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13.1 INTRODUCTION 

Integration and differentiation are two fundamental operations in calculus. They are inverse operations 
of each other in a certain sense. 

Differentiation is the process of finding the derivative of a function, which measures how the function's 

output changes with respect to its input. The derivative of a function 𝑓(𝑥) is denoted by 𝑓′(𝑥) or 
ௗ௬

ௗ௫
, 

where 𝑦 is the dependent variable and 𝑥 is the independent variable. 

Integration, on the other hand, is the process of finding the antiderivative of a function. The 
antiderivative 𝐹(𝑥) of a function 𝑓(𝑥) is a function whose derivative is equal to 𝑓(𝑥). This process is 

also known as finding the indefinite integral of a function. The symbol ∫  represents the process of 

integration, and 𝐹(𝑥)  =  ∫  𝑓(𝑥) 𝑑𝑥 denotes the antiderivative of 𝑓(𝑥). 

13.2 OBJECTIVES 

After completing this unit, students will be able to 

 Understand the concept of integration 

 Rember basic integration formulae 

 Apply integration formulae to solve numerical problems 

13.3 Integration: Indefinite Integral  

If the function 𝑓(𝑥) be the derivative of the function 𝑔(𝑥) w.r.t. 𝑥 on a certain interval of the 𝑥-axis, 
then we say that an integral of 𝑓(𝑥) w.r.t. x is 𝑔(𝑥) and write it symbolically as 

∫ 𝑓(𝑥) 𝑑𝑥 =  𝑔(𝑥). 

The variable 𝑥 is called the variable of integration. It is customary to use the differential ′𝑑𝑥′ of the 
variable ′𝑥′ in the process of integration. The differential ′𝑑𝑥′ indicate that the integration is to be 

carried w.r.t.𝑥. The symbol ∫ denote the process of integration. The function whose integral is to be 



found out is called the integrand. If the integral of 𝑓(𝑥) w.r.t. 𝑥 is 𝑔(𝑥), then we also say that 𝑔(𝑥) is an 
antiderivative of 𝑓(𝑥). 

Examples (i) 𝑥ଷ is the derivative of the function 
௫ర

ସ
 w.r.t. x. 

Therefore, 
௫ర

ସ
is an integral of 𝑥ଷw.r.t.𝑥 i.e.,   

න 𝑥ଷ 𝑑𝑥 =
𝑥ସ

4
. 

(ii) Since 
ௗ

ௗ௫
(sin 𝑥) = cos 𝑥 ⇒ ∫ cos 𝑥 𝑑𝑥 = sin 𝑥, i.e. sin 𝑥 is an integral of cos 𝑥. 

Since 
ௗ

ௗ௫
(sin 𝑥) = cos 𝑥, we have ∫ cos 𝑥𝑑𝑥 = sin 𝑥. 

Moreover, if 𝐶 is any constant then 
ௗ

ௗ௫
(sin 𝑥 + 𝐶) = cos 𝑥. 

So, in general, ∫ cos 𝑥𝑑𝑥 = (sin 𝑥 + 𝐶). 
Clearly, different values of 𝐶 will give different integrals. 
Thus, a given function may have an indefinite number of integrals. Because of this property, we call 
these integrals indefinite integrals. 

Thus, 
ௗ

ௗ௫
[𝑔(𝑥)] = 𝑓(𝑥) ⇒ ∫ 𝑓(𝑥)𝑑𝑥 = 𝑔(𝑥) + 𝐶,  where 𝐶 is a constant, called the constant of 

integration. Any function to be integrated is known as an integrand. 

It is very important to note that the integral of a function may or may not exist. In other words, it may 
not be possible to find a function whose derivative is equal to the given function. 

On the basis of differentiation and the definition of integration, we have the following results. 

1 
ௗ

ௗ௫
(𝐶) = 0 ⇒ ∫ 0 𝑑𝑥 = 𝐶. 

