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12.1 INTRODUCTION

Successive differentiation refers to the process of taking derivatives of a function multiple times. When
you differentiate a function once, you find its first derivative, representing its rate of change.
Successive or higher-order differentiation involves finding subsequent derivatives beyond the first,
revealing information about the function's behaviour, curvature, and higher-level rates of change.

: . .. . d .
For instance, if f(x) represents a function, its first derivative, often denoted as f'(x) or é, describes

the rate at which f(x) is changing with respect to x. Successive differentiation involves taking the

second derivative "' (x) ord > L the third derivative, and so on.

Each successive derivative can provide insights into different aspects of the function. For example:
o The first derivative indicates the slope or rate of change of the function.

e The second derivative describes the curvature of the function. For instance, a positive second
derivative suggests a function is concave up, while a negative second derivative implies
concavity downwards.

o Higher-order derivatives provide information about the rate at which previous rates of change
are changing, often related to concepts in physics, engineering, economics, and other fields.

Mathematically, you can perform successive differentiation by applying differentiation rules
repeatedly, using techniques like the product rule, quotient rule, and chain rule.

Successive differentiation finds applications in various fields, including physics (to describe motion
and forces), engineering (for analysing circuits, signal processing, etc.), economics (to model rates of




change in economic variables), and many other scientific disciplines where understanding rates of
change is crucial.

12.2 OBJECTIVES

After completing this unit, you will be able to
» Understand the concept of Successive Differentiation
» Calculate the nth derivative of functions
» Apply the concept of Successive Differentiation to various problems

> Remember and use of Leibnitz theorem

12.3 STANDARD FORMULAE

d _
a) —(x™") =nx" 1

b) ;—x (c) =0 (where cis a constant)
0 —(f@) £9®) == (F() £ (9(x))

&) —(F() - 9() = f'@) - g(x) + f(x) - g'(x)

d (fO)N _ f')g)—fx)-g'(x)
e) dx( )_ (g(x))z

gx)
D =(flg))=F'(9@) g'x)
g -(e*) =e*

h) ;_x (logp(x)) = x.hi(b) (where b is the base of the logarithm)

) 4 (sin(0) = cos(x)

) 4 (cos(0)) = = sin(x)

K) o (tan(@) = sec*(x)

D o (esc(x) = = esc(x) cot(x)
m) - (sec(x)) = sec(x) tan(x)
n) o (cot(x) = —esc(x)

0) 5 GInT0)) = =

p) o= (cosH(X) = =

1
1+x2

@ - (tan"'(x)) =
r) :—x(sinh(x)) = cosh(x)

s) ;—x (cosh(x)) = sinh(x)




) - (tanh(x)) = sech?(x)

u) = (csch(x)) = —csch(x) - coth(x)
v) = (sech(x)) = —sech(x) - tanh(x)
W) 55 (oth(x)) = —csch? (x)

x) :—x(arcsinh(x)) = ﬁ
¥) < (arccosh(x)) = 5=

1
1-x2

z) ;—x(arctanh(x)) =

12.4 n** ORDER DERIVATIVES

The n'" order derivative of a function y = f(x), denoted as f™ (x)or % f(x), represents the
derivative of the function obtained by successively differentiating it n times.
Mathematically, if f(x) is a function, its nth order derivative is calculated as:
dan
dx™

Other notations of nt" derivatives are D™y and y, or y™

fWE) =——fx)

This process involves applying the differentiation operator n times to f (x).

For example, the second derivative f''(x) is the result of applying the differentiation operator twice to
f(x), and similarly, the n*" derivative involves applying the operator n times.

Higher order derivatives are used to analyse more intricate properties of functions, such as curvature,
higher rates of change, and behaviour at specific points.

