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1.1 History and Background of Operations Research
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1.5 Operation Rescarch Models
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1.11 Tips on Formulating Linear Programming Models

1.12 Summary
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1.1 HISTORY AND BACKGROUND OF OPERATIONS
RESEARCH

In the books of management one often finds a specific period of the development
of management thought, called the Period of Sciemtific Management. It was in
1885 that Fredrick W, Taylor, “father of scientific management”, developed the
scientific management theories. It was also called the Modern era when rapid
development of concepts, theories and techniques of management took place.
During World War 11, production bottlenccks forced the government of Great
Hritain to look up to scientists and engineers to belp achieve maximum military
production, These scientists and engineers created mathematical models to find the
solution of the problems about increasing production of military equipments. This
branch of study was called Operations Research (OR). Since, it was used in the
research in war operations of armed forces, These problems of the armed forces
seemed to be similar to those that occurred in production systems. Because of the
success of OR in military operations and approach to war problems it began to be
used in industry as well.

Operations Resenrch
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1.2 WHY STUDY OPERATIONS RESEARCH ?

We basically helps in determining the best (optimum) solution (course of action)
to probiems where decision has to be taken under the restriction of limited resources.
It is possible to convert any real life problem into a mathematical model. The
basic feature of OR is 1o formulate o real world problem as & mathematical
model. Since in the production industry, most of the manufacturers want to lower
their labour or production costs to achieve higher profits, OR can be very usefully
implied to real life production problems,

OR should be seen as a problem-solving technique. Like management, OR is also
a both Science and an Art. The Science part of OR is using mathematical techniques
for solving decision problems. The Art part of OR is the ability of the OR team
to develop good rupport with those supplying information and those who have to
implement the recommended solutions. It is important that both the Science and
the Art parts of the OR are understood properly as a system of problem-solving.

In India, OR society was formed in 1950's. The Journal of Operations Research
has the mission to serve entire OR community including practitioners, researchers,
educators and students, It celebrated its S0th Anniversary of Operations Research
and published Anniversary issue in Jan.-Feb. 2001, Industry has become quite
aware of the potential of OR as a technique and many industrial and business
houses have OR teams working to find solutions 1o their problems. Particularly,
Railways, Indian Airlines, Defence Forces, Telco, DCM, ete.. are using OR 10
their advantage. As a matter of fact, some techniques of OR like Programme
Evaluation and Reviewing Techniques (PERT) and Critical Path Method (CPM)
are frequently used by many organizations for effective planning and control of
the construction projects.

OR helps in taking decisions which optimize (maximize) the interest of the organization,
it is & decision-making tool and should be seen as such, Many individuals and
organizations see it as o management fad, which has limited use to them. At the
same time, tendency of some organizations to force-fit OR to prove that they use
managerial techniques whether their functioning needs demand OR or not must
be curbed. However, this is also true that complex real life problems can be
solved for the advantage of the organizations by using OR techniqnes,

_l'.ﬂ DEFINITION OF OPERATIONS RESEARCH

Many authors have given different interpretation to the meaning of Operations
Research as it is not possible to restrict the scope of Operations Research in o
few sentences. Students must understand that there is no need to single definition
of Operations Research which is acceptable to everyone. Two of the widely
aceepted defimtions are provided below for understanding the concept of Operations
Rescarch.




“Operations Research is concerned with scientifically deciding
how best to design and operate man-machine svstem sesually
under conditions requiring the allocation of scarce resources.”
—Operations Research Society of America
The salient features of the above definition are :

(@) It is & scientific decision-making technigue.

(b) Tt deals with optimizing (maximizing) the results.

{c) N is concerned with man-machine systems.

{(d) The resources are limited.

“Operations Research is a scientific approack to problem
solving for executive management.”
—HM Wagner
The above definition lays emphasis on :

(@) OR being a scientific technique.

() It is a problem-solving techmque.

(¢) his for the use of executives who have to take decisions for the organizations,
Aclnn:uhnmmlinnuflh::mnti:lupmﬂnﬂhtnbuwmdefmﬁmwmmh
it clear that both are in reality conveying the same meaning. Other definitions of
OR also converge on these essential features. One need not remember the definitions
word by word but understand the true meaning of the definition provided by
different authors. The emphasis has to be on the application of technique so that
organizations are benefitted. Hence, the real work of any managerial technique is
the ability of the organizations to take advantage for meeting their objectives.

1.4 SALIENT FEATURES OF OPERATIONS RESEARCH

After having understood the basic concept of OR and the need, one can easily
understand its salient features.

I. System Approach : OR is a systematic approach as is clear from the
conceptual model of OR explained above. It encompasses all the sub-
systems and departments of an arganization. Since it is a technique that
effects the entire organization, optimizing results of one part of the organization
is not the proper use of OR. Before applying OR techniques the management
must understand its impact and implications on the entire organization,
OR is both a Science and an Art : OR has the scientific orientation
because of its inherent methodology and scientific methods are used for
problem-solving. But its implementation needs the art of taking the entire
organization along. OR does not perform expenment but helps in finding
out solutions. OR must take into sccount the human factor which is the
most important factor in implementing any technique/methods of problem-
solving.

=]
-
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3. Interdependency Approach : Problem of organizations could be related
~  with economics, engineering, infrastructure related with markets, management
of human resources and so on. If OR has to find a solution to problems
related to diverse fields, the OR team must be constituted of members
with background disciplines of science, management and engineering etc.
Only then, practical solutions which can be implemented, can be found to

the advantage of organizations.

4. Management Decision-Making : Management of any organization has
1o make decision, which has, impact on its profitability. All business organizstions
exist to make profits. Non-business organizations like hospitals, educational
institutions, NGOs etc., generate profits by reducing the inputs and increasing
the outputs through effective and efficient management. Decision-making
involves generating different alternatives and selecting the best under the
given situation. OR helps in making the right decisions.

5. Quantitative Technique : OR is a quantitative technique, which uses
mathematical models and finds rational quantitative solutions to the managerial
problems. The management may use the OR inputs and take into account
the quantitative analysis of the problem in finding the solution in the best
interest of the organization.

6. Use of Information Technology (IT) : OR extensively uses the [T for
complex mathematical problems 1o its advantage. OR approach to decision-
making depends heavily on the use of computers.

1.5 OPERATION RESEARCH MODELS

What is a Model ?

It is very difficult to represent the exact real life situations on a piece of paper.
A model attempts to represent reality of the situation by identifying all factors of
situation and by establishing some relationship between them. In real life situations,

there are so many uncertainties and complexities, which cannot be exactly reproduced.
Model helps in identifying such uncertainties and complexities in terms of different

factors,

Types of Operation Research Models
Following are some important types of operations rescarch models:

Symbolic or Mathematical Models

This is the most important type of model. Mathematical modelling focuses on

creating a mathematical representation of management problems in OTganisations.
All the variables in a particular problem are expressed mathematically. The mode]



" then provides differcnt outcomes, which will result from the different choices the
management wishes to use. The best outcome in a particular situation will help the
management in decision-making. These models use set of mathematical symbols
and hence are also called symbolic models.

The variables in many business and industry situstions can be related together by
mathematical equations. To understand the concepts of symbolic or mathematical
model. visualise a balance sheet or profit and loss accoun as a symbolic representation
nfﬂwhuimsmiiniy.lhedmmndminmmmicsmbemuwmbolic
representation of the buyers” behaviour at varying price levels.

Simulation Models

In simulation model, the behaviour of the system under study is “initisted over &
period of time’. Simulation models do not need mathematical variables to be related
in the form of equations, normally, these models are used for solving such problems
that cannot be solved mathematically. Simulation is a general technique, which
helps us in developing dynamic models, which are similar to the real process.
Developing good simulation models is difficult because ‘creating’ a real life situation
to perfection is extremely difficult.

Iconic Models

These models represent the physical simulations to the real life system under
study. Wﬁmimmmﬂdwudumwﬂmﬁﬁmmmm
and specifications of the system. Preparation of prototype models for say, an
automobile or 3-D plant layout are some examples of iconic models,

These are the physical replica of a system and are based on a smaller scale than
the original. The models have all the operating features of the actual system. Flight
simulators, missile firing simulators, etc., are also examples of iconic models.

Analog Models

They are not the exact replica. Like the iconic models, these are smaller, simple
physical systems as compared to the real life systems which are complex. These
models are used to explain an actual sysiem by analogy.

Deterministic Models

When the change of one variable has a certain or definite change in the outcome,
the model is called a Deterministic model. In fact, everything is absolutely clearly
defined and the results are known. Economic Order Quantity (EOQ) is s deterministic
model, as economic lot size can be exactly known, with change in one of the
variables in the EOQ formula,

1.6 METHODOLOGY OF OPERATION RESEARCH

There are many steps involved in application of OR. The methodology 1o be
adopted involves the following -

Solf-Inatructionnl Material B
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Observations of the Operating Environment : OR is a problem-
solving techniqae. First step in solving the problem is the formulation of
Mmmﬁh&mﬂwwﬁﬂtm-ﬂiﬁm
As much of information regarding the problem as possible is generated by
using the researchers, observers etc. ‘
Formulation of the Problem : Any problem has many interconnected
ﬁcmrd:mdmthesihn&m“eﬁﬂmm-yutm-ynmbeium
control of the management. The factors which are relevant to the situation
dfthcpmhtumlﬁdmlmduﬂwm]ufmmqummlmubcidmﬁﬁ:d.
Once the problem area is known, different variables considered responsible
for the problem are listed. Now, it s possible to define the problem in
terms of the variables and their relationship,

Selecting and Developing » Suitable Model = At this stage, a suitable
model which best represents the real life situation has to be selected. The
model is developed to show the relations and interrelation between a
cause and effect. Normally, the model is fully tested and modified to
ensure that OR technique applied is able to solve the problem.

Collecting the Data : Next step is to collect the data required by the
selected model. The process of the OR model in finding the solution
dependsmnhrgcexuﬂtmmemmnﬁty and quality of data. More the
data and lesser the errors in data, the quality of managerial decisions will
be better, The required information can be obtained through observations
or from recorded data or even based on experience and maturity of the
OR team,

Finding the Solution : Once the model has been developed, it is possible
to find the solution. OR solutions are under a particular situation and under
certain assumptions. Many assumptions have to be made by the OR team
to simplify the model. The solution is valid only under these assumptions.
Once the solution by the OR techniques is found, certain input variables
are changed to see the output. By this method the best possible solution
can be found.

Presenting the Solution to the Management : The OR team has to
present the solution o the management in a proper manner. The conditions
under which the solution can be used and the conditions under which
solution cannot work must be explained to the management. The assumptions
made at arriving the solution and the weakness of the solutions should also
be explained to the management. :

Implementing the Solution : This is the lust step in the OR application
methodology. The solution provided by the OR technique is scientific but
the application of this technique involves many behavioural aspects, This
is the ‘art” part of OR and is of utmost importance. Any gap between the
perception of the management and the spproach of OR team must be
removed.



1.?

TOOLS OF OPERATION RESEARCH

Operation Research is a very versatile science and has many tools/techniques,
which can be used for problem solving. However, it is not possible to list all these
techniques as everyday new methods in the use of OR are being developed. Some
of the tools of OR are discussed in the succeeding paragraphs

Linear Programming (LP) : Most of the industrial and business organisations
have the objectives of minimizing costs and maximizing the profits. LP
deals with maximizing a given objective. Since the objective function and
boundry conditions are lincar in nature, this mathematical model is called
Lincar Programming Model. 1t is a mathcmatical technique used 1o allocate
limited resources amongst competing demands in an optimal manner. The
application of LP requires that there must be a well-defined objective
function (like maximizing profits and minimizing costs) and there must be
constraints on the amount and extent of resources available for satisfying
the objective function

Quening Theory : In real life situations, the phenomenon of waiting is
involved whether it is the people waiting to buy goods in a shop, patients
waiting outside an Out Patient Department (OPD), vehicles waiting to be
serviced in a garage and so on. Because in general, customer’s arrival and
his service time is not known in sdvance; hence a queue is formed. Queuing
or waiting line theory aims at minimizing the overall cost due to servicing
and waiting. How many servicing facilities can be added at what cost to
minimize the time in queue is the aim in the application of this theory.
Network Analysis Technique : A network can be used to present or
depict the activities necessary to complete a project. This helps us in
planning. scheduling, monitoring and control of large and complex projects.
The project may be developing & new battle tank, construction of dam or
a space flight. The project managers are interested in knowing the total
project completion time, probability that a project can be completed by a
particular time, and the least cost method of reducing the total project
completion time. Techmiques like Programme Evaluatipn and Reviewing
Technique (PERT) and Critical Path Method (CPM) are part of network
analysis, These are popylar technigues and widely used in project management.

Replacement Theory Model @ All plants, machinery and equipment needs
to be replaced at some point of time, either because there is deterioration
in their efficiency or because new and better equipment 15 available and
the old one has become obsolete. Sooner or later the equipment needs 1o
be replaced. The decision 1o be taken by the management imvolves consideration
of the cost of new equipment which is to be purchased and what can be
recovered from the old equipment through its sale, or its scrap value, the
residual life of the old equipment and many other related aspects. These
are important decisions involving investment of capital and need to be
taken very carefully.

(iperations Ressarch
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5. Inventory Control : Inventory includes all the stocks of material, which

an organization buys for production/manufacture of goods and services for
sale. It will include raw material; semi-finished and finished products,
spare parts of machines, ete. Managers, face the problems of how’ much
of raw material should be purchased. when should it be purchased and
how much should be kept in stock, Overstocking will result in locked
capital not available for other purposes, whereas under-stocking will mean
stock-out and idle manpower and machine resulting in reduced output. It
i desirable 1o have just the right amount of inventory at the right time.
Inventory control models can help us in finding out the optimal order size.
reorder level, etc., so that the capital resources are conserved and maximum
output ensured.

Integer Programming : Integer programming deals with certain situations
m which the variable assumes non-negative integer (complete or whole
number) values only. In LP models the variable may take cven a fraction
value and the figures are rounded off to the nearest integer to get the
solution, ie., number of vehicles available in a problem cannot be in
fractions. When such rounding off is done the solution does not remain an
optimal salution. In integer programming the solution containing unacceptable
and fractional values are ruled out and the next best solution using whole
numbers is obtained. An integer programming may be called mixed or
pure depending on whether some or all the variables are restricted to
integer values

Transportation Problems : Transportation problems are basically LP
model problems. This model deals with finding out the minimum transportation
cost for transporting the single commodity from a number of sources to
number of destinations. Typical problem involves transportation of some
manufactured products (say cars in 3 different plants) and these have to
be sent to the warchouses of various dealers in different parts of country.
This may be understood as a special case of simplex method developed
for LP problems, allocating scare resources to competing demands. The
main purpose of the transportation is 1o schedule the dispatch of the single
product from different sources like factories to different destinations as
total transportation cost is minimized,

Decision Theory and Games Theory : Information for making decisions
is the most important factor. Many models of OR assume availability of
perfect information which is called decision-making under certainty.
However, in real life situations, only partial or imperfect information is
available, In such a situation we have two cases, either decision under
risk or decision under uncertainty. Hence from the point of view of availability
of information, there are three cases, certainty and uncertainty, the two
extreme cases and nisk is the “in-between” case.
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Games theory is concerned with decision-making in n conflict situation
where two or more intelligent opponents try to optimize their own decision.
In Games theory, an opponent is referred o as a player and each player
has a number of choices. The Games theory helps the decision maker to
analyse the course of action available to his opponent. In decision theary,
we use decision tree which can be graphically represented to solve the
decision-making problems.

Assignment Problems : We have the problem of assigning a number of
tasks to & number of persons who may use machines, The objective is to
assign the jobs to the machines in such a way that the cost is least. This
may be considered n special case of LP transportation model. Here jobs

may be treated as ‘services’ and machines may be considered the ‘destinations”.

Assignment of a particular job to a particular person so that all the jobs can
be completed in shortest possible time hence incurring the least cost, is the
assignment problem.

Markov Analysis : Markov analysis is used to predict future conditions.
It assumes that the occurrence of a future state depends upon the immediately
preceding state and only on it. It is based on the probability theory and
predicts the change in & system over a period of time if the present
behaviour of the system is known. Predicting market share of the companies
in future as also whether a machine will function properly or not in future,
are examples of Markov analysis.

Simulation Techniques : Since all real life situstions cannot be represented
mathematically, certain assumptions are made and dynamic models which
act like the real processes are developed. It is very difficult to develop
simulation models which can give accurate solutions to the problems, but
this is a good method of problem solving, when the problems are very
complex and cannot be solved otherwise,

1.8

IMPORTANT APPLICATIONS OF OPERATION
RESEARCH

In todsy’s world where decision-making does not depend on intuition, managerial
techniques are widely used. All the applications of OR cannot be listed because
OR as a tool finds new application everyday. It finds typical applications in many
activities related to work planning.

Some important applications of OR are :

Manufacturing/Production
— Production planning and control
— Invemtory management.

Operations Research
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2. Faeilities Planning
— Design of logistic systems
— Faclory/building location and size decisions
— Transportation, loading and unloading
— Planning warchouse locations,
3. Accounting
— Credit policy decisions
— Cash flow and fund flow planning.
4. Construction Management
— Allocation of resources to different projects in hand
— Workforce/labour planning
— Project management (scheduling, monitoring and control),
5. Financial Management
— Investment decisions -
— Portfolio management.
6. Marketing Management
— Product-mix decisions
— Advertisement/Promotion budget decisions
— Launching new product decisions.
1-’, Purchasing Decisions
_ Inventory management (optimal level of purchase), Optimal re-ordering.
E. Personnel Management
— Recruitment and sclection of employees
— Designing training and development programmes
— Human Resources Planning (HRP).
9. Research and Development A
— Planning and control of new research and development projecis.
- Product lsunch planning.

L9 PITFALLS IN THE USE OF OPERATION
RESEARCH FOR DECISION-MAKING

The first stage of OR application after collecting data/information through observation
is the formulation of the problem. It is the most important and most difficult task
in OR application. Have the OR team been able to identify the right problem for




finding the solution ? Has the problem been accurately defined in unambiguous
manner ? Selecting and developing s suitable model is not an easy task. The model
must represent the real life situation as far as possible. Collection of data needs
a lot of time by a number of people. It is time-consuming and expensive process.
Collection of data is done cither by observation or from the previous recorded
data. When a systemi is being observed by the OR team, it effects the behaviour
of the persons performing the task. The very fact that the workers know that they
are being observed is likely to change their work behaviour. The second method
of data collection, the records, are never reliable and do not provide sufficient
information which is required.

As OR problem-solving techniques is very time-consuming, the quality of decision-
qtkingmuybemmnmﬁality.ﬁcmmmmmhuwmkclduisimzhhﬂ
way. Decision based on insufficient or incomplete information will not be the best
decision. A reasonably good solution without the use of OR may be preferred by
the mn.tpm:m' as compared 1o a slightly better solution provided by the use of
OR which is very expensive in time and money.

Duc to the above reasons, many OR specialists try and fit the solution they have,
to the problem. This is dangerous and unethical and organizations must guard
against this.

1.10 LIMITATIONS OF OPERATIONS RESEARCH

Operation Research is an extremely powerful tool in the hands of a decision-maker
and to that extent the advantage of OR techniques are immense. Some of them
are :

(@) It helps in optimum use of resources. LP techniques suggest many methods
of most effective and efficient ways of optimally using the production
factors,

(b) Quality of decision can be improved by suitable use of OR technigues.
If a mathematical model representing the real life situation is well-formulated
representing the real life situation, the computation tables give a clear
picture of the happenings (changes in the various elements i.e., variables)
in the model. The decision-maker can use it to his advantage, specially if
computerised software can be used to make changes in variables as per
requirement.

The limitations of OR emerge only out of the time and cost involved as also the
problem of formulating a suitable mathematical model, otherwise, as suggested
above, it is a very powerful medium of getting the best out of limited resources.
So, the problem is its application rather than its utility, which is beyond doubt. Some
of the limitations are :

Operations Rescarch
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(a)

(B)

{e)

Large number of cumbersome computations. Formulation of mathematical
models which takes into account all possible factors which define a real
life problem is difficult. Because of this, the computations involved in
mmmmmwmmmumrmm.
This discourages small companies and other organisations from getting the
best out of OR technigues. '

Quantification of problems. All the problems cannot be qualified property
‘lslhern-mnlnpnmb:mﬁnmgihl:fmmhuhmnmm
human relationship and so on. If these intangible elements/variables are
excluded from the problem even though they may be more important than
the tangible ones, the best solution cannot be determined.

Difficult to conceptualize and use by the managers. OR applications
is a specialist’s job, these persons may be mathematicians or statisticinns
mwmmurm.mmmm
the implémentation. The managers really do not have the hang of it. Those
who recommend a particular OR technique may not understand the problem
mﬂmghnndlhmwhnhwmmmmtmdnmdmwhy‘nf
that recommendation. This creates a *gap’ between the two and the results
may not be optimal.

1.11

TIPS ON FORMULATING LINEAR
PROGRAMMING MODELS

(a)
(&)

(€)

(d)

(e)

Read the statement of the problem carefully.

Identify the decision variables. These are the decisions that are 1o be
made. What set of variables has a direct impact on the level of schievement
of the objectives and can be controlled by the decision-maker 7 Once
these variables are identified, list them providing a written definition feg.,
X = number of units produced and sold per week of product 1, x, =
number of units produced and sold per week of product 2).

ldentify the objective. What is to be maximised or minimised ? (e.g.,
mxiuﬁuimllwuch)rmuﬁtﬁwnprm,gpmduﬂ 1 and 2).

Identify the constraints. What conditions must be satisfied when we
assign values to the decision variables? You may like to write a verbal
duuipﬁnnafthemuicﬂmhemmmﬁﬁngmemﬂmmﬁulmmmnﬁm
{e-g., total production of product 1 > 100 units).

Write out the mathematical model. Depending on the problem, you might
start by defining the objective function on the constraints. Do not forget
to include the non-negativity constraints,



1.12

SUMMARY

Operations Research is concerned with scientifically deciding how best to
design and operate man-machine system usually under conditions requiring
the allocation of scarce resources.

Operations Research is a scientific approach to problem solving for executive
management.

Economic Order Quantity (EOQ) is a deterministic model, as economic lot
size can be exactly known, with change in one of the variables in the EOQ
formula,

Operation Research is a very versatile science and has many tools/techniques,
which can be used for problem solving.

LP deals with maximizing a given objective. Since the objective function
and boundry conditions are linear in nature, this mathematical model is
called Linear Programming Model.

Operation Research is an extremely powerful tool in the hands of a decision-
maker and to that extent the advantage of OR techniques are immense.

1.13 REVIEW QUESTIONS

1.
3.

5.

8.

9.
10.

11.

What is the concept of Operation Research ? Write a detailed note on its
development. ’

Discuss significance and scope of OR in business and industry.

What are the different phases of OR ? How is OR helpful in decision-
making 7

Discuss briefly various steps involved in solving an OR problem. [lustrate
with one example from the functional arca of your choice.

Explam applications of Operations Research in business.

What is the significance and scope of Operation Rescarch in the development
of Indian Economy 7

What is the role of OR in modern day business 7 Give examples in support
of your answer.

[iscuss the meaning, significance and scope of Operations Research. Describe
some methods of OR.

Iustrate and explain various features of OR.

Define Operations Research in your own words and explain various tools
of OR.

What is & model ? What are the types of models you are familiar with 7
What are the advantages and pitfalls of models 7

Operafions Research

Self-Instructional Material 13
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13,
14.

15.

Define an OR model. Give examples from industry and business to explain
the use of models, t

Define OR and discuss its scope.

Discuss the significance and scope of Operations Research in modemn
management. .

Write a detailed note on the use of models for decision-making. Your
answer should specifically cover the following :

(i) Need for model building

(#) Type of model appropriate to the situation
(iif) Steps involved in the construction of a model

{iv) Setting up criteria for evaluating different alternatives

{v) Role of random numbers.



Linear Programming

CHAPTER 2 LINEAR PROGRAMMING . o
AND TRANSPORTATION
PROBLEM NOTRS

2.1 Introduction to Operations Research
22 Intorduction to Linear Programming Problems (LPF)
23 Ciraphical Method
24 Simplex Method
25 Big M Method l
26 Two Phase Method
2.7 Formulation Problems
28 Revised Simplex Method (RSM)
29 Imtroduction and Formulation
210 Duality Theorems
211 Dusality of Simplex Method
212 The Dual Simplex Method
213  Economic Interpretation of Dual Varable
2.14  Introduction and Mathematical Formulation
2.15 Finding Initisl Basic Feasible Solution
216 UV-MethodModi Method
2.17 Degeneracy in T.P
218 Max-type T.P.
219 Unbalanced T.F.
220 Summary
221 Review Questions
LINEAR PROGRAMMING
2.1 INTRODUCTION TO OPERATIONS RESEARCH
The roots of Operations Research (OR) can be traced many decades ago. First |
this term was coined by Me Closky and Trefthen of United Kingdom in 1940 undd
it came in existence during world war I when the allocations of scarce resources

were done 1o the various military operations. Since then the field has developed |
very rapidly. Some chronological events are histed as follows:

1952 — Operations Research Society of America (ORSA), .
1957 - Operations Research Society of India (ORSI) |
International Federation of OR Societics : |

Relf-Instructional Moterial 18
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1959 - First Conference of ORSI -

1963 ~ Opscarch (the journal of OR by ORSI).

However the term ‘Operations Research® has a number of different meaning. The
Operational Research Sncietyofﬁm:tﬂr?ﬂin has adopted the following illaborate
definition :

“Operationsl Research is the application of the methods of science to complex
problems arising in the direction and management of large systéms of men, machines,
materials and money in industry, business, government and defence. The distinctive
approach is to develop a scientific method of the system, incorporating measurements
of factors such as chance and risk, with which to predict and compare the
outcomes of dlternative decisions, strategies and controls. The purpose is to help
management to determine its policy and actions scientifically.”

Whereas ORSA has offered the following shorter definition :

“Operations Research is concerned with scientifically deciding how to best design
and operate man-machine sysiems, usually under conditions requiring the allocation
of scarce resources.”

Many individuals have described OR according to their own view. Only three are
quoted below : *

“OR is the art of giving bad answers 1o problems which Mherw-asc have worse

answers" —T.L. Saaty
“OR is a scientific approach to problems solving for executive management.”
—H.M. Wagner
“DI! 1 a scientific knowledge through interdisciplinary team effort for the purpose
of determining the best utilization of limited resources.” —H.A, Taha
An abbreviated list of applications of OR techniques are given below :
1 Manufacturing : Production scheduling
Inventory control
Product mix
Replacement policies
2 Marketing : Advertising budget allocation
Supply chain management
i Organizational behaviour : Personnel planning
Scheduling of training programs
Recruitment policies
4. Facility planning - Factory location
Hospital planning

Telecommunication network planning
Warchouse location

5, Finance - Investment analysis
Porifolio analysis

6. Constructiop : Allocation of resources 1o projects
Project scheduling

7. Military

8. Different ficlds of engineering.



22 INTRODUCTION TO LINEAR PROGRAMMING
PROBLEMS (LPP)

I. When a problem is identified then the attempt is to make an mathematical
model. In decision-making all the decisions are taken through some variables which
are known as decision variables. In engineering design, these variables are known
as design vectors. So in the.formation of mathematical model the following three
phases are carried out :

(#) Identify the decision variables.

(if) 1dentify the objective using the decision variables and

(iif) ldentify the constraints or restrictions using the decision variables.

Let there be n decision variable x,, x,, ..., x, and the general form of the mathematical
model which is called as Mathematical programming problem under decision-making
can be stated as follows :

Maximize/M inimize 2 =[xy X3y veery %)

Subject 10, B % Xye vy X,) {S, 2 0F =) b,
i=1, 2 .., m.

and the type of the decisions ie, x, 2 0

or, ;Jsﬂnrx;immuu'ictnd

or combination types decisions.

In the above, if the functions fand g, (i = 1, 2, ...., m) are all linear, then the model
is called “Linear Programming Problem (LPP)". If any one function is non-linear
then the model is called “Non-linear Programming Problem (NLPP)".

Il. We define some basic aspects of LPP in the following :
(@) Convex set : A set X is said to be convex if
n,neX, thenfor0sas1,
X = 4 (1 -, e X
Some examples of convex sets are :

/\

Fig. 2.1 Convex sets
Some examples of non-convex sets are :

&
4 ©

Fig. 2.2 Non-convex sels

Self-fnstructional Material 17
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Basically if all the points on a line segment forming by two points lies inside the
set/geometric figure then it is called convex.

(b) Extreme point or vertex or cormer point of u convex set : It is 4 point
in the convex set which cannot be expressed as Ax, + (1 - A)x, where x; and
x, are any two points in the convex set.

For a triangle, there are three vertices, for a rectangle there are four vertices and
for a circle there are infinite number of vertices,

() Let Ax = ¥ be the constraints of an LPP. The set X = {x | Ax = b, x = 0}
i$ & convex set.

Feasible Solution : A solution which satisfies all the constraints in LPP is called
feasible solution.

Basic Solution : Let m = number of constraints and n = number of variables and
m < n, Then the solution from the system Ax = b is called basic solution. In this
system there are "c_ number of basic solutions. By setting (n - m) variables to
zero sl a tme, the basic solutions are obtained. The variables which is set to zero
are known as ‘non-basic’ variables. Other vanables are called basic variables,
Basic Feasible Solution (BFS) : A solution which is basic as well as feasible
15 called baxic feasible solurion.

Degenerate BFS : If a basic variable takes the value zero in & BFS, then the
solution is said to be degencrate.

Optimal BFS : The BFS which optimizes the objective function is called oprimal
BFS.

2.3 GRAPHICAL METHOD

Let us consider the constraint x, + x, = |. The feasible region of this constraint
comprises the set of points on the straight line x, + x, = 1.

If the constraint is x; + x, = |, then the feasible region comprises not only the
utﬂfpmutsmtlmmshlluur + x, = | but also the points above the line,
Here above means away from origin,

If the constraint is x, + x, < 1, then the feasible region comprises not only the
set of points on the straight line x; + x, = 1 but also the points below the line.
Here below means towards the origin.

The above three cases depicted as follows:

\4".‘
\\u L ..
wen =

LR (R A S




For the constraints x, = 1, x, < I, x, 2 1, x, < | the feasible regions are depicted Lincar Programming

. and

below : Transportation Problem

| ' . i

t =4 ' t

= | L ! NOTES
[ . L & 0 1

= 8 3 F—— = [l o i 5 =

e L w2 1

ﬂil 2'4

For the constraints x, - x, =0, x, - x,20and x, —x, < 0 the feasible regions
are depicted in Fig. 2.5.
The steps of graphical method can be stated as follows :

(i) Plot all the constraints and identify the individual feasible regions,

iy
¢ 2
o
=1 = Xy O uy

n=x,=0
1 K%y 30 g0
Fig:- 1.5
(if) ldentify the common feasible region and identify the comer points Le.,
vertices of the common feasible region.
(iif) ldentify the optimal solution at the comer points if exists.
Example 1. Using graphical method solve the following LPP .
Maximize = = Sx, + 3,
Subject to, 2x, + 3x,5 10,
Sx, + 2x,5 10,

2e, + 3x, 2 8.
5n=0zx20
Solution. Let us present all the constrainis in intercept form fe.

X X

—;+—21 < | AN
= e

) 10y
e

33 2 | (Y

The common feasible region ABC is shown in Fig. 2.6 and the individual regions
are indicated by arrows. (Due 1o non-negativity constraints i.e., x, 2 0, x, 2 0, the
common feasible region is obtained in the first quadrant).
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The corner points are A[%%}
B[lf%]] and C (0, 2). The value of
the objective function al the comer points

-

are ;,:%uu.w. fym = 1143
and = = 6.

Here the common feasible region is
bowmded and the maxirmm his occurred
at the comer point B. Hence the optimal
solution is

s VT . 80 g0
T = ?.x, 7 and = —T—ll.-ﬂ. Fig. 2.6
Example 1. Using graphical method solve the following LPP
Minimize ¢ = 3x, + Iix,
Subject to, Ix, + 2x, 2 6,
fx, * 5,2 4,
x, & Ix, 2 6,
x, 20 x,20.
Selution. Let us present all the constraints in intercept form ie,
e %
-21**-;-9_- | AN
LWL
ok 21 Ay
X, i #
3! —21 z | (1)

Due to the non-negativity constrainis i.e., x, = 0 and x, 2 0 the feasible region
will be in the first quadrant.

The common feasible region is shown in Fig. 2.7 where the individual feasible
regions are shown by arrows. Here the common feasible region is unbounded.

X
)
- |

C
2

il
1 8y

| I
oL
0 1 2 A 4




i.e., open with the comer points A(3, 0), n[%l;] c[% '5] and D (0, 4). The
value of the objective function at the comer points are =, = 9, :,:E;q = 17.8,
% =l§': =252, and z,, = 40.

Here the minimum has occurred at A and there 15 no other point in the feasible
region at which the objective function value is lower than 9. Hence the optimal
solution is
x =3 x=0ad s =9
Example 3, Solve the following LPP by graphical method -
Maximize = = 3x, - |5,
Subject to, x;, + 1',5. 8,
X, -4, <8
x, 20 x, unrestricted in sign

Solutlon. Since x, is unrestricted in sign this means x, may be 2 0 or < 0. Also
x, > 0. Then the common feasible region will be in the first and fourth quadrant.
Let us present all the constraints in intercept forms fe.

’#.,Et} <1 M
Hh 5
A=) {1

The common feasible region is shown in Fig. 2.8 where the individual feasible
regions are shown by armows.

Xy
.
080 1\

T A

=7

! p : il I 4 b %

- | L“'kﬁ"

[0.22pa

Linear Programming
and

Transporiation Problem

NOTES
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The value of the objective function at the corner points are =, = 30, =, = 24 and
2 = — 120. Since the common feasible region is bounded and the maximum has
occurred at A, the optimal solution is

x=0x=-2and :" =30,

Exceptional Cases in Graphical Method

There are three cases may arise. When the value of the objective function is
maximum/minimum al more than one comer points then *multiple optima® solutions
are obtained.

Sometimes the optimum solution is obtained at infinity, then the solution is called
‘unbounded solution’, Generally, this type of solution is obtained when the common
feasible region is unbounded and the type of the objective function leads to
unbounded solution.

When there does not exist any common Teasible region, then there does not exist
any solution. Then the given LPP is called infeasible i.e., having no solution. For
example, consider the LPP which is infeasible

. Maximize = = Sx, + 10z,
Subject to, ¥, + ¥, € 2,
M R B |
Ko Ky 2 0,
Example 4. Solve the following LPP using graphical method -

Maximize 2= Xt
Subject to, 5x, + 3x,% 15,
dx, + dx,< 12,
X, x,20

Solution. Let us present all the constraints in intercept forms ie.,

X .t‘:
3 + 5 <1 () ]
N
3 * 3 <1 A1)

Due to non-negativity constraints f.e,,
x; 20, x, 20 the common feasible region
is obtained in the first quadrant as shown
in Fig. 2.9 and the individual feasible
regions are shown by arrows,

The corner points are O(0, 0), A (3, 0),

%%HJ and C{0, 3). The values of
the objective function a1 the corer points

are u!:’mimd a1, =0,z =3 =3

. 7 Flg. 2.9




Since the common feasible region is bounded and the maximum has occurred at
two comer points i.e. ot A and B respectively, these solutions are called multiple

optima. So the solutions are
I5 o M

5 =3 =0 and x = hts i and " =1
Example 5. Using graphical method show that the following LPF is unbounded.
Maximize 'z = 10x; + 3x,
Subject to, — 2x, + Ix, <6,
x; + 2,24,
x, x;2 0.
Solution. Due to the non-negativity constraints i.e., x, 2 0 and x, 2 0 the common
feasible region will be obtained in the first quadrant, Let us present the constraints
in the intercept forms ie,

-

=
-3
L%
4

oo Pt i

51 w1
21 1)

The commen feasible region is shown in Fig. 2.10 which is unbounded i.¢., open
region.

W Y

(4.0 (5.0)

There arc two comer points A(4, 0) and B(0. 2). The objective fanction values are
_4nm'|- — 6. Here the maximum is 40. Since the region is open, let us examine
wnwmherpumts

Consider the point C(3, 0) and the value of the objective function is = = 50 which
is greater than z,. Therefore 2, is no longer optimal. If we move ulungx-uls. we
observe that the next value tt higher than the previous value and we reach to
infinity for optimum value. Hence the problem 15 unbounded.

Nate. For the same problem minimum exists which is the poimnt B.

Linear Programmniing

and
Transportation Problem
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PROBLEMS

Using graphical method solve the following LPP
1. Maximize z = 13x, + 17xg
&hl'ﬂb.x. s 12
K=z 0
4 + 95,5 36
0<x, £2and 0 <2, <10,
2, Maximize z = 3r, + 15k,
Subject to, 4, + Sx, < 20,
n=-x%<1,
Oy s4and0ss <3
3, Mﬂjm:-h‘i-?xi
Subject to, 3x, + &, 5 12,
i N +tns 2
r, < 3,
I, X2 0
1. Minimize z = 2r, + 3x,
' Subject 10, x, - x, > 2
Sx, + 3, 5 15,
2 1,
X% 4,
T, X2 0.
3. Minimize = = 10z, + 9x,
Sabject w0, x, + 2r, 5 10,
n-xn<i,
350,520
6. Minimize z = 4x, + 3z,
Subject w, 2r, + x, < 12,
Ix, - 25,5 12,
¥, unrestricted in sign, ¥, 2 0.
1. i ' Maximize = 10x, + 11x,
Subject 10, Y2
Osx, <3,
X2 2
: 20
&, uim:--:,«h,_
Subject 10, x, - x,2 |,
nYnEs
.5z 0
9. -'-ll.l:'t||1'nnr.-:=4:c|+il2




Sabject o, dx, - fx,= 20,

E-5s L
0<x<3
0<x< 4
10, Maxmmize z = hl b Ay r
Subject o, - 3y, 4 dx, < 12,
-2 =1
s 4
g 20,520
ANSWERS
L ny=3x=2z1 =260 1 rlr-,ng.:'us
3. .r,=i. 1.=E_ :"=E 4 x=-l~ .:,:f. "=£
= 3 5 T LT 2
5, =020,z =0 6 x,=4x,=0: =16
7. Unbounded solution 8. Unbounded solution
?. Multiple optima :
xa=i- 1:=!.|.nd: 4 l=i and = = 20
] ] ' -
10, Multiple optima
4 IR .
Heg Her andx =4 0= 6and s = 12
24 SIMPLEX METHOD

The algorithm is discussed below with the help of a numenical example ie,
consider

Maximize r= 4x, + 8x, + 5x,
Subject to, x, + 2x, + 3x, < 18,
2x, + by, + dx < 15,
x, +An +x, <6
Xy, Xy, xy2 O
Step 1. If the problem is in minimization, then convert it to maximization as
Min z = - Max (- z).

Step 1. All the right side constants must be positive. Multiply by — | both sides
for negative constants. All the variables must be non-negative.

Step 3, Make standard form by adding slack variables for ‘<’ type constraints,

surplus variables for “2" type constraints and incorporate these vanables in the
objective function with zero coefficients.

Linear Programming
amd
Transpartation Problem

NOTES
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Quantitative Technigues For example, Maximum = = 4x, + 8, + Sx, + 0,5, + 0.5, + O,
Subject to, x; + 2x, + 3x, + 5, = 1§
Ix, + 6y + dx, + 5, = 15

NOTES ntégtnts =6
XXy Xy & 0,3, 85,5, 20

Note that an unit matrix due 10 5, 5, and 5, variables is present in the coefficient
matrix which is the key requirement for simplex method.

Step 4. Simplex method is an iterative method. Caleulations are done in a table
which is called simplex table. For cach constraint there will be a row and for each
variable there will be a column. Objective function coefficients ¢, are kept on the
top of the table. x,, stands for basis column in which the variables are called ‘basic
variables”. Solution column gives the solution, but in iteration 1, the right side
constants are kept. At the bottom z, - ¢, row is calfed ‘net evaluation” row.

In each iteration one variable departs from the basis and is called departing
variable and in that place one variable enter which is called entering variable 1o
improve the value of the objective function.

Minimum ratio column determines the departing variable.

Iteration 1.
‘ 4 8 3 0 L] 0 Min.
‘R *a soln. | x, e Ty ol % 5; | matio
0 5 I8 | 2 3 1 0 (1]
0 5, s [ 2|6 | s ] o] 1] o
(1] ¥, 6 1 4 1 0 0 |
g = ¢

Mote. Variables which are forming the columns of (he unit matrix enter into the basian column. In
this table the solation is #, = 18, », = 15, 8, = 6,/'x, =0, x, =0, x, = 0 iand 2= 0.

To test optimality we have to calculate =, - ¢, for each column as follows :

3-c=qlu]l-«

(

For first column, (0,0,0){2]-4=-4
!
2

For second column, (0,0,0)| 6|-8=-8 &nd so on.
d
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These are displayed in the following table Linvar Pwmmu

e, 4 |8 |5 o |0 | 0]Min TvannportutionFraes:
g Xy soln. | x, X, x 5, 55 5 | mtio
0 5, I8 ] 2 3 | o | o NOTES
0 = 1S 2 | 6 4 o [ |o
0 5 6 ! 4 I To [o |
z, ¢ 4| -8] -s]o0 o |0
t

Decisions : [f all z, - ¢ = . 0. Then the current solution is optimal and stop. Else,
Select the m:guwc most value from 2, - ¢, and the variable corresponding to this
value will be the entering variable and that column is called “key column’. Indicate
this column with an upward arrow symbol.

In the given problem *— 8" is the most negative and varisble x, is the entering
variable. IT there is a tie in the most negative, break it arbitrarily.