2 
ௗ

ௗ௫
(𝑥) = 1 ⇒ ∫ 1 𝑑𝑥 = 𝑥 + 𝐶. 

3 
ௗ

ௗ௫
(𝑘𝑥) = 𝑘 ⇒ ∫ 𝑘 𝑑𝑥 = 𝑘𝑥 + 𝐶. 

4 
ௗ

ௗ௫
ቀ

௫೙శభ

௡ାଵ
ቁ = 𝑥௡, 𝑛 ≠ −1 ⇒ ∫ 𝑥௡𝑑𝑥 =

௫೙శభ

(௡ାଵ)
+ 𝐶. 

5 
ௗ

ௗ௫
(log|𝑥|) =

ଵ

௫
⇒ ∫

ଵ

௫
𝑑𝑥 = log|𝑥| + 𝐶. 

6 
ௗ

ௗ௫
(𝑒௫) = 𝑒௫ ⇒ ∫ 𝑒௫𝑑𝑥 = 𝑒௫ + 𝐶. 

7 
ௗ

ௗ௫
ቀ

௔ೣ

୪୭୥ ௔
ቁ = 𝑎௫ ⇒ ∫ 𝑎௫𝑑𝑥 =

௔ೣ

୪୭୥ ௔
+ 𝐶. 

8 
ௗ

ௗ௫
(sin 𝑥) = cos 𝑥 ⇒ ∫ cos 𝑥𝑑𝑥 = sin 𝑥 + 𝐶 

9 
ௗ

ௗ௫
(−cos 𝑥) = sin 𝑥 ⇒ ∫ sin 𝑥𝑑𝑥 = −cos 𝑥 + 𝐶 

10 
ௗ

ௗ௫
(tan 𝑥) = secଶ 𝑥 ⇒ ∫ secଶ 𝑥𝑑𝑥 = tan 𝑥 + 𝐶 

11 
ௗ

ௗ௫
(−cot 𝑥) = cosecଶ 𝑥 ⇒ ∫ cosecଶ 𝑥𝑑𝑥 = −cot 𝑥 + 𝐶 

12 
ௗ

ௗ௫
(sec 𝑥) = sec 𝑥tan 𝑥 ⇒ ∫ sec 𝑥tan 𝑥𝑑𝑥 = sec 𝑥 + 𝐶 

13 
ௗ

ௗ௫
(−cosec 𝑥) = cosec 𝑥cot 𝑥 ⇒ ∫ cosec 𝑥cot 𝑥𝑑𝑥 = −cosec 𝑥 + 𝐶 



14 
ௗ

ௗ௫
(sinିଵ 𝑥) =

ଵ

√ଵି௫మ
⇒ ∫

ଵ

√ଵି௫మ
𝑑𝑥 = sinିଵ 𝑥 + 𝐶 

15 
ௗ

ௗ௫
(tanିଵ 𝑥) =

ଵ

(ଵା௫మ)
⇒ ∫

ଵ

(ଵା௫మ)
𝑑𝑥 = tanିଵ 𝑥 + 𝐶 

16 
ௗ

ௗ௫
(secିଵ 𝑥) =

ଵ

௫√௫మିଵ
⇒ ∫

ଵ

௫√௫మିଵ
𝑑𝑥 = secିଵ 𝑥 + 𝐶 

Some Standard Results on Integration 

1. 
ௗ

ௗ௫
൛∫ 𝑓(𝑥)𝑑𝑥ൟ = 𝑓(𝑥). 

2. ∫ 𝑘 ⋅ 𝑓(𝑥)𝑑𝑥 = 𝑘 ⋅ ∫ 𝑓(𝑥)𝑑𝑥, where 𝑘 is a constant. 

∫ {𝑓ଵ(𝑥) + 𝑓ଶ(𝑥)}𝑑𝑥 = ∫ 𝑓ଵ(𝑥)𝑑𝑥 + ∫ 𝑓ଶ(𝑥)𝑑𝑥. 

