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15.1 INTRODUCTION

In the vast landscape of calculus, integration by parts stands as a crucial technique for solving integrals that
do not readily yield to other methods. This unit serves as an introductory exploration into the method of
integration by parts, offering learners a comprehensive understanding of its principles, applications, and
limitations.

Integration by parts offers a powerful tool for dissecting complex integrals, enabling mathematicians,
scientists, and engineers to solve a myriad of problems across different disciplines. Through this unit,
learners will acquire a solid grasp of integration by parts, equipping them with the skills to tackle
challenging integrals with confidence and proficiency.

15.2 OBJECTIVES

After completing this unit, students will be able to
1. Understand the concept of integration by parts and its significance in calculus.
. Learn the derivation of the integration by parts formula and its intuitive interpretation.
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3. Master the technique of integration by parts through guided examples and practice problems.
4. Explore strategies for choosing appropriate functions to apply integration by parts effectively.
5

. Apply integration by parts to solve a variety of integrals, including those involving logarithmic,
exponential, algebraic, and trigonometric functions.

15.3 METHOD OF INTEGRATION BY PARTS

Letu = f(x) and w = g(x) be tivo differentiable functions of x.
du

d dw du dw d
a(uw) —ua+u—oru——a(uw) —w—

dx dx




) (ua) dx = | (:—x(ute)> dx — | (ua) dx (1)

()= fuvdx = | (:_x (uf vdx)) dx — [ (%fvdx) dx

du
[uvdx = uf vdx — [ (afvdx) dx.
In words: Integral of the product of two functions
= 1 st function X Integral of 2 nd-Integral of [Diff, coeff. of 1st X Integral of 2nd].

From the above formula, it is clear that the success of the method of integration by parts depends on the
choice of first function. For the choice of first function, the following rules are used:

Rule (i) If the integrand contains both functions integrable, take that function as the first which can be
finished by repeated differentiation and the other as the second.

For example, in [ x?sin xdx or in [ x?e*dx, take x? as the first function and the other as the second.

Rule (ii) If the integrand contains one unintegrable, eg., inverse circular function or a logarithmic function,
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take unintegrable as the first function and other as socond. For example, in [ x?log xdx, [ xsin™! xdx,

tako log x,sin™! xan the first function and other as the second respectively.

Rule (iii) If the integrand contains only ons unintegrable function, then take the given function as the first
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function and unity as the second. For example, in [ tan™! xdx

C. log (x? + a?)dx, take tan™! x,log (x? + a?) as the first function and unity as the second function
respectively.

Rule (iv) If the integrand contains both the funetions integrable and none can be finished by repeated
differentiation, then take any one as the first function and other as the second one. Repeat the rule of
integration by parts.

Remark 1: If the integrand is the product of two functions of different typee then their order is determined
by the word I.LLATE where the letters I,L, A, T and E stands respectively for inverse circular function,
logarithmic function, algobraic function, trigonometric function and exponeatial function. In the integrand,
that function is taken as the first function which comes firat in the word IL.ATE.

Remark 2: Sometimes, the formula of integration by parts is required to be applied more than once in
evaluating the same integral. For example, in evaluating [ x?e*dx, the formula for integration by parts
would bo used twice.

Integration by Parts
Theorem: If u and v are two functions of x then

f (uv)dxz[u- f vdx]— f {Z—Z- f vdx}dx.

Proof: For any two functions f; (x) and f,(x), we have
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Let fi(x)=uandf, '(x)=vsothatf,(x)= [ vdx.

(uv)dx =u - vdx — d_u . vdx ¢ dx.
J- f J- {dx f }

We can express this result as given below:
Integral of product of two functions

= (1 st function ) X ( integral of 2 nd )
— f {( derivative of 1 st ) x (integral of 2 nd )}dx.

Remarks:

(i) If the integrand is of the form f(x)x", we consider x™ as the first function and f(x) as the second
function.

(i1) If the integrand contains a logarithmic or an inverse trigonometric function, we take it as the first
function. In all such cases, if the second function is not given, we take it as 1.

