrix with odds is as follows:

Player B
il I\ Odds
I 4(a 0 (a 8
Player A (@) ) (@)
v 0(5) 8 (bs) 4
8 4

Probability of player A III 8/12, IV 4/12, i.e., 2/3, 1/3
Probability of player B 111 8/12, 1 4/12,i.e., 2/3, 1/3

B —b )+ b (a ~
Valueofthegame=al((b: b3+(l(al 2‘)’2)_4x§13x4 ?; 2

Sub-Games Method for 2 x n or m2 x 2 Games

In this method we sub-divide the given game (2 % # or m X 2) into a number of 2 X 2 games.
Now, each of these 2 X 2 games can be solved and then optimal strategies are selected. These are
games when one of the players has 2 alternatives; where as the other player has more than two
| alternatives. When there is no saddle point or the gamg cannot be solved by using the dominance
method the sub-games method is very useful. It is suitable when the number of alternatives is
limited to 4. In case of large number of alternatives, the solution becomes lengthy and complicated.
It follows the following procedure:

Step 1. Divide the 2 X n or m x 2 game matrix in 2 X 2 matrix sub-games.

Step I1. Take up each game one by one and find out 1f a saddle point exists. Such a
sub-game has pure strategies.

Step IIL If the sub-game has no saddle point, then use odds method to solve the

sub-game.

Step IV. Select the best sub-game out of all the sub-games from the point of view of
the player who has more than two alternatives.

Step V. Find out the strategles of this selected sub-game. This is appllcable to both
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Step VI. Find out the value of the selected sub-game, this will be the value of the whole

game.

Theory of Games

Example 7.8. Two airlines A and B operate their flights to an island and are interested in
increasing their market share. Airline A has two alternatives, it either advertises its special fare NOTES

or it advertises its features unique fo it. On the other hand, airlines B have three alternatives
of doing nothing, advertising their special fares or advertising their own special Jfeatures. The
matrix showing gains and losses of the two airlines in lakhs of rupees is shown below. Positive
values fm;our airline or A and negative values favour airline B. Find the value of the game and

best strategy by both the airlines using sub-game method.

Solution.

Airline A Ay

Airline B
B, B, B,
350 —100 =75
A, 200 180 175

‘A — Advertising special fares

A, — Advertise special features

B,- Do nothing.

B, — Advertise special fares
B, — Advertise special features -
This game has to be solved by sub-games method as per the requirement of the question.

Step I. Let us divide the complete game (2 X 3) game as (2 X 2) game.

Sub-game 1
. A
Sub-game I1
A
Sub-game HI
A

B
Bl B2
350 ~100
200 180
B
BZ BB
35 ~75
200 175
-
BZ BJ
~ 100 —75
180 175
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Operations Hesea'(ch Step iI. Solve all thee sub-games
. Solution to sub-game I

NOTES

B, © B, Odds

A | 3s0 50.

A T : ,

| Ay 200 | 450
Odds - . 250 150

It has a saddle point, as minimum of row A, is also the maximum of column B,.
Value of game = 180 -

Solution to sub-game IT -

B
_ B, B,
A 35 =75

. A
Ay | 200 | 175

As minimum of row A, is the maximum of column B3, Az, B, is the saddle point,
Value of game = 175-

Solution to sub-;grame Fi4

A ~75
A, | 200 | (75D

Value of the game = 175

Step III. Select the best sub-game from the point of view of the player who has more
altemaiwes ie, B :

Siii)-game Value
I BT
II i1 75
11 175

B will select that game \#hiph has minimum V.

_ * B will select either sub-game II or I1I as both have equal V.
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Step IV. Now, we find out the probabilities for the player A and B using their strateies
while using sub-game II or IIL
B ' : _ B
B, B,  Odds o * By By 0dds.

Sub-game A A, | 35 | =75 | 25  Sub-gameIlTA A, |—100| -75 | 5

A, | 200 175 120 i A, | 180 175 °| 175
Odds ' 250 165 Odds 250 280
FProbability of A to select Probability of A t0 select
. 25 - 5
Strategy A, = — Strategy Ay = —
TR ST s B M7 530
120 175
Y ST s L TR TNy
Probability of B to select Probability of B to select
Strategy B, = % Strategy B; =0
' 250
Strategy B, =0 Strategy B, = —
gY By 8Y 5 530
. 165 280
. Strategy B, = — Strategy By = —
2Y B, 15 . ralegy by 530

Example 7.9. Solve the following game by equal gains or probability method:

Player B
B, B,
A, K 2
Player A

Solution. Let p be the probability of player A selecting strategy A, so (1 —p) is the probability
of A selecting strategy-A,, Also, let ¢ be the probability of player B selecting strategy B, then
(1 — ¢) will be the probability of B selecting strategy B,. Redraw the matrix after introducing
the probability. i :

Player B
B, B, Probability
: A 6 10 : p
Player A ]
: A, 8 4 (1-p) ~ .
Probability g' (1-¢)

If player B selects strategy B, then pay—off to A will be 8p + (1 —p).
If player B selects strategy B, pay-off to player A will be 2p + 6 (1 - p).
Since pay-off under both the situations must be equal.

8p+4(l-p)y=2p+6(l-p)
8p+d4-4dp=2p+6-6p

1

Theory of Games

" NOTES
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8p=2

1
P==,and(l —-p)=
2 and (1 - p)

Blw

Similarly, we can work out the pay off to player B

8g+2(1-q)=4g+6(l—g)

Bpt2-2g=4+6-06q
1

" i
8q=4!q= Es(I_Q)ZE

Value of gaine = (Expected pay-off of player A when player B uses strategy B) x
(Probability of player B using strategy B,) + (Expected pay-off player A when player B uses
strategy B,) x (Probability of player B using strategy B,)
=[{8p+4(-p}+g+{2p+6(1-p)}x(1-q)]
=[@Bp+4-4p)g+(2p+6-6p)(1-9)]
=[@p+4) g +(-4p +6) (1 - q)]
=[4pg +4q + (6 - 6 — 4p + 4pg)]
= (4pg + 4q + 6 — 6 — 4p + 4pq)
. =—4p-2q+8pg-+6
Substituting the value of p and ¢, we get the value of game.
Value of game =—4 x %—2x—;-+.8x—1-x-1—+6
=-1-1+1+6=5
Probability of player a selecting strategy

1
Al=—, A
" 2

Probability if player B selecting strategy
1 1
B,=-~, B,=—.
S )
Example 7.10. Player X is paid X 10 if two coins turn both Heads andR 2 if both coins murn both
Tails. Player Y is paid ¥ 4 when the two coins do not match. If you had the choice of becoming
player X or player Y, which one would you like to be and what will be your strategy? Solve the

problem using equal gains or probability method,

3
4

Solution. Let us construct the.pay-off matrix for the given problem.

Player Y
Y Y,
. X 10 -4
Player X

Let p be the probability of player X selecting strategy X, so, (1 —p) is the probability of player
X selecting strategy X, similarly, let g be the probability of player Y selecting strategy Y, then
(1 — g) will'be the probability of player Y selecting strategy Y,. If player Y selects strategy Y,
then pay-off to player X is

=10p—-4(1-p)
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If player Y selects strategy Y, then pay-off to player X is — 4p™+ 2 (1 — p). Theory of Games
Since pay-off in both situations must be equal, i.e., ) ’
10p—4+4p=—4p+2-2p

10p+Aptap+2p=2+4 _ NOTES
20p=16
. 6 3
P~ %010
(-p=1
If player X selects strategy X, then pay-off to player Y is
10g-4(1-q) .
If player X selects strategy X, then pay-off to player Y is
—4g+2(1-gq)

These two pay-offs must be equal, i.e.,
[0g+4g=—-4g+22qg
10g +4g+4g+2g=2+4
3

7% 1o

_ 7
(l—q)—lo

Now let us calculate the value of the game.

V = (Expected pay-off of player X when player Y uses strategy Y ) X probability of player Y
using strategy Y,) + (Expected pay-off of player Y using strategy Y,) X (probability of player
Y using strategy Y5) _ ‘

V=[(10p-4(-p) g+ {-4p+2(1-p)} x(1-g)]
=[(10p-4+4p)g+(-4p+2-2p) (1-q)]
=10pg —4q +4pg + (2-6p) (1 —¢q)
=ldpg—-4g+2—2qg—-6p + 6pg

. =20pg—6p—-6g+2

Substituting the value of p and 4.

=20X_xi_m_m+2
10 10 10
=18-18-18+2=02
Pay-off Player X Uses X;
. 3 3
10p-4(1-¢)=10x ——4{1-—
p-dl-a) Xm( 10]
=3-(4xT7/10
=3 -28/10=1/5
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Player X use X,

3 3
4p+2(l-p)=—dx = +2|1-
p+2(1-p) 10 ( 10)
_-lz. 1 1
10 10 S
Pay-off player Y uses Y, =10g-4(l-q)= 1
: 5
Y,=1
5.

So, whether I am player X or Y, I have equal gains and equal probabilities.

Graphical Solution of (2 x #) and (i x 2) Games

Such solutions are possible only to the games in which at least one of the players has only twe
strategies. Let us consider a (2 x n) game of player A and B. Player A has only two strategie:
with probabilities p, and p, where p, = | — p and player B has # strategles The game does no
have a saddle point.

Probability . Player B
‘ B, B, By .. B,
Flayer A ;pl ay  ap a3 e N
=1-p Dy a Qp My e e ds ,

A’s expected pay-off cf)rresponding to the pure strategies of B are as follows:

B’s pure strategy A’s expected pay-off

By ayp tay(1-p)=(ay-ay)p +ay .
By app tap(l-p)=(ap—an)p tay
By app tan(l-p)=(ap—ay)p taxy

B, ay,pot¥am,(l-p)=(a,-a,)p +ay,

A should selects such a value of p; in such a manner that it maximizes his minimum pay-off
This can be done by plotting the pay-off equations as straight line of functions of p,.

The steps involved in this solutions are as follows:

Step L

Step II

The game must be reduced to such a sub-game that at least-one of the player:
has only two strategies.

Take the probability- of ‘two alternatives of a player (say A) having only twc
strategies as p, and (1 — p,). We formulate equations of net gain of A from

- different strategies of B.

Step IIL

Step IV.

Step V.

Two parallel lines are.drawn on the graph to include the boundaries of twc
strategies of first player say A.

Pay off equations as functions of probabilitics of two alternatives of A for differ
ent strategies of player B are plotied on the graph as straight-line functions of P
If player A is maximizing, the point is identified where minimum expected gair
is maximized, on the other hand, in case of minimizing player B, the point as
idcntified where maximum loss is minimized.

The method will be demonstrated with the help of an example.



| Example 7.11. Solve the following game using the graphic method. o Theory of Games

B

: _ o2 3 4 ]

! A1 2 2 3 -l NOTES
2 4 3 2 6. :

. - Solution. The game does not have a saddle point. A’s expected pay-off according to the pure
! strategies of B is shown in the matrix below. p is the probability of A selecting strategy 1 and
. (1 —p,) is the probability of A selecting strategy 2. ‘

; ‘ B's Strategy A’s Expected Pay-off
B, 2p+4(1-p)=-2p+4
B, - 2p4+3(1-p)=-p+3
B, 3p+20-p=p+2
B, -p+6(1-p)=L7p+6
6
5
4 ’
3
- P
2 (Maximin)
14 1 1

L oo
Nf=
/
L]
| L]
s
-

2 ¢ T -2
37 T-3 '
41 1
-5 + +-5
- 1 -6
Fig. 7.1
Let us plot "~ —2p+4 whenp=0value= 4 -

when p =1 value =2
., —p+3 when p=0value=3
- whenp=1value=2
p+2whenp=0value=2,p=1, value=3
—7p+ 6 when p=0value=6 '
p=1value=-1

.o : , | |
It can be seen from the graph that maximin occurs at p = 5 This is the point of inter-
’ 1
section of any two of the lines. Hence A’s optimal strategy is p = % JA-p= 5 The value of

game can be found out by substituting the value of p in the.equation of anyof the lines passing
through P. ' ' '

v
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P is the point of intersection of any three of the lines B,, B; and B,. To find out the optimal
strategies of B as three lines pass through P, it indicates that B can mix all the three strategies, .
i.e., By, By and B,. The combination of B, — B;, By — B,, B, — B, and must be considered.

Example 7.12. /L is paid T 8 if coins turn both heads and % 1 if two coins turn both tail B. wins
X 3 when the two coins do not match give the choices to be a or B. Find the values of Game.

B
@ @
A A H B -3

T -3 1

s

‘ ; Solution. The above probiem does not have saddle point, the players will use mixed strategy.

Let p, be the probability of player A sclecting strategies [.{1 — p,) is probablhty the, playel A
will select strategy II

Similarly, g, is the probability. of player B selecting strategy II
(I-gqpis prol)ablhty of player B selecting I,
Then pay-off of A is

=8p,-3(1-p)).
If B selects strategy IT the payoff

==3p 1 =pp.

Gains are equal | .
8p1=3(1-p)==3p, +(-py)
8p-3+3p=-3pi+1=p,

lp=—4p, +1
15p=4 -
. i
LAY
4 11
Pt T TS
Probability of B

89,-3(1-q)=-3¢,+1(1-¢q)) o '
8¢1-3+3q,==3q +1-g¢q, '
g —3=—4dg, +1

15¢,=4
‘]l_i
.4y 15
i1
P—g= —.
q 15
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(V= Expected payoff'to player A Theory of Games

When B uses strategy 1
X probability of player B selecting strategy I ‘
+ Expected pay off is player A NOTES
When B uses strategy I1 ' :
X probability of player B selecting strategy 1I

V= [{8p,-3(1 —pitg ) + {(Bp) + 1 (1 —p)} (1 - ¢1)]
© Patting the value of (p,), (g,), (1 - q,), (1 - p,), we get
(3)E el G s)5 )
5 5 J\15 . 15 15 A 15 15)15 15415
-1
15
It is better to B as the value of Game is positive.

Il

Example 7.13. Solve the following game.

B
I /i
A I -6 7
i +4 -5
i -1 -2
v -2 5
y 7 -6
Solution,
B
I -5 7
I 4 -
A I e -2
1\ 2 5 _
\Y 7 % .

The above game does not have a saddle point and ne row or column is dominated.

W will apply sub-game method

Sub-game I
B .
I 11 | Odds
A : I . -6 7 —-4--(5)=9
11 4 -5 -6-7=13
Odds 7-(=5)=12 | -6-4=10

_-6(9)+4(13) -1
9+13 I
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Sub-game II
E B _
! 1 . Odds |
A1 -6 .7 “1-(2)=1
I -1’ -2 ~6-(N)=13
; 7-(2)=9 ~6—(-1)=5
! _6913)+703) 13 _1
T I3+13 26 2
r Sub-game ITI
1 ' B -
. I II
: .
LA I -6
| v 2
" L
At saddle point V = (-2)
. i Sub-game IV -
. B
. | I ' I Odds
A I -6 7 7-(=6)=13
' _iv 7 -6 -6 -7=13
|Odds “7-(-6)=13 -6-7=13
o =13
z vo £O09+7H _13 1
- 13+13 26 2
: Sub-game V . ‘_ N J
! B
. s 1 II
Al o (4] ©
B - -




At saddle point V= -2 Theory of Games

Sub-game VI
B . ' :
I n - ’ ' NOTES
A I 4 -5 2-5=7
v -2 5 ~4-(-5)=9
-5-5 4 (-2)
=10 =6
v dD+=2)6) _10_5
7+9 16 8
Sub-game VII
B
I it
A Il 4
v
At saddle point V =-5
Sub-game VIII
B
I 1 Odds
A I -1 -2 2-5=17
—1-(-2
v -2 5 (-2
=1
" Odds ~2-5 1-(-2)
=7 =1
yo CND+E W
T+1
-9
8
Sub-game IX
B
I I1
A 111 -1
v )
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Sub-game X
B .
NOTES o I 1 0dds
' A v 2 5 7-(-6) =13
' \ 7 6 2-5=7
Odds 5_(-6) 2.7 '
=1 =9

_-203)+7(7) 23
13+7 20°

Value of sub-games

| I nm IVv. V. VI VII VIII IX X
-1 _1s 2 1 5 3 s 9 5 23
1 . .11 2 ' 8 ’ 8 : 20

. . 2
The game having maximum V, i.e, —2—(3) has been selected.
_»
20
Optimum I nm s v
A 0 . 0 o B 7
20 20
B 11 9 - - -
20 20

7.8 SUMMARY '

». Game Theory: This approach was developed by Professor John Von Newman and
Oscar Morgensten when they published a book,. “The theory of Games and Economic
Behaviour’ Games Theory is now widely used in economics, business and administration
and many humanity disciplines as also by armed forces for trammg purposes. It is a
useful scientific approach to rational decision-making,

* Player: An opponent is referred to as a player.

* Strategics: Each player has a number of choices, these are called the strategies.

* Outcontes or Payoff: Outcome of a game when different alternatives are adopted by
the competing players, the gains or losses are called the pay-offs.
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¢ Two persons zero-sum game: When only two players are involved in the game and - Theory of Games
the gains made by one player are equal to the loss of the other, it is called two persons
Zero-sum game.

* i, persons game: A game in which » persons are involved is called » persons game. NOTES
* Decision of a game: In game theory the decision criterion of optimality is adopted.

e Pure strategy. It is the course of action, which the player decides in advance.

e Mixed strategy: In mixed strategy, the player decides his course of action by relating
a fixed probability distribution.

e Dominance: This method basically states that if a particular strategy of a player
dominates in values his other strategies then this strategy, which dominates, can be
retained and what is dominated is deleted. )

7.9 REVIEW QUESTIONS

1. What do you understand by the term Theory of games? Explain its use in decision-
making. K

2. How-is decision-m;'iking related by. Games theory? What is the concept behind it?
Explain with suitable examples from business and industry.

3. Whatis a ‘state of nature’? Explain it taking suitable examples from real life situations.

4, What do you understand by pay-off matrix? How is it constructed? Explain by taking
examples.

5. What is a game in game theory? What are the properties of a game? Explain the “best
strategy” on the basis of minimax criterion of optimality.

What assumptions are made in the theory of games?

7. When is a competitive situation called a game? What is the maximin criterion of
optimality?

8. (a) Give an example of the games theory as applicable to advertisement policies or
strategies. : '

(b) State three applications of game theory in marketing?
9. Describe a two-person zero-sum game.

10. Let (4; ) be the pay-off matrix for a two-petson zero sum game, If v denotes the
maximin value and  the minimax value of the game, then show that 7 > v.

11. Explain the terms:Pure strategy, mixed strategy, saddle point, competitive games, pay-
off matrix, rectangular games. ‘ |

(z) Define the term ‘strategy’ and ‘optimal strategy’ with r;.aference to Game theory.
(b) Explain the Maximin and Minimax principle used in Game theory.
12.  Define saddle point. Is it necessary that a game should always possess a saddle proint?
13. Explain “saddle point” and “dominance” as applied to a game. Illustrate with examples.

14. How do you solve a game when (a) Saddle point exists and () Saddle point does not
exist? : ) .
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16.

17.
18,
19.
20,

21.
22,
23.

24,

Show that for any zero-sum two-person game where there is no saddle point and for
which A’s pay-off matrix is

the optimal strategies (x|, x,) and (y}, y,) for an B respectively are determined by

Moo= =% N _%
)
X an—4qp ¥ &) —ay

What is the vale of the game to A?"

a

For the game ( ,
—c

_bJ , where a, b, c, d are all non-negative, prove that he optimal

strategies are:

,: c+d a+b :H: b+d atce }andv= ad — be _

a+b+c+d a+b+c+d |"latb+c+d a+rb+c+d a+b+c+d

Explain ille.grapliical method of solving (2 X ») and (m X 2) games.
Explain the algebraic method of solving a rectangular game.
Explain the theory of dominance in the solutlon of rectangular game.

Show that every two-person zero-sum game with mixed strategies has a solution.

Prove that for an a7 x # matrix game A = (g ;) both . max. min E (x, y) and min. mfx
. . X ¥ x J
E (x, y) exist-and are equal. Here E (x, ») is the pay-off function of matrix game A.

Show how a two-person zero-sum game problem can be reduced to a lineary programmmg
prob[em

Explain the method of solving a zero-sum two-person game as a linear programming

problem.

What are the limitations of game theory?



UNIT 8: WAITING LINE (QUEUING)
THEORY

2.1 Introduiction
8.2 Importarit Terms Used in Queuing Theory
8.3 Types of Queuing Models

84 Single Channel Queuing Model (Amval Poisson and Service Time Exponential)
8.5 Multi-Channel Queuing Model (Arrival Poisson and Service Time Exponential)
8.6 Poisson Arrival and Erlang Distribution for Service
8.7 Summary . ‘ . .

8.8 Review Questions

8.1 INTRODUCTION

Queuing theory has been used for many real life applications to a great advantage. It is'so because
many problems of business and industry can be assumed/simulated to be arrival-departure or
queuing problems. In any practical life situations, it is not possible to accurately determine the
arrival and departure of customers when the number and types of facilities as also the requirements
of the customers are not known. Queuing theory techniques, in particular, can help us to determine
suitable number and type of service facilities to be provided to different types of custoiers.
Queuing theory techniques can be applied to problems such as:

(a) Planning, scheduling and sequencing of parts and components to assembly lines in a
mass production system.

(») Scheduling of workstations and machines performihg different operations in mass
production.

(¢) Scheduling and dispatch of war material of special nature based on operational needs.
(d) Scheduling of service facilities in a repair and maintenance workshop.

(¢) Scheduling of overhaul of used engines and other assemblies of aircrafts, missile
* systems, transport fleet, etc.

(A Scheduling of limited transport fleet to a large number of users.

(g) Scheduling of landing and take-off from airports with heavy duty of air traffic and
limited facilities.

() Decision of replacement of plant, machinery, special maintenance tools and other
equipment based on different criteria. o

Special berefit which this technique enjoys in solving problems S}lCh as above are:

(/)" Queuing theory attempts to solve problems based on a scientific understanding of the
problems and solving them in optimal manner so that facilities are fully utilised and
waiting time is reduced to minimum possible.