To determine the departing variable, we have to use minimum ratio. Each ratio

ln. L
is calculated as —&J—- componentwise division only for positive elements
[ ey column]

{i.e., > 0) of the key column. In this example,
18 15 6 _

m{?'?i}': min {9,2.5.15) = 1.5

The element corresponding to the min. ratio i.¢., here s, will be the departing
variable and the corresponding row is called ‘key row’ and indicate this row by
an outward arrow symbol. The intersection element of the key row and key
column is called key element. In the present example, 4 is the key element which
is highlighted. This is the end of this iteration, the final table s displayed as follow:

Iteration 1.
<, 4 ] 1 0 ] 0 | Min

ey | *a soln T, X, X, 5, 4 5, | mtio
18

0 5 18 | 2 3 | 0 015>
I5

0 | s 15 2 6 4 |o| 1] ofF=25p
f

0 | 5 [ | 4 | 0 0 1 Erl..'-

z - ¢ -4 -8 -51'0 i i}

Step 5. For the construction of the next iteration (new) table the following caleulations
are 1o be made :
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Quantitative Technigues (@) Update the x;, column and the ¢, column.
(h) Divide the key row by the key clement.
(¢) Other elements are obtained by the following formula :

NOTES element clement
: :xn‘rnp-nndmgh] corresponding to
new ] ald _ key row kev eolumn
[:Immt = [clﬁmch g key element
(d) Then go to step 4.
lieration 2.
€ 4 ] 5 ] 0 0] Min
cs | *u soln. | x, X, ) f$i ] #] ¥ | mto
3
0 5, 15 '_-I.‘ ] ; | B |- % 15 % =6
| 5 3 2
0 |4 6 3 1] 3 0 1 3 L s 24—
i I I | 3
= - — - - =3
%% TR e M S (e el S
3 — -21 0 -3] 0 0 2
T
Iteration 3.
C; 4 8 5 0 0 0 | Min
i cy | xy soln. | x, 5 | x5 | 5 5, £, | ratio
0 5 a9 (1] 0 0 I =1 1]-
12 | P 125
5 e - |- —x==12
Xy 5 5 0 1 ] 3 ey |
9 | | 2 9 5
8 3 2 1. .2 S |=xZ=ds
*2 0 | s 0 s Bl 3L S kg fic
7 6
) .:‘, - € g 0 0 0 5
T
lteration 4.
¢ 4 8 5 0 0 0 Min.
Cy g soln, X Xy X, 7 5y 5 | matio
1] 5 9 0 0 0 [ -1 |
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3 |
5 x, 3 0 -1 | 1] 3 -1
9 1
4 x, A Y sl el o =12
z 0 7 ﬂ* 0 L
=« 3 3
Since all z, —¢, 2 0, the current solution is optimal,
x--E x. u II-E -'I-.;_E-
ATl et o

Note (exceptional cases).

(@) If in the key column, all the clemenis are non-positive Le, 7o or nogative, then min.
ratio cannot be calculated and the problem is sald to be unbounded.

{H) In the net evalustion of the optimal table all the basic variables will give the value zero.
If any non-basic variable give zero net evaluation then it indicates that there is an alternative
apﬂhﬂlnlm.Taohniuinmhrﬁmmﬁhmtmmmﬁugmhmunymlm
and apply one simplex iteration.

{c) For negative variables, x < 0, sot x = — x_ x' 2 0.
For unrestricied variables sel 1 = x' — x" where ¥, x" 2 0.
Example 6. Solve the following by simplex method !
Maximize z=x, + 3x,
Subject 10, - x, + 2, <2, x; - 2x, £2, x, x, 2 0.
Solution. Standard form of the given LPP can be written as follows
Maximum z = x, + 3x, + 0.5, + O,
Subject to, - x, + 2x, + 5, = 2,5, =2y +8,=2,

x,x;2 0, 5,3, slacks = 0.

Iteration 1.
[ 1 3 0 0 Min.
ty Xy soln. | x; x, 5, 1y mtio
2
0 5, 2 =1 2 | 0 = -
23— & -1 -3 0 0
1-

wa
Transportation Problem
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lteration 2.
¢ 1 3 0 0 Min.
Cy Xy soln. X, Xy 1 L mtio
| I =
3 | x I 3 N 0
0 EN 4 0 0 | |
5 3
Bl o E ] E ]
T.

Since all the elements in the key column are non-positive, we cannot calculate
min. ratio. Hence the given LPP is said to be unbounded.

PROBLEMS
Solve the following LPP by simplex method:
L Maximize z = 3r, + Ix,
SA Sx 4+ xS 10, 4x, + S, <60, x,, 5,2 0
z, Maximizo 2 = Sx, + dr, + x,

Sﬂ.ﬁﬂ ‘l:*l!,ﬁ 12.&“"‘1‘;*5]530-
dr; + x, - 2, S 16, x,, 5, 2, 20

3. Maximize z = 35, + 2r,
S, 3x, + 4x, < 12, 2x, + S, < 10, x), x, 2 0
4. Maximize z = 1x, + 2r, + x,
8, Ix) +x, + xS 20, 5, $ i, b Ad S 16, 2, %, 3, 20
5. Maximize z = 45 - 2py - x,
S x 43+ 559 0 *Ap 4 sdn-x50,1,
. x20
#, Maximize = = Sz, + ir, + 3x,

S, dx, + dx, + de, < 12000, 0.4x, + 0.5x, + 0.3, < 1500,
0.2x, + 025, + 0,1x; S 960, 5, xy 5, 2 0

7. Maximize s = 3x, + 2x, + 2v,
B 25—z + IS I8 x4 x4 20 S 12, x % 2y 2 0
B = Maximizez = 3x, + 1, + £, + %,
SA, - 2x + 2, b= 4, Ay e b x, = 6,320 for all
9. Maximize z = x, + x,

SA, x, - 2, £ -t ;s X2 0
10.Find all the optimal BFS to the following :
Maximizes=x, + x, + 1, + x,

Mntns iyt sSr xor 20



ANSWERS
1. It“ﬂ.-l;*ll-'"!ﬂ'lh 3 . x=0,5~12 :,ﬂﬂ.:-=4$ it 3)
.= 11 T a1
L on=4xn=0:z = |2 (ln 2) 4, III:?'kJ:E'I:I-u‘: -? (3

5. t,rl.n,'l.:,=ﬂ+='=2ﬂt}‘|

6. x = 3000, x;=0,x,=0,3 = 15000 (k )

7. x=10, x5 =2 5 =0 ¢ =34 (h3)

8 Solwtionl:x=lLn=3}n=5=0(12
Solution 2 ¢ x, = 0, 5y = 2, 5y, = 0, x; = 4,2 = 6

9. Unbounded solution (11 2)

10. (2,0, 0) (0,25 0), (0,20, 5)(200 5.

2.5 BIG M METHOD

The method is also known as *penalty method” due 1o Charnes. If there is 2’ type
constraint, we add surplus variable and if there is *=" type, then the constraint 15
in equilibrium. Generally, in these cases there may not be any unit matrix in the
standard form of the coefficient matrix.
To bring unit matrix we take help of another type of variable, known as *artificial
variable’. The addition of artificial variable creates infeasibility in the system which
was already in equilibrium. To overcome this, we give a very large number denoted
as M to the coefficient of the artificial variable in the objective function. For
maximization problem, we add “~ M. (artificial variable)” in the objective function
so that the profit comes down. For minimization problem we add “M (artificial
varinble)” in the objective function so that the cost goes up. Therefore the simplex
method tries to reduce the artificial variable to the zero level so that the feasibility
is restored and the objective function is optimized.
The only drawback of the big M method is that the value of M is not known but
it is o very large number. Therefore, we cannot develop computer program for this
method.
m.ll]ﬂmmﬂuﬁfmhlvﬁﬁkmmmehmtlw‘il.'ln:v:llpinmhlh:
mhmqu-untimmmdunlumthDuinihhmmth:uﬂﬂsm'mﬂhm in
the subsequent iterations once the varable departs from the basis,
() If in the optimal table, the artificial variable remains with non-zero value, then the
problem is suid 10 be *infeasible’.
If the artificial varisble remains in the optimal table with zero value, then the solution is
said 10 be ‘pscudo optimal’.
() The rule for ‘multiple solution’ and ‘unbounded solution’ arc same as given by simples
mothod. The big-M method is a simple variation of simplex method.
Example 7. Using Big-M method solve the following LPP :

Minimize == 10x, + 3x,

Shox, +2; 23 x5 A 243, 5 20

Linear Programming
auned
Transportation Problem
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Quantitative Techniques Solution. Standard form of the given LPP is
Min. = = — Max. (-2 = - 10x, - 3x, + 0., + 03, - Ma, - Ma,)
Shx+2y-5 +a,=3

x, +dx, ~fta,=4
Xy %y 2 0, 5., %, surplus 2 0, a,, a, antificial > 0
Iteration 1.
¢ |=10]| -3 0 0 |-M|-M | Min.
€y | %y soln, | x, Xy ' s | a | a, | matio
3
-M | a, 3 | 2 -1 0 1 0 E'] 5
4
-M | a, 4 | 4 0 -1 0 1 -4—=I —
Z-¢| 8 |-2M |- 6M M M 0 0
+10 +3
T
Iteration 2
€ - 10 -3 0 0 - M | Min
Cq T soln x Xy 8 5, a, ratio
l | |
-, E= = Lo —=32
M |a 1 > 0 | 2 1 12 =
1 | 1
- — =
3 x, 1 1 i} y ] v
M 37 M 3
%~ 2 + 4 1] M 2 + a 0
T
Iteration 3.
€ - 10 -3 0 0 Min.
g xg soln. x, X, 5, 5, ratio
- 10 x, 2 1 0 -2 | %=2 B
1 | |
-3 x, > {0 1 2 3 -
17 17
5 =¢ 0 0 = Sl
T
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Iteration 4. (Optimal)

e | -10] -3 0 0 Min.
s X, soln X, 1, 8 8y ratio
0 & 2 1 0 -2 |
3 I 1
-3 Xy 2 3 l ~3 0
11 3
2, — ¢ % 0 3 0
Since all z, — ¢, 2 0, the current solution is optimal.
Fa0 Bl s
2 2

Example 8. Solve the following LPP by Big-M method :
Minimize = = 2x, + x, + Jx;

Sh - rx -2y 2l -ty 2d Xy Xy Xy 20
Solution, The standard form of the given problem can be writlen as follows :

Min. = - Max. (= 2 = = 2x; — Xy — 3x; + Oy + 05, - Ma, — Ma,)
Sh, - 3x, + 2y =2y~ 2ct @y = 1,

X -yt x5 ta =2

X Xy %3 20,8, 5, surplus s = 0, a,, @, artificial variables = 0.

Iteration 1.
€ -2 il | -3 0 0 |- M|-M|Min
¢a | Xa soln.| x, Xy x | 5, | a; | a; |mtio
- M | a I | =570 F 0 i i i
- M | a, 2 1 -2 | ¢ |-1] 0|1
5~ 6 M+2|[M+1[M+3IIM [ M) OO

Since all 2 - > 0, the first iteration itself give optimal solution. But in solution
ie., a; = |, a, = 2 present with non-zero value. Hence the given problem does not
possess any feasible solution.

926 TWO PHASE METHOD

To overcome the drawback of Big-M method, two phase method has been framed.

In the first phase an auxiliary LP Problem is formulated as follows :
Minimize T = Sum of antificial varinbles
Sit, original constraints

Linear Programming

Transportation Problem
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which is solved by simplex method. Here artificial varinbles act as decision variables.
So Big-M is not required in the objective function, If T =0, then go to phase two

Ll

calculntions, else (T" # 0) write the problem is infeasible, In phase two, the
optimal table of phase one is considered with the following modifications -

Delete the artificial variable's columns and incorporate the original objective function
and also update the ¢, values. Cnlcu]ate{, - ¢, values, Ifall z, - ¢, 20, the
current solution is nptﬂmj else go to the next iteration.

Note, (a) Multiple solutions, if it exists, can be detected from the optimal table of phuse
wo,

() In phase -1, the problem is always minimization ype imespective. of the type of the
original given objective function.

Example 9. Using two phase method solve the Jollowing LPP :
Minimize z= o0y, + 3x,
8, x, + 2 3, Xy tdr, 24 2, x, 20
Solution. Standard form of the given LPP is
Minz = - Max. (-2 = - 10x, - 3x, + O, + 0.4, - Ma, - Ma,)
Stx, +2x, -3 +a =3
1*1-4.1':—.1#4"&1' = 4
Xy Xy = 5y, 5y, surplus > @, a, artificial 2 0
Phase I MinT=g +a, = - Max
(T=0.x + 0x;+ 05, + 0.5, - a; - a,)
S +2n—sta = 3ixtdg -5 ta =4

XpXp S da,a >0

lteration 1.
2 0 0 0 0 =1 |-=1] Min
¢y | xy soln. | x, %5 |5 5y a, a, | mtio
k|
sl 3 3 1 s N=H 0 1 0 }-zli
4
-1 ]a 4 1 | 0 e | 0 | ;=| g
%~ g -2 -6 | | (1] 0
)
Iteration 2.
< ] 0 0 0 |=1]=1] Min.
¢y | *y | soln | x, X, 5y 8y a | a, | matio
I | | 1 .
L = - - -— | ==}
I | a 1 2 0 1 3 | 2 2




l] I l u —l u _l —1'— =
A a ‘ s s | va
| 3
&= =3 0 1 =3 0 E
T.
lteration 3.
c; 0 i 0 { -1 =1 | Min
¢y | T soln. | x, X, 5 5y a, a, |raho
0 X, 2 | 0 -2 | 2 -1
1 I N 1|1
0 X, E ] | 3 E = :_,’ 3
% — € 0 ] 0 0 1 |

Since all 2, - ¢, 2 0, the solution is optimal o =0, o} =0 and T = 0. Therefore
we go to phase [I calculations.

Phase 11
Iteration 1.
¢ - 10 -3 0 0 Min.
Cy Xy soln. X, x, £ 5, ralo
2
- 10 x, 2 | 0 2 | T=2 —+
1 | |
-3 x, i ] 1 E "E
3 17
:i = Lj ] 0 2 ?
Iteration 2.
€ - 10 =3 0 0 Min.
Ca Ty soln, X, X, 5 5, ratio
0 5y 2 1 0 -2 1
3 | 1
-3 X, 5 E | - 3 0
17 3
3 — 5 ? 0 2 i

Linear Programming
and
Transportation Problem
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Huantitatroe Techniques Since all z, - ¢, = 0, the current solution is optimal,

. L] _3 - g
X rﬂ.l’:=51 =
Example 10. Solve the following LFP by two phase method.
NOTES Maximize z = 2x, + x, - 3x,

S ox, + I, + 2y 2002, 3x, - Xx, + dx, < 10
x, 20 x, £ 0, x, 20.

Solution. Setx, = -x'yx, 20
The standard form of the given LPP s
Maximize z = 2x, — x', - 3x; + O, + O, — Ma,

S8 x -y + 2, -5, 4a, = 12
Iy + ', +H4n, +5, = 10,
¥y, X5 xy 2 0, 5, (surplus)2 0,5, (slack) 2 0 and a, (artificial) = 0.
Phase 1.

Minimize T = g, = — Max. (- T= 0, + 0., + Ox, 05 + 05, -a)
Sit, x, - 2 + v, - 5 +a =12
3x, + ey + 4, + a5, =10
X Xn Xy 8,0, a 20

lteration 1.

¢ 0 1} 0 0 0 -1 Min
[ Xy soln X, X x, ¥ e a, ratio
b A
- | a 12 | -2 2 -1 0 1 =
10
0 5 1) 3 2 4 0 | 0 TJ"’ 51—
-
3 -6 | 2 -2 | 0 0
T
lteration 2.
c, 0 0 0 0 0 = | Min.
Cy Xy soln x, Xy X, 5, 55 a, rato
| |
- I ﬂr ? '5 3 L - I “i I
5 3 | 1
] X, E 2 E 1 0 3 0
1 1
- ¢ 3 3 0 ] 3 0

36 Self-lnstructionad Materind




Since all z — ¢, 2 0, the current solution is optimal and T =7 =0 Linear Programming

innad
This implies that there does not exist any feasible solution to the given LPP. Transportation Froblem
Note. In simplex, Big-M mnd two phase methods, if there is a tie in min. mtio or in negative
most value of nel evalustion, the optimal feasible solation will lead 10 degencrate solution
NOTES

PROBLEMS

Salve the following LPP using Big-M method and Two phase method
1. Minimize z = 1z, + 31,
S 2p, ¢+ 2 Ly, * 2 2lix, 5,20
e & ) Maximize z = Sx; + 3x,
Sit, 2x, - 4x, % 16, I, .+ dg, 2 12, Xy, !:L'H
: Maximize r = 2x, + 3x, + Ix,
S, 3r, + 2, + 25, = 16, 2x, + A5, 4+ x, = 20,
x, 20, x unrestricted in sign, £, > 0
. Maximize z = 2x, + 31, + 1,
8 A, + 11_, o R R R 0,

%, unrestricied in sign, ¥, =, 20

5. Maximize = = 2x, + 2x, + 3x,
Sy, -, 4 xS0 3y $ 4y, + 20,2 0,

20,2505 20

. Maximize r = 3r, + 1r, # x, - X,

=16, 3x, + xy + Ixy = 20,

g
-

.
[ ]
-

"

[
el
=

-

[

Iy v py; hx, Hx,= 12: Xy Xy Xy, X, = 0.
1. Minimize z = x, + 1r,
S, Ix, v ay =4, 3z, + ds, 2 5 x; + x, <4,
X, 5,20
K. Minimize z = x, + 3x, + 55,

84, 2x, + Sxy 4 1,212, 5 + 2, 4 2x, 210,

Xy Ky Xy 20
] Minimize z = Jx; + 1,

St 2%, + 2,8 2 dpy vA 2 12 0, X, 2 0.
10. Moaximize s = x; = 3xy
‘ Sl —x, + 2, 18,1, ¢ 3e, = 10, x, 20, 5,50
1. Find a BFS of the following systam

T 3 R A A e BT AR R L S

-~

| = | »
n==—, Ix=—, I =
1. U

(Big-M 3 Ity 2. Unbounded solution, (Big-M 4 i)

e
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Quantitative Technigues Loxy=0xn=4x=4:=20BgMiln 4
S. 5 =0,x=0x=8z =24 BigM5I) 6.

9.  Infeasible solution.
H. x=0, Xy = 1 {use Phase-1) (3 i)

T =2 x,=0,2 =2 (BigM3 Ir) L

Unbounded solution (Big-M 2 It
N =Axy =0, x, =41, =0,z =
16. (Big-M 4 It)

5 =10, 0=0,1=02: =10
(Big-M 5 Ity

Unbounded solution.

-

2.7 FORMULATION PROBLEMS

graphicaily

Solution. Let

Example 11. 4 manufacturer produces two types of machines M, and M,
Each M, requires 4 hrs. of grinding and 2 hrs, of polishing whereas each
M, model requires 2 hrs, of grinding and 4 hrs. of polishing. Manufacturer
has 2 grinders and 3 polishers. Each grinder works Jor 40 hrs a week and
each polisher works 40 hes a week, Profit on an M, model is T 3 and on an
M, model is T 4. Whatever is produced is sold in the market. How should the
manufacturer allocate his production capacity to two types of models so that
he may make the maximum profit in a week. Formulate the LPP and solve

x, = Number of M, machines, and
¥, = Number of M, machines to be produced in n week.

The above data is summarized as follows -

Ll

38 Belf-Insiructional Material

M, M, Time available per week
Grinding | 4 hrs. | 2 hrs, 2 Gninding . B0 hrs.
Polishing | 2 hrs, | 4 hrs. 3 Polishing 120 hrs.
Profit T3 T4

Therefore the LPP can be formulated as follows -

Maximize profit = 3x, + 4x,

The graphical region is shown below.
Profit at A

S/t 4x, + 2, < 80
Zr, + 4x, < 120

X ::2 0

Profitm B = 12667
Profit ma C = 120

(grinding)
e




C{0. 30)

9 A (20,0)

- The optimal solution is =§, X =3';!. and max. profit = T 126.67.

Example 12. A firm can produce three types of woolen clothes, say, A, B and
C using three kinds of wool, say red wool, green wool and blue wool. One
unit of length of type A cloth needs 2 yards of red wool and 3 yards of blue
unm':mumbﬂg:iafnprﬂcfmhmdsjjwﬂfudw.Z'yard.:qr
green wool and 2 yards of blue wool; and one unit length of type C cloth
miriywd:ofgmmuudam’l)mﬂsofbfuwnl]".!mﬁmhmmfyn
stock of 8 vards of red wool, 10 yards of green wool and 15 yards of blue
wool. Irummdrhrmobmdﬁuummﬂhsﬂajwdﬂm
isT 3 ofﬁwacruﬂ_irtjndmrnfrypr(.‘cfmﬁﬁf{ Formulate the
above problem as a LP problem.

Solution. The given data is summarized below :

Wool Garment type Stock

A B ¢ | available
Red 2 3 - 8
Cireen 2 5 10
Blue 3 2 4 IS
Income (T) 3 5

Ew&ﬂhpndneﬂxl.::andxlmﬁlknsﬂnufﬁ,ﬂﬁﬂ(::hm respectively.
Then the LPP is :
Maximize income = 3x, + Sx, + 4x,
S/, 2x, + 3,5 8 {Red wool)
2e, + 32,5 10 {Green wool)
Ir, + 2x, + 5x, % 1§ (Blue wool)

X, Xy 5y 2 0

The solution is obtained as x; = 167, 5} = 1.56,  =1.38, £ =18.29 (It 4, Simplex),

Lincar Programming
amd  *
Tranaporiation Problem
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Tl

PROBLEMS

A manufacturer of furnitere makes only chair and tables. A chair requires two hours
on m'c A and six hours on mic B. A mble requires five bours on m/ic A and two
hours on m/ic B. 16 hours are available on m/c A and 22 hours on m/c B per day.
Profits for a chair and table be ¥ | and ¥ 5 respectively. Formulate the LPP of finding
daily production of these itoms for manimum profit and solve graphically,

A tailor has 8O sg. m of cotion matefial and 120 sq. m of woolen material A suit
mqmruliqmufnuﬂnnmd!nq.mn[m&nuhmluﬂnd:mmqwuz
8. m of each. A suit sells for ¥ 200 and a dress for ¥ 400. Pose a LPP in terms of
maximizing the income,
Ammm“:mhﬁmﬁulmﬁﬁinmm_lm
ﬁmﬁmpﬂmuﬂﬁﬂnﬂhp&mmh&y;wmﬂm
zmmﬁmhurmmmufmmhdmmmymmm
iWMmleﬂMlmpﬁwnﬂlﬁmnfh-Mm
If it costs T 200 per day to work each mine, find the number of days each mine has
o be operated for producing the required output with minimum total cost.
ﬁcmmmwAMB.MpmﬂIpﬂmuhﬂf&nd
B is ¥ 10 and T 15 respectively. The company can manufacture at mout 40 units of
A and 20 units of B in a month. The total sale must pot be below T 400 per month.
Hmmdumuudufmcmimh:wuﬁuh-ﬂm&prublumnfﬁndm
Mupwmnmhuafumhhmufmmmummumm&.ulmhh
of LP. Solve the problem graphically or otherwise.

A company is considening two types of buses—ordinary and semideluxe for transportation.
Ordinary bus can carry 40 passengers and requires 2 mechanics for servicing,
Semideluxe bus can carry 60 passengers and requires 3 mechanics for servicing
The company can transport at least 300 persons daily and not more than 12
mechanics can be employed. The cost of purchasing buses is to be minimized,
given that the ordinary bus costs T 1,20,000 and semideluxe bus costs T | 0,000
Formulate this problem as a LPP.

A pharmaceutical company has 100 kg. of ingredicnt A, 180 kg. of ingredient B and
120 kg. of ingredient C available per month. They can use these ingredients 1o make
three basic pharmaceutical products namely 5-10-5; $-5-10 and 20-5-10; whese the
nmmnnchnumpmuﬁthupumuphrm:murh.ﬂmcmﬁmy
in ench of the products. The cost of these ingredients are given below

Ingredient Cout per kg. T}
A 80
B A0
C 0
Inert_ingredients 20

Scﬂhgpﬁncoflhmpmﬁumllu.j,?ﬂnd!'-ls_puls;,umcliuly.Thm
i!lﬂpnﬂlyfﬂuicthnaflhcmpmyfmth:pmduﬂinm{,mfhcymm
pudmemthu!ﬂk;nrmmbmmhwmhn{mhuﬂh&mndum
thyﬁuulipmdluninmhmmmmm&mmﬂrmﬂt
Ahitrquhmnﬁ:nn@gempmyumﬁmhlypuufqmm
basic formula are : :

5 litre lemonade 2 oz lesnons, 2 kg of sugar, 2 oz citric acid and water



linear Programming
rmad
Tranaportation Problem

11/2 kg of grape fruit, 1172 kg of sugar, 1172 oz citric acid and
waler.

5 litre grape fruits

5 lare orangeade 1172 doren oranges, 112 kg of sugar,
| o citric ncid and water,

The squashes sell m

Lemonade ¥ 17.50 per 5 litre;
Grupe frun T 40,00 per 5 latre:
Orangeade T 4250 per S litre

In the last week of the season they have i wtock 2500 doxen lemons, 2000 kg grape
fruit, 750 dozen oranges, 5000 kg of sugar and J000 oxs. citric acid What should
be their manufacturimg quantities in the week 10 maximize the mmover ?

8. A farmer is mising cows in his farm. He wishes 1o determing the qualities of the
available types of feed that should be given 1o cach cow to meel cerain nuiritional
requirements ot @ minimum c¢ost. The numbers of each type of basic nutritional
ingredient contained within a kg of each feed type Is given in the following table,
along with the daily nutritional requirements and feed costs

Nutritional kg of kg of kg of green Min, daily
ingredient corm tankage grass reguirement
Carbohydrates 9 2 ] 0
Proteins 1 ] & 13
Vitamins 1 - fi 15
Cost T L] 5

Formulate a linear programming model for this problem so as to determine the
optimal mix of fecds

ANSWERS
1. No chairs and 3.2 tahles to be prodeced for max. profit of ¥ 16
2. Max. sells = 500x, + mh:.
S x, + 2x, 80, 3x, + 2x, < 120, x; = no, of suits = 0 and x, = no. of dresses = ().
3. Mine A 1o be operated for 40 duys and mmne B 10 be operated for 20 days and min.
cost = € 12000
4. Max profit'= 10z, + |5,
Sit,x, 540, x, 520, 5, + x, 2 40, 100, + 15z, 2400, x;, =, =0 and x =40, ; =20,
max. profit =T 00
5. Min. cost = 1.20,000¢, + 1,50,000%,
S/, 40x, + 60x, 2 00, 2r, + Ix, < 1,2, 2, 20
6. Let x, x,, x, be three products in kg to be manufactured.
Mux. profit = lbx, + 17x, + 10,
S, 1, 4 K, 4 dr, £ 2000, :.II 1, +x, L J6i00,
G+, + 2, e 00, 3, s, W+t el
Soletion. x, = 30, x, = [185, x, = 0, Profit = T 20,625, (Simplex 3)

7. Let 5, 5x,, St litre be the lemonade, grape fruit and orangeade o be manufsctured
per week
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Quantitative Techniques Max, profit = 37.5x, + 40, + 42.5x,

S/, 2y, < 2500, 1x, < 4000, 3x, < 1500,

Ax; + 3k, & 3x, 710,000, 4y, ¢ dxy + 20, S 6000, 1, 1y, 1, 2 0,
8. Min. comt = Tx, + 6x, + Sx,

Sir, Ox,+ 2x, + e, > 20,

3x, 4 Re, + bx; > 18

X+ 2k +Gry > 15

B, By By > 0.

2.8 REVISED SIMPLEX METHOD (RSM)

L. Algorithm
Step 1. Write the standard form of the given LPP and convert it into maximization
type if it is in minimization type ie.,

Max. r = ¢z

5, Ax = b x2 (.
Use the following notations :

c™= [c,, Csa e €,] Profit coefficients.

Columns of Aas A, A,, ..., A

'n = (m,, ®,, ....) Simplex multipliers
1y = Basis vector
cp = Profit coefficient in the basis
B = Basis matrix, B"' = Basis inverse
¢, = Net evaluations,
J = Index of non-basic variables
b = Current BFS
Step 2. For iteration 1
B=1 8" =]
clse for other iterations
Find B = [xy]=[A,, | and hence find B,
Step 3. Calculate

= o B and b = B "p (current solution)

€ = mA; =g

Decisions ; If-all ©,20 then the current BFS is optimal, else

select the negative most of ©,. say &, Then x, will be the ‘Entering Variahle’
and A, = key column =B A,

Step 4. Produce the following revised simplex table

Xy B b Entering Key

variahle column
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Encircle the key element obtained from the min. ratio {[# ]/{Key cohua]}.

Element corresponding to the key clement will depart from [x, ]
Step 5. Go to step 2.
Repeat the procedure until optimal BFS is obtained.

Nete. (a) If, in step 4, all the elements in the key column are non-positive. then the given
problem is unbounded.

{b) I, in the optimal BFS, artificial vanables (if any) take zero value then the solution |s
degenente clse, for non-zero value, the given problem is said 10 be infeasible.

IL. Advantages

In computational point of view, the Revised Simplex Method is superior than
ordinary simplex method. Due to selected column calculations in revised simplex
method, less memory is required in computer. Whereas the drdinary simplex method
requires More MEmOry space in computer.

Example 13. Using revised simplex method solve the following LPP :
Maximize = = Sx; + 2x, + Ix,
St x, +2x,+ 2, 58
Ixyt dx, tx, £ 7
Xp Xy X5 2 0.
Solution. Standard form of the given LPP s
Max. z = Sx; + 2z, + 3x, + 03, % 0,
Ei.!'.!',_r:l11-lt!'l-lr_,4'.'l'1 = §
x, +dr, v 4, = 7
X, %y, %2 0, 5, 5, are slacks and = 0

O e RE

Let us consider the index of the variables x; be 1, x, be 2, x; be 3,5, be 4,5, be 5.
Iteration 1.

' 1 0
2™ (5, 1), B=[ALA] = [ﬂ |] =LBF' =1
o =(0,0,5=8"5=51=(23)

10
"= cg.B'=(00 [u J = (0, 0) = (. =,).

Net evaluations :
g = ®A, - ¢, = - 5 « negative most and entering varinble is x,
EI’*IAE—I‘E’-*I

E}‘ﬂ]—f]-—3- T

Lincar Progromming
and
Transportation Problem
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Key column : B'A, = (:I ':][;]-:{;}
Toble 1
£ . d b Entering Key

variahle colimn

10 R I

5 01 7 N @

This indicates the departing variable as s,

Iteration 2.
1* 1 1 =12
Xy = 5.x5) B=[A,A)] = (ﬂ 3]‘ B = [n ]f]}
S 1 -3][8] [13
b=B_.ﬁ-u m T- ?IE'J-II‘J‘SL
| -3\ ¢
cmant-sify )= (03)
Net evalustions :
5 (2 14
G =fA,-¢ = [ﬂ‘i] [4]'2 =3
2
f=®A, - ¢, = [&%J [11—3 - —; + Entering variable x,
Sy [0 5
5 =y = (03) (1)-0- 3
1 -1/3)(2 £}
Key column : B A, [u W]{IJ= 3]}
Table 2
fa 5! b Entering Key
variahle column
- s, 1 =13 173 GETH
el
% = T /3 13

(This indicates the departing variable as 5).
Iteration 3.

2 1 ¥5 -1fs
= (rp x) B=[A,,4,] = [I 3]’ B = [-1,"5 2{5]
I=2,4,5 : '



Linear Programming

§ —1/s) (8 7/5
b=HB'bh= ¥ IF- [ ] F s oo
-1/5 2/5) \7 o5 Trarsportation Problem
¥5 =1/3 (4 7
. a0 m | = e B
T B ”*5’[_”5 1;5) [,HJ | NOTES

&= nA, — ¢, =[E_1]{2‘|_: = ‘[_ﬁ
- 5 5/\4) 5

~ 4 7)1 4
Gy, = Wy = 6 = [: ;M'“ "3
4 7y(0 7

5™ KAy = &, ’["‘-E][IJ-“ ='£:

As all £ >0 = the current b is optimal.

x, =0, .l;——— and _-':E_I
3 5 5

W | o

Example 14. Solve by revised simplex method
Minimize z = 12x, + 20x,

Sh, 6x, + &, =2 100

7x, + I2x,2 120

X Xy2 0.

”
Solution. Standard form -
Min. = = - Max. (- z = - |Ix, - 20x, + 0.5, + 0.5, — Ma, - Ma,)
Si, 6x, + Bx, — 5, + a, = 100
Te, + 120, - 5, + @, = 120
" x,x, 20,5, 5, surplus and 2 0, a,, @, antificial and 2 0.

el i e e e o)

Let the index of the variables x, x,, 5., 5,, 4,8, be |, 2, 3, 4, 5 and 6 respectively.

Iteration 1.

1 0

Xy = (4, a3), B:[{.‘r |

i Bl=[-M,-M]J=(1,213 4
MNet evaluations
E=mA, -, =~13M+12

]: B, b=b, q=[-M,-M]

4

G = RA; -y * 20 M + 20 « Most negative and x, as
entering variable
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G =nAy -, =M
GE=nA,~c, =M

8
Key column= B '.Az = [ ]

12
Table 1
Xy 5! b Entering Key
variable column

a 1 0 100 x 8

a, 0 1 120 a»D
(This table indicates @, as departing variable).
Iteration 2,

Xy = (a,, x,), B=EA‘,A:]=[; :;] B"=[; j{;’]

I= (1, 3,4, 6)

-2/3

1
R= r.';.B"-__[—M.—Iﬂllu "2

a.=B'_b=[

Net evaluations ;

Jacsn

[FY R LW

)

G=mA,—-c, = —-M+-
g 5 5
A -EH-;;
3
—— Ly R
Key column | [7.”2]
Table 2
Xy x’ b Entering Key
variable column
a, 1 -2/3 20 @
| §
X 0 12 10 ‘ 72

(This table indicates a; as departing variable).




Iteration 3.

Xp= (x,, X,), E-[A,..A,}-n[: ;] El":u["_;':: _:::]

J=(3.4,5,6)

::-u;,a"q-lz.-m}[ ¥ '”2]_[_.'___2]

16 y8 12
s (2 B8
Net evaluations :
6= nﬁj—cl=%
G = RAL - - %
BN
gt gt
Since all ¢, >0 = the current b is optimal.
" x =15, r;ﬂ%nd;. 205.
PROBLEMS

Using revised simplex method solve the following LPP :

L

k. 1

Maximize s = 3, + x5, + M,

S ¢ 2 xS, Iy b b ey Sy X Xy 20

Maximize = = 3z, & 4z,
S, -x20,-5+3,2) x5, 520
Minimize = = x; + ¥,
Sy tnp2d g+ ztin el
Minimize s = 2x; - x, + 2x,
8ir, - =, "'H"’*’ﬁ"r": + Xy = xy 5 6,
X £0, x;2 0, x; unrestricted in sign.
Maximize s = - x, + 2x, + Jx;

St-2x, vxy b dny= 2 2e o dn Ay = | Kk 20,

Miaximizez = 2x, + x, + 3x,

S +a+2ns8 2k 3 4, = 122,15, 5,20

Muximize z = 55, + 2x, + 3xy

Sn ¢yt 2S8R YA vy ST x, a2 0,
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ANSWERS

Lox=0x=0,x5=1:=13 2. Unbounded solution.
3 X -ﬂ X l:l—n z'-ﬂ
R o

4 x=-55=0r5=-1, = =- 12 (lterstion 3) 5. Infeasible solution.
€ xeln=2rn=0:=8 ’

b 17 =« Bl 1
T -T;’E. Xy - 0, :j-‘i"u - l‘i‘ {Iteration 1)

2,9 INTRODUCTION AND FORMULATION

For every LP Problem we can construct another LP problem using the same data.
These two problems try to achieve two different objectives within the same data.
The original problem is called Primal problem and the constructed problem is
called Dual. This is illustrated through the following example :

A company makes three products X, Y, Z using three raw materials A, B and C.
The raw material requirement is given below : (for 1 unit of product).

X Y Z Availability
A 1 2 1 36 units
B 2 I 4 60 units
C 2 5 1 45 units
Profit T40 TS T 50

Let the company decide to produce x,, x, and x, units of the products X, Y and
Z respectively in order to maximize the profit. We obtain the following LP problems
Maximize profit = 40x, + 25, + 50y,
Subject to, x, + 2x, + x, < 36, s
2x, + x, + dx, < 60,
2r, + Sx, + x,5 45,
X, I 52 0.
Adding slack variables ¥,, 5, and 5, to the constraints, we solve the problem by
simplex method. The oplimal solution is
x; =20, x, =0, x;=5 and optimal profit = T 1050

Suppose the company wishes to sell the three raw materinls A, B and C instead
of using them for production of the products X, Y and Z. Let the selling prices
be Ty, Ty, and T y, per unit of raw materials A, B and C respectively.

The cost of the purchaser due to all raw materials is
36y, + 60y, + 45y,.




Then the purchaser forms the following LP problem :
Minimize T = 36y, + 60y, + 45y,
Subject to, y, + 2y, + 2y, 2 4,
2y, + ¥y + 5y, 2 25,
n 4y, * ¥y 2 50,
Y Yu ¥z 0.
The solution is obtained as :
¥, = 0, y, = 10, ;= 10, Optimal cost =¥ 1050.

In the sbove, the company’s problem is ‘called primal problem and purchaser’s
problem is called dual problem. Also we can use these two terms interchangeably.
In the primal problem, the company achieve 4 profit of T 1050 by producing 20

miuol‘x:mdﬁunimnfz.lnstud.inhnmpnyulhth:uwmiﬂﬂwim'

T 10 per unit and C with T 10 per unit then also the company achieve a sale of
T 1050,
(a) Formulation

In the above, both the problems are called symmetric problem since the objective
function is maximization (minimization), all the constraints are ‘<’ type (2 type) and
non-negative decision variables.

The decision variables in the primal are called primal variables and the decision
variables in the dual are called dual variables.

Let us consider the following table for formulation of the dual.

Primal Dual
(Maximization) (Minimization)
Right hand side constants Cost vector
Cost vector Right hand side constants.
Coefficient matrix Transpose of coefficient matrix
= >
Max. z = cx Min. T = by
S/t Ax S b Sit ATy > &'
xz0 yzl

(b) Asymmetric Primal-Dual Problems

Dual (Minimization)

Primal (Maximization)

a. Coefficient matrix Al

b. Right hand side constants

e o ——— — ——— T — — e o ———— — —— . — ——
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i-th constraint : i-th dual variable

< type yz0
NOTES 2 type »s0

= type ¥, unrestricted in sign

J-th primal variable . J-th dual constraint
x, unrestricted in sign = type
xs0 < type
X2 1] 2 type

Also in (a) and (b),
Number of primal constraints = Number of dual variables,
Number of primal variables = Number of dual constraints,
Note. The dual of the dual is the primal
Example 15. Obtain the dual of
Minimize = = 8, + 3x, + 15x,
Subject to, 2x, + 4x, + 3x, 2> 28,
ix, + Sx, + 6x, 2 30,
Xy Xp X 20,

Selution. Let y, and y, be the variables corresponding to the first and second
constraints respectively. Objective function, maximize T = 28y, + 30v,. There will
be three dual constraints due to three primal variables. In primal

Ly =8 L1S
A 35&"'_1”]

'.l.lll:lll:l] ﬁ‘[yI]-S‘I-T

—
LT X
o Uh L
R
p——
=
et
LA
——
w = oo

= y, + 3y, 5 8 (due to x,)
4y, + 5y, < 3 (due to x,)
3y, + 6y, < 15 (due to x,)
Hence the dual problem is
Maximize T = 28y, + 30y,
Subject to, 2¥, + 3y, < &
4y, + Sy, £ 3

B0 Self-Instructional Marerial




3y, + by, £ 15
Yy 2l
Example 16. Find the dual of

Maximize = = 2x, *+ x, + ix,

Subject to, x, + x, + x; = 10,

dx, - x, + 2x; 2 12,

3x, + 2x, - Iz, S 6,

Xy Xp X3 2 0.

Solution. First we have to express all the constraints in ‘<’ form due to maximization
problem :

The first constraint x+x+xs10
and :,+x1+x,zm
= *xlvxz-x}ﬁ-lﬂ

The second constraint : — 4x, + x, — 2%, < - 12

L:t,r,.y,.y,mdy,befmrdu!ﬂr‘ublumwdhgmsh:mtymuﬂd
constraints respectively.
Objective function : Minimize T = 10y, = 10y, — 12y, + 6y,

I L
_ A S
Agaa, 4 1 47

3. 3 =3

e=[2.1.5]

¥

AT Y2 2¢c'.
¥
¥Ya

+ Constraints in dusl :

Thus the dual problem is
Minimize T = 10¥, - 103, = 12y, + by
Subject 1o, ¥, — ¥, = 4y, + 3y, 2 2 (due to x))
Y=yt )ty 2 1 (duetoxy)
Neh - 23 @etox)
Yo Y Y5 ¥y 2 0.

Sctw, =), —VpWa=— VW= V=W unrestricted in sign, w, < 0, wy 2 0.
This conversion leads 1o

Minimize T = 10w, + 12w, + 6wy

Sdﬁfunmm 51
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Subject to, W+ dw, + 3w, 2 2,
W= Wy 2wy 2 ),
W, * 2wy - 3w, 2 §
W, unrestricted in sign, wlsﬂ.w_,‘:gﬂ;
Example 17, Find the dual of
Muximize = = 3x, 4+ dxy - 3x
Subject 1o, 2x; + 4xy - x, < 4,
X = 2, + x, = 10,
%, 2 0, x, unrestricted in sign, x, £ 0.
Selution. First we have introduce non-negative variables.
. S#t Xy = X'y = x"y x', x", 2 0 and Xy = —xfy, 2 20,
The given problem reduces to
Maximize z = 5x, + 4y - 42", + 3,
Subject to, 2r, + 4x', - 4", + x', < 14
-2+ 2t -2t <10
X Xy X% &y 20
The second constraint is expressed as
¥ -+ - x' < 10
and - X+ Il - %, 4 xy <= 10
Let v\, ¥;, ¥, be the three dual variables corresponding to the three constraints
respectively. Then the symmetric dual is
Minimize T = 14y, + 10y, - 10y,
Subject 1o, 2y, + ¥, =¥y 2 5 (due to x,)
4 -2y + 2y, 2 4 (due to x'))
~dy 2y, -2y, 2 =4 (due to x7,)
¥r=¥ ¥y -3 (duc to x'y)
Ypdpyy 20
Set Wy =V Wy =¥ -y = w2 0 and w, unrestricted.
Also the second and third constraint reduces to
4, -2y, + 2y, = 4

3

Therefore the dual is

Minimize T = 14w, + 10w,
Euhjeﬂ_ to, 2w, + w, > §,

4w, — 2w, = 4, '

- W, i w, <3

w2 0 and w, unrestricted in sign.




