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6.1 INTRODUCTION 

Welcome to the world of matrices, where numbers are organized into rows and columns to solve 
complex problems and model real-world situations. In this unit, we will embark on a journey to explore 
two fundamental concepts in linear algebra: matrix multiplication and determinants. 

Matrices serve as powerful tools in various fields, from mathematics and computer science to 
engineering and economics. Understanding how to manipulate matrices through multiplication opens 
doors to solving systems of equations, transforming geometric shapes, and analyzing data. 

Additionally, determinants provide essential information about the properties and behavior of matrices. 
By learning to compute determinants, we gain insights into the invertibility of matrices and their 
geometric significance. 

6.2 OBJECTIVES 

The objective of this unit is to provide students with a fundamental understanding of matrix 
multiplication and determinants. By the end of this unit, students should be able to perform matrix 
multiplication, compute determinants of matrices, and understand their significance in various 
mathematical and real-world applications. 

6.3 MULTIPLICATION OF MATRICES 

For two given matrices 𝐴 and 𝐵, we say that the product 𝐴𝐵 exists only when the number of rows in 𝐴 
equals the number of columns in 𝐵. 

When 𝐴𝐵 exists, we say that 𝐴 is conformable to 𝐵 for multiplication. 



 and 𝑐ଶଶ = (2 nd row of 𝐴) × (2 nd column of 𝐵)

= 𝑎ଶଵ𝑏ଵଶ + 𝑎ଶଶ𝑏ଶଶ + 𝑎ଶଷ𝑏ଷଶ.

∴ 𝐴𝐵 = ቂ
𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ
ቃ ൥

𝑏ଵଵ 𝑏ଵଶ

𝑏ଶଵ 𝑏ଶଶ

𝑏ଷଵ 𝑏ଷଶ

൩

= ൤
𝑎ଵଵ𝑏ଵଵ + 𝑎ଵଶ𝑏ଶଵ + 𝑎ଵଷ𝑏ଷଵ 𝑎ଵଵ𝑏ଵଶ + 𝑎ଵଶ𝑏ଶଶ + 𝑎ଵଷ𝑏ଷଶ

𝑎ଶଵ𝑏ଵଵ + 𝑎ଶଶ𝑏ଶଵ + 𝑎ଶଷ𝑏ଷଵ 𝑎ଶଵ𝑏ଵଶ + 𝑎ଶଶ𝑏ଶଶ + 𝑎ଶଷ𝑏ଷଶ
൨ .

 

Again, 𝐵 is a 3 × 2 matrix and 𝐴 is a 2 × 3 matrix. So, 𝐵𝐴 exists and it is a 3 × 3 matrix. 

Proceeding as above, we get 

𝐵𝐴 = ൥

𝑏ଵଵ 𝑏ଵଶ

𝑏ଶଵ 𝑏ଶଶ

𝑏ଷଵ 𝑏ଷଶ

൩ ቂ
𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ
ቃ

= ൥

𝑏ଵଵ𝑎ଵଵ + 𝑏ଵଶ𝑎ଶଵ 𝑏ଵଵ𝑎ଵଶ + 𝑏ଵଶ𝑎ଶଶ 𝑏ଵଵ𝑎ଵଷ + 𝑏ଵଶ𝑎ଶଷ

𝑏ଶଵ𝑎ଵଵ + 𝑏ଶଶ𝑎ଶଵ 𝑏ଶଵ𝑎ଵଶ + 𝑏ଶଶ𝑎ଶଶ 𝑏ଶଵ𝑎ଵଷ + 𝑏ଶଶ𝑎ଶଷ

𝑏ଷଵ𝑎ଵଵ + 𝑏ଷଶ𝑎ଶଵ 𝑏ଷଵ𝑎ଵଶ + 𝑏ଷଶ𝑎ଶଶ 𝑏ଷଵ𝑎ଵଷ + 𝑏ଷଶ𝑎ଶଷ

൩ .

 

Example 1: If 𝐴 = ൥
2 −1
3 4
1 5

൩ and 𝐵 = ቂ
−1 3

2 1
ቃ, find 𝐴𝐵. Does 𝐵𝐴 exist? 

Solution: Here 𝐴 is a 3 × 2 matrix and 𝐵 is a 2 × 2 matrix. 
Clearly, the number of columns in 𝐴 equals the number of rows in 𝐵. 
∴ 𝐴𝐵 exists and it is a 3 × 2 matrix. 

Now, 𝐴𝐵 = ൥
2 −1
3 4
1 5

൩ ቂ
−1 3

2 1
ቃ 

= ቎

2 ⋅ (−1) + (−1) ⋅ 2 2 ⋅ 3 + (−1) ⋅ 1
3 ⋅ (−1) + 4 ⋅ 2 3 ⋅ 3 + 4 ⋅ 1
1 ⋅ (−1) + 5 ⋅ 2 1 ⋅ 3 + 5 ⋅ 1

቏

= ൥
−4 5

5 13
9 8

൩ .

 

Further, 𝐵 is a 2 × 2 matrix and 𝐴 is a 3 × 2 matrix. So, the number of columns in 𝐵 is not equal to the 
number of rows in 𝐴. 
So, 𝐵𝐴 does not exist. 

Example 2: Let 𝐴 = ቂ
1 −2 3

−4 2 5
ቃ and 𝐵 = ൥

2 3
4 5

−2 1
൩. Find 𝐴𝐵 and 𝐵𝐴, and show that 𝐴𝐵 ≠ 𝐵𝐴. 

Solution: Here 𝐴 is a 2 × 3 matrix and 𝐵 is a 3 × 2 matrix. 
So, 𝐴𝐵 exists and it is a 2 × 2 matrix. 
Now, 

𝐴𝐵 = ቂ
1 −2 3

−4 2 5
ቃ ൥

2 3
4 5

−2 1
൩

= ൤
1 ⋅ 2 + (−2) ⋅ 4 + 3 ⋅ (−2) 1 ⋅ 3 + (−2) ⋅ 5 + 3 ⋅ 1
(−4) ⋅ 2 + 2 ⋅ 4 + 5 ⋅ (−2) (−4) ⋅ 3 + 2 ⋅ 5 + 5 ⋅ 1

൨

= ቂ
−12 −4
−10 3

ቃ .

 



Again, 𝐵 is a 3 × 2 matrix and 𝐴 is a 2 × 3 matrix. 
So, 𝐵𝐴 exists and it is a 3 × 3 matrix. 
Now, 

𝐵𝐴 = ൥
2 3
4 5

−2 1
൩ ቂ

1 −2 3
−4 2 5

ቃ

= ቎

2 ⋅ 1 + 3 ⋅ (−4) 2 ⋅ (−2) + 3 ⋅ 2 2 ⋅ 3 + 3 ⋅ 5
4 ⋅ 1 + 5 ⋅ (−4) 4 ⋅ (−2) + 5 ⋅ 2 4 ⋅ 3 + 5 ⋅ 5

(−2) ⋅ 1 + 1 ⋅ (−4) (−2) ⋅ (−2) + 1 ⋅ 2 (−2) ⋅ 3 + 1 ⋅ 5
቏

= ൥
−10 2 21
−16 2 37

−6 6 −1
൩ .