Waiting Line (Queuing)
Theory

* NOTES
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(i), Waiting time (or queuing) theory models can recommend arrival of customers

to be serviced, setting up of workstations, requirement of manpower, etc., based on
probability theory. ‘

Limitation of Quéuing Thedry ' : .

Though queuing theory provides us a scientific method of understanding the queues and solving
such problems, the theory has certain [imitations which must be understood while using the
technique, some of these are: ‘

(@)

. ®

(c)

(@)

Mathematical distributions, which we assume while solving queuing theory problems,
are only a close approximation of the behaviour of customers, time between their arrival
and service time required by each custoiner.

Most of the real life queuing problems are complex situation and are very difficult to.
use the queuing theory technique, even then uncertainty will remain.

Many situations in industry and service are multi-channel queuing problems. When a

“customer has been attended to and the service provided, it may still have to get some

other service from another service point and may have to fall in queue once again. Hetre

* the departure of one channel queue becomes the arrival of the other channel qucue.

In such situations, the problem becomes still more difficult to analyse.

Queuing model may not be the ideal method to solve certain very difficult and
complex problems and one may have to resort to other techniques like Monte-Carlo
simulation method. ) . ’

82 IMPORTANT TERMS USED IN QUEUING THEORY .

178+ Self-Instructional Material

Following are some important terms used in queuing theory:

1.

Arrival Pattern: It is the pattern of the arrival of a customer to be serviced. The
pattern may be regular or at random. Regular interval arrival patterns are rare, in most
of the cases, arrival of the customiers cannot be predicted. Regular pattern of arrival of
customers follows Poisson’s distribution.

Poisson’s Distribution: It is discrete probability distribution which is used to determine
the number of customers in a particular time. It involves allotting probability of
occurrence of the arrival of a customer. Greek letter A, (Jamda) is used to denote mean
arrival rate. A special feature of the Poisson’s distribution is that its mean is equal to
the variance. It can be represented with the notation as explained below.

P(i7) = Probability of n arrivals (customers)
A =Mean arrival rate =
e = Costant = 2.71828

— "
Pn) = g )

n

Notation | or: is called the factorial and it means th_af

ln orn!'=n(n—1) (1 =2) (1=3) oo 2.1 ,

Poisson’s distribution tables for different values of # is available and can be used
for solving problems where Poisson’s distribution is used. However, it has certain

limitations because of which its use is restricted. It assumes that arrivals are random
and independent of all other variables or parameters. Such can never be the case.

,Wheren=0,12, .....



3. Exponential Distribution: This is based on the probability of completion of a service Waiting Line (Queuing)
and is the most commonly used distribution in queuing theory. In queuing theory, our Theory
effort is to minimize the total cost of queue and it includes cost of waiting and cost
of providing service. A queue model is prepared by taking different variables into .
consideration. In this distribution system, no maximization or minimization is attempted. NOTES
Queue models with different alternatives are considered and the most suitable for a y

- particular is attempted. Queue models with different alternatives are considered and

the most suitable for a particular situation is selected. .

4. Service Pattern: We have seen that arrival pattern is random and poissons distribution
can be used for use in queue model. Service pattern are assumed to be exponential for
purpose of avoiding complex mathematical problem.

5. Channels: A service system has a number of facilities positioned in a suitable manner.
" These could be

(a) Single Channel Single Phase System. This is very simple system where all the
customers wait in a single line in front of a single service facility and depart after
service is provided. In a shop if there is only one person to attend to a customer,
is an example of the system. '

. Input N :> Service |::> Served
Atrivirig Customers Facility Customer

{units etc.)

Queue or Waiting Line Service - Output

Fig. 8.1

(b) Service inseries: Here the input gets serviced at one service station and then moves to
second and or third and so on before going out. This is the case when a raw material
input has to undergo a number of operations like cutting, turning drilling etc.

'Ii> Facility . |:> Facility I:> Served
Queue I Queue 2 Customer

. Fig. 8.2

(c) Multi-parallel facility with a single gueune: Here the service can be provided at a
number of points to one queue. This happens when in a grocery store, there are
3 persons servicing the same queue or a service station having more than one
facility of washing cars. This is shown in Figure 8.3. '

Facility 1

Served
_— r—_—> Facility 2 |:> Customers
Queue: ’ , Departs

Facility 3 |
Fig. 8.3

(d) Multiple parailel facilities with multiple queue: Here there are a number of queues |
and separate facility to service each queue. Booking of tickets at railway stations,
bus stands, etc., is a good example of this. his is shown in Figure 8.4.
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1
—— > R ] >
2 Departure of
_ |:> Facility 2 :> Served
Customers
) —>

Fig. 8.4

6. ~Service Time: Service time, i.e., the time taken by the customer when the facility is

10.

AL

dedicated to it for serving depends upon the requirement of the customer and what
needs 10 be done as assessed by the fécility provider. The arrival pattern is random so
also is the service time required by different customers. For the sake of simplicity the
time required by all the customers is considered constant under the distribution. If the
assumption of exponential distribution is not valid, Erlang Distribution is applied to
the queuing model. '

Erlang Distribution: It has been assumed in the queuing process we have seen that
service is either constant or it follows negative exponential distribution in which case
the standard deviation & (sigma) is equal to its mean. This assumption makes the use
of the exponential distribution simple. However, in cases where ¢ and mean are not
equal, Erlang distribution developed by AK Erlang is used. In this method, the service
time is divided into number of phases assuming that total service can be provided by
different phases of service. It is assumed that service time of each phase follows the
exponential distribution, i.e., ¢ = mean.

Traffic Intensity or. Utilisation Rate: Thisis the rate of at which the service facility

is utilised by the components.

If A = mean arrival rate and o

(Mue) M = Mean service rate, then utilisation rate (p) =A/|t it can be easily seen from
the equation that p > | when arrival rate is more than the service rate and new arrivals
will keep increasing the queue. p < 1 means that service rate is more than the arrival
rate and the waiting time will keep reducing as | keeps increasing, This is true from
the commonsense. ' .

Idle Rate. This is the rate at which the service facility remainslunutilised and is lying
idle. :

Idle rate = 1 —utilisation rate =1 —p = (1'— &} X total service facility =. [I - &] X A .
' _ L u : ' M) u
Expected Number of Customers in the System. This is the number of customers in

A
(R-A)
Expected Number of Customers in Queue (Average queue length). This is the

queue plus the number of customers being serviced and is denoted by E,=

number of expected customers minus the number bein g serviced and is denoted by E,

E=E-p=_ b _A_ A
(H=2) p pu-2)



12.

13.

14.

15.

l6.

17.

Expected time spent by customer in system. It is the time that a customer spends
waiting in queue plus the time it takes for servicing the customer and is denoted by E,

A

E..= &z(u_l)z ! .
A 8 (L—=3)

Expected waiting time in queue. It is known that E, = expected waiting time in queue

+ expected service time, therefore expected waiting time in queue (E,) =E, ——.

po bt 1 r
B=A) (L-2) p Ap-A)

Probability that customer wait is zero. It means that the customer is attended to for
servicing at the point of arrival and the customer does not wait at all. This depends

Average length of non-empty queue. E, =

upon the utilization rate of the service or idle rate of the system, p, = 0 persons waiting

in the queue = | - }_ and the probability of 1, 2, 3, .. , 1 persons waiting in the queue

1= |y Pr= — | s Pn = - .
)7 v

Queuing Discipline. All the customers get into a queue on arrival and are then serviced.
The order in which the customer is selected for.servicing is known as queuing discipline.
A number of systems are used to select the customer to be served. Some of these are:

.will be given by

(a) First in First Served (FIFS): This is the most commonly used method and the
customers are served in the order of their arrival.

() Last in First Served (LIFS): This is rarely used as it will create controversies and
ego problems amongst the customers. Any one who comes first expects to be served
first. It is used in store management, where it is convenient to issue the store last
recetved and is called Last In First Out (LIFO).

(¢) Service in Priority (SIP): The priority in servicing is allotted based on the special
requirement of a customer like a doctor may attend to a serious patient out of turn,
so may be the case with a vital machine which has broken down. In such cases the
customer being serviced may be put en hold and the priority customer attended to
or the priority may be on hold and the priority customer waits till the servicing of
the customer already being serviced is over.

Customer Behaviour: Different types of customers behave in different manner while
they are waiting in queue, some of the patterns of behaviour are:

(a) Collusion: Some customers who do not want to wait they make one customer as their
representative and he represents a group of customers. Now only the representative
waits in queue and not all members of the group.

(b) Balking: When a customer does not wait to join the queue at the correct place
- which he warrants because of his arrival. They want to jump the queue and
move ahead of others to reduce their waiting time in the queue. This behaviour

is called balking. '
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Operations Research (¢) Jockeying: This is the process of a customer leaving the queue which he had joined
and goes and joins another queue to get advantage of being served earlier because
the new queue has lesser customers ahead of him. :

(d) Reneging: Some customers either do not have time to wait in queue for a long time -
NOTES or they do not have the patience to wait, they leave the queue without being served.

18, Queuing Cost Behaviour. The total cost a service provider system incurs is the sum
of cost of providing the services and the cost of waiting of the customers. Suppose the
garage owner wants to install another car washing facility so that the waiting time of
the customer is reduced. He has to manage a suitable’ compromise in his best interest. If
the cost of adding another facility is more than offset by reducing the customer waiting
time and hence getting more customers, it is definitely worth it. The relationship between

_these two costs is shown below.

Total Cost

of Service Cost of

Providing
Service

Cost

Cost of
Waiting

Optimal ’
Service Leve] b

Waiting Time/Level of Service ——»

Fig. 8.5

8.3 TYPES OF QUEUING MODELS

Different types of models are in use. The three possible types of categories are: -

(@) Deterministic mbdel_: Where the arrival and service rates are known. This is rarely
used as it is not a practical model. -

(b) Probabilistic nodel: Here both the parameters, i.e., the arrival rate as also the service
rate are unknown and are assumed random in nature. Probability distribution, i.e.,
Poissons, Exponential or Erlang distributions are used.”

(¢) Mixed model: Where one of the parameters out of the two is known and the other is
unknown. .

8.4 SINGLE CHANNEL QUEUING MODEL (ARRIVAL POISSON
AND SERVICE TIME EXPONENTIAL) -

This is the simplest qﬁeuing model and is commonly used. It malgés the following assumptions:

(@) Arriving customers are served on First Come First Serve (FCFS) basis.
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(b} There is.no Balking or Reneging. All the customers wait the queue to be served, no Waiting Line (Queuing} -
one jumps the queue and no one leaves it. Theory

(c) Arrival rate is constant and does not change with time.
(dy WNew customers arrival is independent of the earlier arrivals_;. i _ NOTES
(¢) Arrivals are not of infinite population and follow Poisson’s distribution.
(f) Rate of serving is known. ) .
(g) Allcustomers have different service time requiréments and are inde_pendent ofeach other.
() Service time can be described by negative exponential probability distribution.
(i) Average service rate is higher than the average arrival rate and over a period of time
the queue keeps reducing.

Example 8.1, Assume a single channel service system of a library in a school. From past
experiences i1 is known that on an average every hour 8 students come for issue of the books at
an average rate of 10 per hour. Determine the following: '

(a)  Probability of the assistant librarian being idle. ‘ . N
" (b) Probability that there are at least 3 students in system.
(c) Expected time that a student is in queue.
Solution, '
A

(a) Probability that server is idle = (_.J[l _l) in this example A = 8, j.L =10 .
' : u u : : .

i(l_i '

(b) Probability that at least 3 students are in the system

IH 4
e (2[5 -0
m 0] .

(¢) Expected time that a students is in queue

- S __ 64
H(u-2) (10x2)

Example 8.2. Self-help canteen employs one cashier at its counter, 8 customers arrive every

10 minutes on an average. The cashier can serve af the rate of one customer per minute, Assume
Poisson’s distribution for arrival and exponential distribution for service patterns. Determine |

=3.2 hours.

(a) Average number of customers in the systens;
: A

(b) Average queue length;

(c) Average time.a customer spends in the systemn.
. 8 .
Solution. Arrival rate A = 10 customers/minute

Service rate [L = 1 customer/minute

(@) Average number of customers in the system
0.8

E,= ——=—0". =4

A
" u-A 1-08
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(b) A'verag.c queue length
! .

) a2 2
H{p-2) 1x02.
(¢} Average time a customer 'sppnds in the queue’

| E A . 08

= = =4 minutes. -
! _ w H(H » - 1x02 minutes

Example' 8.3. Asrival rate of telephone calls at telephorie booth are accordmg to Poisson
distribution, with an average timé of 12 minutes between two consecutive calls arrival. The
fength of relephone calls is assumed to be exponentially distributed with mean 4 minutes.

- (a) Detenmpe the probability that person-arriving at the booth will have to wait, -
(b)  Find the,average queue length that is formed from time to time.
() The telephane company will install second booth when convinced that an arrival would

expect to have to wait at least 5 minutes for the phone. Find the mcrease in flows of
arrivals which will Justify a second booth.

- {d) - Whatis zhe probability that an arrwal will have to wail for more than 15 mmures before
the phone is free? '

fe) Find the'fraction of a day that the phone will be in use.
Solution. Arrival rate A = 1/12 minutes
. | :

" Service rate [ = 1/4 minutes. , A 1 ) 1.
(a) Probability that a person will have to wait = E = ITZ = e X4= g =033
| 3
. - ! |
Cd : N R R 12
(b) Average 5queue length = E,= T 11 =142 x4 % 5= 1 person.
| T o4\4 12
o 1o . A
() Average waiting time in the queve E, = —1 —= .
: o H(E=2) l(u_;L)
I 4 1
| .
| ’ _5= —l'll—', ng=(%+1)ll
Rk
|

A= —Saxi =3 arrivals/minute
‘ 6 9 36 .

1 .
Increase i m flow- of amvals = i— ~1— =— mmutes
. 36 12 18
(@ Probabxhty of waiting time > 15 minutes.
i ' . 1. .
_ X A5 12 (-4 1 Bl s

0 1 3
. : |
A

I
|
: i
(e) Fraction oI a day that phone will be in use = E =(.33.
| :
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Example 8.4 4n electricity bill receiving window in a small town has only one cashier who
handles and issues receipis to the cistomers. He takes on an average 5 minules per customer.

. It has been estimated that the persons coming for bill payment have no set pattern but on an
average 8 persons come per hour. The management receives a lot of complaints regarding
customers waiting for long in queue and so decided to find oul.

(a) What is the a:verage length of queue? _
(b) What time on an average, the cashier is idle? -
(c) What is the average time for which a person has to wait to pay his bill?
(d) Whatis the probabi!ity that a person would have to wait for at least 10 minutes?
Solution. Making use of the usual notations
A = 8 persons/hour

p= 10 persons/hour

: 5 64
’ A l = = =13.2 persons
{a) verage queue length -7 ~1000-8) p
(b) Probability that cashierisidle=p,= 1- X =1- % =(.2, i.e., the cashier would be idle for, '
20 % of his time. B - '
(c) Average length of time that a person is expected to wait in queue.

= A 8 = 24 minutes

"~ RE-A)  1000-§)

(d) Probability that a customer will have to wait for at least 10 minutes.

p(@)= —X

~(8-10)x} =.8._e—"53, =L hours. .
10 6 -

Example 8.5. ABC Diesel engineering works gets on an average 40 engines for overhaul per .

week, the need of getting a diesel engine overhauled i. is almost constant and the arrzval of the
repairable engines follows Poissons’s distribution.

However, the repair or overhaul time is exponentially distributed. An engine not available
for use costs T 500 per day. There are six working days and the company works for 52 weeks
per year. At the moment the company has established the following overhaul facilities.

Facilities
1 2
Installation Charges - _1200000 1600000
Operating Expenses / year 200000 350000
Economic life (years) 8 10
Service Rate/Week ' 50 80

The facilities scrap value may be assumed to be nil. Determine which facility should be preferred
by the company, assuming time value of money is zero?

Solution. Let us work out the total cost of using both the facilitates.
Facility 1: & = 40/week, ul= 50/week

Waiting Line (Queuing)
Theory

NOTES

-]
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Total annual cost = Annual capital cost + Annual operating cost + Annual cost of lost time
of overhaul able engines.
Expected annual lost time = (Expected time spent by repairable engines in system)
X (Expected number of arrivals in a year),

E, = L(x x number of weeks) = —1 x40 52" =208 weeks.
p—-2 (50-40)

Cost of the lost time = ¥ 208 x 6 x 500 = 624000
Total annual cost ‘

- 1200000 + 200000 + 624000 = 150000 + 200000 + 64000
= ¥ 974000
Facility 2: Annual capital cost -
= 160100000 + 350000 + cost of lost engine availability time
"Cost o lost availability time= E, x (A x number of weeks) = = x (A x number of weeks)
U=
Here. A= 40
p=80
Hence, cost of lost availability time = X (40 52) = 2080 = 52 weeks/years.
80~ 40 40 '
_ Cot of lost time = 52 x 6 x 52 = T 162245
Total cost = 1809090 350000 + 162045 = 7 672245
N - 10 -

Hence, facility No. 2 should be preferred to facility number one.

8.5 MULTI-CHANNEL QUEUING MODEL (ARRIVAL POISSON AND
SERVICE TIME EXPONENTIAL)

This is a common facilities system used in hospitals or banks where there are more than one
service facilities and the customers arriving for service are attended to by these facilities on first
come first serve basis. It amounts to parallel service points in front of which there is a queue.
This shortens the length of the queue if there was only one service station. The customer has
the advantage of shifting from a longer queue where he has to spend more time to shorter queue
and can be serviced in lesser time. Following assumptions are made in this model:

(a) The input population is infinite, i.e., the customers arrive out of a large number and

follow Poisson’s distribution.

(b)  Arriving customers form one queue.

() Customer are served on First come First served (FCFS) basis.

¢y Service time follows an exponential distribution.

(¢) There arc a number of service station (K) and each one provides exactly the same
service, '

{/)  The service rate of all the service stations put together is more than arrival rate.
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In this analysis we will use the following notations. Waiting Line (Queuing)

A = Average rate of arrival . Theory
IL = Average rate of service of each of the service stations
K = Number of service stations NOTES

Ku = Mean combined service rate of ail the service stations.

Hence p(rho) the utilisation factor for th system = Ki .
1

' 30I0)
(a) Probability that system will be idle p, = AL7 PN L.V S
Z%m [(1-p)

() Probability of # customers in the system.

Pa= (—E)—xponsk

(_A;)"
Pp= —"E K'*xp, n>k
(¢) Expected number of customers in queues or queue length
A
' 2 % Po-
l&1-0

{(d) Expected number of customers in the system=E,=E_+ &
1l
{¢) Average time a customer spends in queue
E H
Bu=

(/ Average time a customer spends in waiting line

= Ew+.1_

K

Example 8.6. A workshop engaged in the repair of cars has two separate repair lines assembled
and there are two tools stores one for each repair line. Both the stores keep in identical type of
tools. Arrival of vehicle mechanics has a mean of 16 per hour and follows a Poisson distribution.

Service time has a mean of 3 minutes per machine and follows an exponential distribution. Is it
desirable to combine both the tool stoves in the interest of reducing waiting time of the machie
and improving the efficiency? '

Solution. A= l6/hour

U= 1%x60=20 hours

Ao 16
L(L-2) 20(20—16)

Expected waiting time in queue, E, = = (.2 hour = 12 minutes. If
we combine the two tools stores. )
A= Mean arrival rate = 16 + 16 =32 / hour; here K=2, n= 1.

1L = Mean service rate 20/hour
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Expected waiting time in queue, E,, =

where pg

P[ﬂm =

5, )
B

= 1Ku -2

32(3%)

2-1(40~32)° 25

Hence E,, = -35?— % 0.182 =14 rhinutes.

Since the waiting time in queue has increased, it is not desirable to combine both the tools
stores. Present system is more efficient.

Solution. The existing system is multi-channel system, using the normal notations here

A= 12/hour and p= %9 = 15/hour-

Average time a customer spends in the queue waiting to be served.

E, = Average number of customer in he queue waitiﬁg to be served.

E =
or E_'IIP =
where py=

k—1{kp-2)

E

B k
me o,

o
A b(ki—k)z P

7 =

Po-

Example 8.7. .{ bank has three different single window service counters. Any customer can get
any service from any of the three counters. Average time of arival of customer is 12 per hour
and it follows Poisson’s distribution. Also, on average the bank officer at the counter takes
4 minutes for servicing the customer. The bank is considering the option of installing ATM,
which is expected to be more efficient and service the customer, twice as the bank officers do
at present. If the“only consideration of the bank is to reduce the waiting time of the customer,
which system is better? '



Here k=13
-1
%)
po= |y, 12, \25
15%6 {1_g}
45
po=[1+0.133+0.06]" ' =[1.193]"! =0.83
3
15(12
= J%)(;:b:le——xpD
12(18) (125 % 2 x324)
= 15x64x——22__ _ 0,009 hour
(250%324)
= (.33 seconds.
Proposed System
o= M here A = 12/hour, p = 15/hour, E, = _ 12 12 22 %60
R —2) 15(15-12) 45
= 16 minutes

Hence, it is better to continue with the present system rather than installing ATM purely on
the consideration of customer waiting time.

Example 8.8. At a polyclinic three facilities of clinical laboratories have been provided for blood

testing. Three lab technicians attend to the patients. The technicians are equally qualified and
experienced and they take 30 minutes to serve a patient. This average time follows exponential
distribution. The patients arrive at an average rate of 4 per hour and this follows Poisson's
distribution. The management is interested in finding out the following:

(a}  Expected number of patients waiting in the queue.
(b)  Average time that a patient spends at the polyclinic.
{c) Probability that a patient must wait before being served. .
(d) Average percentage idle time for each of the lab technicians.
Solution. In this example
A = 4/hour

K= L><i50:2}’hc:vur
30

K=3
po = Probability that there is no patient in the system.

1,2
[0 [2

Wamng Line (Queuing)
Theory

NOTES
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. : = [1+1+2—_4 } =(26)"!=0.038

() Expected number of patients waiting in the queue

Y 4
1 (A Al
E —1 —

= Bx SXﬂx 0.038 = 8 x 0.038 = 0.304 or one patient

NOTES -

(b) Average time a patient spends in the system

=k + 1_0304 +.1. =0.076+0.5 = 0576 hours = 35 minutes
2 - .