3. ∫ {𝑓ଵ(𝑥) − 𝑓ଶ(𝑥)}𝑑𝑥 = ∫ 𝑓ଵ(𝑥)𝑑𝑥 − ∫ 𝑓ଶ(𝑥)𝑑𝑥. 

4. ∫ {𝑘ଵ ⋅ 𝑓ଵ(𝑥) ± 𝑘ଶ ⋅ 𝑓ଶ(𝑥) ± ⋯ ± 𝑘௡ ⋅ 𝑓௡(𝑥)}𝑑𝑥 = 𝑘ଵ ⋅ ∫ 𝑓ଵ(𝑥)𝑑𝑥 ± 𝑘ଶ ⋅ ∫ 𝑓ଶ(𝑥)𝑑𝑥 ±

⋯ ± 𝑘௡ ⋅ ∫ 𝑓௡(𝑥)𝑑𝑥. 

Example 1: ∫ 𝑥ଷ𝑑𝑥 =
௫(యశభ)

(ଷାଵ)
+ 𝐶 =

௫ర

ସ
+ 𝐶. 

Example 2: ∫ √𝑥
య

𝑑𝑥 = ∫ 𝑥ଵ/ଷ𝑑𝑥 =
௫

ቀ
భ
య

శభቁ

ቀ
భ

య
ାଵቁ

+ 𝐶 =
ଷ

ସ
𝑥ସ/ଷ + C. 

Example 3: ∫ 𝑑𝑥 = ∫ 𝑥଴𝑑𝑥 =
௫(బశభ)

(଴ାଵ)
+ 𝐶 = 𝑥 + 𝐶. 

Example 4: ∫
ଵ

௫య 𝑑𝑥 = ∫ 𝑥ିଷ𝑑𝑥 =
௫(షయశభ)

(ିଷାଵ)
+ 𝐶 = −

ଵ

ଶ௫మ + 𝐶. 

Example 5: ∫
ଵ

௫భ/మ 𝑑𝑥 = ∫ 𝑥ିଵ/ଶ𝑑𝑥 =
௫

ቀష
భ
మ

శభቁ

ቀି
భ

మ
ାଵቁ

+ 𝐶 = 2𝑥ଵ/ଶ + 𝐶. 

Example 6: ∫ 5௫𝑑𝑥 =
ହೣ

୪୭୥ ହ
+ 𝐶. 

Example 7: ∫ ቀ5𝑥ଷ + 2𝑥ିହ − 7𝑥 +
ଵ

√௫
+

ହ

௫
ቁ 𝑑𝑥 

= 5 න 𝑥ଷ𝑑𝑥 + 2 න 𝑥ିହ𝑑𝑥 − 7 න 𝑥𝑑𝑥 + න 𝑥ିଵ/ଶ𝑑𝑥 + 5 න
1

𝑥
𝑑𝑥

= 5 ⋅
𝑥ସ

4
+ 2 ⋅

𝑥ିସ

(−4)
− 7 ⋅

𝑥ଶ

2
+

𝑥ଵ/ଶ

(1/2)
+ 5log |𝑥| + 𝐶

=
5𝑥ସ

4
−

1

2𝑥ସ
−

7𝑥ଶ

2
+ 2√𝑥 + 5log |𝑥| + 𝐶.

 

Example 8:  

න (1 − 𝑥)(2 + 3𝑥)(5 − 4𝑥)𝑑𝑥 = න (10 − 3𝑥 − 19𝑥ଶ + 12𝑥ଷ)𝑑𝑥

= 10 න 𝑑𝑥 − 3 න 𝑥𝑑𝑥 − 19 න 𝑥ଶ𝑑𝑥 + 12 න 𝑥ଷ𝑑𝑥

= 10𝑥 − 3 ⋅
𝑥ଶ

2
− 19 ⋅

𝑥ଷ

3
+ 12 ⋅

𝑥ସ

4
+ 𝐶

= 10𝑥 −
3𝑥ଶ

2
−

19𝑥ଷ

3
+ 3𝑥ସ + 𝐶.

