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Abstract— Given a Markov random field (MRF) X defined by
potentials on a graph G = (V, E), and given a subset U ⊂ V
of the sites on which X is defined, we prove, under a positive
correlation constraint on the MRF, that the entropy of the
subfield XU is upper bounded by the entropy of an MRF defined
on the subgraph induced by U with potentials taken directly from
those assigned to U in G. To prove this we use exponential family
representations of MRFs. We first show that the entropy of an
MRF is monotone decreasing in the exponential parameters. We
then use the Maximum Entropy principle and a well-known result
from information geometry to show that the marginal entropy
of XU is upper bounded by the MRF on the induced subgraph
with moments matching the marginal distribution. We then use
the convexity of the log-partition function to show that to match
the marginal moments on the induced subgraph, the exponential
coordinates on the induced subgraph are component-wise greater
than the corresponding parameter of the original exponential
characterization. Our result follows from monotonicity.

I. I NTRODUCTION
A Markov random field (MRF) has a probability distribution
p whose pairwise conditional independence relations can be
depicted by an undirected graph G = (V, E), where the nodes
in V are the random variable indices and the edges in E
represent direct dependencies between the random variables.
Markov random fields (MRFs) are commonly used to model
spatially distributed data such as images [8]. Their popularity
is due in part to the fact that a typical MRF distribution can
be expressed as a product of functions each defined over a
relatively small subset of the random variables. Markov random fields, under various names, have been studied extensively
from the points of view of statistical inference [2], [3], model
selection [1], [10], and Belief Propagation [13].
In this paper we show that under a correlation1 constraint
on the MRF, the marginal entropy of a subfield XU can
be upper bounded by considering MRFs on the subgraph
GU = (U, EU )2 , where EU ⊂ E is the set of edges both
of whose endpoints are in U . In particular, we show that the
MRF on GU , where subsets of U have the same potentials
as in the original MRF specification, has greater entropy than
the marginal distribution on XU . This problem is motivated
by the success of a new lossy compression scheme for binary
images [9]. There, binary images are modeled as Ising models
and a subset U ⊂ V of pixels consisting of a grid of evenly
1 We
2G
U

will make this notion explicit in Section II.
is called the subgraph induced by U .
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spaced rows and columns of the image are chosen. For a
given image x, the pixel values xU are losslessly encoded
and the remaining pixel values xV \U are estimated at the
decoder. We are thus interested in the marginal entropy of the
random variables XU as this determines the lower bound to
the rate of this encoding scheme. One reason for considering
the subgraph GU is that by removing edges we can make the
problem more amenable to analysis or computational tools. It
is intuitive that if we cut edges between U and the rest of
the graph, the entropy of XU should increase, as there are
fewer constraints. However, we found no such result in the
literature. The idea of modifying a graphical model to make
a problem more manageable, however, has been used to find
upper bounds to the log-partition function [12], and to perform
approximate inference in MRFs [13].
The results in this paper use the representation of MRFs as
members of exponential families of distributions, which have
been extensively studied in statistics [3], and have become
useful tools in analyzing graphical models [14]. A family of
exponential distributions is specified by a vector statistic t =
(tij ) defined on the endpoints of the edges E of the graph.3
That is, for a given image x = {xi : i ∈ V } and each edge
{i, j} ∈ E, the function tij : Xi × Xj −→ R determines
the contribution of the pair (xi , xj ) to the probability of x.
We say that X is an MRF based on t. The entire family of
MRFs based on t is generated by introducing an exponential
parameter θ = (θij ) where for each edge {i, j}, θij scales the
sensitivity of the distribution p(x) = p(x; θ) to the function
tij . Specifically, if X is an MRF based on t with exponential
parameter θ, the probability of an image x is
X
p(x; θ) = exp{
θij tij (xi , xj ) − Φ(θ)}
{i,j}∈E

