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2.1 INTRODUCTION

The Principle of Mathematical Induction is a powerful and widely-used technique in mathematics,
particularly in the study of sequences, series, and discrete structures. It provides a systematic method
for proving statements that hold for infinitely many cases, typically involving natural numbers.

The principle is based on a simple yet profound idea: if we can show that a statement holds for a base
case, and then demonstrate that if the statement holds for any particular case, it also holds for the next
case, then we can conclude that the statement holds for all cases beyond the base case.

2.2 OBJECTIVES

After going through this unit, students will be able to;
» Understand the Principle of mathematical induction

» Apply the Principle of mathematical induction to solve various numerical problems

2.3 PRINCIPLE OF MATHEMATICAL INDUCTION

Let P(n) be a statement involving the natural number n such that

(i) P(1) is true and

(ii) P(k + 1) is true, whenever P (k) is true

then P(n) is true for alln € N.

Example 1: Using the principle of mathematical induction, prove that
1+3+5+7+--+@2n—1)=n?foralln € N.

Solution: Let the given statement be P(n). Then,

P(n):1+3+5+7+-+(2n—1) =n%

Putting n = 1 in the given statement, we get




LHS =1andRHS =12=1.
LHS = RHS.
Thus, P(1) is true.
Let P(k) be true. Then,
P(k):1+3+5+7+-+Q2k—-1) =k (1

Now,1+3+5+7++Qk—-1D+{2(k+1) -1}

={1+3+5+7+ -+ QRk—-1D}+QRk+1)=k>+ (2k+1)
= (k + 1)2. [using (1)]

Pk+1):14+434+547+Qk—-1)+{2(k+1)—1}= (k+ 1)2
This shows that P(k + 1) is true, whenever P (k) is true.
Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have
1+3+5+7+--+@2n—1)=n?foralln € N.

Example 2: Using the principle of mathematical induction, prove that
1+4+7+10+ -+ (3n—2) =%n(3n—1) foralln € N.
Solution: Let the given statement be P(n). Then,
P(n):1+4+7+10+--+ (Bn—-2) =%n(3n—1).
Putting n = 1 in the given statement, we get
LHS =1 and RHS =%><1><(3><1—1)=1.

LHS = RHS.
Thus, P(1) is true.
Let P(k) be true. Then,

P(k):1+4+7+10+---+(3k—2):%k(?)k—l). 1)

Now,1+4+7+ -+ Bk —2)+{3(k + 1) — 2}
={(1+4+7+-Bk-2)}+Bk+1)

= %k(Bk -1+ GBk+1) [using (1)]
1 1
:E(Skz—k+6k+2):§(3k2+5k+2)
:%(3k2+3k+2k+2) :%-{Bk(k+ 1) + 2(k + 1)}
= %(k+ 13k +2) =%(k+ D{3(k + 1) — 1}.

P(k+1):1+4+7+---+{3(k+1)—2}:%(k+1){3(k+1)—1}.

This shows that P(k + 1) is true, whenever P (k) is true.




Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have
1
1+4+7+--+@Bn-2) =§n(3n—1) foralln € N.

Example 3: Using the principle of mathematical induction, prove that

1

12422432+ 4n?= gn(n +1)(2n+ 1) foralln € N.
Solution: Let the given statement be P(n). Then,
1
P(n):1> + 22432+ +n? = gn(n + 1)(2n + 1).

Putting n = 1 in the given statement, we get

1
LHS =12=1andRHS =-x1x2x(2x1+1) =1
LHS = RHS.

Thus, P(1) is true.
Let P(k) be true. Then,

1
P(k):12+ 22432+ -+ k* = gk(k + 1)(2k + 1).
Now, 12 + 22 + 3% + -+ k% + (k + 1)?
1
={12+22+3%2+ -+ k?}+ (k+ 1) :gk(k+1)(2k+1)+(k+1)2
[using (1)]
1 1
=2 U+ 1) {k(Zk+ 1) +6(k+ D)= (k+ 1)(2k® + 7k + 6)

= %(k + D{(2k? + 4k) + (3k + 6)}

1 1
= g(k + 1) (k+2)(2k +3) = g(k +D(k+1+1D[2(k+1)+1].
P(k+1):12+22 432+ -+ (k+ 1)
1
= g(k +D(k+1+D[2(k+1)+1].
This shows that P(k + 1) is true, whenever P (k) is true.