Example 1: Evaluate [ xsec?xdx

Solution: Integrating by parts, taking x as the first function, we get

d
J- xsec? xdx =x f sec? xdx —f {E (x) J- sec? xdx} dx

=xtanx—f 1-tan xdx = xtan x + log |cos x| + C

Example 2: Evaluate [ xsin 2xdx

Solution: Integrating by parts, taking x as the first function, we get

d
f xsin 2xdx =x ] sin 2xdx —f {E (%) ] sin 2xdx} dx

_ (—cos Zx) j‘ i (—cos 2x>d
=x > > X

_—xc052x+1] 2xd
= > > cos 2xdx

—XCOS 2Xx 4 1 sin 2x
2 2 2
—xcos 2x 1

=T+Zsin 2x+C

Example 3: Evaluate [ x™log xdx.
Solution: Integrating by parts, taking log x as the first function, we get




f x"log x = (log x)-f x"dx—f {:—x(log x)-f x"dx}dx

xn+1 1 xn+1
:(logx)'(nﬂ)_f mrD™
_ x™og x 1 J‘ ng
“ T+ @m+n)
xn+110g x xn+1
= - C.

m+1) (m+DZ

Example 4: Evaluate [ x%sin xdx
Solution: Integrating by parts, taking x2 as the first function, we get

d
f x2sin xdx = xzj sin xdx—] [E (x?) ] sin xdx] dx

= x%(—cos x) —f 2x(—cos x)dx

= —x%cos x + Zf xcos xdx

= —x%cos x + 2 [x(sin X) —J- {j_x (x) f oS xdx} dx]

= —x2%cos x + 2 [xsin X —f sin xdx]
= —x2%cos x + 2[xsin x + cos x] + C.

Example 5: Evaluate [ xcos? xdx

Solution: | xcos? xdx = [ x (1+CZS zx) dx = %f xdx + %f xcos 2xdx

] ez [ e[ ws2adal
=7 t7* cos 2xdx dx(x) cos 2xdx¢dx

[integrating xcos 2x by parts]
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1 [xsin 2x sin 2x
E[ 2 _f 2 dx]
xsin 2x 1 (—cos 2x)

4 4 2
xsin 2x cos 2x
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Example 6: Evaluate [ log xdx
Solution: Integrating by parts, taking log x as the first function and 1 as the second function, we get

f log xdx = J- (log x - 1)dx

= (log x) f ldx —f {;—x (log x) J- 1dx} dx

1
=(logx)-x—f (;-x)dxleogx—f dx
=xlogx —x+C =x(log x—1) + C.




Example 7: Evaluate [ log (1 + x?)dx.

Solution: Integrating by parts, taking log (1 + x?) as the first function and 1 as the second function, we
get

f log (1+x?)dx = f {log (1 + x?) - 1}dx

=log (1 + x?) - f 1dx — f [;—x{log (1+x2)}- f 1dx] dx

log (1 + x2) ] X d
= lo x%)-x— ————— - xdx
& (14 x2)

2
X
=x10g(1+x2)—2] mdx

1
_ 2y _ _
= xlog (1 + x*) Zf <1 1+x2>dx

) dx
=x10g(1+x)—2] dx+2] m

= xlog (1 + x?) — 2x + 2tan™! x + C.

Example 8: Evaluate [ (log x)?dx.

Solution: Integrating by parts, taking (log x)? as the first function and 1 as the second function, we get
f (log x)%dx = f {(log x)? - 1}dx
d
= (log x)? - f 1dx — ] {E (log x)? - ] 1dx} dx
2log x
= x(log x)z—] ( & -x)dx

X

= x(log x)? — Zf (log x - 1)dx
x(log x)? — 2 [(log x)f dx — J- {:—x (log x) - J- dx} dx]

1
= x(log x)? — 2 [xlog X — J- = xdx]
= x(log x)? — 2xlog x + 2x + C.

log x
x2 d

Example 9: Evaluate [

. . : . 1 .
Solution: Integrating by parts, taking log x as the first function and —as the second function, we get
log x 1
] 2 dx =j (log x) -Fdx
= J- ! d f { d 1 f ! d }d
= (log x) Zax dx(ogx) oz dxjdx

_q (1) f 1 ( l)d _ logx_l_f ld
= (log x) X X X = X x2 x
logx 1 —(1 +1
_logx 1. —(ogx+1) .

