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Design and Generalization Analysis of Orthogonal
Matching Pursuit Algorithms
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Abstract—We derive generalization error (loss) bounds for
orthogonal matching pursuit algorithms, starting with kernel
matching pursuit and sparse kernel principal components anal-
ysis. We propose (to the best of our knowledge) the first loss bound
for kernel matching pursuit using a novel application of sample
compression and Vapnik-Chervonenkis bounds. For sparse kernel
principal components analysis, we find that it can be bounded
using a standard sample compression analysis, as the subspace it
constructs is a compression scheme. We demonstrate empirically
that this bound is tighter than previous state-of-the-art bounds
for principal components analysis, which use global and local
Rademacher complexities. From this analysis we propose a novel
sparse variant of kernel canonical correlation analysis and bound
its generalization performance using the results developed in
this paper. We conclude with a general technique for designing
matching pursuit algorithms for other learning domains.

Index Terms—Kernel methods, matching pursuit, Nyström ap-
proximation, principle components analysis, sample compression
bounds, sparse kernel canonical correlation analysis, sparsity.

I. INTRODUCTION

M ATCHING pursuit is a family of algorithms that look
for a sparse set of bases in a greedy fashion. It was first

proposed in the signal processing literature [2], [3] and has re-
cently received considerable attention in machine learning, in-
cluding [4]–[7]. In this paper, we follow this framework and, to
our knowledge, derive the first generalization error bounds for
matching pursuit. We also derive new learning algorithms using
this approach.

We start by analyzing kernel matching pursuit (KMP); a
sparse regression algorithm proposed by Vincent and Bengio
[6]. We propose a generalization error analysis (Theorem 4)
to upper bound its future loss, using sparsity as a measure

Manuscript received October 15, 2008; revised March 27, 2011; accepted
April 25, 2011. Date of current version July 29, 2011. This work was supported
in part by the EU project SMART and in part by the IST Programme of the
European Community, under the PASCAL2 Network of Excellence, IST-2007-
216886. The material in this paper was presented at the Neural Information Pro-
cessing Systems Conference, Vancouver, BC, Canada, December 2008.

Z. Hussain and J. Shawe-Taylor are with the Department of Computer Sci-
ence, University College London, London, U.K., WC1E 6BT (e-mail: z.hus-
sain@cs.ucl.ac.uk; jst@cs.ucl.ac.uk; jst@ecs.soton.ac.uk).

D. R. Hardoon is with the SAS Singapore and also with the Department
of Computer Science, University College London, London, U.K., WC1E 6BT
(e-mail: davidrh@me.com).

C. Dhanjal is with the Department of Image and Signal Processing, Telecom
ParisTech, Paris, France, and also with the School of Electronics and Computer
Science, University of Southampton, Southampton, SO17 1BJ, U.K. (e-mail:
cd04r@ecs.soton.ac.uk).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Communicated by A. Krzyzak, Associate Editor for Pattern Recognition, Sta-
tistical Learning, and Inference.

Digital Object Identifier 10.1109/TIT.2011.2158880

of complexity. We are not aware of any generalization error
bounds for kernel matching pursuit. The difficulty in bounding
this algorithm in terms of sparsity is the fact that it gives rise to
dual sparsity (i.e., sparsity in the kernel representation)—and
hence requires all of the training inputs in order to construct
the final regression function. In our analysis we provide a novel
way of combining VC bounds [8], [9] together with sample
compression bounds (bounds using sparsity as a measure of
complexity). The main technique here relies on noticing that
the basis vectors chosen by kernel matching pursuit have VC
dimension , i.e., they are a combination of one-dimensional
linear threshold functions. From this it is easy to see that we
can bound the kernel matching pursuit algorithm by making
a further applications of this VC bound (using a sample
compression analysis), which takes care of the different linear
threshold functions that can be found from a set of
linear threshold functions. This simple, yet novel analysis
technique is one we have not seen in the literature.

Next we look to analyze sparse kernel principal components
analysis (SKPCA) proposed by [5]. We show that this algorithm
is related to matching pursuit, and is in fact a matching pursuit
style algorithm. However, unlike kernel matching pursuit the
analysis of this algorithm is amenable to traditional sample com-
pression bounds [10], [11]—a data-dependent bound which can
be found if the final hypothesis can be constructed using only a
subsample of data points. In order to apply a sample compres-
sion bound we must show that an algorithm forms a compres-
sion scheme [10]–[13]. We prove that sparse kernel principal
components analysis is a sample compression scheme (Claim
1) and give a bound (Theorem 6) to upper bound the loss be-
tween the original data points and the projections into the sparse
kernel principal components analysis. This is the first analysis
showing that this algorithm is a compression scheme, and also
the first sample compression bound for a domain other than
classification and regression. Furthermore, we show our bound
to be empirically tighter than two state-of-the-art bounds for
kernel principal components analysis, which use Rademacher
complexity [14] and local Rademacher complexities [15]. Nei-
ther of these bounds take into account the sparsity element of
the sparse kernel principal components analysis. Therefore, our
results suggests that analyzing sparse algorithms using sparsity
as a measure of complexity may result in tighter bounds than
more general results.

Given these two analyses and by applying matching pursuit
techniques more broadly, we show that other algorithms can
have sparse counterparts. Hence, as the title suggests, we design
a new sparse algorithm for kernel canonical correlation analysis
(Algorithm 3) [16]–[18]. This is the first matching pursuit style
algorithm we know of for kernel canonical correlation analysis,
and is amenable to the same bounding principle (Theorem 9) as
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that constructed for kernel matching pursuit, albeit with a dif-
ferent loss function. Furthermore, we also show empirical re-
sults on a machine translation problem which shows good be-
havior against nonsparse kernel canonical correlation analysis.