2.10 DUALITY THEOREMS

Theorem 1. (Weak Duality)

Consider the symmetric primal (max. type) and Dual (min. type). The value of the
objective function of the (dual) minimum problem for any feasible solution is
always greater than or equal to that of the maximum problem {primal) for-any
feasible solution.

Proof. Let x° be a feasible solution o the primal.
Then Ax” < b, 5" 2 0 and z = e

Let »° be a feasible solution to the dual.

Then AL? 2 ¢%, 3’ 2 0and T = b"",

Taking transpose on both sides, we have

e < (O"TA
= e’ < (") At
= ex’ € ()b
L < b ONYe =80
Hence proved.
Theorem 2.

Let x° and »° be the feasible solutions to the corresponding primal and dual
problem such that cx” = b”5"; then x” and »” are optimal solutions to the respective
problems.

Proof. Let x be any other feasible solution to the primal problem.

Then by Theorem 1, ex < by’

= ex <.ex

Hence x” is an optimal solution to the primal problem because the primal problem
is # maximization problem.

Similarly, we can prove that y“ is an optimal solution for the dual problem, '

Theorem 3. (Fundamental Theorem of Duality)

If both the primal and dual problems are feasible and both have optimal solutions
then the optimal values of the objective functions of both the problems are equal.

Theorem 4. (Complementary Slackness Conditions
(CSC))
Let * and »* be the feasible solutions for the primal and dual problems respectively.
Let u be the slack variables of the primal and v be the surplus variables of the
dual. Then x° and " are optimal solutions to the respective primal and dual
problems respectively iff

{I’n:IT.'Ir' = () and (I‘n]t.u =if

Linear Programming
Tranaportation Problem
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Results on Feasibility
Primal (Max. z)
Feasible Solution | Infeasible solution
Feasible Max. 2 = Min T Dual unbounded
solution Min. T = ~ =)
Dual
{(Min. T) Infeasible Primal unbounded May occur,
solution (Max. = = =)
Let the primal as : Minimize z = - x, - x,
S/, x, —xy= 3
X ~Xy= =3
x, 20,520

Then the dual can be written as
Maximize T = 3y, - 3y,
Sy, +y,s-1,
- =S~
¥j» ¥; unrestricted in sign.
Here both the primal and the dual are inconsistent and hence no feasible solutions.
Example 18. Using the C.S.C. find the optimal solution of the following primal
Minimize z=2x, + 3x, + 5x, + 3x, + Ix,
S oxy ¥ x, + 2xy + 3x, 4 x,2 4,
2, —2x, + Iy +x, +x, 23,
Xp Xp Xp Xy %y 2 0.
Solution. The dual is
Maximize T = 4y, + 3y,
Sy + 20,82
¥ = 2y, 3
y, +3,<5
Iy +ys3
tmnus
Yy 2 0.

The solution of this dual, by graphically is )] = 5. 3§ =3, T = . Let u,, us, i

u*mdu,hmtﬂukvmwlﬂaflhmumdvl. v, be the surplus variables
of the primal. Then by C.5.C., we have :

X, =0, x.u, =0, xu, =0,

xg, = 0, xguy= 0, y,v, =0, yyvy = 0.




Since y; and y; are non-zero = vy= v, =0,
It is also seen that at optimality, the two constraints v, +2y,<2and 3y, +y, <3
are satisfying in equality sens¢ which mean w =0 and u;=0.
For the remaining constraints, w.u; and u; are non-zeto Le., by CS.C, =0,
:;={'.' and x =0.
Then the primal constraints reduces to
x+3 =4 :
Ix:ir.:: o
Solving we get x=1and =1
Hence the optimal solution of the primal is
X =lx=0x=0x=x=0 and = = 5.

2.11 DUALITY OF SIMPLEX METHOD

The fundamental theorem of duality helps to obtain the optimal solution of the dual
from optimal table of the primal and vice-versa. Using C.S.C., the correspondence
between the primal (dual) variables and slack and/or surplus variables of the dual
(primal) to be identified. Then the optimal solution of the dual (primal) can be read
off from the net evaluation row of the primal (dual) of the simplex table.

For example, if the primal variable corresponds to a slack variable of the dual, then
the net evaluation of the ﬂukvuﬁ:hi:inﬂ::opt'rmnlhht:wi!l;iﬂ\h:upﬁnul
solution of the primal variable.
Example 19. Using the principle of duality solve the following problem :
Minimize == 4x, + ldx, + Ix,
8h —x; + 3xy 23,
}-Ij- y 3.17, " 1]22-‘

Selution. The dual problem is
Maximize T = 3y, + 2y,
Sh, -y, + 2,5 4
Iy + s 4
Y= ¥s3
ypy:2 0
Standard form :
Maximize T= 3y, + 2y, + O, + Oy 0.4,
S, -y, +2yt w=4
Iy, + 2y = 14
Y=yt =3
Py ¥y 2 0, uy, uy, wy ArC slacks and 2 0.

Transportation Problem
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Let the surplus variables of the dual v, and v,
Then by C.S.C., »¥ =0, ¥, =0,
Xy =0, xyu,= 0, X, = 0.

Let us solve the dual by simplex method and the optimal table is given below
(Iteration 3) :

€ 3 2 0 0 0

€p Xy Soln. » ¥, u u, u,
1 3

0 " 6 0 0 | =3 i
1 i

2 ¥, 1 0 1 0 3 5
1 2

3 ¥ 4 ] 0 0 5 s
3-c 0 0 0 I 0

The optimal solution of the dual is We=4m=1T =14,

The optimal solution of the primal can be read off from the (2, - ¢)-row. Since
¥p» Xy Xy cOresponds 10 u,, uy, w, respectively, then
X =05 =1x =0 and: =14,

2.12 THE DUAL SIMPLEX METHOD
Step 1. Convert the minimization LP problem into an symmetric maximization LP
problem (i.e. all constraints are < type) if it is in the minimization form.

Step 2. Introduce the slack variables and obtain the first iteration dual simplex
table.

<
(R Xy Soln. | (x)
[%a ]
Ij — tj
Max. ratio

Step 3.(a) If all 7, — ¢, and xy are non-negative, then an optimal basic feasible
solution has been attained.

(B) If all %, = ¢, 2 0 and at least one of Ty, is negative then go to step 4.

(c) If at least one (£; = ¢)) is negative, the method is not applicable.

Step 4. Select the most negative of *n.'s and that basic variable will leave the
basis and the corresponding row is called key-row”",




Step S.a) If all the elements of the key row is positive, then the problem is
infeasible.

(k) 1f at least one clement is negative then E-Ill.‘ul‘!!l' the maxirmmm ratios as follows :

Negutive ¢lement of

Max l;_r.j—c_,]\el]ut
the key row

The maximum ratio column is called ‘key column’ and the intersection element of
key row and key column is called “key element’.

~ Step 6, Obtain the next table which is the same procedure as of simplex method.
Step 7. Go to step 3.

Note. |. Difference between simplex method and dual-simplex method : In simplex method,
we move from a feasible non-optimal solution to feasible optimal solution. Whereas in dual
simplex method, we move from an infeasible optimal solution 1o feasible optimal solution.

2. The term “dual” is used in dual simplex method because the rules for leaving and entering
variables are derived from the dual problem but are used m the prmal problem.

Example 20. Using dual simplex method solve the following LP problem.
Minimize z = 4x, + 2x,
S ox, + 2,22 3, tx, 23,
dx, + 3x, 26, x, x,20.
Solution. Min, z = — Max. (- z)=-Max. (-2 = - 4r, - Ix,).
Multiply — | to all the > constraints to make < type.
Then the standard form is obtained as follows :
Max = 2= - 4x, — 2r, + 05, + 05, + O,
Shy—x)—2xy + 4y = -2 -
-3 —x ta=-3
~dx, -3, + 5= -6
X, %, 2 0, 5, 5,, 5, are slacks and 2> 0.

lteration 1.
¢ -4 -2 0 0 0
Cn Xy Soln. | x, x, 5 5, £
o 5, -2 -1 -2 1 0 0
0 s, -3 -3 =1 ] 1 0
0 %5 -6 — 4 -3 0 L] I |} Key row

z - ¢ 4 2 0 0 0

. A 2

Max. ratio 4 2

T

Key column
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Iteration 2.
¢ -4 -2 0 0 0
Cp Xy Soln. x X, s, 5, 5
N 2 53 0 1 0 |-23
0 54 -1 -53 0 0 | -3 | Key row
-2 x 2 4/ 1 0 0 |-z
5~ 4/3 0 0 0 |23
] 4
Max. ratio "% — - = -2
1
Key column
Iteration 3,
¢ -4 -2 0 ] 0
n ¥y | Seln. | x, 3 % ] %
0 s I 0 0 ! ! -1
-4 | x |"¥s 1 0 0 -5 | s
-2 X 65 0 1 0 4/5 -3/5
I, - 0 1] o 45 2/5
; i ATy, e ST il « 24
Hence optimal feasible solution is x, = i T and = o I

Example 21. Use dual simplex method to solve the following LP problem.

Maximize z = - ix, - .T.I‘.

Subject to, x, + x, €1, x, 2 I, - x, +2, <1, x, x; 20
Solution. The constraint x, 2 | is rewritten as — x, < - 1. Adding slack variables,

the standard form is

Maximize 2= — dx, - 3x, + D, + Os, + O,

Stytmta=l-x+5=-1 -2+ +s =1

xl" I: 2 u.‘ II" I:- ” I.Tﬂ‘ al“kﬁ lﬂd E ﬂ.




lieratden 1.

< -4 -3 0 0 0
Cp Xy Soln. X Xy i 5, 8y
0 ) | 1 1 1 0 0
0 5, -1 1] =1 0 i 0 |— Key row
0 5, 1 =1 2 0 0 1
3 - ¢ 4 3 0 0 0
Max. ratio - -3 - = -
1-
Key column
Iteration 2.
¢ -4 -3 0 o 0
cg | ¥p° | Sola. | x o o1 o 0 e
D 5 0 1 0 | 1 0
-3 x, 1 0 | 0 -1 0
0 5y -1 -1 0 0 2 1 |+ Key row
A 4 0 0 3 0
Max. ratio -4 - - - -
, o =
. Key column
Iteration 3.
€ -4 1 -3 0 1] 0
Ca g Soln. | x, X, (8 X 5y
0 s, -1 0 1] 1 3 1 |— Key row
-3 X, 1 ] | 0 -1 0
4 X, | 1 0 0 -2 -1
%~k 0 0 0 1l 4
Max. ratio - - - -

Since all the elements in the key row are positive, the given problem is infeasible.

Linear Programming
Transportation Problem
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2.13 ECONOMIC INTERPRETATION OF DUAL
VARIABLE

Let x” and »" be the optimal solutions of the respective primal and dual problems
respectively and objective function values arc same ie. z” = T . In the primal,
the small chnng-.- in the resources {: e, right hand sidé constants) gives the small
change in = . Consequently, the v* value for each primal constraimt gives the net
change in the optimal value of the objective function for unit increase in right hand
side constants. Hence the dual variables are called ‘shadow prices’.

TRANSPORTATION PROBLEM

2.14 INTRODUCTION AND MATHEMATICAL
FORMULATION

Transportation problem (T.P.) is generally concerned with the distribution of a
certain commodity/product from several origins/sources to several destinations
with minimum total cost through single mode of transportation. If different modes
of transportation considered then the problem is called 'solid T.P", In this chapter,
we shall deal with simple T.P.

Suppose there are m factories where a certain pmdu:tuprodmudlndn markets
where it is needed. Let the supply from the factories be a,, a,, ..., a,, units and
demands at the markets be b, b, ..., b, units.

- Also consider

¢y = Unit of cost of shipping from factory i to market /.
X, = Quantity shipped from factory i to market /.
Then the LP formulation can be started as follows -
Minimize z = Total cost of transportation

—ZZ*-,I.

i=1 §=

Subject to, ZJ:,-,- Caid=1,2 .. m

J=1
(Total amount shipped from any factory does not exceed its capacity)

iﬂ: 20, J=1,2
fmi

(Total amount shipped to a market meets the demand of the market)
x,2 0 for all { and
Here the market demand can be met if

If 3 a,= b, ie. total supply = total demand, the problem is said to be “Balanced
i=] J=]
T.P" and all the constraints are replaced by equality sign.




Minimize z = EE‘? A "

"
Subject to, Zl’w =dod =1, 2y . M,
J=t

;‘Jﬂ =b,j =12 wm
Jy:':ﬂfnr all i and J.
(Total m + n constraints and ma variables)
The T.P. can be represented by table form as given below : -

M, M, — M,
X X,

& CHE | Cul ™
F, (Kl L i
1 Cn Cyl Cyl
0 Ty Supply
F.

Cof Cua Corf -

SN <

Demand
In the above, each cell consists of decision variable x and per unit transportation
Ccost «©
-

Theorem S. A necessary and sufficient condition for the existence of a feasible
solution to a T.P. is that the T.P. is balanced.

Proof. (Necessary part)

Total supply from s origin =~ 2% =% i =1L 2, .. m.

=1

Overall supply, iz X Z.:a;

Total demand met of a destination

Overall demand, : Ei*w b,

Self-Instructional Materinl €1
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(Sefficient part) ulzh=zh=lmdxg=nﬁjﬂfnrlﬂimdj.
i s

Then' 35, = gm,bfm - q[z':b,]/ = =1,2, .

Jm=i J=i

S5 = Tamft=b [}: ] /' “b =12 n.

x, 2 0 since a, and b, are non-negative,
Therefore X, satisfies all the constraints and hence X, is a feasible solution.

‘Theorem 6. The number of basic variables in the basic feasible solution of an

mxnTPism+n=-1.

Proof. This is due to the fact that the one of the construmnts is redundant in
balanced T.P.

We have overall supply, ?;z:;:, - .izs:“
and overall demand iiﬂ. - i;b,

Since- Zﬂ. =Eh- the above two equations are identical and we have only
i J

m + n ~ | independent constraints. Hence the theorem is proved.

Note. 1. If any basic vanable iakes the value zero then the basic fensible solution (BFS)

is snid to be degenerate. Like LPP, all non-basic vanables take the value zero.
2 If a basic variable takes either positive valve or zero, them the comesponding cell is
called ‘Basic cell' or “Occupied cell’. For noa-basic variable the comespondidg cell is called
"Nor-basic cell” or “Non-occupied cell’ or “Non-allocated cell”
Loop. This means a closed circuit in a transportation table connecting the occupied
(or allocated) cells satisfying the following :
" (i) It consists of vertical and horizontal lines connecting the occupied
{or allocated) cells,
(if) Each line connects only two occupied (or allocated) cells.
(i) Number of connected cells is even.
(iv) Lines can skip the middie cell of three adjacent cells to satisfy the
condition (if).
The following are the examples of loops.

Fig. 2.11
Note. A solution of a TP is said to be basic if it does not consist of any loop.




2.15 FINDING INITIAL BASIC FEASIBLE SOLUTION

In this section three methods are to be discussed to find initial BFS of a T.P. In
advance, it can be noted that the sbove three methods may give different initial
BFS to the same T.P. Also allocation = minimum (supply, demand).

(a) North-West Corner Rule (NWC)
(/) Select the north west comer cell of the transportation table,
(i) Allocate the min (supply, demand) in that cell as the value of the variable,

If supply happens to be minimum, cross-off the row for further consideration
_ and adjust the demand.
If demand happens to be minimum, cross-off the column for further
consideration and adjust the supply.
(iif) The table is reduced and go 10 step (/) and continue the allocation until
all the supplies arc exhausted and the demands are met.

Example 22. Find the initial BFS of the following TP. using NWC rule.
To

MM W

|2

1
sl 3 Supply
2l 8

‘g“
= | s |t

= | |

1| 4|0
3 20 28 25
Demand
Salution. Here, total supply = 100 = total demand. So the problem is balanced T.F.
The north-west comer cell is (1, 1) cell. So allocate min. (20, 30) = 20 in that cell.
Supply exhausted. So cross-off the first row and demand is reduced to 10, The
reduced table is

Mo MM M
Fil 2| o s| 3"

al s| 2| &%
4

F, 3| 1| 4|40

M 20 25 25
Here the north-west comer cell is (2, 1) cell. So allocate min. (15, 10) = 10 in that
cell. Demand met. So cross-off the first column and supply is reduced to 5. The
reduced table is

My M W,

Fs 4 g 35

| 8| 2| 8P

Fa 3 1 4 40
20 25 25

Self-lnstructional Matersal &3



Quantitative Techniques Here the north-west corner cell is (2, 2) cell. So allocate min. (5, 20) = 5 in that
cell. Supply exhausted. So cross-off the second row (due to F2) and demand is
reduced to 15. The reduced table is

NOTES My M, M,

Fol 3] 1] &%
15 25 25

Here the north-west corner cell is (3, 2) cell. So allocate min. (25, 15) = 15 in that
cell. Demand met, Sumumﬂmemdcnlmn{duwﬂllmdnwlyu
reduced to 10. The reduced table is

My M,

F. 1 ‘49
2B 25

Here the north-west comer cell is (3, 3) cell. So allocate min. (10, 25) = 10 in that
cell. Supply exhausted. So cross-off the third row (due to F,}m:ldmudumhmé
to 15, The reduced table is

M, M,
Pl al 4%
25 25

continuing we obtain the allocation 15 to (4, 3) cell and 25 1o (4, 4) cell so that
supply exhausted and demand met. The complete allocation is shown below:

M, M, MM,

F, (22
3 2 4 1
F (10 |5
2 4 5 3
& 15| [io]
| 3 5 2
F, 15]  [25]
4 3 1 4

Thus, the initial BFS is
1 =20, xy = 10, xpy = 8, xyy = 15, 155 = 10, x4 = 15, x,, = 25.

The transportation cost
=0 x3+10x2+5 x4+ 15x5+10%x2+85x]+25x4

=!im.
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(b) Least Cost Entry Method (LCM) (or Matrix

Minimum Method)

(1) Find the least cost from transportation table. If the least value is unique,
then go for allocation.

If the least value is mot unique then select the cell for allocation for
which the contributed cost is minimum.

(if) If the supply is exhausted cross-off the row and adjust the demand.
If the demand is met cross-off the column and adjust the supply.
Thus the matrix is reduced.

(itf) Go to step (/) and continue until all the supplies are exhausted and all the
demands are met.

Example 23. Find the initial BFS of Example | using least cost entry method:

M M M, M,
Fil s 2] 4] 1%
Fil 2| «] 8| af"
Fil a| 8| 2| o|%
Fl o 3] 4] 4%

30 20 25 25

Solution. Here the least value is 1 and occurs in two cells (1, 4) and (4, 3). But
the contributed cost due to cell (1, 4) is 1 * min (20, 25) i.e., 20 and due to cell
(4, 3)is 1 * min. (40, 25) i.e., 25. So we selected the cell (1, 4) and allocate 20.
Cross-off the ﬁmmwﬁncesupptynxhumdmd:djunthtdmndmi.m
reduced table is given below :

2| a4l s| 3]

sl s| 2| 6%
40

4l 3l 1] &
30 20 25 65
Thtlurtﬂlucislmdgniqnc.Sallluw:nﬁn.{-lﬂ.IS}=25inthl!.nell-C:uI-
nﬂihﬂhi:ﬂcﬂluum{ductuhl,]sinmmdnmndi:n:ludndju:tlh:mpply
to 15. The reduced table is given below :

al ] 3| ¥

3l s| s %
15

4] 3] 4
3 20 S
The least value is 2 and unique. So allocate min. (15, 38) = 15 in that cell. Cross-
off the second row (due to F.) since the supply exhausted and adjust the demand
1o 15. The reduced table is given below :

Linear Programming
Transportation Problem
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3] s| & 28

4 3 4l 15

15 20 5
The least value is 3 and occurs in two cells (3, 1) and (4, 2). The contributed cost
due to cell (3, 1) is 3 = min, (25, 15) = 45 and due to cell (4, 2) is 3 = min. (15,
20) = 45, Lot us select the (3, 1) cell for allocation and allocate 15. Cross-ofT the
ﬁmcﬂ]umntdu:mh!jmdmmdumudndjmthesupplym 10. The
reduced table is given below :

s| |
3 4 15

20 5
Continuing the above method and we obtain the allocations in the cell (4, 2) as
15, in the cell (3, 2) as 5 and in the cell (3, 4) as 5. The complete allocation is
shown below -

M M

f, ‘}iﬂi
3 2 1
¢, i8]
2 4 8 3
., [BT [5] 5]
3 5 2 B §
2 i) (28]
i 4 3 1 4
The initial BFS is
X =20, %, =15, xy =15, x, = 5, 0, = 5, x,, = 15, x,; = 25.
The transportation cost
= W= ] +15%x2+15%x3+5x5+35x6+15x3+25x1
= ¥ 220.

Note. If the least cost is only selected columnwise then it is called “column minima® method.
i the least cost is only selecied rowwise then it is called “‘row minima' method.

(c) Vogel's Approximation Method (VAM)

(1) Calculate the row penalties and column penalties by taking the difference
between the lowest and the next lowest costs of every row and of
every column respectively.

(i) Select the largest penalty by encircling it. For tie cases, it can be
broken arbitrarily or by analyzing the contributed costs.

(#if) -~ Allocate in theudeast cost cell of the row/column due 1o largest penalty.
(iv) 1f the demand is met, cross off the corresponding column and adjust the
supply.




If the supply is exhausted, cross-off the corresponding row and adjust
the demand. .

Thus the transportation table is reduced.

(v) Go to Step (/) and continue until all the supplies exhausted and all the
demands are met.
Example 24. Find the initial BFS of example | using Vogels approximation
method.

Solution.
Row
M, M M, M, penalties

Fl 3 2 ‘!!?.l 1120 ()

Fil 2] o] s| 3|

fl sl 8] 2| ez

Fol a]l 3]l 1| 4% @
: penattes (1) | (| (1@
Since there is a tic in penalties, let us break the tic by considering the contributed

m.DuemM'.Ih:cwuihutn!mlﬁalknﬁn.{!ﬂ.Zﬂﬂm.WhiledumF,
the contributed cost is | = min. (40, 25) = 25. So select the column due to M, for
allocation and we allocate min. (20, 25) i.e., 20 in (1, 4) cell. Then cross-off the
first row #s supply is exhausted and adjust the corresponding demand as 5. The
reduced table is

Row

M, M, M M penalties

4 5 q 15 (1)
5 2 25 (1)

i 4| 40 @
20 | 25 | 5
penaffies (1) | (1) | (1) | (1)

Hmth:hmeﬂpmltyinlntichhﬁumﬂ.ﬁllmmin(-i.ljullumin.
(40, 25) = 25. Cross-off the third column due to M,, since demand is met and
adjust the corresponding supply to 15. The reduced table is

H,p.lulm

Row

M, M, M, penaities
ol 2| & af' @)
—
Fsl sl & 25 @
Fol & 15 (1)
Column 30 | 20 |5
penaiies (1) | (1) | (1)

Linear Programming
and
Transportation Problem
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Here the largest penalty is 2 which is due to F,. Allocate in (3, 1) cell as min,
(25, 30) = 25. Cross-off the third row due to F, since supply is exhausted and
adjust the corresponding demand to 5. The reduced table is

Row
M, M, M, penaliies
Bl 2l 4 15 (1)

Fl_a] 3l oo
Gebien: 2. | 0|5
penaies () | (1) | (1)

Here the largest penalty is 2 which is due to M,. Allocate in (2, 1) cell as min.
(15, 5) = 5. Corss-off the first column due 1o M, since demand is met and adjust
the supply to 10. The reduced table is

Row
M, penaliies
10 (1)
Fol_al &[5

20 |5
m VR O]
Here tie has occurred. The contributed cost is minimum due to (2, 4) cell which
i8 3 % min. (10, 5) = 15. So allocate min. (10, 5) = § in (2, 4) cell. Cross-off the
fourth column which is due to M, since demand is met and adjust the comesponding
supply to 5. On continuation we obtain the allocation of 5 in (2, 2) cell and 15 in
(4, 2) cell. The complete allocation in shown below :
M, M, M, M,

. M,

F, {2l

a 2 4
F el |s! (5]

Lis. 2 4 5 3

£, 128
y 3 5 2 8
W

4 a 1 4

The initial BFS i
Fig = 20, %, =5, 5= 5, %, = 5 x,, =25, x5 = 15, x,y = 25.
The transportation cost
= 1 x20+2x5+4 %543 x543x25+3x15+1%x25
=210

2.16 UV-METHOD/MODI METHOD

Taking the initial BFS by any method discussed above, this method find the
optimal solution to the transporation problem. The steps are given below :




(N Fu!mhmwcmidal:mnhluu,mdfmwhmimnmidﬂmnﬂuf
viriable v
Find u, and v, such that
u, + v, = ¢, for every basic cells.
(i) For every non-basic cells, calculate the net evaluations as follows :
G+, =cy
If all & are non-positive, the current solution is optimal. e
If a least one & >0, select the variable haviag the largest positive net
evaluation to enter the basis.
(#if) utmoumbh:,rmtﬂthehﬂii.MMHqumﬁWBmm
cell (r: ).
Identify a loop that starts and ends in the cell (r c).
Wﬂﬂﬂhhwmuf&mnlmm%
(iv) Aui;nnmin‘nmu!ueufﬂ'mmha“ythunmhuic variable
becomes zero and other basic variables remain non-negative. The basic
cell which reduces to zero leaves the basis and the cell with 8 enters into
the basis.
If more than one basic varisbles become zero due to the minimum value
uf&.ﬂ;nnmﬂymhﬂcwlliuﬂthehmmdmhlmnuﬂd
degenerate. '
(v) Gnmstap{ﬂunﬁlmupﬂmﬂﬂﬁhnhmnnhﬁmi
Nete. In step (i), if all & <0, then the optimal solution is umique. If at least ome T, <0,
then we can obtain nhmﬁv:mhﬁnmﬁﬂ;nﬂinhtuﬂ.ﬂmmimﬂlhn
step (iif)).
Example 25. Consider :h.im'n‘af BFS by LCM of Example 2, find the aptimal
solution of the TF.
Solution. Iteration 1.

F'I ‘ 'mj l.lg'—!
3 2 (] 1
F, 18 tcd
2 L] ] 3
o B 8] B finsciio
3 5 2 8
F, J.i] .!';i W= =2
L) 3 1 4

V.=3 V,=5 V,=3 V=6
For non-basic cells : 6, =u, + v, — ¢
Ey=-5 Ga=-2 Fy=—6 F=0, G =-3 e =12, ty=1, Ga=—3 Tu=0

Since all &, are not non-positive, the current solution is not optimal.
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Sclnctm:u]l{z.ﬂducmtnpnpmiﬁwvﬂmmmnuﬂnmqmmy
0 in that cell. Identify a loop and subtract and add 8 to the commer points of the
loop which is as follow: '

20/
3 2 4 1
15}-0
4 5
1 £ 5]
sie—8 2 8 .+ .
5] [28]
4 3 1 4

Select @ = min. (5, 15) = 5. The cell (3, 4) leaves the basis and the cell (2, 4)
enters into the basis. Thus the current solution is updated,

Iteration 2.
I
- 3l 2 ‘__I gj 2
, 5
2 4 5 3 =0 (Lat)
ol |§] . iy
3l s 2]- sl
_!ﬂ gl I.I‘F—'l'
4 a 1 4

V,=2 V,=4 V,=2 V=3
For non-basic cells : & =u +v, - ¢, _
ﬁ'[-"'a't Eﬂ-‘-nl E||.-‘| Eu -ﬂu Eﬂ“'!’- Eu'h Eul"‘*z. E‘| -"]., E" m=2
Since all & arc not non-positive, the current solution is not optimal,

Select the cell (3, 3) due to largest positive value and assign an unknown quantity
0 in that cell. Identify a loop and subtract and add 0 1o the corner points of the
loop which is shown below -

Y LI':‘E

Select 8 = min. (5, 25) = 5, The cell (3, 2) leaves the basis and the cell (3, 3)
enters into the basis. Thus the current solution is updated,



lteration 3.
Rﬂj u,=-2
T 3 2 4_]
10 5
[ R T . il
I j'] u, =1
3 5 2 gl '
0] {20 u=0
4 3 1 4

V.=2 V,=3 V,=1 V,=3

For non-basic cells : &, =y +v, -6,

r."”=—‘}.ﬁ,=.—I.E._}=-5.E,,=-I,E,}z-i.fnz—l*E,‘:—Iti'u=—1.E.,.=—-I.

Sinnelllf,mnm—pmitiw,thm:ﬂmtwﬁm is optimal. Thus, the optimal

solution is

:I‘-Zﬂ.:n-lﬂ,rﬂ-ﬁ.r“—lﬂ.x,,-i, X =20, X,y = 20.

The optimal transportation cost .

' -1*10+2!iﬂ*3H5+3r2IJ+IX.'r+lx1ﬂ+1=2ﬂ=!1ﬂ5.
-36. Consider the initial BFS by VAM of Example 3, find the optimal

solution of the TP

Soluiion. Iteration 1.

20) -2
- J 2 4_!]
2 Y 5 _ 3| u, =0 (Lel)
: sl sl 2| el
»15.1 Kﬂ u,==1
1 4

4
V=2 V,=4 V,»2 V,=3

For non-basic cells | & =u +v, —¢;
=3 By=0, By=—4 By =3 T =0 Fy = By=-2 =3 Bu=-d
Since all & arc not non-positive, the current solution is not optimal.

Select the cell (3, 3) due to Jargest positive value and assign an unknown quantity
@ in that cell. Idcntifynluupmdﬂbuﬁmﬁ.dd&mthncmwinuufﬂn

loop which is shown below :

20]
3 2 4

5[0 |5]-8 8]

4 5 3
= ]
3 5 12 6
18]+

4] 3 1 4
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Quantitative Techniques Select 8 = min. (5, 25, 25) = 5. The cell (2, 2) leaves the basis and the cell
(3, 3) enters into the basis. Thus the current solution is updated.

Iteration 2.

u=-2
o] 3 2 ‘._!J 3
2l &l sl 3 wnote

"E, "ﬁ"I s =1
3 5 2 GERTECT
-_HJ 2_“]_- u"n

4 3 1 4
V,=2 V,=23 V,=1 V,=3

. For non-basic cells : Rty =gy
Gi==3 Gy ==L Gym=50 ==, Gy==5 8 =1, G ==2,5,=-2, & =L
Since all &, are non-positive, the current solution is optimal. Thus the optimal
solution is
%14 =20, x5, =10, 5, = 5, %y, = 20, 5y, = 5, x,, = 20, Xy = 20.
The optimal transportation cost = T 205,
Note. To find optimal solution to & TP, the number of iterations by uv-method is always
more if we consider the initial BFS by NWC

2.17 DEGENERACY IN T.P.

A BFS of a T.P. is said to be degenerate if one. or more basic variables assume
a zero value. Thhd:gamymmininiﬁdﬂﬁurinmmt
iterations of uv-method. An initial BFS could become degenerate when the supply
mddemmdinthehmmudm“hmnfmymmﬂhodmwmhwm:u
equal comesponding 1o a selected cell for allocation. In uv-method it is identified
only when more than one comer points in a loop vanishes due to minimum value
of 0.

For the degencracy in initial BFS, arbitrarily we can delete the row due to supply
adjusting the demand to zero or delete the column due to demand adjusting the
mpphrtumwhemvnrthcmiulu'eindmumdmdmpply.

For the degenemcy in uv-method, arbitrarily we can make one comer as non-
basic cell and put zero in the other comer.

Example 27. Find the optimal solution to the following T.P.:

Source Destination Avallable
1 2 i
A HJ 10
30 160/
. 30
45 150
3 I 40
220 180 50
B0
Requiremant a0, 20 20




Solution. Let us find the initial BFS using VAM :

Row
1 2 3 penallles

1 ii‘ s0| 19d 10 (20)
as| 15030 @5
2200 180l  sol*® @

Column 40 | 20 | 20
penalties  (30) | (15) |(100)

b

L

Select (3, 3) cell for allocation and allocate min (40, 20) = 20 in that cell. Cross-off
the third column as the requirement is met and adjust the availability to 20. The
reduced table is given below :

Select (3, 2) cell for allocation. Now there is a tie in allocation. Let us allocate 20 in
(3, 2) cell and cross-off the second column and adjust the availability to zero. The
reduced table is given below :

On continuation we obtain the remaining allocations as 0 in (3, Iyecell, 30 m (2, 1)
cell and 10 in (1, 1) cell. The complete initial BFS is given below and let us apply
the first iteration of wv-method :

Iteration 1.
10]
==1T0
50 30 1 o
1 uy= =140
20 a0 u, =0 (Let)
V,=220 V,= 180 V,=50
For non-basic cells : G=+y, =y

EII =—ID. Eu‘:"'J'ID. E:;=-5. %] :“w.-
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Since all & <0, the current solution is optimal. Hence, the optimal solution is
X, =10, x;, = 30, x,, = 0, x,, = 20, x,, = 20.
The transportation cost
=50 10+ 80 x 30+ 0+ 180 = 20 + 50 = 20
=T 7500.

2.18 MAX-TYPE T.P.

Instead of unit cost in transportation table, unit profit is considered then the
objective of the T.P. changes to maximize the total profits subject to supply and
demand restrictions. Then this problem is called ‘max-type’ T.P.
To obtain optimal nuluiwu. we consider

Loss = - Profit
and convert the max type transportation matrix to a loss matrix. Then all the
methods described in the previous sections can be applied. Thus the optimal BFS
obtained for the loss matrix will be the optimal BFS for the max-type T.P.
Example 28. A company has three plants at locations A, B and C, which
supply to four markets D, E. F and G Monthly plant capacities are 500, 800
and 900 units respectively. Monthly demands of the markets are 600. 700,
400 and 500 units respectively. Unit profits (in rupees) due to transportation
are given below :

_D Bl G
A

8l s a [
B

7 4 5 2
c

6 8 4 2|

Determine an optimal distribution for the company in order to maximize the
total transportation profits.
Solution. The given problem is balanced max type T.P. All profits are converted
to losses by multiplying - 1.

D E E

A S00
8 5| -3 s

B EBOO
-7 -4 =5 —g,

c
VT I T s
600 700 400 500 | 2200

The initial BFS by LCM is given below:




500
. -8 -5 =8
100] - oo 300
-1 -4 -5 =2
700] 200|
-8 -8 —4 -2
To find optimal solution let us apply uv-method.

Iteration 1.

L u;==1
= ) - | T -
Eg | 0

uy =0 (Let)

5 -8 4| -2
V,==7 V,=-8 V,=-5 V,=-2

For non-basic cells : § =u +v, - ¢,

Ga==4 Hy==3 Gu=3, F=-4 G=-1 H=-1
Since all , are not non-positive, the current solution is not optimal. Select the cell
{I.4}dumhrmpuiﬁwvﬂu:nduﬁpmmqmmityﬁinm:dl.
Idmﬁfyl!mpmdmhﬂlclmﬁiddﬂwﬂwcﬂmﬂpuhuqfﬂwhupwﬁchh
shown above.
Select § = min. (500, 300) = 300. The cell (2, 4) leaves the basis and the cell
(1, 4) enters into the basis. Thus the current solution is updated.

Tterstion 2.

WUq.4
8| 5| -3 L6
J ﬂ u:t—a
] |
i r uy = 0 (Let)
&

Vi=—4 V,=-8 V=2 V,=-2

For non-basic cells,

Gy==T, Gg==3, Sn==T, H==3, & =2 &=2
Since all the &, are not non-positive, the current solution is not optimal, There is
a tie in largest positive values. Let us Select the cell (3, 1) and assign an unknown
quantity © in that cell. Identify a loop and subtract and add 6 to the comer points
of the loop which is shown above.
Select @ = min. (200, 200) = 200. Since only one cell will leave the basis, let the
cell (3, 3) leaves the basis and assign a zero in the cell (1, 1). The cell (3, 1) enters
into the basis. Thus the current solution is updated.

Linear Programming =°
and LS
Transportation Problem * ¥



Iterntion 3.
m U, = =2
-6
U =-1
-
2 u, = 0 (Lot)
V=8 V=8 V,=4 V=4
For non-basic cells,

Bym=5, Gy==3, Gy==5 G==3, §=0, 5, =-4.
Since all the & are non-positive, the current solution is optimal.
Thus the optimal solution, which is degencrate, is

Xy = 0, xy, =500, x;, = 400, x,, = 400, xy; = 200, x;, = 700 ;
The maximum transportation profit
=0 + 3000 + 2800 + 2000 + 1200 + 5600 = T 14600.

Since &, = 0, this indicates that there exists an alternative optimal solution. Assign
an unknown quantity 8 in the cell (3, 3). Identify a loop and subtract and add
to the corner points of the loop which is shown below:

=i

Select 8 = min. (200, 400) = 200, The cell (3, 1) leaves the basis and the cell
(3, 3) enters into the basis.

lteration 4.

01 m ==

8 -5 -3 -s
8007 [200] g =1

=1 -2
=0 (Let
I P

Vi=-8 V,=-8 V=~ V,=-4
For non-basic cells, -
G3==35 fy==-3, &=-5§ §,=-3 Ey=0,"Cy=-2
Since all the &, are non-positive, the current solution is optimal. Thus the alternative
optimal solution is
.t“"ﬂ..:“=ﬂlﬂ.xﬂ=ﬁﬂﬂ.:“=1m.xn=m.:u=2m.
and the maximum transportation profit is ¥ 14,600,




2.19 UNBALANCED T.P.

If total supply = total demand, the problem is called unbalanced T.P. To obtain
feasible solution, the unbalanced problem should be converted to balanced problem
wmmm&mmwmmmm&mm
(supply =) ¥ a,> 3, (= demand). Then add one dummy destination with demand

- (En. = zb,) with either zero transportation costs or some penalties, if they are
given. Suppose (supply =) En, < Eb, (= demand). Then add one dummy source
with supply = ={Zb, -Zﬂ;]wiﬂmﬂwm transportation costs or some penalties,
if they are given.

After making it balanced the mathematical formulation is similar to the balanced
T.P.

Example 29. 4 company wants fo supply materials from three plants to three
new profects. Project I requires 50 truck loads, profect Il reguires 40 truck
loads and project 11 requires 60 truck loads. Supply capacities for the plants
P, P, and P, are 30, 55 and 45 truck loads. The table of transportation cosis
are given as follows:

| I n
P1
. 4 B I V1
l,I

] 12 7
Py

4 g| 10

Determine the optimal distribution,
Solution. Here total supplies = 130 and total requirements = 150. The given
problem is unbalanced T.P. To make it balanced consider a dummy plants with

supply W_ﬂfﬂﬂ&mm”mmmﬂwmmu.
Then the balanced TP. is

To
) ] 1]

P, 30

7] w0l 12|
From Py 55

a8 12 T

P

’ 4 of 10/ *®
P, (Dumay) o o o 20
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Using VAM, we obtain the initial BFS as given below :

8 12 T

2 lﬂl

ol

To find optimal solution let us apply wv-method.

lteration 1.
L o
7 uy =0 (Let)
b=
4 Bl
B
g™ ol ol "™

V,a7 Vy=10 Vy=12
For non-basic cells, & = +v, ¢,
E"’*—Ei E_u'"?,. 'En-"z, Eﬂ""l. (-","_'--3, a_y-z,
Since &, is only positive value assign an unknown quantity @ in (4, 3) cell. Identify
a qupmm:ﬂmdl&dﬂtnthemnmpuinuofmwnpwhhhii
above, .
Select 6 = min. (5, 1ﬂ]=5wthuld::gtllﬂ, 3) leaves the basis and the cell
(4, 3) enters into the basis.

Iteration 2.

(5]
u, =0 (Let)

T 104
8 '|zI 7| Y=-3

by =3

E51]
4 9 10|
st
0 0 0
V,=7 V=10 Vy=10
For non-basic cells, we obtain ;
M=-2, G=-4, =-5 H=-2, §=-3, G =-3
Since ¢, <0, the current solution is optimal. Thus the optimal solution is
Supply 15 truck loads from P, to I, 25 truck loads from P, to 11, 55 truck loads
from P, to 11, 45 truck loads from P, to I. Demands of 15 truck loads for Il and
3 truck loads for I will remain unsatisfied.

U =-10




2.20 SUMMARY

“Operational Research is the application of the methods of science to
complex problems arising in the direction and management of large systems
of men, machines, materials and money in industry, business, government
and defence.

In decision-making all the decisions are taken through some variables which
are known as decision variables. In engineering design, these variables are
known as design vectors.

A solution which satisfies all the constraints in LPP is called feasible solution.

A solution which is basic as well as feasible is called basic feasible solution.

Af a basic variable takes the value zero in o BFS, then the solution is said

to be degencrate.

The BFS which optimizes the objective function is called optimal BFS.
Transportation problem (T.P.) is generally concerned with the distribution of
i certain commodity/product from several origing/sources 1o several destinations
with minimum total cost through single mode of transportation.

A BFS of & T.P. is said to be degenerate if one or more basic variables
assume a zero value. This degeneracy may occur in initial BFS or in the
subsequent iterations of ww-method.

For the degeneracy in initial BFS, arbitrarily we can delete the row due to
supply adjusting the demand to zero or delete the column due 1o demand
adjusting the supply to zero whencver there is a tie in demand and supply.
If total supply # total demand, the problem is called unbalanced T.P.. To
obtain feasible solution, the unbalanced problem should be converted to

balanced problem by introducing dummy source or dummy destination, whichever
is required.