X X X




Example 10: Evaluate | e?*sin xdx.
Solution: Integrating by parts, we get

d
] e?*sin xdx = (er ] sin xdx) —] {a (e?®) f sin xdx} dx
= e?* . (—cos x) — ZJ- e?*(—cos x)dx

= —e?*cos x + 2] e%*cos xdx

= —e?*cos x + 2 [(er ] cos xdx) —f {% (e*) ] cos xdx} dx]

[ integrating e?*cos x by parts ]

5] e?*sin xdx = e?*(2sin x — cos x) + C

1
or ] e?*sin xdx = gezx(Zsin x — cos x) + C.

x—sin x)

Example 11: Evaluate f (1_cos x
Solution: [ (X_Sin x) dx = |

f sin x

1—cos x (1—cos x) (1—cos x)
J‘ X J‘ 2sin (x/2)cos (x/2)
= —————dx — _ dx
2sin? (x/2) 2sin? (x/2)
1
= EJ- xcosec? (x/2)dx — f cot (x/2)dx

= %[x J- cosec? (x/2)dx —f {j_x (x) - f cosec? (x/2)dx} dx] — f cotg dx

= [x . (—Zcot ;) — f [1 . (—Zcot ;)] dx — ] cot (x/2)dx +C

= tx+f txd J- txd +C = tx+C
= —xcot 5 cot - dx cot - dx = —xcot 5 .
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Example 12: Evaluate [ xtan™' xdx.

Solution: Integrating by parts, taking tan~! x as the first function, we get

] xtan™! x dx = (tan”! x) f xdx —f {% (tan™! x) f xdx} dx

= (tan™! x)-ﬁ—f ;'ﬁdx
2 (1+x2) 2
x*tan"!' x 1 1 oy 2 2
= T_Ef <1—1+x2)dx[ond1V1d1ngx by 1+ x° ]
x*tan"t x 1 1 1
=53] ] ame
x*tan"tx x 1
:T—E+Etan x+C

1 1
=§(1 + x?)tan?! x—§x+ C.
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Example 13: Evaluate [ x%sin™! xdx.

1

Solution: Integrating by parts, taking sin™" x as the first function we get

[ sty =0 X[ 22
x*sin™! xdx = (sin™h x) - 3 m3x
x3sin"t x 1 x3
————f X x
3 3 V1= x2
x3sint x 1 X - x?

- - —d
3 3 V1 —x2 *
x3sin"tx 1 t(1—t?
:—_,__J- %dt,where (1—x%) =t?

3 3
_x3sin_1 x+ 1J‘ it lf 245
B 3 3 3
_x3sin_1x+1t 1t3+C
B 3 379
x3sin"t x 1 1
=— 4+ —J1—-x%2—-—=(1- 233/2 C.
3 + 3 x 9( x“)3c +
Example 14: Evaluate [ cos™ xdx
(i) [ tan™! xdx
(iii) [ sec™® xdx
Solution: Put cos™! x = t so that x = cos t and dx = —sin tdt.
[ cos™! xdx =—[ tsin tdt

=—[t-(—cos t)— [ 1-(—cos t)dt]

=tcos t — [ cos tdt = tcos t — sin t + C[integrating by parts]
=xcoslx—V1—-x2+C

[ cos t =x = sin t =V1—x2],

1

Example 15: Evaluate [ tan™! xdx

1

Solution: Put tan™! x = t so that x = tan t and dx = sec? tdt.

f tan~! xdx =J- tsec? tdt

=t-tant— ] 1-tan tdt [integrating by parts]

=t-tan t + log |cos t| +C

1
=(tan"t x)-x+1lo |— +C
8 V1 + x?
1
'-'tantzx:>cost=—]
[ V1 + x?