=

exp{hθ, t(x)i − Φ(θ)},

where

"
Φ(θ) = log

#
X

exp{hθ, t(x)i}

x∈X

is the log-partition function. The set
|E|

Θ = {θ ∈ R+ | Φ(θ) < ∞}
3 Properly, this is a pairwise MRF with no self-potentials. Generalizations
to other MRFs are straightforward.
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is the set of admissable exponential parameters4 , while F =
{p(·; θ) | θ ∈ Θ} is the family of all MRFs based on t.
The set Θ can be viewed as a coordinate system for F,
a particular element θ indexing an MRF X ∼ p(·; θ). For
a subset of edges D ⊂ E, we can express an exponential
parameter θ in partitioned form as θ = (θD , \θD ).5 We can
then define the new exponential parameter θ̄ = (θD , 0). This
amounts to removing edges from the graph, corresponding
to the subgraph Ḡ = (V, D). Viewed in this way, studying
exponential families allows us to consider a hierarchy of
MRFs defined on subgraphs of the original graph [1]. This
hierarchical perspective has been used in modelling [1] and to
study Belief Propagation algorithms [14].
For each θ ∈ Θ, the expected value of the statistic t is the
vector Eθ [t] = µ, which is referred to as the moments of the
MRF under θ. The set of all moments corresponding to MRFs
based on t is
M = {µ ∈ R|E| | ∃θ ∈ Θ, Eθ [t] = µ}.
As we will see, the set of moments M is also a coordinate
system for F. Thus an MRF based on t can be indexed by
an exponential parameter θ as p(·; θ) or the corresponding
moment parameter µ as p(·; µ). As with exponential parameters, moment parameters can be expressed in partitioned form
µ = (µD , \µD ). In addition, we can specify an MRF based on
t with mixed coordinate notation as (µD , \θD ). Information
geometry studies the structure of F as a statistical manifold
parameterized by the dual coordinate systems Θ and M [2],
[1], and is a powerful tool in the study of graphical models,
particularly in learning the graphical structure of an MRF [7].
For a subset of sites U , we let tU , θU , and µU be the
components of t, θ, and µ, respectively, corresponding to
edges in EU . We say that a MRF on the subgraph GU
based on tU is a reduced MRF. Such a reduced MRF can
be parameterized by either θU or µU . The main result of
this paper is that for a given θ and any subset of sites U ,
the reduced MRF on GU indexed by exponential parameter
θU has higher entropy than the marginal distribution of XU
under θ. The Maximum Entropy principle states that the
reduced MRF on GU with moment coordinate µU has greater
entropy than the marginal distribution, thus providing a first
upper bound to the marginal entropy. However, an exponential
family is typically expressed in exponential coordinates and
the mapping between exponential and moment coordinates
is nontrivial [14]. Also, from a theoretical perspective, the
new result based on preserving the exponential coordinates
is complementary to the known result based on preserving
moments. Indeed, our main result follows by showing that the
entropy of the reduced MRF with exponential coordinate θU
is an upper bound to that of the reduced MRF with moment
coordinate µU .
We are able to show this upper bound by using a property
of Markov random fields that we prove in Section IV, that
4 The

sign restriction on θ is required for Theorem 4.1.
5 \θ
D are the coordinates of θ not in θD .