2.21 REVIEW QUESTIONS
1. Obtain the dual of the following LP problems :
) Maximize z = 4x, + 2x, + x; + 6x,

Subject to, 6x, — 3x, + x; + Sx, S 15,

X — X%+ Gx, + 2,28

Xy Xy Xy, X, 20
(b) Maximize z = 2r, + x,

Subject to, 2x, + Ix, 2 4,

Ix, + 4x, < 10,

x, + 5x,= 9,

jl Ean -Izzﬁn

Transportation Problem
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(e} Minimize z = 3x, + 4x, - x,
Subject to, 2x, + 3x, + Sx, 2 10,
Ix, + 10x, < 14,
5,20 x<0,x 20
(d) Minimize z = 10x, + 15x,
Subject to, 3x, + 2x, = 15,
5x; + 4x, =20,
¥, Xy unrestricted in sign.
(e) Maximize r =x, - 2x, + 3r,
Subject to, 2x, + §x; £ 16,
Sx, + dx, 28,

x:-rxz-!-x,-lﬁ,
x, 20, x, <0, x, unrestricted in sign. '
2. Use principle of duality to solve the following LP problems :
(a) Minimize z # 4x, + 1x,
S/, 2x, +x, 240, x, + 26,250, x) + x, 235
1,520
() Maximize = = 2¢, + x,
S, x +2x,310,x, +x,86, x,=x,S2, x, - 2x, S |
X, %20
) Minimize z = 6x, + x,
Si,2ey + %23, %y - x,20,x, %, 20
() Minimize z = 30x; + 30x, + 10x,
8, 2%, + 2+ 2,56, x, + x5, +2x, €£8,x,x,2,20
() Maximize z = Sx, + I,
Stxn-nslx+x24,x-3,S3,x,x,20
3. Using the complementary slackness condition solve the following LP problem:
Maximize = 2x; + 3z, + 6x,
Stx+3+dx, S4, Iy +x,+ 35 £ Lx,x,x20
4. With the belp of the following example, verify that the dual of the dual is |
the primal. '

Maximize z = 3x, + 2x, + Sx,
S, 4x, + 3x, - 1,220, 3x; + 2x, + 5z, = 18,
0sx sS4, x,20,x,20.
5. Verify the fundamental theorem of duality using the following LP problems:
(a) Maximize z = 2x, + |0x, |
Sit, 2x, + 5x, S 16, 6x, 30, x,, x, 2 0,



(b)

Minimizez = 25, - x,
Sit, x, + x, S 5, x, + 2x, 28, x, 5,20,

Use dual-simplex method to solve the following LP problems :

(a)
(b)

{c)

{d)

(e)

®

Minimize = = x, + 3x,
Sit, 2, +x, 24, 3x, + 26,25, 5, 5,2 0.
Minimize z = 2x, + x,
S/, x, + Xy 22, 3x, + 224, x5, 20,
Minimize x = 2x, + 3x, + 10x,
Sit, 2x, - 5x, + 4x,> 30,
Ix, + Ixy — Sxy > 25,
X+ 3xy + x; <30,
X)X Xy 20
" Maximize z = 2x, ~ X, - 3x,
s, - 3x, +J::-1:1_-x4*1.r|—Ixt-ht,—x!nl,.:;}ﬂ‘ﬁ
Minimize z = 2x, + 3x, + 4x,
S/t, 3x, + 10x, + 5x, 23, 3x; = 10x, + 9x, < 30,
X+ 2y +x, 2A, X, X Xy 20,
Minimize = = 6x, + 2x, + 5x, + 3x,
Sit, 3x, + 2xy - 3xy + Sx, 210, 4x, + 3, - 5x, 2 12,
Sx, - dxy + 2, * x, 210, x,, X5, Xy, x, 20
Maximize z =- x, — Ix, - 3, '
Sit, 2y~ Xy~ X% 24, x, —x, + I, S B X, X, x, 2 0.

Dn:unhafpmduclAremﬁmltmiunfuwmmillmdlhmnfhbuw
and contributes the profit of ¥ 7. One unit of product B requires one unit
of raw material and one hour of labour and contributes the profit of ¥ 5.
There are 48 units of raw material and 40 hours of labour available. The
objective is to maximize the profit. Calculate the shadow prices of the raw
material and labour.

There are three sources which store a given product. The sources supply these
m:nmmmmufﬁemmdﬂudmd:nfm
dealers are given. Capacities S, = 150, S, = 40, S, = 80, Demands D, = 90, D,
=70, D, = 50, D, = 60. The cost matrix is given as follows:

To

p,| b, ] | b
51 7| B | ]| @
4 1
“ 51

From 5, 1] 40
* k1] 3

Find the minimum cost of T.F.

Tranapartation Problem
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9. There are three factories F,, F,, F, situated in different areas with supply
capacities as 200, 400 and 350 units respectively. The items are shipped
to five markets M, M,, M,, M, and M, with demands as 150, 120, 230,
200, 250 units respectively. The cost matrix is given as follows -

i 5 6 | 4
P | e 3 s | 8
F, | & 6 |

Determine the optimal shipping cost and shipping patterns.
10. Find the initial basic feasible solution to the following T.P. using (a) NWC,
(b) LCM, and () VAM :

() To
D E F G H
A
1 7 k-] ] 9
Fnm g - L]
1] 1] & 4 5
C
9 & 2 5 5 -

()

T
A B C i ] E

I 20

9 10 1] 8 9

i

11 12 5 E 3
From [jj S0

4 91 1 2 0
v - 50

B i] 3 L [

L] 60 20 40 10
1. Solve the following transportation problem :

To
b, D, D, b, D,

[ 43

! 3 5 2 1 3
5, 15

o 1 - 4 £

From 63

S 5 4 3 | i
S . 4 ] b 7 i

27 42 51 62 B

(Supply from S, to D, and S, to D, are restricted)




12.

13

14,

18,

A transportation problem for which the costs, origin and availabilities, destinations
and requirements are given below :

nl n} DI
o [z [ 1] w0
O, 14 4 7| ®
o, | 1 2 9l 10
0w 0 »

Check whether the following basic feasible solution x, = 20, x,, = 20,
xy, = 10, x5, = 50, and x,, = 10 is optimal. If not, find an optimal solution.
Goods have to be transported from sources §,, S, and S, 1o destinations D,,
D, and Dy. The T.P. cost per unit capacitics of the sources and requirements
of the destinations are given in the following table :

D, D, D, Caspacity
L 5 6 120
s, | 15 10 80

. s, | 3 9 10 0

Requirement | 150 0 50

Determine a T.P. schedule so that the cost is minimized.
Four products are produced in four machinesand their profit margins are

given by the table as follows :
L Py P, | Py | Coapacity
M, 10 7 ] 6 40
M, 5 " f 4 53
M, 7 4 nl s ]
M, 4 10 7 R 45
Requirement 35 42 68 55

Find a suitable production plan of products in machines so that the profit
is maximized while the capacities and requirements are met.

Identica! products are produced in four factories and sent to four warchouses
for delivery to the customers. The costs of transportation, capacities and

demands are given as below ;

Warchouses
F, 200
b 11 5
F. 150
Factories 3 s 3 Capacities
F 350
X 4 B
250
Fi 1 1] 1]
Pemands 260 {0) 40 200
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1%

Find the optimal schedule of delivery for mimmization of cost of transportation.
Is there any alternative solution ? If yes, then find it.

Starting with LCM initial BFS, find the optimal solution to the following
T.P. problem : .
To
5 1 ¥ 4 3 "
35
From | 4] 2 3 ] Supply
4 2 3 5 2 i
k) 5 ] 3 ¥ =
. Demands 42 33 4) 2 N
A company manufacturing air coolers has two plants located at Mumbai
and Kolkata with a weekly capacity of 200 units and 100 units respectively.
The company supplies air coolers to its 4 show-rooms situated at Ranchi,
Delhi, Lucknow and Kanpur which have a demand of 75, 100, 100 and 30
units respectively. The cost per unit (in T) is shown in the following table:
Ranchi Dielhi Lucknow  Kanpur
Mumbai a 0 o0 100 100
Kolkata 50 0 130 L]
Plan the production progmmmes so as to minimize the total cost of transportation.
ANSWERS
(a) Minimize T = 15y, - 8y,
Subject to, 6y, - y, 2 4
-3y, +y,22
y-6y,zl
Sy; = 2y, 26
Yy 2l
and then set w, =y and w, = — y,.
(b) Minimize T = 4w, + 10w, + 9w,
Si, 2w, + 3wy + W, 22
Jw, + 4w, + Swy 21
w, <0, wy 2 0, w, unrestricted.
() Maximize T =~ 10w, - 14w,
S, - 2w, - 3w, 53
-w, 5S4
Sw; + 10w, 2 1
w, S 0, w, 20



(d) Maximize T = 15w, + 20w,

Sit, 3w, + Swy =10, 2w, + dw, = 15,

Wy, Wy unrestricted.
(e) Minimize T = 16w, + 8w, + 10w,
S/t 2w, +owy 2 1, Swy + wyS— 2, Swy + 4w, + wy = 3
w, 20, wy S0, w, unrestricted.
2. (a)x =5 % =30,z =110

B x,=4x=12 z =10,

e x=1x= 0 g A

4 10 » 220
. )y x =3.J; =0, H=F =3
(¢) Unbounded solution.

4 2 .
3. = 0, I;“"ii -‘j"j_t z =48,

§. (a) Max. z =32 =Min T.
(b) Min. 2 = - § = Max. T.

6. {u]xl=1..r,-ﬂ,='-1{h‘3]
() x, =0, x,=2,8 =2(-2)
©x=15,5=0x=0z=300-2)
(d) Infeasible solution (It - 3)
(@) x, =0, % =2x=03:=6(1-2)

11 B« 134
o x, =0, =7 X =0, %=12. 2 'Ts'{ll—l}

@x=2%=0x=0z=-20-2)
: B wati:ufwnwmﬁ-lilmmdfwhhwrisﬁw.
8. x, =30, x,=70, X,y = 50, xy, = 40, xy, = 60, Xy, = 20.

Minimum T.P. cost = T 8190.
9, Solution 1:

x“ - Isu' I“_ = 5“., "ﬂ = lzﬂ-‘ xn = m' Iﬁ = Iﬂﬂ. ;!l = liﬂ. I“ = lﬂﬂ.

Solution 2 :

X, = 150, x5 = 50, x5 = 120, xpy =230, xy5 = 50, X3, = 200, X35 = |

Minimum shipping cost = ¥ 3510,
10. () (a) x;;, = 20,3, = 30, x,, = lﬂ,xn-iﬂ.xnvﬂ, Xps = 20, Xyy =
TP. cost = ¥ 1260.

50.

60.

Transportation Problem
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=

11.

12.

(b) x,, =20, X =10,x,;=20 x,, =40, Xy = 50, x,, = 30, Xy = 30.
TP cost = ¥ [130,

{c) xul-lﬂ.rﬁ- Iﬂ,le-Zﬂ,.tn= lﬂ.xu-dﬂ. 13=Iﬂ,zu=ﬁﬂ.
T.P. cost = T 1170.
(i) (@) x,, = 80, x,, = 10, x,, = 20, x,, = 30, X5y =20, x5, = 0, Xy =40,
Xy ™ 10,
T.P. cost =T 1610,
(®) X, =70, 2,y = 20, x5, = 10, x,, = 10, x,, = 0, x,, = 40, Xy, = 10,
X3 = 50, :
TP. cost = ¥ 940, _
(€) x;; = 60, x,, = 10, x,, =20, x,, = 10, Xy = 10, x;, = 10, x,, = 40,
Xgn = 50
T.P. cost = T 900,
Solution 1 :
Xy =15, x, =30, x,, -ZT.xn=Iﬂ..z"=32.x“ =3 x5= 14
X = 36,
Solution 2 :
Xy3 = 45, 2, = 27, x,, = 28, Ty = 32, 5y = 33, x,, = 14, Xy =6
Xy = 30.
Minimum T.P. cost = T 512
The new optimal solution is Xy = 30, x;; = 10, x,, = 50, x,, = 10,
Xy, = 10.
Minimum T.P. cost = ¥ 360.

B x,=70,x,=0, X,y = 50, x,, = 80, xy, = 80.

14,

15.

I-"-l

17.

Minimum T.P, cost = T 1900.

=35 X =Sy =425, - 8. %yy = 5, xyy = 60, x,, = 45,

Total Profit = ¥ 1846,

Solution | :

X = 160, 5, = 110, x,, = 40, Xy = 340, x,, = 150, x,, = 100,

Solution 2 -

x“-zﬂﬂ.xﬂ-llﬂ.x”-]-lﬂ,x“ﬂljﬂ,:uﬂlﬂﬂ.
Minimum T.P. cost = ¥ 3550, ,

Solation | : |
X5 -'H. Xy = 27, 1y, = 42, Xyy = 11, 2y, = 2, Xyy ™ 3, xyy =27, X ™ 50,
Solution 2 :

T3 = 30, x; = 30, x,, = 42, =, =2, x,= 3, Xy = 27, x,, = 50,
Minimum TP, cost = ¥ 370,
"Xyy = TS, x5 = 95, X =30, x,, = T8, Xy =128,

TP, cost = T 24750.



CHAPTER 3 ASSIGNMENT MODEL AND
GAME THEORY

3.1 Introduction and Mathematical Formulation

3.2 Hungarian Algorithm
3.3 Unbalanced Assignments
34 Max-Type Assignment Problems
3.5 Routing Problems
16 Introduction
1.7 Basic Definitions
38 Two-person Zero-sum Game with Pure Strategies
19 Two-person Zero-sum Game with Mixed Strategies
1,10 Odds Method
111 Dominance Rules
312 Graphical Method for Games
313 Linear Programming Method for Games
314  Summary

3115 Review Questions

ASSIGNMENT MODEL

3.1 INTRODUCTION AND MATHEMATICAL
FORMULATION

Consider n machines M., M,, ..., M, and n different jobs J,, J,, ..., J,. These jobs
to be processed by the machines one to one basis Le., each machine will process
exactly one job and each job will be assigned to only one machine. For each job
the processing cost depends on the machine to which it is assigned. Now, we have
10 determine the assignment of the jobs to the machines one to one basis such that
the total processing cost is mimimum. This 18 called an assignment probiem,

If the number of machines is equal to the number of jobs then the above problem
is called balanced or standard assignment problem. Otherwise, the problem is
called unbalanced or non-standard assignment problem. Let us consider a balanced
assignment problem.

For linear programming problem formulation. let us define the decision variables as

Assignment Model

Game Theory
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L if job j is assigned to machine i
2V ol oicwine

and the cost ufmmjwfmm=luc¢Mmmrmmm

assignment problem as follows :

Minimize z = E”El""'# -
= -
subject 1o, ilrv =1, =1, 2..0
4=
(Each machine is assigned cxactly to one job)
z.:.:,-]. J=1 2 ...

(Each job is assigned exactly to one machine)
xu=ﬂm' I, for all i and j
In matrix form, Minimize z = Cx
subject to, Ax= |,
x=0orl,ij=12 .. n.

whmAi:nann’nnn'ixmdtuulunimndnlnru.,thcdﬂmﬁnmufm
mhqummhixrmud&nmithnvﬂmﬂml.nismparmiuusm
rephc:lhe:mumim:u-ﬂnrlbythecuminlx'zﬂ.nmwubui:n

Minimize z = Cx
subject o, Ax= 1, x 20

The dual of (1) with the non-negativity restrictions replacing the 0-]1 constraints
can be written as follows :

Maximize W = E""'Z":

im] =1
subjett to, tvsSe, L=, 2, i,
u, v, unrestricted in signs L= 1,2, .0

Example 1. A company is facing the problem of assigning four operators fo
Jour machines. The assignment cost in rupees in given below -

Machine
Mt [ Pd: M! Ml
I 5 T - 4
Operajor | 1 7 5 3 2
11} 9 4 6 -
v 7 2 7 6

In the above, operators I and Il cannot be assigned to the machines M, and
M, respectively. Formulate the above problem ax a LP model.




1, if the fth operator is assignedto jth machine

S'Ilhﬂll-l..ﬂ‘l.l'tﬂ =

Ef=1343%
be the decision variables.
By the problem. x,, = 0 and x,, = 0.
The LP model is given below :
Minimize z = Sx,, + Tx;, + dx, + Txyy + 5xy + ir,, + 2x,,
+ 9xy, o+ Ay + gy Ty, + 20 +Txg F 6ix,,
subject to,
{Operator assignment constraints)
Xyt E Fx= 1
Iy Hxptan tx=1
IS +xn+x“-l
Xyt Eg T IgtXy= 1
(Machine assignment constraints)
Xy * Xyt Xy T, I
X+ Xyt Xyt xp=]
Ry + 2y 2~ ]
Xy ¥ 2y F =1

x,2 0 for all i and j.

3.2 HUNGARIAN ALGORITHM

This is an efficient algorithm for solving the assignment problem developed by the
Hungarian mathematiciap Konig. Here the optimal assignment is not affected if
a comstant is added or subtracted from any row of column of the balanced
assignment cost matrix. The algorithm can be started as follows :

{a) Bring at !mmﬁmlnmhmwmdmlmnfﬂummui:by
subtracting the minimum of the row and column respectively.

(B) Cowrllllhcmintmlmﬂrixhyu!nimmnumhrnfhmimmmd
vertical lines.

(e} If number of lines = order of the matrix, then select the zeros as many
ns thewdﬂnfthematri:insuchlwnythﬂmymnallﬂumws
and columns.

(Here A, ., means nth order matrix)

(d) M number of lines = order of the matrix, then perform the following and
Creale @ NEw matrix :

() Select the minimum clement from the uncovered clements of the
cost matrix by the lines.

(i) Subtract the uncovered elements from the minimum element.

Self-Instructional Maierial 89



(éi#) Add the minimum element to the junction (ie., crossing of the

lines) elements,

(iv) Other elements on the lines remain unaltered.

(v} Go 1o Step (b).

Example 2. A construction company has four engineers for designing. The
general manager is facing the problem of assigning four designing projects
to these engineers. Iruﬂkafmﬂmmfw:mfum“pmmmdﬁﬁgu
praject 4. Given the time estimate required by each engineer to design a given
project. find an assignment which minimizes the fotal time.

Projects
Pl P2 P3 M
El b 5 13 2
Engineers E2 | 8 10 4 -
E3 10 3 7 3
E4 9 8 6 2

Solution. Let us first bring zeros rowwise by subtracting the respective minima

from all the row elements respectively.

3
6
0

- =l e b

i

1
0
4
4

0
0

Let us bring zero columnwise by subtracting the respective minima from all the
column elements respectively. Here the above operations is to be performed only
mfhﬂmlm.ﬁmuhmmmhuamuﬂhmmningwim:,

0 3 1 0

0 6 0 -

3 0 4 0

3 6 4 0
(This completes Step-a)
Now (Step-b) all the zeros are 1o be . - .
covered by minimum number of horizontal 0 3 11 0
and vertical lines which is shown below.
It is also to be noted that this covering e 6 0 :
is not unique. = e 4 .
It is seen that number of lines =4 = order | 3 g '?'" |
of the matrix. Therefore by Step-c, we S A 9
can go for assignment /¢, we have 1o




select 4 zeros such that they cover all the rows and columns which is shown
below:

(o] 3 1 0
0 8 (0] -
3 [0 4 0
3 6 4 (0]

Therefore the optimal assignment is
ElsPl,  E2oP3,  E3oP2,  E4Pd
and the minimum total time required = 6 + 4 + 3 + 2 = 15 units.
Example 3. Solve the following job machine assignment problem. Cost data

are given below :
Machines

1 2 3 4 5 6

A 21 s 20 20 32 8

B 30 k) | n 25 28 30

C 28 3 25 4 27 21

Jobs D 30 30 26 26 3 28

E 2] 3 25 20 27 30

F 25 29 2 3 30 21

Solution. Let us first bring zeros first rowwise and then columnwise by subtracting
ﬂwwwminhuzkmnmﬁmmhmmdmhmlummhdym
the cost matrix, thus obtained, is as follows :

0 1l 0 0 7 R
T  J 0 3 i B
L} 4 4 6 1 0
3 0 0 0 0 2
0 7 5 0 2 10
3 4 1 4 4 0

EyStep-b,ﬂlthemucmmndhynﬁnimmmMufhmimtﬂmdv:ﬂiul
lines which is shown below :

Assignment Model
Game Theary
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il ity g..-..ﬂ....‘é. sumiibate i ke ?
78 0 $
8 % wc At

..... b IRTTPR , IS, RSRSUNT , SRR ..%u
----- (EERE S RGP
G SRS S DR T

Here number of lines = order of the matrix, Hence, we have 1o apply Step-d. The
minimum uncovered element is 1. By applying Step-d we obtain the following
matrix :

0 1 1 0 7 9
6 4 0 2 0 8
5 3 4 5 0 0
3 0 1 0 0 3
0 T 6 0 2 L]
2 i 1 3 3 0

Now, by Step-b, we cover all the zeros by minimum number of horizontal and

Now, the number of lines = order of the matrix. So, we can go for assignment by
Step-c. The assignment is shown below :



o 7 6 @ 2 n

2 . % 5 5

The optimal assignment is A—1, B—3, €95, D—+2, E—4, F—6. An alternative
assignment is also obtained as A—»4, B3, C-»5, D2, E-+1, F-36. For both the
assignments, the minimum cost is 21 + 22427+ 30+ 20+2] ie, T 4L

3.3 UNBALANCED ASSIGNMENTS

qunhulam:dmm-mmhrdusﬂgnmtmhlmnmhﬂormm # number
of columns in the assignment cost matrix Le., we deal with a rectangular cost
matrix. To find an assignment for this type of problem, we have to first convert
this unbalsnced pmblnmimnlbnhn:udpmhlcmhyaddtngdmmyrmw
columns with zero costs so that the defective function will be unaltered. For
machine-job problem, if number of machines (say, m) > number of jobs (say, n),
thunntﬂem-ndummyjnhmdtthrmingmulufdunmjnhum
Whmadmnyjnbgmusigndmlmhm.ihtmchipc stays idle. Similarly
the other case i.e., n > m, is handled.

Example 4. Find an optimal solution to an assignment problem with the following
cost matrix -

Ml M2 M3 M4 M5
n 13 5 5 6

n 15 0 16 10 15
13 6 2 14 10 13
4 13 no1s 1 IS
15 15 6 16 10 6
16 6 15 M 5 12

Solution. The above problem is unbalanced. We have to create a qummy machine
M#6 with zero processing time to make the problem as balanced assignment problem.
Therefore, we obtain the following :

Assignment Model
and
Game Theary
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Mi M M M4 M5M6 (dummy)
)| 13 5 20 3 b 0
i 15 10 16 10 15 0
3 6 12 4 10 13 0.
M4 13 1] 15 11 15 0
15 15 6 16 10 6 0
J6 6 15 14 5 12 L1

Let us bring zeros columnwise by subtracting the respective minima clements from
each column respectively and the cost matrix, thus obtained, is as follows:

-

o

= O =] A

10

2SN = O K o

0

O W v W

L— L - S - T

0

L= — TN — T — T — ]

Let us cover all the zeros by minimum number of horizontal and vertical lines and is

given below :

----------

Now, the number of lines # order of the matrix. The mjnin;m uncovered element
by the lines is 1. Using Step-d of the Hungarian algorithm and covering all the

T-pl- = Perens 8 -- ER i e i.é-- e é Frore P
98 2 5 9 0
T A

s Y e '

9 1 2 5 (:'.i ﬂ
S N -

zeros by minimum number of lines we obtain as follows :

---------

':-r..... u.....é LEETERN | PET RS 1.--.-- i EEat BT
g
¢ 7 ¢ 8.8 3
¢ 5 0 5 9 0
e B e gt 0ueses0 -
;'...10.....{‘3.,,,...“ ..... r S ;:




Now, the number of lines = order of the matrix and we have to select 6 zeros
such that they cover all the rows and columns. This is done in the following :

B
(0]

8

8

0

[o]

4

5
1]

0

o]

1

o
4
-

5

4

[o]

]
o]
T

1

Therefore, the optimal assignment is

J1-sM2, J2-sM6, J3aM1, J4M3, 15-»M5, J6—-M4 and the minimum cost =

T(5+0+46+15+6+5)=T137.

In the above, the job J2 will not get processed since the machine Mé is dummy.

3.4 MAX.TYPE ASSIGNMENT PROBLEMS

When the objective of the assignment is to maximize, the problem is called *Max-
type assignment problem’. This is solved by converting the profit matrix to an
opportunity loss matrix by subtracting each clement from the highest element of
the profit matrix. Then the minimization of the loss matrix is the same as the

maximization of the profit matrix.

Example 5. A company is faced with the problem of assigning 4 jobs to 5
persons. The expected profit in rupees for each person on each job are as

Jallows :

Job

Persons | J1L R B M
I 86 B & 8
I s ™ 65 60
I n & & 8
v % ™ & 7
v n ™M N @

Find the assignment of persons to fobs that will result in a maximum profit.

Solution. The above problem is unbalanced max-type assignment problem. The
maximum element is 86. By subtracting all the elements from it obtain the following

opportunity loss matrix.
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Q8 & B B
3 sy |
4 21 6
0 16 21 15
M 16 15 26

Now, n dummy job J5 itlddudwilhmhsm.ﬁmh‘ifgminmhmlum
by subtracting the respective minimum clement from each column we obtain the

following matrix.
0 1 9 0 0
3 0 6 21 0
4 14 ] I 0
0 9 6 10 0
14 9 0 21 0

o Preprey e @rrann f) renns é.. .
......... 5o B P g--
VR SR
- wes fes 9 BN - EEETE [ Frrrre é am

EC e e P e iy é 3

Si:we,ﬂmumnhuuﬂinu-nrdunfthummﬂh:lwwnlmimw:h
that they cover all the rows and columns. This is done in the following :

A

g ' 9 [d o
31 [o] 8 21 0
4 ] 1 [39
(0] 6 10 o
14 9 [0] =21 0

The optimal assignment is

=334, 1112, M-S, IV=4J1, V)3 and maximum profit = ¢ (81 + 79 + 86 +
T1) = T 317. Here person 111 is idle.
Huu.mmnpeuﬁwnmpmbhmmuhuhmvmndu-mhﬁmmpmbhu

bymt&plﬂqdlhdmﬂsu!th:pmfum:h-l.mmmﬂmmmlﬁndm
be applied directly.



PROBLEMS

Solve the following assignment problems:
(u) A B C (4] E

| 12 20 20 18 4

n 0 2 5 1 B

m 0 5 12 5 9

v 18 1 5 12 0

v 17 g 9 10 2

o] : Jobs

n n 3 I I 1 i6
A 1% 10 5 m 1] a
B o 15 n - 20 18
C 1n 1 19 15 18 )
Persons D I8 Io . 1] 16 X 24
E 20 - Fi 15 ] L
F 1 15 - 15 p. |

L Amhunmihihmmmwh-mmhlhwlhaiummma.ﬁ.

C. D, E and F Bach contractor is to receive only one sub-assembly from Al, A2,
M.M.Mmdﬁ&.mhmc:ﬂﬂmmmlmmmnﬂ
A2 assembly respectively. The cost of each subassembly by the bids submitted
Wmh:mhmww[hhm&dmm]:

Al A2 Al Ad AS Ab

A 15 10 n 15 13 a
B o n 1% 10 14 11
C 9 15 ] - i 1]
D 14 13 9 | ¥ 15 10
E 10 = 11 n 13 1%
F 0 H 15 12 13 14

Mm@ﬂwdk@humﬁnmm
the total cost

Five programmers, in & comptiter centre, write five programmes which run successfully
mm&ﬁﬂmwﬁ.mipl&wmhmmmnmhl
mutmmmquhmhmﬂmmm following time mstrix:

Programmes
Pl r1 ] ] Ps
A #0 fh 65 S T
B %6 b ] b /] 75
Programmers C M n 7 0 ]
D 75 Fi-] T )| i
E 6 ] ] T 7

Assignment Model
and
Game Theory
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’l

Find an optimal assignment of jobs to machines which will minimize the total setup
time.
Amumﬁumhumwmluwmﬁmuummwﬁwm

o new construction sites. The distances (in miles) between the old and the pew -

sites are given below :

Mew sites
A B c D E
1 [ 9 8 1 71
n | n 10 g 12 7
od m | 9 12 7 6 9 )
sites n 9 ] 1 10 10
v | w0 9 4 & 1
vi | I 7 R 9

i 1
Determine a plan for moying the cranes such that the total distance jnvolved in
the move will be minimum.

Awnywm_mmipfmdupmmﬁwdiﬁumtmgimwm
u product. The expected sales (in thousand) are given below

Regions
1 |} m w v
s 21 2| w 100 BS
82 =5 iy 45 B a2
Salesperson 83 | T % " W 88
4 | » ] " ® 7
55 ] &6 48 (] BS

Solve the sbove assignment problem to find the maximurh total expected sale
A company makes profit (¥) while processing different jobs on different machincs
{mmnhiutumjuhmlﬂ.m.mmrhﬁﬁqummnfm
4 machines to § jobs. The profits are estimated as given below :

Job
i R B M 18 :
AN A oew s a8
g | BT m. s B S
Meikine ¢ | ®» "% " W O B
p | 15 n'o® @ 15

Determine the optimal assignment for maximum total profits.

ANSWERS

(@) 1=-sA, li=E, 1I-D, [V, V-+B, Min. cost = 38,

(b} A-sJ6, B-s]2, T—=11, DJ3, E—+J5, F-3J4, Min. cost = 91.
A—A2, BsAd, CsAl, D=AS, E—2A3, FAS

A—A2, BAd, C—Ab, DAL, E-AL FoAS

Belf Instruchional Maoterial 89



Guantitative Technigues © A=A, BoAd, C=A6, DoAT, F3AS EsAl
For cach assignment, min. cost = ¥ 6300,
X AP3, BsP4, C-oPS, D=sP1, E—+P2
A-+P4, B-oP), CoP'S, DsPl, E-3P2
NOTES Min. toeal time = 342 uniis,

4. A-VIL BV, CoIV, D=sl, E-sll, F-sVL, G-slll

A—VIL B-sV, C—1V, D-VI, E-sll, F-s1, Gl

A=l, B-pV, CalV, DVL Bl BV G-sll1

Min. total cost = 71,
5. o) JIoSMI, 12-5MS5, J3-sM4, M-aM3, M2 ix idic.

Min. towl cost = 39,
(b) J2-4M4, J3-4M3, J-sM1, J5—+M2, J1 is not processed
Min. total cost = 37,

6. A—MS, B-aM2, C-sM6, D-sM4, E-sM1, M3 is idle.

Min. tots] cost = 36, :
7. H=sl, 1255, 1333, J4—s4

H-sl, J2-45, J3-4, J4—3

Min. total time = |5, Michine 2 is idle.
8. 1E, [I+A, V=B, V=D, Vi-sC

Min. twotal distance = 37 miles

Crane 11 is not moved. i
9. SI8IV, 8251, S3-4M11, S4-+11, $5-55, Max. total profit = T 40204,
19. A—l4, BI2 C=J1, D=s13, Job J5 is idle

Max. total profit = ¥ 114,

3.5 ROUTING PROBLEMS

Thurmﬂﬁmtypunfmuﬁngmblmwhkhmminlmmm
widely discussed problem is the *Travelling Salesman Problem (TSPY". Suppose
there is a network of m cities and a salesman wants 1o make a tour i.e, starting
from a city 1 he will visit each of the other (n - 1) cities once and will return 10
city 1. In this tour the objective is to minimize either the total distance travelled
or the cost of travelling by the salesman, . .

(a) Mathematical Formulation
Let the citics be numbered as 1, 2, ... w and the distance matrix as follows:

Fr;}i‘ﬁ:-l 2evwnan ar‘
1|y

100 Self-Instractional Moterial



Generally an infinity symbol is placed in the principal diagonal elements where
there is no travelling. So d, represents the distance from city § to city j (i = /).
If the cost of travelling is considered then D is referred as cost matrix. It is also
to be noted that D may be symmetric in which case the problem is called *Symmetric
TSP' or asymmetric in which case the problem is called “Asymmetric TSP".
Let us define the decision variables as follows :

1, if he travels from city i 1o city j
Yy = |0, otherwise

where i, /=1, 2, .
Then the linear programming formulation can be stated as follows :
Minimize :=EE:."H-
il j=
Subject o, b3 D T

il

Zxﬂ =1, i=L2 ..¢

i=l

x, = Oor | forall i and j = L .ne
and x={xﬁ,]islmr.
The above problem has been solved with various approaches ¢.g., Graph Theoretic
Approach, Dynamic Programming. Genetic algorithm eftc.
The shove problem looks like a special type of Assignment problem. Consider a
4 x 4 assignment problem and a solution as | - 4,2 -3, 3 - 1, 4 - 2 which can
also be viewed as a tour ie, | -4 -2 -3 - 1. If the solution is 1 - 4, 2 - 3,
3 - 2.4 - | then this consists of two sub-tours | -4 -1,2-3 - 2
Hmmﬂpﬁﬂmknmun‘ﬂrmhmdﬂmmd'algm‘hmismibdh:hw:

" (b) Branch and Bound Algorithm for TSP

(1) Ignoring tour. solve [D] using Hungarian Mpnﬂlm The transformed matrix
is denoted as [D]. If there is a tour, stop, else goto next step while storing
the solution in a node denoled by TSP.

(#f) Calculate the evaluation for the variables in [D,] whose values are zero
i, Xy = () where evaluation means the sum of smallest elements of the
nhruwmdﬂuj-u:mlummtudmglhnuﬁlhm

(iif) Select the variable with highest evaluation, say X, If there is a tie, break
it arbitrarily. The variable x is called the branching varisble.

(iv) Create a left branch (TSP1) with e 0. To implement this put d’ = m
in [Dy] i.e., travelling from city { to city j is restricted.

Set [D] = transformed [D,] and goto step (i)

(v) Create a right branch (TSP2) with Xy = 1. This means the salesman must

visit city j from city i. To implement this take [D,] of the parent node.

Assignment Model
Game Theory
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[

Dulﬂcﬂut—lhruwmdj-{heulumnudpmd#=m(tnpmwml
subtour).
Set [D] = transformed [Dy] and goto step ().
Note.
() Mﬂ?hll“ﬂﬁmhlﬂp(ﬂ*hﬁlﬁulﬁﬂﬁmhﬂpﬂﬁﬂl
then we shall stop that branch. _
(B) There may be multiple tours. We shall seleet the tour with minimum distance or
travelling cout. :
(e} Calculate total distance (TD) from the given (D] which increases with the level
of the tree.
Example 6. Solve the Jollowing travelling salesman problem using branch
and bound algorithm.

To

From l 2 3 ¢
Il= 3 6 5§
213 = 5 &

e 3|6 5 o 2
413 & 2 =

Solution. Let us apply the Hungarian Algorithm on [D] and obtain the following
matrix :

1 3 4

1 H@ 3 2

2 | @ | =25
D=3 14 ]3] )]
4 i &@ o

Th:mll.linnisl—li—i.]Ld.d—j_Le..lhmadmmmbtwul—2~I.
3~ 4-3. The twual distance (TD) =3 + 3 + 2 + 2 = 10 wnits.

Then we have to calculate the evaluations for the variables having the value zero
in [D,].

Variable Evaluation
Fyy 2+3=5§
Xy, 243=5
Xy J+2=5
X, 3+2=35

Since there are ties in the values, let us select X, as branching variable.

Subproblem TSP1

Letx,=0= Futdunmin[ﬂ'u]mduhuin



1 s - 3 2
2 ] on 2 3
4 ey 3 | 4 - | 0
4 | 3 0 oo
i
1 2 3 4
1 @ ™ | @
1 | @ | = |2 5 o
s 1% (@ =10 (Apply Hunganan Algorithm)
Pl I 1 @ | =

mmtuﬁmtn4,2—1.1-1,4—3.:;.1—4n3-z—1whi¢hi'umur
and TD =5+ 3 + 5§+ 2 = 15 units from [D].

Subproblem TSP2 ] 5
Let x,, = 1 = Delete row | nnd:ulmmlﬁwn[ﬂb]mdpmn‘nﬂ%mw
subtour. The resultant transformed matrix is obtained as follows :

| 3 4
3| 4 0

.
4 k| 0 -

'
T e
[ =@ 3
3|11 | = | @ |(Applying Hungarian Algorithm)
s | @]o | =

The solution is 1 =2, 2-3,3-4,4-1 ie, | _2-3-4- 1 which is a tour
and TD =3 4 § + 2+ 5 = 15 units from [D]. The above calculations is presented
in the following tree diagram :

(TSP) {1 ~2-1,3-4-3} TD= 10 units

|-2-3-4-1
Touwr and TD = 15 umis

Tour and TD = |5 umts @

Since, there are two tours with same TD, the given ﬁmblem has two solutions.

Assignment Model
and
Came Theory
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GAME THEORY

3.6 INTRODUCTION

Thnuﬁnmﬁulﬂnmynrmminmmdhylnhn\fnn Neumann and
Oskar Morgenstern (1944). Game theary is the study of the ways in which
strategic interactions among rational players produce outcomes with respect to
the preferences (or utilities) of those players, none of which might have been
mtended by any of them.

Game theory has found its applications in various fields such us Economics, Social
Science, Political Science, Biology, Computer Science etc.

The famous example of a game is the Prisoner’s Dilemma game. Suppose that
the police hncurm:dtwopmpluwhummkmwhnwmmmiﬂadmmmd
robbery together. Unfortunately they lack enough admissible evidence to gel a
Jury to convict. They do, however, have enough evidence to send each prisoner
away for two years for theft. The chicf inspector now makes the following offer
to each prisoner. If you will confess the robbery implicating your partner and he
does not also confess, then you shall go free and he will get ten years. If you both
confess, you shall each get § years. If neither of you confess, then you shall each
get two years for the thefi.

3.7 BASIC DEFINITIONS

We assume that players are economically rational i.e.. a player can {ﬁ assEss
outcomes, (if) choose actions that yield their most preferred outcomes, given the
actions of the other players.

(i) Game : All situations in which at least one player can only act to maximize
his utility through anticipating the responses to his actions by one or more other
players is called a game.

(i7) Strategy : A strategy is & possible course of action open to the player.
(#ii) Pure strategy : A pure strategy is defined by a situation in which a course
of action is played with probability one.

(fv) Mixed strategy : A mixed strategy is defined by a situation in which no
course of action is taken with probability one.

(v} Payoff matrix (or Reward matrix) : A payoff matrix is an armmay in which any

for the row-player.

Matrix games are referred to as ‘normal form' or “strategic form' games, and
games as trees are referred to as ‘extensive form® games. The two sorts of
games are not equivalent,



(vi) Maximin criterion : This is a criterion in which a player will choose the
strategies with the largest possible payoff given an opponent’s set of minimising
COUNLErMOVES.

(vii) Minimax criterfon : This is a criterion in which a player will choose the
strategies with the smallest possible payoff given an opponent’s set of maximising
COUNIErmoves.

(viii) Saddle point : If a payofl matrix has an entry that is simultancously a
maximum of row minima and 8 minimum of column maxima, then this erftry is
called a saddle point of the game and the game 15 said to be strictly determined.
(ix) Value of the game : If the game has a saddle point then the value at that
entry is called the value of the game. If this value is zero then the game is said
to be fair.

(x) Zero-sum game : A zero-sum game is & game in which the interests of the
players are diametrically opposed i.e., what one player wins the other loses. When
two person play such game then it is called two persom zero-sum game.

In this chapter, we shall consider only matrix games.

Nete. If in & game the total payeff o be divided among players is invariant fe., it does not
depend upon the mix of strategics selected, then the game is called constant-sum game.

3.8 TWO-PERSON ZERO-SUM GAME WITH PURE
STRATEGIES
To identify the saddle poimt and value of game the following procedure to be
adopted on the payoff matrix :
(i) Tdentify the minimum from each row and place a symbol * in that cell/
entry.
Take the maximum of these minima.
(i) Identify the maximum from each column and place 8 symbol = in that
cell/entry.
Take the minimum of these maxima.
(iii) 1f both the symbols * and = occurs in afan cell/entry, then that cell/entry

is called saddle point and the value in that cell/entry is called value of
the game (v).

Also v = Maximum (row minima) = Minimum (column maxima). There
may be more than one saddle point but the value of the game is unique.

Example 7. Solve the following game :

Playver 8
Bl B2 B B
All 1 5 4 b
Player 4 A2| 2 3 3 3
A3l 3 4 ] 3

Aszigrnment Mode!
rame Theory
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Quantitative Technigues Solution. The calculations are displayed in the following table :

Player B
_ Bl B2 B3 B4 o

Player A A2l 2« | 3 Sx | 3|2

Ad| x| 4 5< | 3ex|3
Max. : FELNT TR S

Max. (Row Min) = 3,
Min. (Column Max.) = 3
lnm:nhwpme.mummmm:pnmuﬂfﬂ.ﬂnmd{:ﬂ.B4].

The value of the game is 3. Here the optimal strategy for player A is A3 and the
optimal strategy for player B is Bl and B4,

Example 8. Determine the solution of the Sollowing game :

FPlayer 8
BI B2 B3 B4 BS
Al o / 7 & 2
A2| 4 4 5 5 ]
Playver A
43| 7 3 * 3 S0 e ;
Al g 4 ! il |

Slllﬂln.lnﬂleg:impm:.pltyuﬁhu4m=giﬂmdptlwﬂhuﬁ
strategies. The calculations are displayed in the following table :

Row
Bl B2 B} B4 BS Min.
Al 0= | Te | Bx 2 i}

A21 6 | 4|5 |5 [a |4
A3 72 | 3 2 1" 2 1
A3 10 | ax [ 1o [ & | 52|
Col. Max. 7 4 7 B 5
Max. (Row Min.) = 4, Min. (Col Max.) = 4
In this game there is one saddle point at (A2, B2)
The value of the game is 4.
The optimal strategy for player A is A2
and the optimal strategy for player B is B2,

108 Seif-Instructional Material



3.9 TWO-PERSON ZERO-SUM GAME WITH MIXED
STRATEGIES

Consider the following game :
Player B
| I

1 ay) (TH
Payer A |

1| an [

If this game does not have saddle point, then we assume that both players use
mixed strategies.
Let player A select strategy | with probability p and strategy 11 with probability
1-p.&wmephyuﬂulmmﬁt_mmmwmmphi&h
given by a,, p + a;, (1 - p). f
If player B select strategy II, then the expected gain to player A is given by
a, p+ay(l -p)
The optimal plan for player A requires that its expected gain to be equal for each
strategics of player B. Thus we obtain
ayptay(l-p) = app+ay(l-p

g =ay
(ay, +ay) —(a; + ay)
Similarly, let player B selects strategy | with probability g and strategy [I with
probability 1-g. The expected loss to player B with respect to the strategies of
player A are

= SR -

a,, g +a;(l- g).and ay, § + ay (1 - g)
By equating the expected losses of player B we obtain
g = oy =03 :

(@) + og) — (2 + @)
Thewlu:af;mvi:fmﬂhynhsﬁmﬁngthevﬂmdfpinmuﬂheeqmﬁm
for the expected gain of A and on simplification, we obtain

A Min—fmn

(ayy + ay) = (@ + 8y)

Example 9. Determine the solution of the following game :

Player B
Bl B2

Al a !
Plaver A
: A2 [ 2 4 ]

Solution. Clearly the given game luu.nu saddle point. So the players have to use
mixed strategics.