1
= x(tan™! x) —Elogll + x2| + C.

1

Example 16: Evaluate [ sec™ xdx

1

Solution: Put sec™ x = t so that x = sec t and dx = sec ttan tdt.




] sec™! xdx =f t(sec ttan t)dt

= t(sec t) — f 1-sec tdt [integrating by parts]
= t(sec t) —log [sec t +tan t| + C

= t(sec t) — log |sec t+ m| +C

= x(sec™! x) —log |x + \/ﬁ| + C.

Example 17: Evaluate [ (sin™! x)2dx.

Solution: Putting x = sin t and dx = cos tdt, we get
f (sin™! x)%dx =J- t?cos tdt
=t?-(sin t) — f 2t(sin t)dt [integrating by parts]

= t%sin t — 2 [t(—cos t) —J- 1-(—cos t)dt]

= t2?sin t + 2tcos t — 2sin t + C
= x(sin™! x)? 4+ 2(sin™! x)y/1 —x%2 — 2x + C.

sin™! x
(1-x2)3/2

Example 18: Evaluate [ dx.

Solution: Put x = sin t so that dx = cos tdt and t = sin™! «x.

f sin~! x 4 _f tcos t dt—f tcos tdt
(1 —x2)3/2 x = (1 —sin2 t)3/27 cos3 t

= f tsec? tdt

=t-(tan t) — ] 1-tan tdt [integrating by parts]

=t (tan t) + log |cos t| + C

= (sin™! x) -L+log |\/1 —x2| + C.

i
X
w cost=+1—x2%2andtan t =—]
| Y —
_ x(sin™! x)

1
S T — 52
N +210g|(1 x°)| +C.

Example 19: Evaluate | sec® xdx.

Solution: [ sec® xdx = [ sec x - sec? xdx

=sec x - (tan x) — f sec xtan x(tan x)dx

[integrating by parts]

= sec xtan x —f sec x(sec? x — 1)dx




= sec xtan x —] sec3 xdx +] sec xdx
5 T X
2 sec® xdx = sec xtan x + log |tan (Z + §)| +C

or f sec® xdx = %sec xtan x +%1og |tar1 (%+§)| +C'.

Example 20: Evaluate [ tan™! /xdx.

Solution: Put \/x = t so that %dx = dt or dx = 2tdt.

f tan™! Vxdx = Zf t(tan™! t)dt

I 1 t?
=2I(tan t)'?—] {m?}dtlﬁ'c

2

t
=t2(tan"! t) —f ———dt+C

(1+ t2)
2y _
= t?(tan™! t)—f Klgi—zz)”dﬂfc
= t?(tan™! t)—f dt+] (1+;t2)dt+c

=t?(tan"'t)—t+tantt+C=({* +Dtan ' t—¢t+C
= (x + Dtan"! Vx —Vx + C.

15.4 LET US SUM UP

So, in this first unit we have learned about the
1. Concept of integration by parts and its significance in calculus.
2. Derivation of the integration by parts formula and its intuitive interpretation.
3. Technique of integration by parts through guided examples and practice problems.
4. Choosing appropriate functions to apply integration by parts effectively.

5. Integration by parts to solve a variety of integrals, including those involving logarithmic,
exponential, algebraic, and trigonometric functions.

15.5 UNIT END EXERCISE

15.5.1 Evaluate [ x° e*dx.

15.5.2 Evaluate [ x*sinx dx.
15.5.3 Evaluate [ x™logx dx.
15.5.4 Evaluate [ (logx)(logx) dx.
15.5.5 Evaluate [ e3* cos 4x dx.

x e*
(x+1)2

dx.

15.5.6 Evaluate [




logx

15.5.7 Evaluate [ ——=—

15.5.8 Evaluate [0S0 ) gy

1+cosx

ax

15.5.9 Show that [ e** sin bx dx = (asin bx — b cos bx).

a?+b?

eax

15.5.10 Show that [ e** cos bx dx = (a cos bx + b sin bx).

a?+b?
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