states that the entropy of a family of MRFs is monotone
decreasing in the exponential parameters. This property, which
we call Monotonicity, is a consequence of the convexity
of the log-partition function and the fact that the entropy
of an exponential distribution is the first-order Taylor series
approximation to Φ(0) about the given exponential parameter
θ. Convexity of Φ has been useful in performing inference
in MRFs [14] and in exploiting the dual relation between
Θ and M that we briefly describe in the next section [2].
We can directly applying Monotonicity by considering the
exponential coordinate θ̄ = (θU , 0). However, the vector θ̄
applies to the entire field, not just nodes in U .6 This, then,
does not provide a direct comparison with the marginal entropy
of XU . Hence Monotonicity alone is insufficient to prove
our main result. Using the convexity of Φ, we can show
∗
that θU is component-wise smaller than the coordinates θU
corresponding to moments µU for the reduced MRF on GU ,
which by Monotonicity gives us our result.
The outline of the paper is as follows. In Section II we
introduce and define all terms used. In Section III we formally
set up the problem and give the main theorem. In Section
IV we state and discuss Monotonicity. In Section V we
state the Maximum Entropy Principle and the known upper
bound based on preserving moments; we then argue that the
∗
exponential coordinates θU
corresponding to the moments µU
is component-wise greater than the coordinate θU , thus by
Monotonicity establishing the main result. Proofs are only
sketched.
II. BACKGROUND
A random field is a finite collection of random variables
X = (X1 , · · · , XN ) indexed by V . For each i ∈ V , Xi
takes a value xi in discrete state space Xi . For a subset of
nodes U ⊂ V , the subfield XU = (Xi | i ∈ U )Qassumes
a value xU = (xi | i ∈ U ) in state space XU = i∈U Xi .
An instantiation x of X = XV is called an image, where
X = XV is the space of all images. We let E be a subset
of all pairs of nodes in V . Then G = (V, E) is a graph
with nodes V and undirected edges E. A random field X
is said to be Markov with respect to G if for every pair of
nodes i and j not joined by an edge, the random variables
Xi and Xj are conditionally independent given the remaining
variables XV \{i,j} [10]. By the Hammersley-Clifford theorem
[10], the probability distribution for a positive7 MRF X can be
expressed as the product of factors defined on subsets of the
random variables, i.e., it can be expressed as an exponential
family. In this paper we consider only positive MRFs. The
entropy of a Markov random field based on t with exponential
parameter θ is
X
H(X; θ) = −
p(x; θ) log p(x; θ)
x∈χ

=

T

Φ(θ) − Eθ [t(X)] θ.

6 The graph corresponding to θ̄ is the subgraph G
U plus a number of
isolated nodes.
7 That is, p(x) > 0 for all x ∈ X .
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The statistic t is said to provide a minimal representation
of F if the {tij } are affinely independent. In this case, it
is well-known that the mapping p : Θ −→ F defined by
θ 7−→ p(·; θ) is one-to-one. It is clear that the map p(·; θ) is
infinitely differentiable. Therefore if Θ is an open subset of
R|E| , then F is a statistical manifold with coordinate system
Θ [1]. For two exponential parameter vectors θ1 and θ2 , we
say θ2  θ1 if (θ2 )ij ≥ (θ1 )ij for all {i, j} ∈ E and θ2  θ1
if θ2  θ1 and (θ2 )ij > (θ1 )ij for some edge {i, j} ∈ E. For
a given exponential parameter θ0 ,
∆

Φ̂θ0 (θ) = Φ(θ0 ) + ∇Φ(θ0 )T (θ − θ0 )

(1)

is a hyperplane tangent to Φ at θ0 . Also, Φ̂θ0 (θ) is the firstorder Taylor series approximation to Φ(θ) about the parameter
θ0 . The gradient inequality for convex functions states that
Φ̂θ0 (θ) ≤ Φ(θ) for all θ0 , θ ∈ Θ, where the inequality is strict
if and only if t is minimal for F [11].
It is straightforward to show that for θ ∈ Θ,
∇Φ(θ) = Eθ [t(X)]
and

 
T
∇2 Φ(θ) = Eθ ttT − Eθ [t] Eθ [t] .

That ∇2 Φ(θ) is a covariance matrix implies that Φ(·) is a
convex function of θ, and if t is a minimal representation of
F, then Φ is strictly convex [3]. Here we make the assumption
that the statistic t is positively correlated in the sense that for
all θ  0, covθ [tij tkl ] ≥ 0, for all {i, j}, {k, l} ∈ E. This
condition is satisfied, for example, by the ferromagnetic Ising
model [6]. In this case, for θ2  θ1 , we have ∇θ2  ∇θ1 ,
where again the inequalities are strict for minimal t.
The mean parameter map Λ : Θ −→ M is defined as
Λ(θ) = ∇Φ(θ). It can be shown that if t is a minimal
representation, then Λ is a bijection [3]. Hence, there exists
a bijection between the set of mean parameters M and the
manifold F. Thus Θ and M are dual coordinate systems for
F.
Certain special subsets of the manifold of MRFs F can
be specified by fixing a subset of the components of either
the exponential parameter vector or the moment parameter
vector. In particular, a subset F 0 defined by fixing a subset
of exponential coordinates to a certain value and allowing the
remaining coordinates to vary is called an e-flat submanifold
[1]. Similarly, a subset F 00 defined by fixing a subset of the
mean coordinates and varying the remaining components is
called an m-flat submanifold [1]. In Section V we consider a
fixed θ ∈ Θ and the corresponding µ = Λ(θ) indexing some
initial MRF on G. For some U ⊂ V , we will then consider
the e-flat submanifold