Calculation of nt" derivative
n'"Derivative of y = x™

The function y = x™ has the following derivatives with respect to x:

d
yl — di} — mxm—l
v _ 4y -
:W:m(m—l)xm 2
°y
y'" = —o3 = mm—1)(m - 2)x™m3
d*y
y® =5 =m(m—1)(m—2)(m-3)x""
dn
y® =22 — - D = 2) .. (m — n + D™
—

n'"Derivative of y = e®*




y' =ae?
y” — azeax
y'" = a3edx

n'" Derivative of y = a™*

li

dy mx
== (In(a)) - m-a
d2
"= _dx}zl = (In(a))? - m? - g™
°y
=257 (In(@))? - m3 - a™

nr

d*y
y(4) — W — (ln(a))4 .m% . gmx

d
y™ = gy_ (In(a))™ - m™ - a™*

dxm
n'h Derivative of y = (ax + b)~!
y = (ax+b)™?!
,_dy a
Y =T (ax + b)?
, _d’y  2a?
Y T ax T (ax + b)3
., d3y 6a
y _

T dx® "~ (ax + b)*

- d"y . nl-a
y = =) sy
dx (ax + b)
n'* Derivative of y = (ax + b)™

y=(ax+b)™

dy m-1
y —a—ma(ax+b)

= a" ma3(m — 1)(ax + b)™?




Ill_d3y_ 3 1 2 bm—3
y —ﬁ—ma (m—-1)(m —2)(ax + b)

y® = d_xj‘i = ma*(m — 1)(m — 2)(m — 3)(ax + b)™™*

d"y _
y™ = T ma*(m—-1)(m—-2)..(m—n+ 1 (ax + b)™™"
n'" Derivative of y = log(ax + b)

y = log(ax + b)

,_dy a
Yy = dx ax+b
" dzy _ aZ
Y dx? (ax + b)?
o d3y _ 2a®
y dx3 (ax + b)3
d*y 6a*
y(4) =% 4
dx (ax + b)
y® = %y _ (_1)n—1w
dx™ (ax + b)"

n'" Derivative of y = sin(ax + b)

y = sin(ax + b)

,_ by
y :a:a'COS(QX'i‘b)
dZ
II:d_x}ZI:—aZ-Sin(aX‘Fb)
d3
ym_d_x}?’]:_a3.cos(ax+b)
(4)_£— +.si b
y dx4_a sin(ax + b)
dny nm
M =_ 2 —g".gj 3
y" = =" sin(ax + b+ )

n'* Derivative of y = cos(ax + b)

y = cos(ax + b)

=Y in(ax + b
y' = T a -sin(ax + b)
d?y
"N —__ 2 = _ 2,
T2 a“ - cos(ax + b)
nr d3y

=05= a® - sin(ax + b)




n" Derivative ofy = e® sin (bx + c)

y = e™sin(bx + c)

y, = ae*sin(bx + c¢) + e™™b cos(bx + ¢)

= e [asin(bx + ¢) + b cos(bx + ¢)]

=e™ [ r cosa sin(bx + c¢) + r sina cos(bx + ¢)]
Putting @ = " cosa, b =r sina

=e™ rsin(bx+c+a)

Similarly,Y2 = e 12 sin(bx + ¢ + 2a)

2

ax n

e, 2 _b
™ sin(bx + ¢ + na) where! = @ tb° and tana =~

Yn =€
“Yn = e (az + bZ)E sin (bx +c+ ntan_l s)
Similarly, if ¥ = e**cos (ax + b)

Yo = e r™ cos (bx + ¢ + na)

=e™ (a?+ b?)z cos (bx +c+ ntan‘lg)

12.5 EXAMPLES

1
Example 1: Find the n" derivative of 1-5x+6x2
1
1-5x+6x2

Solution: Let Y=

Resolving into partial fractions

_ 1 _ 1 _ 3 _ 2
Y = oxtex (1-3x)(1-2x) 1-3x  1-2x
_ 3 (=3)"(-1)"n! _ 2(=2)"(-1)"n!
i (1-3x)n+1 (1-2x)n+1
n+1 n+1
— (—1\n+1 3 _ 2
= ¥ = (-1 n: [(1—3x) (1—2x) ]

Example 2: Find the n'" derivative of sin6x cos4x

Solution: LetY = Sin6éx cos4x

= % (sinl0 x + cos2 x)

S Y= % [10” sin (10x o %) + 2" cos (2x + ?)]