We finish with a discussion of generic matching pursuit algo-
rithms which can be obtained by carrying out:

1) Function maximization; and
2) Deflation (i.e., orthogonalization).

We discuss applications to other learning domains and also give
an example of using this generic algorithm to solve the problem
of classification (see Section V). This algorithm is also be
amenable to the generalization analysis presented in this paper.

In Section II we discuss the relationship of our results to other
work.

II. RELATED WORK

As aforementioned, we are not aware of any bounds for
kernel matching pursuit or sparse kernel principal components
analysis. The main issue with bounding KMP is that although
it is sparse, it is only sparse in the kernel Reproducing Kernel
Hilbert Space (RKHS) and so we cannot apply the vanilla
sample compression analysis as all of the data points are re-
quired in order to reconstruct the final weight vector. It is for
this very reason we employ the sample compression argument
over a VC bound. Work by Koltchinskii [19] based on Or-
acle inequalities, and their empirical counterparts called local
Rademacher complexities [20], have been published and scale
favorably between and , where denotes the
size of the sample. We are not aware of any local Rademacher
bounds for kernel matching pursuit. However, Blanchard et
al. [15] have proposed local Rademacher bounds for principal
components analysis, showing their bound to be tighter asymp-
totically than the global Rademacher bound of Shawe-Taylor
et al. [14]. We compare our sample compression bound for
SKPCA against this local Rademacher bound and find it to
be tighter for a finite sample—however, as then the
local Rademacher bound becomes tighter. We demonstrate
empirically that this does not: (a) help find the basis vectors
which capture most of the variance and (b) does not use sparsity
as a measure of complexity.

For the algorithmic developments of this paper: namely
sparse kernel canonical correlation analysis there have recently
been some sparse canonical correlation analysis algorithms
proposed in [21]–[24]. However, they are not based on the
matching pursuit principle, do not cover dual sparsity in kernel
defined feature spaces and also fail to present any generaliza-
tion analysis. Therefore, our contribution is different on several
fronts.

III. GENERALIZATION ERROR ANALYSIS

We start with the main motivation of our results by describing
kernel matching pursuit. We present the low rank matrix approx-
imation algorithm of [5] in Appendix A. This is done to show
the relation to our own derivation of the algorithm and to show
that it equates to a matching pursuit version of kernel principal
components analysis, which forms a compression scheme. We
prove that this derivation is equivalent to the low rank matrix ap-
proximation algorithm. Also, note that most of the algorithms

described are in kernelized form (see [25] and [26] for intro-
ductions to kernels) due to kernel variants being more practi-
cally effective at solving nonlinear problems. Nevertheless the
bounds presented are applicable to the linear versions of all the
algorithms presented in this paper.

A. Preliminaries

Before beginning our analysis, we state the following The-
orem and Definition, of a VC bound and a sample compression
scheme, respectively, that will form the basis of our theoretical
analysis throughout the paper. Let be a
training set of input-output pairs , where each
and when dealing with classification and
when looking at regression. In this paper, we deal exclusively
with regression, however, in order to state the VC bound we need
to define the following classification loss given a function .
We will assume throughout that is found using some learning
algorithm when given a sample , such that .

Definition 1 (True Loss): Let be a distribution over the
generation of an sample , and let , then
the true loss of is defined as

Typically, is unknown, so we use the following empirical es-
timate instead.

Definition 2 (Empirical Loss): Given an sample , and
a function found using , we define the
empirical loss of as

where if is and 0 otherwise.

Theorem 1 (Vapnik-Chervonenkis Bound): Let be a
training sample, the number of samples in and .
Then for sample , the probability of observing zero training
error but true error greater than some can be upper
bounded by

where

is the growth function over points.
The following definition is for a sample compression scheme

first proposed by [10].

Definition 3 (Compression Scheme): The compression
function induced by a sample compression algorithm on
training set is the map

such that the compression set is returned by .
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A reconstruction function is a mapping from a compression
set to a set of hypotheses

Let be the function output by learning algorithm on
training set . A sample compression scheme is a reconstruc-
tion function mapping a compression set to some set of
functions such that

If is the set of Boolean-valued functions then the sample com-
pression scheme is said to be a classification algorithm. If is
the set of Real-valued functions then the sample compression
scheme is a regression algorithm.

Given that an algorithm is a compression scheme we can
prove the following bound—first proved by [10], [11]—but
stated here in the form given by [27].

Theorem 2 (Sample Compression Bound): Let
be a sample and an algorithm which induces

a sample compression scheme such that .
Without loss of generality let be reordered so that the first
points form the compression set , the next points
form the error set such that for all

, and let be the remaining
data points. Then for all choices of the indices of and ,
with probability over the generation of the remaining data

we have the expected loss , for

and for

Hence, if there exists an algorithm which forms a small com-
pression set and has small empirical error then it will re-
sult in a tight bound. Note that the sample compression bounds
use a union bound argument over the choice of the compression
set and error set, and hold with high probability over all such
choices.

All of the above results are for classification. In the kernel
matching pursuit analysis we will convert the regression loss of
KMP into a classification loss in order to apply the above results.
In the regression analysis of sparse kernel principal components
analysis we will require the following well-known result.

Theorem 3 (Hoeffding’s Inequality): If are inde-
pendent random variables satisfying (meaning is
in the interval between fixed constants and ) and if we de-
fine the sum of these random variables as , then
it follows that:

where denotes the expectation.