of MRFs where the moment coordinates corresponding to
edges in EU are equal to the moments µU .
III. S ETUP AND S TATEMENT OF M AIN R ESULTS
In the succeeding sections we assume a given distribution
p, indexed by either a fixed but arbitrary exponential vector
θ ∈ Θ or the corresponding moment vector Λ(θ) = µ.
For a subset U ⊂ V of nodes, there are two types of
distributions that we consider on the subfield XU and each
type refers in some way to the joint distribution p. The first
is the marginal distribution
X
p(xU , xV \U ).
pG (xU ; θ) =
xV \U

The subscript G on the distribution is to indicate the graph with
respect to which the MRF is defined, with the understanding
that the exponential parameter will have one component for
each edge of G. The second class of distributions on XU
second are reduced MRF distributions in which we take XU
to be an MRF on the induced subgraph GU = (U, EU ) based
on tU . We let Θ(GU ) and M(GU ) be the sets of admissable
exponential and moment parameter vectors, respectively, for
the family of MRFs based on tU . We note that if t is minimal
for the family of MRFs on G, then the subvector tU is minimal
for the family of MRFs F(GU ) on GU . Given the dual
coordinates systems Θ(GU ) and M(GU ), there are two ways
to specify a reduced MRF on XU . We can do so by indicating
either the exponential parameter vector θU or the moment
parameter vector µU , which are related via Λ(θU ) = µU .
Specified in exponential coordinates θ0 ∈ Θ(GU ), the reduced
MRF distribution has the form
pGU (xU ; θ0 ) = exp{hθ0 , tU (x)i − ΦU (θ0 )},
where ΦU (·) is the log-partition function for reduced MRFs
defined on GU . Note that the subscript to p is GU . For
µ0 ∈ M(GU ), the reduced MRF on GU is specified by
pGU (xU ; µ0 ).
As stated below, the main result of this paper is that for
any subset of nodes U ⊂ V , the entropy of the reduced MRF
on U with exponential parameter θU is an upper bound to the
entropy of the marginal distribution on U .
Theorem 3.1: Let G = (V, E) be a graph and p = p(·; θ)
be the distribution of a Markov random field XV based on
a positively correlated, minimal statistic t and exponential
parameter θ. Let XGU denote a reduced MRF on GU . Then,
for any nonempty subset of nodes U ⊂ V ,
H(XGU ; θU ) ≥ H(XGU ; µU ) ≥ H(XU ; θ).
IV. M ONOTONICITY OF E NTROPY

0
F 0 = {pG (·; θ0 ) | θ0 ∈ Θ, \θU
= 0}

of MRFs where the components of the parameter vectors
corresponding to edges not contained in U are set to zero.
We will also consider the m-flat submanifold
F 00 = {p(·; µ00 ) | µ00 ∈ M, µ00U = µU }

In this section we state and discuss the proof that the
entropy of a Markov random field p = pG (·; θ) is monotone
decreasing in the exponential parameters. Monotonicity is a
useful property that can be used to establish new relationships
between exponential and moment parameters.
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Theorem 4.1 (Monotonicity): Let X ∼ p(·; θ) be an MRF
on a graph G based on positively correlated statistic t. Then,
for θ1 , θ2 ∈ Θ, θ1 ≺ θ2 , we have that
HG (X; θ1 ) ≥ HG (X; θ2 ),
where the inequality is strict if and only if t is minimal.
The monotonicity of entropy can be established by rewriting
the entropy of an MRF with exponential parameter θ as
HG (X; θ) = Φ(θ) + ∇Φ(θ)T (0 − θ) = Φ̂θ (0).
Thus HG (X; θ) equals the first-order Taylor series approximation for Φ(θ0 ) about the point θ evaluated at θ0 = 0. Now
suppose that θ2  θ1 . By the gradient inequality of convex
functions, Φ̂θ2 (θ1 ) is an underestimator of Φ(θ1 ). Therefore,
as illustrated in Figure 1, the hyperplane

Fig. 1. The entropy of a Markov random field can be expressed as a Taylor
series approximation of a convex function Φ(·).