Example 3: Find n'" derivative of sin?xcos®x
Solution: Lety = sin®xcos3x

= sin?xcos?x cosx

. 1
sin?2x cosx = S (1 — cos4x)cosx

1
cOSX — 3 cos4x cosx

Ik 0lr AR

1
cosx ——- (cos3x + cos5x)

ol

(2cosx — cos3x — cos5x)

= 200 (4 2) e (32 2) - 550 (4 2)|

Example 4: Find the nt" derivative of sin*x

Solution: Let Y= sin*x = (sin%x)?
2
= (l 2 sinzx)
2

= i((l — cos 2x)?
114 _ 1 2
= [1 2c052x + - (2cos 2x)]
= 2[1 - 2cos2x +2 (1 + cos4)|

4 2
=3_ lcost + X cos4x

8 2 8
oy — _1lon BEY 4 LTan L)
Yy = 22 cos(2x+ 2)+84 cos(4x+ 2)

Example 5: Find the n*" derivative of e3¥*cosx sin®2x

. _ .3 2
Solution: LetY = €°°cosx sin“2x

i 1
cos x sin?2x = = (cos x - cos x cos 4x)
Now 2

»sin?2x = ;(1 - Cos 4x)
1 1
=3 (cos x-: (cos 5x + cos 3x)
= y = e3*cosx sin?2x = %e3xcos x —ie3xcos 5x — ie3xcos 3x
LY, = %e?’x (9 + 1)z cos (x + ntan™! ;) - ie“ (9 + 25)z cos (Sx + ntan=! S)
—ie3x (9 +9)z cos (3x +ntan~! S)

1 3x z —11 1 3x z —15
Ee 10z cos(x+ntan E)_Ze 342 cos(5x+ntan 5)

—ie3x 18z cos(3x + ntan™11)

1
Example 6: Ify = sinax + €os ax prove thatVn = a™[1+ (—=1)"sin 2ax |




Solution: Y = Sinax + cos ax

Sy, =a® [sin (ax + %) + cos (ax + %)]

- [fn (o + ) eon o + )]

=al [sin2 (ax + %) + cos? (ax + n—:) + 2 sin (ax + %) .COS (ax + %)]

1
2

1
=a™[1 + sin(2ax + nn) |z

1

= a"[1 + sin 2ax cos nm + cos 2ax sinnm |z
1

—a™[1+ (—1)"sin2ax |z cosnm = (—1)" agndsinnm = 0

-1 f
Example 7: Find the n‘" derivative of LalEL
— -1%
Solution: LetY — tan a
= _ Q - 1 _a a
1= dx a<1+Z_§) x2+a? x2—(ai)?

_ a _a ( 1 1 )
(x+ai)(x—ai) 2ai \ x—al x+ai

_1( 1 1 )
20 \ x—ai x+ai

Differentiating above (n = 1) times w.r.t.x, we get

_ 1 (D) (n-1)! _ (—1)"—1(n—1)!]

nT g (x—ai)n (x+ai)™
L _ 8. @ =¥ sinf 6 =tan~1Z
Substituting X = 7 €C0SU, a =T SinUsych that a
_, O™ tn-1)! [ 1 _ 1 ]
= I = 20 r*(cosO—isinf)™  rM™(cosO+isind)"
_ =) (n-1)!

[(cos 6 —isinB)™ — (cos B + i sinf)™"]

2irn
Using De Moivre’s theorem, we get

_ (1P m—a) [

Vn S5 cosnf + i sinnd — cosnb + i sinnb|
—1YN—1(p—
il 3 n(n L sin n@
T
11—
S el o Y - M- inne
(sine)
11—
= VT D Gh g sin® 6 0 =tan"12
an where x

1
Example 8: Find the n" derivative of 1+x+x2
1
Solution: Let” ~ Ttx+x?

_ 1 —1+iy3 5 —1-iV3
o (w2 w = w" =
(x-w)(x-w?) where 2 and 2




Resolving into partial fractions
_ 1 ( 11 )
Y= w-w?2 \ x-w x—w?

