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An=1 for all integers

1. Define the sequence {ay,}n>0 such that ap = a; = 20242024 and a,, = =

n > 2. Compute aggoy.

Proposed by Kevin Chen

Answer:

Solution: We can compute the first values of a, in terms of ag and a; in the following
table:
an
ao
ay
al/ao
1/&0
1/a1
ap/ay
ao
ai

\]CTJU'A;OO[\DD—‘O‘S

Therefore, the sequence has period 6. As 2024 = 2 (mod 6), we conclude agps = a2 =
ai/ag =

2. Two 3 x 3 squares are placed next to each other so that they share an edge of length 1 as
shown in the figure below. How many ways can we cover all 18 squares with 2 x 1 tiles?

Proposed by Rowan Hess
Answer:

Solution: We need to put a tile in the grey region since otherwise, we would have to
put tiles in a 9 x 9 grid, which is impossible since each tile occupies an even amount of
grids. After putting the that tile down, it is not hard to see that there are 4 ways to cover
the central square of the upper left 3 x 3 square, and the same holds for the bottom left
3 x 3 square. Each of the ways uniquely determines the complete covering of each of the
3 x 3 squares.

The answer is then 4 -4 =
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3. A fair 10-sided die with sides labeled 1,2, ..., 10 is rolled three times. What is the prob-
ability that the median of these three rolls is 37

Proposed by Rowan Hess

14

Answer: 1%

Solution: Let n = 10. By counting the number of 3s that appear in the rolls, we see
that the three rolls must be one of the following:

3y, 33y %33 3,33

where 1 < x <2 and 4 <y <n. This occurs with probability

6-2-(n—3)+3-(n—3)+3-2+1 15(n—3)+7 14

n3 n3 125°

4. Given an isosceles trapezoid ABC D with AB || CD, let W, X, Y, Z be points inside ABC'D
such that WX AB and Y ZC D are isosceles trapezoids that do not overlap each other and
with WX || AB and YZ || CD. Suppose that AB+ WX =CD+YZ =20and ZZ' =4
where Z' is the point on line WX such that ZZ' | WX. Given that the height of
trapezoid ABCD is 29, compute the combined area of trapezoids WXAB and YZCD.

Asm 2B
Z/

De o

Proposed by Kevin Chen
Answer:

Solution: Let h; and hy denote the heights of trapezoids W XAB and YZCD. Notice
that h1 + hg = 29 — 5 = 24. Their combined area is then

1 1 1 1
GMWX +AB) + Sha(YZ + CD) = Sha - 20+ Shy - 20 = 10(hy + hg) = 1025 =
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5. Alex has 42 pairwise distinct positive integers. He takes each integer and computes its
remainder when divided by 6. Of these 42 remainders, exactly 7 of them evaluate to 0,
exactly 7 of them evaluate to 1, exactly 7 of them evaluate to 2, and so on. Of the original
42 integers that Alex started with, what is the maximum number of prime numbers could
he have had?

Proposed by Kevin Chen
Answer:

Solution: All integers that are 0, 2, or 4 modulo 6 are divisible by 2. All integers that
are 3 modulo 6 are divisible by 3. Hence, the only prime numbers that are 0, 2, 3, or 4
modulo 6 are 2 and 3. It is easy to find 7 primes that are 1 modulo 6 and and 7 primes
that are 5 modulo 6:

primes = 1 modulo 6: 7,13,19,31,37,43,61
primes = 5 modulo 6: 5,11,17,23,29,41,47

(Alternatively, one could use Dirichlet’s theorem on primes in an arithmetic progression
for a non-constructive proof that such an example exists.) The answer is then 74+7+1+1 =

6. Bradley can perform one of two operations on an integer: he can either square it or add
1 to it. If Bradley starts with the integer 1, what is the minimum number of operations
that Bradley needs to perform to reach exactly 1000.

Proposed by Bradley Guo
Answer:

Solution: By induction, for each integer n > 1, one can see that the optimal strategy
to get to n is to recursively perform the optimal strategy to get [/n], square it, and then
keep adding 1 until you get to n. The optimal strategy to get to 1000 is then given by
the sequence

1—2—4—5—25—526—27—---— 31

— 961 — 962 — 963 — - -- — 1000.