._}L_p 4

(c¢) Probability that a patient must wait

k
pmzhk)= i(&) pr
i) T

1 .
=—6-><8><8><0.038

= 0.40

1
(d) p (idle technician) = % Pot % nt % p,whenp, = é[%} pu‘
Po = when all the 3 technician are idle (no one is busy)
p1 = when only one technician is idle (two are busy)
P2 = when two technicians are idle (only one busy)

p (idle technician) = 2 x 0,038+ 2 x i]xo.038+1><i(2)2 % 0.038
, 3 3702 3712

= 0.038 + 0.05 + 0.025
=0.113 -

8.6 POISSON ARRIVAL AND ERLANG DISTRIBUTION FOR
SERVICE

We have assumed in our earlier problems that the two service pattern distributions follow
exponential distribution in a manner that its standard deviation is equal to its mean. But there |
3 are many situations where these two will vary, we must use a model which is more relevant

‘ and' applicable to real life situations. In this method the service is considered in a number of
phases each with a service time 1/{1 and time taken in each phase is exponentially distributed.
With same mean time of 1/, with different channels we get diffcrent distribution. The method
makes the follows assumptions:

{(a) ' The arrival pattern follows Poisson distribution.

(b)  One unit completes service in all the phases and only then the other unit is served.

(¢) Ineach phase the service follows exponential distribution.
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Phases Dep
O ® 6
Service

. Queue

Fig. 8.6

The following formulae are used in this method:
1. Expected number of customer in the system )
2
l b .L__ + & — Eq 4 &
2k up-k) p B
2. Expected number of customers in the queue (or Average queue length
1 A
E = fk+——x———ro
. 2k p(n-3)
3. Average waiting time of a customer in queue
. 22
= X
2k pp—-A)
4. Expected waiting time of a customer in the system
k+1 2 1
E=2"" % l— +—
2k p(u-A) u
Example 8.9. Maintenance of machine can be carried out in 5 operations which have to be
performed in a sequence. Time taken for each of these operations has a mean time of 5 minutes’
and foflows exponential distribution. The breakdown of machine follows Poisson distribution and
the average rate of breakdown is 3 per hour. Assume that there is only one mechanic available,
Jfind out the average idle time for each machine breakdown.
Solution, K =3 '

3 .
Arrival A= 6 = 1/20 machines/hour

Total service time for one machine =5 x 3 = 15 minutes

E,= k+

n

E =%

Service rate )L = 1/15 machines/hour

p = Utilisation rate/traffic intensity = ki = (-21—0 X 3j x15= % =0.25

1l
: 2
Expected idle time for machine =& + Ly= M + 1
20 wu-A) p

4 1 1 1 1Y 1
—X—=X—XI5| ——— [+
6 20 20 15 20/ 15

L-+-15><60-+-15=1.5-i-IS=I6.5 minutes.
600

Example 8.10. In a restaurant, the customers are required to collect the coupons after making
the payment at one counter, after which he moves to the second counter where he collects the
snacks and then to the third counter, where he collects the cold drinks. At each counter he
spends 1 1/2 minutes on an average and this time of service at each counter is exponentially
distributed. The arrival of customer is at the rate of 10 customers per hour and it follows
Poisson's distribution. Determine .

Waiting Line (Queuing)
Theory

NOTES
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.

(a) Average time a customer spends waiting in the restaurant;

(b) ‘Avemge time the customer is in éueue.

Solution. A= 10 customer/our

(a)

)

It

Total service time for one customer

3 X3= 2 customers

L

4 X 60 = _8_0 hours.
3

9
Average time a customer spends waiting in the restaurant E, = & + L —L
_ 2 )
i = leix@—lo 1 xi__?’_ minutes or ixﬁoo 0.9 minutes.
9 80 3 4 50 200 200
Average time the customers in queue.
1. L‘— 3 xX60= 2 minutes
p 80 80 4 i
3

8.7 SUMMARY

Qucumg theory has been used for many real life applications to a great advantage: It
"~ is so because many problems of business and mdustry can be assumed/simulated to be

. arrival-departure or queuing problems.

Queuning theory techniques, in particular, can help us to determine suitablé number and
type of service facilities to be provided to different types of customers.

Arrival Pattern: It is the pattern of the‘ arrival of a customer to be serviced.

Poisson’s Distribution: It is discfete probablhty distribution which is used to detenmne
the fiumber of customers in a particuldr tifhe. -

Exponential Distribution: This is based on the probab111ty of completion of a service
and is the most commonly used distribution in queuing theory.

Service Pattern: We have seen that arrival pattern is random and poissons distribution
can be used for use in queue model.

Channcls: A service system has a number of facilities positic_)ned in a suitablé manner.

Service Time: Service time, i.e., the time taken by the customer when the facility is
dedicated to it for serving depends upon the requirement of the customer and what
needs to be done as assessed by the facility provider.

" Idle Rate. This i is the rate at whlch the service facility remains unutilised and is
. lying idle.

8.8 REVIEW QUESTIONS
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1.
p
3.

WHat is a queue? Give an example and explain the basic concept of queue.
Define a queue. Give a brief descriptien of the type of queue discipline commonly faced.

(@) "Explain the single channel and multi-channe] queuing models.



10.

11.

12.

13.

14,

15.

(b) Draw a diagram showing the physwal layout of a queuing system with a multi
server multi-channel service facility.

(a) lee some applications of queuing theory.

(b) State three applications of waiting line theory in business enterprises.

.- With respect to the queue system, explain the following:

(i) Input process, (i) Queue discipline, (/if) capacity of the system, (iv) Holding time,

- (v) Balking and (vi} Jockeying.

Bneﬂy explain the important characteristic of queuing system
What do you understand by:

(@) () queue length, (i) traffic intensity, (ii/) the service channels?
(b) (i) steady and transient state. and (if) utilization factor?

Show that if the inter-arrival times are exponentially distributed, the number of arrivals
in a period of time is a Poisson process and conversely.

Consider the pure birth process, where the system starts with K. customers at = 0,
Derive the equation describing the system and then show that
—M "
)"
= cn=kk+1,.
T
Consider the pure birth process, where the number of departures in some tlme interval
follows a Poisson distribution. Show that the line between successive departures is

exponential.

If LAt is the probability ofa single amval durmg a small interval of time At, and if the
probability of more than one arrival is negligible, prove that the arrivals follows the
Poisson’s law. -

*(a) Derive Poisson’s process assuming that the number of arrival, in non-overlapping

intervals, are statistically independent and then apply the binomial dlstrlbutlon
(b) What are the various queuing models available?

Explain (i) Single queue, single server queuving systein, and (i) Smgle queue, multiple
servers in series queues.

[Hint. GD indicates that discipline is general, Le., it may be FCFS or LCFS or SIRO].

For a (M/M/1): (e=/F/FO) queuing model, in the steady-state case, obtain expressions
for the mean and variance of queue length in terms of relevant parameters: A and JL.

For a (M/M/1): (==/F/FO) quening model in the steady-state case, show that

(a) The expected number of units in the system and in the queue is given by

2
E(n) =

=" and E(m)= m

(b) () Expected waiting time of an arrival in the qusue is p

. _ pa-p)
(i) Expected waiting 1time the customer spends in the system (including services)

is
(L—A)

-

Waiting Line (Queuing)
Theory

NOTES

_Self-lnstructional Material 193



Operations Research

NOTES

194 Self-instructional Material

16.

17.

18.

19.

20.

21.

22
23.

24,

25.

Define busy period of a queuing system. Obtain the busy period distribution for the
simple (M/M/1): («/FCFS) queue.
What is the condition that the busy period will terminate eventua]ly?

Derive the differential-differential equations for the queuing mode] (M/M/1):
(N/FCES) and solve the same.

For a (M/M/1): (N/FIFO) queuing model: -
{7} find the expression’for E(n),
(7)) derive the formula for P, and E(n) when p=1.
(a) Fof a (M/M/C): (e / FCFS) queuing model; derive the expression for
(i) the steady state equation,
(if) probability that a customer will not have to wait,
(iff) expected number of customer in thgé queue,
(v) cxpected number of customers in the system,
(v) cxpected waiting time of a customers in the system,
(vi) probability of server to be idle.

(b) Giving clearly the assumptions, derive the steady state distribution of queue length
in (M/M/K) queuing model.

For (M/M/C) : (N/FCFS), derive the steady-.state equations describing the situation for
N =C; then show that the expression for P, is given by

R
P = fﬁ 0<n<C

n nl 2
¢ , otherwise

wherc | S (%) ]
Tnl
' n=0

For Erlang is distribution with parameters | and X prove that the mode is at &-1)
; : Kp -

bl

the mean is L , and the variance is Lz
H Kn

For (M/G): (e«/FCFS) queuing model derive the Pollaczek-Khintehine (P -K) formula

for expected number of customers in the system.

Show that for the special case of exponential service time with mean L , the results of.
B

(M/G/1) model reduce to those of the (M/M/1) model.

Under the standard queuing model nomenclature indicate what do you mean by the
following:

M/MIS, DIM/1, M/Gy/S, G/G/S and E/GY/S

Write short notes on

(1) Cost-profit models in queuing theory.

(ify Non-Poisson queues. . -

(79) Information requirement, assumption and objectives of queuing models.



26. A foreign bank is considering opening a drive in window for customer service. Waiting Line (Queuing)

Management estimates that customers will arrive for service at'the rate of 12 per hour. Theory
The teller whom it is considering to staff the window and serve customers at the rate
of one every three minutes. Assuming Poisson arrival and Exponent ice service find:

NOTES

{a) Utilization of teller;
(b) Average number in the system;
{¢) Average waiting time in the line;

(d) Average waiting time in the system.
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UNIT9: 'INVENTORY MANAGEMENT

Structure

9.1 Introduction
9.2 Reasons for Carrying Inventories
9.3 Classification of Inventories
9.4 The Inventory Decision
9.5 Inventory Costs .
9.6 Developing an If{ventory Management Model
9.7  Steps Involved in Developing an Inventory Model
9.8 The Economic Order Quantity (EOQ) or Wilson’s Lot Size Formula
9.9  Graphic Method
9.10" Algebraic Method
9.11  Deterministic Inventory Model with Shortage (Back Order Model)
9.12  Concept of Safety Stock or Buffer Stock
9.13" Selective Inventory Management
9.14  Objectives of ABC Analysis
9.15 " Some Limitations and Observations
9.16 Probabilistic Inventory Models
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9.1 INTRODUCTION

Inventory in general and in wider sense is defined as an idle resource, which has some economic
value. The word inventory is loosely used as listing of materials of interest. But related with
financial aspects, it is the total of raw materials, spare parts, maintenance materials, fuels and
lubricants, paints and acids, tools, gadgets, semi-processed materials, semi-finished goods and
finished goods, etc. Though an idle inventory is a resource, which is idle when kept in stores
and this costs the enterprise. money, some amount of inventory has to be maintained for smooth
functioning of the cnterprise. If no 1nvent0ry is maintained, the enterprise may be forced to buy
the raw material or other goods necessary for meetin g the production targets, at very high price.
Inventories have to be maintained for achieving a planned operational smoothness. Also, the
monetary value of inventory will indicate the investments required to be made for achieving
desired production/service requirement. So, the managers need to be aware of the nature of the
production distribution system/service system in a particular industry and different functions
that inventories perform in the system. Inventory provides the management with flexibility or
choice of using it selectivity to support and implement the corporate strategies, whether it is
buying the raw matcrial in bulk to take advantage of discounts, etc., or to increase production
to enlarge market share at a particular time.
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Inventory control is a subject of study under the broad discipliné of materials management-
Materials need to be handled and managed by any enterprise be it a production unit, a workshop
engaged in overhauling of vehicles, any engineering department engaged in any of the operations
6n machines or a service industry like hospitals, hotels, educational institutions or an aimy unit.
The main objective of handling the materials are:

(a) Operate the plant and machinery installed or services designed to its optimal capacity
so that maximum production is achieved or best service is provided in the interest of
the user/customer.

(») Minimum investment ongmaterial is made. As funds are always in scarce quantity, their
optimum use is one of the vital areas of management. . '

Inventory management has become extremely important as scientific management of’i mventory
can increase the profits of the enterprise or reduce its costs. Organizations have to make substantial
investments in materials; many enterprises have 2025 per cent of the total funds committed to
inventory. Some industries like pharmaceuticals and chemical/paints industry may have even 70%
cost contribution to the total funds of the organization. Managerial tools are being extensively
used to control inventories, as this is an area, which can immediately provide concrete results
in terms of reduced expenditure and increased profits.

Just the right amount of inventory being made available at the right place and right time is
very complex and difficult to achieve. It is common knowledge that government departments
overstock inventories without any consideration for cost it involves. On the other hand, Japan
has brought in the concept of Just in Time (JIT) so that no stocks are kept and the raw material
directly moves from the manufacturer to the machine where it is to be used.

Different terms like Inventory Management, Inventory Control, Inventory System, Inventory
Theory, Inventory process, etc., are used while explaining the same objective ag explained above.

92 REASONS FOR CARRYING INVENTORIES

The need to carry inventories has been discussed in prevmus paragraph. The enterprises hold
inventories for the following reasons:

(a) Effective and efficient running of the business of the enterprise according to- thc plans.

(b) The customer or service user gets the advantage of the goods and services being provided
. as and when required by them, i. e., there is no scarcity.

(c) By meeting the deadlines of delivery, the enterprise can improve its cash flows. The
cycle of more funds available for more production and sales starts.

(d) Purchase management provides lot of advantage of buying at the right time the right
quantity. ' .
(e) It helps in Production Planning and Control (PPC) functioning.

(f) Store management can provide benefits of minimizing losses due to deterioration,
pilferage, damages, etc. :

In fact, inventory is one of the indicators of management effectiveness. As will be seen later
in the chapter, inventory turnover ratio (which can be determined by dividing the annual demand
by the average inventory) is an index of business performance. Good inventory management
deals with designing and xmplementmg optimal policies for procurement of materials used in
the production of goods and services.

-

" . Inventory Management

NOTES

Self-lnstruétional Material 197



QOperations Research

NOTES

9.3 CLASSIFICATION OF INVENTORIES

Inventories as already defined, are the stocks of raw materials, goods and commodities or other
resources of economic value, which are procured and maintained for use in future. These stocks
may be held for many reasons or purposes. In general, there are following types of inventories:

1. Direct Inveniories

This includes such items, which are dircctly used for production or manufacture and are a part
of the goods/services produced or provided. Basically, the direct inventory can be categorized
in the following manner: ) ’

{a) ' Raw material: Which the enterprise uses for its production/manufacture.

() Workin process: Some products at different stages of production/assembly also have
to be kept to maintain smooth production.

(¢) TFinished goods after production: The finished goods maj/ be stocked to meet varying
matket demands.

2. Indirect Inventories

Indirect inventory includes such items, which are required for manufacturing (production of
goods and services) but are not a part of the finished goods. For example, fuel, oil, coolants,
lubricants, maintenance spare parts, tools, etc., are in the inventory of every production enterprise
but these do not become a part of the goods produced. Indirect inventories may be classifie as:

(@) Transporiation inventory

These are also called transit ot pipeline inventories, these are transported from different.
locations to different production centres, depending upon the demand of such centres.
Some items if the inventory of the enterprise are in the pipeline. For example, a thermal
plant using coal as fuel, will have the stocks in the plant yet some will be in the transpost
like train or trucks on way from the coal depot.

(B)  Buffer inventories

No organization will like to hold stocks or inventories more than that are absolutely
essential as these are considered a necessary evil. However, no enterprise can afford
stock-out and loss of customers just because of the non-availability of raw materials
and related inventory items. One may know the average demand and the inventory
requirement, for that demand but demands will fluctuate. Hence, some extra or buffer
inventory or safety stock must be maintained in excess of what is required for production.
Also, when an order is placed for a raw material, it cannot be instantaneously made
available at the point of use. There’s always a ‘lead time’ between the order placed
and material being available for use. There is a need of excess inventory to cater for
different lead times. )

(¢} Decoupling inventories

Decoupling inventories permit the production to go on without the interdependence of
different stages of production, for example, if there were no work-in-process inventories,

if a particular work station or machine breaks down, the entire production process will

come to a halt. Decoupling inventories may also be viewed as stocks, which decouple
the supplier from the manufacturer as also the finished goods decoupling the consumer
from the manufacturer. Hence, decoupling inventories permit independence and the
production does not remain totally dependent on the activities of the previous operations.
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(d) Seasonal inventories Inventory Management

Demands in many cases are seasonal and the inventories have to be maintained to
meet such high seasonal demands economically. The demand for cooler or A.Cs. before
summer season, the demand for peysers before winter and demand of crackers before
Diwali are some examples. Since it is known when the demands are going to increase, NOTES
it is possible to stock inventories to meet such seasonal demands.

(e) Lot-size inventories

These are held to take advantages of discounts which are usually available for purchase
of large quantities. Lot sizes or cycle inventories are held by making purchases in lots
rather than for numbers which are exactly required. Many a time the manufacturers
of items like steel, cement, paints, lubricants sell to big users in lot sizes and provide
them the advantage of price-cuts.

() Anticipation inventories

These inventories are stocked in anticipation of an event like a major promotion
programme being launched for display at exhibitions or for meeting the customer
demand for the plant shut down period for maintenance.

9.4 THE INVENTORY DECISION

In Inventory management, the following three basic decisions have to be taken:

(a) How much to order? When the stock is to be replenished, what quantity order should
be placed?

(5) What is the right time to place the order?

(¢) What quantity should be mentioned as safety stock? This is important to avoid excess
stocking at the same time ensuring no stock-outs occur, This depends upon the average
use and the lead-time.

Inventory Decisions N

How much to order? When to order? What safety stock level?
Demand Supply Average usage - Lead Time
»Deterministic Probabilistic  Quty. supplied Lead Time
Fig. 9.1

9.5 INVENTORY COSTS

In an inventory system the following costs are significant:

(@) Set-up costs: These costs are incurred in setting-up of a plant, /.., the costs of land,
construction of buildings, purchase of machinery, etc. These are not directly rejated
with the numbers produced or ordered. But plants or factories are setup for a particular
capacity to be manufactured.

- Self-Instructional Material 199



Operations Research

NOTES

200 Seif-Instructional Material

() Purchase costs: It is the price that is paid-for purchasing/processing of any item.
Purchase managerment is a special subject of study. Purchase costs become important |
when large quantities purchased attract discounts. Also, economies of scale recommend

~ manufacture of definite numbers to reduce the cost per unit.

(¢) Ordering costs (Costs of replenishing inventory): This is the money and effort spent

on processing the materials required by any organization. The cost is cxpressed as

" ¥ per orcler. These are the costs marked each time an order is placed with the suppliers and

include everything from the purchase requisition placed on supplier to the cost of calls
made, visits of the purchase officer etc. This cost has the following components:

(i) Purchasing. The administrative cost and cost of the clerks and the material they
use is included in it, cost of advertisements, stationary and postage, telephone
charges, etc., are included in the cost.

(i{) Accountings. This is the cost incurred in checking whether what was ordered has
becn received, sending payments, etc.

(iif) Inspection and storage. After the material has been received it needs to be checked
whether it meets the specifications ordered. Also, it has to be stocked in a suitable
stare. :

(iv) Transport cost: These costs could be borne bj( the enterprise ordering the material
or by the supplier. In any case, the supplier may include it in the price of the
malerial or hide it to suit him,

(d) Inventory carrying costs (Holding costs): This is the cost of holding an item in
inventory. This cost depends on two factors, one, the amount of inventory and second,
the period for which it is to be held and includes the following:

(i) Storage cost -- Cost of stor'age space, bins, shelves, etc.
(if) Salaries of staff engaged in store, security, ete.
(i) Interest on capital blocked in purchase of inventory. '
" (iv) Insurance against fire, theft, etc,, and any tax charged like octorai etc..

() Reduced value due to detenoratlon of material, spillage, storage evaporation and
_other types of inventories.

(vi) Obsolescence - The material lying in stock may become unusable due to technical
advancements/changes. -

It is obvious from the above that different enterprises will have different inventory carrying costs.
1t is of the order of approximately 30% for a typical Indian industry. The inventory carrying costs
may be classified as fixed and variables. The fixed carrying costs do not change irrespective of
. | the number of orders placed. A store whether empty of full is a fixed cost unless it can be put
to some other use. '

Carrying costs can be worked out as follows:

(i) (Costs of carrying one unit of an item for a given time) x (Average number of units
catried in the inventory for same lengths of time).

(i) (Cost of carrying — one rupee worth of the inventory item for ‘unit time period)
x (Rupee value of total units carried).

() Shortage costs or stock-out costs: Ifan organization is not able to meet the demand of
the customers altogether or can do so but at a later date, this will cost the organization
some anounts in terms of money, this is the storage cost of stock-out cost. This is very



important component of costs. As the penalty the enterprise has to pay is not only in Inventory Management
terms of money but also the loss of goodwill, lost sales and even the business may have
to be wound up.”

Shortage cost = (Cost of one unit short) X (Average number of short units) NOTES

If the shortage can be met at a later stage, these costs will vary proportional to the short
quantity and delay time. But if there is a stock-out and no demand is materialized,
shortage cost is proportional only to the short quantity as there is no question of delay
in meeting the demand, it is just not being met when it was due.

(/) Over-stocking costs: This is the inventory carrying cost for a period for which the
material is stocked more than the requirement.

9.6 DEVELOPING AN INVENTORY MANAGEMENT MODEL

The history of inventory models goes back to 1915 when FN Harris developed a simple model.
The approach of inventory models has attracted a ldrge number of works based on mathematical
analysis because the payoffin this area is substantial. However, no single model can take into account
all possible situations of real life and suggest how much be ordered and when. In fact, even if such
a model can be developed, it may not be possible to solve it. Some of the inventory models are
discussed in this chapter. Certain terms, which will be used in these models, are explained below:

1. Demand patterns: The very purpose of holding inventories is to meet the demands of
the market. These demands are not within the control of the organization. However, the
following factors related to demands need to be studied while developing an inventory
model. The demands could be classified as:

(i) Deterministic demand: It means that demand is known with certainty either at
a_particular point of time or over a period of time. This is not a very common
situation because the demand may keep changing due to a large number of factors
beyond the control of organization, consumer’s tastes, technological developments,

- government policy and host of other factors related with the business environment.