L\}_ (L_ x—_lwz) =\7_§i_ (ﬁ_ x—lwz)

Differentiating n times w.r.t. , we get

_ - (=D)™n! _ (=D)™n! ]
yn - \/§ (x_w)n+1 (x_WZ)n+1
_ —i(=1)"n! [ 1 _ 1 ]
- V3 (x—w)n+1 (x—w2)n+1
_i(=p"tin 1 1

V3 (x+%—%n+l - ( +2 +£)n+1

jonti ( 1)n+1n|

1
[(2x+1 i3)"" (2x+1+i\/§)n+1]

-1 V3

_ 1

Substituting 2% + 1 = 7 cos6, V3 = r sinfsuch that® = ¥ Zer1
ion+1 (_q1yn+1

V= % [(cos8 — ising)~*D — (cos@ + ising)~"+D)]

Using De Moivre’s theorem, we get

12n+1( 1)Tl+1 |

Yn = G [cos(n+ 1)8 +isin(n+ 1)0 — cos(n + 1)8 + isin(n + 1)6]
V3 (sine)

/3 =1 sind

n+1 n+1
= % 2i sin(n + 1)0 sin™*10

_o\n+2
= ! \2/)_n+2n! Sln(Tl + 1)0 Sin"+19 0 = tan—l V3

2 where 2x+1
dZ

Example 9: IfY = X +tan X show that cos? x o 2y+2x=0

dy 2
: - => —=1+sec*x
Solution:Y = X +tan x™ g i
d2y 2
= = 2secx (secxtanx) = 2 sec“xtanx
2

. coszx%— 2y + 2x = 2cos? xsec? xtanx — 2(x + tan x) + 2x

= 2tanx —2x — 2tanx + 2x
=0

=1 VxZ +1 (1+x2)dy+x——0
Example 10: If Y = og(x +Vx2 + ), show that

Solution: YV = log(x +Vx? + 1)

X
1+
= ﬂ_ vitx2 1
dx x+V1i+x2 Vi+x2




S (TFD) Y =1

Differentiating both sides w.r.t. x , we get
x dy

2 A A

1+x T
2y 9%y | 4y _
$(1+x)dx2+xdx—0

12.6 LEIBNITZ THEOREM AND RELATED EXAMPLES

If u and v are functions of x such that their n‘"*derivatives exist, then the nt"derivative of their
product is given by

UV)p = UpV + N Up 1 V1 + N Up o Vp o+ N, U Uy + 0+ UVp pece Uy and
Ur represent 1 "'derivatives of u and v respectively.
Example 11: Find the n"* derivative of ¥ 108 x

Solution: Let¥ = 108X andv = x

_ n—1 (n=1! n— 2(" 2)'
Thenu = (=1 X andun 1 = (=1

By Leibnitz’s theorem, we have

(U V) = UpV + Mg, Upog Vg + N Up_p Uy + -+ e, Upoy Uy + -0+ UV,

= (xlogx), = (-1)" 1‘" Dx+ n(-1)"282 4

xn—1

= (-1)"1? (7:"—_1])! + n(=1)"2 (n—2)!

xn— 1

(n—=2)!

nl

= (D" [-(n—1) +n]

_ -2 (n-2)!
- (—1)"‘ xn—1

23x

Example 12: Find the nt" derivative of x sin 4x

Solution: Letu = e3¥ sin4x and v = x?

3o 14
Then ¥n = € 252 sin (4x + ntan 3)
= g*% 5™ 5in (4x +ntan~?! g)

By Leibnitz’s theorem, we have

UV = UV + N Up—1 V1 T+ Ne,Upp UVt + N, Uy Uy T+ 0+ UD,
2 3x . 2 3% n _. _14
:»(xe 51n4x)n=xe 5% sin (4x + ntan = +
1 . _14
2nxe®* 5" ! sin (4x + (n— 1) tan 15) +

n(n — 1)e* 5" % sin (4x +((m—2)tan? g) +0




= g% HR [x2 sin (4x +ntan™! g) +

2% sin (4x +(n—1)tan"?! g) - % sin (4x +(n—2)tan™" g)]

Example 13: If Y = a cos(logx) + b sin(log x)_show that
X*Ynp2 + 2n+ Dxyuy +nm+ Dy, =9
Solution: ~ Here Y = acos(logx) + b sin (log x)
Sy = %asin (logx) + gcos (logx)
= xy, = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
Xy, +y; = —% cos(logx) + _Tb sin(logx)
= x2y, + xy; = —{acos(logx) + b sin(logx)}
==Y
>x%y,+xy; +y=0
Using Leibnitz’s theorem, we get
ns2X® + N, Yn412% + 16, Y- 2) + (Vga X + g, Ypo 1) + 9 = 0
= Yns2X? + Y41 20X + 10— DYy + Y1 X + 1Yy + 90 = 0
2 %Yz + 2+ Dxypg + (02 + 1)y, =0
Example 14: If Y = log (x + V1 +x?)
Prove that (1 + ¥*)Yp42 + (20 + Dxynyy + 1y, =0
Solution:  y = log (x + V1 + x2

1 1 1
=N = x+V1+x2 (1 + 2V1+x2 ZX) T V1+x2?