Thus, the answer is

7. Let S(n) denote the sum of all digits of n in base 10. Find the number of integers
1 < n <2024 such that 11 divides n — S(n).

Proposed by Rowan Hess

Answer: m

Solution: Write n = abed in base 10. Then
n—=S(n) = (1000a+1000+10c+d) — (a+b+c+d) = 999a+990+9¢ = 9a+9c¢  (mod 11).

Hence, 11 divides n—S(n) if and only if 11 divides a+c¢. Since n < 2024, this is true if and
only if @ = ¢ = 0. Therefore, the number of such integers n is the number of possibilities
for (b,d) that make 1 < 0b0d < 2024, which is 10-10 — 1 =

8. Let AABC be a right triangle such that ZABC = 90° and the altitude from B onto AC
has length /6. If AB? and BC? are both integers, find the maximum possible area of
ANABC.

Proposed by Bradley Guo



CUBRMC 2024 Individual Round Solutions Page 4

Answer: %

Solution: Let x = AB? and y = BC?. Then
zy=6(x+y) < (z—6)(y—6)=36.

There are only finitely many choices for  and y since they are integers. Recall we wish
to maximize the area which is given by %w/xy. If we assume =z < y, then we have the
following cases:

r—6=1,y—6=36 = ay="7-42 =294
T—6=2,y—6=18 = zy =824 =192
T—6=3,y—6=12 = 2y =09-18 =162
T—6=4,y—6=9 = zy=10-15= 150
T—6=6,y—6=6 = ay=12-12 = 144.

Hence, the answer is 77\/6.
9. Find the number of permutations aq, a9, ..., asy of the integers 1,2,...,20 such that for

all integers 1 <4, 5 < 20, if ¢ divides j, then a; divides a;.
Proposed by Kevin Chen

Answer:

Solution: Suppose ay,...,azq satisfies the desired property. We proceed with a divide-
and-conquer method. Notice that no integer in [11, 20] divides any integer in [1, 20] except
itself. This means aj1,a19,...,az is a permutation of 11,...,20. It then follows that
ai,...,a10 is a permutaiton of 1,...,10. By doing the same process of halfing everything,
we see that ai,...,as is a permutation of 1,...,5, and ag,...,a19 is a permutation of
6,...,10.

We will show a; = ¢ for all 1 <+ < 10. Notice that a; divides a; for all . This can only
happen if a; = 1. Because ay,...,a5 is a permutation of 1,...,5, the condition ay | a4

can only be true if we set a1 = 1,a2 = 2,a4 =4 and {as3, a5} = {3,5}.
We now use the fact that ag, ..., a19 is a permutation of 6, ..., 10.
e 7is prime = a7y = 7. (If 7 is equal to a; for some composite i, then a; would be
divisible by a; # 1 where 1 < j < ¢, which is impossible.)
e 4=ay|ag = ag=28.
e We have ag, a3 | ag and ag, a5 | ajp. Recall ag = 2 and {as,a5} = {3,5}. Hence,

{ag,a10} = {6,10}. This leaves ag = 9, which must be divisible by a3. Thus, a3 = 3,
as = b5, ag = 6, and a9 = 10.
This completes showing a; = i for all 1 < i < 10. We will now use casework again to show

a; = 1 for all 11 <4 < 20 such that 7 is not prime.

e Because 11,13,17,19 are prime, ai1,a13,a17,a19 is a permutation of 11,13,17,19.
(Like before, if one of these primes is equal to a; for some composite i, then a; would
be divisible by a; # 1 where 1 < j < 4, which is impossible.)

o If 11 <1¢ <20 is even with ¢ = 25 for some 1 < j < 10, then a; is divisible by as = 2
and a; = j,s0 a; =2-j = 1.

e If 11 <4 <20 is odd and not prime, then ¢ = 15. Because a5 is divisible by asz = 3
and as = 5 which are both relatively prime, aj5 = 3 -5 = 15.
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10.

11.

12.

From permuting the four primes 11,13,17,19 at the positions a11, a13, a17, a19, we see the

answer is 4! =
Let ABC D be a rhombus with side length 4. Suppose the circumcircle of AABD intersects
line segment C'D at P. Given that CP = 1, find the area of ABCD.