(if) Probabilistic demand: Where the demand of product can be determined based on
a probability of occurrence. If the demand is not known, it may be possible to
determine its probability distribution.

2.  Lead time: This is the time between ordering a replenishment and the time when it is
actually received and is ready for use. When an enterprise places order for a particular:
item, it may be altered immediately or it may be réceived over a period of time. Lead
time can either be determined, i.e., it is exactly known when after placing an order the
item will be delivered or the probability of receiving an order in a particular time is
known. In case the lead time is zero, the orders need not be placed in advance as the
moment it is placed, the demand is met, if it is known to be a finite time, say 6 weeks,
then the demand must be placed 6 weeks ahead. How much should be ordered would
depend upon the consumption, which will last for the lead time period.

3. Stock replenishment policy: One of the important factors while designing an inventory
model is that at what rate the inventory is being added.

4. Time horizon: Inventory control models cannot be developed for an infinite period.
Time for which this model is applicable is called the time period or time horizon.
5. Items required or demanded: The inventory model may consider only one item or,

a number of items demanded. The tota: inventory cost depends upon the number of
items demanded.
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Safety stock; minimum steck, or buffer stock: This is stock an organization must
cater for the delay in dclwery or higher demand than average expected demand for
which the orgamzatlon has planned.

Reorder level: This is the level between the maximuin and minimum level of stock
at which purchasing action must be initiated or manufacturing actions taken for fresh
supply of the material in question.

Reorder quantity: This is the quantity for which the order must be placed to replace
and replenish the stock. In some inventory control systems this is the economic order
quantity i.e., the quantity that according to the scientific basis must be ordered and i is
the mos! economic order considering many factors.

Number of supply points: The order may be placed on one or more supply points for
replenishing the material.

9.7 STEPS INVOLVED IN DEVELOPING AN INVENTORY MODEL
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The purposc of all inventory decisions is only one and that is to meet the production requirements
at minimum cost. This involves two issues; how much to order and when to order ? For this, researchers
have developed many models of inventory management, though the basic consideration for
development of inventory models are essentially the same. These are described in succeeding
paragraphs: ’

1.

Carryout an audit of all the inventory of the enterprise, i.e. , taking a phys:cal stock of
all the items at a particular period of time.

Classify the inventory as determined in step I above. Inventory items may be classified
as raw material, work in process, semi-finished goods, purchased or bought out
components, maintenance spares, tools and gadgets lubricants, coolants and oils, and
finishéd goods, etc.

The classification of inventory done in step 2 is further classified into different groups
for example, maintenance inventory may be grouped into spare parts for plant and
machinery, spare parts for Special Maintenance Tools (SMTS), oils, coolants, Iubricants,
etc.

Each item of inventory is allotted a suitable code. A suitable coding system to include

all existing items of inventory as also with capacity to include new items, is selected.

Deciding which inventory model is suitable for what ¢ategory of items. Each
organization may have thousands of items; it is not desirable that management pays
some attention to all kinds of items of inventory whether they are vital, fast moving,
slow moving, very expensive or very cheap.

Work out the annual value of each item of inventory. These are listed in descending
order of annual usage value. This classification is called ABC analysis. What set of
items (say A) need to be managed by top management or middle or junior levels has

to be decided. This will decide what kind of inventory management has to be done for

what classification of items.

Another classification of inventory may be based on V-Vital, E-essential or D-desirable.
Also, FNS may be another classification F — Fast, N — Normal and S — Slow.



8. Decide the type of model suitable for each classification of materials, for example, the Inventory Management
safety stock for vital items like gear box or Fuel Injection-Pump (FIP) which are also
‘A’ itemns being very costly cannot be the same as for nuts and bolts. Certain items may
be overstocked without locking huge funds, some other need to be stocked selectively

as they are very expensive. NOTES

9. At this stage data relevant to ordering cost, inventory carrying cost or other important
costs need to be collected.
10. Work out the requirement of each inventory item and its associated market price.

11. Decide the quality of service being planned to be provided to the customers and
estimate lead-time, reorder leve! and safety stock to ensure the level of satisfaction of
‘the customer.

12. Develop a suitable inventory model based on the above data.

13. Modify the model to include any changes.

9.8 THE ECONOMIC ORDER QUANTITY (EOQ) OR WILSON’S LOT
SIZE FORMULA

EOQ was first developed by Ford W Harris in 1915. The idea was to balance the cost of
holding or stocking too much against the cost of ordering too small quantity of materials. This
is one of the oldest and most commonly used inventory control models. It is still used by many
organizations, as it is relatively easy to use. But it gives an approximate solution as it makes
the following assumptions: -

(@) Demand is known {certain) and does not vary (constant). It is continuous at a constant
rate.

(b) The lead-time is known and is constant and is equal to or greater than 0.

(¢) Once the order is placed, the-items of inventory ordered are received instantly, i.e., the
inventory arrives in one go and at the same time.

(d) Inventory ordering and inventory carrying costs are the only variables.

(e) .If the orders are placed at the right time, there will be no shortage or stock-outs, i.e.,
there are no stock-out costs. _

(A The process continues infinitely.

(g) No constraints are imposed on the quantity or an item ordered, budget and storage
capacity. ‘
(h) No quantity discounts, i.e., bulk pufchase discounts are available.

9.9 GRAPHIC METHOD

From the definition of the term Economic Order Quantity, it may be seen that it would be that
‘quantity of material for which the ordering costs and the carrying costs are minimum. This has
been explained in the diagram below.
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Fig. 9.2 '

Figure 9.2 shows a typical inventory model. On X-axis the quantity of material per order is
shown as units and on the Y-axis the costs of stocking of materials are shown in Z. The curve
for ordering costs keeps decreasing as more and more_material is ordered as holding large
inventory means a smaller number of orders. The carrying cost curve increases as shown as the.
order quantity increases, as the capital cost and other related costs for holding large quantity
would increase. The total cost curve is obtained by adding the two curves for ordering cost and
carrying cost. Minimum total cost is shown in the figure. Also, the point at which the carrying
cost curve and ordering cost curve intersect is the optimal order quantity point. It can be seen
from the diagram that the point at which the ordering and carrying costs are equal, at that point
the total cost curve dips and is minimum at that point. The diagram also shows that the two costs
plotted behave in opposite manner to each other. If order quantity increases and becomes more
than the optimal or economic order quantity, the ordering cost will decrease, however for the
same quantity, the carrying costs will increase. '

9.10 ALGEBRAIC METHOD

r

Here a relationship between the demand, the costs and optimal-order quantity is established
and the equation can be used to solve the problem directly. Let us use the following notations:

Q = Optimal number of units per order
D = Annual demand (units) of the inventory item
CO = Ordering cost/order 7

CC= Carrying or holding cost/unit/year.
(@) Annual ordering cost ' = Number of orders placed/year x Ordering cost per order
= Annual demand x Ordering cost/order

Number of units in one order
D

= 6 x CO
(b) Annual carrying cost = Average level of inventory X carrying cost/unit/year
= Ordered quantity/2 x carfying cost/unit/year

=Q/2xC,
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At optimal order or economic order quantity, these two costs are equal:

gx C,=Q2xC,

2DC,
CC

Hence Q=

Average level of inventory has been worked out as the average of maximum inventory and
minimum inventory, i.e., Q + 0/2 = Q/2. This can be seen in Figure 9.3.

Q | o o m  r n r mm r m m m mm m mm  — —— m—— — e m g
Inventory
0
_.. 4__
Lead! Time Time —»
Fig. 9.3

This figure has been drawn assuming that there is no safety stock, maximum quantity Q is

received in one go and consumed uniform all over a period of time when again quantity Q is
received at once. Though these conditions rarely are available in practical life, yet Q/2 as average
inventory is a reasonable assumption.
Example 9.1. Annual demand for a particular product is known to be 40,000 units, ordering
cost have been estimated to be X 30 per order. Whereas the annual carrying or holding costs are
15% of the inventory value. Cost of material per unit is T 100. Making the usual assumptions,
use EQQ formula and find out the economic order quantity.

Solution. D = 46000
C, = T 30 per order

C. = 15% of inventory costs = 15 x100=215 per unit
100

EOQ = \/ 2DC, _ J2x40000x30 T60000 = 400 units.
15

EOQ in rupees = D = Annual consumption in rupees = 40000 x 100 = ¥ 4000000
Using the formula for EOQ '

poR= \/ - \/ 2 x 4000000> 30100 _ /7600000000 = ¥ 40000.

15% 15

It should be noted that for EOQ in units we have used ¥ 15/unit as the carrymg cost but for
EQQ in rupees we have used 15% and not ¥ 15.

Example 9.2. XYZ Ltd. carries out ABC analysis and has decided to concentrate on ‘A" items,
which total up to the maximum cost of materials. For ‘A’ class items the following data is
available:

Annual requivement = 5000 units

Inventory Managernent

NOTES
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Operations Research Ordering cost = T 500
’ Carrying cost = T 20%
Cost per unit =3 80
NOTES ' The company has the following options for purchasing the items:
(a)  Place 10 orders of equal size every year.

(b) Place an order of 1000 units at any one time and avail bulk purchase discount of 8%. .

(¢) UseEOQ.
which options, you think XYZ should follow and why? ‘
Solution. D = 5000 '
C, =% 500, Cost per unit= 3 80
¥ CC=?80><£=?-16
100
Case 1.

Place 10 orders of equal size every year.
C, = (Annual demand/order size) X ordering cost per order
_ 5000
500
=% 5000
Cc = Average inventory X C,

= % x 16 =T 4000/

* 500 (10 orders of equal size means 500 items are ordered every time)

Cost of 5000 units @ ¥ 80 = 5000 x 80 =T 400000
Total cost = 400000-+ 4000 + 5000 = X 405000

Case II.
Q=1000
Cost per item =¥ 80 — Tgﬁ x80=%(80-6.4)=373.6
0= 5000 *x 500=7% 2500
- 1000
Cc<= 1000 1000

%x20%of ¥ 73.6= > % 14.72 =% 7360

Cost of 5000 units @ ¥ 73.60 = ¥ 368000
Total cost = 38000 + 73-60 + 2500 = T 377860

Case III. ,
EOQ = 2DC, =\/(2><5000><500) - 560
. Ce - 16
n 5000 x 500
Inventory ordering cost =¥ a0 T 4465

Inventory carrying cost = ¥ 5—20 x 16 =T 4480

= Cost of 5000 units = 5000 x 80 = 400000
Total cost = T 408945. '
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It can be seen that minimum total cost is in case of option I1. Hence company should place

- order of 1000 units at any one time and avail discount of 8%.

Example 9.3. 4 'company has identified its vital items and places 4 orders each of size 350 in
a year. Ordering cost turns out to be X 400, the carrying or holding cost is 30%. One vital item
costs T 120. The company is not using any managerial techniques at present. Determine the

losses the company is suffering because of this. What would you suggest?

Solution. D= 350 x 4 = 1400 units
C, = T 400 per order
120
= —— =36
.30

EOQ = 2DG, = (2x1400><£92]=177 units
C 36

C
Total cost = 1300 » 400 + 177 x 36 +1400x120
177 2
When EOQ is used = 3163.84 + 3186 -+ 168000 = I 174350

Total cost if the present unscientific method is used
1400 350

= _17>< 400 + 222 x 36 + 1400 x 120 = 3163.84 + 6300 + 168000 =% 177464
7 2

Loss the company is suffering by using the present system
= T (177464 — 174350) =% 3114

The company should use managerial techniques and scientific inventory policy. It should
place an order of 177 units and whenever these units are consumed another order of 177 units

should be placed.

Example 9.4. Calculate economic lot size in units and total variable costs for the following

items. Assume an ordering cost of ¥ 10 and carrying cost of ¥ 20%.

Item . Annual Demand Unit Price <)
X 4000 4
Y 8000 2
z 12000 8

Also compute
_ (@ EOQ in rupees and in years of supply
() EOQ fréquency.
Solution.
' Item X ItemY

Item Z

(2DC 10 10
EOQOQ = 0= = i
Q ( Ce ) 2><4000><4 2 % 8000 x 5

5 5

=317 =638

2><12()00><—1-89
5

=388

Inventory Managemeni

NOTES

Self-Instructional Material 207



Operations Research . 20 4
ItemXC.= —x4=—

100 5

: ' ItemYCC=£><2=E
NOTES 100 5
ItemZ C,= 20 xg=8

: 100 5

Variable cost item X = \[(2DC, C,) = ‘] [2 X 4000 % 10 x g) =253

Variable cost item Y= \/[2 X 8000 x 10 % %J =253

Variable cost item Z = \/ (2 X-IZOOO x10x %) =620

(a) EOQ in Rupees
Item X = EOQ x unit price = 317 x 4 = 1268
Item Y =38 x 2 = 1266
Item Z=388x8=3104

(6) EOQ in years
' 317
Item X = —— =0.08
A= 4000
ItemY = —6£=0.08
8000
temZ= —o8 =003
12000

(¢) EOQ frequency
: 1
Item X=——=125
0.08

1
ItemY= —=12.5
. 0.08

1
TtemZ= ——=34
0.03

Example 9.5. Two unique items used in electronics items are electromgnetic relays and an
automatic on-off device. The characteristics of these items are:

ltem " Annual Demand  Unit Price ()  Ordering Cost Cagg;ng
Electromagnetic Rolay 12000 150 Z 200 20%
Antormatic on-off 6000 400 Z 100 L 25%
device

Compute the following for both items:
Annual ordering cost, annual carrying cost and thus airual variable cost Jor order quantity

of 5000 and 10000.
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Solution. Let us first workout the annual variable cost

Inventory Management

Quantity Electromagnetic Relay - Automatic Relay
Total .Total
CO(?) CC ) variable | CO (3) CCR®) variable NOTES
cost () cost ()
12000 200 5000 150 20 6000 100 5000 400 x 25
x XK — x X _—
5000 | 5000 2 100 | 75480 | 5000 100 | 250120
=480 = 75000 =120 = 250000
12000 10000 20 6000 1000 25
x 200 x 150 x — \ x 100 x 400 x —
10000 [10000 ~ | 2 100 { 150240 | 10000 2 100 | 500060
=240 = 150000 =60 = 500000
roo— || 2PC _\/2>‘<12000x200 _ 400
Q= Ce 30
/) Orderi t 12000 200 =480 (/) Orderi t 12000 200 =240
= —X = I racring cost= =
() Ordering cost =~ & 10000

1 20 1 20
C st = — x 5000 x — x [50 (i) Carrying cost= — x 10000 x — x 150
(if) Carrying co 2 100 (if) Carrying > 00
= 5000 = 150000
(iii) Total cost=T 75480 (iif) Total cost=% 15024
EOQ = B—@l(:)(();(ﬂ=,/l2000=110.

{Automatic relay)

) 6000
(1) Ordering cost = x 100 =60
10000

00
() Ordering cost = x 100=120
5000

1 25 1 25
iy Carrying cost= — x 5000 x — = 400 (i7) Carryi st =— x 10000 x — x 400
(i) Carrying cos 5 100 (i) Carrying co . 100

= 250000
(iif) Total variable cost =3 250120

= 500000
(iif). Total variable cost = ¥ 500060

EOQ with for Deliveries over a Point of Time

We made the assumption of instantaneous replenishment of stocks in previous examples. Here
the orders are assumed to be delivered at a uniform rate. The following assumptions are applicable.

(@

The annual demand, ordering cost and carrying cost can be determined with some
certainty.

(b)) No bulk discounts are available.
(©)
(d)

(e)

No stock out situations are permitted.
Material supply and its consumption by the enterprise is at a uniform rate.

Material is completely consumed and before the safety stock is touched new delivery
is received,

Supply is always greater than the demand i.e. producnon rate is always more than the
consumption rate.

(N
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" In addition to the notations used earlier the following will be used here.

d = usage rate of inventory

p = rate of supply (production)
Minimum inventory level = 0

Maximum inventory level = Rate at which inventory piles up (or is accumulated) x period over

which deliveries are made = (p — d) x i
P

where N = Quantity of material ordered at each order i.e units per order.

. ) . . .
Average inventory level = 3 (minimum inventory + maximum inventory)

Hip- )3 (222)

Annual ordering cost = Number of orders per year x ordering cost
D
= —=xC

]

N 0
Annual inventory carrying or holding cost = Average inventory x C.= -in[p dJ X Ce
p
Total Cost = Total Fixed Cost + Total Variable Cost
= Cost of Material + x| 2=% |, +[RJ Co
‘ 2 P N

EOQ in this case can be determined by equating annual ordering costs ad anmual carrying
cost as we know that EOQ occurs when both the costs are exactly equal.

N{p-d). _(D
2( p ]_CC (E)CO
Q= 2DC0[ P ]
\J Cc \p-d

The situation of receiving and consuming the inventory at a uniform rate is predicted in the

diagram below.
T N
Inventéry
Level

Reord.er level

&\,\»’

—»| LT l4— —»| LT [« —»| LT |e—

Reorder poini /
0
Time —»

Receipt at —» ) “+—Supply ends
rate p begins

(Supply-consumption rate)

Fig. 9.4



FORMULAE TO REMEMBER
_ L . D D
1. Optimal units of production runs per year = — =
, Q  [2DC,
Cc' p -d

2. Optimal production cycle time =

3. Total optimal variable cost = %(-u] Ce+ % Co = J;DCO Cc
P

Example 9.6. A pharmaceutical company uses batch production process and uses material X

" for its famous brand of medicine. Material X is being produced by the company in 10 batches
of 1500 units each. All the material is being uséd in the production of the medicine., The plant
operates for 2800 hours in a year. The set-up costs of the machine are ¥ 100 and is independent
of the batch size. The cost of the material is T 200 per unit and holding cost is 20%.

Is the existing production strategy adopted by the managementl economical ?

Solution.
D = 15000 units also 4 = 15000 (annual usage)

Annual rate of production p = 2800 x 8 (assuming 8 units are produced per hour)
' C, = ¥ 10 per order

20
C.= ¥200 x —— =¥ 40 per unit/year

100
o= [2DCs(_p \_ [2x15000( 22400 ' o
Cc p—d 40 22400 —15000
_ 30000 x 2240000 ‘
40 % 7400
= 476 units
Number of batches = 15000 _ 3
i 476

Hence the company should produce 32 x 476, i.e., 476 units each in 32 batches.

Is te existing plan economical ? :
Existing strategy: Total variable cost for N=1500 = 15000%100 , 1500, 44 2240015000
1500 2 22400

500 x20 x 7400
e T T C=1000+9910.7=% 10910.7
" 22400 =R

N Leost N = 476 = 2000X100 | 476 422400 15000
ew strategy tqta COSt N = = 476 2 ; 22400

= 1000 +

=3151.26+476 x 20X 7400 ~-3151.26 + 3145 =% 6296.26
22400 ‘

Inventory Management
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It is obvious that by apblying new strategy company can save T (10910 - 6296) =T 4614.
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9.11 DETERMINISTIC INVENTORY MODEL WITH SHORTAGE
(BACK ORDER MODEL)

We made the assumptions in the above discussed problems so far that no shortage are permitted.
For working out EOQ, we have equated the ordering costs with the inventory carrying cost.
Planned shortages however can be economical in certain cases where the ordering costs can be
spread over a pericd of time.-Also if the price of the items is high (*A’ items) or if the inventory
carrying cost is high, planned shortages may be economical in the long run,

Let us assume that stock-outs and back ordering is permitted. Back orderings is a situation
where the user awaits the arrival of orders already placed but not materialized even after the
stock-outs have occurred. The materialize-devil effects of stock-out (loss of orders due to inability
to meet delivery schedule, loss of reputation and goodwill) are assumed to be negligible. It is
assumed that back orders will materialize before new demand for the product arises. The following
notations, in addition to the usual ones, which we are already familiar with, will be used:

S = Units of inventory after the back order materializes
C, = Back order (Stock-out) cost per back order per unit of time
Q — S = Back order quantity or number of shortages per order
f, = Time during which inventory is available.
t,= Time of shortage or stock-out
T= Time between orders received, i e., T = 1,

" The situation where stock-outs are permitted is depicted in the following figure:

Maximum inventory

~ 41 T
Q
Inventory
level
S
S I L o I -J'_ __________________
—» «—
5]
b Stock

—»|Inventory |
avaifable | yma
4_

Fig. 9.5

It can be seen from the figure that quantity Q is ordered but received after S has been consumed
for a time period of t,. So, stock-out occurs for., time and thus cycle of planned ‘shortages
continues. Every time after stock-out period when quantity Q is received the inventory level
reaches its maximum level as shown. ’

212 Self-Instructional Material




FORMULAE TO BE USED IN BACK ORDER MODEL

D
1.EOQ = \jzcco [CBg CC]
C B

2. Maximum number of back orders = EOQ _Cc

3. Number of order = EOD per year
4. Time between order = 202 = [2C0 [ Ca +Ce
- D {DC\ G
5. Maximum inventory level = EOQ ~ Maximum number of back orders = EOQ [1 __ %
Cg+C.

C
= EO B

)

9.12 CONCEPT OF SAFETY STOCK OR BUFFER STOCK

In real life situations, the demand or the consumption pattern of material is not fixed, so
also, the time when the order is placed and when it actually materializes. It is a very difficult -
trade-off between the demand and availability of the material which management has to face. No
enterprise will like to face the situation of shortages or stock-outs, as this will have adverse effects
on demand for their future products. If an organisation is not able to meet the delivery schedules
ofits customers, it may have to soon wind up its business. Hence, it is of utmost importance that
no stock-outs are permitted. This is possible only if the enterprises keep some additional stock
of inventory to meet unforeseen situations like demand of product suddenly ificreasing, regular
orders placed for material take more time than it was planned for. In our country, the delivery of
material from the suppliers may be delayed because of strikes in the production factory, strike
by truckers or railway employees, sudden change in government policy and so on. Begaiisé of
such reasons a prudent owner or manager of'an organisation does not take risk of shortages but
keeps extra stock to meet such situations. How much stock should be maintained as safety will

be discussed in detail. -

Let us assume that the rate of consumption is constant and the suppliers meet the requirement
of material at fixed interval. This is an ideal situation and the orders can he placed exactly lead
time period before and by the time the inventory reaches zero level, the order arrives to repenish

the inventory again to the original level. In such cases no safety or buffer stock is needed.