Al AE]

Let the mixed strategies for A as 5, -[n -

Self-Inatructional Meterial 107
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where P - ]‘P|
_ s Bl B2
mdﬂmmedstm:grﬁfmﬂaisa=[q '3]
I
where g = 1 -gq
et LA O e
* P) B+d)-(1+2) ¢ 2'7 53
e A T2 N
W Bea)-1+2) & ® "=
. 2-2 - 10_5
YR Bro-0+ 4 2
Al A2
Thmthenpﬁmtmmﬁrl‘urhissn =[m UIJ
Bl B2
and for B is 8 = VERT

and the value of the game is 572,

3.10 ODDS METHOD

ﬁhm&oﬂmhuﬂmiyfw!xz-mtﬁxmhmhm“mm
that sum of column odds and row odds is-equal.

Finding out Odds

Step L. Take first row and find out the difference between values of cell
(1, 1) and that of cell (1, 2) place this value in front of second row on
right side.

Step II. Take second row, find out the difference between the value of cell
(2, 1) and that of cell (2, 2). Place it in front of the first row on the
right side.

Step IIL. Take first column, find out the difference between the value of cell
(1, 1) and that of value of cell (2, 1). Place it below the second column.

Step IV. Take second column, find out the difference between the value of cell
(1, 2) and that of the value of cell (2, 2). Place this value below the
first column.

Example 10. Consider a modified form of “matching biased coins" game
problem. The matching player is paid T & if two coins turn both heads and
T 1 if the coins turn both tail, The non-matching plaver is paid T 3 when the
two coins do not match. Given the choice of being the nmh:-hf;g or non-
matching players, which one would you choose and what would be your
Srategy?




Solution. Let us prepare the pay-off matrix, Assignment Model

and
Piayer B Game Theory
A1 1
PaysrA | H s | O NOTES
T |1 O[]

Let us see if the saddle point exists. Minimum of row one is -3 and similarly
minimum of row two is also -3, a circle has been put around these figures.
Maximum of column is § and that of column 2 is 1. A square has been put around
these two figures. There is no value, which is the lowest in its row and maximum
of its column. Hence no saddle point exists.

So, both the player will use mixed strategy.
Use of Odds Method

Player B
B, B,
H T Odds
Player A A, 8 -3 4
A, -3 1 1
Odds 4 11

(8) Take first fow — difference between the cell A, B, and A, B,
8- (-3) =8 + 3 = 11 place it in front of second row.

(b) Take sccond row ~ difference between the cell A, B, and A, B,
-3 = 1 = - 4 (ignore sign)

(¢) Take first column - 3 — 1 = — 4 (ignore sign)

(d) Take second column 8 — (- 3) = 11

Value of the Game
For finding out the value of the game, following formula is used:

Player B
B, B, Odds
Player A A a, a, (b, - by)
A, b, b, (@, — ay)

Odds (a,~ b))  (a,- b))
aylby = by ) +hia —a;)
Value V = —
= (By—by)+ @y - a)
bi_hz .& = &y =y
(b —by)+(ay—ay)" (B —by)+ (a4 —ay)

Probability of A, =
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i i ﬂl_&l - V. a—b
POy oF B, S R a0 2 b))
Ex4-3x1l -
G:,"' oy 4411 IS
a7 SES 1n
Probabilities of A, = s’ ﬁz’ﬁ
4 1
Probabilities of B, = Ts"a"=E

3.11 DOMINANCE RULES

(n) For rows : ({) In the payoff matrix if all the entries in a row iy are greater than
or equal to the corresponding entries of another row i5, then row i, is said to be
dominated by row £, In this situation row i, of the payoff matrix can be deleted.

e.g. iy= (1,2, ~1) is dominated by i, = (2, 2, 1), hence (1, 2, —1) can be deleted.

(if) If sum of the entries of any two rows is greater than or equal to the corresponding
entry of a third row, then that third row is said to be dominsted by the above two
rows and hence third row can be deleted.

(b) For columns : (i) In the payoff matrix if all the entries in a column j, are
less than or equal to the corresponding entries of another column 5+ then column
J; is said to be dominated by column j,. In this situation column /, of the payoifl
matrix can be deleted.

e () 5ot Dt i

(i) If sum of the entries of any two columns is less than or equal fo the corresponding
entry of a third column, then that third column is said to be dominated by the
above two columns and hence third column can be deleted.

Example 11. Using the rules for dominance solve the Jollowing game :

Player B
I I m
/ 3 3 =1
Player A | | 2 3 =l
ml1a- <2 3

Solution. The given game has no saddle point. Let us apply the rules for dominance.
It is observed that column | is dominated by column 3. Hence delete column |
and the payoff matrix is reduced as follows -

1 i -2
u 3 -
i -2 3



ﬁ:lin,mwliadomimwdb)rmwlﬂm:edﬂ:umwimdmmm:
is reduced to a 2 * 2 matrix. I m

o i
G

lnlihcmixadmtnﬂfurphyerﬁbcs“v[ with p, = 1 - p, and
the mixed strategy for player B be

1 W m] )
o 0 ¢ & Wb g =2y
- 3-{-1] 'IE
Pr = Ge3)-(-1-2) 9

; I-(=)  _4
I = Ged-(-1-2) 9™
. 9-=2 1
(3+1-(-1-2) &
Hence the optimal mixed strategics are

1 0 m
S, =

p:-

p o=

0 5/9 4/9
1 0 m
Sy ~ [u 419 5!9]‘
v = 79,
Example 12. Solve the following game:
Player B
! oomw
| 4 3 i i
Player A ] J i 3 0
Hor | 4 3 4 3
wle 5 4 4

Solution. The given game has no saddle point. Let us apply the rules for dominance
to reduce the size of the payoff matrix. It is observed that row I is dominated by
row 111, hence row | can be deleted and the payoff matrix reduces as follows :

| mom w
m|3 4 3 0
m | 4 3 4 3
v |0 5 4 4

it is observed that column 111 is dominated by column 1. Hence column Il can be
deleted. Also it is observed that column I is dominated by column IV. Hence
column IV can also be deleted. Hence the payolf matnx reduces as follows :

Aswignment Model
Game Theory .
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n
m
v
Here row 11 is dominated by row IIL. Hence row 11 can be deleted and the-payoff
matrix reduces to 2 x 2 matrix
& | R '
m |4 3
.vilo 4

IHI]]WJ

= A o=
> w s d

Lﬂlh:mixndmt:gi:sﬁrhhtsa=[

with - I'Fl
| _ I nom v
lndﬂumadmnwgmsl'mﬂhcsn=[m 0 o ﬁ]
with @ =1-q
4-0 4 |
M= @re-osn shTiTh=g
4-3 1 4
" @re-Een s eTioeng
6-0 16
(d+4)=(0+3) 5
Hence the optimal mixed strategies are

I 0 m v
S+ = lo 0 4/5 1/5

1 o m v
Sy = [Hs 0 o us]
16
"_5'.-
Note. [f we add a fined number x to each clement of the payofT matrix, then the strategics remain
unchanged while the value of the game i increased by =

and =

3.12 GRAPHICAL METHOD FOR GAMES

(@) Let us consider a 2 x n game i.e., the payoff matrix will consist of 2 rows
and n columns, So player A (or, row-player) will have two strategies. Also assume
that there is no saddle pointl. Then the problem can be solved by using the
following procedure :
(i) Reduce the size of the payoff matrix using the rules of dominance, if
it is applicable.
(if) Let p be the probability of selection of straiegy | and 1 - p be the
probability of selection of strategy I1 by player A.




Write down the expected gain function of player A with respect to each
of the strategies of player B

(iff) Plot the gain functions on a graph. Keep the gain function on y-axis and
p on x-axis. Here p will take the value 0 and 1.

(iv) Find the highest intersection point in the lower boundary (ie., lower
envelope) of the graph. Since player A is & maximin player, then this point
will be 2 maximin point.

(v) If the number of lines passing through the maximin point is only two,
then obtain a 2 * 2 payoff matrix by retaining the columns corresponding
to thes¢ two lines. Go to step (vif) else go to step (wi).

(vi) If more than two lines passing through the maximin point then identify
two lines with opposite slopes and form the 2 » 2 payoff matnix as
described in step (v).

(vii) Solve the 2 x 2 game.

Example 13. Consider the following game and solve it using graphical method.
Player B
I n miwv ¥
I | 1 ¢ -1 §
i1 T

Player A

Solution. It is observed that there is no saddle point. Column V is dominated by
column | and column 11 is dominated by column IV, Therefore delete columm V
and column 11 and the payoff matrix is reduced as follows :

Player B

I m I

Ar 3 6 i

: ’ 1 (U BT TS [

Let p be the probability of selection of strategy | and (1-p) be the probability of
selection of strategy [1 by player A. Therefore, the expected gain (or payoff) function
1 player A with respect to different strategies of player B 1s given as follows:

B’s stratogy A’s expected A's expected gain
ain function p=0 p=1
I Ip-2l-p)=5-2 -2 3
1 6p—(l -p)=Tp-1 ~1 6
v -+ 22l -p)=-3p+2 2 -1

Assigrirment Model
Game Theory
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Now the A's expected gain function is plotted in Fig. 3.1. It is observed that line
Iand IV passes through the highest point of the lower boundary. Hence, we can
form 2 x 2 payoff matrix by taking the columns due to 1 and IV for pliyer A and
it is displayed below :

|
l|

Fig. 3.1
Player B
1
! 1 3 -l
n |2 2

I 1
lﬂhmﬁdmﬁufmhhs,‘v(\ﬁ P:]
with Py = 1 =p

I mmivy
lﬂdﬁumimdnm:gjufmabes,,=[ ]

@ 0 0 g O

with @G =1-g
Therefore,
2-(-2) =l b -l
1S 342 =(=1=12) 78 =h 2
2-(=1) =3 gt
i = 3s2)-(-1-2) 8B~ "9=g
6-2 _1
g YT @ad)-(-1-2) 2
. The optimal mixed strategies for A is

I o
S = (2 uzJ‘




the optimal mixed strategies for B is

and

I nm W v
Ss “|lys 0 o 58 0

l
value of game = 3

(b) Let us consider a m x 2 game ie., the payoff matnx will consist of m rows
and 2 columns. Also assume that there is no saddle point. Then the problem can
be solved by using the following procedure :

(i)

(1)

(ki)

(iv)

(v)

(vf)

(wii)

Reduce the size of the payoff matrix using the rules of dominance, if it
is applicable.

Let ¢ be the probability of selection of strategy | and 1-g be the
probability of selection of strategy Il by the player B.

Write down the expected gain function of player B with respect to each
of the strategies of player A

Plot the gain functions on a graph. Keep the gain function on y-axis and
4 on x-axis. Here ¢ will take the value 0 and 1.

Find the lowest intersection point in the upper boundary (i.e, upper
envelope) of the graph. Since player B is a minimax player, then this
point will be a minimax point.

If the number of lines passing through the minimax point is only two,
then obtain a 2 * 2 payoff matrix by retaining the rows corresponding
to these two lines. Go to step (vif) else goto step (vi).

If more than two lines passing through the minimax point then identify
two lines with opposite slopes and form a 2 x 2 payoff matrix as
described in step (v}

Solve the I x 2 game.

Example 14, Consider the following game and solve it using graphical method.

Player B

! ]

1 2 !

Player A i ! 3
m\|+ <

w15 =2

Solution. The given gnm:Mnﬁhnwuddl:pnht.AkuitisMadthﬂm
of the rows can be deleted using the rules of dominance.

Let g be the probability of selection of strategy I and 1 - g be the probability of
selection of strategy Il by player B. Therefore, the expected gain {(or payoff)
function io player B with respect to different strategies of player A is given below:
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A’s strategy B's expected B's expected gain
gain function g=10 g=1
i g+(l-g)=g+1 1 2
NOTES I g+ 31 -gq) =29 +3 3 !
1 W-(1-g=5-1 -1 4
v S5g-201-¢g)=7¢-2 2 5

HwtheB‘:upuudpinmucﬁmhplmedinFig.il
llilobwvdlhuth:hneﬂmdlvmmwmehmpumﬂflhewpp:r

boundary. Hmu.wumfmmzr!puyaﬁmm:hyuﬁngmnmwducwll
and IV for player B and it is displayed below :

Playe B
g
Il I 3
Player A
v |3 2
5 _ f1nmw
Lﬂmﬁm:dmupufn;ﬁhesﬁ—[ﬂ % P;]
with Pr=1-p
I I
-ﬂthcmixadmwgiﬂfnrﬂbtsa-[m q:]
with g =1-gq,
5 ——— — — > 5§
4 ’.r'f' 4
3 > 3
n
2+ 2
:I~l 1
q=0 o 0 g=1
: —lﬁ’/ = -
=1 -2
Fig. 3.2
Therefore, Py = == b= L -I—p‘ng

(1-2)-(5+3) o' P

SRR, 1 SRS SNSRI
h ® G=2)-(5+3) o' n=l-n=g

g
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3 —e =

(1-2)-(5+3) 9
. The optimal mixed strategies for A is

I o0 m W
Sa = lo 729 0 29

the optimal mixed strategies for B is

I n ; 1
By = [m 4”]111.-1 value of game = 3.

3.13 LINEAR PROGRAMMING METHOD FOR GAMES
The linear progmmming method 15 used in solving mixed strategies games of dimensions
greater than (2 * 2) size. Consider an m = n payoff matrix in which player A (ie.
the row player) has m strategies and player B (Le., the column player) has » strategies.
The elements of payoff matrix be {{n‘.] =12, .omand f=1,2,.., n]-. Let p, be
the probability of selection of strategy ¢ by player A and g, be the probability of
selection of strategy / by player B.

LPP FOR PLAYER A

B's strategy Expected gain function for A

I iﬂn b
i=1

Let v = Min. Zﬂntﬂmzﬂuf’r ----- z"mﬂ
] i i

Since the player A is maximin type, the LPP can be writien as follows :
Maximize v

Subject to, Nawp > v
]
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Subject to, Zﬂnfn vy > 1

Zq.,{p,h] > 1
2aplv) > |
BB, +Ba .,
VoV v
all pz0
Set piv = x,i=1, 2, ..., m. Therefore

Sll:bjﬁﬂltﬂ, Zhﬁ fi > 1

Let u = Max. ’Eﬂlj q_jlz‘!_j 'i',lf""—"-zaq q;}
F | !

Since the player B is minimax type, the LPP can be written as follows
Minimize u

Subject to, E"I i < w
. {



Gttty =

all g 2 0
= Minimize u
Subject to, z.-.,[.,,n.} < 1
i)
Z"ﬂ(ﬁ""] !

— — — — e —— —

1+!1+ ..... " - ]
¥ ¥
all g,>0
Set qu = ¥l = 1, Z, ..., n. Therefore

s bt

=
mm({aqh*:ﬂ

Maximize (y, + ¥y + .- + )

[

A
-

Subject to, z"‘u.?}

i

and >0 j= LA i

Note. l.hﬁnnhww“mﬁummmnfhwmhm
ufhumm.Fmﬂﬂnmmhinhwﬂlmhﬁuhndhusﬂm,u
WufMMﬂlﬂMMhmm-mwwam
game, a constant ¢ = Max, :m.~1mm]]+lhmhﬁﬂumndm
in the payoff matrix The optimal strategy will not change. However the value of the origmal
game will be the value of the new game minus constani.
lmmmmhﬂnmprhwnlﬂﬂmpﬁmﬂ-duﬂpﬁ.ﬁnmhiﬂm
puﬂmummﬁﬂumhﬁmﬁfhuﬂmmbhﬁmhnp&mltﬁh

Example 15, Solve the following game by linear programming technique :

Plaver B
-1 -1 1
Player & | -1 ] 2
. 1 -l

Ansignment Model
Game Theory
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h:tu:l:ldlcmcizmm:lmt.mw;ndpynﬂmmn:gim

below:

Let the strategies of the two players be

S, =

where 2 rmtp
The LPP for player A:

Maximize v

Subject to, X + &+ 3x,

X +3x, + 3x,

in +4x, + x,

Xy X3, Xy

where x,
The LPP for player B:

Minimize u

Subject to, BAr+dn

Yo+ 3y 4+ 4y

I #3149

Yo Xuly

where ¥

(o nf %<

= landg +gq,+¢q,=1.

1
= Hill.imi!l:;=:| Xy + Xy

=1

>0
- gmj=1,23.

Lutusmwmlvqthepmblmfnrpu}w B.
The standard form can be written as follows :

oy
Mumﬂz:;

Subject 1o, +y,+3y, + 1,
o+ +4y + 5,
ey 4+

Y ¥a ¥y

= RtRH+y+0.0+0s +0.4,

> 0, 1, 5,, £, slacks > 0.
i+ 5 &y

mm

@

L4

)



Iteration 1
g | 1 [ [ o [ o o|Min
Ca £ Soln. | », ¥y ¥ ¥, £ 5, | Ratio
o 1 1 ! 3 I o | o] 1
o L | | 3 |4 ]o ] 1 ]o]n
0 5, 1 3 3 | 0 0 1 s P
5 - ¢ -1 =1 -1 0 0 0
T
Iteration 2
¢, | ! | 0 0 0 | Min
€y Xy Soln. | ¥, ¥s Yy 5| 5, | s | Ratio
2_1
0 5 2N 0 o K] 1 0| -1 ~
0 5,5 23 0 2 1143 0 1 1-1a] 21 |-
1 ¥ 13 ! ! 13 0 o] 13 1
2 - & 0 0 =213 ] 0 13
T
Iteration 3
€ | 1 1 0 (1] 0 |Min
Cp Ty Soln, | W, ¥ ¥s 3 £ s, |Ratio
o [ s [2n] o |-1ent] 0 HEEL
| » 211 0 6/11 1 0 =
| " i | 911 0 0 |-111] 41
h==¢ 0 411 0 0 211 | Il
. 3 « 2 5 1
= ﬂh i — - adws = '.
A= AT Max. == T S y
= O e ”
original u -?—l—g‘unglmllv
: 2 s 3
Using duality, n =05 ﬁJ; "
- o | i A )
Now, g = y¥ :|—I~?‘—“E+ p=x.v=0
= & = X ¥ =£ .'!-!.- =£
g; =Y;u LN e B 15 s
3 112 D 1 | (1
gy o= eem . BERTINS S

Amzignment Model
Glame Theory
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1 o0 m
S " lo us s

*  This is an efficient algorithm for solving the assignment problem developed

by the Hungarian mathematician Konig. Here the optimal assignment is not
affected iflmﬂmti&aﬂdﬁdmm&mmdﬁummymwmmhmﬂ
the balanced assignment cost matrix.

When the objective of the assignment is o maximize, the problem is called
‘Max-type assignment problem’. This is solved by converting the profit
Matrix to an opportunity loss matrix by subtracting each element from the
highest element of the profit matrix. _

There are various types of routing problems which occurs in a network.
The most widely discussed problem is the ‘Travelling Salesman Problem
(TSP)'.

All situations in which at least one player can only act to maximize his
mi[iqﬂmﬁlmﬁcipﬂh:m:mmmmhhmﬁmbymemm
other players is called a game.
Amir.edmtegyisdcﬁnudhylsituﬁuninﬂrhichmmmufﬂtimil
taken with probability one.

If a payoff matrix has an entry that is simultaneously a maximum of row
minima and a minimum of column maxima, then this entry is called a
mmnmmmmmmhwm&mm
tfﬂmnmhunuddlepnintlhenthuvdu:nlhunmhu!hdthe
value of the game.
Ammmm:hlmingﬁchﬂmimmafﬂuphmm
dimﬂricaﬂyommadi.a.whtmplayammcmm When two
person play such game then iti:uﬂadtw-prru.umumr_
The linear prngmnmingmeﬂmdhun:dhmlviugnﬁndmmm
of dimensions greater than (2  2) size.

3.15 REVIEW QUESTIONS

Solve the following travelling salesman problems using branch and bound algorithm

1.

To
1 2 3 4
I o 10 6 4
. 8 = 5 8
From 3 7 5 o 2
4 4 10 . 2 =




To

2.

Assigrnment Modil
and

Game Theory

10

From

To

3.

"y

From

Player B
B2

{a)

Solve the following games :

B4

B3

\bn':'

L =] o ] Wi

=]~ 2 ! B

- e

- == E"‘l' Ll fad z

o =]~ Hle o |n 2o v

—

‘::* |~ wig 1 -
E Lap]
£ = 2= = =

—
= =

BI B2 B} B4 BS

(d)

|-
|

w |

- |

|

— (=]
I

(=] -

" 4

=

< 2

wmwm
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Deﬂnimﬂ:uhnnfnuﬂbnhﬂmﬁeﬂhwimm is determinable -

Bl B m .
All 2 a 3
A2| -3 2 b
Al 5 4
Dehmin:thevﬂunlamhmulhcﬂlwingpmﬁhdmhuhh:
Bl A2 B3
Al i 1 2
Al o -2 a
Al i a i
Sulwlhernlhiwn;mpumummpmu:
(a) Flayer B ([} Plsyer B
Bl B2 Bl B2
All 2 & Al -1 2
Player A Player A
Ulin;ﬂumlufordumimusuiuthefulluﬁngpm:
fa) Player B (h) Player B
1 1 m w I m
1 3 ¢ -3 1 I 3 B 2
A
A Bl 2 o 5| PywA g |8 3 7
m|-1 s 1 -4 7..2 .6
w |6 6 =4
(@ Bl B2 B3 B4 (e I U m w v
Al | -1 6 r 1 I |-3 3 2 =5 4
A2 2 1 5 B i3:-4 T ¢ 7
Adl2 o 3 L i T N
(e} Bl B2 B Bs Bs
Al o ST R T B
Al 4 ., 2 0 2 1
Al | 4 3 1 3 2
L I A I
) Bl B2 BY B4 BS
VT A e (N
A2 112 10 12 0 1
A3 |14 & § 14 16
: 2]




9. Use dominance property to reduce the game in 2 = 4 game and then

solve graphically
Player B
I in m 1w
1 4 L] 4 -1
PayerAll |0 2 -1 3
mi-a o <= 0

10. Solve the following games graphically :

Player B
| inm
i 3 3 5

Player A 11 & 2 7

{a)

(h) Bl
a2
A2 | &

(e} Bl
a2
A2 | 3
Ad L

B2 B B4
2 : |
3 2 [
82 id)
Al
; A2
5 Al
- Ad
AS
Af

Bl B
=0 o

3 5
-1 6

4 ]

2 ]
-3 0_

11. Solve the following games by linear programming :

(a)

(€)

(e}

Player B )
1 6

Al
4 -5 Plaver A
-5 3 A2
,_HIJ'IB_I (i)
R =3
3 Player A

1
0 2
. Pyl "
-1 2 1 i
L =3 Player A | -1
2 2 =3 7

Ammignment Model
and
Game Theory
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) Player B

12. Two competitive brands rely on advertising for securing a greater shares
of the market. They select three media: TV, Newspaper and Mobile
Phone. The expected change in their market shares depends on the type
of media chosen. Consider the following payoff matrix of brand A:

Brand B
v Newspaper  Mobile Phone
™| 3 -2 4
Brand A Newspaper | -1 4 2
Mobile Phone | 2 2 6

Find the optimal solution for both brands.

13.  An MNC has decided 1o establish a plant in either Singapore, Denmark
or India. The degree of competition in the next five years is not certain.
The company’s expected return will depend on whether this competition
is weak, mild or strong as shown in the following matrix:
Weak Mikd Strong \
Singapore | 16 13 4
Denmark 13 H 6
India I 2 £

If the company's managing board is conservative, where should they
decide to establish the plant 7

ANSWERS

l. 1-4-3-2-1,TD = 19 units,
2. 1-4-5-3-2-1,TD = 22 units.
3. 1-3-5-4-2-1md1-2-4=5=-3-1,TD= |6 units
4. (=) Saddle Point (A2, Bl), v= 3

(b) Saddle Point (A2, B2), v = |

(c) Saddle Point (A3, B1) and (A3, B4d), v = §

() Saddle Point (AY, B4), v= |1

§ 2<a<53<b<4 [Hint lgnore o and b to find saddle point]
6. @ =1 [Saddle point at (Al, B2))

Al A2 Bl B
o . 5"(u: uz]‘s"'[:u .m]’ N3

Al A2 Bl B2) s
G '[4” 3:1]‘5“[:;1 1) "7



onomoW
& @ S=lo 12 12 n]’s‘ [

(1
@) Sa=lass :ns n]’ (n 12 12

(Al A2 A3 |
(1/8 7/8 0
L]
0

I o om Iom
» s"'(:‘.ru 5/8 n}s"[u /4

(1 n m 1
10. (@) S,= ],s,‘—[:” iz s

(Al u} [I!I (RS '“}..=§.
2

(4/9 3/9 0

L2 172

L9714 0 5114

Al A2 A3 Ad A5
0 N8 0 2/5 0

L
>
[ ]

0 Sy ahe o) %

Sa

**-[ s ‘o (s .

B3 1
[5 :17]’5' [417 37 n} =7 R

1/2
A2 = Bl B B
.'HI 5/8 Sn 58 e 0

I nom
00 =

n!-'E

12

e
A T
Y Yoo

ﬂﬂl} 14

“to w212 0

(Al A2 A3 BI B 7
o el el B

54 91 i4

?} a"'[:*ls IT;]' ""I'it

I Y. 2
/14 :m} il

= (n
4 1/4 !ﬂ]]

-E ()

49 X9 11} 3

[ A2 A3 snﬁ[ﬂl B2 m],v--l-[llr}

5112 8$/12 V6

BI B B

Bl B2

5#""

A2 A3 |
{” = = m =[]
Sa [2:9 519 zm]‘ 5 [zm sr9 29f ' =9 40

AZ A3 B3
243 1/3 n}s"' 0 12 uz}"”m’

THNM T N M
13. ﬂhw[n 0 l}s.-[zfs 18 ﬂ} v=21

13. In India with an expected retum of 8.

Assignment Model
Game Theory
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CHAPTER 4 SEQUENCING PROBLEM AND
QUEUING THEORY

‘ “

4.1 Introduction

43 Types of Sequencing Problems

-43 Introduction

44 Important Terms Used in Queuing Theory

45 Types of Queuing Models

4.6 Single Channel Queuing Model {Arrival Poisson and Service Time Exponential)
4.7 Mult-Channel Queuing Model ( Arrival Poisson and Service Time Exponential)
4.8 Poisson Arrival and Erlang Distribution for Service

4.9 Summary
410 Review Questions

NOTES

SEQUENCING PROBLEM

4.1 INTRODUCTION

A sequence is the order in which different jobs are to be performed. When there is 2 choice
that a number of tasks can be performed in different orders, then the problem of sequencing
arises, Such situations are very ofien encountered by manufacturing units, overhauling of
equipments or aircraft engines, maintenance schedule of a large variety of equipment used
in & factory, customers in a bank or car servicing garage and so on. -

The basic concept behind sequencing is to use the available facilities in such & manner
that the cost (and time) is minimized. The sequencing theory has been developed o solve
difficult problems of using limited number of facilities in an optimal manner to get the best
| production and minimum costs,

Terms Commonly used -

I Job : These have to be sequenced, hence there should be a particular number of
jobs (groups of tasks to be performed) say n to be processed.

2. Machine : Jobs have to be performed or processed on machines. It is a facility
which has some processing capability,

3. Loading : Assigning of jobs to facilities and committing of facilities to jobs without
specifying the time and sequence.

4. Scheduling : When the time and sequence of performing the job is specified, it is
called scheduling.

“"\-._
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10.

11.

12

Sequencing : Sequencing of operations refers fo a systematic procedure of
dntmmnmglbcnrdwmwhmhnmarpbswmhepmcmndmnd:ﬂmtc
number, suy k, facilities or machines.

Processing Time : Every operation that is required 1o be performed requires definite
amount of time at each facility or machine when processing time is definite and
certain, scheduling is easier as compared Lo the situation in which it is not known.
Total Elapsed Time : It is the time that lapses between the starting of first job and
the completion of the last one.

Idle Time : The time for which the facilities or machine are not utilized dunng the
total elapsed time.

Technological Order : It is the order which must be followed for completing a
job. The requirement of the job dictates in which order various operations have 1o
be performed, for example, painting cannot be done before welding.
Passing not Allowed : If ‘n’ jobs have to be processed through ‘m’ machines in
a particular order of M, , M, , M, then each job will go to machine M, first and
then to M, and finally to M. This order cannot be passed.

Static Arrival Pattern : [f all the jobs to be done are received at the facilities

simultaneously.
Dynamic Arrival Pattern : Here the jobs keep armiving continuously.

Assumptions
In sequencing problems, the following assumptions are made :

(0
(i
(i)

(iv)
()

. (v}
(vi)

All machines can process only one job at a time.

No time is wasted in shifting a job from one machine to other.

Processing time of job on a machine has no relation with the order in which the
job is processed.

All machines have different capability and capacity.

All jobs are ready for processing.

Each job when put on the machine is completed.

All jobs are processed in specified order as soon as possible.

4.2 TYPES OF SEQUENCING PROBLEMS

The following types of sequencing problems will be discussed in this chapter :

1a)
(b)
(c)
(d)

n jobs one maching case
n jobs two machines case
n jobs ‘m' machine case
Two jobs ‘m' machines case.

The solution of these problems depends on many factors such s :

(a)
(14
()

The number of jobs to be scheduled
The number of machines in the machine shop
Type of manufacturing facility (slow shop or fast shop)

Sequencing Problem
Q?ruiu; Theory

NOTES
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(d) Manner in which jobs arrive at the facility (static or dynamic)

(¢) Cnterion by which scheduling aliernatives are to be evaluated,
Aslb:uunbuufjnhs{a]mdﬂummhﬂnfmchigu{n}mmw
problems become more complex. In fact, no exact or optimal solutions exist for sequencing
mmﬁmwnmﬂgsmmmmi&.mmmummﬂ
life scheduling problems.
n~Jobs One Machine Case
This case of a number of jobs to be processed on one facility is very common in real life
situations. The number of cars to be serviced in a garage, number of engines to be overhauled
in one workshop, number of patients to be treated by one doctor, number of different jobs to
bcmudﬁnndmnlﬁhqm..mmemuwhkhmhuuhdhymhmﬂmmﬂhudmh
study. Inall such cases we are all used to ‘first come first served” principle 1o give sense of
satisfaction and justice to the waiting jobs. But if this is not the consideration, it is possible
to get more favourable results in the interest of effectiveness and efficiency. The following
assumptions are applicable :

(@) The job shop is static.

(#) Processing time of the job is known.

The implication of the above assumption that job shop is static will mean that new job
arrivals do not disturb the processing of # jobs already being processed and the new job
arrivals wail to be attended to in next batch.

Shortest Processing Time (SPT) Rule

Thismlemﬂ:ﬂthamuqunﬂinmhnwnrﬂmrhcjobwimhﬂm;
time is picked up first, followed by the job with the next Smallest Processing Time (SPT)
and so on. This is referred to as shortest processing time sequencing. However, when the
importance of the jobs to be performed varies, a different rule called Weight-Scheduling
(Weight Scheduling Process Time) rule is used. Weights are allotted to jobs, greater weight
meaning more important job. Let W, be the weight allotted, By dividing the processing time
by the weight factor, the tendency to move important job to an cartier position in the order
is achieved.

Wi/,
"M:@umdi'vlv::mIu:lvwTu:llr:.i’lu"!'.-[FT']-E -
Zw
where Ji =flow ume of job 1=W,+y,
t, = processing time of job |

WSFTruI.cl'utmnmm; Weighted Mean-Flow Time (WMFT) puuujuhsmnmqumcc
such that

A 2, )

Wi~ w2 Win]
The numbers in brackets above define the position of the jobs in the optimal sequence.



Example 1. Cmﬂvmﬂjohﬁ:ﬁmingﬂm.dwﬂmmﬁmpmmwjgﬁu Sequencing Problem
as shown below. and

# jobs one machine case data Quening Theary
Task Processing | Due Date Importance L NOTES
@ Time(t) | (4) | Weight(W) | W
| 3 15 | 50
2 5 10 2 4.0
i 6 15 i 20
4 3 25 1 30
5 10 20 2 50
6 14 40 3 a7
7 T 45 2 ET
R 3} 50 1 30

Solution. From processing time 1, in the table the SPT sequence is 4-8-1-3-7-2-5-6
resulting in completion of these jobs at times 3, 6, 14, 20, 27, 36, 46, 60 respectively.

MFT = 3+ 6+14+20+27+36+46+60 _ 56 5 pours

8
Job 4
l-.
Job 8
7 +——
o

1
}

[ &

i

|

Job 7

R

No. of Jobs Working as in-processing inventory
W
&
g

1 6 14 0 ) 36 46 L
Flow Time of Jobs —————*
Fig. 4.1

The sequence is shown graphically above from which the number of tasks waiting as in-
process inventory is seen to be smu-s.7m3-a,sm;ﬁ44,5m14—zu.
4@%1?,3@2?—3&1%53“&@@&&@%. Thus, the average
inventory is given by
E x4+ Tx3+6x8+5x6+4xT+Ix942xl0+1x]14
Average inventory = —— &0

244 21+48430+28+27+20+14 _ 212
= ====353j
80 0 3.53 jobs
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Weight Scheduling Process Time
If the important weights W, were to be cansidered the WSPT could be used to minimize the
Weighted Mean Flow Time (WMFT) to yield the sequence 3-4-8-2-7-6-5-1_ This results
by first choosing job with minimum I;L in the table. The respective flow time of jobs in
this sequence are 6,9, 12,21, 28, 42, 52, 58, Mean flow time is hours

WMFT = 634951+ 12%1421%x3+28 X2 +42x 34 52 % 24 58]

J41+143424342 4]
= IB4+9+12+463+56+126+104 + 58 2 M6 _ 2785 hours

——

16 16
Example 2. Eightjobs A B, C. D E.F. GWHMwﬂrmmmbepmmfmfmuw:
machine, Find out the optimal job sequence, when their operation time is give in the table below.
Job (n) Operation Time in Minutes
16
2

1o

TSmOl s

L]
"
4
2
|

MmemmWhjuhmuwmnmmm
operation time as follows :
Non-decreasing operation time sequence isH -G — F = E—D — C - B— A
Total processing time

H=1

G=|+2=3

Fel+2+4=7

E=142+4+7=14

D=1+2+4+7+8=22

C=1+2+4+7+8+10=32

B=1+2+4+7+8+10+12=44

A=1+2+4+T7+8+10+12+16=60
Average processing time = Total time/number of jobs = 183/8 = 23 minutes
tncueﬂujnbsmmmﬂwmduuﬁhnirmmua.A~+B—LC+:-D—>£—5F
=G =+ H the total processing time would have been as follows *

A=]6

B=16+12=28%



« C=16+12+10=38
D=16+12+10+8=46
E=16+12+10+8+7=53
F=16412+10+8+7+4=57
G=16+12+10+8+7+4+2=59
H=16+12+10+8+7+4+2+1=60
Average processing time = 357/8 = 44-6, which 1s much more than the previous time.

Priority Sequencing Rules
The following priority sequencing rules are generally followed in production/service system :

1. First Come First Served (FCFS) : As explained earlier, it is followed to avoid
any heart bums and avoidable controversies.

2. Earliest Due Date (EDD) : In this rule, top priority is allotted to the waiting job,
which has the carliest due/delivery date. In this case the order of armval of the job
and processing time it takes is ignored.

3. Least Slack Rule (LS) : It gives top priority to the waiting job whose slack time
is the least. Slack time is the difference between the length of time remaining until
the job is due and the length of its operation time.

4. Average Number of Jobs in the System : It is defined as the average number of
jobs remaining in the system (waiting or being processed) from the beginning of
sequence through the time when the last job is finished.

5. Average Job Lateness : Jobs lateness is defined as the difference between the
actual completion time of the job and its due date. Ayerage job lateness is sum of
lateness of all jobs divided by the number of jobs in the system. This is also called
Average Job Terdiness.

6. Average Earliness of Jobs : If a job is completed before its due date, the lateness
value is negative and the magnitude is referred as carliness of job. Mean carliness of
the job is the sum of earliness of all jobs divided by the number of jobs in the system.

7. Number of Tardy Jobs : It is the number of jobs which are completed after the
due date.

Sequencing n Jobs through Two Machines
The sequencing algorithm for this case was developed by Johnson and is called Jolnson s
Algorithm, In this situation # jobs must be processed through machines M; and M,, The
processing time of all the n jobs on M, and M, is known and it is required to find the
sequence, which minimizes the time to complete all the jobs.
Johnson's algorithm 15 based on the following assumptions :
(f) There are only two machines and the processing of all the jobs is done on both the
machines in the same order, i.e., first on M, and then on M, .
(if) All jobs arrive at the same time (static arrival pattern) have no prionty for job
completion.
Johnson's algorithm involves following steps :
1. List operation time for each job on machine M, and M.
2. Select the shortest operation or processing time in the above list.

Sequencing Problem
Quening Theory
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B“memnmmm:nm M,, place the corresponding job first in the
sequence. If it is on M, , place the corresponding job last in the sequence. In case
of tie in shortest processing time, it can be broken arbitrarily.

4. mmmwmmmmwummfml

5. Repeat steps 2 and 3 until all the jobs are sequenced.

Example 3. Six jobs are to be sequenced, which require processing on two machines M, and
M. The processing time in minutes for each of the six jobs on machines M, and M, is given
below. All the jobs have to be processed in sequence M, M. Determine the optimum sequence
Jor processing the jobs so that the total time of all the jobs &s minimum. Use Johnson's algoridhm,

Johs 1 2 3 4 5 6
Time Machine M, |45 | 15 | 40 | 25 | 30 | 70

Salution. i
Swl.%ﬂmﬁmaupmuhgﬁm[mmhjob:mu. and M, is provided in
the question.-
ﬂqummm&uhliﬁrthunH,.
mm&hﬂﬂmm&wi&muyjuhihuu&hphuuﬂmr

2

&qu..WerﬁindﬁMmhmm;ﬁm:nfmﬂjuth
mmmmtmmmmu,kmmsmnﬁ
on My, it is to be placed first as follows :

4 2

ﬁemmmmmh}ﬂm'ﬂmfujﬂhim!ﬂ,m&]wl
on M,. So, job 5 will be placed at the end. Job | will be sequenced carlier as
shown below.

4 1 5 2

Thcunminhnmmuﬁngﬁmﬂﬂuﬁnmfﬁrjubimuhhmil
is sequenced as follows :

4 1 3 L] z

luhﬁhulubeuqummdinlheppurvmlw:.ﬂ:mnmlm
sequencing of the jobs is as follows.

4 ! 6 3 5 2

mmm&mmmmmlmmzmhm“m
the help of a Gantt€hart as shown below.




mmmmmwzﬁmﬁum.mmlmmujwmumwm
ﬁuﬂrbﬁu!ﬂnﬁnﬂnhﬁmj&ihmﬁnﬁmm
jubl.'fhmuﬁhmindurmi = 250 - 307250 = 88% und M, = 250 - 25/250 = 9%

Example 4. Jmmhswﬂhmmmm_ﬂ,wjﬁ
The processing time for each of the jobs on M, and M is given below. Decide the optimal

A A

n 45

90 95 165 205

35

250

NI

Fy//;{m

20

5 155 190

|I.LlJtll._Ij.I.l
1I‘l||ll1||¥l
0 29 40 &0 50 100 120 140 160 180 200 220 240 260

i

Time (Minutes) ———#

Machine working
Machine idle

Fig. 42

sequence of processing of the johs in order fo minimize total time.

mmmmﬁgwﬂlmu,hpﬁdmhﬁuhwn

Tolbows ;

Next is job 3 with

Jah Nao. Processing Time
M, M,
i B L]
2 12
3 5 11
4 3 9
s 6 4

cre 6 and finishi

E!

time 5 and M, , hence job 3 will be sequenced as

4

3

Next minimum time is for jobs 1 on M, this will be sequenced last.

Queuing Theory
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| Now, job 2 will be sequenced in the vacant space.
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I 1

Aﬂuﬂhnhuﬁu;jobai,lmdi.lbnmlwithmiuﬁnmﬁmhjnbimhl,nuitwil.lbe
placed as '

4 8" 3 I

4 : 5 2 I

n Jobs 3 Machines Case
Idmsm'sllgafﬂnnwhhhﬂhne}utq:piidmbeuimdedmdmﬂemuﬁnuiubs
3mdﬁmcue,ifﬂufolhwingmndiiumhu4dgmd:

(a) Muhmpmmiqﬁuﬁrajobmmchinembmﬂmmqmlm

mthmingﬂmfurthmn:jnb,
ar

(h) Mhmmmm:johmmhhuﬂihmmmmqmm

mhmmmhngﬁmﬁrljnbmnmlﬁmhl;.
The following assumptions are made -

(a) Emyjobhﬁmaedmﬂllb:ﬂuumdﬁnah!hm;de,inthnmmurd:r.

ie., Ihejubiuﬁrdpmcmdmhl,ihmm?d:mdihmmﬂ;,

(b) The passing of jobs is not permitied,

(€) 'P:mmgﬁlmfnrmhjnbnqthemuhiuhd,,mzmdhi,mtmm
mmmmmmmymmm,fmu;mmmmm.mu
lhnmﬁngﬁn:n[}uhmthuemuhi:mmhulmhhdu
Processing time of jobs an M,” = Processing time (M, + M,)
Pmngtﬁneofajobsunhl,'=ﬁmmngﬁm{hlz+hm Y
Aﬂ:rthi:]nlmm's:lguﬁlﬁmiﬂpplhdunh[t'mdhl{hﬁndmmenpﬁnulnqumch:;
of jobs.

Example 5. In a manufacturing process three operations have to be performed on machines
M, M, and M; in order My, M; and M, . Find out the optimum sequencing when the
processing time for four jobs on three machines is as follows -

Job M, M, M,
13
14

1 8
2 &
3 5 4 9
4 L}

Solution.

mtmmmmm;mrmjubznuu,>mmmm
ﬁ:jnhzmuz.hhm'ulguﬂhmmbupplhdmmhpmﬁm




Step 11. Let us combine the processing time of M, and M, and M, to form two dummy Mﬂfdm

machines M," and My". This is shown matrix below. Quesing Thewry
Job M, M, s
i HG+8) | 218+13)
2 18(1246) | 20(6+14)
3 9(5+4) | 13(4+9)
4 8(246) | 18(6+12)

Step 111 Apply Johnson’s algorithm. Minimum time of 8 occurs for job 4 on M, hence
it is sequenced first.