Proposed by Kevin Chen

Answer:

Solution: Let z and y denote the lengths of the diagonals AC' and BD, respectively.
Also, let R denote the circumradius AABD. The area of AABC can be calculated in
two ways:

4-4.-y 1
= - = 16.
1R 4xy:Rx 6

By power of the point at C,

(r—2R)z =4 — 2° =4+2Rr =36 — x =6.

It follows that y = 2v/42 — 32 = 21/7. Hence, the area of the rhombus is jzy = 6V/7.

Let S = {1,2,...,10}. Suppose f: S — S is a function chosen uniformly at random
among all possible functions from S to S. Find the probability that f(f(f(f(1)))) = 1.

Proposed by Bradley Guo

601

Answer: 2500

Solution: Fix z € S. For each integer k > 1, let P(k) denote the probability that the
smallest integer n such that f™(z) = z is n = k. Then

1
P(1) = —
=15
P2 =2 . L
10 10
1
pay=>. 8. 7 1
10 10 10 10

By linearity of expectation, the desired answer is then

601

P(1) + P(2) + P(4) =| 500

Let n = 2024 and w = €2™/™. For each integer 1 < k < n, let Sy be the set of the first
n positive integers with the integer k removed. (For example, S3 = {1,2,4,5,6,...,n}.)
Also, for each integer 1 < k < n, define

ap = H (24 w’)
JESk
where the product is taken over all values j € Si. Compute a1 +as + - -+ + ay.

Proposed by Kevin Chen

Answer: | 2024 . 22023
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Solution: Let P(z) = z" — 1. We can rewrite the sum as

n

a1+a2+.“+an:(_1)n71(_2_w)(_2_w2)...(—2—wn)Zﬁ
=1

:< an 2_2 —

Let r; = 2+ w/. We wish to calculate Z?:_ol 1/rj. Notice that ro,...,7,—1 are roots of
the polynomial (x — 2)™ — 1. This means

0=(r;—2)"—1=[(-2)"—1]+ -~ (" rk(=2)nk = p(-2) + -~ (n rk(—2)nF
() HE

k=1

Recall Zn 1wﬂ = 0 for all integers £ not divisible by n. In particular, for all integers
1§€§n—1 we have

n—1 - n—1 ¢ { n—1
Z Z(w]—l—Q —n2£—|—zz< )w”?e T—n2€+zz< )oﬂrﬂ_r:nﬂ
j=0 =0

j=1r=1 r=1 j=1
Using this, we see that summing over all j in the previous equation yields
n—1 n n
1 1 n _ _ n(—2)"1 n _
= 2k 1 _2 n—=k _ _ N = _1 n—k
> = 2 ()2 e ey (1)

n(—2)" 1
P(-2)

Plugging this into the original sum shows

aj + as + -+ a, = n2" =|2024 - 22023,

Another approach to finding Z;:& 1/rj is by writing the summation as a sum of n infinite
series as such:

n—1 n—1 nloo

1 1 wJ
22+wj:221+w3/2 ZZ

j=0 =0 r= 0

i
L

N | —

kR
\Ir

\3
Il
o
.
Il
o

|
hE
s
%\
3

\i\
Il
S

N~ N~ N
3
—_
/'\/-\l
|
N
\_/\_5\

which is the same result as before.
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13.

14.

15.

Find the number of injective functions f: {1,2,...,2024} — {1,2,...,2024} such that

fle+y) = fz) + fly) (mod 2024)

for all integers 1 < z,y < 2024.

(For non-empty sets X and Y, we say a function f: X — Y is injective if f(x) # f(z')
for all distinct z, 2’ € X.)

Proposed by Kevin Chen
Answer: | ¢(n) = 880

Solution: Letn = 2024. We say f is additive if it satisfies the congruence in the problem.
Suppose f is additive. We claim f is injective if and only if ged(f(1),n) = 1. Notice that
the value of f(1) fully determines f since the additive condition implies f(k) = kf(1)
(mod n) for all integers k. Moreover, if ged(f(1),n) =r > 1, then

f(n/r) = ;f(l) =n=0 (mod n).

