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1. In an MLB division series, teams A and B face off in a series of games where the first
team to win three games wins the series. If team A wins the series, how many possible
scenarios are there for the series to play out? (For example, one possible scenario is for
team A to win the first game, team B to win the second, and team A to win the third
and fourth games.)

Proposed by Jiming Chen and Kevin Chen

Answer:

Solution: There is 1 way for the series to end in 3 games; there are 3 ways for the series
to end in 4 games; and there are (;l) = 6 ways for the series to end in 5 games. So the

answer is 1 +3+6 = ways.

2. For each integer m between 1 and 2024! (inclusive) and each integer n between 1 and 2024
(inclusive), Bradley writes down the remainder of m when divided by n. Find the mean
value of all 2024! - 2024 remainders that Bradley wrote down.

Proposed by Bradley Guo

2023

Answer: 1

Solution: Since 2024! is divisible by each integer between 1 and 2024, inclusive, if n is
fixed, then the expected value of the remainder is

O+1+4+--+Mn—-1) n—1

n 2
So the answer is
1 2022:4“_1_ 1 2024-2023 [2023
2024 &= 2 2024 2.2 | 4

3. A farmer from Ithaca has a 30 acre farm and 22 days to plant bundles of crops where he
plants one bundle at a time. The farmer can either plant a bundle of wheat which takes 3
acres and 1 day to plant, or he can plant a bundle of corn which takes 2 acres and 2 days
to plant. Once a piece of land is used to plant a bundle of crop, it cannot be used again
to plant another bundle of crop in the future. What is the maximum number of bundles
of crops that the farmer can plant?

Proposed by Rowan Hess
Answer:

Solution: Say the farmer plants = bundles of wheat and y bundles of corn. We wish to
maximize x + y. From the conditions of the problem,

3x+ 2y <30
x + 2y < 22.

Adding these inequality, we see that x + y < 13. We can reach equality (and satisfy the
two above inequalities) if we set © = 4 and y = 9, so the answer is

4. Let AABC be a triangle with AB = 2023, BC' = 2024, and CA = 2025. A point P is
chosen uniformly at random on the interior of AABC. Compute the probability that the
closest side of AABC to P is AB.

Proposed by Kevin Chen and Bradley Guo

2023

Answer: 5072
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Solution: Let I be the incenter of AABC. Recall that the line Al is the angle bisector
of ZBAC, and so the line AI is the locus of all points on the place that are equidistant to
the lines AB and AC. Likewise, the line BI is the locus of all points that are equidistant

to the lines AB and CB. Hence, the region of points whose closest side is AB is precisely
ANABI.

Recall the area of AABI = %r - AB where r is the inradius. We have similar formulas for
the areas of ABCI and ACAI. Hence, the answer is

area of ANABI area of ANABI
arca of AABC (area of AABI) + (area of ABCT) + (area of ACAI)
%r -AB
~ 3r(AB + BC + CA)
AB
" AB+BC+CA
~ [2023
=507 |

5. Find the sum of all odd integers k£ > 1 such that the base-2 representation of % is periodic
with period exactly 16.

Proposed by Kevin Chen

Answer:

Solution: An integer k satisfies the given condition if and only if k divides 216 — 1 but
does not divide 28 — 1. Notice that

210 1= (2% —1)(2% + 1) = 255 - 257.

Because 257 is prime, we find all such k take the form k = 257 - d where d | 255. As the
prime factorization of 255 is 3 -5 - 17, the sum of all such & is

257(1+3)(1 +5)(1 +17) =

6. Alex has a tetrahedron ABCD with side lengths AB = AC = AD = 1 and BC =
CD = DB = /2. After each second, he moves each of the four vertices A, B,C,D
instantaneously so that each vertex is moved to the centroid of the triangle formed by the
other three vertices. Suppose after n seconds, vertex A is at point X,,, where we let X
denote the point that A originally starts at. Compute the length of Xy Xogo4.

Proposed by Kevin Chen

Answer: % (1 — 32%)

Solution: Let
ap = (0,0,0), bo = (1,0,0), co = (0,1,0), dp = (0,0,1).
Then
bp +cn+dp, 49 —ap
3 3
where g = (1/4,1/4,1/4) is the centroid of ABC'D. This means

n = gg (1—;+;—---+ (_3;1_1) + (_3§n_1ao =9 (1— (_é)n)-

Un41 =
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The answer is thus

V3 1
l|aoz4 | = - 1= 520m |-

7. How many non-empty subsets S are there of {0,1,2,3,4,5,6} such that for all a,b € S
(where a and b are not necessarily distinct), the remainder when ab is divided by 7 is not
in S7?

Proposed by Rowan Hess
Answer:

Solution: Clearly, 0 cannot be in S. By looking at the exponent of a generator modulo
7, the problem is equivalent to finding subsets T" of {0,1,2,3,4,5} where the remainder
of the sum of any two elements in 7" when divided by 6 is not in T'. Separate the problem
into cases by the number of odds in this set.

e 0: T is either the singleton containing 2 or 4 — 2.

e 1: If the odd is 3, then T can either contain 2 or 4 or neither. If the odd is 1, then
the only even in T can be 4. 5 works the same as 1, but with 2 instead of 4. — 7.

e 2: T cannot contain any even numbers — 3.
e 3: T cannot contain any even numbers — 1
The answer is thus 2+ 7+ 3+ 1 :
8. Mikh independently samples 80 points x1, Z2, ..., gy uniformly at random from the in-
terval [0,1]. For each pair of distinct integers 1 <4, j < 80 such that the interval [z;, z;]

contains the point %, Mikh creates a new piece of string with length x; — x;. What is the
expected combined length of all strings that Mikh creates?