B. Kernel Matching Pursuit

Let be an input-output pair from an -sample
with an -dimensional vector and . Given

a matrix of inputs with the corresponding
outputs , where denotes the transpose of
a vector, least squares regression finds the weight vector that
minimizes the following quantity:

Let be a vector containing indices (integer
valued numbers) where . Matching pursuit [2] looks to
find , i.e., a small number of dimensions (basis vectors) in , in
a greedy fashion such that the following quantity is minimized:

where denotes the dimensions (features/attributes) in-
dexed by vector . The aim is to find small but
still able to generate a good by only using the dimensions in-
dexed by . A measure for the “good”-ness of can be:

1) how far is the generated by from the generated by
the full dimensionality (stability);

2) how well does the regression function computed from
generalize in the future (generalization error bounds).

In this paper we concern ourselves with the second property as
the first has been extensively studied by [28]–[31] for basis pur-
suit [32]1 and recently for the more general and related frame-
work of compressed sensing [33], [34].

Vincent and Bengio [6] have proposed a kernel variant of (or-
thogonal) matching pursuit [3]2 where by writing
as a linear combination of the training examples, and substi-
tuting into the least squares regression problem they obtain the
following minimization problem:

where is a rectangular kernel matrix defined
by . For simplicity we always assume that the examples are
already projected into the kernel defined feature space, so that
the kernel matrix has entries . The solution
for the minimization problem above, for a fixed , is

(1)

where we assume the inverse exists. Note that
in the kernel version denotes the indices of the training exam-
ples. Once we have (1) we can make predictions with the KMP
regressor , for a new example like so

where represents the kernel functions between and the
examples from the training set indexed by vector . The pseu-
docode for KMP is given in Algorithm 1. In all the algorithms

1Basis pursuit essentially solves the same problem as matching pursuit using
a linear program.

2Orthogonal matching pursuit updates the entire weight vector after each
greedy step using orthogonalization, and can therefore be viewed as a sparse
least squares regression algorithm.
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to follow, division will be assumed component wise for vectors
and the notation . will denote component wise multiplica-
tion of matrices and and . will denote compo-
nent wise squaring.

Algorithm 1: Kernel matching pursuit with prefitting [6]

Input: kernel , sparsity parameter .

1:initialize and

2:for to do

3:set to the index of

4:

5: (if is
nonempty)

6:set and , then update (if is nonempty)

7:deflate kernel matrix

8:add row vector to matrix

9:set

10:end for

Output: index vector and sparse dual weight vector

Before proceeding with the analysis of KMP we would like to
clarify several aspects regarding the algorithm. Line 3 of Algo-
rithm 1 is the function to maximize—obtained by minimizing
the loss of the residual.3 Line 7 corresponds to deflating the
kernel matrix so that the remaining basis vectors are far from
those already chosen. Lines 4, 5, 6 (corresponding to matrix )
and 8 are only needed to make rank 1 updates of the vector.
We would achieve the same algorithm by removing these lines
and using the subspace defined by the final to compute from
(1). This would make the algorithm slightly less efficient but
much clearer to interpret. Hence, all other matching pursuit al-
gorithms we describe in this paper will use this simpler (and
more general) form.

To our knowledge there does not exist any generalization
error bounds for KMP. The fact that KMP does not form a
compression scheme means that we cannot simply bound it in
terms of the compression set. Furthermore, VC bounds are loose
in high dimensional feature spaces. However, we show that an

3The residual in this context is the difference between the regression output
and the prediction made by the KMP algorithm.

amalgamation of both these theories allows us to bound the gen-
eralization error of KMP. The main intuition is that the basis
vectors chosen for KMP have equivalent complexity to the set
of linear threshold functions and hence their VC dimensions
are equivalent to the cardinality of the low dimensional fea-
ture space constructed by KMP. Therefore the VC dimension
of KMP is simply the number of basis vectors chosen. With this
insight we can use a VC bound and count the number of ways of
choosing this subspace—a counting principle used in compres-
sion schemes—to upper bound the loss of KMP, whilst avoiding
the need for the double sample trick and introducing a novel ap-
plication of VC bounds to high dimensional spaces.

Before we begin we point out that our choice of loss function
for the bounds will be the loss.

Definition 4: Let be a regression training sample
generated iid from a fixed but unknown probability distribution

. Given the error for a regression function
between training example and regression output we can

define, for some fixed positive scalar , the corresponding
true classification loss (error) as

Similarly, we can define the corresponding empirical classifica-
tion loss as

where is the indicator function and is suppressed when clear
from context.

Let be the set of vectors . Given all the above defini-
tions we state the following main result of this section.4

Theorem 4: Fix . Let be the function
output by the KMP algorithm when given an sample .
Without loss of generality let be reordered so that the first
points form the compression set and the next points form
the training error set such that for
all . Then for all choices of the indices
of and , with probability over the generation of the
remaining data we have the following upper
bound on the expected loss

Proof: First consider a fixed size for the compression
set and number of errors . Let be the
set of training points chosen by the KMP regressor,

the set of points erred on in training and
the points outside of the compression set

and training error set . Suppose that the first points form
the compression set and the next are the errors of the KMP
regressor. Since the remaining points are drawn

4Preliminary work appeared at the NIPS conference 2008 [1].
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Fig. 1. Plot for KMP bound vs KMP test error.

independently we can apply Theorem 1 to the loss to obtain
the bound

where we have made use of a bound on the number of di-
chotomies that can be generated by parallel hyperplanes due

to [35], that states that ,
where is the number of parallel hyperplanes and equals 2 in
our case. We now need to consider all of the ways that the basis
vectors and error points might have occurred and apply the
union bound over all of these possibilities. This gives the bound

(2)

Finally we need to consider all possible choices of the values
of and . The number of these possibilities is clearly upper
bounded by . Setting times the right-hand side (RHS) of
(2) equal to and solving for gives the result.