Hence, f is not bijective. Conversely, if f is not bijective, then there exists some nonzero
k € Z/nZ such that kf(1) = f(k) =0 (mod n). But this implies ged(f(1),n) > 1. Hence,
f is bijective if and only if ged(f(1),n) = 1. The answer is then given by ¢(n) = 880, as
desired.

Jiming flips 50 coins and records the resulting sequence of coin flips. Let a be the number
of times he flips two heads in a row and b be the number of times he flips two tails in a
row. For example, the sequence TTTHHHTT would yield a = 2 and b = 3. What is the
expected value of the product ab?

Proposed by Bradley Guo

Answer:

Solution: Let ¢;; be 1 if the ith pair of coin flips are both heads and the j** pair of coin
flips are both tails. Then the expected sum of ¢;; over all ¢ and j is the expected value of
ab. The expected value of ¢;; is 1—16 if |4 — j| > 2 and 0 otherwise. Since there are n — 1
pairs of coin flips, the number of flips that are at least 2 apart can be calculated using
complementary counting as (n — 1) — (n — 1) — 2(n — 2) = (n — 2)(n — 3). Thus, when

n = 50, the expected value of ab is %37 =|141.

Alternate Solution: We can also approach this problem with recursion. WLOG let the
last coin flip after n-1 flips be heads. Let a; be the number of consecutive heads flips after
i flips and b; be the number of consecutive tails flips after i flips. If the n'* coin flip is
tails, then a and b remain the same, but if the n' coin flip is heads, then a increases by
1. Thus,

1 1 1
E[anbn] = iE[an—lbn—l] + iE[an—l(bn—l + 1)] = E[an—lbn—l] + EE[an—l]

But since we know that the (n — 1)** coin flip is heads, a1 = an_o. There are n — 3

pairs of coin flips, each having a % probability of being a pair of heads, so the expected

number of head pairs after n —2 random coin flips is "773. The closed form of the recursion
n) = f(n —1) 4+ 23 can be easily shown to be W, giving | 141 | at n = 50.
3 16

Let ABCDEF be a regular hexagon with side length 1, and let W be the midpoint of
side AB. Suppose X, Y, and Z are points on sides BC, DE, and F A, respectively, such
that W, X, and Z are not collinear. Find the minimum possible value of the perimeter
of quadrilateral W XY Z.
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16.

Proposed by Kevin Chen

V39
2

Answer:

Solution: Reflect the hexagon along the sides as shown below. This unravels the
quadrilateral into a path from W to W’ that is composed of four line segments. Finding
the optimal quadrilateral is then equivalent to finding the shortest path from W to W’,
which is a straight line. Therefore, the answer is

Let n = 2024. Given a point X = (z1,...,2z,) € R" and an integer r > 0, Alex can
r-amplify the point X to get a new point X’ € R™ given by

X' = (x1,rz1 + 20,722 + 1oy + a3, " ey " 2 4 F2y)
where the k-th coordinate of X' is Zle rk=ig;.
Suppose Alex starts with the point Ay = (ag, a1, ...,an—1) € R™ where
ap=1,  ag_1=0,  ag = > (—1)ki22 ... 2
1<y <ig<--<ix<n

for each integer k > 1. (The summation is taken over all integers 1 < i1 < ig--- < i < n.)
Alex first 1-amplifies A to get a new point A;. He then 2-amplifies A; to get a new point
Asy. He continues this process until he n-amplifies A,,_1 to get a new point A,. Compute
the sum of the n coordinates of A,.

Proposed by Kevin Chen
Answer: |2025! — 2024! or 2024 - 2024! ‘

Solution: We use generating functions. The coordinates of A; can be expressed by the
first n — 1 coefficients of the polynomial

fi(z) =1 — 231 —2%22) .- (1 — n2z?).

Notice that Ay is then given by the first n — 1 coefficients of

f(x)
(1—-2)1-2z)--- (1 —kx)

fr(z) =

In particular,

fulz) = [(1-2)1—=22)-- (1 —n2)] - [(1+2)(1+22) - (1+nz)]

n (1—2)(1—-2z) (1 —nx)
=(1+2)(1+2z) - (1+nx).

The answer is then

fo(1) = n! = (n41)! — n! =[2025! — 20241 | =[2024 - 2024,