 

Hence, 𝐴𝐵 ≠ 𝐵𝐴. 

Example 3: If [2𝑥 4] ቂ
𝑥

−8
ቃ = 𝑂, find the positive value of 𝑥. 

Solution: The given matrix equation is 𝐴𝐵 = 𝑂, where 𝐴 is a (1 × 2) matrix and 𝐵 is a (2 × 1) matrix. 
So, 𝐴𝐵 is a (1 × 1) matrix. 
So, 𝑂 is a (1 × 1) matrix. 

∴ [2𝑥 4] ቂ
𝑥

−8
ቃ = [0]

⇒ 2𝑥ଶ − 32 = 0 ⇒ 2𝑥ଶ = 32

⇒ 𝑥ଶ = 16 ⇒ 𝑥 = √16 = 4.

 

Hence, 𝑥 = 4. 

Properties of Matrix Multiplication 

P 1: Matrix multiplication is not commutative in general. 

Proof: Let 𝐴 and 𝐵 be two given matrices. 

If 𝐴𝐵 exists then it is quite possible that 𝐵𝐴 may not exist. 

For example, if 𝐴 is a 3 × 2 matrix and 𝐵 is a 2 × 2 matrix then clearly, 𝐴𝐵 exists but 𝐵𝐴 does not 
exist. 

Similarly, if 𝐵𝐴 exists then 𝐴𝐵 may not exist. 

For example, if 𝐴 is a 2 × 3 matrix and 𝐵 is a 2 × 2 matrix then clearly, 𝐵𝐴 exists but 𝐴𝐵 does not 
exist. 

Further, if 𝐴𝐵 and 𝐵𝐴 both exist, they may not be comparable. For example, if 𝐴 is a 2 × 3 matrix and 
𝐵 is a 3 × 2 matrix then clearly, 𝐴𝐵 as well as 𝐵𝐴 exists. But, 𝐴𝐵 is a 2 × 2 matrix while 𝐵𝐴 is a 3 × 3 
matrix. 

Again, if 𝐴𝐵 and 𝐵𝐴 both exist and they are comparable, even then they may not be equal. 

For example, if 𝐴 = ቂ
1 1
1 2

ቃ and 𝐵 = ቂ
1 2
0 3

ቃ then 𝐴𝐵 and 𝐵𝐴 are both defined and each one is a 2 × 2 

matrix. 

But, 𝐴𝐵 = ቂ
1 5
1 8

ቃ and 𝐵𝐴 = ቂ
3 5
3 6

ቃ. 

This shows that 𝐴𝐵 ≠ 𝐵𝐴. 
Hence, in general, 𝐴𝐵 ≠ 𝐵𝐴. 

REMARKS (i) When 𝐴𝐵 = 𝐵𝐴, we say that 𝐴 and 𝐵 commute. 



(ii) When 𝐴𝐵 = −𝐵𝐴, we say that 𝐴 and 𝐵 anticommute. 

P 2: Associative 

For any matrices 𝐴, 𝐵, 𝐶 for which (𝐴𝐵)𝐶 and 𝐴(𝐵𝐶) both exist, we have 

(𝐴𝐵)𝐶 = 𝐴(𝐵𝐶).  

P 3: Distributive laws of multiplication over addition We have: 
(i) 𝐴 ⋅ (𝐵 + 𝐶) = (𝐴𝐵 + 𝐴𝐶) 
(ii) (𝐴 + 𝐵) ⋅ 𝐶 = (𝐴𝐶 + 𝐵𝐶) 

P 4: The product of two nonzero matrices can be a zero matrix. 

Example: Let 𝐴 = ቂ
0 1
0 2

ቃ and 𝐵 = ቂ
1 2
0 0

ቃ. 

Then, 𝐴 ≠ 𝑂 and 𝐵 ≠ 𝑂. 

And, 𝐴𝐵 = ቂ
0 1
0 2

ቃ ⋅ ቂ
1 2
0 0

ቃ = ቂ
0 ⋅ 1 + 1 ⋅ 0 0 ⋅ 2 + 1 ⋅ 0
0 ⋅ 1 + 2 ⋅ 0 0 ⋅ 2 + 2 ⋅ 0

ቃ 

= ቂ
0 0
0 0

ቃ. 

Left zero divisor If 𝐴𝐵 = 𝑂 and 𝐴 ≠ 𝑂 then 𝐴 is called a left zero divisor of 𝐴𝐵. 
Right zero divisor If 𝐴𝐵 = 𝑂 and 𝐵 ≠ 𝑂 then 𝐵 is called a right zero divisor of 𝐴𝐵. 
P 5: If 𝐴 is a given square matrix and 𝐼 is an identity matrix of the same order as 𝐴 then we have 𝐴 ⋅

𝐼 = 𝐼 ⋅ 𝐴 = 𝐴. 

P 6: If 𝐴 is a given square matrix and 𝑂 is the null matrix of the same order as A then 𝑂 ⋅ 𝐴 = 𝐴 ⋅ 𝑂 =

𝑂. 

Positive Integral Powers of a Square Matrix 

Let 𝐴 be a square matrix of order 𝑛. Then, we define: 

𝐴ଶ = 𝐴 ⋅ 𝐴;

𝐴ଷ = 𝐴 ⋅ 𝐴 ⋅ 𝐴 = 𝐴ଶ ⋅ 𝐴;

𝐴ସ = 𝐴 ⋅ 𝐴 ⋅ 𝐴 ⋅ 𝐴 = 𝐴ଷ ⋅ 𝐴, and so on. 
∴ 𝐴௡ = (𝐴 ⋅ 𝐴 ⋅ 𝐴 ⋅ … ⋅ 𝑛 times ).

 

Theorem 1: If 𝐴 and 𝐵 are square matrices of the same order then 

(𝐴 + 𝐵)ଶ = 𝐴ଶ + 𝐴𝐵 + 𝐵𝐴 + 𝐵ଶ. 

Also, when 𝐴𝐵 = 𝐵𝐴 then (𝐴 + 𝐵)ଶ = 𝐴ଶ + 2𝐴𝐵 + 𝐵ଶ. 
Proof: Let 𝐴 and 𝐵 be 𝑛-rowed square matrices. 
Then, clearly, (𝐴 + 𝐵) is a square matrix of order 𝑛. 
So, (𝐴 + 𝐵)ଶ is defined. 
Now, (𝐴 + 𝐵)ଶ = (𝐴 + 𝐵) ⋅ (𝐴 + 𝐵) 

= 𝐴 ⋅ (𝐴 + 𝐵) + 𝐵 ⋅ (𝐴 + 𝐵)  [by distributive law] 
= 𝐴𝐴 + 𝐴𝐵 + 𝐵𝐴 + 𝐵𝐵  [by distributive law] 
= 𝐴ଶ + 𝐴𝐵 + 𝐵𝐴 + 𝐵ଶ.