4 3 | B

The next minimum time is for job 3 on M,’ so it is sequenced next to job 4.
Next is job | and so on. So the optimal sequencing is

4 3 1 2 '

Example 6. Four Jobs I, 2, 3 and 4 are to be processed on each of the five machines
H;.H,H,.H,md”,iﬂﬂwﬂ!ﬂﬂrlﬂ,ﬂ}H,H,MH_;.ﬂlmwmmlm 4
ahpddﬁﬂﬂmm&ﬁgqﬂhdhwddhnﬁndwn\rﬂkﬁmdmiqﬂkmﬂm. \
Processing time are given in the matrix below.

Job donace
M, M, M, M, M,
1 8 4 6 3 9 l
2 7 6 4 5 10
3 [ 5 3 i
4 9 2 1 4
Solution.
Step 1. Find out if the condition minimum ¢, 2 maximum b, ¢, and d, is satisfied
Machines
Job -
M, M, M, M, My
1 8 4 fi i 9
! 7 L 4 5 10
3 [ 5 ] 2 ]
4 ] 2 1 4 L
Minimum 6 | Maximum 6 | Maximum 6 Maximum 35 | Minimum 6

This condition is satisfied hence we can convert the problem mto four jobs and two fictitious
machines M, and M,". -

M =a+b+eed, Mi=bh+ged+e
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Step 1L

Job My’ M,

1 A(B+4+6+3) 2(4+6+3+9)
! LT+6+4+5) Be+4+5+10)
3 66+5+3+2) 18(5+3+2+8§)
4 16(2+2+1+4) 13(241+4+6)

Step 111, The optimal sequence can be determified as minimum of processing time of 13

occurs on M," for job 4 it will be processed last. Next minimum time is for
job 3 on machine M,” so it will be processed earliest. Next shortest time is for
machine 1 on M/, so it will be sequenced next to job 3 and so on.

i l 2 4
Step IV. Totl time can be calculated with the help of the matrix shown below.
i v, M, M, M, M,

In |Out [In [Owt (1o |Out [In [Owt |0 | Out
I 8 |8 |2 |12 [ [ |20 [21 | 30
2 B 15 15 21 21 25 ¥ 30 30 40
3 fas |20 |21t [26 |26 [29 [ [32 |40 |4
4 |21 [30 |30 [32 |30 [ 31 [32 [ |4 | s

Hence total mntumnalnpwd time is S1.

Idle time for machines M, = 24 hours

M;=344422=29
M’53+t+ l+23=18
M,=4%18=22

Two Jobs ‘m' Machines Case

Two axis to represent job | and 2 are drawn t right angles to each other, Same scale
is used for X and Y-axes. X-axis represents the processing time and sequence of
johlaud‘(-ni:npmulhcprmingﬁm:mquumnfjubl The
processing time on machines are laid out in the technological order of the problem.
The area which represents processing times of jobs 1 and 2 and is common to both
the jobs is shaded. As processing of both the jobs on it machine is not feasible, the
shaded area represents the unfeasible region in the graph.

Thummhunfbmhﬂmjubulmd!mrqnmmdhy:mﬁnuﬂpuhlﬁich
consists of horizontal, vertical and 45 degree diagonal region. The path starts at
the lower left corner and stops at upper right comer and the shaded area is avoided.
Thepiﬂlhnmdlnwndhmﬂmughmdadmwmchuhmughtminmp
I represents both the jobs being processed simultancously on the same machine,
Mywrﬁulmmmmmhﬂytjnbli:hmaﬁjoblhwiﬁngmhe
processed. Horizontal movement along the path indicates that job 1 is in progress and



job 2 is idle waiting to be processed. The diagonal movement of the path indicates
that both the jobs are being processed on different machines simultaneously.
4. A feasible path maximizes the diagonal movement minimizes the total processing

time. .
5, Minimum elapsed time for any job = processing time of the job + idle time of the same
job.

Example 7. The operation time of two jobs 1 and 2 on 5 machines M, My, My, M, and M;
is given in the following table. Find out the optimum sequence in which the jobs should be
processed so that the total time used is minimum. The technological order af use of machine
for job 1is My, My My, M, and M for job 2 is My, My, My My and M,

Time Hours
Job M, M. M, M, M,
| 1 2 3 5 |
Job M, M, M, M, My
2 3 4 2 Ly 3

MMIWMZMWM,J&IMMIMMM;,M!
preceeds job | on machine M, job | preceeds job 2 on M, and job 2 preceeds job | on M.
mmimwpmdngﬁumfmjobslmdl.wmiugmmphlﬁdhm
for Job 1 =12+ 3 = 15 houss. _

Total processing time for job 2 + idle time for job 2 = 15+ 0= 15 hours.

.

| |
§

M, :”f " | |
iary mmmnn
-;0__}5.=%//4LL,:e!
r-mf'.l".' n: j' lu,i ;': : smg : '1:"_‘-;2
Fig. 4.3
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Example 8. Use geographical method to minimize time added 1o process the following
Jobs on the machines shown, La.ﬁraﬂmﬂuﬁdﬂe}u&wﬁk&ﬂmﬂ&uﬁmﬁm
Ammmwmwmmwmmm :

A B C D

E

Job 1 Sequence Time
i 3 4 2 (] 2
C A i} E

Job 2 Sequence Time
5 ] 3 2 &

Solution. mmwmmwmumwmﬂumum
dhmﬁtlhndedminflb:nuﬂq;mdwdmbumidad_

The path that minimizes the idle time for Job | is an optimal path. Also the ideal (optimal)
Mﬂmuﬂﬁnﬁﬁmduidhﬂmnﬁuhhlﬁrwmﬁgmt&ehmdlm“luwm
add the idle time for either of the two jobs to that time which is taken for processing of that
Job. It can be seen that idle time for the chosen path for Job 1 is 5 hours and for Job 2 it is
2 hours, the elapsed time can be calculated as

" | Processing time for Job | + idle time for Job | = 17 + (2 + 3) = 22 hours

Pmuinglimtfnrlnh2+idhﬁtuﬁur.lnh2=20+2=ﬂm

b I | =
ca 5 ;L/V////////Jj S

"
ES

|

I

L]
i
L

}
|z3¢sn'.rnnmuuuuuu.n‘us
e s b —————
A B grir D E
lob| ————»
Fig. 44



QUEUING THEORY

4.3 INTRODUCTION

Quening theory has becn used for many real life applications to a great advantage. Itis so

because many problems of business and industry can be assumed/simulated to be armval-

departure or queuing problems. In any practical life situstions, it is not possible to accurately

determine the arrival and departure of customers when the number and types of facilities as

also the requirements of the customers are not known. Queuing theory techniques, in particular,

can help us 1o determine suitable number and type of service facilities to be provided to

different types of customers. Queuing theory techniques can be applied to problems such as :

(@) Planning, scheduling and sequencing of parts and components to assembly lines
in a mass production system.

(b) Scheduling of workstations and machines performing different operations in mass
production.

(¢) Scheduling and dispatch of war material of special nature based on operational
needs.

(d) Scheduling of service facilities in a repair and maintenance workshop.

(¢) Scheduling of overhaul of used engines and other assemblies of aircrafts, missile
systems, transport fleet, etc.

() Scheduling of limited transport fleet to a large number of users.

(g) Scheduling of landing and take-off from sirports with heavy duty of air traffic and
Timited facilities.

(k) Decision of replacement of plant, machinery, special maintenance tools and other
equipment based on different criteria.

Special benefit which this technique enjoys in solving problems such as above are :

(i) Queuing theory attempts to solve problems based on a scientific understanding of
mmmmmmgmmwmﬂmmammmnﬁummmmm
and waiting time is reduced to minimum possible.

(i) Waiting time (or queuing) theory models can recommend amival of customers
to be serviced, setting up of workstations, requirement of manpower, eic., based
on probability theory. -

Limitation of Queuing Theory

Though queuing theory provides us a scieritific method of understanding the queues and
solving such problems. the theory has certain limitations which must be understood while
using the technique, some of these are :

(@) Mathematical distributions, which we assume while solving queuing theory
problems, are only a close approximation of the behaviour of customers, time
between their arrival and service time required by each customer.

(5) Most of the real life queuing problems are complex situation and are very difficult
to use the queuing theory technique, even then uncertainty will remain.

(¢} Many situations in industry and service are multi-channel queing problems. When a
customer has been attended to and the service provided, it may still have to get some

Sequencing Problem
Quening Theory

NOTES
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other service from another service point and may have to fall in quese once again. Here

-+ the departure of one channel queue becomes the arrival of the other channel queue.

In such situations, the problem becomes still more difficult to analyse.

~ (d) Queuing model may not be the ideal method to solve certain very difficult and

i

«complex problems and one may have to resort to other techniques like Monte-Carlo
simulation method.

| 44 IMPORTANT TERMS USED IN QUEUING THEORY

142 Belf-Instructiona! Magteral

Following are some important terms used in queuing theory -

Arrival Pattern : Tt is the pattern of the arrival of a customer to be serviced. The
pattern may be regular or at random. Regular interval amival patterns are rare, in
most of the cases, arrival of the customers cannot be predicted. Regular pattern of
arrival of customers follows Poisson’s distribution.
Poisson’s Distribution : It is discrete probability distribution which is used 10
determine the number of customers in a particular time. It involves allotting probability
of occurrence of the arrival of & customer. Greek letter L (lamda) is used to denote
mean arrival rate. A special feature of the Potsson's distribution is that its mean is
equal to the variance. It can be represented with the notation as explained below.
P(n) = Probability of » amivals (customers)
4 = Mean ammival rate
2 = Constant = 2.71828

-1 -
P(n) = )
n

yWhere n=0,112, ...

Notation |_ or : is called the factorial and it means that
In orm!=n(n-1)(n-2)(#-3) o2, |

Poisson’s distribution tables for different values of n is available and can be used
for solving problems where Poisson’s distribution is used. However, it has certain
limitations because of which its use is restricted. It assumes that arrivals are random
and independent of all other variables or parameters. Such can never be the case.

Exponential Distribution : This is based on the probability of completion of a
service and is the most commonly used distribution in queuing theory. In queuing
theory, our effort is to minimize the total cost of queue and it includes cost of
waiting and cost of providing service. A queue model is prepared by taking different
variables into consideration. In this distribution system, no maximization or
minimization is attempted. Queve models with different altematives are considered
and the most suitable for a particular is attempted. Queue models with different
alternatives are considered and the most suitable for a particular sitwstion is selected.
Service Pattern : We have seen that arrival pattern is random and poissons
distnbution can be used for use in queue model. Service pattern are assumed to be
exponential for purpose of avoiding complex mathematical problem.
Channels : A service system has a number of facilities positioned in a suitable
manner. These could be
{u] Single channel single phase system : This is very simple system where all the
customers wait in & single line in front of » single service facility and depart




after service is provided. In a shop if there is only one person to attend 10 & Sequencing Problem

customer, is an example of the system. Mfmu
= [ > [
Adtiving lm" Facality Clusimer NOTES
Nt Queve o Waiting Line P Ohtpwit
Fig. 4.5

(h) Service in series : Here the input gets serviced at one service station and then
mioves to second and or third and so on before going out. This is the case when
a raw material input has to undergo a number of operations like cutting, tuming
dnilling etc.

el = il bd i I all g e

Fig. 4.6

() Multi-parallel facitity with a single queue : Here the service can be provided at &
number of points to one queue. This happens when in a grocery store, there are
3 persons servicing the same queue of a service station having more than one
facility of washing cars. This is shown in Fig. 4.7,

Fcilty | t::>
! -

m"‘:D' iy 2] > Cuonn
M Facliy 3 | = >

Fig. 4.7

(d)  Multiple parallel facilities with muitiple queue : Here there are a number of
queues and separate facility to service each queue. Booking of tickets at raiway
stations, bus stands, elc., is a good example of this. This is shown in Fig. 4.8,

i
ey Facility | IZD

2 Departure of
. VL :> Facilty 2 |_—_‘> Served
. Customers
ey Faclty3 | [ >

Fig. 4.8

6. Service Time : Service time, ¢ , the time taken by the customer when the facility
is dedicated to it for serving depends upon the requirement of the customer and
what needs to be done as assessed by the facility provider. The arrival pattem is
random so also is the service time required by different customers. For the sake
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10.

13.

14.

(E)=E,- 1.

of simplicity the time required by all the customers is considered constant under
mwmmlrmwﬂwﬁmummmm
Distribution is applied to the queuing model.

 Erlang Distribution : It has been assumed in the queuing process we have seen

Mm&nﬂmmlmﬂmmmwmdﬁsmmh
Mmmmmﬂ{ﬁm}hmlmhmm.mwﬁm
makes the use of the exponential distribution simple. However, in cases where o
and mean are not equal, Erlang distribition developed by AK Erlang is used. In
this method, the service time is divided into number of phases assuming that total
service can be provided by different phases of service. It is assumed that service
time of cach phase follows the exponential distribution, i.e., @ = mean.
Tﬂlﬂchteldtylrﬂmlm:misiﬂhnmufuwhiuhﬂumim
facility is utilised by the components.

If & = mean arrival rate and

(Mue) p = Mean service rate, then utilisation rate (p) = A/ it can be easily seen
from the equation that p > 1 when amival rate is more than the service rate and new
arrivals will keep increasing the queve. p < | means that service rate is more than
the arrival memdlh:miﬁugﬁmewillknpmdmingnutupshrrming. This
15 true from the commonsense,

Idle Rate + This is the rate st which the service facility remains unutilised and is
lying idle.

Idle rate = | —utilisation rate = | - p= (I-E] x total service facility = .[I-EJKE,
Expected Number of Customers in the System : This is the number of

mmmmmplmth:mmbuahmmbcingmﬂadmdbdmﬂby
L
E =

(h-4)

Expected Number of Customers in Quene (Average queue length) : This is the

number of expected customers minus the mnnhubeimmvimdmdiudnmdbyEr
=R E

(H=R) B p(u-3)

Expected Time spent bycmmhqm:nulheﬁmnmaucmmspmds
wliﬁnginmplmﬂ:ﬂimeitukq for servicing the customer and is denoted by E,

Eq-E: n-

A
E=B_ Q-0 _ 1
A A (h=4)

Expected waiting Time in queue : It 15 known that E, = expected waiting time in
queue + expected service time, therefore expected waiting time in queue

I

Average Length of Non-¢ Quese:E=_#0 _ 1 1 A
s G ’ B-2) (=-A) u Au-2)



15.

16.

17.

18.

Probability that customer wait Is zero : It means that the customer 15 attended
to for servicing at the point of arrival and the customer does not wait at all. This

depends upon the utilization rate of the service or idle te of the system, py = 0

persons waiting in the queue = |- and the probability of 1, 2, 3, .., n persons
M

waiting in the queue will be given by

vl enl ol

Queuing Discipline : All the customers get into & queue on ammival and are then
serviced. The order in which the customer is selected for servicing is known as
qmmmipﬁmhnmmuafmmmmdwulmthcmmhe
served. Some of these are :

(a) First in First Served (FIFS) : This is the most commonly used method and the
customers are served in the order of their arrival. §

(b) Last in First Sewved (LIFS) : This is rarely used as it will create controversics
and ego problems amongst the customers. Any one who comes first expects to
be served first. 1t is used in store management, whete it is convenient to issue
the store last received and is called Last In First Out (LIFO).

(¢) Service in Priority (SIP) : The priority in servicing is allotted based on the
special requirement of a customer like a doctor may attend 10 a serious patient
out of turn, so may be the case with a vital machine which has broken down.
In such cases the customer being serviced may be put on hold and the priority
customer attended to or the priority may be on hold and the prionty customer
waits till the servicing of the customer already being serviced is over.

Customer Behaviour : Different types of customers behave in different manner
while they are waiting in queue, some of the patterns of behaviour are ;

(@) Collusion : Some customers who do not want to wait they make one customer
a5 their representative and he represents a group of customers. Now only the
representative waits in queue and not all members of the group.

(b) Balking : When 2 customer does not wait 10 join the queue st the correct place
which he warrants because of his arrival. They want to jump the queve and
move ahead of others to reduce their waiting time in the queuc. This behaviour
is called balking.

(€) Juh;w:ﬁhhthcprmnfnmnmlﬁﬁngmrmcwhﬁh:hd
juhndnﬂpumdjdns‘mmmmgundmufhdngumdmﬁa
because the new queue has lesser customers ahead of him.

(d) W:Mnmdmmmhummmtwﬁw:m
time or they do not have the patience to wait, they leave the queue without being
served.

Queuing Cost Behaviour : The total cost a service provider system incurs is the sum
of cost of providing the services and the cost of waiting of the customers. Suppose
the garage owner wants to install another car washing facility so that the waiting
time of the customer is reduced. He has t0 manage a suitable compromise in his
best interest. If the cost of adding another facility is more than offset by reducing

Sqmm
Queuing Theory
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m:mmgmmmmmmuu&ﬁmﬂym
it. The relationship between these two costs uabnwubdmw

Total Cost
Castof
of Servive / Providing
I Servige

Coat of
Woitizg
Servioe Level _'\_.-—4

| Walting Time/Level of Service ——s
Fig. 4.9

4.5 TYPES OF QUEUING MODELS

Different types of models are in use. The three possible types of categories are -

(a) Deterministic model : Where the armval and service rates are known. This is rarely
used 5 it is not a practical model.

(b)  Probabilistic model : Here both the patameters, { e, the arrival rabe as also the service
rate are unknown and are assumed random in nature. Probability distribution, /¢,
Poissons, Exponential or Erlang distributions are used.

(¢) Mixed model : Where one of the parameters out of the two is known and the other
is unknown.

4.6 SINGLE CHANNEL QUEUING MODEL (ARRIVAL —
POISSON AND SERVICE TIME EXPONENTIAL)

This is the simplest queuing model and is commonly used. It makes the following
assumptions - _
(@) Amiving customers are served on First Come First Serve (FCFS) basis.

(6) There is no Balking or Reneging. All the customers wail the queue to be mni.
no one jumps the queue and no one leaves it.

(€) Amival rate is constant and does not change with time.

(d) New customers arrival is independent of the earlier arrivals.

(e) Arrivals are not of infinite population and follow Poisson’s distribution.
(f) Rate of serving is known.

() mmmﬁmmmmmmmﬁwafm
other.




(h) Service time can be described by negative exponential probability distribution.
() Average service rate is higher than the average arrival rate and over a period of
. time the queue keeps reducing.

Example 9. Assume a single channel service system of a library in a school. From past
ﬂptmnishmﬁmmmwmhwﬂwmﬁrmqﬂhbwh
at an average rate of |0 per hour. Determine the following :

(@) Probability of the assistant librarian being idle.
(b) Probability that there are at least 3 students in system,
(c) Expected time that a student is in queue.
Solution.
{a) Probability that server is idle = [5][1-E]inlhhm:mphl-l.u-lﬂ
p
8 B
: T [l-ﬁ) = 16% = 016.

(b) Probability that at least 3 students are in the system

Ry 0y
SHRE GRS
(¢) Expected time that a students 15 in queue
e T
plp=4) (10x2)
wll&%k@mmw“Mﬂmmmmjmﬁum
10 minutes on an average. The cashier can serve at the rate of one customer per minute. Assume
Poisson s distribution for arrival and exponential distribution for service patterns. Determine
(a) Average number of customers in the system;
(b)  Average queue length; .
(c) Average time a customer spends in the system.

Solution. Amival rate = l—sﬁnmumﬂ's‘mm

Service rate i = | customer/minute

3.2 hours.

(b) Average queue length

E,= A = (08 =3x2
pip=h) 1x02
() Average time a customer spends in the queue
_ A _ 08
&= Ta-0 1x02

= 4 minules.
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Quantitative Techniques  Example 11. Arrival rate of telephone calls at telephone booth are according to Poisson
distribution, with an average time of 12 minutes between two consecutive calls arrival. The
length of telephone calls is assumed to be exponentially distribwted with mean 4 minutes.

N (@) Determine the probability that person arriving at the booth will have to wait,

(b) Find the average quewe length that is formed from time to time. :

(c) The telephone company will install second booth when convineed that an arrival
would expect to have 1o wait at least 5 minutes for the phone. Find the increase in
flows of arrivals which will justify a second booth.

(d) What is the probability that an arrival will have to wait for more than 15 minutes
before the phone is free? )
fe) Find the fraction of a day that the phone will be in use.
Solution. Arrival rate A = 1/12 mimute

Service mte y = 1/4 minute.

l
(@) Probability that a person will have to wait = %=111=—I-x4= =033
4

; SR GF L Soa TR
(b) Average queue length = E, Hfﬂi‘ll-l[_* ]“xuz—lpmnn.

() Average waiting time in the queue E, = — M oA
| Hit=d) 1)
4

S'E-J—— 4?—=[—s-+]]1.f
I[l’ 1]' 16 14
a2 '
414
5 4 5§ .
11 EHE-E armivals/'minuile
. - 5 .M i n
Increase in fow of arrivals E’EW&”‘"“"
(d) Probability of waiting time > 15 minutes,
|
r i,u-un,l_l,fﬁ‘i'l”glf‘# 21
W 1 3= 8

4
() qur.d-ymmwmumm-$=u,sl.

Example 12. An electricity bill receiving window in a small town has only ome cashier
who handles and issues receipts to the customers. He takes on an average 5 minutes per
customer. IIMMMMMMHEFWMMIMHHMWMHMMMM
but on an average 8 persons come per hour. The management receives a lot of complaints
regarding customers waiting for long in queue and so decided to find out.
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(a) What is the average length of quene?
(b) What time on an average, the cashier is idle?
(c) What is the average time for which a person has to wait to pay his bill?
(d) WhﬂlifmtpmhbiﬁtymﬂnpeﬂmmﬂhnwmwitﬁrﬂmIﬂmmutu!
Solution. Making use of the usual notations
b= 8 persons/hour
* = 10 personsthour

by He
A = = =
(@) Average queue length 0 1000-8) 3.2 persons

(B) Probability that cashicr is idle = py = :-Lu-% =02, i, the cashier would
be idle for, 20% of his time. B
(¢) Average length of time that a person is expected to wait in queus.

A ] P
= S—h) 1000-8) S I

(d) Probability that a customer will have to wait for at least 10 minutes.
‘ pi8)= E”-‘"'ﬂ*i =-E—:'”.f=% hours.

10

Example 13. ABC Diesel engineering works gets on an average 40 engines for overhaul
prmtﬂemddgﬂuguﬁﬂdaﬂnmhﬂdﬂahmﬂmmmwmcmw
of the repairable engines follows Poissons s distribution, _

However, the repair or overhaul time is exponentially distributed. An engine not available
for use costs T 500 per day. There are six working days and the company works for 32 weeks

per year. At the moment the company has established the following overhaul facilities.

- Facilities
1 2

Installation Charges 1200000 1600000

Operating Expenses | year 200000 350000
Economic life (years) B 10
Service Rate/Week 0 80

The facilities scrap value may be assumed to be nil. Determine which facility should be
Mh-tkmpm.mﬂgmmafwhmm?
Solution. Let us work out the total cost of using both the facilitates.
Facility 1 : A = 40/weck, . = S0/week
Total annual cost = Annual capital cost + Annual operating cost + Annual cost of lost
time of overhaul able engines.
Expected annual lost time = (Expected time spent by repairable engines in system)

x (Expected number of arrivals in a year).
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» 40 x 52 = 208 weeks.

= L - 1
E, = (Ax number of weeks) T

Cost of the lost time = T 208 x 6 x 500 = 624000
Total annual cost
_ 1200000
|

= T 974000
Facility 2 : Annual capital cost

. ’mm + 350000 + cost of lost engine availability time

Costo lost availability time = E, x (A x number of weeks) = uai

+ 200000 + 624000 = 1 50000 + 200000 + 624000

5 x{l x number of weeks)

Here A=40
= sn
Hence, cost of lost availability time = xmﬂz,z@_ﬂmm

80— 40
Cost of lost time = 52 x 6 x 52 = T 162245

Total cost = ""::'m + 350000 + 162245 = ¢ 672245

Hence, facility No. 2 should be preferred to facility number one.

4.7 MULTI-CHANNEL QUEUING MODEL (ARRIVAL
POISSON AND SERVICE TIME EXPONENTIAL)

. Thuu:mm facilities system used in hospitals or banks where there are more than one

service facilities and the customers arriving for service are attended to by these facilities
on first come first serve basis. It amounts to parallel service points in front of which there
ulmmmwlmﬁhnthmiﬂnuwmbmmmm
customer has the advantage of shifting from a longer queue where he has to spend more
mwmqmmdmbemlnimam Following assumptions are made
in this mode] :
(a) Mmpmpupuhmumﬁmte,f,rﬂﬂnmm'smwmmhhrgemmﬂn
and follow Poisson's distribution.
(b)  Arriving customers form one queue.
(¢) Customer are served on First Come First Served (FCFS) basis.
(d) Service time follows an exponential distribution,
(e) Thmutlnumbaufmiwmﬂmm}mnuhompmﬁdumlymem
service, _
() The service rate of all the service stations put together is more than arrival rate,
In this analysis we will use the following notations.
A = Average rate of arrival
= Average rate of service of each of the service stations



K = Mumber of service stations
Kyt = Mean combined service rate of all the service stations.
Hmucp[rhn}lhcmiliﬂionﬂcwfumn}'m-_:;.
Gan 2 I
iy inin eS0T,
{a) Probability that system will be idle p, = Zﬁ'i._+_‘_,.
p— I! L":'U'P}
(b) Probability of n customers in the system.

(&) =T T
Pu= E—IME* A
Pa= -(-}iﬁ'"*xp, gk

L3

(c) &mﬂ_mﬁmhqmwmhnﬁh

!I
E = {'] P 5
] L&ﬂ-ﬂl Pa:

(d) _mmdm&whmpm-ﬁfﬁﬁl
W
(¢) Average time a customer spends in queue
E
= 1
h I8
(f) Average time a customer spends in waiting line
1 :
= B_4.—
n

En-phltduwhﬁapw{nﬁquirqummmrqﬂrm
assembled and there are two tools stores one for each repair line. Both the stores keep in
-wwgm,mgmthnmwﬁwmwm
a Poisson distribution. Service time has a mean of 3 minutes per machine and follows an
exponential distribution. Is it desirable to combine both the tool stores in the interest of
m-mgmqmmunﬁwmwmr
Solution. )= 16Mour

= l%xﬁﬂ=l‘ﬂhmn

= =y A 16 :
= = =0 .2 hour = |2 minutes.
Expected waiting time in queue, E_ Tl 20(20-16) 0 12

If we combine the two tools stores. _
%= Mean arrival rate = 16 + 16 =32 /hour K =2, n = 1.
jL = Mean service rate 20/hour

L
i i B lu‘,':]
Expected waiting time in queue, E, .i‘l... *-lixﬂ‘lf Xy -

Wm
Queuing Theory

NOTES
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where p, = z

oG @ T
i’(l! +E'{I'iﬂa‘]

'.“
=082
E
E,= 3t%p
E._ 35 =
T Ra-yw0-n) 2

Hence E, = %xn.mhumm.

Since thewaiting time in queue has increased, it is not desirable to combine both the tools

| stores. Present system is more efficient.

E:lbk 15. A bank has three different single window service counters, Any customer can
ﬁmﬁmﬁummyqﬂiﬂbnmdwm#whﬂnfmmwﬁ 12 per
howr and it follows Poisson's distribution. Alse, on average the bank officer at the counter

takes 4 minutes for servicing the customer. The bank is considering the option of installing
ATM, which is expected to be more efficient and service the customer twice as the hank

officers do at present. If the only consideration of the bank is to reduge the waiting time of
the customer, which system is better? '

Solution. The cxisting system is multi-channel system, using the normal notations here
R :z:m:?ﬂsxm

Average time a customer spends in the queue waiting to be served.
h-ﬂmnﬂuﬂMmuinhewmiﬁngﬂbem




)
12, \2s
15x6 E{I_I_Z}

45

po= [1+0.133 +0.06] ' = [1.193] ' =0.83

li!%!j o4
sy P I ®

- 0.83
15 xmx{!iﬂxﬂl}

= 033 socond.

Proposed System
E,= —* _ here=12Mour, ji= 15Mhour, E, =
Wi -4)
= |16 minutes
Hence, it is better to continue with the present system rather than installing ATM purcly on
the consideration of customer waiting time.
Mttmap@mﬂmwﬁmﬁmmmwmm
for blood testing. Three lab technicians attend to the patients. Tﬁrmrhf;mxmmu_ﬂ{y
Wmmmmmmmummammmm
follows exponential distribution. The patients arrive af an average rate of 4 per hour and this
follows Poisson's distribution. The management is interested in finding out the following :
(a) Expected number of patients waiting in the quese.
(b) Average time that a patient spends at the polyclinic,
(c) Probability that a patient must wait before being served
~  (d) Average percentage idle time for each of the lab techmicians.
Selution. In this example
A= &'hour
|
LS =1/
H mxﬁﬂ 2/ hour
K=3
Py = Probability that there is no patient in the system.

r 2 ! I o9 (g
[ Lz_;.;z,u;-ﬂ B e A Y

M= 1+

E_--

=10.002 hour

2 B,
I5(15-12) 45

[ FFT EAFRPSE




=1
- [1+1+z¥} =(26) ' =0.038

(a)  Expected number of patients waiting in the queue

k
- _[A)L AR
N E!:_l[n) gy P
- [%uh%]xﬂ.ﬂﬂﬂ:ﬂxﬂ.ﬂa!-um““ﬂp‘ﬁﬂ“
(k) Average time a patient spends in the system
_%4! 0304 |

;:—‘-—+E=ﬂ.ﬂ?ﬁ+ﬂ.$ = 0576 hours = 35 minutes

. (e) Probablity that a patient must wait

,..'f‘.. n l=l}.i.rl_x
rezne 23] s

- %xﬂxixﬂ.ﬂ]!_ &

o

=10.40

1(aY
(d) p (idle technician) = %Pﬁ%n +%-p,wh-mp.=E[;] Po :
' Py = when all the 3 technician arc idle (no one is busy)
Py = when only one technician is idle (two are busy)
p1=1irh=nh'nlulmi:immidle{mhrmbw}

: = 3 2.4 -4
(idle technician) = = g, i [-] i 3 038
P unuanjn - xum+3xig:1)’un

= (0,038 + 0.05 + 0.025
0113

48 POISSON ARRIVAL AND ERLANG DISTRIBUTION
FOR SERVICE
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We have assumed inwwlinrmnb!mﬂnt&mwﬁumun distributions follow
ammﬁddhﬂihﬁmhumthhﬂnﬂmﬂdcvh&mhmltnhsmmﬂm
ﬁmmmy:MMMmﬁum.WMHu model which is more
relevant and applicable to real life situations. In this method the service is considered in a
number of phases each with a service time 1/ undtinuhhmhmhphuciuxpmmﬁnll}-
distributed. With same mean time of 1/, with different channels we get different distribution.
The method makes the follows assumptions :

(@) The arrival pattern follows Poisson distribution,

(b) Dmmiloomiu!ﬂ:suﬁuinﬂlthephnusmd@!ylhmhuﬁwmﬂism



‘(¢) In each phase the service follows exponential distribution.

>0 00| —>E

Oueeue

Fig. 4.10
The following formulae are used in this method :
1. Expected number of customer in the system
A A

L
E.= k+— Sul 4+~
t+uleul-i}+n E"'+;t
2. Expected number of customers in the queue (or Average queue length
1 A
E.=fk+—
4 t+lt!1m|.-lj
3. Average waiting time of a customer in queue
Fp
= Fifiamn
Sl TR Y
4. Expected waiting time of a customer in the system
el & .1
2% plp-r) p
Enth?.hhmedmhhmhwﬁdmmimmmm
.kpﬁmdhummfwmhn_ﬁrmq'ﬂﬂummhﬂnmﬁmaf
5 mimutes and follows exponential distribution. The breakdown of machine follows Poisson
ﬁsﬂhﬁmandfhnmmmﬂq"hmﬁnmhjmw.Amemmmﬂmfymr
mechanic available, find out the average idle time for each machine breakdown.
Solution, K =3

S

Atival A= %w:ummm

Total service time for one machine = § x 3 = |5 minutes
Service rate = 1/15 machines/hour

Expected idle time for machine =k + Lim N,

p= Utilisation rate/traffic intensity = %:[Exi]ﬂ5=%=uﬁ
1
u

2 pp-d)

1

= ixl_!lxIS[.L-..l—]*—-.L
6 20 0 15 20) 15

= L 415%60+15=1.5415=16.5 minutes.
600

Example 18. In a restaurant, the customers are required 1o collect the coupons afier
making the payment at one counter, after which he moves to the second counter where he
collects the snacks and then to the third counter, where he collects the cold drinks. At each
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counter he spends | % 1/2 minutes on an average and this time of service at each counter
is exponentially distributed. The arrival of customer is ai the rate of 10 customers per hour
and it follows Poisson s distribution. Determine

(@)  Average time a customer spends waiting in the restaurant;
(b)  Average time the customer is in quese.
Salution. A= 10 customer/our

= Total service time for ond customer

- Ex]:gm
p 4

L

4 80
= Zx60=""hours
gt

(a) Aw:gcd:mtmmwwm‘hthemﬂ=1+ %x#m‘l »
4 3 _80 | . Y- 3
- = —Ne—=ez=—=— minutest or = _ = [).9 minute,
s lﬂxmxl 4”51} 200 mxﬁm

(B) Average time the customers in queue
1 3 9.
t—l.-@-v:ExﬁﬂnI—mm

3
4.9 SUMMARY

. Amh&mﬁhwhﬂﬁﬂgmjﬂsmmhm%m
inchoin:thunnumbcrufuﬁ:mbepafmmindiﬂumtmmmthc
problem of sequencing arises.

* The basic concept behind sequencing is to use the available facilities in such a
mmﬂntlhum{mdﬁme}ismimmmmingm?hmbnm
dwehpedbmlwdimwhpmbhmurmimlhnimdnmbuufﬁcilmman
optimal manner to get the best production and minimum costs,

. M:Thmhvcmumhﬂummubnpﬂumm' number of
jobs (groups of tasks to be performed) say n to be processed.

. Hlﬂh:i}nhslmv:mbcpuﬁ:madmmnadmmﬁnm[liu&:iliw

* Loading : mdﬁhmﬂmmmummmwmmm
specifying the time and sequence.

. Stlnlth:wlmﬂnﬁmmqummurpufuminglhcjuhiupmiﬁciith
called scheduling.

. Tmmmm:]thmﬁmﬂmhﬁsh:hmﬂnmgnfﬁmjnbmd
the completion of the last one.

. Iﬂnm:mmrwwhkhmcﬁtﬂjﬁummhiummwﬁmddwjngm
total elapsed time.

* Static Arrival Pattern : If all the jobs 10 be done are received at the facilities
m-hmmaly



Dynamic Arrival Pattern : Here the jobs keep arriving continuously.

Queuing theory has been used for many real life applications to a great advantage.
It is s0 because many problems of business and industry can be assumed/simulated
to be arrival-departure or queuing problems.

Queuing theory techniques, in particular, can help us to determine suitable number
and type of service facilities to be provided to different types of customers.
Arrival Pattern : It is the pattern of the arrival of a customer to be serviced.
Poisson’s Distribution : It is discrete probability distribution which is used to
determine the number of customers in & particular ime.

Exponential Distribution : This is based on the probability of completion of a
service and is the most commonly used distribution in queuing theory.

Service Pattern : We have secn that arrival pattern is random and poissons
distribution can be used for use in queve model.

Channels : A service system has o number of facilities positioned in a suitable
manner.

Service Time : Service time, Le., the time taken by the customer when the facility
is dedicated 1o it for serving depends upon the requirement of the customer and
what needs to be done as assessed by the facility provider.

Idle Rate. This is the rate at which the service facility remains unutilised and is
lying idle.

4.10

REVIEW QUESTIONS

P o

-,

What is no passing rule in a sequencing algorithm?

Explain the four ¢lements that characterize a sequencing problem.
Explain the principal assumptions made while dealing with sequencing problems.
Describe the method of processing '’ jobs through two machines.

Give Johnson's procedure for determining an optimal sequence for processing #
itemns on two machines. Give justification of the rules used in the procedure,
Explain the method of processing *m’ jobs on three machines A, B, C in the order
ABC.

Explain the graphical method 1o solve the two jobs m-machines sequencing problem

" with given technological ordering for cach job. What are the limitations of the method?

A Company has 8 large machines, which receive preventive maintenance. The
maintenance team is divided into two crews A and B. Crew A takes the machine
‘Power’ and replaces parts according to a given maintenance schedule. The second
crew resets the machine and puts it back into operation. At all times “no passing’
rule is considered to be in effect. The servicing times for cach machine are given
below.

Machine | @ | & ¢ d ¢ f ¢ h
CrewA | 5 | 4 22 16 15 i1 9 4
CrewB | 6 | 10 12 8 20 7 2 2]

Determine the optimal sequence of scheduling the foctory mamtenance crew to
minimize their idle ime and represent it on a chart.

Seyuencing Problem
and
Quening Theory

NOTES

Self-Instructional Material 157



NOTES

188  Self-Instructiona! Material

11.

12
13

14.

1S,

16,

Uupqhhlnﬂhodmﬂnd&:minﬁnwdmdﬂﬂﬂuwoﬂjuh
and 5 machines, when we are given the following information :

Ko et g
Job I Tmsq"“'
L R T P 6 2

: C A TR g B
Joba™ -, i ——
Time (hours) 4 5 3 2 6

Two jobs m-mhpmmdnnﬁmmadﬂnna.b.cndimmhrﬂuﬁul

order for these jobs on machines is as follows -
Job 1 [ _h e d
Job 2 d b 2 ¢
Processing times are given in the following table :
Machines 3
, Job it h c d
| 4 [} )
2 4 7 3 B

Find the optimal sequence of jobs on each of machines, ;

A machine shop has four machines A, B, C and D. Two jobs must be processed
through each of these machines . The time (in hours) taken on each of these machines
mmemmmﬂmmﬂmm“ﬁmhdw. \

A B D
Job | Soxpeerice »
Time (hour(s) T I

D B C A
Job 2 I

Use graphic method to obtained total minimum elapsed time,

What is a queue? Give an example and explain the basic concept of queue.
Deﬁulqm.ﬂiwawmnﬂmcwdmdﬂiﬁﬁnm
faced.

(a) Explain the single channel and multi-channel queuing models.

(b) Draw a diagram showing the physical layout of a queuing system with & multi
server, multi-channel service facility,

(a) Give some applications of queuing theory.

() mmmﬂwﬁqﬁmthﬂymmmm

wmmmhmmmlﬂnhmmmg:

(7) Input process, {if) Queue discipline, (iif) capacity of the system, (iv) Holding

time, (v) Balking and (vi) Jockeying. :



17.
18.

19,

21.

8.

29.

Briefly explain the important charactenstic of queuing system.

What do you understand by :

(@) (f) queue Jength, (i) traffic intensity, (iif) the service channels?

{B) (i) steady and transient state and (i) utilization factor?

Show that if the inter-arrival times are exponentially distributed, the number of
arrivals in a period of time is a Poisson process and conversely.

Cansider the pure birth process, where the system starts with K customers at 1= 0.
Derive the equation describing the system and then show that

e
pair) (n=k)! in=kk+l.

Consider the pure birth process, where the number of departures in some time
interval follows a Poisson distribution. Show that the line between successive
departures is exponential.
T AAt is the probability of a single arrival during a small interval of time A, and if
the probability of more than one arrival is negligible, prove that the arrivals follows
the Poisson’s law.
(a) Derive Poisson's process assuming that the number of arrival, in non-overlapping

intervals, are statistically independent and then apply the binomial distnbution.
(h) What are the various queuing models available?

Explain (/) Single queue, single server queuing system, and (if) Single queus, |

multiple servers in series queues,
Wﬂﬂhﬁmﬁdﬁmhﬂiuhwﬂm.hmhﬁﬁuﬂtﬁmsmﬂj

Fora (M/M/1) : (=/F/FO) queuing model, in the steady-state case, obtain expressions
for the mean and variance of queue length in terms of relevant parsmeters : A and W,

For a (M/M/1) ; (=/F/FO) queuing model in the steady-state case, show that
(a) The expected number of units in the system and in the queue is given by

A e
E(n) = ol BGay=
Gy e

(b) (i) Expectod waiting time of an arrival in the queue is uP 3
uii-p
(i) Expected waiting time the customer spends in the system (including services) is
1

(=%

Definé busy period of & queuing system. ﬂhmth:huypmuddwmhmfm
the simple (M/M/1) : (==/FCFS) queue.

What is the condition that the busy period will terminate eventually”
Derive the differential-differential equations for the queuing model (M/M/1) :
(NFCFS) and solve the same.
For a (M/M/1) : (NFIFO) gueuing model :
(i) find the expression for E(n),
(if) derive the formula for P, and E(n) when p= |.
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30.

3L

iz

3.

7.

(a) Fw-{m:{-rFCFS}Mdeuiwﬁumh

(4) the steady state equation,

(#) probability thal a customer will not have to wait,

(¢if) expected number of customer in the queue,

(%) expected number of customers in the system,

(¥) expected waiting time of a customers in the system,

(vi) probability of server w be idle.

(h) Giving clearly the assumptions, derive the steady state distribution of queue

length in (M/M/K) queuing model.

h[mj:mLMehmmmhingMﬂm
for N = C; then show that the expression for Pn is given by

A
Pn = E‘-E'—r 0EnsC
0, otherwise
where F,“ﬂii-:]T'_
-ﬂ -
For Erlang is distribution with parameters 1 and & prove that the mode is at iﬂ_

Ku
the meanis | and the varianceis _1__

n Ky’
For (M/GT) ; (==/FCFS) queuing model, derive the Pollaczek-Khintehine (P-K)
formula for expected number of customers in the system.
Show that for the special case of exponential service time with mean l, the results
of (M/G/1) model reduce to those of the (M/M/1) model. ;
UMMWMMIMMNMMMMMW
the following : .
M/M/S, DIM/1, M/GyS, GIG/S and E/G/S

Write short notes on ;

(1) Cost-profit models in queuing theory.