>1+x)y2=1
Differentiating both sides w.r.t. x, we get
(1 +x*)2y,1y, + 2xy,* = 0
>1+x)y,+xy; =0
Using Leibnitz’s theorem take n"derivative, we get
Dns2 (1 +2%) + 1¢, Va1 25 + g, Y0 2+ (VaaX +1g, 000 1) = 0
= Ynaz(1 428 + Ynar 20X + (0 = DYy + Ynaax + 1y = 0
= (14 x*)ynsz + @n+ Daxynyy + 0Py, =0
Example 15: If y = sin (m sin~1x), then show that

(1= xH)yns2 = @n + Dxypes + (n? — m?)y,. Also find y, (0).




Solution:  Herey = sin(m sin™1x) (D

m g
PN == cos(m sin™*x) @
= (1 - x2)y,?2 = m?cos?(m sin~1x)

= (1= x3)y,? = m?[1 — sin?(m sin™tx)]
= A -2y =m*(1-y*) Q3
= (1-x2)y,2 + m?y? = m?
Differentiating w.r.t. x, we get

(1= x3)2y1y, + y:2(=2x) + m*2yy, = 0

> (1 -x2)y, —xy; +m?y =0

Using Leibnitz’s theorem, we get
Wns2(1 = %) + g, Yns1 (—2%) + 1, Yn (= 2)] = (YnsaX + 1, yp1) + m?y, = 0

> Yns2(1 = x%) = Ynys2nx = n(n = Dy, = Gnyrx + 1) +m?y, = 0

= (1= x*)Yn42 = @+ Dxyngg + (02 —m?)y, @
Putting x = 0in(7),(2)and (3)
y(0) = 0,y1(0) =m and ¥.(0) =0

Putting x = 0in (3)
Yn+2(0) = (n? — m*)y, (0)

Putting = 1,2,3 ... ... in the above equation, we get

¥3(0) = (12 = m?)y,(0)
—(12 = m®»)m= y,(0) = m

¥4(0) = (22 —m?)y,(0)
=0 v y,(0) =0
y5(0) = (3° =m?) y,(0)

-m(1?> = m?)(3%2 = m?)

0 if nis even

> w0 = {m(l2 - mz‘)(32 —m?) ..[(n—2)*) —m?],if nis odd

in—1
Example 16 If y = e Y, show that

(1- xz)}’n+2 —(@2n+ Dxyn4s — (n® + m?)y, = 0. Also find ¥ (0).

in—1
Solution: Here ¥ =€ * Q)

m m sin~1

x
1-x2 €

2V =




Differentiating above equation w.r.t. x , we get
(1= x%)2y;y, + 3% (=2x) = m*2yy,
> A -x)y, —xy, —m’y =03

Differentiating above equation n times w.r.t. x using Leibnitz’s theorem, we get

Dns2(L = x%) + g, Va1 (= 25) + 16, Yn (= 2)] = (YnarX + 1, Yp1) —m?y, = 0

S V21 = %%) = Ynyr2nx = n(n = Dyp = GngaX + nyp) —m?y, = 0

> A= 2*)ypz = @n+ Day, — 2 +m?)y, =0 @)
Tofind  y,(0): Puttingx = 0 in(1), (2)and (3)
y(0) = 1, y1(0) = m and ,(0) = m?

Also puttingx = Oin ,we get
Yns2(0) = (n* + m?)y, (0)

Putting ™ = 1,2,3 ... in the above equation, we get
¥3(0) = (1% + m?)y, (0)
(12 + m*»)m= y,(0) =m

¥4(0) = (22 + m*)y,(0)
=m?(2% + m?)- y,(0) = m?
y5(0) = (3% +m?) y,(0)
=m(1%2 + m?)(32 + m?)