This result is unique in the sense that although it uses the VC
bound, it does so without the extra complexity of the feature
space. It is unaffected by infinite dimensional features spaces
such as those defined by the Gaussian kernel, and hence we can
generate upper bounds in this scenario. The plot below depicts
such a situation.

The bound depicted in Fig. 1 has been scaled down by a factor
of 5 to show the plots at similar scales. However, the bound
seems to predict well the lowest point of the test error, sug-
gesting that the algorithm could be driven by the bound.

C. Sparse Kernel Principal Components Analysis

Principal components analysis [25] can be expressed as the
following maximization problem:

(3)

where is the weight vector. In a sparse PCA algorithm we
may want to find a sparsely represented vector ,
that is a linear combination of a small number of training exam-
ples indexed by vector . This corresponds to projections being
made into a sparse subspace maximizing the variance of the
data. By making the substitution into (3) we
have the following sparse dual PCA maximization problem:
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which is equivalent to sparse kernel PCA (SKPCA) with

where is a sparse vector of length . Clearly maxi-
mizing the quantity above will lead to the maximization of the
generalized eigenvalues corresponding to —and hence a
sparse subset of the original PCA problem.

We would like to find a set of indices , and proceed in a
greedy manner (matching pursuit) using a similar approach
to [5]. The procedure involves choosing basis vectors that
maximize the Rayleigh quotient without the set of eigenvec-
tors. Choosing basis vectors iteratively until some prespecified
number of vectors are chosen. An orthogonalization of the
kernel matrix at each step ensures future potential basis vectors
will be orthogonal to those already chosen. We proceed by
making the following substitution , where is the
th unit vector, into the primal problem to obtain the following

quotient maximization problem:

(4)

where denotes the solution of quotient (4) computed using
the th training example.

After this maximization we need to orthogonalize (deflate)
the kernel matrix to create a projection into the space orthog-
onal to the basis vectors chosen to ensure we find the maximum
variance of the data in the projected space. The deflation step
can be carried out as follows. Let . We know
that primal PCA deflation can be carried out with respect to the
features in the following way:

where is the projection direction defined by the chosen eigen-
vector, is the deflated matrix and is the identity matrix. In
SKPCA, because the projection directions are simply
the examples in . Hence

Therefore, given a kernel matrix the deflated kernel matrix
can be computed as follows:

(5)

where and denotes the latest element in the
vector . The algorithm is presented below in Algorithm 2 and
uses the notation to denote component wise squaring. Also,
division of vectors are assumed to be component wise.

Algorithm 2: Matching pursuit for kernel principal
components analysis (i.e., sparse KPCA)

Input: kernel , sparsity parameter .

1:initialize

2:for to do

3:set to index of

4:set to deflate kernel matrix like so:

5:end for

6:compute using and Equation (8)

Output: index vector (i.e., compression set indices)

This algorithm is equivalent to the algorithm proposed by [5]
without sub-sampling (See Algorithm 6 in the Appendix). How-
ever, their motivation comes from the stance of finding a low
rank matrix approximation of the kernel matrix. They proceed
by looking for an approximation for a set and
matrix such that the Frobenius norm between the trace resid-
uals is minimal. They use a
matching pursuit approach to find the set of indices and the
projection matrix . However, the use of in computing the
low rank matrix approximation seems to imply the need for ad-
ditional information from outside of the chosen basis vectors in
order to construct this approximation. We show that a projection
into the space defined solely by the chosen indices is enough to
reconstruct the kernel matrix and does not require any extra in-
formation.5 The projection is the well known Nyström method
[36] The following result proves that this projection (Algorithm
2) is in actual fact a compression scheme[10], [11].

Claim 1: The sparse kernel principal components analysis
algorithm is a compression scheme.

Proof: An orthogonal projection of a feature
vector into a subspace defined only by the set of indices

can be expressed as

(6)

5In their book, Smola and Schölkopf redefine their kernel approximation in
the same way as we have done [26], however, they do not make the connection
that it is a compression scheme (see Claim 1).
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where are the training examples from data matrix
. It follows that:

(7)

with denoting the kernel entries between the index set
and the feature vector . Giving us the following projection
into the space defined by

(8)

Given a data point in the feature space and a set of
chosen indices we can reconstruct the projection using (7),
i.e., . Therefore, we only require kernel
evaluations between the training examples indexed by and the
data point in order to make this reconstruction. Hence,
forms a compression set.

Now that we have proved that SKPCA is a compression
scheme we give the final result of this section that proves the
equivalence of our derivation of SKPCA given in Algorithm 2
and the low rank matrix approximation algorithm (Algorithm
6) given in Appendix A. Note that the algorithm given in
Appendix A was first derived in [5], however they further carry
out a sub-sampling of 59 examples, which we do not include
in Algorithm 6. The following result would also be true if both
algorithms 2 and 6 sub-sampled the same examples.

Theorem 5: Algorithm 2 is equivalent to Algorithm 6.
Proof: Let be the kernel matrix and let be the

th column of the kernel matrix. Assume is the input matrix
containing rows of vectors that have already been mapped
into a higher dimensional feature space using such that

. Smola and Schölkopf [5] state in
Section IV-B of their paper that their algorithm 2 finds a low
rank approximation of the kernel matrix such that it minimizes
the Frobenius norm where is
the low rank approximation of . Therefore, we need to prove
that Algorithm 6 also minimizes this norm.