 

Example 9: ∫ ቀ
ଷ௫రିହ௫యାସ௫మି௫ାଶ

௫య ቁ 𝑑𝑥 = ∫ ቀ3𝑥 − 5 +
ସ

௫
−

ଵ

௫మ +
ଶ

௫యቁ 𝑑𝑥 [dividing each term by 𝑥ଷ ] 



= 3 න 𝑥𝑑𝑥 − 5 න 𝑑𝑥 + 4 න
1

𝑥
𝑑𝑥 − න 𝑥ିଶ𝑑𝑥 + 2 න 𝑥ିଷ𝑑𝑥

= 3 ⋅
𝑥ଶ

2
− 5𝑥 + 4log |𝑥| − ൬−

1

𝑥
൰ + 2 ቆ

𝑥ିଶ

−2
ቇ + 𝐶

=
3𝑥ଶ

2
− 5𝑥 + 4log |𝑥| +

1

𝑥
−

1

𝑥ଶ
+ 𝐶.

 

Example 10: 

න ቆ
𝑥ସ + 1

𝑥ଶ + 1
ቇ 𝑑𝑥 = න ൤𝑥ଶ − 1 +

2

(𝑥ଶ + 1)
൨ 𝑑𝑥

= න 𝑥ଶ𝑑𝑥 − න 𝑑𝑥 + 2 න
1

𝑥ଶ + 1
𝑑𝑥

=
𝑥ଷ

3
− 𝑥 + 2tanିଵ 𝑥 +  C. 

 

Example 11:∫ tanଶ 𝑥 𝑑𝑥 = ∫ (𝑠𝑒𝑐ଶ 𝑥 − 1)𝑑𝑥 = ∫ 𝑠𝑒𝑐ଶ 𝑥𝑑𝑥 − ∫ 𝑑𝑥 = 𝑡𝑎𝑛 𝑥 − 𝑥 +  C. 

Example 12:∫ cotଶ 𝑥 𝑑𝑥 = ∫ (𝑐𝑜𝑠𝑒𝑐ଶ 𝑥 − 1)𝑑𝑥 = ∫ 𝑐𝑜𝑠𝑒𝑐ଶ 𝑥𝑑𝑥 − ∫ 𝑑𝑥 = −𝑐𝑜𝑡 𝑥 − 𝑥 +

𝐶. 

Example 13: Evaluate ∫ √1 − sin 2𝑥𝑑𝑥. 

Solution:  

න √1 − sin 2𝑥𝑑𝑥 = න (cosଶ 𝑥 + sinଶ 𝑥 − 2sin 𝑥cos 𝑥)ଵ/ଶ𝑑𝑥

= න ඥ(cos 𝑥 − sin 𝑥)ଶ𝑑𝑥

= න (cos 𝑥 − sin 𝑥)𝑑𝑥 = න cos 𝑥𝑑𝑥 − න sin 𝑥𝑑𝑥

= sin 𝑥 − (−cos 𝑥) + 𝐶 = sin 𝑥 + cos 𝑥 + 𝐶.

 

Example14: Evaluate ∫
ௗ௫

ଵାୱ୧୬ ௫
 

Solution:  

න
𝑑𝑥

(1 + sin 𝑥)
= න

1

(1 + sin 𝑥)
×

(1 − sin 𝑥)

(1 − sin 𝑥)
𝑑𝑥

= න
(1 − sin 𝑥)

(1 − sinଶ 𝑥)
𝑑𝑥 = න

(1 − sin 𝑥)

cosଶ 𝑥
𝑑𝑥

= න ൬
1

cosଶ 𝑥
−

sin 𝑥

cosଶ 𝑥
൰ 𝑑𝑥 = න (secଶ 𝑥 − sec 𝑥tan 𝑥)𝑑𝑥

= න secଶ 𝑥𝑑𝑥 − න sec 𝑥tan 𝑥𝑑𝑥 = tan 𝑥 − sec 𝑥 + 𝐶.