 

Hence, (𝐴 + 𝐵)ଶ = (𝐴ଶ + 𝐴𝐵 + 𝐵𝐴 + 𝐵ଶ). 
Particular case When 𝐴𝐵 = 𝐵𝐴 
In this case, we have 

(𝐴 + 𝐵)ଶ = (𝐴ଶ + 𝐴𝐵 + 𝐴𝐵 + 𝐵ଶ) = (𝐴ଶ + 2𝐴𝐵 + 𝐵ଶ)[∵ 𝐵𝐴 = 𝐴𝐵]. 

Theorem 2: If 𝐴 and 𝐵 are square matrices of the same order then 



(𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴ଶ − 𝐴𝐵 + 𝐵𝐴 − 𝐵ଶ. 

Also, when 𝐴𝐵 = 𝐵𝐴 then (𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴ଶ − 𝐵ଶ. 
Proof: We have: 

(𝐴 + 𝐵) ⋅ (𝐴 − 𝐵) = 𝐴(𝐴 − 𝐵) + 𝐵(𝐴 − 𝐵) [ by distributive law ]
= 𝐴𝐴 − 𝐴𝐵 + 𝐵𝐴 − 𝐵𝐵 [∵ 𝐴(𝐵 − 𝐶) = 𝐴𝐵 − 𝐴𝐶]

= 𝐴ଶ − 𝐴𝐵 + 𝐵𝐴 − 𝐵ଶ.

 

Hence, (𝐴 + 𝐵)(𝐴 − 𝐵) = 𝐴ଶ − 𝐴𝐵 + 𝐵𝐴 − 𝐵ଶ. 

Particular case When 𝐴𝐵 = 𝐵𝐴 
In this case, (𝐴 + 𝐵)(𝐴 − 𝐵) = (𝐴ଶ − 𝐵ଶ) [∵ 𝐵𝐴 = 𝐴𝐵]. 
Matrix Polynomial: Let 𝑓(𝑥) = 𝑎଴𝑥௠ + 𝑎ଵ𝑥௠ିଵ + 𝑎ଶ𝑥௠ିଶ + ⋯ + 𝑎௠ିଵ𝑥 + 𝑎௠ be a polynomial of 
degree 𝑚 and let 𝐴 be a square matrix of order 𝑛. Then, we define 

𝑓(𝐴) = 𝑎଴𝐴௠ + 𝑎ଵ𝐴௠ିଵ + 𝑎ଶ𝐴௠ିଶ + ⋯ + 𝑎௠ିଵ𝐴 + 𝑎௠𝐼, 

where 𝐼 is a unit matrix of order 𝑛. 

Solved Examples 

Example 1: If 𝐴 = ቂ
5 4
2 3

ቃ and 𝐵 = ቂ
3 5 1
6 8 4

ቃ, find 𝐴𝐵 and 𝐵𝐴 whichever exists. 

Solution: Here, 𝐴 is a 2 × 2 matrix and 𝐵 is a 2 × 3 matrix. 
Clearly, the number of columns in 𝐴 = number of rows in 𝐵. 
∴ 𝐴𝐵 exists and it is a 2 × 3 matrix. 

𝐴𝐵 = ቂ
5 4
2 3

ቃ ቂ
3 5 1
6 8 4

ቃ

= ቂ
5 ⋅ 3 + 4 ⋅ 6 5 ⋅ 5 + 4 ⋅ 8 5 ⋅ 1 + 4 ⋅ 4
2 ⋅ 3 + 3 ⋅ 6 2 ⋅ 5 + 3 ⋅ 8 2 ⋅ 1 + 3 ⋅ 4

ቃ

= ቂ
15 + 24 25 + 32 5 + 16
6 + 18 10 + 24 2 + 12

ቃ = ቂ
39 57 21
24 34 14

ቃ .

 

Again, 𝐵 is a 2 × 3 matrix and 𝐴 is a 2 × 2 matrix. 
∴ number of columns in 𝐵 ≠ number of rows in 𝐴. 
So, 𝐵𝐴 does not exist. 

Example 2: If 𝐴 = ቂ
2 −1 3

−4 5 1
ቃ and 𝐵 = ൥

2 3
4 −2
1 5

൩ then find 𝐴𝐵 and 𝐵𝐴. 

Show that 𝐴𝐵 ≠ 𝐵𝐴. 

Solution: Here, 𝐴 is a 2 × 3 matrix and 𝐵 is a 3 × 2 matrix 
So, number of columns in 𝐴 = number of rows in 𝐵. 
∴ 𝐴𝐵 exists and it is a 2 × 2 matrix. 

𝐴𝐵 = ቂ
2 −1 3

−4 5 1
ቃ ൥

2 3
4 −2
1 5

൩

= ൤
2 ⋅ 2 + (−1) ⋅ 4 + 3 ⋅ 1 2 ⋅ 3 + (−1) ⋅ (−2) + 3 ⋅ 5

−4 ⋅ 2 + 5 ⋅ 4 + 1 ⋅ 1 −4 ⋅ 3 + 5 ⋅ (−2) + 1 ⋅ 5
൨

 

= ቂ
4 − 4 + 3 6 + 2 + 15

−8 + 20 + 1 −12 − 10 + 5
ቃ = ቂ

3 23
13 −17

ቃ. 

Again, 𝐵 is a 3 × 2 matrix and 𝐴 is a 2 × 3 matrix. 
So, number of columns in 𝐵 = number of rows in 𝐴. 
∴ 𝐵𝐴 exists and it is a 3 × 3 matrix. 



𝐵𝐴 = ൥
2 3
4 −2
1 5

൩ ቂ
2 −1 3

−4 5 1
ቃ

= ቎

2 ⋅ 2 + 3 ⋅ (−4) 2 ⋅ (−1) + 3 ⋅ 5 2 ⋅ 3 + 3 ⋅ 1
4 ⋅ 2 + (−2) ⋅ (−4) 4 ⋅ (−1) + (−2) ⋅ 5 4 ⋅ 3 + (−2) ⋅ 1

1 ⋅ 2 + 5 ⋅ (−4) 1 ⋅ (−1) + 5 ⋅ 5 1 ⋅ 3 + 5 ⋅ 1
቏

= ൥
4 − 12 −2 + 15 6 + 3
8 + 8 −4 − 10 12 − 2
2 − 20 −1 + 25 3 + 5

൩ = ൥
−8 13 9
16 −14 10

−18 24 8
൩ .

 

Clearly, 𝐴𝐵 ≠ 𝐵𝐴. 