We would like to show that the maximum reduction in the
Frobenius norm between the kernel and its projection is
given by the choice of basis vectors that maximize the Rayleigh
quotient together with deflation according to (5). At each stage
we deflate by

The trace is the sum of the diagonal
elements of matrix . Therefore

The last term of the final equation corresponds exactly to the
Rayleigh quotient of (4). Therefore the maximization of the

Rayleigh quotient does indeed correspond to the maximum re-
duction in the Frobenius norm between the approximated matrix

and .

Now we can present the compression theory bound for a sub-
space method (i.e., SKPCA).

Theorem 6: Let be any learning algorithm having a recon-
struction function that maps compression sets to subspaces. Let

be the size of the training set , the size of the compression
set , and let be the empirical residual
loss between the points outside of the compression set
and their projections into a subspace, then for all choices of the
indices of and choices of empirical errors with probability

over the generation of the remaining data, the expected
loss of algorithm given any training set can
be bounded by

where and .
Proof: Consider the case where we have a compression

set of size . Then we have different ways of choosing
the compression set. Given confidence we apply Hoeffding’s
bound to the points not in the compression set once for
each choice by setting the RHS of Theorem 3 equal to .

From the definitions and we can set
and , respectively, in Hoeffding’s bound.

Using these facts we get

Solving for and further applying a factor to to ensure
one application for each possible choice of we get

Hence by Hoeffding’s bound
. This together with the fact that

using more dimensions can only reduce the expected loss on
test points gives the result.

We now consider the application of the above bound to sparse
KPCA. Let the corresponding loss function (residual) be defined
as
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where is a test point and its projection into the sub-
space determined by the set of indices returned by

. From (6) it is easy to see that this projection is

Using these definitions, we can give a more specific loss bound
in the case where we use a Gaussian kernel in the sparse kernel
principal components analysis.

Corollary 1 (Sample Compression Bound for Sparse KPCA):
Using a Gaussian kernel and all of the definitions from Theorem
6, we get the following bound:

(9)

Note that corresponds to the smallest radius of a ball that
encloses all of the training points, and hence, in the case of the
Gaussian kernel equals 1.

We compare the sample compression bound proposed
above with the following two Rademacher complexity bounds.
First we define to be the orthogonal projection of

into the subspace defined by the largest principal
components found using PCA. We define the residual as

. The following global Rademacher
complexity kernel principal components analysis (KPCA)
bound was proposed by [14].

Theorem 7 (Global Rademacher Complexity KPCA Bound):
If we perform PCA in the feature space defined by a kernel

then with probability greater than , for any
, we can upper bound the expected squared residual loss

by

where the support of the distribution is in a ball of radius in
the feature space and is the sum of the
eigenvalues greater than computed from the training data in
the feature space.

In the plots we call this bound the “PCA bound.”
The second bound we test against is a refinement of the global

approach and uses local Rademacher complexity, and was pro-
posed by [15].

Theorem 8 (Local Rademacher Complexity KPCA Bound):
If we perform PCA in the feature space defined by a kernel

then with probability greater than , for any

Fig. 2. Bound plots for sparse KPCA comparing the sample compression
bound proposed in this paper and the PCA bound of [14]. We plot the residual
loss and bound values against the level of sparsity (sample compression bound)
and the number of dimensions used (PCA bound). We used the Boston housing
data set, available from the UCI repository [37].

, we can upper bound the expected squared residual loss
by

where

and where the support of the distribution is in a ball of radius
in the feature space, is a constant , denotes

the th largest eigenvalue of kernel matrix and
is a centered kernel matrix. We call this the

“local PCA bound.”
We conducted the experiments using the Gaussian kernel with

a width parameter . We also present the results in
several figures. Due to the loose nature of the local Rademacher
bound, we plot of all these bounds in Figs. 4 and 5, using log
plots. We start the experiments with the global Rademacher
bounds.

Fig. 2 plots the test error residuals (for the Boston housing
data set) together with its upper bounds computed using The-
orem 7 (PCA bound) and the sample compression bound of
Corollary 1. The sample compression bound is much tighter
than the PCA bound and also nontrivial (unlike the PCA bound).
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Fig. 3. Plot of the residual loss and bound values against the level of sparsity
(sample compression bound) and the number of dimensions used (PCA bound).
A Toy experiment with 1000 training examples (and 450 dimensions) drawn
randomly from a Gaussian distribution with zero mean and unit variance.

The sample compression bound is at its lowest point after 43
basis vectors have been added. We speculate that at this point the
“true” dimensions of the data have been found and that all other
dimensions correspond to “noise”. This corresponds to the point
at which the plot of residual errors becomes linear, suggesting
dimensions with uniform noise. We carry out an extra toy ex-
periment to help assess whether or not this is true and to show
that the sample compression bound can help indicate when the
principal components have captured most of the actual data. The
plot of Fig. 3 depicts the results of a toy experiment where we
randomly sampled 1000 examples with 450 dimensions from a
Gaussian distribution with zero mean and unit variance. We then
ensured that 50 dimensions contained considerably larger eigen-
values than the remaining 400. From Fig. 3 we see that the test
residual keeps dropping at a constant rate after 50 basis vectors
have been added. The compression bound picks 46 dimensions
with the largest eigenvalues, however, the KPCA bound of [14]
is much more optimistic and is at its lowest point after 29 basis
vectors, suggesting erroneously that SKPCA has captured most
of the data in 29 dimensions. Therefore, as well as being tighter
and nontrivial (i.e., less than 1), the compression bound appears
better at predicting the best choice for the number of dimen-
sions to use with sparse KPCA. Note that we carried out this
experiment without randomly permuting the projections into a
subspace because SKPCA is rotation invariant and will always
choose the principal components with the largest eigenvalues.