Inventory Management

NOTES
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Maximum Inventory Level
. . Consumption
NOTES Inventory pattern
level
Order Order —» Time
placed received ’
—>| LeadTime |<—

"Fig. 9.6
Of course, the above model assumes: .
(a) Usage rate is constant.
(8) Orders are placed at the right time, i.e., before the lead time.’
That is if the lead time is 3 days, the orders are placed 3 days earlier.

(¢) Lead timeis aiways ¢xactly the same.

This is a simple model which has nothing to do with reality. Now, let us discuss the case
where the usage pattern and lead time do not remain constant.

The terms reserve stock and safety stock are exi:u]ained below.

Reserve Stock. [f we can work out the average lead time, the variation in demand during
this lead time is the reserve stock.

Safety Stock. The average demand during delivery delay is known as safety stock.
Buffer Stock. Average demand during the average lead time is known as buffer stock.

It may be seen in the figure that the total of the three stocks, safety stock, reserve stock and
buffer stock is the Reorder Point (ROP) at which the EOQ order is placed as soon as the stock
reaches ROP. Consumption keeps taking place and stock keeps depleting and touches first
the reserve stock, if the lead time is such that replacement of material is received before the
consumption is set 1o eat reserve stock, the stock goes again to the maximum level and the cycle
keeps repeating. However, if there are variations in the pattern of the demand during the lead
time the reserve stock wiil be consumed. If at this stage the delivery of material is received only
reserve stock would have been consumed and safety stock will remain unused. But in a situation
where the delivery is delayed, there may be a need to eat into the safety stock. The company
should always carry safety stock and any depletion in safety stock. Stock must be immediately
replaced if it is to avoid the situations of stock-outs and its serious consequences.
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How to Determine Safety Stocks? Inventory Management

It is clear from the discussions so far that the factors that are responsible for deciding the safety
stock are:

Maximum inventory level . NOTES
_Reorder point l Buffer Average lead time
inventory leve! stock consumption

Reserve stock

Safety stock

— Time

Fig. 9.7
(a) Demand pattern: Changes in demand can upset the entire production schedule.

(b)) Lead time: Lead time depends upon a number of factors like the market availability
of the material, place from which it is to be supplied, the mode of transportation, the
quantity required and so on. If the lead time is small, a small safety stock may be
planned, but if it is known that a particular material will take more time for it is to be
produced by the suppliers from manufacturers in India or abroad, more safety stock
must be planned.

(c) Suppliers: Vendor analysis is done by the companies to search for reliable suppliers.
Only a trusted and ethical supplier will not take advantage of the company and delay
the supply to extract higher price. For these reasons it is very important to keep number
of suppliers handy.

(d) Consequences of the stock-out costs: If such costs are very high and can tarnish the
image of the company, the company will keep stock of higher level. It must be seen
that the scientific design of any inventory system is based on the approximation of
overstocking and under-stocking costs,

The following examples will highlight the concept of maintaining safety and how much
should be stocked.

Example 9.7. A scooter manufacturer company XYZ has a contract with a foundry from where
it buys its engine castings. The foundry is able to provide the delivery of the engine costing
on 10th days from the day on which order has been placed by the company. The demands of .
scooters varies between 500-800 scooters per day but on an average 650 scooters are sold.
The company wishes to find out the safety stock so that there are no stock-outs. Also suggest
the reordering point.

Solution, Average number of engine castings requxred 650 x lead time (10) = 6500 units
Maximum number used during lead time = 800 x 100 = 8000 units

The company should establish ROP at level of 8000 units and safety stock at (8000 — 6500)
= 1500 units. This is shown in Figure 9.8.
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. ROP|----- F SRRTEEEEEER R B SR R R i R EN——.
Inventory 8000 units
) NOTES ) level T
i i Min. Inventory Level
1500 i | Safety stock
, L
— ELead Timei4_ —» Time
1 10 days i
Fig. 9.8 : |

Suppose the lead time is variable and varies between 8-12 days.
Average engine casting requires = 650 X 10 = 6500 units |
Maximum required = 800 x 12 = 9600 units
Minimum required = 500 X 8 = 4000 units
ROP = maximum lead time usage = 9600 units
Safety stock = 9600 — 6500 = 3100 units. '

| Example 9.8. 71 a system, which has a uniform consumption rate of 1200 items per year, JSrom
previous experience the lead time were estimated as 20, 12, 16, 24, 30 days. Determine the

safety stock and the reorder level.
L : . (20+12+16+24+30)
Solution. Average lead time = 5 =21 days

Consumpt10n rate per day = 1—322(%0 4 units per day

Assuming that there are 320 working days per year
Maximum lead time = 30 days
Minimum lead time = 12 déys - ~
Reorder point = Maximunm lead time X usage per day = 30 x 4 = 120 units. .
Safety stock = Maximum lead time consumption — average lead time consumption
Consumption = 120 — 21 X 4 = 120 - 84 = 36 units.
Example 9.9. 4 car dealer sells a st’ereo system with his car an additional optional accessory.
Last two years experience indicates that he is able to sell 200 steréos per month on an average
against sales of 300 cars. The sale varies between 160-220 units per month. Only twice the
demand has exceeded 220 units and rise 10.240260 units per month. The car dealer has an
arrangement with a supplier who supplies 150 stereos per month. The cost of the stereo system
is ¥ 1000 and inventory carrying cost is 25%. Also in case of excess demand the car dealer hias

to purchase the steveo from another supplier at a premium of T 100 per stereo. Determine the
total cost of the car dealer if the safety stock is 100 units.

Solution. In this example, the following two costs are involved. Ordering cost has not been
mentioned in the question,

(1) Inventory carrying cost
(i) - Stock out cost
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Order size = 150 units/month
1 .
Average Inventory = Safety stock + 3 x 150 =175 units
The consumption cycle can be shown as follows.

150 units

Inventory
level

100 units Safety stock

— Time

Fig. 9.9

225
Inventory carrying cost = 175 x 1000 X 100 43750

"+ With a stock of 250 units only once in two years there would be a stock out of 10 units (when
consumption rate is 360) and this will be purchased at premium of ¥ 100 each.

Stock out cost= 10 x 100 =¥ 1000
Total variable cost = Inventory carrying cost for two years + stock out cost for two years.
= 43750 + 1000 =¥ 44750.

9.13 SELECTIVE INVENTORY MANAGEMENT

All kinds of inventory, which a user uses in his production or assembly, etc., may not be of
equal importance to him and hence need attention according to its importance to the enterprise.
The inventory may run into thousands of items with different price, lead time of procurement,
consumption pattern, etc. It is not possible for the management to exercise equal control over all

the inventory items. Some items may be very costly and the management wants to control the -

funds blocked by holding unnecessary inventory. Certain other items may be crucial (technically)
that they must be selective in exercising inventory control. Such inventory control system is
called selective inventory management system. Some of the important selective inventory control
system are discussed in the following paragraphs. .-

ABC Analysis

Many organizations find it useful and conyenient to divide their materials into three categories for
efficient inventory control. ABC analysis is also known as Ahways Better Control ot Alphabetical
Approach. Tt can be seen that only a small percentage of the material of any organization accounts
for the major costs in terms of rupees. The enterprise wants to take special care of such materials
on which they have to invest huge amounts, though in terms of number of quantity, the material
may be small. The approach is to-divide the total inventory into three parts in terms of percentage

of number of items and in terms of total value of the inventory. It is something like our society, |°

which is divided into three categories, top, middle or low-income groups. It is possible to give
special attention to a special category or group. In the same way, the organizations are able

fnventory Managememn
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to give specific attention in procurement, preservation and use of special categorics in which
materials are grouped. A car manufacturing company can have more than 30,000 items in its
inventory out of which some items like engine and gear box, etc., may be very significant but
the plastic and rubber parts may not be that important.

ABC approach is based on Pareto’s analysis, named after the Italian economist Vilfred Pareto.
The Pareto principle states that “out of a large number of activities, it is only a small number that
account for the major result, it means that the manager should concentrate on a small number
of activities/items out of a large number of activities/ items 1o get the best result or improve
overall performance.” Pareto’s approach is most useful in inventory control. Figure 9.10 shows
the distribution of percentage of money invested in different categories of inventory along with

1 percentage of inventory items.

100
95

Percentage (%) of 70
total money value
of inventory

10 30 % Inventory items 100
Fig. 9.10

It is clear from Figure 9.10 that 10% of inventory items are responsible for 70% of the total
money invested in inventory, another 20% of inventory accounts for 25% of the total inventory
cost and a large number of items (60%) concentrate only 5% towards the total cost, These figures
have been taken only to illustrate the point and will vary from one organization to another through
the general pattern of distribution of number and cost will be similar, hence the organization,
specially large one which have huge inventories and consequently large amounts in terms of -
meney invested, divide their materials into high price material, medium price. material and low
price material according to the significance of the material in usage or cost significance.

A items ~ 10 ~ 15% of the total number of items account for about 70% of total consumption value.
B Items — About 10 - 20% of the items accounting for roughly 20% of the investments.

C Items — the remaining about 60 70% of the items account only for 5 — 10% of the inventory
investment,

It may be npted that if an effective control is exercised on ‘A’ items, which accounts for major
expenditure, the outcome or the result will be very significant. The material manager must pay
special attention to such items, these cannot be overstocked blocking large investment and very
strict control but do not deserve more time and effort of the management, whereas ‘C’ items
like nuts, bolts, washers, clips, rubber bands etc which may account for a very large inventory
in terms of number but are résponsible only for a very small cost, can be left at the much lower
level for control. A company based on ABC analysis may have the policy that all ‘A’ items are
approved for purchase only by the General Manager, whereas requirement of ‘B’ items may
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be met by Production Manager and procurement decisions for C items may be left to the foreman
Pareto’s simple principle can also be shown in Figure 9.11.

_ Percentage of value

of inventory

A B c

Percentage Numbers of inventory

Fig. 9.11

9.14

OBJECTIVES OF ABC ANALYSIS

(a)

)

It is extremely useful in large organization to classify the material so that high cost
items are paid special attention.

Selective control for efficient inventory management is possible. In production
organization, material requirement planning is an important part of Production planning
and Control (PPC) for all scheduling and sequencing accounts. Also ‘A’ items can be
specially organized for recording and inspection purposes.

9.15

SOME LIMITATIONS AND OBSERVATIONS

(a)

(®)

(©)

(@)

(e)

It does not take into account the importance of the item in overall production process;
a small moving part may account for very small amount of money but may be vital for
production or maintenance of the plant. This may need a special attention but is not an
‘A’ item. '

The unit cost may be very high but the consumption may be small, alternatively, the unit
cost may be less but the consumption very high, in both the cases annual consumption
value will be high.

The limits of analysis demonstrated above are not fixed and will vary for the type and
size of the organization.

The inventory need not be divided only in three categories; this may be divided into 5
or 6 categories depending on the needs of the organizations. Also, within category A,
B or C, the items may be further divided A, A,, A, or B, B,, etc.

ABC analysis is carried out for all types of inventory items put together. It is not possible
to categorise and distinguish between tools, spare parts, raw material, semi-finished
goods, etc. ‘

ABC analysis refers to annual consumption. However, it is not necessary that only
annual consumption should be considered, any convenient period, i.e., 6 months which
is representative enough may be selected.

Inventory Management
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Special features of ABC analysis are shown beléw in the form of a table:

S.No. Feature ‘A’ items ‘B’ items ‘C? items
-1 Type of control Strict Moderate / Loose
Bulk order once
Frequency of . in quarter, six
2 . Many t ’
placing order any times Less fre<.:1uently monthly or
annual. .
3 | Safety stock policy | - Low Medium Large
Follow-up/period Vllg(.)rous and L. OccaSlor_lal
4 of review proactive weekly, Periodic, Quarterly at convenient
, fortnightly, monthly periods, Annual
Level of . ' |
5 ’ T i i
Managament op _ Middle Supervisory
6 Vendors or As many as possible | Reasonable number of | 2-3 for each type.
suppliers " Reliable reliable sources of item
Forecasti d , : . .
7 orecas 1.ng an - Very rigorous Based on experience Rough estimate
planning
Centralised/
; . ' . Decentralised .
8 Purchase policy Centralised o Decentralised.
depending upon cost
and quality

Procedure for Classification

It is neither convenierit-nor desirable to lay-down only specific method or procedure for ABC
analysis. However, the two approaches adopted are:

(@) Emphasis on actual inventory holding in a period of time,
(b) Relative usage or consumption during a particular period.

Inventory Holding Method of ABC Analysis

The total inventory value of each item of inventory is found out by multiplying the value per
unit for each item with its actual holding at a particular point of time. These are tabulated in the
descending order of their value. Add the total number of items and the total usage value. These
are converted into percentage of the grand total and plotted on a graph. The graph can'be divided
into A, B and C parts as shown in Figure 9.11.

Actual Inventory Usage Basis Method of ABC Analysis
Here the numbers of items consumed/to be consumed in a particular period is prepared. Actual

| or projected price of each inventory item is prepared and the value of actual/project inventory

usage for a specific period is prepared on the lines of above method, the graph is drawn and it
is divided into A, B-and C parts. )

Based on .above analysis, the companies can design their inventory management policies,
which can become guidelines for every one to follow. Certain companies where the inventory
of materials accounts for large inventory of funds, such policies are very meticulously designed

‘| and followed very strictly, Different policies for handling “A’, ‘B’ and ‘C’ items are prepared

and are expected to be very rigidly followed. Any deviation is permitted only at the highest
level of management. .
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HML Analysis

HML stands for High, Medium-and Low. This refers to cost of a unit of item of inventory.
Items having high cost are given more importance as compared to those with lower unit price.
This is helpful in categorizing high individual cost items from others. For example, gold and
coal irrespective of their usage should not be clubbed togeiher as one is of very high value and
other a very low value. Hence all items of the organization are segregated into HML categories
depending on the cost of the item, limits of unil cost for H, M and L may be fixed and all itemn
falling in these limits may be classified accordingly, say above T 500 each, the item may be in the
category, below ¥ 500 but above ¥ 50, may be put in M category and items with individual cost
lesser than 50 may be put in L category. Now, H item may be looked after by top management,
M by middle level managers and L items may be left to the supervisory Jevel.

Ideally, ABC and HML should be combined to tuke maximum advantage of both the
techniques. H items that also figure in ‘A’ category will need maximum attention as compared
‘toMand L items in ‘A’ category. )

VED Analysis

Vital (V), Essential (E) and Desirable (D) classification is mostly applicable in-spare parts

inventory. Here we divide the inventory in three parts depending upon the critically of the item.

V items are of utmost importance and special attention must be paid to these items as stock out

. of aV item can result in very serious situations like production coming to halt or the plant itself
not able to function, The classification depends upen the criticality of the item in the operations

_of the organization, its availability, past expericnces of breakdown of plant or machinery and
the type of equipment where it is used. E items, though essential are not vital or critical but in
the case of non-availability of the items the entire production will not stop. D iteéms are such
items, which do into effect the process immediately, but their availability will improve the
'f‘u,nctipning of the machine or plant or any such equipment. Though this analysis is specifically
used for stocking spare-parts and is an important consideration in spare parts management in
certain organizations, responsible for repair and maintenance of vehicle and equipment, it can
also be used for those special raw materials, which are difficult to procure.

’

FNSD Analysis

In this analysis the inventory items are grouped into four categorics depending on their actual use.
F (fast) are such which are fast moving and their consumption rate is very high and the stock of
such items gets depleted quickly. N (norimal) and S (slow) are those items, which are used at a
lower rate than F items but still their use is good and they may be consumed at reasonable rate,
i.e., the stogk usage rate is slow and these items are not very regularly required by the organization
for their operations yet these items have to be stocked as it is expected to be used though over
a longer period of time. D stands for dead items, stock of such items is not cxpected to be used
and may be there is a need to weed out or get rid of such stocks, which arc unnecessary and add
to the cost of the inventory. This classification is also sometimes categorized as FSN where F
stands for fast, S for slow and N stands [or non-moving material and parts.

F items have to be stocked in sufficient number and their safety stock, as also rgorder.levels
have to be planned accordingly. The demand for such materials should be based on as accurate
forecast as possible, because excess stocks will become N or S or even dead. This categorization

should help prevent obsolescence of ilems. For-*D™ items occupy space and block money, the.

organization must find alternative use or dispose it off.
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GOLF Classification

This classification is based on the source of supply of items or materials. All sources of supply of
materials have their specific advantages and limitations and control over its availability because
the government may allot quotas of supply of special raw materials, still it has to be planned by
the user.-O stands for open market supplies and if an item is available without any restrictions
in open market, perhaps a liberal planning for procurement of such materials will not disturb the
operations of the organization. L stands for local supplies, which means domestic availability
and not procuring, from foreign sources. If an item or equipment has to be imported, most
important parameter is the lead-time to avoid excess stocking as well as stock-out situations. The
government policy of control of local or imported material may keep changing due to reasons of
governance, hence the user always stocks such items in addition to the projected requirements

reven at the cost of overstocking and hence blocking heavy investments.

Other Types of Classifications

- Many other types of classifications ate used in inventory depending upon their specific
requirements. Some of these are:

(@) VIR Analysis: Prioritizing in terms of V-Vital , I-Important and R-Routine.

(6) XYZ Classifications: Based on closing inventory value of items. .

(¢) SDE Analysis: Depends upon availability S-Scarce, D-Difficult and F-Freely or easﬂy
available.

(d) MTR Analysis: MTR stands for material turnover rate, it gives a total picture of
turnover of materials in relation to the turnovers of the entire organization. Higher
MTR indicates good stock utilization.

(¢) SOS Classification: Based on nature of supplier and perusal of their avallabllly This
helps in deciding the time period of procurement.

-

* Some of the important inventory management techniques are summarized below.

Types of Analysis Criteria for Use/Application

ABC

Based on annual value of consumption of inventory items

‘:222 Selt-Instructional Material

VED (Vital-Essential

Based on criticality of the item/part component in relation to

(Scarce-Difficult-Easy)

Desirable) organizational operations (production, assembly, maintenance,
repair, etc.)
HML Based on unit cost of material/item
" (High-Medivm-Low)
SDF | Based on difficulty of procurement-availability of material

GOLF (Governinent-Open
Market-Local-Foreign)

Based on the source from which the material is to be procured.

FNSD (Fast-Normal-
Slow-Dead)

Based movement of stocks

S0S (Seasonal-off- Seasonal)

‘Based on time and period of availability

(Material Turnover Rate)

XYZ Based on closing inventory value of the item
VIR Based on importance of material
(Vital-Importani-Routine) ’ ) _
MTR Based on turnover of material in relation to turnover of the

organization.




Example 9.10. 8 items inventory of department of professional studies of a particular University Inventory Management
are listed below. Classify the items in ‘4, ‘B’ nd ‘C’ categories. Also determine the % of items

in each class as also the percentage of total annual value of inventory in each class.

Ttem Price ®) Annual Consumption
I 570.00 300
2 210.00 300
3 0.50 7000
4 80.00 600
5 20.00 ) 800
6 2.50 5000
7 0.80 8000
8 300.00 400

“Solution. Let us consider the annual value of each item. This is shown in'the table below.

Item

Annual Consumption Value (Price X Usage)

1

570 % 300 =171000

210 % 500 = 105000

0.5 x 7000 = 3500

80 x 600 = 48000

20 x 800 = 16000

2.5x5000=12500

0.80 x 8000 = 6400

2
3
4
5
6
7
8

300 x 400 = 120000

Total T = 482400

Let us now write the annual consumption value in descending order.

Item Annual Consumption Value
1 171000
2 126000
3 105000
4 48000
5 16000
6 12500
7 6400
8 3500
Total T =482400

NOTES
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Operations Research It can be scen that items 1, 8, 2 have a large annual consumption value, items 4, 5and 6 have
a moderate value and item 7 and 8 have a small value. These can be divided into A, B and C

categories. Now, let us find out the percentage of items and percentage of annual value in each

class of inventory. This has been tabulated as below.

NOTES
Item | Annual Value al Annual Value in % of Items in % of Annual Value in
nua ASS .
Class A/B/C () | Class A/B/C (D) Class A/B/C (3)
[ 171000
A
8 120000 5 396000
396000 = _
9 105000 Ex 100 = 37.5 mx 100 = 82.00
. 4 48000 -
3 15000 B 76500 3 x100 =375 | 2% 100 =15.86
8 482400
6 12500
7 6400 C 9900 2 100 =25 2990 100 =2.05
8 482400
8 3500
Total 482400 482400

These figures give us information that how the items have to be selectively controlled. One has
to have special control or one pays very close attention to 37-5% of the items which constitute
_82.08% of the total inventory. The department should exercise a moderate control over B items
which are 37-5 % of the items but contribute only 15-86 % to the inventory cost and to ‘C’ items
which are 25% of the total inventory but inventory accouts for only 2.05 % of the total value,
very lax or loose control may be applied. The above results can be shwn graphically as follows:

% of total
money value
of inventory

Y

T T T T T T T 1
10_ 20 30 40 50 60 70 80 90

% of inventory items

Fig. 9.12

e R T Tt T ppp———

-
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Example 9.11. From the data provided in table below, draw a suitable ABC analysis graph
after classifying the items in A, B and C categories.

Htew | Annual Consumption (units) " Unit Price <)
o 50 100
2 3000 200
3 200 50 -
4 20000 20
5 60 4000
6 600 ' 250
7 100 25
8 350 1000
9 12000 ' 10
10 400 70

Calculate the annual consumption value, cumulative cost, and cumulative percentage of total
value and classify the items.

Solution.