∆

Φ̂θ2 ,θ1 (θ) = Φ̂θ2 (θ1 ) + ∇Φ(θ1 )T (θ − θ1 )
lies beneath the hyperplane Φ̂θ1 (θ) for all θ. In particular,
Φ̂θ2 ,θ1 (0) < Φ̂θ1 (0) = H(X; θ1 ). Note also that Φ̂θ2 ,θ1 is a
hyperplane parallel to Φ̂θ1 , shifted down by Φ(θ1 ) − Φ̂θ2 (θ1 ).
Since θ2  θ1 , the convexity of Φ implies that ∇Φ(θ2 ) 
∇Φ(θ1 ). Since Φ̂θ2 and Φ̂θ2 ,θ1 intersect at θ1 , this means that
as we move from θ1 to θ0 = 0, Φ̂θ2 decreases no slower than
Φ̂θ2 ,θ1 . This implies that HG (X; θ2 ) = Φ̂θ2 (0) ≤ Φ̂θ2 ,θ1 (0) ≤
HG (X; θ1 ), which concludes the proof of Theorem 4.1.
An immediate application of Monotonicity is that we can
upper bound the entropy of a Markov random field by setting
some of the exponential parameters to zero.
Corollary 4.2: Let θ ∈ Θ be an exponential parameter
vector for an MRF on G = (V, E), let U be a subset of
V , and let θ̄ = (θU , 0) be the coordinate vector obtained by
setting the components for edges outside of U to zero. Then,
HG (X; θ) ≤ HG (X; θ̄)
where the inequality is strict if and only if t is minimal.
Note that under θ̄, XU and XV \U are independent,
XV \U is uniformly distributed on XV \U and HG (XU ; θ̄) =
HGU (XU ; θU ). It follows that HG (X; θ̄) = HGU (XU ; θU ) +
|V \ U | log2 |X |, hence we cannot say anything about the
relationship between HG (XU ; θ) and HGU (XU ; θU ).
V. U PPER B OUNDS : PROOF OF T HEOREM 3.1
In this section we fix an exponential parameter θ which
induces an MRF pG (X; θ) on the graph G and the corresponding moment parameter µ = Λ(θ). In the last section
we used Monotonicity to argue that removing edges from a
graph increases the entropy of an MRF. We prove Theorem
3.1 in three steps. In the first, we show that µU ∈ M(GU ), in
the second, we show that HGU (XU ; µU ) ≥ HG (XU ; θ), and
in the third, we show that HGU (XU ; θU ) ≥ HGU (XU ; µU ).
Consider the e-flat submanifold F 0 and m-flat submanifold
F 00 introduced in Section II. An MRF pG (·; θ0 ) ∈ F 0 has
an exponential parameter whose components corresponding to
edges not contained in U are zero.

In partition form, these exponential vectors can be expressed
0
as θ0 = (θU
, 0). An MRF pG (·; µ00 ) ∈ F 00 is parameterized by
a moment vector whose coordinates for edges inside U are
equal to the corresponding coordinates in the moment vector
µ parameterizing the original MRF. In partition form, these
moment vectors can be expressed as µ00 = (µU , \µ00U ).
It is not immediately clear whether a given vector µU ∈
R|EU | is a valid moment coordinate for MRFs on GU based
on tU . In the information geometry literature, the e-flat submanifold F 0 and the m-flat submanifold F 00 are what are
known as orthogonal submanifolds [2]. It follows that F 0 and
F 00 intersect uniquely at an MRF p∗G with mixed coordinate
∗
∗
, 0).
= 0) and exponential coordinate θ∗ = (θU
(µU , \θU
This is the m-projection of pG (·; θ) onto the subgraph Ḡ =
(V, E \ EU ) [1]. Though p∗G = pG (·; θ∗ ) is defined on the
original graph G, the subfields XU and XV \U are independent
under p∗G , so that
∗
pG (XU ; θ∗ ) = pGU (XU ; θU
)