Thus, P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have

1
12422432+ 4n?= gn(n +1)(2n+ 1) foralln € N.
Example 4: Using the principle of mathematical induction, prove that
{n(n + 1)}2
2

134234334408 = foralln € N.

Solution: Let the given statement be P(n). Then,




n(n + 1)}2.

P(n):13+23+33+---+n3={ 5

Putting n = 1 in the given statement, we get

LHS =13>=1andRHS = (1>2<Z>2 =12=1
LHS = RHS.
Thus, P(1) is true.
Let P(k) be true for some k € N. Then,
P(k):13+ 23433 + - k3 ={M}Z. (1)

Now, 13+ 23+ 33 + -+ k3 + (k+1)3
={1*+23+33++k3}+(k+1)°
k(k + 1))
={%} +(k+1)3

[using (1)]
k? k? + 4k + 4
= (k+1)2{z+(k+1)}: UC+1)2{T}
C(k+ DAk +2)2  ((k+ Dk +1) + 1R
a 4 B { 2 }

Pk+1):13+23+33+ -+ (k+1)3 5

_ [(k +D{k+1)+ 1}]2
This shows that P(k + 1) is true, whenever P (k) is true.

P(1) is true and P(k + 1) is true, whenever P (k) is true.
Hence, by the principle of mathematical induction, we have

nn+1)
2

Example 5: Using the principle of mathematical induction, prove that

13+23+33+---+n3={ }2 for allm € N.
1-2+2'3+3~4+---+n(n+1)=%n(n+1)(n+2).
Solution: Let the given statement be P(n). Then,
P(n):1-2+2-3+3-4+---+n(n+1)=%n(n+1)(n+2).
Whenn=1, LHS=1-2=2andRHS=:x1x2x(1+2)=2.

LHS = RHS.
Thus, the given statement is true for n = 1, i.e., P(1) is true.

Let P(k) be true. Then,

P(k):1-2+2~3+3-4+---+k(k+1)=%k(k+1)(k+2). (1)




Now,1-2+2-3+3-4+-+k(k+1)+ (k+ 1k +2)
={1-242-3+43-4++k(k+1)+ (k+1)(k+2)
=%k(k+1)(k+2)+(k+1)(k+2) [using (1)]

=%-[k(k+1)(k+2)+3(k+1)(k+2)] =%(k+1)(k+2)(k+3).
Pk+1):1-2+2-343 44+ (k+1)(k+2)
:%(k+1)(k+2)(k+3).

This shows that P(k + 1) is true, whenever P (k) is true.
P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have
1-2+2-3+3-44+--+nn+1) =%n(n+1)(n+2) foralln € N.
Example 6: Using the principle of mathematical induction, prove that
1-3+43:54+5:-7+-+2n-1)(2n+1) =%n(4n2+6n—1).
Solution: Let the given statement be P(n). Then,
P(n):1-3+3-5+5-7+-+(2n—-1D(2n+1) =%n(4n2+6n—1).

When n = 1, we have

1 1
LHS =1-3 =3 and RHS =§><1><(4><12+6><1—1)=§X1><9=3.

LHS = RHS.
Thus, P(1) is true.
Let P(k) be true. Then,

1
P(k):1-3+3-5+5-7+---+(2k—1)(2k+1)=§k(4k2+6k—1).

Now,1:3+3-54+5-7+ -+ 2k —-1)2k + 1)+ {2(k +1) — 1{2(k + 1) + 1}
={1-343-5+5-7+-+2k—1)2k + D} + 2k + 1)(2k + 3)

= %k(4k2 + 6k — 1) + (2k + 1)(2k + 3)
[using (1)]

1
[(4k3 + 6k? — k) + 3(4k? + 8k + 3)] = 5(4k3 + 18k? + 23k +9)

W] =

= %(k + 1)(4k* + 14k +9) = %(k + D4k + D?+6(k+1)—1].