Item Annual Consumption Value (%) (Consumption X Price)

oy

50 x 100 = 5000

3000 x 200 = 600000

. 200% 50 = 10000

20000 x 20'= 400000

60 x 4000 = 240000

600 x 250 = 150000

100 x 25 = 2500

350 x 1000 = 350000

W0 |~ |on ] bW

12000 % 10 = 120000

—
o

400 x 70 = 28000

These consumption values must be arranged/ranked in descending order:

Item Annual Consumption Cumulative Cumulative % of Classification
Value (%) Cost Total Usage Value
600000 600000 3148 A
4 400000 1000000 52:47 A
350000 1350000 70-84 A
5 ~40000 1590000 83-44 B

Inventory Management

NOTES
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Operations Research 6 150000 1740000 91.31 B
9 120000 1860000 97-61 C
NOTES -
10 28000 1888000 99-08 C
3 : 10000 1898000 99-60 C
1 5000 1903000 99:86 C
7 2500 1905500 100 C

as shown in Figure 9.13,

3

R
80 —
70

% of total g —|
money value
of inventory 50 —

40 —
30 —
20 — A
10 —

0«

Assume 70% of the total annual cumulative value items are category ‘A’ items 0-70 x 1905500
=1333850. This value is close to 1350000 for items 2, 4 and 8. These are classified as ‘A items
upto 90% of the total annual cumulative value items are ‘B’ category 90 x 1905500 = 1714950
this is.close to the figure of 1740000 and hence items 5 and 6 can be classified as B items. The
remaining items, i.e., 9, 10, 3, 1 and 7 are classified as C items. Now, the graph can be prepared

$

I
10 20 30
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% of inventory items

Fig. 9.13
% of annual cumulative value A items = 7084
B items = 91.30 - 70.84 = 20.46
Citems= 8.7

: ‘ 3
% of total inventory items Aitems = 0° 3
Bitems= —=2

Citems= —=.5

80 90
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9.16 PROBABILISTIC INVENTORY MODELS
When we assume that there is no uncertainty associated with demand and replenishment, the
models are relatively simple but unrealistic as in real life situations these two assumptions are
not valid. There is always some uncertainty related to demand pattern and lead time of material.
As these uncertainties keep increasing, this increases the inventory as the manager has to keep
extra stock (safety stock) to account for these uncertainties and avoid stock-out situations and
costs, which may be far higher and larger than the amount blocked in extra inventory. Reorder
can be easily planned in a deterministic model where the demand is at uniform rate and the lead
time is known. For example, if the demand is uniform at 10 units of an item per day and the
lead time is 4 days, then in the deterministic system, reorder point is 40 units. However, due to
"uncertainties, an extra safety stock must be added to the expected demand during the lead time
period to obtain the reorder point. Still there may be a stock-out.

Let us assume that X, is the average deman during the lead time and & is the standard
* distribution of lead time demand; then the ROP is X| + Ko, . This is shown in Figure 9.14,

Probability
distribution

7
Koy » /

Total demand in Lead Time T
X+ Xo (ROP)

>
2

v
r

Fig. 9.14

The shaded area in the graph gives the probability of stock out during the lead time. This
value can be found out from normal distribution tables for different value of K.

ROP can be determined by using the simple formula as shown below.
ROP = Expected demand during lead time + safety stock = X + Ko,

For different value of X, and G|, a lead time demand distribution has to be obtained.

Single Period Model

There are certain typical cases where the inventory problems are such that number ordered decisions
have to be taken only once during the complete demand cycle. In situations of uncertainties,
the order should be such that over-stocking and under—stocking must be optimized to minimize
losses. A typical example could be floweriest who must sell only fresh flowers everyday and
these cannot be sold the following day. He must find out what quantities of orders for fresh
flowers must be placed so that he maximizes his profits in spite of the fact that he does not
know how many customers will order the flowers. Similar decision problem is faced by the
newspaper vendor, baker, etc., who sell fresh items everyday. In such cases, a critical ratjo based

2

on potential loss is prepared. Critical ratio = when C, = potential loss per item unsold,

“ 2
C, = potential profit per unit sold.

inventory Managemenl
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Operations Research Probability of demand is calculated as:

Zp(d) this probability of demand of.different fiumber of units is calculated. It could

NOTES be EOQ number or any other number the critical ratio and probability of demand

“1 2
Z p(d) are compared and the nearest integer value'is taken. This can be explained with the
EOQ ‘

help of an example.

Example 9.12. 4 flower vendor buys gladiola sticks at % 3 each and sells it at % 5 each. The unsold
sticks cannot be sold the next day. Daily demand of his Slowers has the following distribution:

No.of 50 110 | 15 | 20 10|22 25| 10| 5| 20 28| 30
cusfomers . ) - 1
P"’Ea(t(’i‘)hty 002 1 0.03 | 0.10 | 0.10 | 0:10 | 020 | 0.15 | 0.05 | 0.10 | 0.10 | 0.03 | 0.02

If demand of each day is mdependent of that of the previous day, how many flower sticks
should he order everyday to maximize his profit?

Solution. Potential for loss per stick unsold C =33

. Potential for profit per item sold C,=% (5—3)=% 2
Ciitical ratio ot~ p (d) = =2-067
' G +C, '
No. of Customers Probability Probﬁbility of Demand not Exceeding d < p (d)

30 - 0-02 ' 002
10 003 - 0-05
15 © 010 015
20 0-10 . 025
10 0-10 035
22 ' 0-20 . 055
25 015 - 0-70
10 ' 0-05 0-75

5 010 0-85
20 010 - 095
28 .003 , 0-98
30 0-02 1.00

Since p(22)=055< =0.67 <p (23) = 0.70

C, + C
Therefore, the flower vendor should place order for 22 sticks per day.
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Sensitivity Analysis for EOQ Model ' Inventory Management

_Sensitivity analysis is carried out to understand the impact of change of parameters on any
system. In case of EOQ model, if the level of order is changed, its impact on ordering, holding
~as well as on total costs (fixed costs + variable costs) can be studied. Such changes reveal to

i what extent the EOQ model is sensitive to such changes. NOTES

' An example will clarify the concept.

Example 9.13. Caryout sensitivity analysis of the EdQ model with the following data:

Annual consumption = 4000 units
Inventory ordering cost = T 100 .
Inventory holding/carrying cost =  20% of unt price
Price of the item = %1060

Increase in orderig cost = 30%

Increase in holding cost = 40%

Annual consumption . = 20%

: 2DC 2x 4000 x100 .
Solution. EOQ= || =220 | I/ 22 27 | = f(40000) = 200 units
\J( Ce ] \K 20 ) ( ).

Table showing sensitivity of EOQ model:

. Total cost with new Total cost with o -
C.hange New EOQ units EOQ ®) basic EOQ Error %
i - (130 % 4000) _
o Tx 4000130y | (130x4000) 228 40
Ordering cost = o 228 A
! 2130 20 298 % 20 (200x20) _ | 4560
=228 (228 % 20) _ 4560 2 = 0-87
4660
Carrying cost :
. o0 oY | (000X 100) | (100 % 4000) |
2| 40 28 169 : 200 - | 14
—
100 - 169 (169%28) _g4733 | (200%29)
=28 -2 2
Annual 2xagoxio0y[ WOXIO), o
3 | Consumption - 20 219 4400 - 0-41
4 219 x :
800 =219 %—22=?4382

Example 9.14. The annual requirement for a particular raw material is 2000. Unit costing % 1
each. The ordering cost is X 10 per order and carrying cost is 16% per anninm of the average
inventory value. Find EOQ and total inventory cost per annum.

Solution. Demand (D) = 2000 units per annum
Unit cost (Cpu) =31
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- Operations Research - ~ Ordering cost (C_) A =% 10
Carrying cost (C) " =16% of 1 = 0016 per unit

£0Q= |[2DCo ) [2X2000X10 _ <00 units
NOTES - Ce 0.16

Total cost = material cost + Ordering cost + Carrying cost

: 000 500
TC = (2000 x 1) + (W 10) (T x 0-16) = 2000 + 40 + 40 = 2080.

Example 9.15. Two products are stocked by a company. The Company has limited space and
cannot store more than 40 units. The demand distribution for the two producis are as Jollows:

For Ist Product For Ilnd Product
Demand Probability of demand Demand Probability of demand
0 0-10 0. . 0-05
10 ' 0-20 10 0-20
20 035 20 040
30 0-25 30 0-20 ~
40 010 40 015

The inventory carrying costs are T 5 and T 10 per unit of the ending inventories for Ist and lind
product. The shortage costs are X 20 and 50 per unit of ending storage for Ist and IInd pr oduct.

Find Economic order quantities for both the products.

Solution, Ist product:

Carrying Cost (Co =%5
Shortz{ge Cost C, =320
Critical Probability. - _C = > — =().20
: L C.+C, 5+20
IInd product:
Carrying cost (C) =310
Shortage Cost C, =T 50
cp= —Cc 10 45
C,+C, 60
Determination of optimum ordering quantity.
Ist Product IInd Product
Demand Prob. Cumulative Prob. Prob, *Curnulative Prob.
0 0-10 1002020 - | 0-05 1-00 > 0-17
10 020 0-90 2 0:20 020 0-95>0-17
20 0-35 0-70 2 0-20 040 0-75>0-17
30 0-25 0-35=0-20 0-20 0-35>0-17
40 0-10 0-10<0-20 0-15 0-15<0-17
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Tt is quite clear that for both the products critical probability lies between 0-10 and 0-35 and
0-15 and 0-35. Hence for both the products the optimum order quantity is 30 units and company
should store 30 units of each product. -

Example 9.16. Amit manufactures 50,000 bottles of tomato ketchup in a year. The factory cost
perbottle is T 5; the set-up cost per production run is estimated 1o ‘be T 90 and carrying cost on
[finished goods inventory amounts to 20% of the cost per annum. The production is 600 bottles
© per day and sales amount to 150 bottles per day. What are optimal lot size and the number
of production run? If the factory costs increase to X 7.50 per bottle what will be the optimum
production lot size ?

Solution. Production Rate (p) = 600
Consumption Rate {d) = 150
Carrying Cost (C) =20% of¥ 5=%1
Ordering Cost (C,) =% 90

2DC 2x50000x90  [9000000
Production Lot Size = 9= = = /12000000
d 150 1(0.75)
Col1-% 1]1-22
P 600
= 3464 units

Annual Demand _ 50000 _
EOQ 3464

No. of Production Runs =

If factory cost increases to ¥ 7.50 per bottle carrying cost = 20% of 7.50 = 1.50.

Production Lot Size = |2 X 50000%90 _ [ 9000000 _ [9000000
= = = /8000000
| 5[1 _ 150] 1.5(0.75) 1.125
~L7 600

= 2828 units.

9.17 SUMMARY

» Inventory in general and in wider sense is defined as an idle resource, which has some
economic value. The word inventory is loosely used as listing of materials of interest.
But related with financial aspects, it is the total of raw materials, spate parts, maintenance
materials, fuels and lubricants, paints and acids, tools, gadgets, semi-processed materials,
semi-finished goods and finished goods, etc. Though an idle inventory is a resource,
which is idle when kept in stores and this costs the enterprise money, some amount of
inventory has to be maintained for smooth functioning of the enterprise.

e Inventory control is a subject of study under'the board discipline of material management.

¢ Inventory management has become extremely important as scientific management of
inventory can increase the profits of the enterprise or reduce its costs.

o Direct Inventories: This includes such items, which are directly used for production
or manufacture and are a part of the goods/services produced or provided.

Inventory Management
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NOTES.

Indirect Inventories: Indirect mventory includes such items, which are required for
manufacturing (production of goods and services) but are not a part of the finished

- goods,

Set-up costs: These costs are incurred in setting-up of a plant, i.e., the costs of land,
construction of bulldmgs purchase of machinery, etc.

Purchase costs: Tt is the price that is paid for purchasing/processing of any item.
Purchase management is a special subject of study. Purchase costs become important
when large quantities purchased attract discounts.

Ordering costs (Costs of replenishing inventory): This is the money and effort spent
on processing the materials required by any organization. The cost is expressed as
T per order.

Inventory carrying costs (Holding costs): This is the cost of holding an item in
inventory. This cost depends on two factors, one, the amount of inventory and second,

"the period for which it is to be held

Shortage costs or stock-out costs: If an organization is not able to meet the demand of
the customers altogether or can do so but at a later date, this will cost the organization
some amounts in terms, of money, this is the storage cost of stock-out cost.

Over-stocking costs: This is the inventory carrying cost for a péribd for which the
material is stocked more than the requirement.

EOQ was first developed by Ford W-Harris in 1915. The idea was to balance the cost
of holding or stocking too much against the cost of ordering too small quantity of
materiais. This is one of the oldest and most commonly used inventory control models.

From the definition of the term Economic Order Quantity, it may be seen that it would
be that quantity of material for which the ordering costs and the carrying costs are
minimum.

Here a relationship between the demand, the costs and optimal order quantity is
established and the e-;uation can be used to solve the problem directly.

All kinds of inventory, which a user uses in his production or assembly, etc., may not
be of equal importance to him and hence need attention according to its importance to
the enterprise,

Such inventory control system is called selective inventory management system.

Many organizations find it useful and convenient to divide their materials into three
categories for efficient inventory control. ABC analysis is also known as Always Better
Control or Alphabetical Approach. It can be seen that only a small percentage of the
material of any organization accounts for the major costs in terms of rupees.

/

9.18 REVIEW QUESTIONS

1.
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(a) What are the types of inventory? Why they are maintained? Explain the various
costs related to inventory.

"(b) What are the economic parameters of inventory?

Describe the basic characteristics of an inventory system.

What functions does inventory perform? State the two basic inventory decision
management must make as they attempt to accomplish the function of inventory just
describe by you.




10.
11.

12.

13,

14.

15,

16.

17.

(a) Enumerate the various types of inventory models.
(b) Distinguish between deterministic and stochastic models in inventory theory.,
Describe six important components that constitute the stock holding costs.

Define the terms set-up cost, holding cost and shortage or penalty cost as applied to
an inventory problem.

Explain the significance of lead time and safety stock ininventory control.

Explain the terms Lead time, Reorder point, Stock-out cost, and Set-up cost. Derive
Wilson’s formula.

Obtain an expression for the EOQ for any one inventory model, stating the assumptions
made. ’

Derive the EOQ formula for the manufacturing mode! without shortages.

With usual notations derive an expression for the economic order quantity, for a
production-inventory situation, with known demand.

Prove that in the inventory problem of Economic Lot Size with uniform demand and

uriequal times of production run, the optimal lot size Q,, for each production run is given by

2D : . .
Q, = ’ C?S , and the optimal total cost C, is given by C, = .[2DC,C, where D

denotes the total numbeér of units produced per unit time, C, is the set-up cost per
production run and C, is the holding cost per unit of inventory per uit time. Production
is assumed to be instantaneous and shortage cost infinite.

. . L K 1|Q° '
Derive a simple economic lot size formula and show that —=— e +— | where
- K 2]Q Q

Q* is the optimum value of Q and K* is the minimum cost under optimal procurement
policy.

In an inventory problem during each run of time 1, the inventory builds up at a
constant rate of & — r units per unit time r,, and during the remaining time ¢, there is
no replenishment and the inventory decreases at a constant rate of # units per time.
C, is the set-up cost per run and C, is the holding cost per unit time. No shortages are

permitted, Show that the minimum lot size of inventory is given by _2C, rk .
- \! C,tk-r)

In a certain manufacturing situation the production is instantaneous and the demand is
R. Show that the optimal order quantity is

Q- f 2C, (C, + C,)
Cl CZ

where C, C, are the shortage and shortage costs per unit per year.and C_ is the set-up
5
cost per run. '

Solve the inventdry problem with-a random demahd, fixed and known reorder time,

no lead time with instantaneous production, shortages allowed and backlogged.

{(a) Distinguish between dependent demand and independent demand, duly indicating
the techniques you would adopt for inventories under these classifications.

(b) Discuss two-bin storage model.

Inventory Management
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18,

19.

20.

21

22.

23.

24.

25,

- 26.

27.

28.
29.
30.

With suitable examples differentiate between the fixed order quantity and the fixed
order interval system of inventory management.

(a) Skeich a graphical illustration to show the i inventory situation with respect to time
for umform demand, no safety stock and no lead time.

(b) Explain what will be the effect of the economic order quant1ty if there should be
a safety stock and lead-time.

(¢) What is the purpose of safety stock in inventory decisions?

Derive an expression for “Economic Batch Size” in case of a single item deterministic
model with uniform demand and finite rate of replenishment.

(a) Formulate and solve the purchase inventory problem with one price break.
(b) Describe the single item static model with any number of price breaks.

Discuss the problem of inventory control when the stochastic demand is uniform,
production of commeodity is instantaneous and lead time is negligible (discrete case).

(@) Discuss any one stochastic model of inventory management. Derive the formula
of optimum Ievel of the inventory.

(b) Show that for a probabilistic discrete inventory model with instantaneous demand
and no set-up cost, the optimum stock level z can be obtained by

2p(d)> >Zp(d)

Discuss the continuous case of a probabilistic inventory model with instantaneous
demand and no set-up cost.

%)

The owner of a fleet of wagons has to determine the optimal size of his fleet so that the
expected cost of maintaining the fleet and of hiring extra wagons in case the demand
exceeds of his fleet, is minimized. Assuming that the cost of maintaining a wagon is ‘a’,
the cost of hiring is ‘6’(b > a) and p_is the probability on » wagons being demanded
on any particular day, determine the optimal size of the fleet.

Construct the mathematical model for the following inventory problem. “Stock is
reviewed continuously and an order of size y is placed every time the stock level
reaches a certain reorder point R. The p.d.f. of demand during lead time is given as
J(x), p and k denote the penalty cost and the holdmg cost per unit time. K is the set-up
cost per order.” .

What is selective inventory control""
Explain ABC/analysis. What are its advantages and hm:tatlons if any?
What is ABC analysis? Why is it necessary? What are the basic steps in implementing it?

Ten items kept in inventory of school of management studies of a state university
are listed below. Which items should be classified as A items, B items and C items?
What percentage of items is in each class? What percentage of total annual value is
in each class?
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UNIT 10: PROJECT MANAGEMENT - PERT and G
PERT AND CPM

NOTES

Stru cture

10.1 Introduction

10.2 Project Management
10.3 Network (Arrow Diagram)

10.4 Steps in Project Crashing

10.5 Probability and Project Planning
10.6  Summary

10.7 Review Questions

10.1 INTRODUCTION

Programming Evaluation and Review Technique (PERT) and Critical Path Method (CPM) are
two techniques used in project inanagement. Project management is necessary to ensure thata project
is completed within the stipulated budget, within the allocated time and perform to satisfaction.

PERT was developed by US Navy in 1958 for managing its Polaris Missile Project. It is very
useful device for planning time and resources of a project. Polaris Missile project involved 3000
separate contracting organizations and was regarded as the most complex project experience till
that time.

Parallel efforts, at almost the same time, were undertaken by Du Pont Company, which
developed Critical Path Method (CPM) to plan and control the maintenance of chemical plants.
These methods were subsequently widely used by Du Pont for many engineering functions.

10.2 PROJECT MANAGEMENT

Definition of terms commonly used in PERT and CPM

Activity

Activity is the smallest unit of productive efforts to be planned, scheduled and controlled. It
is an identifiable part of the project, which consumes time and resources. In fact, a project
is a combination of interrelated activities, which must be performed in a certain order for its
completion. The project is divided into different activities by the work breakdown into smaller
work contents. In network (arrow diagram) an activity is represented by an arrow, the tail that
represents the start and the head, the finish of the activity. The length. shape and direction of
the arrow have no relation to the size of the activity.
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Tail Activity [ Head
Event Event

NOTES Fig. 10.1

Event

An event is an instant of time at which an activity starts and finishes. An event is represented by -
anode, i.e, O. The beginning of an activity is Tail Event and finishing of an event is Head Event.

Path , )

An unbroken chain of activity arrows connecting the initial event to some other event is called
a path. '

‘Predecessor Activity

This is an activity that must be completed immediately before the start of another activity.

--

Successor Activity

Activity, which cannot be started until one or more activities are completed but immediately
succeeds them is called successor activity of a project,

' Dununy Activity

As seen in'the definition of activities, all activities take some time and resources. 4 dummy activity
is the one which is introduced in the network for communication when two or more activities
have the same head and tail events. It means that two or more activities share the same siart
and finish nodes simultaneously. A dummy activity takes no time and requires no resources. It
is shown as a dotted line in Figure 10.2. Figure 10.3 shows wrong representation

Dummy Activity

Fig. 10.2. Correct Representation

Tail Event
or Start Node

Head Event
or Finish Node

Fig. 10.3. Wrong Representation

Let us assume that the start of activity C depends upon the completion of activity A and B and
the start of activity D depends only on the finish of activity. For this situation, we draw wrong and
right representation in Figure 10.4 to understand the introduction of dummy activity in network.
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'PKT/Dummy Activity
v
B. ( ) D

(a) Wrong Representation (b) Correct Representation
' Fig. 10.4

10.3 NETWORK (ARROW DIAGRAM)

A network is the graphical representation of logically and sequentially connected arrows
representing activities and nodes representing events of a project.

Looping

Sometimes, due to errors in network logic, a situation of looping or cycling error occurs in
which no activity can be completed as all the activities of the network are interlinked. In such
situattons, there is need to re-examine the network logic and redraw the network. To understand
looping, see Figure 10.5. '

Fig. 10.5

Activity B cannot start until activity D is completed and activity D depends on the completion
of activity C but C is dependent on the completion of activity B. Thus activities B, C and D
form a loop and the network cannot proceed. Such condition can be avoided by checking the
precedence relationship of the activities and numbering them in a logical sequence.

Dangling

In a network all activities except the final activity has a successor activity. A situation may occur
when an activity other than the final activity, does not have a successor activity. The situation
is shown in Figure 10.6.

Dangling Activity

Fig. 10.6

Project Management
PERT and CFM

NOTES
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In must be remembered that except the first node and last node, all nodes must have at least
one activity etitering it and one activity leaving it. :

Construction of Networks

Construction of a network is a simple procedure of putting all thé events and activities in a logical
and sequential manner to meet the requirement of a particular project/ problem, Difficulty occurs
only when the basic rules are ignored. The following steps are helpful in constructing the network:

(@) Divide the project into activities by following the procedure of Work Breakdown
Structure (WBS). ’

(b} Decide the start event, and the end event of project for all the activities. This is called
-establishing the precedence order and is the most important part of drawing the network.