Proposed by Michael Ngo and Minh Pham
Answer:

Solution: Let X;; be the length of string contributed by either [z;,x;] or [z}, z;]. The
probability that neither [z;, ;] or [z}, z;] contains § is 3. Otherwise, the expected length

of string will be 0.75 — 0.25 = 0.5. Hence,

Hence, the answer is

9. Find the unique positive integer N that minimizes the ratio between N and the cube of
the number of factors of N.

Proposed by Bradley Guo

Answer:

Solution: For each prime factor p, multiplying N which has a factors of p by another
factor of p is equivalent to multiplying the ratio by

p
(a+2)%/(a+1)°

(a+2)3
(a+1)3"

For each prime p, we should find the minimum possible a such that p >
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10.

e p=2 — a=23.
e p=3 = a=2.
e p=9>5 = a=1.
e p=7 = a=1.
o If p> 7, then a =0.

Hence, N = 23-32.5.7 =[2520.]

Let n = 2024. Define real numbers 0 < w1y, wo, ..., w, < 1such that w+wo+---+w, =1

and
w1+w2+--'+wk_2k_1

w1
for all 1 < k < n. Given n points X1, Xo, ..., X,, € R?, define the epicenter of the n-tuple
of points (X1, X2,...,X,) to be the point

w1 X1, + weXo + - +w, X, € R2.

Alex starts with n+1 points Ag, A1, ..., A, € R? such that AgA; - -- Ay, is a regular (n+1)-
gon inscribed in the unit circle centered at the origin of R?. Starting with the Oth second,
Alex begins moving points after each second where at the k-th second, he moves the point
Ay, to the epicenter of the n-tuple of points (Agi1, Akt2,. .., Ag+n), where indices are
taken modulo n + 1. Let dj denote the distance between the origin of R? and the point
Ag at the k-th second. Given that dj, converges to d as k — oo, compute d—!.

Proposed by Kevin Chen

2
Answer: | (2202 — 1)\/ 5 — 4 cos(555)

1 4 24048 _ 92025 cos(;}—%)

Solution: We work in C instead of R%2. Given any points By, ..., B, € C, define the
sequence {By}72, by

By = w1Bg—n + w2Bg_(n—1) + - + wnBi—1

for each k > n+ 1. Then let f(Bi,...,By,) denote the limit limy_,o, Bg. (i.e. f is a
function of the form C® — C.) We then desire to compute

1
|f(A1, ..., An)|

Let b,Bj,...,B] € C. Also, let B = (By,...,B,) € C" and B’ = (B},...,B}) € C".
Then observe that

F(bB) = lim bBy = b lim By = bf(By,. .., By) (1)
k—o0 k—o0
f(B+ B') = lim (B + B}) = lim By, + lim B}, = f(B) + f(B') (2)
k—o0 k—o0 k—o0

If we let ; = (0,...,0,1,0,...,0) € C™ where the 1 appears in the i-th position, then

f(Bl’--an) = f(Blel + - +Bnen)
= f(Bie1) + -+ f(Bnen) from Equation (2)
=DBif(e1)+ -+ Bnf(en) from Equation (1).

If we let 8; = f(e;), then this can be rewritten as

f(BlyaBn):ﬂlBl++ﬁan (3)
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We will find f3; explicitly. Notice that the sequences { B}, and { B1}72; both converge
to the same value. This means

f(Bl7"'7Bn):f(327B3a"'7BnawlBl+"'+wan)

since the limit remains the same by simply shifting the sequence one to the left. We can
use Equation (3) to rewrite the abvoe as

B1B1+ -+ BBy = 1By + f2Bs + - - + Bp—1By, + Bpn(wi1Br + -+ - +wpBy).
= ﬁnwlBl + (Bl + BnWQ)BQ + (52 + BnU)S)BS + -+ (ﬁnfl + ann)Bn

Equating coefficients of the B;’s yields

Bl = anl
B2 = B1 + Brwa = Bn(wr + w2)
B3 = B2 + Brws = B (wy + wa + w3)

Bn = Pn—1 + Prwp = /Bn(wl + -+ wn)

Hence, we have the following ratios:

Br:fai-ifBp=wriwrtwy w4+ wy
=1:2:2%:....9"71

where the last equality uses the assumption on w; given in the problem statement. More-
over, if we let By = 1 for 1 < k < n, then the sequence {B}72, is just the constant
sequence 1,1,... since the the epicenter of 1,1,...,1 is 1. In particular, the sequence
{By}32, converges to 1, and so from Equation (3),

1=f(1,1,...,1) =01+ + Bn.

Combining the previous two equations yields

_ B +2By+2*°Bg+---+2""!B,

By,...,B
f( 1, ) n) 1424 ...49n-1

Let A denote the point that Ay converges to, and let w = e2mi/(n+1)  Then

A=f(A A)—w+2w2+---+2”‘1w”_ I w=2%" 1 w-=2"
= gy Ap) = 1+2+ - 4on-1 T on_ 1 1—2w o1 1 -2
The answer is then
2
A7l = (97 _q ‘1_72“4— n —1 5~ dcoslyy)
| ’ _( )| _271‘_( ) 1 92n on+1 o N\
w + 220 — 9nt cos( 2T )