Example 3: If 𝐴 = ൥
1 −1 2
3 2 0

−2 0 1
൩ , 𝐵 = ൥

3 1
0 2

−2 5
൩ and 𝐶 = ቂ

2 1 −3
3 0 −1

ቃ then verify that (𝐴𝐵)C =

𝐴(𝐵𝐶). 

Solution: We have 

𝐴𝐵 = ൥
1 −1 2
3 2 0

−2 0 1
൩ ൥

3 1
0 2

−2 5
൩

= ൥
3 − 0 − 4 1 − 2 + 10
9 + 0 − 0 3 + 4 + 0

−6 + 0 − 2 −2 + 0 + 5
൩ = ൥

−1 9
9 7

−8 3
൩

⇒ (𝐴𝐵)𝐶 = ൥
−1 9

9 7
−8 3

൩ ቂ
2 1 −3
3 0 −1

ቃ

= ൥
−2 + 27 −1 + 0 3 − 9
18 + 21 9 + 0 −27 − 7
−16 + 9 −8 + 0 24 − 3

൩ = ൥
25 −1 −6
39 9 −34
−7 −8 21

൩ . 

 

Also, 𝐵𝐶 = ൥
3 1
0 2

−2 5
൩ ቂ

2 1 −3
3 0 −1

ቃ 

= ൥
6 + 3 3 + 0 −9 − 1
0 + 6 0 + 0 0 − 2

−4 + 15 −2 + 0 6 − 5
൩ = ൥

9 3 −10
6 0 −2

11 −2 1
൩

⇒ 𝐴(𝐵𝐶) = ൥
1 −1 2
3 2 0

−2 0 1
൩ ൥

9 3 −10
6 0 −2

11 −2 1
൩

= ൥
9 − 6 + 22 3 − 0 − 4 −10 + 2 + 2

27 + 12 + 0 9 + 0 − 0 −30 − 4 + 0
−18 + 0 + 11 −6 + 0 − 2 20 − 0 + 1

൩

= ൥
25 −1 −6
39 9 −34
−7 −8 21

൩ .

 

Hence, (𝐴𝐵)C = 𝐴(𝐵𝐶). 

Example 4: If 𝐴 = ቂ
3 2
1 0

ቃ , 𝐵 = ቂ
1 −2 5
0 7 3

ቃ and 𝐶 = ቂ
8 1 −6
2 −5 0

ቃ, verify that 𝐴(𝐵 + 𝐶) = (𝐴𝐵 +

𝐴𝐶). 

Solution: We have 



𝐴(𝐵 + 𝐶) = ቂ
3 2
1 0

ቃ ⋅ ቄቂ
1 −2 5
0 7 3

ቃ + ቂ
8 1 −6
2 −5 0

ቃቅ

= ቂ
3 2
1 0

ቃ ቂ
9 −1 −1
2 2 3

ቃ

= ൤
3 ⋅ 9 + 2 ⋅ 2 3 ⋅ (−1) + 2 ⋅ 2 3 ⋅ (−1) + 2 ⋅ 3

1 ⋅ 9 + 0 ⋅ 2 1 ⋅ (−1) + 0 ⋅ 2 1 ⋅ (−1) + 0 ⋅ 3
൨

= ቂ
31 1 3

9 −1 −1
ቃ .

 

Now, 𝐴𝐵 = ቂ
3 2
1 0

ቃ ቂ
1 −2 5
0 7 3

ቃ 

= ൤
3 ⋅ 1 + 2 ⋅ 0 3 ⋅ (−2) + 2 ⋅ 7 3 ⋅ 5 + 2 ⋅ 3
1 ⋅ 1 + 0 ⋅ 0 1 ⋅ (−2) + 0 ⋅ 7 1 ⋅ 5 + 0 ⋅ 3

൨

= ቂ
3 8 21
1 −2 5

ቃ .

 

And, 𝐴𝐶 = ቂ
3 2
1 0

ቃ ቂ
8 1 −6
2 −5 0

ቃ 

= ൤
3 ⋅ 8 + 2 ⋅ 2 3 ⋅ 1 + 2 ⋅ (−5) 3 ⋅ (−6) + 2 ⋅ 0
1 ⋅ 8 + 0 ⋅ 2 1 ⋅ 1 + 0 ⋅ (−5) 1 ⋅ (−6) + 0 ⋅ 0

൨

= ቂ
28 −7 −18

8 1 −6
ቃ .

∴ (𝐴𝐵 + 𝐴𝐶) = ቂ
3 8 21
1 −2 5

ቃ + ቂ
28 −7 −18

8 1 −6
ቃ

= ቂ
31 1 3

9 −1 −1
ቃ .

 

Hence, 𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶. 

Example 5: Give an example of two matrices 𝐴 and 𝐵 such that 𝐴 ≠ 𝑂, 𝐵 ≠ 𝑂 and 𝐴𝐵 = 𝐵𝐴 = 𝑂. 

Solution: Let 𝐴 = ቂ
1 1
1 1

ቃ and 𝐵 = ቂ
1 −1

−1 1
ቃ. Then, 

𝐴𝐵 = ቂ
1 1
1 1

ቃ ቂ
1 −1

−1 1
ቃ

= ቂ
1 − 1 −1 + 1
1 − 1 −1 + 1

ቃ = ቂ
0 0
0 0

ቃ

 and 𝐵𝐴 = ቂ
1 −1

−1 1
ቃ ቂ

1 1
1 1

ቃ

= ቂ
1 − 1 1 − 1

−1 + 1 −1 + 1
ቃ = ቂ

0 0
0 0

ቃ .

 

Thus, 𝐴 ≠ 𝑂, 𝐵 ≠ 𝑂. 
But, 𝐴𝐵 = 𝐵𝐴 = 𝑂. 

Example 6: If 𝐴 = ቂ cosଶ 𝜃 cos 𝜃sin 𝜃
cos 𝜃sin 𝜃 sinଶ 𝜃

ቃ and 𝐵 = ൤
cosଶ 𝜙 cos 𝜙sin 𝜙

cos 𝜙sin 𝜙 sinଶ 𝜙
൨, show that 𝐴𝐵 is 

a zero matrix if 𝜃 and 𝜙 differ by an odd multiple of 
గ

ଶ
. 