(¢) The activities decided by the brecedence order are put in a logical sequence by using
the graphical representation notations. Logical sequénce can be decxded by asking the

following questions: [

(1) What are the activities that must be completed before the start of a particular activity ?
(Predecessor Actxvntles)

(/) What activities must follow the activity already drawn ? (Successor Activities)

_ (iif) Are there any activities whxch must be performed simultaneously with a particular -
activity?

Rules to Construct a Network '
1. Activities are represented by arrows —— and events are represented by circles O.

2. Each actlvlty is represented by one and only one arrow. The tail of the arrow represents
the start and head the end of the activity.

3. Each activity must start and end in 2 node.

4. Arrow representing activities must be kept straight and should not be shown curved or
bent. :

5. Angles between arrows should be as larges as posmble to make the activities clearly
distinguishable from each other.

6. Arrows should not cross each other.

7. Event Number 1 represents the start of the project. There will be no act1v1tles {arrows)
entering this node. :

All events (nodes) should be numbered in an ascending order.
No events numbers can be repeated.
10.  Dangling is not permitted.

1. Dummy activities also must follow the above rules even though they do'not consume
any resource or time.

Numbering of avents

For numbering of the events, Fulkerson’s Rule is very helpfil,
(a) Initial or start event, having no preceeding event is numbered 1.

(/) Numbering of other events is done from left to right or from top to bottom as 2, 3, 4,
etc. ' '



(c) The events, which has been numbered are ignored or deleted. This will result in new Project Management
initial events; these must be numbered in ascending order. PERT and CPM

(@) Continue numbering all the events till we reach the last event out of which no activity

* (arrow) will emerge. It will be allotted the highest number, as it is the end event. NOTES
The numbering of activities is illustrated with the help of Figure 10.7.

Fig. 10.7

Skipping of Event Numbers

[n large projects in which the activities run into hundreds, it is not always possible to list all the
activities at the initial stage and some additional activities may have to be added as the project
progresses. Hence, while numbering the events continuously as 1, 2, 3, 4...and so on, the events
are numbered in gaps of 5°s or 10’s so that other events can be inserted without causing any,
inconvenience to the logic of the network. The first event may be numbered 5 and subsequent
events may be numbered as 10, 15, 20 and so on.

Example, 10.1. Let us use a simple example to illustrate the procedure we have just learnt. Listed
below is the precedence chart showing the activities, their precedence (sequence), elc., Jor the
project, * Launching a new product’ Sequencing is very important part of the construction of
a network. The precedence given below must be carefully understood, as this example will be
used to draw the network at a later stage.

Activity Description Immed ‘:’;;ﬁf;m”‘”‘ (HT; e )
A Arranging a sales office - 6
B Hiring sales ;uersons A 4
c Training sales persons .. B 7

D Selecting advertising Agency A 2

E Plan advertising campaign ) D 4

F Conduct advertising campaign E i

G Design packaging of product . - 2 ,

Seff-Instructional Material 239



Operations R?search H Establish packaging facility ) G 10
I Package initial stocks ' HJ 6
NOTES J Order stock from manufucturer - 13
' X Select distributors A | 9
L Sell to distiibutors , - CK ' 3
M . Transport stock to distributors | Lr . 5

The logic of the predecessor activities Jor each activity listed in the above table should
be understood properly. The project ‘Launching a new product’ can be broken down into a
number of activitics. The set of activities given in the table are one perception based on simple
logic. Other such logic could also be developed. The students are advised to carefully study the
precedence of the activities.

Solution. Network diagram for the activities listed in the table is shown in Figure 10.8.

Finish (0)

: Start (0)

Fig. 10.8

Please see each activity carefully to understand the logic. The network is listed with O event
-and the activity has 0 time and is written as start (0). Arranging a sales office does not have any
immediate predecessor activity. This is written as activity A with its time (6 weeks) written in
the brackets as A (6) on top of the arfow. From node 1 there are three activities, which do not
have any immediate predecessor activity, i.e., A (6), G (2) and J (13). This may be verified from
the precedence table. Activity B, hiring of salespersons can only commence after arranging sales
office (activity A) so activity B (4) is shown as arrow coming out of node 2. Also activity D (2)
and K (9) can also start only after activity A has been completed and they are shown with arrows
moving out.of node 2. There is only one activity C (7), which can start after completion of B
and is shown as leaving node another node 11 has been created and the finish activity moving
out of node 10. Finish' activity has 0 times as shown in the network diagram. '

240  Selt-Instructional Material



Example 10.2. The characteristics of a project schedule are given befow:

S. No.

1.

2.
.

Construct a suitable network.

Activity

1-2
2-4
3-5
5-6
87
8-9

Time S. No.
6 2l
I 4,
5 6.
8 1
2 10.
1

Solution. The network is shown in Figure 10.9.

Example 10.3. Draw a network diagram based on the following project schedule infirmation

available:

S. No.
i

NS A W N

Activity

A

Q ™ m o0 w

Activity
-3
3-4
4-7
6-8

7-9

Fig. 10.9

Immediate Predecessor Activity

Solution. The network is shown in Figure 10.10.

. Fig. 10.10

A4

CD
E
F

Time

Time

L .- T R = U N N
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Critical Path and Activity Times

As explained earlier PERT is a very useful technique for planning the time and resources of any
project. It is an event-oriented approach as it is mainly concerned with various events in a project.
PERT deals with probability of completion of a project in particular time, as the time of various
activities involved cannot be known accurately. It is only the time an activity is expected to take
for completion, which can best be calculated. Expected time of completion of each activity can
be found out from the following three timings;

(@) Optimistic Time

() The most likely time

(c) Pessimistic Time.

These three timings are based on Beta Statistical Distribution. Beta distribution is used as

it is extremely flexible and can tike on any form of activity' and times that are associated in a
typical project. Four typical Beta curves are shown below.

a ETm b a
(A) '
—
a : ET m b a - BT m b

© ‘ (D)
Fig. 10.11 '
It can be seenithat the Beta distribution has finite end points like {a), the optimistic time and

(&) the pessimistic time and the Expected Time (ET) of the activity is limited between these two
ends. Curve (A) is a symmetrical curve and the difference between the most likely time () and

"Expected Time (ET) is very small. Had the curve been exactly symmetrical, the firm line ()

and dotted line (EET) would be exactly the same. Curve B indicates a high probability of finishing
the activity.m and ET indicates that if something goes wrong, the activity time can be greatly
extended. Curve C is something like a rectangular distribution. Here the probability of finishing
the activity early or late is alinost equal. Similarly, curve D indicates very small probability of
finishing the activity early but it is more probable that it will take an extended period of time.
The Expected Time (ET) can be calculated from the following formula:

_atdm+b

T
E 6

Activity Times— Estimated Time
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After constructing a network reflecting the precedence relationship, we have to ascertain the Project Management

time estimate for each activity. We must calculate ET for each activity using the above formula: PERT and CPM
+4m+ :
ie., ET = 0—4?—-!1
Now the variance of the activity time has to be calculated. NQTES

V2 — (b —-da 2
3 :
Earliest Start and Finish Times
Let us take zero as the start time for the project, then for each activity there is an Earliest Start
Time (EST) relative to the project starting time. It is the earliest possible time that activity can

start, assuming that all of the predecessor activities are also started at their EST. In that case for
that particular activity, its Earliest Finish Time (EFT) is EST + activity time.

Latest Start and Finish Times

If we assume that-the effort is to complete the project in as soon as possible time, this is the
Latest Finish Time (LFT) of the finish activity or of the project. The Latest Start Time (LST) is
the latest time when an activity can start, if the project schedule is to be maintained

LST = LFT — activity time
Finish activity has zero time, hence LST = LFT

Stack. Slack of an activity can be defined as the difference between the Latest Start Time
(LST) and Earliest Start Time (EST) or the difference between the Latest Finish Time (LFT)
and Earliest Finish Time (EFT). This is the significance of slack or Total Slack Time (TST),
that the TST for any activity must be used up. .

Critical Path

If we observe the network, we can see that there are a number of paths that lead to the finish
activity, i.e., completion of the project. But the longest path is the ‘most limiting path. This path
is called the Critical Path. It can be easily determined by adding the activity times of all the
activities on the largest path from start to finish of the project. '

Calcolation.of EST and EFT

These calculations can best be described with the help of a network. Let us draw a network as
shown in Figure 10.12:

Finish (0)

26]36

36|36

Fig. 10.12
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Operations Research  This is the same network as was drawn in Example 10.1

In the above figure the name of the activities are written above the arrow and their timings
are’written in the brackets. The start activity and the finish activity with zero timing have only
NOTES been listed for convenience,

For calculations of EST and EFT let us proceed forward through the network as follows:

(@) Put the value of the project start time in both EST and EFT positions near the staﬁ
' activity arrow. So for start activity EST and EFT is zero, which is piaced under the

start activity as .

(6) Consider activity A with activity time of 6. For this EST is zero and EFT is 6 because
that is the minimum time the activity will take. It has been placed near activity A as

o]},

(c) . Allactivities emanating from node 2 will have EST as 6 and EFT =EST + activity time,

hence for activity B it is because activity B has a timing of 4. Similarly,

near activity D has been as it has activity time of 2. All the timings have
been writien in this manner. ' :

(d) Continue through the entire network and mark the EST and EF T. The critical path is
ABCIJK and is 36. Hence for the finish activity EST = EFT = 36.

Calculation of LST and LFT
For this purpose we work backward through the network. These timings have been listed.in
Figure 10.13. )

[26/26]36136

Finish (0)

D [ETelEe %
o T

22[26] [26]36]

[36]36]

Fig. 10.13

For activity K, EST was 26 and EFT was 36. LST for this activity is 36 — [0 =26 and LFT
is 36 so mark it next to activity K as shown. Similarly, let us take activity F. EST was 12 and
-EFT 22 as activity timne is 10. LST can only be 26 — 10 = 16 and LET is 26.

Calculation of Float (Slack) and Crashing the Network

Example 10.4, 4 project consists of the Jollowing activities. The Optimistic Time (OT), Pessimistic
Time (PT) and Most Likely Time or the Expected Time Jor the activities is also listed in front
of them:. ' '
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Predecessor Activity Sucaesso-rAc!ivity or Most Likely Time PT ' PEAT and CPM
1-2 2 2 3 4
2-3 ' 3 3 6 9
NOTES
2-4 4 3 4 3
3-5 5 2 4 6
3-6 6 - 0 -
-6 6 - 0 -
4-7 7 4 5 6
5-7 7 4 6 8
6-~-7 7 6 7.3 12

Draw a network diagram of the above project and calculate associate timings of the project,
i.e., Earliest and Latest Qccurrence times qf different events, slack, identify critical events and
mark the Critical Path in the diagram. What is the total project duration ?

Solution. The network diagram is as shown below.

(4, 6), (3, 6) —» Dummy Activities
Critical Path 1,—2, -3 —5 -7, Longest Path

Event

Predecessor Successor ET = 9+4dm+6

—

(= Y R . - TL" N S R U R 6
e IR BN = S - O ¥ D - VS I e
0. N b © O A bk v w
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EST LST
Event1=0 Event 7=19
Event2=0+3=3 Event6=19-8=11
Event3=3+6=9 BEvent 5=19-6=13
Event4=3+4 _ Event4=11-0=11
Event5=9+4=13 Event3=13—4=9
Event6=9+0 Event2=9-6=3
Event7=13+6=19 Eventi=3-3=0
Now the slack can be calculated. -
Event ° EST LST - Slack

1 0 0 0

2 0

3 9 0

4 7 11 4

5 13 13 0

6 9 11 2

7 i9 19 0

All the events having zero slack are the Criticgl Events, ie, 1,2, 3, 5and 7. This is the Critical Path.
The project duration is 19 (days/weeks).

Crashing of Network

Most of the projects result into cost overruns because of the inability of the project management

- team to complete the project in minimum possible time frame. The crashing of network involves

considering the cost incurred on different activities required for completing the project. Let us
understand certain terminology associated with crashing of network.

Normal Cost  This is the cost of the project when all the normal activities are carried
out, i.e., there is no overtime or there are no-special resources for which
extra payment has to be made.

Normal Time It is that time in which project can be completed with the normal cost
as defined above.

Crash Cost It is the minimum possible time, which is associated with the crash cost..

The relationship between these costs can be expressed as shown in Figure 10.15.

Crash Cost - C

B }
2 A D g Normal
= ‘ . Cost
D
<

0 P Q

Crash Time Normal Time
Fig. 10.15



OB—0A CD . Project Management

It can be easily seen from the diagram above that the cost-time slope (angle) is ———— = . PERT and CPM
0Q-0P DE
Slack
It shotild be appreciated that slack can refer to an activity as well as an event. It can be defined NOTES

as the difference between the Latest Time and the Earliest Time. Since normally we deal with
activity time in case of activities, slack and float have the same meaning. When slack is associated
with an event, then the activity can have two slacks.

Head slack (slack of the head event) = LFT — EST of head event
Tail slack (slack of the tail event) = LFT — EST of tail event.

Float

Float can be described as the free time associated with an event. It is the time available for
performing an activity in addition fo the duration time. Hence, really float or slack is that time
by which an activity can be delayed without delaying the entire project. These activities which
do not have any, float or slack are the activities, which cannot be delayed without delaying the
project. These activities are called the critical activities. Hence, along the critical path the float
or slack is zero.

Float is an impertant concept in project planning. It helps the project management team to:

(i) priorities resources for allotment;

(if) transfer of resources from one area to another depending upon where these are required

earlier; : :

(ii)y minimization of resources; )
(iv) smoothen the use of resources. )

Total Float

Total float is that time by which any activity can be maximum delayed without delaying the entire
project. If the total float is used up in an activity, that particular activity and all the subsequent
activities become critical.

Total Float = Latest occurrence time of the succeeding event—Earliest occurrence time of the
preceding Event - duration of the activity. )

Free Float

It is that time by which an activity can be delayed without effecting the commencement of a
succeeding activity at its earliest start time. Free float results when all preceding activities occur
at the earliest event times and all succeeding activities also occur at the earliest event times.

Free Float = Earliest occurrence time of the succeeding events — Earliest occurrence time of
the Preceding events-duration of the activity.

- Independent Float

Independent float is a measure of spare time that is available in an activity if it is started as
late as possible and finished as early as possible. Hence, it is that amount of time by which an
activity can be delayed, when all preceding activities are completed as late as possible and all
succeeding activities are completed as early as possible.

Independent Float = Earliest occurrence time of the succeeding event-Latest occurrence
time of Preceding event-duration of the activity.
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.Example 10.5. 4 project consisting of eight activities is shown with the help of a network
diagram below. Activity times have been marked on top of the arrow in brackets, calculate EST,
LST, EFT and LFT. Also calculate the total float for each activity.

G(3) . H(1) . |

) Fig. 10,16 -
Solution, EST = Earliest Event Time of the tail event
EET =EST(1-2)=0

Earliest Event Time = Earliest occurrence time of the event preceding the event + duration

of the activity. '
EST(1-3) =0
EST (1-35) =0
EST(1-5) =0
EST(2-3) =1
EST(3-4) =5
EST(4-5) =8
EST(5-6) =12
EST(6-7) =15
Also, 181.: us calculate the Latest Finish Time from the' above rework.
LFT(1-2) =5
LFT(2-3).=5+3=8
LFT(1-3) =8

LFT(3-4) =8+3=11
LFT(4-5) =11+1=12
LFT(1-5) =12
LFT(5-6) =12+3=15.
LFT(6-7) =15+1=16.

LST can be calculated as

LST =LET - Duration of the activity converging on the head event

LST(1-2)=5-1=4 '
LST(2-3) =8-3=5
LST(1-3) =8-5=3
LST(3~-4) =11-3=8§
LST(4-5)=12-1=11



LST(1-5) =12-12=0

LST(5-6) =15-3=12

LST(6-7) =16-1=15
EFT can be calculated as follows:

EFT = EST + duration of the activity emanating from tail event
EFT(1-2) =0+1=1 |
EFT(2-3) =3+1=4
EFT(1-3) =0+5=5
EFT(3-4) =5+3=8
EFT(4-5)=8+1=9
EFT(1-5) =0+12=12
EFT(5-6) =12+3=15
EFT(6-7) =15+1=16

These timing can now be entered in the network.

G5

Fig. 10.17

EST have been entered on top half and LFT on the lower half.
Total Float can be calculated as follows: '

Total Float = Latest occurrence time of the succeeding event — Earliest occurrence
time of preceding event — duration of the activity.

=LST-EST
Float(1-2) =4-0=4
Float(2-3) =5-1=4
Float(1-3) =3-0=3
Float(4-5) =11-8=3
Float(1-5) =0-0=0
Float (5-6) =12-12=0
Float(6-7) =15-15=0

These values of EST, LST, EFT and LFT as also the total float can be put in the form of a
table as shown on the next page.

Project Management
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Activity Duration * EST LST EFT . LFT - Total float
A 1 0 1 5 4
B 3 1 4 4
NOTES . C T3 0 5 3
D 3 5 g S 3
E 1 8 11 9 12 3
F 12 0 0 12 - 12 0 Critical
G 3 12 12 15 15 0 activities
H 1 15 - 15 16 16 0

(a)
®)
()

(@)
(e)

)

Critical path FGH has been shown with thick line (1 -5 -6 — 7).
The total project duration=12+3 + 1 = 16.

Project cost and crashing of activities

Project costs are the most vital aspects of project management, if due to any feasons, there are cost
over-runs, the entire decision making process may be affected adversely. One major advantage
of Critical Path Method is that it i$ able to establish a relationship between time and cost. The
management is always interested in cutting down the project time, since critical path measures
the expected duration of the project time, through identification of the critical activities which
need special attention. The aspect of project planning in which the project duration is intended
fo be reduced is called project crashing. 1t is desirable for the following reasons:

Completing the project in the least possible time
Reducing the project cost as far as possible

Time and hence cost over-runs can be minimized as the project managers can take
measutes to expedite other activities if the critical activities have taken more time than
planned for.

Reduction in idle time of the facilities and smoothing the utilization of the resources.

Plans can be made to utilize the resources and facilities in efficient manner and these
can be transferred /switched over to the other more profitable / desirable projects.

The duration of the activities can be reduced by either allocating more resources in
manpower and machines as originally planned for or by working over times in different
shifis.

Example 9.6. Draw a network from the following ac'tfvities‘ and find a critical path and duration

of the project, ‘

Activity Duration (Days) Activity Duration (Days)

L1-2 ' 10 5-7 . 7
2-3 8 . 6-8 _ |
3-4 1 Co7-8 | 6

. 3-5 ' 13 ' 89 5

4-06 7 Y—10 17
-6 )
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Solution.

Fig. 10.18
Various paths
1-2-3-5-7-8-9-10
1-2-3-5-6-8-9-10
1-2-3-4-6-8-9-10

Duration of pa'thé
10+8+13+7+6+15+17=76
10+8+13+11+9+15+17=83
10+8+12+7+9+15+17=78

Hence the critical path is 1 —2 —3 - 5 — 6 —8 — 9 —10 with total duration of 82 day. It is

marked with thick lines.

Example 10.7. 4 small project consists of the following twelve jobs whose precedence relations

. are identified with their node numbers as follows:

Job Precedence 13;;:;3" Job Precedence Dg;’z;;jn
A 1-2 10 G 3_7 12

B 1-3 4 H 45 T

¢ 1-4 6 I 5-6 6

b 2-3 3 J 6=7 5

E 2-5 12 K 6-8 4
F 2-6 9 L 7_8 7

(d@) Draw a network diagram representing the project.

(b) Find the critical path and project duration.

(¢) Calculate EST, EFT, LST, LFT for all the jobs.
(d) Tabulate Total Float, Free Float, Independent Float.

Solution. The network diagram is shown below:
G(12)

H(19)

Fig. 10.19
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1-4
2-3

(a)
(6
(©)
(d)

(e)
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Job

2-5 °

Paths . . ‘Duration
1-2-3-7-8 (10+5+12+7)=34 .
1-2-6-7-8 10+9+5+7=3]
1-2-6-8 10+9+4=23
1-2-5-6-7-8 10+12+6+5+7={40
1-2-5-6-8 . 10+124+6+4=32
1-3-7-8 4+124+7=23
1-4-5-6-7-8 6+154+6+5+7=39
I-4-5-6-8 6+15+6+4=31]

Critical pathis 1 ~2—5—6—7 — 8 with duration of 40 days. It is marked with thick lines in
the network diagram.

Computation of EST, EFT, LST and LFT-

Duration EST LET  LFT LST  Total Float g\?:r:it ;:ealat
@ B @ 5=0+) (=4-2) (=6-3) (@& ©E=7-8
10 0 10 00 0o 0
4 0 21 ._ 4 17 6 6 11
6 0 7 6 - 1 1 1 0
5 10 2 15 16 6 6 0
2 10 2 10 0 o 0 0
9 10 28 29 19 9 0 9
12 15 33 27 21 6 0 6
15 6 22 21 7 1 0 1
6 22 28 28 - 22 0 0 1
5 28 3 . 3 .28 0 0 0
4 28 40 32 36 0 0 8
7 33 40 . 40 33 0 ¢ . 0

Terminology in Time Cost Relationship

Normal Time of an activity (z,)
Crash Time of activity (t)
Normal Cost (C,)

Crash cost of the activity (C,)

AC _ Crash cost — Normal cost _C.-C,
AT Normal time - Crash time ¢, — L

Activity cost slope or angle =



A
Total Cost
I\\
AN
N,
Cost
Direct Cost \'\\ Indirect Cost
"“--._._‘__‘
]
I t . ‘
Time
Fig, 10.20

It may be seen above, that the indirect cost of the project decreases with the increase in the
duration of time, whereas direct cost increases with time and these two costs are opposite to
each other. The sum of the two costs is shown as total cost. The project duration for which the
total cost is minimum is called the optimum time duration shown as ¢,

10.4 STEPS IN PROJECT CRASHING

The following steps are involved in project crashing:

Step I. Calculation of the cost slope

As shown earlier cost slope = AC_C. -G

AT 1, ~t,
where C,, C,, t, and t_have the usual meaning and —i% denotes the cost

of reducing duration of an activity by one unit of time.