(i) Nom-Poisson queues.

(i) hfnnnuiunmquirmmnq:timmdubjwﬁmnfqumin;m&ls.
A foreign bank is considering opening a drive in window for customer service.
Mmmmmmﬂmwmmmmuumuﬂzm
hour. The teller whom it is considering to staff the window and serve customers
umcmcnfmnmﬂuunﬁnm.miugruhmmm&pmiu
service find :

(a) Utilization of teller;

(b) Average number in the system:

(¢} Average waiting time ia the line:

() Average waiting time in the system.
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REPLACEMENT PROBLEM

5.1 INTRODUCTION -

Replacement of old plant and equipment and items of use like bulbs/tube-lights, refrigermors’
heating tools/gadgets, etc., is a necessity. All these items are designed for performance up
10 the desired lovel for a particular time (years/hours) or particular number of operations.
For example, when a refrigerator is given the warranty for 7 years the manufacturer knows
that the design of the refrigerator is such that it will perform up to desired level of efficiency
without breakdown for that period. Similarly, bulbs/tube-lights may have been designed
for say 10,000 on-off operations. But all these need fo be replaced after a particular period/
number of operations. The equipment is generally replaced because of the following reasons -

() When the item/equipment fails and does not perform its function it is meant for.
(i) - Item/equipment has been in use for sometimes and is expected to fail soon.

(i) The item/equipment in use has deteriorated in performance and needs expensive
repairs f.e., it has gone beyond the economic repair situations, The cost of
maintenance and repair of equipment keeps increasing with the age of the equipment.
When it becomes uneconomical to continue with an old equipment, it must be
replaced by a new equipment,

(i) Improved technology has given access to much better {convenient to use) and
technically superior (using less power) products. This is the case of obsolescence.
The equipment needs to be replaced not because it does not perform up to the
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standards it is designed for but because new equipment is capable of performance
of much higher standurds,

It should be understood that all replacement decisions involve high financial costs. The
financial decisions of such nature will depend upon a large number of factors, like the cost of
new equipment, value of scrap, availability of funds, cost of funds that have to be arranged,
tax benefits, government policy, etc.
When making replacement decisions, the management has to make certain assumptions,
these are :
() The quality of the output remains unchanged.
(i) There is no change in the maintenance costs,
(1)  Equipments perform to the same standards,
Let us discuss some of the common replacement problems.
l&phteﬂninfhmwhhhhﬂrhtﬂlnﬁﬁntﬂlhﬂnmﬂtrhgﬁuhmh
money value :
Most of the machinery and equipment having moving parts deteriorate in their performance
with passage of time. The cost of maintenance and repair keeps increasing with passage of
ﬁm:uﬂ-mmmchwhnuhm:mmiu][hwmﬂmm]mmphumnm
wﬁh:mmeamﬁq.awmhhmﬂWmmﬂmﬁmmdmm
and maintenance cost may go to such level that the owner has to replace it with a new one.
Let € = Capital cost of the item.
5(1) = Scrap value of the item after ¢ vears of use,
0 (1) = Operating and maintenance cost of the equipment at time 1,
n = Number of years the item can be used,”
TC (n) = Total cost of using the equipment for n years,
TC(m=C-S(n+ Y 0

=l

1

C-§ mZou}]

=]

Average TC (n) = [
n

Time °¢" in this case is a discrete variable.

In this case as long as the average TC (n) is minimum, the equipment can remain in use
for that number of years. If average total cost keeps decreasing up 1o ith year and starts
increasing from (i + I)th year then ith year may be considered as most economic year for
replacement of the equipment.

The concept of depreciation cost also must be understood here. As the years pass by, the
cost of the equiptment or items keeps decreasing. How much the cost keeps decreasing can
be calculated by two methods commonly used, i.e.. straight line depreciation method and
the diminishing value method.



Example 1. A JCB excavator operator purchases the machine for ® 1500000. The operating
cost and the resale value of the machine is given below,

Year vl 21 3 4 s | 6 | 7 3
m 30000 | 32000 | 36000 | 40000 | 45000 | 52000 | 60000 | 70000
RpUie- v 2 | w | s s I 45 || % 3 2
(in Iakbs of T)

When should the machine be replaced?

Solution.

C = 1500000
O (1) = Operating cost
$ (1) = Resale value
t = Time :

n = Number of years after when the machine is to be replaced.

Let us draw a table showing the various variables required 1o make decision. This is shown
in the table below.

veur | i thowsand | ¥t SO(n | C-S(o(a | TC()(a |TC(n)(n
“:‘ 0in thousands of | thousands of | thousands of | thousands
Rupees) Rupees) Rupees) Rupees) | of Rupees)
| 30 30 1200 300 330 330
2 32 62 1000 500 562 281
3 3w af B 700 798 266
4 40 138 S0 10040 1138 2R4.5
5 45 183 450 1050 1233 2466
6 7 4 235 400 1100 1335 ms
7 60 295 300 1200 1495 2136
g 70 365 200 13060 1665 208

In third year the minimum average cost is 266000 as shown in the table above. So,
replacement should take place at the end of three year.

Example 2. A new tempo cosis T 100000 and may be sold at the end of year at the following

prices .
Year 1 3 3 4 5 6
Selling Price (T) 60000 | 45000 | 32000 | 22000 | 10000 | 2000

The corresponding annual operating cOSts are ©
Year I 2 3 4 - 6
Cost/Year (T) 10000 12000 | 15000 | 20000 | 30000 | 45000

Praject Management

NOTES
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may be cheaper to do so than to buy a new tempo.

Age of fempo 0 I 2 3 4 5
NOTES Purchase Price (¥) | 100000 | 60000 | 45000 | 33000 | 20000 | 10000

What is the age to buy and to sell so as to minimize average annual cost?

Solution. Cost of new tempo = ¥ 100000 .

Let us find out the average cost per year of the new tempo,

Yearof | Operating | ™M | peoe | Depreciation | TotaiCost | Average
Service | Cost O (1) m Vale S | C-S(n €W . | Tew
(n 2 3 (4) 5 B) =) *(5) | (=6} (1)
1 10000 10000 60000 40000 S000 SUN00
2 12000 22000 45000 S5000 7100 IRS00
i 1 5000 37000 32000 HRO00 105000 35000
4 2000 57000 22000 TRO00 133000 13750
5 UL R7000 L0 DO000 IT'{HW 35400
6 45000 132000 2000 98000 230000 35000

Average cost is mummurm at the of fourth year; hence the new tempo should be replaced

after 4 years.

Lﬂmmwﬁnﬂmﬂlhcmhﬂluﬂnfmdhmdm.

Year of | Operating|  Cumubstive Ressle | Deprecistion | Tetal Cost | Average

Serviee | Cost O (1) | Operating Cost O (1) | Value 5 (1) C-500 TC (m) TC (w)
n 2) i 4 (%) B =+ | (M= +)
] 1 O 100000 100000
1 1000%) 10000 B0 40000 50000 50000
F 12000 22000 45000 55000 77000 38300
3 15000 37000 32000 fiB000 105000 35000
4 20000 57000 20000 TROM) 137000 33750
5 30000 BT000 10006 SO000 177000 35400

The tempo may be replaced by second hand tempo at the end of third year and the owner
can save T (35000-34666), i.e., T 334 instead of hu:,;ing 4 new one.

Example 3. (a) Machine A costs T 9000, Annual operating costs are T 200 for the first
year and then increases ¥ 2000 every year. Determine the best age at which to replace the
machine. If the optimum replacement policy (s followed, what will be the average yearly
cost of owning and operating the machine?

(b) Machine B casts ¥ 10000. Annual operating cost are T 400 Jor the first year and then
increases by ¥ 800 every vear. You now have a machine of type A which is one vear old
Should you replace it with B, if so, when?

Solution. (a) Let us assume that there is no scrap value of the machine Average total cost
can be computed as

164 mew



Year | Operating | Cumulative Operating | Depreciation | o, o, | Average
) | CostO® Cast LO (1) C-S(n Cost
| 200 200 9000 9200 9200
2 2200 2400 forall years | 11400 $700
3 4200 6600 15600 5200
4 6200 128000 21800 5450
s | 8200 21000 30000 6000

It can be seen that the best age for replacement is third year,
(&) For machine B, the average cost can be calculated as follows :

Year | Operating | Cumulative Operating | Depreciation | . | Average
(m) Cost O (1) Cost Z01) C-5(n Cost
1 400 400 10000 10400 10400
2 1200 1600 for all year 11600 5800
3| 2000 1600 13600 451
4 2800 6400 16400 4100
5 1600 10000 20000 4000
3 4400 14400 24400 4066

Since the minimum average cost for machine B is lower than for machine A, machine B
dehtmphcndhymdﬁmA.M‘mhmmwmgemis{!mmtﬁmldbcmmd
wﬁmﬂmwﬂst#ﬂﬂﬂhmcnfnmywuumuhhe!anﬂlbcspmnmmmﬂ
¥ 4200 the following year. We should keep machine A for one year.
wm&--mmﬂmﬂmmmg:mw-ﬂhm
and money value also changes with time
In previous mlmwcﬁmdmuﬂwmvdudmmwmdm
mmthismnmmhtumqwmmmmm
hcmsiug.th:mm:rvﬂmkupﬁmmhgwﬁhﬁm.ﬂmmmmﬂukulﬂhﬂ#
Present FdhwlNPﬂnfﬂwmymbe:pnusfcwymhmmmmrmkm
mmmuﬁnhmmmphwhﬁm.wiilmhenﬂmtmdmﬂn
will ot be able to take optimal decisions.

Let ¢ = Initial cost of item/equipment

0C = Operating cost
R = Rate of interest .

Amhvﬂdnmﬂm1]b¢nqlﬁvﬂmln[l+ﬂnymuﬁeﬂl+r:lll'l-'uyea:rshcui:
and (1 ?rf'innymﬁmt.hmemﬂwmkjnglplymuufmmpuuﬁﬂnywﬁh
equivalent to paymng (1 + r)" now. The quantity (1 + r) " is called the present worth ot
pmmhufumfmempuspcmnynmﬁmnuw.
Present value of n rupee V = (1 +r)"' = 1/1 + ris called discount rate and is always less than 1.
Thm.ymnﬁummv.lunn[erpmdmmmmymmh:ulmlmdu
Present valve (1) =(c + 06;) + 0cy ¥+ 03 ¥+ 1,0 + 06, - 4 (c+oe) V' + ooV

L ORV" Favpshsre voe, A e leroc) P 00V 4, +oc, v

Replacement Problem '
Project Manogement

NOTES
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S@lMHhCﬁh&lﬂWhﬂq%M?ﬂum
Step L Find out the present value factor at the given rate and multiply it with the
- operating/ maintenance cost of the equipment/items for different years.
ﬂqll.WﬂMHWMw%ﬂgmmmvﬁmm«i@u
cost for all the vears.
Step 1L Cumulate the discount fictors.
Eupw.ﬂhidﬂhmutmthymmrpoudingﬂhunﬁhemmﬂﬂﬂdhnmfnm
for every year. .
SMT.thumth:wh:nfhnmlmn&nmmem!mquﬁmmﬂm
will be replaced in the latest year,
Thmmmﬁllhuphﬂdﬁmmulpﬂumh.
Elﬂﬂ!t-?ﬁrw&ruﬁaj’ﬂmﬂmfwtwﬁmmmhunﬂrﬂdk
MMFMﬁfdm&&mw#wwwﬂwﬁpﬂ]w

Year - 1 F) k]
Machine X (T) 2400 1600 1800
Machine Y (T) 3200 RBO0 1800

Solution. It may be scen that the total cost for each machine X and Y 15 T 5800
(2400 + 1600 + IMW{M+W+]M}.WM#WWHMM
mmmmwymmmmmmmnmmmmm
wiﬁmwvﬂulﬂ%puym.hdhuoﬂme.hchmuﬁuﬂm:

: .1 o001

l+r 14010 L1
Dhmmdmm:mubﬁmdbyﬂﬂﬁplyhgﬂ:miginﬂmm&muﬂumm.
Total costs of machines X and Y are calculated as shown below.

Year 1 b 3 Total Cost (T)
Machine X 2400 | 1600 x 0.9091 = 1440 | 1500 x 0.908] = 1620 5450
Machine ¥ 3200 | 800 x 0,909] = 720 1800 x 0.9081 = 1620 5540

The total cost of machine X is less than that of machine Y, machine X is more economical.
Example 5. A mamgfacturer is offered two machines X and Y. Machine X is priced at
rmmmmmmmm,&mﬁwmwmbyt 4(NVin fifth year and
subsequent years. Machine ¥ which has the same capacity and performance as X costs T 8000
Mhm#ﬂmwrmﬂﬂﬂﬂﬂnnwfnrﬁ:ﬂ?wmﬁwmﬁgby! 400 in the sixth
and subsequent years. If cost of money is 10% per year, which is @ more economical machine?
Anmmmhgmaliriumwan'a:ﬁebqiwngafﬁzmr.
Solution. PV=__ ! 0909

1+010
Machine X, C = 1000.

. PVof | C+Cumulative | Cumulative | Weighted
Year [ OC | PV facters | "0 PVofOC | PVFactor | Average Cost

1| 1000 | 100 | 1000 11000 100 11000
2 (1000 | 0909 | ‘909 11909 1909 59845
37| 1000 | 082 826 [ 1ms 2.735 465630

masEl e ety - wemnanszalgea e S e T T—




PR 781 oase [ 3ase | 3sess
s | oo | o683 | 956 14442 4169 3464

6 1m0 | oen | 1116 15558 470 1248

7 | 2200 | o0sea | 1240 16798 5355 3137

s | 2600 | o513 | 136 18124 5868 30886

9 3000 0-466 1398 19532 6334 384

10 | 3400 | o424 | 1429 21951 6759 247 |

Machine Y, C = 800,
PV ol | C+ Cumulative | Cumulative | Weighted
Year| OC |PViactors | on | pyofOC | PV Factor a:cm |

1 | 1200 | 100 1200 9200 100 9200

2 | 1200 | 0909 | t0s0s | 1o2s0s 1.909 5390.67

3 |0 | ome | em2 | | uzm 2738 4125

4 | 1200 | 0781 901.2 121832 3.486 3494.8

s | 1200 | oess | mes | 130028 4169 9

6 | 1600 oe2 9936 | 139964 479 92

7 | 2000 | o564 | 1128 Is1248 . | 5388 2824,35

s | 2400 | o513 | 12318 163856 5 K68 2787.25

o | 200 | 0466 | 13088 | 176604 6314 27882
10 | 3200 | 0424 | 13568 190172 6759 28136

1t can be seen that weighted average cost of machine X is minimum, i.¢., T 3084 in ninth
year. Where as the weighted average cost of machine Y is minimum in 8th year, i.e.
¥ 2787.25 so it is advisable to purchase machine Y.

52 REPLACEMENT POLICY FOR EQUIPMENT/POLICY
THAT BREAKS DOWN/FAILS SUDDENLY

As an equipment or item, which is made of a number of components ages with time, it delenorates
hhwemckmyudmcpaﬁmmﬂudmmmmiHmm.hmtﬁﬁ
situation there arc many such items whose pufmmmdmmdmﬁmﬁmmhuhﬂ
Mwﬁbﬂmywuﬁng%mcmhnmhmgemm:mwmpmﬂ
mdmmmhm,mmmmﬁmﬁmmkmsm
bmmhuhum,wﬁchmnfﬂwihunhdagmndtuﬂuppﬂfmnﬁng.,m
m:hufmuhlmnhmimmhmmtdwinWliuW.w
or washing machine, costs very liukmdmyberqﬂnndmmtimwﬂnmﬁmmﬁpmm
fails suddenly irwcwmm&mﬂﬁmhmufﬂummﬂm
equipment and the inconvenience to the user is much more than the cost of the item.
ifit hpmib]:mmwﬂmtylhnlifwhhtmmpnm it is possible to predict that the
component and hence equipment is likely to fail after performance of so many hours or
miles, etc. This is the concept of preventive maintenance and preventive replacement. [f the
equipment is inspected at laid down intervals to know its conditions, it may not be possible
10 expect the failure of the item. The cost of failure must be brought down to minimum,
preventive maintenance is cheap but avoids lots of problems. In many cases, it may not be

Replacement Problem
and
Project Manogement

Self-Instructional Matersal 167



168 Self-tnatructionad Material

possible to know the time of failure by direct inspection. In such cases the probability of
failure can be determined from the past experience. Finding the Mean Time Between Failure
{(MTBF) of the mmhmhmmmyufﬁndhglhﬁswﬁu. It is possible
hytuingﬂupohd:iliﬁuh&ndthcnﬂnbuufilmnﬂﬁhquphmhlinupcriodur
the number of items failing in a particular time period.
hmmmﬁmﬁhmﬂmmﬁmmmnﬁimm.
(a) Individual Replacement Policy. In this case an item is replaced immediately when
it fails. :
()  Growp Replacement Policy. In this policy all the items are replaced irrespective of
the fact whether the hmshveﬁ.ﬂudwnunnf:mmyilmfuﬂingbeﬁnﬂt
ﬁmﬁxdfmpmprqﬂmmmtiulwmphmd. ;

Individual Replacement Policy
In this policy, a particular time ‘s fixed to replace the item whether it has failed ornot, It can
hmmnmknnmﬂmmhmhubomhwﬁuﬂxnpmﬁmupeﬁndanhumdhu
hﬂnmndfmdutﬁmpuiodhmufmingpmnl&tbﬂﬁgﬂhkpo&ykmumﬁdm
know when the bearing should be replaced whether it fails or not. Failure of'a bearing can cause
:hnrmmmﬂqmmmhwmﬁhwmdﬂwmﬂmﬁmﬁmtiu
much more than the cost of bearing if it had been replaced well in time, Ifit is possible to find out
ﬂwupﬁnmmimuﬁ'l‘mcnddmﬁﬂmcmdhmuhumﬂuequipmmmm
loss, etc, can be avoided. However, when we replace items on a fixed interval of preventive
maintenance period certain items may be left with residual wseful life which goes waste, Such
items could still perform for another period of time (not known) and so the utility of items
has been reduced. Cnnﬂinrlhnmeufuiqmrmﬁmwmﬂnghmplm:iumﬁghm
rrwmmmtpﬁwammmmmmmmmmu
every point of failure, If group replacement policy is adopted then many lights with residual
life will be replaced incurring unnecessary costs,
Mbsunfthcmﬂnfmﬁnmmhmaﬁwwmmlﬁﬂmmk
similar to finding out the probability of human deaths or finding out the liability of claims
of Life Insurance Company on the death of a policy holder.
The probability of failure or survival at different times can be found out by using mortality
tables or life tables. :
The problem of human hhﬂnmﬂ%umwmmmamm
mfﬁ]mndhhhhmﬂmhmplmmnmdmhmaﬁmlupmﬂﬂnmphmmﬂu
policy. For solving such problems, we make the following assumptions -

(a) Al!dmhsmpmﬁikmumimmdimlymplmdbyhhﬁaupmwphmmumd

()  There are no other, except the ones under consideration, entries or exits.

Lﬂmfmdnﬂﬂ:eﬂaufduﬂ:sdﬂmmdmﬁqupuﬁmhrtﬁmpcﬁndmhglh&t
each item in a system fails just before a particular time period. The aim is to find out the
wﬁmpﬁdufﬁm&uﬁg%ﬁmﬁmmhupwmwmemimM
ﬁﬂmmHmﬂhyurE&thmmduﬁndmttlnpmhbimy destination of lifespan
of items in the system. -

Laf{f}hmmhu-uf‘mnumni\rm;auim:{l—I]n=TmImm1hunfhﬂm;withsyﬁrmmﬂer
midmﬁm.Tbeperityuthwﬂmhmm‘r‘mﬂ[:- 1) can be foud out by

r- (0=10)

n



Replacement Policy ;
Let the service life time of an item be T and n = number of items in a system which need
1o be replaced whenever any of these fails or reaches T.
F (£} = number of items surviving at T
F(n) = 1 - £ (r) number of items that have failed
0 (1) = Total operating time
Cf = Cost of replacement after failure of iem
CPM = Cost of preventive maintenance
Cost of replacement after failure bf service time T=n X f(1) X €;
hlmnuﬂufrephcmntfuriummplacndhﬁnﬁﬂuﬁ-u[!—f'mlcn
=n+fDefen|l-f (TG,
m“mmmmmmnmwmtﬁmmhmm
O (1) = f1) dt

Group Replacement Policy
Under this policy, all items are replaced at & fixed interval *f” irrespective of the fact they
have failed or not and at the same time keep replacing the items as and when they fail. This
pulicyiuppﬁubleluauuwhut:llrynmhanfidnﬁal low cost items which are
more and more likely to fail at a time. In such cases, ie., like the case of replacement of
street lights, bulbs, it may be economical to replace all items at fixed intervals.
Let  n= toal number of items in the system
N {f) = number of items that fail during time ¢
C(t) = Cost of group replacement after time f
C (1)/ = average cost per unil time
C g = Cost of group replacement
C f= Caost of replacing one item on failure

CO)=nCe+Cfllm+tm*t..r.. ¥y )

F()= AWMNth'-CItFr-an+CI[u, TR e RS [ |
“We have to minimize average cost per unit time, so optimum group replacement time would
be that period which minimize this time.
It can be concluded that the best group replacement policy is that which makes replacement
« at the end of *’th period if the cost of individual replacement for the same period is more
than the average cost per unit time.
Example 6. ﬂfjo{hwmgmnﬂg:mhwhmm&rmmqﬂ@ubﬂh:

End af week 1 2 3 4 5
Percentage Failing 10 20 50 70 100

There are 1000 bulbs in use and it costs T 10 ta replace an individual bulb which has burnt
out. If all the buibs are replaced simultanegusly, it would cost T 5 per bulb. It is proposed
to replace all the bulbs at fived intervals whether they have fixed or not and o continue
replacing fused bulhs as and when they fail. At what intervals showld all the bulhs be replaced
so that the proposal is economical?

Replacement Problem
and
»  Project Managemeni

, NOTES
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Quantitative Techniques  Solution. Average life of a bulb in weeks = Probability of failure at the end of week x
number of bulbs
=1 2 A0100 + 2 % 10/100 + 3 x 30/100 + 4 > 20/100 + 5 x 30/100)
NOTES =0.1040.2+40.9+0,.8+1.5=3.5

Number of bufbs 1000
B 15 =:35

Average number of replacement per week = Average life

Cost per week @ ¥ 10 per bulb = 285 x 10 = ¥ 2850

Let my, n,, my, ny and n, be the number of bulbs being replaced at the end of first, second,
third, fourth and fifth week respectively then
ny = number of bulbs in the beginning of the first week X probability of the
bulbs failing during first week = 1000 x 10/100 = 100,
nz-{uuuhuufbulhsmﬂubugimgxpmhﬂﬁwdhbuhﬁiﬁngdmhg
mﬂwukhnmtbwufhﬂbaruphcndinﬁmm_umhhiﬁqrnf
these replaced bulbs failing in second week.
= 1000 x (20 - 10) /100 + 100 x 10/100 =100 + 10 = 110

my = (number of bulbs in the beginning x probability of the bulbs failing during
Hu’rdwuk}+mbﬂnfhdhhdngmpllmdhﬁmwdxpmhhﬂiw
of these replaced bulbs failing in second week) + number of bulbs being
replaced in second week x probability of those failing in third week)
= 100 x (50 = 20) /100 + 100 x (20— LOV100 +:110 + 10/100 = 300 + 10 +
11 =321 '
= 1000 x (70 - 50) /100 + 100 x (50 - 20) /100 + 110 + 20 - 10/100 + 321 x
1100 '
5 =200+30+ 11 £32=273

g = 100 x 30/100 + 100 x 20/100 + 110 x 30/100 + 321 x 1O/100 + 273 x
1100

=300+20+33+32+28=413
The economics of individual or group replacement can be worked out as shown in the table

by
| D | Nororbued | Tt | CoRGrow | Tom | Ay
Failing Bulbs | Replacement | RePlacement Cost

i 100 100 1000 5000 6000 | 6000

2 110 - 20 - 2200 5000 7200 | 3600

3 321 541 5410 5000 10410 | 3470

4 7 814 8140 5000 13140 | 3285

5 413 1227 12270 5000 17270 | 3454

Inﬁvﬁﬂwlmmwﬂmwmhdmhhf!ﬂﬁﬂ.mmnmmpumk
corresponding to 4th week is T 3285, it is more than individual replacement cost. So it will
be economical to follow individual replacement policy.
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Example 7. The computer system has a large number of transistors. These are subject to
a mortality rate given belgw : 2

Period | Age of Failure in Hours Probability of Fallure
| 0 - 400 0,08
2 400 - 800 015
3 £00 - 1200 0.35
4 1200 - 1600 0.45

If the transistors are replaced individually the cost per rransistor is T 20. Bur if it can be
done as a group at a specific interval determined by the preventive maintenance policy of
the user, then the cost per trangistor comes down to T 10. Showld the transistor be replaced
individually or as a group?
Solution, Let us assume that a block of 400 hours is the one period and total number of
transistors in the system are 1600, '
Find out the average failure of transistors
Average failure = Number of transistors /Average mean life
= 1600 /(005x1+015x2+035x3+4x045)
= 1600 / (0.05 + 0.30 + 1.05 + 1.80)
= 1600/3.2 = 500
If cost of individual replacement policy is adopted, Cost = ¥ 500 x 20 = T 10000, now we
must find out the failure of transistors per period of block of 400 hours.
ny = nypy=1600 x 0.05 = 80
my= mgpy+my py=1600%0.15 + 80 x 0.05=240 +4 =244
Ay= My=ngpy*m Pyt ayp=1600 <035+ 80 x 015+ 244 x 0.05
560+ 12+122="585
Rg= MgPy+ My Pyt mapy +nyp;=1600x045+ 80 x 035 +244 0,15 +585 x0.03
720 + 28 + 36.6 + 2925 = 814
Now, average cost of group replacement must be found.

Period | Failure of Individual Group Average
400 hours | 1Cs duriag | et : ot | Toul
Block Month Coat @ 20 Coat (@ 10 Cost
1 RO 80 1600 1600 x 10 = 16000 | 17600 1 7600

y! a4 324 A& 222480 | 11240

3 58S 9 18180 34180 | 11393

4 814 1723 34460 50460 | 12615

The minimum cost of group replacement is T 11240 for an interval of 400 hours. Individual
replacement is optimal policy since the cost is ¥ 10000, which is less than the group
replacement cost.

Replacement Problem
and
Project Manogement

NOTES
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Manpower replacement policy (Staffing policy)

All organizations face the problem of initial recruitment and filling up of vacancies caused

by promotions, transfer, employee quitting their jobs or retirement and deaths, The principle

of replacement used in industry for replacement of parts, etc, can also be used for recruitment

and promotion policies, which are laid down as personnel policy of an organization. The

assumption made in such case is that the destination of manpower is already decided. Few

examples will illustrate this point.

Example 8. An an - unif requires 200 men, 20 Junior Commissioned Officers (JCOs)

and 10 officers. Men are recruited at the age of 18 and JCOs and officers are selected out

of these. If they continue in service, they retire at the age of 40. At present there are 800

Mnﬂmym!ﬂqﬂhmumﬂnwmnﬂnwxﬂwukmmwew}w

and at what age promotions should take place ?

Solution, If 800 jawans had been recruited for the past 22 years (age of recruitment 40

years — age of entry |8 years), the total number of them serving up to age of 39 years = 20

®x22=440 .

Total number of jawans required = 200 + 20 + 10 = 230

Taulmbuofjlwmmb:muimdnwynrinurderhmminlmngihufﬂﬂ
= §00/440 x230=418

lgujlmbnpmmmdulﬁnf&ﬁmupmx-lym.munbunl‘jnmmuﬂudis

200 out of 230. Hence out of 800, jawans required = 200/230 x 800 = 696,

696 will be available up to § years as 20 retire every year and (800 - 20 x §) = 700, Hem:

promotion of jawans is due in sixth year,

Out of 230 jawans required, 20 are JCOs, therefore if recruited 800, number of JCOs = 20/230

* 800 = 70 approximately.

In a recruitment of 800, total number of men and JCOs = 697 + 70 = 766

Number of officers required = 800 - 766 = 34

This number will be available in 20 vears of service, mprmmbmnflffﬂs:nafﬁmnm
due in 21 year of service.

Example !.Cdfmfphnsmmmﬁewﬂ'mmwHﬂmmmknpitat
that level. The wastage of faculty due to retirement, quitting, deaths, etc, based on the length
of service of the faculty member 5 as given below.

Block years 112|314 |5 |6|°7]| 81910
% of teachers 0 | S |10] 15| 2 [30] 35
Those who live up to

sl of your 0 | 5S|35]|60| 65|70 F.‘r 100

1] Fiudthtmmﬁauf&ntbymhuxmhcmﬁedﬂmym.

(if)  If there are 10 posts of Head of Departments (HODs) for which length of service
is the only criterion of promotion, what is the average length of service after which
a new faculty member should expect promotion?



Solution. Let us assume that the recruitment per year is 100, These 100 teachers join initially
in the block of 0 § years, will serve for 35 years and will become O in Tth block of 5 years,
i.e.. at the service of 35 years. Those 100 who join between the block of year 5 - 10 will
serve for 30 years and become 15, the third set of teachers will become 30 after 25 years
of service and soon.

Year No, of Faculty Members

0 1

a5
10 65
13 40
20 35
a5 30
£ 15
35 0

Hence, if 100 faculty members are required every year, the total number of staff members
after 35 years (7 block of 5 years) of service = 380

To maintain staff strength of 150, the number to be recruited every year = 100 /380 % 150 =40

If the college rectuits 40 every year, then they want 10 as HODs. Hence if the college recruits
100 every year then they will need HODs = 10/40 x 100 = 25.

It can be seen from the above table that 0+ 15 + 30 2 25, i.e., the promotion of the newly
recruited faculty member as HODs can be done after 20 years of service.

PROJECT MANAGEMENT

5.3 INTRODUCTION

. Programming Evaluation and Review Technique (PERT) and Critical Path Method (CPM) are

mmmdfnmmﬂ.mmhmhmm
;mamwm:mwmmmmmdm-ﬁmm
Bt

PERT was developed by US Navy in 1958 for managing its Polaris Missile Project, It is very
useful device for planning time and resources of a project. Polaris Missile project involved
muummmacﬁngagmmﬁammdmwgmﬂnduth:mmpmm
expenence till that nme.

Parallel efforts, at almost the same time, were undertaken by Du Pont Company,
which developed Critical Path Method (CPM) to plan and control the maintenance of
chemical plants. These methods were subscquently widely used by Du Pont for many

Project Managemant

NOTES
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54 PROJECT MANAGEMENT

-Mﬂhmammcommmbmmrmmcm

Activity

Activity i the smablest unit of productive efforts to be planned, scheduled and controlled. I
is an identifiable part of the project, which consumes time and resources. In fact, a project
is 8 combination of inter-related activities, which must be performed in a certain order for
its letion. The project is divided into different activities by the work breakdown into
*iﬁ?mkmm In network (arrow diagram) an activity is represented by an armow,
the tail that epresents the start and the head, the finish of the activity. The length, shape
and direction of the arrow have no relation to the size of the activity.

Tail Activity Head
Event Event

Fig. 5.1

Evenr

An event is an instant of time at which an activity starts and finishes. An event is represented
by a node, i.e. O. The beginning of an activity is Tail Event and finishing of an event is
Head Event.

Path

An unbroken chain of activity arrows connecting the initial event to some other event is
called a path,

Predecessor Activity -
This is an activity that must be completed immediately before the start of another activity.

Successor Activity

Activity, which cannot be started until one or more activities are completed but immediately
succeeds them is called successor activity of a project.

Dummy Activity

As seen in the definition of activities, all activitics take some time and resources. 4 dummy
activity is the one which is introduced in the network for communication when two or more
activities have the same head and tail evenis. It means that two or more activities share the
same start and finish nodes simultaneously. A dummy activity takes no time and requires no
resources. It is shown as a dotted line in Figure 5.2, Figure 5.3 shows wrong representation.




Fig. 5.3. Wrong Representation

Lat us assume that the start of activity C depends upon the completion of activity A and
B and the start of activity D depends only on the finish of activity. For this situation,
we draw wrong and night representation in Figure 5.4 1o understand the introduction of
dummy activity in network.

S e, e T
B ./}\ L
\_/

(8) Wrong Representation {b) Carrect Representation

Fig. 5.4

5.5 NETWORK (ARROW DIAGRAM)

A netwark is the graphical representation of logically and sequentially connected arrows
representing activities and nodes representing events of a project.

Looping

Sometimes, due to emors in network logic, a situation of looping or cycling error occurs in
which no activity can be completed as all the activities of the network are interlinked. In
such situations, there is need 1o re-examine the network logic and redraw the network. To
understand looping, see Figure 5.5.

Fig. 5.5

Activity B cannot start until activity D is completed and activity D depends on the completion
of activity C but C is dependent on the completion of activity B. Thus activities B, C and D
form a loop and the network cannot proceed. Such condition can be avoided by checking the
precedence relationship of the activitics and numbering them in a logical sequence.
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!*h 3 [ -
In a network all activities except the final activity has a successor activity. A situation may
occur when an activity other than the final activity; does not have a successor activity. The
situation is shown in Figure 5.6,

@ﬁ. : B O C Cj

P Dangling Activity

Fig. 5.6
In must be remembered that except the first node and last node, all nodes must have at least
one sctivity entering it and one activity leaving it.
Construction of Networks
*Construction of @ network is a simple procedure of putting all the events and activities in
a logical and sequential manner to meet the reguirement of a particular project/ problem.
Difficulty occurs only when the basic rules are ignored. The following steps are helpful in
constructing the network :

(@) Divide the project into activities by following the procedure of Work Breakdown
Structure (WBS),

(b) Decide the start event, and the end event of project for all the activities, This is
called establishing the precedence order and is the most important part of drawing
the network.

(¢) The activities decided by the precedence order are put in a logical sequence by
using the graphical representation notations. Logical sequence can be decided by
asking the following questions :

(i) Whatare theactivitics that must be completed before the start of a particular activity ?
{Predecessor Activities) .

(i) What activities must follow the activity already drawn ? (Successor Activities)

(iif) Are there any activities which must be performed simultaneously with a
particular activity 7

Rules to Construct a Network

1. MHmsmmmmdhym—emdmmnpumndhymmD.

2. Each activity is represented by one and only one arrow. The tail of the arrow
represents the start and head the end of the activity,

3. Each activity must start and end in a node.

4. Arrow representing activities must be kept straight and should not be shown curved
or bent.

5. Angles between arrows should be as larges as possible 1o make the activities clearly
distinguishable from each other,

176 Wlﬂuﬂ

6. Amows should not cross each other,



: ! Evmﬂmbulmpmﬂltmsuﬂufdkpﬂjaﬁ.m“ﬂbemm&ﬁm
(arrows) entering this node.

8. All events (nodes) should be numbered in an ascending order.

9. No events numbers can be repeated.

10. Dangling is not permitted.

1. Dunmtymﬁﬁﬁmahomﬂﬁ:ﬂwﬂmbuwmh,mﬂmgﬁﬂndumm
any resource or time.

Numbering of events ’
For numbering of the events, Fulkerson's Rule is very helpful.
(@) Initial or start event, having no preceeding event is numbered 1.
(b) Nunﬁwhgnfu&humiuhwﬁmlcﬂtuﬁghtmﬁummwhuﬂmm
2,3,4, eic.
{c) Thcwm&wﬁehhmhmmbuﬂmigm‘ndmdﬂ:mﬂ.ﬁiswﬂ!mﬂlh
new initial events; these must be numbered in ascending order.
(d) Cnnﬁnmuumbﬁhgdllhtmuﬁllwrﬂdlmelmmumafwhi:hm
mﬂﬁw{m}wﬂlm,liwillhtﬂuundthehighatnumbmuitiarhemd
evenl.

The numbefing of activities is illustrated with the help of Figure 5.7.

Skipping of Event Numbers
mwmmmmmﬁummmnumdmﬂmmmunm
the activities at the initial stage and some additional activities may have 1o be added as the
project progresses. Hmmwhikmbninglhewmhcmﬁnuwﬂyul,!,l#.mﬁmm
tha:wuﬂsmmwdmwnrj'saln'smmuumﬁmumhhmm
uuﬁ!gmyimmumi:mﬂlhehgicufﬁ:nmmtﬁnfhﬂwmﬂmnyhemhmdi
and subsequent events may be numbered as 10, 15, 20 and so on.

Example 10. LﬂmwumﬁrmpkaMMﬁpwmwm,Mmmﬁ
below is the precedence chart showing the activities, their precedence (sequence), eic., for
the project, 'Im»chmguuwpracﬁﬂ'&qmmgumympmmmqmemwm
of a netwark. The precedence given below must be carefully undersiood, as this example
will be used to draw the network at a later stage.

Replacement Problem
Propct Management
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Aciiy Description """""':"m”"""“" rz,}
A Arranging a saleg office el 6
/] Hiring sales persons A 4
(8 Training sales persons B 7
D Selecting advertixing Agency A 2
.} Plan advertising campaign b ¢
F Conduct advertising campaign E 10
G Design packaging of product = 2
H Establish packaging facility G 10
! Package initial stocks H.J 6
J Order stock from mamfacturer - 13
K Select distributors A 9
L Sell ro distributors CK 3
M Transport stock fo distributors LL | 5

The logic of the predecessor activities for each activity listed in the above table should be
understood properly. The project ‘Launching a new product’ can be broken down into a
number of activities. The set of activities given in the table are one perception based on
simple logic. Other such logic could also be developed. The students are advised to carefully
study the precedence of the activities.

Solution. Network diagram for the activities listed in the table is shown in Figure 5.8

Please see each activity carefully to understand the logic. The network is listed with 0
event and the activity has 0 time and is written as start (0). Arranging a sales office does
mhwamme;nﬂmuﬁﬁm.ThhiaﬁMnnﬁﬁwﬁwﬁhinm




(6 weeks) written in the brackets as A (6) on top of the arrow. From node | there are three
activities, which do not have any immediate predecessor activity, Le., A (6), G (2) and
J(13). This may be verified from the precedence table. Activity B, hiring of salespersons can
only commence after arranging sales office (activity A) so activity B (4) is shown as arrow
coming out of node 2. Also activity D.(2) and K (9) can also start only after activity A has
been completed and they are shown with amows moving out of node 2. There is only one
activity C (7), which can start after completion of B and is shown as leaving node another
node 11 has been created and the finish activity moving out of node 10. Finish activity has
0 times as shown in the network diagram.

Example 11. The characteristics of a project schedule are given below :

§. No. Activity Time 5. No, Activity Time
i 1-2 ] 2 -1 4
£ -4 1 4, 3-4 2
5 j-3 5 6. =7
7 3-8 & 4 6-8 4
9 8§=7 2 I0. 79 a
1L 8-9 I

Construct a suitable network.

Solution. The network is shown in Figure 5.9

Fig. 5.9
Example 12. Draw a network diagram based on the following project schedule
information available :

5. No. Activity Immediare Predecessor Activity Time
B A - 2
p B - ]
| c [
4 D 8 5
5 E cC.D 8
& F E i
7 G F 2
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Selution. The network is shown in Figure 5.10,

Fig. 5.10

Critical Path and Activity Times
As explained carlicr PERT is a very useful technique for planning the time and resources of
awmm‘lthmmﬂﬁmdwukhmiﬂymm‘ﬁlhmiﬂmm
innpmjantFEHTduhﬁthpththufmplﬂinuuf.pmjﬂinpwﬁmhrﬁmn.u
Mﬁmﬂmﬂvﬁuhmmw&m“my.llhmlrmuﬁmtm
activity is expected 1o take for completion, which can best be calculated. Expected time of -
mﬁmﬂmﬁﬂﬁﬁmhmwﬁm&fmmm:

(a) Optimistic Time

(b) The most likely time

{c) Pessimistic Time.
These three timings are based on Beta Statistical Distribution. Beta distribution is used as
it is extremely flexible and can take on any form of activity and times that are associated in
u typical project. Four typical Beta curves are shown below.

a ETm b a ™ ET b
1A) iB)
f'.'-_-
T \ / ?
p ETm b a ET = b
() i)
Fig. 5.11

nmhcmﬂmmcﬂmdinnhdmhnﬁniuudmulhiuhﬂuwﬁmiﬁcm
md{ﬁ}ﬁepmimisﬁcﬁmmrh:&pmmdﬁm{munheuﬁmyis limited between



these two ends. Curve {A) is 8 symmetrical curve and the difference between the most likely  Replacement Problem
time (m) and Expected Time (ET) is very small. Had the curve been exactly symmetrical, Project Management
the firm line (m) and dotted line (ET) would be exactly the same. Curve B indicates a high
probability of finishing the activity m and ET indicates that if something goes wrong, the
ntﬁﬁtyﬁ:mmbcgmaﬂymﬂnd.ﬁwefismthﬁgﬁkummmm
Here the probability of finishing the activity early or late is almost equal. Similarly, curve
D indicates very small probability of finishing the activity early but it is more probable that
it will take an extended period of time. The Expected Time (ET) can be calculated from
the following formula :

NOTES

a+dm+b
6

¥ l-.T=

Activity Times— Estimated Time

After constructing s network reflecting the precedence relationship, we have to ascertain
the time estimate for each Activity. We must caloulate ET for each activity using the above
formula :

L., ET

_atdm+b
[
Now the variance of the activity time has to be calculated.

-tz

Earliest Start and Finish Times

Let us take zero as the start time for the project, then for each activity there is an Earliest
Start Time (EST) relative to the project starting time. It 1s the carliest possible time that
activity can start, assuming that all of the predecessor activities are also started at their EST.
In that case for that particular activity, its Earliest Finish Time (EFT) is EST +activity time,
Latest Start and Finish Times

“ If we assume that the ¢ffort is to complete the project in as soon as possible time, this is
the Latest Finish Time (LFT) of the finish activity or of the project. The Latest Start Time
(LST} s the latest time when &n activity can start, if the project schedule is to be mamtained

LST = LFT - activity time i

Finish activity has zero time, hence LST = LFT
Slack. Slack of an activity can be defined as the difference between the Latest Start Time
(LST) and Earliest Start Time (EST) or the difference between the Latest Finish Time (LFT)

and Earliest Finish Time (EFT). This is the significance of slack or Total Slack Time (TST),
that the TST for any activity must be used up.