In Figs. 2 and 3 we gave bound plots for the global
Rademacher complexity bound of Theorem 7 and the sample
compression bound of Corollary 1 only. Now using the same
setup as Figs. 2 and 3, we add the plot of Theorem 8 (local
Rademacher bound) to Figs. 4 and 5, respectively. We call

Fig. 4. Log plot of Fig. 2, including the local Rademacher complexity bound
of Theorem 8 using � � ��. The logarithm of the � axis is given in order to get
all curves on the same graph.

Fig. 5. Log plot of Fig. 3, including the local Rademacher complexity bound
of Theorem 8 using � � ��. The logarithm of the � axis is given in order to get
all curves on the same graph.

this the “local PCA bound,” and due to the large constant of
, use a log plot of the axis.

As you can see from Fig. 4 the local PCA bound seems to al-
ways be monotonically decreasing. It is at its lowest point after
150 dimensions have been chosen. This bound would fail to pre-
dict a sparse subspace of sparse kernel PCA as we saw to be
the case with the sample compression bound and the (global
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Rademacher) PCA bound—however, it is clear that as
then this bound will be smaller than the PCA and sample com-
pression bound. Fig. 4 corresponds to the toy experiment we
conducted with the actual data living in a 50 dimensional space
(see Fig. 3)—interestingly the local PCA bound has a large
drop in its value after 50 basis vectors. However, it still seems
to decrease after this point, and if the minimum was chosen
using the local PCA bound to predict the size of the subspace
(containing most of the variance of the data) then this would
happen much later, at 150 dimensions. Clearly, for finite sample
sizes the global Rademacher and sample compression bounds
are preferred, and for sparse kernel PCA, the sample compres-
sion bound proposed should be preferred.

IV. EXTENSIONS: SPARSE KERNEL CANONICAL

CORRELATION ANALYSIS

Another form of dimensionality reduction is canonical cor-
relation analysis (CCA)—a natural extension of PCA when two
views of the same object are present. Both algorithms maximize
a form of the Rayleigh quotient. Therefore we can propose a nat-
ural extension of SKPCA (from the last section) to sparse kernel
canonical correlation analysis (SKCCA).

A. Algorithm

Assume we are given two views and
of the same data where and are vectors of length

and respectively. We then compute projections
and . The idea of canon-

ical correlation analysis (CCA) is to maximize the correlation
between the data in their corresponding

projection space. Taking the maximum correlation of these two
projections reduces to the following maximization problem:

(10)

where is the covariance matrix between and ,
and the covariance matrices of and , respectively,

and the eigenvalues corresponding to and .
We would like to construct a sparse kernel canonical correla-

tion analysis (SKCCA) algorithm. By sparsity we mean using
a small subset of basis vectors from the sample

. The sparse index set of basis vectors will be contained
in an index vector . Following earlier notation for sparse PCA
the sparse CCA problem can be defined by using weight vectors

and . We can convert
this primal problem into its dual by rewriting the weight vectors
in terms of a linear combination of the training examples and
the dual weight vectors

(11)

(12)

Substituting these two expressions into the CCA problem of (10)
we get

Furthermore, we have and
, and sparse kernel CCA as

where and are sparse dual eigenvectors. This leads to, for
fixed , the sparse KCCA generalized eigenproblem6 of the form

(13)

where and .
Using a similar strategy to [5] we now show that maximizing

the quotient of the CCA problem leads to a fast method for
choosing basis vectors. Also after picking a basis vector we must
project into a space orthogonal to it, and describe a deflation step
that guarantees future basis vectors chosen are orthogonal to all
others.

We take a similar approach to Algorithm 6 which implies the
maximization of the generalized Rayleigh quotient

(14)

where is the th unit vector. At each iteration we look to find
the basis vector that maximizes the quotient given by (14). We
can rewrite this equation in terms of each individual kernel basis
vector by observing that and ,
which gives

Once the index has been chosen such that it maximizes the
above equation then the following orthogonality procedure (de-
flation) is carried out to make sure future chosen bases are suffi-
ciently far (geometrically) from those already added to the set .

Initially, at the first step , let and ,
and let , denote the deflated kernel matrices at the th
iteration. To find the deflated matrices at step we use the
following single sided deflation defined for KMP [6]

where and such that ,
and is the latest element added to vector and is the

identity matrix. This procedure is repeated until basis vectors
have been chosen. The deflation at each stage can be computed

6Given matrices �, � we have the following generalized eigenproblem of
the form ���� � ������� where ��� �� are the eigenvalue-eigenvector pair, re-
spectively.



5336 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 8, AUGUST 2011

in time where are the number of examples. This is be-

cause the bracketed computation in the expression
can be computed first—hence saving us from a cubic computa-
tion. This protocol is described in Algorithm 3. Notice the sim-
ilarities between this algorithm and Algorithm 2 which uses the
same procedure of quotient maximization and deflation in order
to evaluate a sparse kernel principal components analysis.

Algorithm 3: Matching pursuit for kernel canonical correlation
analysis (i.e., sparse KCCA)

Input: two views , and sparsity parameter .

1:initialize index vector and an all one vector of size
.

2:for to do

3:set to index of max

4:set and to deflate kernel
matrices like so:

5:end for

6:project final into orthogonal subspace and carry out (K)CCA
to find primal , or dual eigenvectors , and .