Step II. Mark the critical path from which the expected duration of the project is found.
Find the associated project cost for this critical path.

Step III. Select the least cost slope activity out of the critical path activities. If there
happen to be more than one critical path, then select one such activity on each
of the critical paths.

Step IV. Keep reducing the activity time of the selected activity unless and until either
crash time is reached or the earlier non-critical parallel path becomes critical.

Step V. Step Il to IV are repeated until we 1dent1fy a critical path on whlch none of
the activities can be further crashed.

Step V1. List the time and cost in the form of a matrix and select optimum duration of the
project. '
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Example 10.8. The network of a small project is shown below:

Fig. 10.21

The data for the cost and time is also given below. If the indirect cost of the project is estimated
to be T 100 per day of the project duration what is the optimal projéct duration?

Total Normal Cost = 1120

Activity Normal Time Crash Time Normal Cost Crash Cost

(days) (days) ) - (3)
A 2 1 70 80
B 4 2 80 200
C 3 1 130 230
D - 4 2 130 300
E 3 3 120 120
F 4 2 80 120
H 4 2 100 280
I 5 2 80 200
J 3 2 60 00

Solution. Step L. Calculation of the cost slopes of the each of the activities of the project.

A= 80—60=20
2-1
B = 200-—80=60
42
c=190_s5
2 .
. 2
E=0
F=230_9
2
2




H=—=70
2

1=1_2_0=40
3

J—§E=3O

Step 1L I(ientify critical path and find the expected duration of the project and direct
cost of the project. . .
CP=A-B-G—H-I, Expected normal duration=2+4+3+4+5=18 days

Direct Cost=3 1120

Step II1. Least cost activity on the critical path is A, as it has the lowest cost slope of
20 and this can be crashed by 1 day (crash time = 1 day given in the problem,

ie,2-1=1)
New duration= 18— 1 = 17 day )
New cost =% 1120+ 1 x20=3 1140

The new network with activity A crashed (circled to show that it has been crashed) it shown below.

Fig. 10.22

Step IV. Repeat step 1T to III
Out of the remaining activities on critical path, BGHI, activity I has the lowest unit cost of
crashing of 40. It can be crashed by (5—2) = 3 days.
New [5urati0n of the project = 17 — 3 = 14 days
New Project cost =3 1140 +3 % 40
=3 1260

Out of the remaining three activities on the CP, i.e., BGH activity B has the lowest cost of

60 and it can be crashed by = 4 — 2 =2 days
New project duration = 14 -2 =12 days
New Project Cost = 1260 +2 x 60 = ¥ 1380

The new network ay be drawn to show the impact of crashing.
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Fig. 10.23

With crashing of B, the path ADFJ has also become critical. To crash the project duration
further, we select one activity from each of the two critical paths and crash each selected activity
by smallest of duration by which these activities can be crashed. '

On path ABGHI, G and H are left for crashing and in the path ADFI, three activities DFJ
can be crashed. Since both activities H and F can be crashed by 2 days (je, H=4-2 = 2,
F=4-2=2), it will results in ;

New Project duration =12-2=10

Project Cost = 1380 + 2 x 70 + 2 20 as cost slope of Hand F are ¥ 70 and 20
respectively = ¥ 1560 :

The crashed network is shown below.

Fig. 10.24

On the original critical path only one activity G remains to be crashed which can be crashed by
2 days but costs ¥ 90/ to crash per day. On the other CP activities D and J remain to be crashed
which cost T 50 and ¥ 30 to crash per day. Since their total cost is lessthan T 90 (ie., T50+7 30
<% 90) activities D and J have been selected to be crashed. D can be crashed by 2 days but J
can be crashed by one day, hence both will be crashed by one day. -

' New project duration= 10— 1= 9 days
New project cost = 1560 + 90 x 1 + 30 x 1 7
=7 1680
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It can be seen in the network drawn below that the crashing of activities G and J have made
all the three paths critical. Now only one activity i.e., G remains to be crashed on CP, A — B
— G — H -1, similarly only activity D remains to be crashed on CP A — D — F — J. But on the
third CP, ACEI two activities C and E remain to be crashed. We have to select one activity each
from each of the CPs and crash it. From CP, A — C — E — I activity C will crash since E cannot
be crashed technically. So, activities G, C and D have to crash. Out of these G could originally
be crashed by 2 days but it has already been crashed by one day. All the three activities on the
three CPs will be crashed by one day.

New Project duration =9 — 1 = 8 days |
New Project cost = 1680+90x 1 +50x 1 +50x 1
=T 1870

The finally crashed network can be shown below.

©IE)

Fig. 10.25

Crashed duration of the project = 8 days on all three critical paths the total duration is 8 days
only.

Step V. List the project-time cost in a table and select the optimal duration of the
project.

These are drawn in the following table.

Proje:;zg:;ation Direct Cost %) - gd;rle;; g::td (:; Tota(l::]’::ject
18 1120 1800 2920
17 1140 1700 2840
14 ' 1260 ' 1400 2660
12 1380 - 1200 2580
10 1560 1000 2560
9 1680 900 2580
8 1870 800 2670
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Operations Research It may seen that the cost is minimum when the project duration is 10 days. The result of
crashing exercise undertaken above can be summarized as

Normal duration of the project = 18 days
NOTES Crashed duration of the project = 8 days
Optimal duration of the project = 10 days
Minimum cost of the project = ¥ 2560

10.5 PROBABILITY AND PROJECT PLANNING

As explained earlier in this chapter, PERT is able to provide help in decision-making under
conditions of uncertainty. Uncertdinty is almost abways associated with the project completion
time and complction of different activities in planned time.

Using the concept of time estimates, optimistic time, most likely time and pessimistic time
and the formula associated with these,

Tcp = Expected time of completion of the project

=Dttt Hh, ot

wheret, , t, , .., ¢ " are the expected times of-the activities on critical path.and V,, V,, ..., V, are -
e bey e, p h p 1 2 n

the variances of the activities.

Variance V = b—a

2
and Standard Deviation s = [b ; a]

then 6=V +Vy +V3+ .. +V,

Example 10.9. Activities of a small project given below. The network of this project is also
dravwn. What is the probability of completing the project within 26 days, within 28 days.

Activity Most Oprin_:istic Time Most Likely Time Most Pessimistic Time
(Days) (Days) (Days)
1-2 i "1 I
2-3 I 4 - 7
2-4 8 12 10
3-35 3 5 7
4-5 ! 1 1
5-6 3 6 9
57 4 é 8
6—38 4 8 12
7-8 2 5 8
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Solution. The expectéd time 7, and the variance of different activities can be fond out. It is
given in the following table:

Most ) Most Expected Standard
Activity optimistic lt\idrgzt(l(;l;el))’ pessimistic - variance time deviation 3
time (days) Y} time (days) ¢= ﬂ;ﬁ’ﬂ o2 = (b —a ]
6
1-2 -1 1 1 1 0
2-3 1 4 7 4 1
2-4 8 12 10 11 "0.111
3-5 3 5 7 5 0.44
4-5 2 I 3 3 .027
5-6 3 6 9 6 1
5-7 4 6 8 6 . 0.44
6-8 4 8 12 8 1.78
7-8 2 -5 3 5 1
EST for each activity can be calculated
" Nodel=0

_Node2=o+‘8=8

Node3=8+4=12

Node4=8+12=20

Node 5 = Maximum out of [(12 + 5), (20 +1)] =21

Node 6 =21+ 6 =27

Node 7=21+6=27

Node 8 = Maximum out of [(21 + 8) and (21 + 5)] = 29.
Similarly, LST for each activity can be calculated.

LST Node 8 =29
Node 7=29-5=24
Node 6 =29 —8 =21
" Node 5 = Maximum out of [(21 — 6), (24 —6)] = 15

Node4=15-3=12

Node3=15-5=10

Node 2 = Min out of [(12 — 11), (10— 4)] = 1

Node1=1-1=0 '
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Operations Research Let us redraw the network showing the critical path with a thick line.

NOTES

Fig. 10.27

-

Critical pathis 1 -2 -4-5-7-38. )
Expected time in completing the project=1+ 12+ 1 + 6 + 25 days
Project variance = 62= 0 + 0.111 + 0.027 + 0.44 + |
=1.578 '

o= f1.578 = 1,256

‘Probability of completing the project in 30 days,

7= XX _26-25 00
‘ G 1.256
~  where, : X =30 days (time under consideration)

X = Length of critical path = 25 days
o = SD of critical path
The value from the cumulative norral distribution table for Z = 0.796 is 0.7852. Hence, the
probability of conipleting the project within 28 days is 79.6 %.
Similarly, when we have to find probability of completing the project in 28 days,
7 = 28-25 ‘
1.256

The value from the table for Z = 2.388 is 991576
Le., the probability of completing the project in 28 days is 99.15%

=2.388

Example 10.10. An R & D project has large number of activities but the management is
interested in controlling a part of these activities 7, in number. The Jollowing data is available
Jor these 7 activities:

Activity Preceding activity {a)- - Times (m) ()
A 7 None . ’ 4 ) 6 8
B A 6 10 8
c A 8 18 10
D B s 9 9
E C 10 4 , 4
F A 5 5 5
G D EF 8 6 10
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(i) Draw a PERT network for the activities shown in the table. . Project Ménagement

. FERT and CPM
(i) Prepare the schedule of the 7 activities.

(itiy  Mark the critical path on the network. .

(iv) Ifthe management puts a deadline of 37 days for completion of this part of the project, NOTES

determine the probability it will be completed in 37 days.

(v) . When should the management stax! these activities to get a confidence level of 99% of
completion of these activities in the scheduled time?

Solution. The network for the above data an be drawn as shown in Figure 10.28:

0
A(6)
O,
Fig. 10.28
(ify  Time for each activity has been determined using the formula
+dm + _ _ o
=%é and shown is brackets along with the activities.
Activity A B C D E - S
Time 6. 9 15 9 5 S 7

The critical path is A — C — E — G marked with thick lines and the expected length of
this part of project =6 + 15 + 5 + 7 =33 days. 5
- aj

Activity A B C D E F G
Time 0.444 0.111 0.111 0 1 0 0.111

b
Now let us work out the variance, i.e., 6* using the formula (

Vgriance =0.444+0.111 +0.111

=1.666 or 6 = ,f1.666 = 1.29

EST and LST have been shown along side each node.
(iif)  Probability that te project will be completed in 37 days.

_ 37-39 —_2__ 55
1.29 1.29
For =— 1.55 the value from the tables is 0.93943.

i.e., the probability that this part of the project will be éompleted in 37 days is 93.94 %.
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Operations Research {(iv) For 99% assurance the Z value from the table is 2.33.

= ){1_239 we can substitute Z value in this.
. X-39 s _
NOTES | 2.33 = 129 or X —-139=2233 X'l.29-3
or X =42

The management has 99% assurance, that this part of project will be completed in 42 days.

Example 10.11. Given below is the list of activities along with their predecessor activties. Three
time estimates arc also provided.

Activity Preé'e.ce.ssor Most optimistic Time .ﬁveeks) Most pessimistic
Activity {a) Most likely (m) (b)
A NIL i 2 9
B A 2 3 4.
C A 2 4 6 -
D A 3 5 7
E C 5 7 9
F D I 3 5
G B i 4 7
H G 2 6 10
I EH 4 8 6
J F 2 6 10

What is the probability of critical path being completed in (i) 23 days (ii) 21 days?

Solution. For drawing the network we need the activity time, which can be calculated using
the relationship aramrb plso for finding out the probabilities the ¢* must be calculated.

| These calculations ae given below.

Activity A B C D E F G H I J
' Activity Time 3 3 4 5 7 3 4 6 .7 6

2
(”;“] =c® | 316 | 0.11 | 044 | 044 | 044 | 044 | 1 | 177 | 011 | L.77

Now the network can be drawn

G )

F(3)

Fig. 10.29
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The activity timings have been shown in brackets along with the activity on top of the arrow. Project Management

. ) . s PERT and CPM
The critical path, the path with longest duration is ABGHI and the total duration of the activities an
on critical path is 3+ 3 +4 + 6 + 7 = 23 weeks. It is marked with thick lines in the network.
_ Variance o on critical path = 3.16 +0.11 + 1 + 1.77+0.11 : NOTES
6’ =6.15
o =248

Scheduled time — Duration of the critical path
Standard Deviation of critical path ()

Standard normal deviation Z =

If the scheduled time of completion is 25 days as given in the problem,
25-23

then : .Z_= 748 =(.8051

Hence, probability of completion of the critical path of the project is 80.51%. If the scheduled
time is 21 days. ’ '
12-23

Z= 248 0.806. Ignoring the negative value read the probability value, which is 0.8051.

Probability of completing the project is 21 days = 1 - 0.8051 = 0.195

oty

i.e., the probability completing the project in 21 days 1.95%.

10.6 SUMMARY

s Activity is the smallest unit of productive efforts to be planned, scheduled and controlled.

o A network is the graphicaa" representation of logically and sequentially connected
arrows representing activities and nodes representing events of a project.

o PERT is a very useful technique for planning the time and resources of any project.

e The longest path is the most limiting path. This path is called the Critical Path.

o Slack should be appreciated that slack can refer to an activity as well as an event. It
can be defined as the difference between the Latest Time and the Earliest Time.

e One major advantage of Critical Path Method is that it is able to establish a relationship
between time and cost.

» The aspect of project planning in which the project duration is intended to be reduced
is called project crashing. .

o PERT is able to provide help in decision-making under conditions of uncertainty.
Uncertainty is almost always associated with the project completion time and
completion of different activities in planned time.

10.7 REVIEW QUESTIONS

1. Whatis thé critical path analysis? What are the areas where this technique can be
applied?

2. How does PERT differ from CPM? Describe briefly the basic steps to be followed in
developing PERT/CPM programmed?

3. Under what circumstances would you use PERT as opposed to CPM is project
management? Name a few projects where each would be more suitable than other.
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Operations Research 4. What is the significance of three times ¢stimates used in PERT? How an on what basis
1s a single estimate derived from these estimates?

What is critical path? What does it signify? What are its benefits?

NOTES 6. Descrillace with the help of a diégmm, the procedure to arrive at the critical path in a PERT
network.

7. What do you understand from earliest finish time and latest finish time? How are they
calculated? Explain your answer with an example.

8. What do you understand from slack? What are the different types of slacks? How does
knowledge of slack help better project management? '

9. A management institute plans to organize a conference on the use of “Quantities
techniques for decision making”. In order to coordinate the project, it has decided to
use a PERT network. The major activities and times estimate for ach activity have been
completed as follows:

LY

Activity Description . E’Ztlirrnne:te Actlv;zct:g; must
a. Design conference meeting theme 1-2-3 None
b. Design front cover of conference proceedings 1-2-3 A
¢. Design brochure ’ 1-2-3 A
d. Compile list of distinguished speakers : 2-4-6 SOA
e. Finalize brochure and print it : 2-5-14 CandD
f. Make travel arrangements for distinguished speakers 1-2-3 D
g. Send broachers © 135 E
h. Receive papers for conference 10-12-30 G
I. Edit papers . 3-5-7 H
j- Print proceedings 5-10-15 Band I

(a) Const ruct an arrow diagram called network.
(b) Calculate expected time for.each activity.
(¢c) Identify critical path and determine the project duration. o
10.  Major activities involved in the develpment of an item with a vendor are as under:

Activity Duration ' " (Weeks)
A 2
B 1
C 2
D 1
E 5
F 8
G 4
H 2

B 1
J 4
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Constraints: Project Management
(i) A is start activity. PERT and CPM
(i) B can start on completion of A.
(Giify C, E and H succeed B NOTES

(iv) C centrols D, E controls F and H controls I
(v) G can commence after F is over.
(vi) J can start once D and I are over.
(vif) G and ] are last activities. '
(a) Draw the project network and identify all the paths.
(b) How many weeks are required by the vendor to develop the item ?
(¢) What suggestions do you make to reduce the development time ?
11. A company manufacturing plant and equipment plant for chemical processing is in the
process of quoting a tender called by a Public Sector Undertaking. Delivery date once
' promised is crucial as penalty clause is applicable. The wining of tender also depends
on how soon the company is able to deliver.the goods. Project manager has listed down
the activities in the project as under:

S.No. | Activity | Immediate Proceeding Activity | Activity Time (Weeks)
1 A 3
2 B 4 -
3 C A 5
4 D A 6
5 E C 7
6 F D 8
7 G B 9
8 H E,FG 3

(a) Find out the delivery week from the date c;f acceptance of quotation.
(#) Find out total float and free float for each of the activities.

12. Calculate EST, EFT and LFT for the following network. The duration for each activity
is given on upper side of arrow line.

13. Time and cost data of the ctivities of a small project is given below:

Normal Crash Cost Slope
Activity (Donsy | Cost () e | Cot@ | (Daygy | Cot®
1-2 3 360 2 400 | 40
2-3 6 1,440 4 1,620 1 90
2-4 9 2,160 5 2,380 4 55
2-5 7 1,120 5. 1,600 2 240
3-4 8 400 4 800 4 100
4-5 5 1,600 3 1,770 2 85
5-6 8 480 7 769 1 280
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14,

15.

The overhead cost per day is ¥ 160.
(i) Find critical path.

(#)) Crash the project to achieve optimum duration and optimum cost.

A project consists of nine activities. Activities are identified by their beginning (i) and

ending ({) node numbers. The three estimates are listed in the table below. -

- Estimated Duration (Weeks)
Activity (i — ) .
Optimistic Most Likely Pessimistic
1-2 1 1 7
1-3 1 4 19
1-4 1 4 7
4-5 2 5 14
2-6 2 5 8.
_5-6 1 4 19
" 5-6 1 4 19
3-7 2 5 14
6-7 3 6 15

(a) Draw the project network and identify all the paths through it.

*(b) Identify the critical path and determine the expected project duration.

(¢) Calculate variance and standard devidtion of the project duration. - -
(d) What is the probability that the project will be'completed.
(i) Atleast 2 weeks earlier thdn expected?
(if) Not more than 2 weeks later than expected?
(e) What due date has a'probability of completion £ 0.957
Given normal distribution function

Normal Deviate (z) | Probability % | Nermal Deviate (z) Probability %
-0.9 18.4 +0.9 81.6
0.1 15.9 +1.0 . 84.1
- 11 13.6 +1.1 86.4
-2 11.5 +1.2 88.5
~13 9.7 +1.3 50.3
-1.4 8.1 +1.4 91.3

The following table gives for each activity of a project, its duration and responding

resource requirement as well as total availability of each type of resources:

Activity | Duration (Days) | Resources (Machines) | Required (Men)
1-2 7 2 20
1-3 7 2 20
2-3 3 3 30
2-4 6 4 20
3-6 9 2 20
4-5 3 2 20
5-6 5 4 40




16,

17.
18.

19.
20.
21.
22,
23.
24.

25.
26.

_Minimum available Resources.

(/) Draw the Nétwork, compute earliest Occurrence Time and Latest Occurrence Time
for each event, the total float each activity and identify the critical path assuming
that there are no resource constraints. ]

(if) Under the given resource constrains find out the minimum duration to complete
the project and compare the utilization of the resources for the duration.

A projection consists of 10 activities, each of which requires either, or both, of the two
types of resources R, and R, for its performance. The duration of the activities an their
resource requirements are as follows:

Activity Duration (Days) R, R,
1-2 3 3 2
1-3 2 6 -
1-4 6 .4 —
2-6 4 - 4
3-5 2 2 2
4-5 1 4 -
4-8 4 4 -
5-7 3 3 2
67 2 1 3
7-8 4 4 5

Resource availability: 8 units of R, and 5 units of R,

Determine the duration of the project under given resource constraint. If the resources

were not a problem, how long would the project take to complete in the normal course?

Explain the meaning of ‘crashing’ in network techniques.

What do you understand by the term direct cost and indirect cost in PERT costing

techniques? How do they behave in project cost with range of duration?

(a) What do you mean crash duration?

(b) Write a short note on project crashing using network analysis. (Also give graph
for cost slope). :

What is a least-cost schedule of a project? How is it obtained?

How do you distinguish between resource levelling and resource allocation problems?

State and explain an algorithm of resource allocation.

Explain how network analysis can be used for resource planning and levelling in project

management. '

Explain the use of float in levelling of resources.

Give a procedure of resource levelling using PERT/CPM.

Distinguish between ‘Precedence Diagram’ and ‘Network Diagram’.

A small project consisting of § activities has the following characteristics;

.. . . Time Estimate (Weeks)
Activity | Preceding Activity — - .
Most Optimistic | Most Likely | Most Pessimistic
A None 2 4 12
B None : 10 12 26;
C A . 8 9 10 -
D A 10 15 20
E A 7 7.5 . 11
F B,C 9 9 9
G D 3 3.3 ' 7
H E,F,G 5 5 B 5
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27.

{a) Draw the PERT network for the project.
{b) Determine the critical path.

(¢) Ifa 30 weeks deadline is imposed, what is the probablhty that the pro_|ect will be
finished within the time limit?

The following information relates to a construction préject for which your company is
about to sign a contract. Seven activities are necessary and the normal duration, normal

" cost, crash duration and crash cost have been derived from the best available sources. -

Activity Precéding Activity | Duration in Weeks DirectQ Cost (%)
Normal Crash Normal Crash

a - 15 12 | 4500 5,250

b - 19 14 4,000 4,500

c - 9 s 2,500 | 4,500

d A 6 - 5 1;700 1,940

e A 14 9 4300 | 5350

f b, b 9 6 2,600 3,440

g b e - ‘ "8 3 1,800 3,400

Each activity may be reduced to the crash duration in weekly stages at pro rata cost.
There is a fixed cost of T 500 per week.

Required:

(a). Draw, clearly labelled, a network and indicate the notation pattern used.
(b) Indicate the critical path and state the normal duration and cost.

() Calcunlate the critical total cost, showing clearly four working, and the revised
duration and cost for each activity.
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