 

 

Example 15: Evaluate ∫
ୱୣୡ ௫

(ୱୣୡ ௫ା୲ୟ୬ ௫)
𝑑𝑥. 

Solution:  

න
sec 𝑥

(sec 𝑥 + tan 𝑥)
𝑑𝑥 = න

sec 𝑥

(sec 𝑥 + tan 𝑥)
×

(sec 𝑥 − tan 𝑥)

(sec 𝑥 − tan 𝑥)
𝑑𝑥

= න
(secଶ 𝑥 − sec 𝑥tan 𝑥)

(secଶ 𝑥 − tanଶ 𝑥)
𝑑𝑥

 



= න (secଶ 𝑥 − sec 𝑥tan 𝑥)𝑑𝑥

= න secଶ 𝑥𝑑𝑥 − න sec 𝑥tan 𝑥𝑑𝑥 = tan 𝑥 − sec 𝑥 + 𝐶.
 

Example 16: Evaluate ∫ ቀ
ଵିୡ୭ୱ ଶ௫

ଵାୡ୭ୱ ଶ௫
ቁ 𝑑𝑥 

Solution:  

න ൬
1 − cos 2𝑥

1 + cos 2𝑥
൰ 𝑑𝑥 = න

2sinଶ 𝑥

2cosଶ 𝑥
𝑑𝑥 = න tanଶ 𝑥𝑑𝑥

= න (secଶ 𝑥 − 1)𝑑𝑥 = න secଶ 𝑥𝑑𝑥 − න 𝑑𝑥

= tan 𝑥 − 𝑥 + 𝐶.

 

Example 17: Evaluate ∫ sinିଵ (cos 𝑥)𝑑𝑥. 

Solution: ∫ sinିଵ (cos 𝑥)𝑑𝑥 = ∫ sinିଵ ቄsin ቀ
గ

ଶ
− 𝑥ቁቅ 𝑑𝑥 

= න ቀ
𝜋

2
− 𝑥ቁ 𝑑𝑥 =

𝜋

2
⋅ න 𝑑𝑥 − න 𝑥𝑑𝑥 =

𝜋𝑥

2
−

𝑥ଶ

2
+ 𝐶. 

13.4 LET US SUM UP 

So, in this first unit we have learned about the 𝜖 − 𝛿 definition of the limit also some numerical 
examples studied. Finding limit of function at a point is the procedure to study the behavior of the 
function in the neighborhood of that point. There are some points that must be noted. 

a) We calculate the limit of a function to understand the behaviour of a function as it approaches a 
certain value. 

b) In the definition we seen that there exists a delta such that 0 < |𝑥 − 𝑎| < 𝛿, it means that 
function need not be defined at the point 𝑥 = 𝑎. 

c) The value of 𝛿 depends on both 𝜖 and the point at which we find the limit. 

13.5 UNIT END EXERCISE 

13.5.1 Integrate 3𝑥 + 4𝑥ଶ. 

13.5.2 Integrate sec 𝑥 tan 𝑥 − 5 𝑐𝑜𝑠𝑒𝑐ଶ𝑥. 

13.5.3 Integrate 
ଶ ୡ୭

ଷ ୱ୧୬మ ௫
+ 1. 

13.5.4 Integrate 
௔

௫మ +
௕

௫
+ 𝑐. 

13.5.5 Evaluate ∫
ସ௫ା଺

௫
 𝑑𝑥. 

13.5.6 Evaluate ∫ (𝑒௫ + 2 sin 𝑥 − 3 cos 𝑥) 𝑑𝑥. 

13.5.7 Integrate 1 + 𝑥 +
௫మ

ଶ!
+

௫య

ଷ!
+ ⋯ 

13.5.8 Integrate 10௫ + 3𝑒௫ + 𝑥ଷ. 
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