P(k+1):1-343-5+5-7+-+{2(k+1)—1}{2(k + 1) + 1}

= %(k + D{4k+ 1)*+6(k+1)— 1}

(1)




Thus, P(k + 1) is true, whenever P (k) is true.
P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have
1-3+3-5+5~7+---+(2n—1)(2n+1)=%n(4n2+6n—1)forallnEN.
Example 7: Using the principle of mathematical induction, prove that
1-2-3+2-3-44+--+nn+1)(n+2) =%n(n+1)(n+2)(n+3)
foralln € N.
Solution: Let the given statement be P(n). Then,
P(n):1-2-3+2-3-4+--+nn+1)(n+2) =%n(n+1)(n+2)(n+3).
When n = 1, we have
LHS =1-2-3=6andRHS =1><1><2><3><4=6.

4
LHS = RHS.

Thus, the given statement is true for n = 1, i.e., P(1) is true.
Let P(k) be true. Then,
P(k): 1-2-3+2-3-4+-+k(k+1)(k+2)
=%k(k+1)(k+2)(k+3). (D

Now,1:2-3+42-3 -4+ +k(k+1)(k+2)+ (k+ Dk +2)(k +3)

={1-2:34+2-3 -4+ +k(k+Dk+2)}+Kk+1D(k+2)(k+3)
4(k + 1) (k + 2)(k + 3)
4

= %k(k +1)(k+2)(k +3) + [using (i)]

= %(k + 1)k + 2)(k + 3)(k + 4).
[using (1)]
P(k+1):1-2-342-3-4+ -+ (k+1)(k+2)(k+3)
= %(k + 1) (k + 2)(k + 3)(k + 4).
Thus, P(k + 1) is true, whenever P(k) is true.

P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have
1
1-2-34+2-3-44+--+nn+1)(n+2) =Zn(n+1)(n+2)(n+3)

for all values of n € N.

Example 8: Using the principle of mathematical induction, prove that

1 N 1 N 1 s 1 n
1-2 2-3 3-4 nn+1) (n+1)




Solution: Let the given statement be P(n). Then,

1 1 1 1 n

P(n): = .
R I R B I e s el D)

Putting n = 1 in the given statement, we get

1
LHS =-—=—andRHS = ==
S =1pTzadRES =m==7
LHS = RHS
Thus, P(1) is true.
Let P(k) be true. Then,
P(k): + + ! 4+t 1 ___*k 1
()'1-2 2-3 3-4 k(k+1) (k+1) M
1 1 1 1 1
Now, o +o5+s. T+ k(k+1) | (k+1)(k+2)
—{1+1+1++1}+ !
12 2:3 34 k(k+1))  (k+1)(k+2)
L N 1
S (k+1) (k+D(k+2)
[using (1)]
_kk+2)+1  (k+1)? (k+1)
T+ D(Ek+2) k+DK+2) (K+2)
1 1 _ (k+1)

11
Plk+1):Z+55+ 5, (k+1)(k+2)  (k+2)

Thus, P(k + 1) is true, whenever P (k) is true.
P(1) is true and P(k + 1) is true, whenever P (k) is true.

Hence, by the principle of mathematical induction, we have

1 N 1 N 1 o 1 n
1-2 2-3 3-4 nn+1) n+1

for alln € N.

Example 9: Using the principle of mathematical induction, prove that

1 N 1 N 1 oy 1 _n
3.5 5-7 7-9 Cn+1)(@2n+3) 3(2n+3)

Solution: Let the given statement be P(n). Then,

1 1 1 1 n

POt s 7o Y Y G s Dant 3) 3@+ 3

Putting n = 1 in the given statement, we get

LHS =— =% andRHS = ! _1
~3.5 15" “32x1+3) 15

LHS = RHS.
Thus, P(1) is true.