Output: index vector and eigenvectors , (or , )

After finding the set of indices we can use the training ex-
amples indexed by to make an orthogonal projection within
which (K)CCA can be computed. We will compute the projec-
tion using the primal feature representation as opposed to the
kernel (dual) representation because it will create small
matrices—running CCA on these matrices will be significantly
more efficient than using the matrices defined for the
full kernel projections. Recall that an orthogonal projection
for any (kernel) basis can be de-
fined as . Furthermore, if we would like
to make a (column) projection of matrix onto this orthogonal
projection we get

Using the Cholesky decomposition on we obtain a ma-
trix such that . Hence, we can redefine the
projection above in terms of as . In CCA
given that we have two (views) kernel matrices and , we
need two individual projections

where and have been defined using and
. Let us create matrices and

giving covariance matrices

These covariance matrices are used to solve CCA (using gener-
alized eigenvalue problem, Gram-Schmidt [25], etc.) to generate
the set of eigenvectors and . After finding these eigenvec-
tors we can project new examples onto them in order to be in the
common semantic space.

Let denote the kernel matrix between a new example
in feature space and the examples indexed by . As above
we project into the space defined by so that

. Similarly in (K)CCA with two views we would have

Finally, we can project and onto and by com-
puting and . The difference

between these two projections is the re-
construction error of sparse KCCA for this particular paired ex-
ample .

Fig. 6 depicts the reconstruction error of SKCCA against
KCCA when tested on an English-Spanish text corpora data set
[38]. The KCCA implementation uses the Gram-Schmidt or-
thogonalization procedure as described in [18].

We can see from this figure that SKCCA is competitive with
KCCA which uses several different regularization parameters.
We conjecture that sparsity is indeed a more robust form of reg-
ularization when compared to the regularized version of KCCA.
The figure presented is indicative of this conjecture and so we
also give a zoomed in plot of the first 50 dimensions used for
KCCA and the first 50 basis vectors chosen for SKCCA as the
bottom plot of Fig. 6. The following bound also implies such
good behavior, by upper bounding the reconstruction error that
may be incurred by SKCCA on a single dimension.

B. Generalization Error Analysis

The compression bound for SKPCA cannot be applied in the
SKCCA setting because the basis vectors chosen to produce
the common subspace require the entire information from the
training set. However, from the type of analysis we made earlier
for KMP we can upper bound the future loss of sparse KCCA.

To help keep the notation consistent with the bound intro-
duced for KMP we make the following definitions. We denote
the view sample as and similarly the view sample as

. Therefore, two training samples consisting of paired data
sets from the joint space will be denoted as

. We denote the index set of the chosen basis vectors
as and as the paired samples indexed by vector . Ear-
lier we denoted to be the projection for the view onto the
eigenvector but here use the notation to denote the same pro-
jection function. We make the same change in the notation of
the function.
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Fig. 6. Top: plot for all dimensions. Bottom: a closer look at the top plot for
the first 50 dimensions or basis vectors.

We would also like to remind the reader that the primal weight
vectors and for each view are 1-dimensional weight vec-
tors for some given dimension . Finally, simi-
larly to Definition 4, we define the following loss function for
SKCCA.

Definition 5: Let be a paired training sample
from a fixed but unknown distribution . Given the projection
functions and and
the error for the paired

Fig. 7. Bound plot for sparse KCCA using 1-dimension with � � ������ and
scaled down by a factor of 5.

data points and we can define, for some fixed positive scalar
, the corresponding true classification loss as

Similarly, we can define the corresponding empirical classifica-
tion loss as

where is the indicator function and is suppressed when
clear from context.

Given this definition we would like to upper bound the true
classification loss with the information gained from the empir-
ical classification loss. We can proceed in much the same way
as was done for KMP but with the difference that the weight
vectors and are the vectors that allow a projection into
a single dimension. Giving a bound on the loss of the two
corresponding projections and onto each dimension. By
making this style of analysis we can adapt the KMP bound as
follows.

Theorem 9: Fix . Let be the SKCCA algo-
rithm such that and , and let be
the size of the paired training set . Without loss of gener-
ality let be reordered so that the first points form the
compression set and the next points form the training
error set such that for
all . Then for all choices of the indices of

and , with probability over the generation
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of the remaining data we
have the following upper bound on the expected loss:

Proof: We can treat the loss between and
as a regression loss

(15)

where we would want (15) to be 0 (or the zero function) for
all and and every dimension projection and . This
regression loss can be mapped into its corresponding classifi-
cation loss using Definition 5. Therefore by constraining the
weight vectors , to be 1—dimensional and using this loss
function we can proceed in the same manner as the proof of
Theorem 4. .

The following plot is taken from the reconstruction error
of a one-dimensional projection for SKCCA. We conducted
the experiment using a Spanish-English text corpora database,
where we had paired texts in English and Spanish, and used
the TFIDF scores as features. We projected each paired English
and Spanish text using the one-dimensional SKCCA projec-
tion direction and computed the empirical classification loss
described in Definition 5 for some fixed . The bound has been
scaled down by a factor of 5 to get both plots on the same figure.

V. EXTENSIONS: OTHER LEARNING DOMAINS

The results of this paper point to a general algorithm for
matching pursuit and also a general VC bound upper bounding
the loss of matching pursuit. This framework equates to max-
imizing some loss function and then orthogonalizing the re-
maining basis functions, in order to construct a small subspace
in which to carry out learning. Therefore, matching pursuit can
be viewed as a meta-scheme for learning algorithms.