5y (0) = { m?2(22 + m?) ...[(n— 2)* + m?] , if nis even
IiS) = m(12 + m?)(3%2 + m?) ...[(n — 2)® + m?],if nis odd

Example 17: If YV = tan™'x , show that

(1= xH)Ypsz + 20 + Dxynyg + n(n+ 1)y, = 0 Also find Yo (0)

Solution: HereY = tan™'x__ (D)

=V = 1+x2 ...... @
-2
Y2 = 1+x2

Differentiating equation(z)n times w.r.t. x using Leibnitz’s theorem

[Vns2(1 + %°)+ nCIYn+1(2x) + nczyn(Z)] + 2()’n+1x + ncl}’nl) =0

S V2L +x2) + ypp2nx + n(n — Dy, + 2(yppx + ny,) =0




= (1 +x)Ynez + 200+ Dxypyy +n(n+ Dy =0 @
To find  y,(0): Putting x = 0in(1), (2)and (3), we get
y(0) = 0,y1(0) = 14pd ¥,(0) = 0
Also puttingx = 0in (4),we get
Yn+2(0) = —n(n + 1)y, (0)
Putting = 1,2,3 ... in the above equation, we get
y3(0) = —1(2)y,(0)
—2:7(0) =1
¥4(0) = =2(3)y,(0)
= B ©v,(0) =0

y5(0) = =3(4)y;(0)

=—3(4)(-2) = 4!
Y6(0) = —4(5)y,(0) = 0
y7(0) = =5(6)y5(0) = =5(6)4! = —(6!)

> Yan1(0) = (=1)"(Zn)! 3nd ¥2n(0) = 0
Example 18: Ify = (sin™*x)?, show that
(1 = x*)Yn42 — @n + Dxyyyq — n?y, = 0. Also find Ya(0)

Solution: Here Y = (Sin™'x)? (D)

=y, = 2sin”1x.
Squaring both the sides, we get
(1 = x%)y,%? = 4 (sin"1x)?
= (1-x)y,? =4 ()?
Differentiating the above equation w.r.t. x, we get
(1 =x2)2y,y, + y12(-2x) — 4y, = 0
>0 =-xDy, +y(-x)-2=0__ ©)
Differentiating the above equation n times w.r.t. x using Leibnitz’s theorem, we get
V421 —x%) + nclyn+1(—2x) + nczyn(—Z)] - (yn+1x + ncl3’n1) =0
S Y21 = x%) = Ypya2nx = n(n = Dyn = Gnyax +nyp) = 0
= (1= xM)Yps2 — @+ Dxypyg —yun®* =0, @
To find  y,(0): Putting x = 0in(1), (2)and (3), we get
y(0) = 0,y1(0) = 04nd ¥,(0) =2




Also puttingx = 01in (4),we get
Yn+2(0) = n?y, (0)
Putting @ = 1,2,3 ... in the above equation, we get
y3(0) = 1%y, (0)
— 0 3,(0) =0
¥4(0) = 2%y,(0)
= 222+ ¥2(0) = 2
y5(0) = 32y;(0)=¢
Y6(0) = 4%y,(0) = 4?22

0, if nisodd

> %)= {2. 2247 ........(n— 2)%,if nis even

12.7 LET US SUM UP

In this unit, we have learned about
» the concept of Successive Differentiation
» the nth derivative of functions
» the concept of Successive Differentiation to various problems

> the use of Leibnitz theorem

12.8END UNIT EXERCISE
4.8.1 Find the n™ derivative of ————
(x—1)(x-2)
R " 2 dzy dy 2 _
4.8.2 If x = sint, y = sin at, then show that (1 — x )E_ x—ta‘y= 0.

4.8.3 Find the nt" derivative ofy = x3 cos x.

4.8.4 Find the nt" derivative ofy = x? e* cos x.

1 -1
485 If ym +ym = 2x_ prove that®? = Dyns2 + 2n + Dxy,e + (02 —m?)y, =0

~ J— . _,1 2
486 1Y = (SMAX)% show that (1 + x2)y,,, + (20 + 1)xypeq + 12y, = 0
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12.10. GLOSSARY

™oy y™ - nt" derivative




Vniz — (0 + 2)" derivative
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