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13.1 INTRODUCTION

Integration and differentiation are two fundamental operations in calculus. They are inverse operations
of each other in a certain sense.

Differentiation is the process of finding the derivative of a function, which measures how the function's

. o o . . d
output changes with respect to its input. The derivative of a function f(x) is denoted by f’'(x) or é,

where y is the dependent variable and x is the independent variable.

Integration, on the other hand, is the process of finding the antiderivative of a function. The
antiderivative F(x) of a function f(x) is a function whose derivative is equal to f(x). This process is
also known as finding the indefinite integral of a function. The symbol [ represents the process of
integration, and F(x) = J f(x) dx denotes the antiderivative of f (x).

13.2 OBJECTIVES

After completing this unit, students will be able to
» Understand the concept of integration
» Rember basic integration formulae

» Apply integration formulae to solve numerical problems

13.3 Integration: Indefinite Integral

If the function f(x) be the derivative of the function g(x) w.r.t. x on a certain interval of the x-axis,
then we say that an integral of f(x) w.r.t. x is g(x) and write it symbolically as

Jfx)dx = g(x).
The variable x is called the variable of integration. It is customary to use the differential ‘dx’ of the
variable 'x’ in the process of integration. The differential ‘dx’ indicate that the integration is to be
carried w.r.t.x. The symbol | denote the process of integration. The function whose integral is to be




found out is called the integrand. If the integral of f(x) w.r.t. x is g(x), then we also say that g(x) is an
antiderivative of f(x).
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Examples (i) x3 is the derivative of the function XT w.r.t. X.
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Therefore, —is an integral of x3w.rt.x i.e.,

4
X
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(i1) Since . (sinx) = cosx = [ cosx dx = sinx, i.e. sin x is an integral of cos x.

: d , . .

Since a(sm x) = cos x, we have J cos xdx = sin x.
o d , .

Moreover, if C is any constant then - (sin x + C) = cos x.

So, in general, [ cos xdx = (sin x + C).

Clearly, different values of C will give different integrals.

Thus, a given function may have an indefinite number of integrals. Because of this property, we call
these integrals indefinite integrals.

Thus, ;—x [g(0)] = f(x) = [ f(x)dx = g(x) + C, where C is a constant, called the constant of
integration. Any function to be integrated is known as an integrand.

It is very important to note that the integral of a function may or may not exist. In other words, it may
not be possible to find a function whose derivative is equal to the given function.

On the basis of differentiation and the definition of integration, we have the following results.
d
1 a(C)_o=>f0dx_c.
2 —(0)=1>[ldx=x+C.

3 S (kx)=k= [kdx=kx+C.
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D +C.
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™ n+1) x'n # 1:fx dx
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5 a(loglxl) === 1] ;dx = log|x| + C.

6 %(e")=ex:>fexdx=ex+C.

d (a*\ _ x _a*
7 dx(loga)_a :fadx_loga-l_c
d , . :
8 a(smx):cosx:>fcosxdx=smx+C
d . .
9 a(—cosx):smxifsmxdx=—cosx+C
d
10 —(tan x) = sec? x = [ sec? xdx =tan x + C
d 2 2
11 a(—cot x) = cosec? x = [ cosec? xdx = —cot x + C

d
12 a(sec x) = sec xtan x = [ sec xtan xdx = sec x + C

d
13 a(—cosec x) = cosec xcot x = [ cosec xcot xdx = —cosec x + C




14;—x(sin‘1x) L S 12dx:sin‘1x+C

~ ix2 Vi-x
15 L(tantx)=——= [ —dyr=tan"! x+C
dx (1+x2) (1+x2)

1

1 _ -1
== i x\/xz—ldx =sec ' x+C

a -1 _
16 - (sec™ x) =
Some Standard Results on Integration

L —{f f@)dx} = f(x).

2. [k-f(x)dx = k- [ f(x)dx, where k is a constant.

J{A0) + f00)¥x = [ fi(x)dx + [ f,(x)dx.
3. J{i(x) — ,(0)}dx = [ fi(x)dx — [ fr(x)dx.
4. [ U i)tk L) £t ks f(}dx =k [ fi)dx Lk, [ fo(x)dx £
dky [ fa(x)dx.
£+ x4

e [ v3dy = _x
Example 1: [ x3dx = (3+1)+C— " +C.

x(%-‘—l) 3
EORERE

Example 2: [ {xdx = [ xY3dx =

x(0+1)

Example 3: [ dx = [ x%dx =

(=3+1) 2x2
x(_%+1)
(-2+1)

Example 5: [ xl%dx = [xY2dx = +C=2xY?2 4.