Solution: We have 

𝐴𝐵 = ቂ cosଶ 𝜃 cos 𝜃sin 𝜃
cos 𝜃sin 𝜃 sinଶ 𝜃

ቃ ൤
cosଶ 𝜙 cos 𝜙sin 𝜙

cos 𝜙sin 𝜙 sinଶ 𝜙
൨

= ൤
cosଶ 𝜃cosଶ 𝜙 + cos 𝜃sin 𝜃cos 𝜙sin 𝜙

cos 𝜃sin 𝜃cosଶ 𝜙 + sinଶ 𝜃cos 𝜙sin 𝜙

cosଶ 𝜃cos 𝜙sin 𝜙 + cos 𝜃sin 𝜃sinଶ 𝜙

cos 𝜃sin 𝜃cos 𝜙sin 𝜙 + sinଶ 𝜃sinଶ 𝜙
൨

 



= ൤
cos 𝜃 cos 𝜙 ⋅ cos (𝜃 − 𝜙) cos 𝜃 sin 𝜙 ⋅ cos (𝜃 − 𝜙)

sin 𝜃 cos 𝜙 ⋅ cos (𝜃 − 𝜙) sin 𝜃 sin 𝜙 ⋅ cos (𝜃 − 𝜙)
൨

= ቂ
0 0
0 0

ቃ ൤
∵ (𝜃 − 𝜙) being an odd multiple of (𝜋/2),

 we have cos (𝜃 − 𝜙) = 0
൨ . 

 

Example 7: If 𝐴 = ቂ
3 −5

−4 2
ቃ, show that 𝐴ଶ − 5𝐴 − 14𝐼 = 𝑂. 

Solution: We have 

𝐴ଶ = ቂ
3 −5

−4 2
ቃ ቂ

3 −5
−4 2

ቃ

= ൤
3 ⋅ 3 + (−5)(−4) 3 ⋅ (−5) + (−5) ⋅ 2
−4 ⋅ 3 + 2 ⋅ (−4) −4 ⋅ (−5) + 2 ⋅ 2

൨ = ቂ
29 −25

−20 24
ቃ ;

−5𝐴 = (−5) ቂ
3 −5

−4 2
ቃ = ቂ

−15 25
20 −10

ቃ ;

−14𝐼 = (−14) ቂ
1 0
0 1

ቃ = ቂ
−14 0

0 −14
ቃ .

∴ 𝐴ଶ − 5𝐴 − 14𝐼 = 𝐴ଶ + (−5)𝐴 + (−14𝐼)

= ቂ
29 −25

−20 24
ቃ + ቂ

−15 25
20 −10

ቃ + ቂ
−14 0

0 −14
ቃ

= ൤
29 + (−15) + (−14) −25 + 25 + 0

−20 + 20 + 0 24 + (−10) + (−14)
൨

= ቂ
0 0
0 0

ቃ .

 

Hence, 𝐴ଶ − 5𝐴 − 14𝐼 = 𝑂. 

Example 8: If 𝐴 = ቂ
1 0

−1 7
ቃ, find 𝑘 so that 𝐴ଶ = 8𝐴 + 𝑘𝐼. 

Solution: We have 

𝐴ଶ = ቂ
1 0

−1 7
ቃ ቂ

1 0
−1 7

ቃ = ቂ
1 − 0 0 + 0

−1 − 7 0 + 49
ቃ = ቂ

1 0
−8 49

ቃ ;

(8𝐴 + 𝑘𝐼) = 8 ⋅ ቂ
1 0

−1 7
ቃ + 𝑘 ⋅ ቂ

1 0
0 1

ቃ

= ቂ
8 0

−8 56
ቃ + ቂ

𝑘 0
0 𝑘

ቃ = ቂ
8 + 𝑘 0

−8 56 + 𝑘
ቃ

∴ 𝐴ଶ = 8𝐴+⇒ ቂ
1 0

−8 49
ቃ = ቂ

8 + 𝑘 0
−8 56 + 𝑘

ቃ

⇒ 8 + 𝑘 = 1 and 56 + 𝑘 = 49 ⇒ 𝑘 = −7.

 

Hence, 𝑘 = −7. 

Determinant of a Square Matrix 
Corresponding to each square matrix 

𝐴 = ൦

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ … 𝑎ଵ௡

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ … 𝑎ଶ௡

… … … … …
𝑎௡ଵ 𝑎௡ଶ 𝑎௡ଷ … 𝑎௡௡

൪, 

there is associated an expression, called the determinant of 𝐴, denoted by det 𝐴, or |𝐴|, written as 

det 𝐴 = |𝐴| = ተ

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ … 𝑎ଵ௡

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ … 𝑎ଶ௡

… … … … …
𝑎௡ଵ 𝑎௡ଶ 𝑎௡ଷ … 𝑎௡௡

ተ. 



A matrix is an arrangement of numbers and so it has no fixed value, while each determinant has a fixed 
value. 

A determinant having 𝑛 rows and 𝑛 columns is known as a determinant of order 𝑛 

The determinants of non-square matrices are not defined. 

Value of a Determinant of Order 1: The value of a determinant of 𝑎(1 × 1) matrix [𝑎] is defined as 
|𝑎| = 𝑎. 

Value of a Determinant of Order 2: We define 

ቚ
𝑎ଵଵ 𝑎ଵଶ

𝑎ଶଵ 𝑎ଶଶ
ቚ = (𝑎ଵଵ𝑎ଶଶ − 𝑎ଶଵ𝑎ଵଶ). 

Example 1: Evaluate: 

(i) ቚ
6 −3
7 −2

ቚ 

(ii) ฬ𝑥
ଶ − 𝑥 + 1 𝑥 − 1

𝑥 + 1 𝑥 + 1
ฬ 

Solution: 

(i) ቚ
6 −3
7 −2

ቚ = 6(−2) − 7(−3) = −12 + 21 = 9. 

(ii) ฬ𝑥
ଶ − 𝑥 + 1 𝑥 − 1

𝑥 + 1 𝑥 + 1
ฬ = (𝑥ଶ − 𝑥 + 1)(𝑥 + 1) − (𝑥 + 1)(𝑥 − 1) 

= (𝑥ଷ + 1) − (𝑥ଶ − 1) = (𝑥ଷ − 𝑥ଶ + 2).  

Example 2: If ቚ3𝑥 7
−2 4

ቚ = ቚ
8 7
6 4

ቚ, find the value of 𝑥. 

Solution: We have ቚ3𝑥 7
−2 4

ቚ = ቚ
8 7
6 4

ቚ 

⇔ (3𝑥 × 4) − (−2) × 7 = (8 × 4) − (6 × 7)

⇔ 12𝑥 + 14 = 32 − 42
⇔ 12𝑥 + 14 = −10
⇔ 12𝑥 = −24 ⇔ 𝑥 = −2.

 

Hence, 𝑥 = −2. 

Example 3: If ቚ
𝑥 + 1 𝑥 − 1
𝑥 − 3 𝑥 + 2

ቚ = ቚ
4 −1
1 3

ቚ, find the value of 𝑥. 

Solution: We have ቚ
𝑥 + 1 𝑥 − 1
𝑥 − 3 𝑥 + 2

ቚ = ቚ
4 −1
1 3

ቚ 

⇔ (𝑥 + 1)(𝑥 + 2) − (𝑥 − 3)(𝑥 − 1) = (4 × 3) − 1 × (−1)

⇔ (𝑥ଶ + 3𝑥 + 2) − (𝑥ଶ − 4𝑥 + 3) = 12 + 1

⇔ 7𝑥 − 1 = 13 ⇔ 7𝑥 = 14 ⇔ 𝑥 = 2.