and since tU is minimal, this shows that µU ∈ M(GU ).
Since µU is a valid moment parameter for reduced MRFs on
GU , for the second step we need to show that HGU (XU ; µU ) is
an upper bound to HG (XU ; θ). To do this we can use the wellknown maximum entropy principle for exponential families
[5], a slight variation of which is given below.
Proposition 5.1 (Maximum Entropy): Let U ⊂ V be a
subset of nodes, let µU ∈ M(GU ), and let PµU be the set
of probability distributions on XU satisfying
Ep [tU (X)] = µU .
If p ∈ PµU , then
Hp (XU ) ≤ HGU (XU ; µU ),
with equality if and only if p = pGU (XU ; µU ).
As the final step we show that the exponential coordi∗
nate vector θU
for the moment-matching MRF on GU is
component-wise larger than the subvector θU of the original
exponential coordinate. We do this by showing that
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(a)

(b)

Fig. 2. (a) Original cycle on which Ising model defined. Subset U indicated
in black. (b) Induced subgraph GU on which upper bound HGU (XU ; θU )
is based.
∗
∇Φ(θU
)  ∇Φ(θU ). Since t is minimal, Φ is strictly convex,
hence the gradient ∇Φ is strictly monotone. It follows that
∗
θU
 θU . This is summarized in the following theorem.
Theorem 5.2: Let G = (V, E) be an undirected graph, let t
be a positively correlated, minimal statistic MRFs on G, and
let θ ∈ Θ be an exponential parameter for MRFs on G with
corresponding mean parameter vector µ. For a subset of nodes
∗
U ⊂ V , let θU
be an exponential parameter vector for MRFs
on GU with corresponding moment vector µU . Then

Fig. 3.
Plot of HG (XU ; θ), HGU (XU ; θU ) and HGU (XU ; µU ) for
example shown in Fig 2.

This monotonicity result takes advantage of the convexity of
the log-partition function, illustrating a new way in which this
important quantity can be used to shed light on information
theoretic properties of the family of MRFs based on a given
statistic.

∗
θU
 θU .
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Consider the twelve-node cycle with site set V =
{1, · · · , 12} and edge set E = {{i, i + 1} | i = 1, · · · , 12},
(12 + 1 ≡ 1) shown in Figure 2. For each i ∈ V , Xi takes
values in {−1, 1}. For each edge {i, i + 1} the statistic is
ti,i+1 = xi xi+1 and the exponential parameter θij = θ.
This is an example of an Ising model [4]. Letting U be the
nodes {1, · · · , 6}, it is straightforward to compute the marginal
entropy HG (XU ; θ) and the moments µU , e.g., using [4]. As
we can see from Fig 3, the upper bound HGU (XU ; µu ) is
very close to the true value HG (XU ; θ) for the entire range
of θ. The upper bound HGU (XU ; θ) is close for low and high
values of θ. For low values, the coupling between the nodes
is weak, so not much is lost by separating U from the rest of
the graph. For high values of θ, the coupling is strong enough
that distributions on both the cycle and chain are becoming
more concentrated on the all −1s and all 1s configurations.
For intermediate values of θ, the upper bounds are more loose,
especially the one obtained by preserving exponential rather
than moment parameters.
VII. D ISCUSSION

R EFERENCES

We have shown that for an MRF satisfying a positive
correlation condition, preserving the exponential coordinates
on an induced subgraph provides an upper bound to the
marginal entropy of the corresponding random variables. This
result is complementary to a known result on preserving the
moment coordinates. To do this, we have shown the new result
that the entropy of a positive correlation MRF is monotone
decreasing in the exponential parameters.
313