Let P(k) be true. Then,




1 1 1 1 k

PO st s 7 7o " Y ek D2k s 3 3@k +3)
1 1 1 1
Now, =+ + (2k+1)(2k+3) + 2(k+ 1)+ 1}{2(k+1)+3}
—{ ! + ! + et ! }+ !
" 3.5 5.7 2k +1)(2k +3)) * 2k +3)(2k +5)
k 1
= i 1
32k +3) ks @k +y sne @]
_ k(@k+5)+3  (2k*+5k+3) _ (k+1)(2k+3)
3k +3)(2k+5) 3QRk+3)(2k+5) 32k +3)(2k +5)
_(k+1D) (k41D
" 3Qk+5) 3{2(k+1)+3)
P(k + 1): + + ! + et !
( i3 Ets 7T Q2 +1) + {2k + 1) + 3}

_ (k+1D)
C3{2(k+1)+ 3}

This shows that P(k + 1) is true, whenever P(k) is true. . P(1) is true and P(k + 1) is true,
whenever P (k) is true. Hence, by the principle of mathematical induction, we have
1 N 1 N 1 . 1 _ n
3-5 5-7 7-9 2n+1)(2n+3) 3(2n+3)

for all values of n € N.

Example 10: Using the principle of mathematical induction, prove that

1 1 1 n(n + 3)

1237234 T hmtDm+2) s+ Dz oreineEN.

Solution: Let the given statement be P(n). Then,

1 4 1 - 1 _ n(n+ 3)
1-2-3 2-3-4 nm+1Dn+2) 4+ +2)

P(n):

Putting n = 1 in the given statement, we get

Lhs Ll ene _ 1X(43)  1x4 1
“1.2.3 6 TAx(1+D(1+2) 4x2x3 6
LHS = RHS.

Thus, the given statement is true for n = 1, i.e., P(1) is true.
Let P(k) be true. Then,

1 N 1 . 1 _ k(k+3)
1-2-3 2-3-4 k(k+1D)(k+2) 4(k+1D(k+2)

P(k):

1 1 1 1
Now, o5tz T+ k(k+1)(k+2) | (k+1)(k+2)(k+3)

(1)

(1)




1 1 1 1
{1-2-3+2-3-4+"'+k(k+1)(k+2)}+(k+1)(k+2)(k+3)

o k(k+3) 1 .
B {4(k TDk+2)  k+Dk+2)k+ 3)} [using (1)]
k(k+3)*+4 (K +6k*+9k+4)

TAk+ D(k+2)(k+3) 4k+ Dk +2)(k+3)
Ck+DR+DE+D  k+D(k+4D)
T4k +D(k+2)(k+3) 4k+2)(k+3)

1 1
Pt D st o Yk D+ Dk + 3)
_(k+ DK+
4k +2)(k+3)°

This shows that P(k + 1) is true, whenever P(k) is true. = P(1) is true and P(k + 1) is true,
whenever P (k) is true.

Hence, by the principle of mathematical induction, we have

1 1 1 1 n(n+ 3)
+ + +oe =
1-2-3 2-3-4 3-4-5 nn+1)n+2) 4n+1)(n+2)

for all values of n € N.

24 LET US SUM UP

So, in this unit we have learned about the Principle of Mathematical Induction. We also discussed
various examples to explore the induction.

2.5 UNIT END EXERCISE

By using principle of mathematical induction show that.

(3n%+3n-1)

251 1*4+2%+3*+ - +nt=n(n+1)2n+1) ”

n

252 —4+—+—+-+ ="
2.3 3.4 n(n+1) n+1

1.2

_n+1
1T ,VneN,(r #1).

1-r

2.54 7™ — 4" is a multiple of 3 for all n € N.

253 1+4+r+7ri+-4rt=

2.5.5 52" — 1 is a multiple of 8.
2.5.6 9™ — 4" is a multiple of 5.
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