 

Hence, 𝑥 = 2. 

Example 4: Show that ቚ
sin 10∘ −cos 10∘

sin 80∘ cos 80∘ቚ = 1. 

Solution: We have ቚ
sin 10∘ −cos 10∘

sin 80∘ cos 80∘ቚ 

= (sin 10∘)(cos 80∘) − (sin 80∘)(−cos 10∘)

= (sin 10∘cos 80∘ + cos 10∘sin 80∘)

= sin (10∘ + 80∘) [∵ sin 𝐴cos 𝐵 + cos 𝐴sin 𝐵 = sin (𝐴 + 𝐵)]

= sin 90∘ = 1.

 



Value of a Determinant of Order 3 or More: For finding the value of a determinant of order 3 or 
more, we need the following definitions. 

Minorof𝒂𝒊𝒋 𝒊𝒏 |𝑨|: The minor of an element 𝑎௜௝ in |𝐴| is defined as the value of the determinant 

obtained by deleting the ith row and jth column of |𝐴|, and it is denoted by 𝑀௜௝. 

Cofactor of 𝒂𝒊𝒋 𝒊𝒏 |𝑨|: The cofactor 𝐶௜௝ of an element 𝑎௜௝ in |𝐴| is defined as 𝐶௜௝ = (−1)௜ା௝ ⋅ 𝑀௜௝. 

Example 1: Find the minors and cofactors of the elements of the determinant 

Δ = อ

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ

𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ

อ. 

Solution: Let 𝑀௜௝ denote the minor of 𝑎௜௝ in Δ. 

Now, 𝑎ଵଵ occurs in the 1st row and 1st column. So, in order to find the minor of 𝑎ଵଵ, we delete the 1st 

row and 1st column of Δ. The minor 𝑀ଵଵ of 𝑎ଵଵ is given by 𝑀ଵଵ = ቚ
𝑎ଶଶ 𝑎ଶଷ

𝑎ଷଶ 𝑎ଷଷ
ቚ = (𝑎ଶଶ𝑎ଷଷ − 𝑎ଷଶ𝑎ଶଷ). 

Similarly, we have 

𝑀ଵଶ = ቚ
𝑎ଶଵ 𝑎ଶଷ

𝑎ଷଵ 𝑎ଷଷ
ቚ = (𝑎ଶଵ𝑎ଷଷ − 𝑎ଷଵ𝑎ଶଷ);

𝑀ଵଷ = ቚ
𝑎ଶଵ 𝑎ଶଶ

𝑎ଷଵ 𝑎ଷଶ
ቚ = (𝑎ଶଵ𝑎ଷଶ − 𝑎ଷଵ𝑎ଶଶ);

𝑀ଶଵ = ቚ
𝑎ଵଶ 𝑎ଵଷ

𝑎ଷଶ 𝑎ଷଶ
ቚ = (𝑎ଵଶ𝑎ଷଷ − 𝑎ଷଶ𝑎ଵଷ).

 

Similarly, we may obtain the minor of each of the remaining elements. 

Now, if we denote the cofactor of 𝑎௜௝ by 𝐶௜௝ then 

𝐶ଵଵ = (−1)ଵାଵ ⋅ 𝑀ଵଵ = 𝑀ଵଵ = (𝑎ଶଶ𝑎ଷଷ − 𝑎ଷଶ𝑎ଶଷ);

𝐶ଵଶ = (−1)ଵାଶ ⋅ 𝑀ଵଶ = −𝑀ଵଶ = (𝑎ଷଵ𝑎ଶଷ − 𝑎ଶଵ𝑎ଷଷ);

𝐶ଵଷ = (−1)ଵାଷ ⋅ 𝑀ଵଷ = 𝑀ଵଷ = (𝑎ଶଵ𝑎ଷଶ − 𝑎ଷଵ𝑎ଶଶ);

𝐶ଶଵ = (−1)ଶାଵ ⋅ 𝑀ଶଵ = −𝑀ଶଵ = (𝑎ଷଶ𝑎ଵଷ − 𝑎ଵଶ𝑎ଷଷ).

 

Similarly, the cofactor of each of the remaining elements of Δ can be determined. 

Example 2: Find the minor and cofactor of each element of Δ = อ
1 −3 2
4 −1 2
3 5 2

อ. 

Solution: The minors of the elements of Δ are given by 

𝑀ଵଵ = ቚ
−1 2

5 2
ቚ = −12; 𝑀ଵଶ = ቚ

4 2
3 2

ቚ = 2; 𝑀ଵଷ = ቚ
4 −1
3 5

ቚ = 23;

𝑀ଶଵ = ቚ
−3 2

5 2
ቚ = −16; 𝑀ଶଶ = ቚ

1 2
3 2

ቚ = −4; 𝑀ଶଷ = ቚ
1 −3
3 5

ቚ = 14;

𝑀ଷଵ = ቚ
−3 2
−1 2

ቚ = −4; 𝑀ଷଶ = ቚ
1 2
4 2

ቚ = −6; 𝑀ଷଷ = ቚ
1 −3
4 −1

ቚ = 11.

 

So, the cofactors of the corresponding elements of Δ are 

𝐶ଵଵ = (−1)ଵାଵ ⋅ 𝑀ଵଵ = 𝑀ଵଵ = −12; 𝐶ଵଶ = (−1)ଵାଶ ⋅ 𝑀ଵଶ = −𝑀ଵଶ = −2; 

𝐶ଵଷ = (−1)ଵାଷ ⋅ 𝑀ଵଷ = 𝑀ଵଷ = 23; 𝐶ଶଵ = (−1)ଶାଵ ⋅ 𝑀ଶଵ = −𝑀ଶଵ = 16;

𝐶ଶଶ = (−1)ଶାଶ ⋅ 𝑀ଶଶ = 𝑀ଶଶ = −4; 𝐶ଶଷ = (−1)ଶାଷ ⋅ 𝑀ଶଷ = −𝑀ଶଷ = −14;

𝐶ଷଵ = (−1)ଷାଵ ⋅ 𝑀ଷଵ = 𝑀ଷଵ = −4; 𝐶ଷଶ = (−1)ଷାଶ ⋅ 𝑀ଷଶ = −𝑀ଷଶ = 6;

𝐶ଷଷ = (−1)ଷାଷ ⋅ 𝑀ଷଷ = 𝑀ଷଷ = 11.

 

Value of a Determinant 
The value of a determinant is the sum of the products of elements of a row (or a column) with their 



corresponding cofactors. 
We may expand a determinant by any arbitrarily chosen row or column. 