SX
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Example 6: [ 5%dx = -

+ C.

Example 7: [ (Sx3 +2x75 —7x+ \/i; + E) dx

1
=SJ x3dx+2f x‘5dx—7j xdx+J x‘l/zdx+SJ ;dx
x4 x4 X2 y1/2
= 5 . —+ 2 .
(1/2)
5x*

4 (=4)
1 7x?
= T 2 + 2v/x + 5log |x| + C.

—7-7+ + Slog |x| + C

Example 8:
f 1-x)2+3x)(5—4x)dx = f (10 — 3x — 19x2 + 12x3)dx

= 10] dx — 3J xdx — 19f x%dx + 12] x3dx

2 X3 X4

x
=10x—-3-——19-—+12-—+C
X > 3+ 4+
3x2  19x3
=1Ox—7— 3 + 3x* + C.

Example 93f (3x4—5x3+4x2—x+2)d

x3

x=/ (3x —5+-—5+ %) dx [dividing each term by x3 ]




1
=3f xdx—5f dx+4f ;dx—] x‘zdx+2f x 3dx

x? 1 x2
=35 5x + 4log |x|—(—;>+2<—_2)+C
3x2 1 1
=—2 — 5x + 4log |x|+;——x2+C.

J (i +1> -] (2+1)]d"
=f xzdx—f dx+2f le—i-ldx

X3

=?—x+2tan‘1 x+ C.

Example 11:/ tan’xdx = [ (sec? x—1)dx=[ sec? xdx—[ dx=tanx—x+ C.

Example 10:

Example 12:[ cot’xdx = (cosec* x —1)dx = [ cosec’* xdx — [ dx = —cot x —x+

C.
Example 13: Evaluate [ /1 — sin 2xdx.
Solution:

f V1 —sin 2xdx = f (cos? x + sin? x — 2sin xcos x)'/?dx
= f \/(cos x — sin x)%dx
= f (cos x —sin x)dx = f cos xdx —J sin xdx

= sin x — (—cos x) + C = sin x + cos x + C.

Examplel4: Evaluate [

1+sin x

Solution:

dx 1 (1 —sin x)
f (1 + sin x) :f (1+sinx)x(1—sinx) X
(1 —sin x) (1 —sin x)
- f (1 —sin? x) dx = f cos? x dx

1 sin x
- f ( - )dx = f (sec? x — sec xtan x)dx

cos? x cos? x

:f sec? xdx—f sec xtan xdx = tan x —sec x + C.

Example 15: Evaluate [ ad

(sec x+tan x)

Solution:

sec x sec x (sec x —tan x)
dx

x =
(sec x + tan x) (sec x +tan x) (sec x —tan x)
J (sec? x — sec xtan x)
= X

(sec? x —tan? x)




= f (sec? x — sec xtan x)dx

= f sec? xdx —f sec xtan xdx = tan x —sec x + C.

Example 16: Evaluate [ (
(1—cos 2x>d 3 2sin? xd 3 an? xd

f 1+ cos 2x x _f 2c052xx_f an” xax

=f (sec? x — 1)dx :f sec? xdx —f dx

=tan x—x+C.

1—cos 2x
—— )dx
1+cos 2x

Solution:

Example 17: Evaluate [ sin™* (cos x)dx.

Solution: [ sin™* (cos x)dx = [ sin™? {sin (%— x)} dx

[ E-x)ax=Z.[ =" ¢
_f G x)x-zf xfxx_z —+C.

13.4 LET US SUM UP

So, in this first unit we have learned about the € — § definition of the limit also some numerical
examples studied. Finding limit of function at a point is the procedure to study the behavior of the
function in the neighborhood of that point. There are some points that must be noted.

a) We calculate the limit of a function to understand the behaviour of a function as it approaches a
certain value.

b) In the definition we seen that there exists a delta such that 0 < |x — a| < §, it means that
function need not be defined at the point x = a.

¢) The value of § depends on both € and the point at which we find the limit.

13.5 UNIT END EXERCISE

13.5.1 Integrate 3x + 4x2.

13.5.2 Integrate secx tanx — 5 cosec?x.

+ 1.

13.5.3 Integrate

2co
3sin2 x

13.5.4 Integrate % +24¢.
X X
13.5.5 Evaluate [ 4x7+6 dx.
13.5.6 Evaluate [ (e* + 2sinx — 3 cos x) dx.
x? %3
13.5.7 Integrate 1 + x + ETErTIL

13.5.8 Integrate 10* + 3e* + x3.
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