Critical Path

If we observe the network, we can see that there arc a number of paths that lead to the finish
activity, i.e., comphetion of the project. But the longest path is the most limiting path. This
plﬂz'tsca.'llcdﬂa:{?n'ﬁcul'."mh.llmbcmﬂydﬂmmhyadﬂingﬂmuﬁvitytinuul‘
all the activities on the largest path from start to finish of the project.
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Calculation of EST and EFT

Thwnlmhﬁmmhuhﬁunibdwﬂhhhdpuh%ﬁmhwm
as shown in Figure 5.12 : ‘

Fig. 5.12

This is the same network as was drawn in example 10,

In the above figure the name of the activitics are written above the arrow and their timings
are written in mm:km.mamg&ﬁtywthcrmhhtﬁrﬂyﬁmmﬁnmghwe
only been listed for convenience.

For calculations of EST and EFT let us proceed forward through the network as follows :

(a)

{b).

(c)

(d)

Put the value of the project start time in both EST and EFT positions near the start
activity arrow. So for start activity EST and EFT is zero, which is placed under the

stmmli'vityls.

Consider activity A with activity time of 6. For this EST is zero and EFT is 6 because
that is the minimum time the activity will take. It has been placed near activity A
o LI RS

All activities emanating from node 2 will have EST as 6 and EFT = EST + activity
time, hence for activity B it is [ 6 | 10 | because activity B has a timing of 4.
Similarly, near activity D has been [ 6 | 8 Jas it has activity time of 2. All the -
timings have been written in this manner.

Continue through the entire network and mark the EST and EFT. The critical path
is ABCUK and is 36. Hence for the finish activity EST = EFT = 36,

Calculation of LST and LFT i

For this purpose we work backward through the network. These timings have been listed
in Figure 5.13. :

For activity K, EST was 26 and EFT was 36. LST for this activity is 36 ~ 10 = 26 and LFT

15 36 50 mark it next to activity K as shown. Similarly, let us take activity F. EST was 12
and EFT 22 as activity time is 10, LST can only be 26 - 10 = 16 and LFT is 26,




& g
T LU N
K10y '@Fu(ﬂ:o

[26]38]  [36]36]

LHIEﬁl

Fig.5.13

Calculation of Float (Slack) and Crashing the Network

Example 13. A project consists of the following activitis. The Optimistic Time (OT),
Pessimistic Time (PT) and Most Likely Time or the Expected Time for the activities is also
listed in froni of them.

Predecessor Activity Successor Activity ar Most Likely Time PT

-2 2 2 3 4
2-3 3 3 f 9
2-4 4 J 4 L |
i-5 3 P 4 i
i-6 6 - 0 =
4-8 # - i -
=7 7 4 5 f
57 7 4 é 8
-7 7 ] 73 12

Draw a network diagram of the above project and calculate associate timings of the project.
i.e.. Earliest and Latest Occurrence times of different events, slack, identify critical events
and mark the Critical Path in the diagram. What is the total project duration ?

Solution. The network diagram is as shown below.

Fig. 5.14

(4. 6), (3, 6) = Dummy Activities
Critical Path 1, - 2, - 3~ § - 7, Longest Path
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Event
Predecessor Successor BT = 2tim+6
6
1 2 3
2 3 6
2 4 4
3 £ _ 4
3 6 0
4 6 0
4 7 5
5 7 6
6 7 B
EST LST
Event | = Event 7= 19
Event2=0+131=3} Event6=19-8= ||
Event3=3+6=9 Event5=19-6=13
Event4=3+4 Eventd=]] -0=1
Event$=9+4=3 Event3=13-4=9
Event6=9+0 Event1=9_-6=3
Event 7=13+6=19 Event1=3-3=¢
Now the slack can be calculated.
Evem EST LST Slack
| L1} 0 0
F | 3 0
3 9 9 0
4 7 1] 4
5 13 13 B 0
6 9 1 2
7 19 19 0

mhmmmmmmmhlmm 1,2,3,5and 7. This is the Critical Path,

The project duration is 19 (days/weeks).
Crashing of Network

Most of the profects result into cost overruns because of the inability of the project
management team to complete the project in minimum possiblé time frame, The crashing of

Normal Cost ﬁhhlbemafﬂupmjmwhmﬂllhmulmﬁﬁﬁum
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cammied out, i e, there is no overtime or there are 5o special resources
for which extra payment has to be made.



Normal Time 1 is that time in which project can be completed with the normal
cost as defined above. i
Crash Cost It is the minimum possible time, which is associated with the crash
oSt
The relationship between these costs can be expressed as shown in Figure 5.15.
Crash Cost C

Activity Cosi
>
m

0 P Q
. Coash Time Normal Time
Fig. 5.15
It can be easily seen from the diagram above that the cosi-time slope (angle) is

Slack

It should be appreciated that slack can refer to an activity as well as an event. It can be
defined as the difference between the Latest Time and the Earliest Time. Since normally we
deal with activity time in case of activities, slack and float have the same meaning. When
slack is associated with an event, then the activity can have two slacks.

Head slack (slack of the head event) = LFT — EST of head event

Tail stack (slack of the tuil event) = LFT - EST of tail event,

Float

Float can be described as the free time associated with an event, It is the time available
far performing an activity in addition to the duration time. Hence, really float or slack is
that time by which an activity can be delayed without delaying the entire project, These
activities which do not have any, float or slack are the activities, which cannot be delayed
without delaying the project. These activities are called the critical activities. Hence, along
the critical path the float or slack is zero.
Float is an important concept in project planning. It helps the project management team to :
(i) priorities resources for allotment;
(i) transfer of resources from one area to another depending upon where these are
(iif) minimization of resources;
(iv) smoothen the use of resources.

Total Float

Total float is that time by which any activity can be maximum delayed without delaying the
entire project. I the total float is used up in an activity, that particular activity and all the
subsequent activities become critical.

OB-OA _CD

0Q-0P DE

WM&M
Propect Management

NOTES
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Total Float = Latest occurrence time of the succeeding event-Earliest occurrence time of
the preceding Event - duration of the activity.

Free Float

It is that time by which an activity can be delayed without effecting the commencement of a

succeeding activity at its earliest start time. Free float results when all preceding activities occur

| at the earfiest event times and all succeeding activities also occur at the earliest event times.

Free Float = Earliest occurrence time of the succeeding events — Earliest occurrence time
of the Preceding events-duration of the activity.

Independent Float

Independent float is @ measure of spare time that is available in an activity if it is started as

late as possible and finished as early as possible. Hence, it is that amount of time by which

an activity can be delayed, when all preceding activities are completed as late as possible

and all succeeding activities are completed as early as possible. .

Independent Float = Earliest occurrence time of the succeeding event- Latest occurrence
time of Preceding event-duration of the activity.

Example 14. A project consisting of eight activities is shown with the help of a network

diagram below. Activity times have been marked on top of the arrow in brackets, calculate

EST, LST, EFT and LFT. Also calculate the total float for each activity.

=g )

Fig. 5.16
Solution. EST = Earliest Event Time of the tail event

EET =EST(1-2)=0
Earliest Event Time = Earliest occurrence time of the event preceding the event +
duration of the activity.
EST(1-3) =0
EST(1-5) =0
EST(1-5) =0
EST(2-3) =1
EST(3-4) =5
EST(4-5) =8
EST(5-6) =12
EST(6-7) =15




Also, let us calculate the Latest Finish Time from the above rework.
LFT(1-2) =5
LFT(2-3) =5+3=8 =
LFT(1-3) =%
LFT(3-4) =8+3=11
LFT{4-5)=11+1=12
LFT(1-5 =12
LFT(5-6) =12+3=15
LFT(6-T7) =15+1=16.
LST can be calculated as
LST = LET - Duration of the activity converging on the head event
LST(1-2) =5-1=4
LST(2-3) =8-3=35
LST(1-3) =8-5=1
LST(3-4) =11-3=8%
EST(4-5)=12-1=1l
-LST(1-5) =12-12=0
LST(5-6) =15-3=12
LST(6=T) =16-1=15
EFT can be calculated as follows :
EFT = EST + duration of the activity emanating from tail event
EFT(1-2) =0+1=1
EFT(2-3) =3+1=4
EFT(1-3) =0+5=5
EFT(3-4)=5+3=8
EFT(4-5) =8+1=9
EFT(1-5) =0+12=12
EFT(5-6) =12+3=15
. EFT(6-T)=15+1=16
These timing can now be entered in the network.

1)
B

L R=G

Fig. 5.17
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EST have been entered on top half and LFT on the lower half
Total Float can be calculated as follows -
Total Float = Latest occurrence time of the succeeding event — Earliest occurrence
time of preceding event - duration of the activity.
=LST-EST
Flom(l -2) =4-0=4
Floal (2-3) =51 =4
Float (1 -3) =3-0=3
Float (4 - §) = 1] -8 =3
Float{l - 5) =0-0=0
Float (5-6) =12-12=0
Float(6-7) =15-15=0

Thucv:hcsufEST,LST.E}TlndLFTullmﬂlemulﬂnucanhemlinlhu form of a
table as shown on the next page.

Activity  Durstion EST  LST  EFT  LFT  ‘Total float

A 1 0 4 1 3 4

B 3 l 5 4 8 4

C 5 0 3 5 ] 3

D 3 5 8 8 1 3

B 1 L] 1 9 12 3

F 2 0 ] 12 12 0 Critical
G 3 2 12 15 15 0 activities
H 1 15 15 16 L[] ]

Critical path FGH has been shown with thick line (1 -5 -6 - 7).
The total project duration = 12+ 3+ | = 16,

Project cost and crashing of activities
P@mmm&mtviﬂmufmmﬂummymm
are cast over-runs, the entire decision-making process may be affected adversely. One
major advantage of Critical Path Method is that it is able to establish a relationship between
ﬁnnndcmtmmhﬂuﬁiummdinmnhgmmwujmﬁm.m
uﬁmpﬁmhnpmmﬂ&mﬁmﬁmmm&ﬁmﬁmnf
mwmmmmmmmwgmmmmﬁm
the project duration ix intended to be reduced is called project crashing. It is desirable for
the following reasons :
(@) Completing the project in the least possible time
(h) Reducing the project cost as far as possible
(¢)  Time and hence cost over-runs can be minimized as the project managers can take
measures to expedite other activities if the critical activities have taken more time
than planned for,



(d) Reduction in idle time of the facilities and smoothing the utilization of the resources. Replocement Problem

() Plans can be made to utilize the resources and facilities in efficient manner and these Project Management
can be transferred /switched over to the other more profitable / desirable projects.

() The duration of the activities can be reduced by either allocating more resources in NOTES
manpower and machines as onginally planned for or by working over times in different
shiffis.

Example 15. Draw a network from the following activities and find a critical path and
duration of the project.

Activiry Duration (Days) Activity Duration (Days)
-2 lo 57 7
2-3 & 648 ]
i-4 42 7-8 ]
-5 13 8§-9 5
i-6 7 8- 17
i-6 )

Various paths Duration of paths

1-2-3-5-7-8§-9-10 1048+ 134746+415+17=76
|-2-3-85-6-8-9-10 W+8+13411+9+15+17=83
j-2-3-4-6-8-9-10D 10+8+#12+7+8+15+17=T78

Hence the critical path is 1 ~ 2~ 3~ 5 - 6 -8 ~ 9 =10 with total duration of 82 day. It is
marked with thick lines.

Example 16, 4 small project consists of the following nmanju&smhmmm
are identified with their node numbers as follows : \

Dration Duration
Job Precrdence (Days) Job Precedence (Days)
A 1-2 In ([ i=-7 s
B -3 4 H -5 15
C 1-4 [ I 5-6 f
4] 2-3 3 J -7 5
E 2-3 12 K 6-4 )
r =6 9 4 -8 7
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(@) Draw a network diagram representing the profect

(b) Find the critical path and project duration.

(¢} Caleulate EST, EFT, LST, LFT for all the jobs.

(d) Tabulate Total Float, Free Float, Independent Float.
Solution. The network diagram is shown below

Fig. 5.19
Puths Duration
I=3=3=7=-1 (10+5+12+47) =34
I-2-6-7-8 10+9+5+7=3]
1-2-6-8 10+9+4=23
1-2-5-6-7-8 0+12+6+5+7=40
1-2-5-6-8 10+12+6+4=32
1-3-7-8 4+12+7=23
1-4-5-6-7-8 6+15+6+5+7=39
1-4-5-6-9§ 6+15+6+4=13]

Critical path is | ~2-5-6-7- 8§ with duration of 40 days. It is marked with thick fines
in the network diagram.
Computation of EST, EFT, LST and LFT :

Hesd  Free
Job  Duration EST LET  LFT l.ﬂ'l"l'bllll'l-lh”m

(1) 2) 3) ) 35=0Q+2) (6=4-2) (1=6-3) (8 O=7-8)

1-1 10 0 10 o 0 ] 0 0
1-3 4 0 2 4 17 6 6 11
1=4 6 0 7 L] | | I 0
1-3 5 10 2 15 [ 6 fi 0




2-5 1 0w 10 0 0 0 0
2-6 9 0 28 29 19 9 0 9
3-7 12 15 13 27 21 6 0 6
4-5 15 6 B 2 1 | 0 !
5-6 n 2 % n 0 0 1
6-1 % N 33 28 0 0 0
6-% 2 % 4 32 36 0 0 8
7-8 7 LS 40 3 0 0 0
Terminology in Time Cost Relationship

(@) Normal Time of an activity (z,)
(b) Crash Time of activity (,)

(¢) Normal cost (C,)

(d) Crash cost of the activity (C,)

AC  Crash cost - Nomalcost _ €, -C,
ﬂ [ e
() Autivity cont tope OF aagle = < el W~ Gl e s =t

-

J

I fy L
Time

Fig. 5.20
It may be seen above, that the indirect cost of the project decreases with the increase in the
duration of time, whereas direct cost increases with time and these two costs are opposite to
each other, The sum of the two costs is shown as total cost. The project duration for which
the wtal cost is minimum is called the optimum time duration shown as £,

L
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Quantitative Techniques

5.6 STEPS IN PROJECT CRASHING

Theﬁuuowin;supuninwlvudinpmjmquﬁng:
Step 1. Calculation of the cost slope
AC € -C

As shown earlier cost slope = — =—¢ "2
: AT (-1

whu:ﬂ,t,t,md:,h:uﬂ::umﬂmun‘mgud%dmmmhmnf
reducing duration of an activity by one unit of time.
hpﬂ.uﬂhﬁﬂwmm%ﬂm“mﬂwmafmwmhrm
Find the associated project cost for this criticat path.
Supm&htdwhnmuhp:mﬁﬁymu{u:mwmbmﬁﬁﬁg If there
hqpmmhnmclhmmeui&:lm&nm“nﬂmﬁﬁtymn:h
of the critical paths.
Step IV. Keep reducing the activity time of the selected activity unless and until cither
mhﬁmhmhdwm:nrﬁwmmlhﬂmﬂﬂpuhhumcfiﬁul
Step V. Step I 1o IV are repeated until we identify a critical path on which none of
the activities can be further crashed.
Step VIL List the time und cost in the form of & matrix and select optimum duration of the
project. .
Example 17. The network of a small project is shown below :

Fig. 5.21

The data for the cost and time is also given below. If the indirect cost of the project is
estimated to be T 100 per day of the project duration what is the optimal project duration?

Activiyy | Normal Time | Crash Time | Normal Cast | Crash Coxt
' (days) fuays) ) )
A 2 1 70 §0
B 1 2 80 200
Sl it ol i ] o B oo




......................................................................

& B 4 2 130 300
E 3 3 120 120
F 4 2 80 120
H P 2 100 280
I 5 2 80 200
J 3 e 60

Total Normal Cost= 1120
Sdlution. Step 1. Calculation of the cost slopes of the each of the activities of the project.
B0 =60
ST

200 - 80

B= 3 =60

g0
C=—=50
2

100
D= —=50
2

E=0

40
=T 2%

i 2

180
= —'gﬂ
- 2

140
==
H 3 0

3

I= .E:]ﬂ
1

Step I1. Identify critical path and find the expected duration of the project and direct
cost of the project.
CP=A-B-G-H-1, Expected normal duration =2 + 4 +3 + 4+ 5= |8 days
Direct Cost= 1120

Step I11. Least cost activity on the critical path is A, s it has the lowest cost slope of
20 and this can be crashed by | day (crash time = | day given in the problem,
ie,2-1=1)

New duration= 18- 1= |7 day
Newcost=T 1120+ 1 x20=T 1140

The new network with activity A crashed (circled to show that it has been crashed) it shown
below.
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Step IV. Repeat step 11 to I1I

Out of the remaining activitie on critical path, BGHI, activity I has the lowest unit cost of
crashing of 40. It can be crashed by (5 - 2) = 3 days.

New Duration of the project = 17 - 3 = 14 duys
New Project cost =T 1140 + 3 x40
=T 1260

Out of the remaining three activities on the CP, i.e., BGH activity B has the lowest cost of
60 and it can be crashed by =4 - 2 = 2 days

New project duration = 14 -2 = 12 days
New Project Cost = 1260 +2 x 60=T 1380
The new network may be drawn to show the impact of crashing.

G(3)

&

O @m

Cid _O E()

Fig. 5.23
With crashing of B, the path ADF] has also become critical. To crash the project duration
further, we select one activity from each of the two critical paths and crash each selected
activity by smallest of duration by which these activities can be crashed.



On path ABGHI, G and H are left for crashing and in the path ADFJ, three activities DFJ
can be crashed. Since both activities H and F can be crashed by 2 days (fe, H=4-2=2,
F =4 -2 =2), it will results in
New Project duration = 12-2=10
Project Cost = 1380 + 2 x 70 + 2 »20 as cost slope of Hand F are T 70 and
20 respectively =T 1560
The crashed network is shown below,

On the original critical path only one activity G remains to be crashed which can be crashed by
2 days but costs 90/ to crash per day. On the other CP activities D and J remain to be crashed
which cost ¥ 50 and ¥ 30 to crash per day. Since their total cost is less than T 90 (i.e., 150+ ¥ 30
< 7 90) activities D and J have been selected to be crashed. D can be crashed by 2 days but
J can be crashed by one day, hence both will be crashed by one day.

New project duration = 10 - | =9 days
New project cost = 1560 + 90x | + 30 x 1
=T 1680

It can be seen in the network drawn below that the crashing of activities G and J have made
all the three paths critical. Now only one activity i.e., Gi remains to be crashed on CP, A
~ B -G - H -, similarly only activity D remains to be crashed on CP A - D - F - J. But
on the third CP, ACEI two activities C and E remain to be crashed. We have to select one
ﬁﬁwmh&mmhﬂmechmdMiLmeCP,A—C~E-I-cﬁvirwaillmsh
since E cannot be crashed technically. So, activities G, C and D have to crash. Out of these
G could originally be crashed by 2 days but it has already been crashed by one day. All the
three activities on the three CPs will be crashed by one day,
New Project duration = 9 - 1 = 8 days
New Project cost = 1680 + 90 x 1 + 50x 1 +50 % |
=0 1870

Replacement Problem
arnd
Project Managemaent
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The finally crashed network can be shown below.

Crashed duration of the project = 8 days on all three critical paths the total duration is §
days only.
Step V. List the project-time cost in & table and select the optimal duration of the

project.
These are drawn in the following table.

T Deecwm  QESCRD T

18 1120 1800 2920

17 140 1700 2840

r 1260 1400 2660

12 1380 1200 2580

10 1560 1000 2560

9 . 1680 900 2380

| 1870 800 2670

It may scen that the cost is minimum when the project duration is 10 days. The result of
crashing exercise undertaken above can be summarized s

Normal duration of the project = 18 days
Crashed duration of the project = & days
Optimal duration of the project = 10 days
Minimum cost of the project = ¥ 2560

5.7 PROBABILITY AND PROJECT PLANNING

As explained earlier in this chapter, PERT is able to provide help in decision-making
under conditions of uncertainty. Uncertainty is almost abways associated with the project
completion time and completion of different activities in planned time.




Using the concept of time estimates, optimistic time, most likely time and pessimistic time
and the formula associated with these,
T,'=Expuﬂudﬁmufwmleﬁmuﬂh¢pmjnﬂ

= Zr‘ F0 el il
where t, 1., ... [, are the expected times of the activities on critical path and Vy, V5, ...,
V, are the variances of the activities, 2
~-a

. N
Variance V = TMWW!“[EG—"]

then o= JVi+Vi+Vy+_.+V,

Example 18, Activities of a small project given below. The network of this project is also
drawn. What is the probability of completing the project within 26 days, within 28 days.

Activiyy Mot Optimistic Time Mast Likely Time Most Pessimistic Time
(Days) (Days) (Days)
1-2 1 I I
2-3 1 4 7
2-4 8 12 10
3-5 3 5 7
¢-3 I I 1
5-6 3 6 9
5-7 ‘4 6 ]
6-4 ‘ 8 12
7-8 2 5 8

Fig. 5.26

Solution. The expected time 1, and the variance of different activities can be fond out. It is

given in the following table :

Project Managemant

NOTES




Quantitative Tockni

Most Most
Activity  optimistic :{m pessimistic  ¥ariance time Mtiul
time (days) time (days) |, a+dm b ‘,z-[**_-)
NOTES s
; 1-2 1 1 1 1 0
2-3 1 4 7 4 1
2-4 8 12 10 1" 0.111
-5 3 5 7 5 0.4
4-5 2 1 3 3 07
5-6 3 6 9 f !
§-1 4 6 8 6 0.4
6-8 4 B 12 8 .78
7-8 2 5 8 5 |
EST for each activity can be calculated
Node 1 =0
Node2=0+§=8
Node3=8+4=12
Noded=8+12=20

Node 5 = Maximum out of [(12 + 5), (20 +1)] = 21

Node6=21+6=27

Node7=21+6=27

Node § = Maximum out of [(21 + 8) and (21 +5)}=29.
Similarly, LST for each activity can be calculated.

LST Node 8 =29

Node T=29 - § =24

Nodeb=29 -K=2]

Node § = Maximum out of [(21 - 6), (24 - §)] = 15

Noded=15-3=2

Node3=15-5=10

Node 2 = Min out of [(12 - 11), (10 - 4)] = |

Nodel=1-1=0 :
Let us redraw the network showing the critical path with a thick lin.
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Critical path is 1 -2-4-5-7-8.

Expected time in completing the project = | +12+1+6+ 25 days
Project variance =o°= 0 # 0.111 + 027 + D44 + 1

= 1.578
o= 1{1.51&:1,15&
Probability of completing the project in 30 days,
K___xnzﬁ_!s =0), 796
where, X = 30 days (time under consideration)

X = Length of critical path = 25 days

@ = SD of critical path
The value from the cumulative normal distribution table for Z = 0.796 is 0.7852. Hence,
the probability of completing the project within 28 days is 79.6 %.
Similarly, when we have 1o find probability of completing the project in 28 days,

2=28-5 _21g
1256

The value from the table for Z = 2.388 is 991576

i.e., the probability of completing the project in 28 days is 99.15%

Example 19, An R & D project has large number of activities but the management is
interested in controlling a part of these activities 7, in number. The following data is available
for these 7 activities :

Activity Preceding activity fa) Times (m) ib)
A None 4 [ ] .}
B A 10
C A 18 10
D B 9 9 9
E C i0 4 4
F 4 § L L]
G D.EF § 4 10

(i) Draw a PERT network for the activities shown in the table. -
(if) Prepare the schedule of the 7 activities.
(iify Mark the critical path on the network.
() yﬂtmnnnguuadmdﬁudﬂduysﬁrwﬂpkﬂquMofm
profect, determine the probability it will be completed in 37 days.

(v)  When should the management start these activities to get a confidence level of 99%
of completion of these activities in the scheduled time”
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() Tmfmﬂnhmﬁﬁl}'huhumdﬂnuﬁmdmglheﬁ:lmuh

rsi‘"—” and shown is brackets along with the activities,
Activity A B [ D E F
Time f 9 15 9 5 5 7

Thuiﬁulpaﬁhﬁ-t—ﬁ-ﬁmuhdwhhmmmmmm
uflhilplrtﬂfﬁaj:d-ﬁ+l$+5+?'33dlys.

e
Now let us mMmmmaﬁmmm(i}‘l)

Activity A B C D E 5 G
Time 0.444 0.111 0.111 0 1 ] 0l
Variance = 0.444 +0.111 + 0.11]
= L666org = “Iljﬁﬁ =]1.20
ESdeLSTIuv:bemMnlhugtidemhmde.
(i) Pﬂbﬂil}'hﬂhmjmﬂbcwmpiﬂdhﬂthﬁ
7-39 -2
L= — _— =-_“-_ |55
129 129 :
For Z-—Liﬁrbuvll'ucﬁ'nmﬂleublaisﬂ.?]ﬂdl

ie, theptﬁbiiityﬁnﬂhkpﬁﬂthepmjmﬁﬁhum;lﬂedln!?dmh 93.94 %,
(#)  For 99% assurance the Z value from the table is 2.33,

Z—El;—:—gwclniuhﬁm?,vﬂuinlhi;
X-39
A= — -39=1 29 =
233 179 orX-39=233x1 3
or X=42
The management has 99% assurance, that this part of project will be completed in
42 days,




Example 20. Given below is the list of activities along with their predecessor activties.  Replacement Froblem

Three time estimates are also provided e ;::w ot
M) Tt Ve, e e | Mesrte
! : NOTES

A NIL | 2 9

B A 4 3 4

c A 2 4 6

D A E | 5 7

E c 3 7 @

F D ! 3 5

G B ! 4 7

H G 2 6 1w

i EH 4 § 6

J F 2 ] 1

What is the probability of critical path being completed in (i) 23 days (i) 21 days?
Solution. For drawing the network we need the activity time, which can be calculated using
the refationship 2 *® 4 150 for finding out the probabilities the o> must be calculated.
‘Ihﬂculmhl:imuﬁgimhdnw_

Activity | A | B | C | D | E|FIG[H]1]]
ActivityTime | 3 | 3 | 4 | 5 | 7| 3 | & | 6 | 7

1
["”'] =o' | 316|011 | 0s4 | 04e |04a | 08| 1 |0 |om |1,

Fig. 5.29

The activity timings have been shown in brackets along with the activity on top of the arrow.
The critical path, the path with longest duration is ABGHI and the total duration of the activities
on critical path is 3+ 3 + 4+ 6 + 7 = 23 weeks. It is marked with thick lines in the network.
Variance o2 on critical path = 3.16+0.11+ 1+ 1.77+0.1]
o = 615
o = 148
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Standard 1 deviat _ Scheduled time ~ Duration of the critical path
- Swmdmwpnh[_ﬂ}

* Ifthe scheduled time of completion is 25 days as given in the problem,

ther z= 3-8 _ 0308
248

Hence, probability of completion of the critical path of the project is 80.51%. If the scheduled
time is 21 days,
_12-23
248
Probability of completing the project is 21 days = 1 - 0.8051 = 0,195
Le, the probability completing the project in 21 days 1.95%.

5.8 SUMMARY

202 Self-Instructional Materal

* Replacement of old plant and equipment and items of use like bulbs/tube-lights,
refrigerators/heating, tools/gadgets, etc, is a necessity. All these items are designed
lhpuﬁtmmcwmth:dmmdhvﬂfoumnﬂnm{ymfhmm]nr
particular number of operations.

*  Whenmaking replacement decisions, the management has to make certain assumptions,
these are : "

(i)  The quality of the output remains unchanged.
(if) There is no change in the maintenance costs.
(i) Equipments perform to the same standards.

*  Most of the machinery and equipment having moving parts deteriorale in their
performance with passage of time. The cost of maintenance and repair keeps
increasing with passage of time and a stage may reach when it is more economical
(in overall analysis) to replace the item with a new one.

*  Activity is the smallest unit of productive efforis to be planned, scheduled and
controlled :

¢ A network is the graphical representation of logically and sequentially connected
arrows representing activities and nodes representing events of a project.

* As explamed carlier PERT is a very useful technique for planning the time and
resources of any project.

e The longest path is the most limiting path. This path is called the Critical Path.

o Slack should be appreciated that slack can refer to an activity as well as an event.
It can be defined us the difference between the Latest Time and the Earliest Time.

. DnemnjmmmugnnfcnummuelhnduthuuunthMunhhshl
relationship between time and cost.

. ﬂemﬂafmlﬂmnngmuﬁm&memmmnﬂmm:am
reduced is called praject crashing.

* PERT is able to provide help in decision-making under conditions of uncertainty.
Unicertainty is almost always associated with the project completion time and
completion of different activities, in planned time.



59 REVIEW QUESTIONS

I

M

What is replacement problem? When does it arise?

Describe various types of replacement situations.
Enumerate various replacement problems.

What are the situations which make the replacement of items necessary?

Give a brief account of situations of which the replacement problems anse. What
does the theory of replacement establissh?

Discuss in brief replacement procedure for the items that deteriorate with time.
The cost of maintenance of a machine is given as a function increasing with time and
its scrap value is constant. Show that the average annual cost will be minimized by
replacing the machine when the average cost to date becomes equal to the current
maintenance cost. .

Diiscuss the replacement problem where items are such that mamtenance costs
increase with time and the value of money also changes with time.

Find the optimum replacement policy which minimizes the total of all future discounted
costs for an equipment which costs T A and which needs maintenance costs of

" 2C,.Cy,....C,e1e(C, , > C, ) during the first year, second year cic., and further

10.
1.

sER.

15.

16.

17.

D is the depreciation value per unil of money during a year.

State.some of the simple replacement policies.

Construct the cost equation reflecting the discounted value of all future costs for a

policy of replacing equipment after every n periods. Hence establish the following :

(i) Replace if the next period cost is greater than the weighted average of previous costs.

(if) Do not replace if the next peniod's cost is less than the weighted average of previous
COStS.

What is “group replacement™ Give an example.

Write a short note on group replacement and individual replacement policies.

The cost per item for the individual replacement is C, and the cost per item of group

replacement is C, . If only individual replacement is more economical than the group

replacement along with the individual, find relation between C, and G, .

A truck has been purchased at a cost of T 160000. The value of the truck is depreciated

in the first three years by T 20000 each year and T 16000 per year thereafier. lts

maintenance and operating cosis for the first three years are T 16000, T 18000 and

T 20000 in that order and increase by ¥ 4000 every year, Assuming an interest rate

of 10% find the economic life of the truck.

A manual stamper currently valued at T 10000 is expected to last 2 years and costs

2 4000 per year (o operate. An automatic stamper which can be purchased for T 3000

will lst 4 years and can be operated at an annual cost of T 3000. If money carmies

the rate of interest 10% per annum, determine which stamper should be purchased.

The cost of a new machine is ¥ 5000, The maintenance cost of nth year is given by

R, =500(n-1):n=12 ...

Suppose that the discount rate per vear is 0.05. After how many years will it be

economical to replace the machine by new one?

and
Progect Management

NOTES
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18.

19.

21.

A machine costs T 10000 operating costs are ¥ 500 per year for the first five years.
Operating costs increase by T 100 per year in the sixth and succeeding years.
Assuming a 10 per cent discount rate of money per year, find the optimum length
of time 1o huldhmhhubﬂmhhmm.mclmtymemmﬁm
made, .

An individual is planning to purchase a car. A new car will cost T 120000, The .
uuhvﬂmdthm:tﬂumdnﬂheymh!ﬂiuﬂhmimumuh&
Maintenance and operation costs during the first year are 2 20000 and they increase
by 15% every year. The minimum resale value of the car can be ¥ 40000,

() ﬁ‘hﬂﬂlﬂlﬁﬁﬂ'h&qﬂmﬂhﬂﬁﬁnnnnﬂ*ﬂnu&ﬂﬁtﬁmmﬂﬂ}?

© (i) Ifimterest of 12% is assumed, when should the car be replaced?

A large computer installation contains 2000 components of identical nature which
are subject to failure as per probability distribution given below : ,
Weekend - 1 2 3 4 5
Percentage failure to date : 10 25 50 BO 100

Components which fail have to be replaced for efficient functioning of the system,
If they are replaced as an when failure oceur, the cost of replacement per unit is ¥ 3.
Alternatively, if all components are replaced in one lot at periodical intervals and
individually replaced only as such failures occur between group replacement, the
cost of component replaced is T 1.
{a) Access which policy of replacement would be economical.
(b) If group replacement is economical at current costs, then assess at what cost
of individual replacement would group replacement be uneconomical.
(e) Howlﬁghmtl:mpumhinmmphnmbtmmh:mfm
for individual replacement policy?
Let p (1) be the probability that a machine in a group of 30 machines would
breakdown in period ¢. The cost of repairing a broken machine is ¥ 200, Preventive
maintenance is performed by servicing all the 30 machines at the end of T unit of
time. Preventive maintenance cost is 2 15 per machine. Find optimum T which
will minimize the expected total cost per period of servicing, given that
0.03 for 1=1
piy= { plt=1)+0.01 for r=2,3,.., 10
0.13 for 1=11,12 13, ...

What is the optimum replacement plan?

A manufacturer wants to replace a machine. The purchase price of the machine is
T 10000. Following other detail are available :

Year Maintenance (7) Resale Price (7)
1 1200 HOM)
z l]m‘ 3000
3 X 1500 ‘ 2000




.......... “ m iu_m
5 2200
6 3000 500
7 3200 400
] 3800 300

Suggest in which year the machine may be replaced. if the supplier of the machine
hmdmmwiymlnsimmﬂnmﬁwnfmh

23. mhmmmmdﬁh?mmﬂwmmmhuhﬂqmmhe
applied?

How does PERT differ from CPM? Describe briefly the basic steps to be followed
in developing PERT/CPM programmed?

28, Under what circumstances would you use PERT as opposed to CPM is project
management? Name a few projects where each would be more suitabie than other.
Whuisﬂw:ipdﬁmnfﬂwuﬁmuuﬁmmudh?ﬁﬁﬁﬂwmmwm
basis is a single estimate denived from these estimates?

27.  What is critical path? What does it signify? What are its benefits?

Describe with the help of a diagram, the procedure to arrive at the critical path in a
PERT network

29. Whﬂduymmﬂusﬂnﬂﬁmuﬁiﬂﬁnid:ﬁmtmdhmtﬁmhﬁm?ﬂnwm
they calculated? Explain your answer with an example.

30. What do you understand from slack? What are the different types of slacks? How
does knowledge of slack help better project management?

3. Amgmmmﬂuuplmmumuumfummm:mofwu
techniques fordecision-making™., In order to coordinate the project, it has decided
10 use a PERT network. The major activitics and times estimate for ach activity
have been completed as follows

Times Activity that
Astrily Ducripion Estimate | must precede

a. Design conference meeting theme 123 Noae

b. Design front cover of conference proceedings 1-2-3 A

¢. Design brochure 1-2-3 A

d. Compile list of distinguished speakers 2-4-8 A

¢. Fmalize brochure and print it 2.5-14 Cand D

L Make travel arrangements for distinguished speskers | 1-2-3 )

g Send broachers 1-3.8 E

b Receive papers for conference 10-12-30 G

i. Edn papers 3-5-7 H

J. Print proceedings 5-10-15 Band |

Replocement FProblem
and
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(@) Construct an arrow diagram called network.
(b) Caleulate expected time for cach activity.
(¢} Identify critical path and determine the project duration,
32, Major activities involved in the develpment of an item with a vendor are as under *

Activity Duration (Weeks)
A 2
B . |
C 2
] = i
1 5
F . 8
G 4
H 3
1 1
1 4
Constraints :

() A is start activity.
{#)) B can start on completion of A.
(iif) C,E and H succeed B
(iv) C controls D, E controls F and H controls |
(v) G can commence afier F is over.
(vi) J can start once D and | are over,
(vii) G and J are last activities.
(a) Duwih:pmjmmutndidcmfynﬂmepim
{b) memhmmqﬁrdbyhumdnrmdﬂtlupﬂuitem?
() Whﬂﬂu&sﬁmudnymmhhmdumﬂndnmhpmtﬁm?
3. ammmmmmpmmmmmﬂm :
mmﬂm.mmmmmummﬂmm
once promised is crucial as penalty clause is applicable. The wining of tender also

depends on how soon hcwhﬂklndﬂhwhmdm?mjmw
has listed down the activitics in the project as under - -

S.No. | Activity | Immediate Proceeding Activity Activity Time (Weeks)
| A 3
2 B 4
3 C A 5
4 D ° A L]
5 E C 7
6 F D ]
7 G B 9
B H E,FG 3




(a)
(b
M. Calcul

Find out the delivery week from the date of acceptance of quotation.
Find out total float and free float for cach of the activities.
ate EST, EFT and LFT for the following network. The duration for each

activity is given on upper side of arow line.

35. Time and cost data of the activities of a small project is given below :

Normal Crash Cost Slope
Aoty ﬁj Cost (3) {Dlmr'l Cost @ ;:] Cost (T)
1-2 3 360 2 400 I 20
2-=3 [ 1,440 4 1.620 1 90
2-4 9 2,160 5 2,380 4 55
2-5 7 1,120 5 1,600 2 240
-4 b ] 400 4 L 4 100
4-5 5 1,600 3 1,770 2 85
5-6 8 180 7 769 I 280

The overhead cost per day is T 160.

(N
(i)

Find critical path.
Crnshlﬁrmjnnmwhi:vaopﬁmnﬂmﬁunmdnpﬁmmm

36. Amjudmmsismnfrﬁmx&ﬁtie&hcﬁviﬁumﬁmﬁﬁdhy their beginning (1)
and ending (i) node numbers. The three estimates are listed in the table below.

Estimated Duration (Weeks)
Activity (i)
Optimistic Mast Likely Pessimistic
1-2 1 1 7
i-3 | 4 19
1-4 i 4 1
4-5 2 | 14
2-6 2 5 8
5-6 1 4 19
5-6 1 4 19
-7 2 5 . 14
6-17 3 6 IS
(a) Draw the project network and identify all the paths through it.

(b)
(€)
()

le)

Idennify the u‘iﬁnﬂpﬂlhnudmmthtcxp:twdpnjmdimm
Calculate variance and standard deviation of the project duration.
What is the probability that the project will be completed.

(i) At least 2 weeks earlier than expected?

(i) Not more than 2 weeks later than expected?

What due date has a probability of completion £ (.957

Self-Inatructional Meterial 207




Quantitative Technigues Given normal distribution function

Normal Deviate (z) | Probability % | Normal Deviate (z) | Probabiity %
~09 184 +09 816
NOTES -0 159 +1.0 84.1
-1 13.6 +1.1 864
-1.2 ns S 1 §8.5
-13 9.7 +13 90.3
-14 81 +1.4 91.3

31. The following table gives for each activity of a project, its duration and responding
resource requirement as well as total availability of each type of resources :

Activity | Duration (Days) | Resources (Machines) | Required (Men)

1-2 7 2 20

-3 7 2 20

2-3 8 3 30

24 6 4 20

36 9 2 20

4-3 3 2 20

56 5 4 40
Minimum available Resources.

(1) MMNMWWWTMMMHM
Time for each event, the total float each activity and identify the critical
path assuming that there are no resource constraints.

(#) Under the given resource constrains find out the minimum duration to
cmplﬂeﬂ:pmjuctndmmﬂmmﬂh:ﬁmunhtmmufnrm

: :

38 A projection consists of 10 activities, each of which requires either, of both, of the
two types of resources R, and R, for its performance. The duration of the activities
an their resource requirements are as follows :

Activity | Duration Days) | R, | R,

-2 2

1-3

I-4

2-6

3-5

45

4

5-7

6-7

7-8

len |
|

Bl | o

ﬁMHL—HLﬂMW

e I TR O S BN PN
]

LI TV N
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Resource availability : 8 units of R, and 5 units of R,

Determine the duration of the project under given resource constraint. If the fesources
were not a problem, how long would the project take to complete in the normal course?
Explain the meaning of ‘crashing’ in network techniques.

What do you understand by the term direct cost and indirect cost in PERT costing
techniques? How do they behave in project cost with range of duration?

. (a) What do you mean crash duration?

(b) Wﬂuuhmmmpmjmcmhingmmmhﬁ{hhngiwm
for cost slope).

What is a least-cost schedule of a project? How is it obtained?

How do you distinguish between resource levelling and resource allocation

pmhlau?'a‘memdnphinmllguiﬂmufmillomim

E:phinhnwnetwmimtyshunbeudfnrmmupimnhgmdlcwﬂhgin

project management.

Exphinlhemeu[ﬂwhhvulﬁnaufmuﬂ

Giive a procedure of resource levelling using PERT/CPM.

Distinguish between ‘Precedence Disgram’ and ‘Network Diagram'.

Amummmursmhiﬁummmmmm;

Time Estimate (Weeks)
Activity | Preceding Activity
Most Optimistic | Most Likely | Most Pessimistic

A None 2 4 11
B None 10 12 26
C A 8 9 10
D A 10 15 20
E A T 75 11
F B.C 9 o 9
G D : | a5 7
H E.F.G 5 5 5

(@) Draw the PERT network for the project.

(b) Determine the critical path.

) Ifn]ﬂwuhdmdh:hitqmﬂiwhlhﬁr:pmhhilhyﬂmﬂttmpﬁmlﬁﬂ

be finished within the time limit?

Th:fulhwh;hrﬁummimmlmam;mmmﬁmpmjmfmmmmwy
kﬁuﬁmﬁgnn:mmﬂmmrﬁﬁﬁﬂmmmmdmmm
numtm:mhdunﬁmmd:tuhmmm&nwdﬁumﬂuhmwﬁhbh
SOUTCES.

Replacement Problem

and

Progect Monagement

NOTES
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Activity | Preceding Activity | Duration in Weeks | Direct() Cost (7)
Normal Crash Normal Crash

a - 15 12 4,500 5,250
b - =19 14 4,000 4. 500
¢ - 9 5 2,500 4,500
d A [ 5 1,700 1,940
[} A 4 9 4,300 5350
r ; b b 9 [ 2,600 3440
B e L) 3 1,800 3,400

Each attivity may be reduced to the crash duration in weekly stages at pro rta cost.

There is a fixed cost of T 500 per week.

Required :

(a) Draw, clearly labelled, a network and indicate the notation pattern used.
(b) Indicate the critical path and state the normal duration and cost.

{c) Calculate the critical total cost, showing clearly four working, and the revised
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