Expansion of a Determinant 
Expanding the given determinant by 1st row, we have 

อ

𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ

𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ

𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ

อ = 𝑎ଵଵ ⋅  (its cofactor) + 𝑎ଵଶ ⋅  (its cofactor) + 𝑎ଵଷ ⋅  (its cofactor) 

= 𝑎ଵଵCଵଵ + 𝑎ଵଶCଵଶ + 𝑎ଵଷCଵଷ

= 𝑎ଵଵ𝑀ଵଵ − 𝑎ଵଶ𝑀ଵଶ + 𝑎ଵଷ𝑀ଵଷ [∵ 𝐶ଵଶ = −𝑀ଵଶ]

= 𝑎ଵଵ ⋅ ቚ
𝑎ଶଶ 𝑎ଶଷ

𝑎ଷଶ 𝑎ଷଷ
ቚ − 𝑎ଵଶ ⋅ ቚ

𝑎ଶଵ 𝑎ଶଷ

𝑎ଷଵ 𝑎ଷଷ
ቚ + 𝑎ଵଷ ⋅ ቚ

𝑎ଶଵ 𝑎ଶଶ

𝑎ଷଵ 𝑎ଷଶ
ቚ

= 𝑎ଵଵ ⋅ (𝑎ଶଶ𝑎ଷଷ − 𝑎ଷଶ𝑎ଶଷ) − 𝑎ଵଶ ⋅ (𝑎ଶଵ𝑎ଷଷ − 𝑎ଷଵ𝑎ଶଷ)

+𝑎ଵଷ ⋅ (𝑎ଶଵ𝑎ଷଶ − 𝑎ଷଵ𝑎ଶଶ). 

 

We may expand it by any row or column. 

Remark 1: If we expand a determinant by any row or column using minors, we keep in view the 
following symbols for a determinant of order three: 

อ
+ − +
− + −
+ − +

อ 

Remark 2: If a row or a column of a determinant consists of all zeros, the value of the determinant is 
zero. 

Example 1: Evaluate 

Δ = อ
3 4 5

−6 2 −3
8 1 7

อ. 

Solution: Expanding the given determinant by 1st row, we get 

Δ = 3 ⋅ ቚ
2 −3
1 7

ቚ − 4 ⋅ ቚ
−6 −3

8 7
ቚ + 5 ⋅ ቚ

−6 2
8 1

ቚ

= 3 ⋅ (14 + 3) − 4 ⋅ (−42 + 24) + 5 ⋅ (−6 − 16) = 13.
 

Example 2: Expand the determinant Δ = ቮ

𝑎 ℎ 𝑔
ℎ 𝑏 𝑓
𝑔 𝑓 𝑐

ቮ. 

Solution: Expanding by 1 st column, we get 

Δ = 𝑎 ⋅ ฬ
𝑏 𝑓
𝑓 𝑐

ฬ − ℎ ⋅ ฬ
ℎ 𝑔
𝑓 𝑐

ฬ + 𝑔 ⋅ ฬ
ℎ 𝑔
𝑏 𝑓

ฬ

= 𝑎(𝑏𝑐 − 𝑓ଶ) − ℎ ⋅ (𝑐ℎ − 𝑓𝑔) + 𝑔 ⋅ (𝑓ℎ − 𝑏𝑔)

= 𝑎𝑏𝑐 − 𝑎𝑓ଶ − 𝑐ℎଶ + 𝑓𝑔ℎ + 𝑓𝑔ℎ − 𝑏𝑔ଶ

= (𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓ଶ − 𝑏𝑔ଶ − 𝑐ℎଶ).

 

Properties of Determinants 

The properties of a determinant serve the purpose of a useful tool for finding its value. We will mention 
these properties and verify them for a third-order determinant. 

Theorem 1: The value of a determinant remains unchanged if its rows and columns are interchanged. 



Proof: Let Δ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ and let Δᇱ be the determinant obtained by interchanging the rows and 

columns of Δ. 
Then, 

Δᇱ = อ

𝑎ଵ 𝑎ଶ 𝑎ଷ

𝑏ଵ 𝑏ଶ 𝑏ଷ

𝑐ଵ 𝑐ଶ 𝑐ଷ

อ

= 𝑎ଵ ⋅ ฬ
𝑏ଶ 𝑏ଷ

𝑐ଶ 𝑐ଷ
ฬ − 𝑏ଵ ⋅ ቚ

𝑎ଶ 𝑎ଷ

𝑐ଶ 𝑐ଷ
ቚ + 𝑐ଵ ⋅ ቚ

𝑎ଶ 𝑎ଷ

𝑏ଶ 𝑏ଷ
ቚ

 [expanded by 1st column] 
= 𝑎ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − 𝑏ଵ(𝑎ଶ𝑐ଷ − 𝑐ଶ𝑎ଷ) + 𝑐ଵ(𝑎ଶ𝑏ଷ − 𝑎ଷ𝑏ଶ)

= Δ  [expanded by 1st row]. 

 

Note: If 𝐴 is a square matrix then |𝐴ᇱ| = |𝐴|. 

Theorem 2: If two rows or columns of a determinant are interchanged then the determinant retains its 
absolute value but its sign is changed. 

Proof: Let Δ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ and let Δᇱ be the determinant obtained by interchanging any two rows, 

say 1st and 3rd rows, of Δ. Then, 

Δᇱ = อ

𝑎ଷ 𝑏ଷ 𝑐ଷ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଵ 𝑏ଵ 𝑐ଵ

อ

= 𝑎ଷ ⋅ ฬ
𝑏ଶ 𝑐ଶ

𝑏ଵ 𝑐ଵ
ฬ − 𝑎ଶ ⋅ ฬ

𝑏ଷ 𝑐ଷ

𝑏ଵ 𝑐ଵ
ฬ + 𝑎ଵ ⋅ ฬ

𝑏ଷ 𝑐ଷ

𝑏ଶ 𝑐ଶ
ฬ

 [expanded by 1st column] 
= 𝑎ଷ(𝑏ଶ𝑐ଵ − 𝑏ଵ𝑐ଶ) − 𝑎ଶ(𝑏ଷ𝑐ଵ − 𝑏ଵ𝑐ଷ) + 𝑎ଵ(𝑏ଷ𝑐ଶ − 𝑏ଶ𝑐ଷ)

= −𝑎ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) + 𝑎ଶ(𝑏ଵ𝑐ଷ − 𝑏ଷ𝑐ଵ) − 𝑎ଷ(𝑏ଵ𝑐ଶ − 𝑏ଶ𝑐ଵ)

= −[𝑎ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − 𝑎ଶ(𝑏ଵ𝑐ଷ − 𝑏ଷ𝑐ଵ) + 𝑎ଷ(𝑏ଵ𝑐ଶ − 𝑏ଶ𝑐ଵ)]

= −Δ  [expanded by 1st column]. 

 

Theorem 3: If any two rows or columns of a determinant are identical then its value is zero. 

Proof: If we interchange the identical rows of the given determinant Δ then clearly there is no change 
in Δ. But, interchanging any two rows of a determinant changes its sign. 

∴ Δ = −Δ ⇔ 2Δ = 0, i.e., Δ = 0. 

Theorem 4: If each element of a row or a column of a determinant is multiplied by a constant 𝑘 then 
the value of the new determinant is 𝑘 times the value of the original determinant. 

Proof: Let Δ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ and let Δᇱ be the determinant obtained by multiplying each element of a 

row, say the second row of Δ, by 𝑘. Then, 



Δᇱ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑘𝑎ଶ 𝑘𝑏ଶ 𝑘𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ

= 𝑎ଵ ⋅ ฬ
𝑘𝑏ଶ 𝑘𝑐ଶ

𝑏ଷ 𝑐ଷ
ฬ − 𝑘𝑎ଶ ⋅ ฬ

𝑏ଵ 𝑐ଵ

𝑏ଷ 𝑐ଷ
ฬ + 𝑎ଷ ⋅ ฬ

𝑏ଵ 𝑐ଵ

𝑘𝑏ଶ 𝑘𝑐ଶ
ฬ

= 𝑎ଵ(𝑘𝑏ଶ𝑐ଷ − 𝑘𝑏ଷ𝑐ଶ) − 𝑘𝑎ଶ(𝑏ଵ𝑐ଷ − 𝑏ଷ𝑐ଵ) + 𝑎ଷ(𝑘𝑏ଵ𝑐ଶ − 𝑘𝑏ଶ𝑐ଵ)

= 𝑘[𝑎ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − 𝑎ଶ(𝑏ଵ𝑐ଷ − 𝑏ଷ𝑐ଵ) + 𝑎ଷ(𝑏ଵ𝑐ଶ − 𝑏ଶ𝑐ଵ)] = 𝑘Δ.

 

Important Note: For a square matrix A of order 𝑛, |𝑘𝐴| = 𝑘௡ ⋅ |𝐴|. 
Theorem 5: If any two rows or columns of a determinant are proportional then its value is zero. 

Proof: Let Δ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑘𝑎ଵ 𝑘𝑏ଵ 𝑘𝑐ଵ

อ 

= 𝑘 อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଵ 𝑏ଵ 𝑐ଵ

อ

= 𝑘 × 0 = 0  [by Theorem 4] 
[∵  1st and 3rd rows are identical]. 

 

Theorem 6: If each element of a row (or column) of a determinant is expressed as a sum of two or 
more terms then the determinant can be expressed as the sum of two or more determinants. 
[by Theorem 4] 

Δ = อ

𝑎ଵ + 𝛼ଵ 𝑏ଵ + 𝛽ଵ 𝑐ଵ + 𝛾ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ. 

Then, on expanding Δ by first row, we get 

Δ = (𝑎ଵ + 𝛼ଵ)(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − (𝑏ଵ + 𝛽ଵ)(𝑎ଶ𝑐ଷ − 𝑎ଷ𝑐ଶ)

= [𝑎ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − 𝑏ଵ(𝑎ଶ𝑐ଷ − 𝑎ଷ𝑐ଶ) + 𝛾ଵ)(𝑎ଶ𝑏ଷ − 𝑎ଷ𝑏ଶ) − 𝑎ଷ𝑏ଶ)]

+[𝛼ଵ(𝑏ଶ𝑐ଷ − 𝑏ଷ𝑐ଶ) − 𝛽ଵ(𝑎ଶ𝑐ଷ − 𝑎ଷ𝑐ଶ) + 𝛾ଵ(𝑎ଶ𝑏ଷ − 𝑎ଷ𝑏ଶ)]

= อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ + อ

𝛼ଵ 𝛽ଵ 𝛾ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ .

 

Theorem 7: If to any row or column of a determinant, a multiple of another row or column is added, 
the value of the determinant remains the same. 

Let 

Δ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ .

Δᇱ = อ

𝑎ଵ + 𝑘𝑎ଷ 𝑏ଵ + 𝑘𝑏ଷ 𝑐ଵ + 𝑘𝑐ଷ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ .

 

Then, 



Δᇱ = อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ + อ

𝑘𝑎ଷ 𝑘𝑏ଷ 𝑘𝑐ଷ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ

= อ

𝑎ଵ 𝑏ଵ 𝑐ଵ

𝑎ଶ 𝑏ଶ 𝑐ଶ

𝑎ଷ 𝑏ଷ 𝑐ଷ

อ [∵  2nd det. is 0, its 1st and 3rd 

= Δ.

 

 

6.4 LET US SUM UP 

So, in this first unit we have learned about  

 Matrix multiplication 

 Properties of matrix multiplication 

 Determinant of a matrix 

 Properties of determinant  

6.5 UNIT END EXERCISE 

6.5.1. Compute 𝐴𝐵 and 𝐵𝐴, whenever exists when 

(i) 𝐴 = ൥
1 4
1 3

25 3
൩ and 𝐵 = ቂ

1 −2
2 5

ቃ 

(ii) 𝐴 = ቈቂ
1 −2
2 5

ቃ቉ and 𝐵 = ൥
1 4
1 3

25 3
൩ 

(iii)𝐴 = ൥
1
2
5

൩and 𝐵 = ൥
1 2 7
3 5 2

13 4 2
൩ 

6.5.2. Verify that 𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶, when 

(i) 𝐴 = ቂ
1 1
3 5

ቃ , 𝐵 = ቂ
1 −2
6 5

ቃ , 𝐶 = ቂ
2 −2
2 4

ቃ 

(ii) 𝐴 = ቈ
1 1
3 5
4 3

቉ , 𝐵 = ቂ
1 −2
6 2

ቃ , 𝐶 = ቂ
1 −2
2 3

ቃ 

6.5.3. If 𝐴 = ൥
2 −2 −4

−1 3 4
1 −2 −3

൩ , show that 𝐴ଶ = 𝐴. 

6.5.4. If 𝐴 = ൥
4 −1 −4
3 0 −4
3 −1 −3

൩ , show that 𝐴ଶ = 𝐼. 

6.5.5. If 𝐴 = ቂ
3 1

−1 2
ቃ, show that (𝐴ଶ − 5𝐴 + 7𝐼) = 𝑂. 

6.5.6. If 𝐴 = ቂ
3 2
1 1

ቃ, find the value of 𝑥 and 𝑦 such that 𝐴ଶ + 𝑥𝐴 = 𝑦𝐴. 

6.5.7. If ቚ
3𝑥 + 1 3

2 5
ቚ = ቚ

2 3
5 1

ቚ, find the value of 𝑥. 

6.5.8. Find the determinant of the following matrices 



൥
2 −2 −4

−1 3 4
1 −2 −3

൩ , ൥
1 2 3
1 3 4
1 2 3

൩ , ൥
6 −2 −4

−1 0 4
1 −2 5

൩ 
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