It may not be clear how all of the algorithms presented so
far are connected. We now describe a generic matching pursuit
algorithm that is in the form of the sparse KPCA and sparse
KCCA algorithms presented so far. We then give an algorithm
for kernel matching pursuit (KMP) in this generic form. Hope-
fully convincing the reader of the relationship between these
three algorithms.

Algorithm 4: A generic matching pursuit algorithm

Input: data , sparsity parameter .

1:initialize

2:for to do

3:set to index of the maximization of a loss function that
uses .

4: deflate vectors in according to basis vector chosen.

TABLE I
FUNCTIONS TO MAXIMIZE FOR SEVERAL DIFFERENT MATCHING

PURSUIT ALGORITHMS

5:end for

6:use final to construct subspace and carry out learning in this
low dimensional subspace to find (sparse) parameters.

Output: final set and (sparse) parameters to make predictions,
create low dimensional projection, etc.

In the generic matching pursuit algorithm described in Algo-
rithm 4 we have two lines in the main For loop; One to max-
imize some function (line 3) and another to carry out defla-
tion (line 4). We formulate in Table I the three distinct func-
tions that need to be maximized in order to retrieve the three
algorithms described so far; namely, kernel matching pursuit
(KMP), sparse kernel principal components analysis (SKPCA)
and sparse kernel canonical correlation analysis (SKCCA). For

instance, KMP maximizes . Earlier we presented an

algorithm for KMP that doesn’t quite fit into the generic al-
gorithm described in Algorithm 4. Therefore, we give a more
generic version of KMP in Algorithm 5 that maximizes a func-
tion, deflates and then uses the low dimensional subspace to
carry out learning.

Algorithm 5: Kernel matching pursuit (generic version)

Input: kernel , sparsity parameter .

1:initialize to be empty

2:for to do

3:set to the index of

4:set to deflate kernel matrix like so:

5:end for

6:solve (1) with final to find

Output: index vector and sparse dual weight vector

The algorithms presented so far imply a general matching
pursuit framework, and so we discuss now a potential matching
pursuit style algorithm for classification—we will not give any
experimental results or a complete algorithm, but rather use this
section to show that the derivation of other matching pursuit
algorithms is possible within the framework described.

Assume we have a sample containing examples and
labels . Then we can have a matching pursuit algo-
rithm for Fisher discriminant analysis (see [25] for details) in
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the following way. Initially, we may pick one example
and project the remaining training examples into the space de-
fined by . We would then attempt to find the index that maxi-
mizes the Fisher discriminant analysis (FDA) loss. After which
a deflation of the data matrix (or kernel ) would be carried
out to allow new training examples to be chosen. Finally giving
us a set of training examples that can be used to compute the
final weight vector , together with the FDA decision function

where is the bias and an example.
Recall that contains examples as column vectors. Using

the notation from [25], we have the following maximization
problem for FDA:

where are the number of positive examples, the number
of negative examples and where is a
diagonal matrix with entries

if
if

and and are given by

if
otherwise

and

if
otherwise.

Following our pattern throughout the paper we can define the
following maximization problem for a dual sparse version
of LDA by setting and substituting into the LDA
problem described above (ignoring constants) to yield

After finding the best index , we would orthogonalize the ma-
trix using the same technique utilized by KMP and SKCCA,
by setting , and deflating like so

After choosing the training examples, giving ,
we can define

where is the Cholesky decomposition of , and train
FDA in this new projected space to find a sparse weight vector

and make predictions. This work has been published (with a
slightly different bound to those presented here) in the AISTATS
conference of 2009 [39].

In this way, matching pursuit can be applied to other learning
problems, by maximizing some function and then deflating, in
order to find a set of basis vectors to create a low dimensional
subspace in which to carry out learning.

VI. CONCLUSION

In this paper we have addressed one important theoretical
issue for matching pursuit, missing from the current literature,
on how to upper bound the loss that may occur in the future
(generalization error bounds). We proposed a novel bounding
technique for kernel matching pursuit using traditional learning
theory bounds and sample compression schemes. The bounds
were valid for infinite dimensional feature spaces and could
be used in a matching pursuit version of kernel canonical cor-
relation analysis. We also proved that sparse kernel principal
components analysis is a compression scheme and showed on
some real world and simulated data sets that our bound is much
tighter than the state-of-the-art bounds available for (kernel)
principal components analysis. Finally, we described how to
apply matching pursuit to other learning domains such as kernel
canonical correlation analysis, and gave an example for classi-
fication using Fisher discriminant analysis.

We feel that matching pursuit can be applied to various other
learning domains such as novelty detection, ranking, multiview
learning, etc. We hope to have given the reader a flavour of the
different domains that can be tackled and an approach for tack-
ling new learning problems using matching pursuit. The bounds
presented also theoretically validate the matching pursuit ap-
proach as a viable meta-learning procedure.

For future research we would like to tighten the bound pre-
sented for KMP, and feel perhaps a PAC-Bayesian [40] argu-
ment may result in tighter bounds. Another future direction for
the sparse kernel canonical correlation analysis is to apply the
bound to more than 1-dimension without having to resort to a
union bound over all of the dimensions—which would loosen
the bound. Finally, we did not discuss the computational com-
plexity of the algorithms as more efficient techniques for finding
the final weight vectors would certainly improve the speeds of
the algorithms presented (as is the case with KMP with prefit-
ting due to [6]). Ultimately though, we chose to present the algo-
rithms without these speed-ups, to make clearer the connections
between them and to state them in a general form.

APPENDIX

SMOLA AND SCHÖLKOPF’S LOW RANK MATRIX

APPROXIMATION ALGORITHM

The following Algorithm 6 was first proposed by Smola and
Schölkopf [5]. In Theorem 5 we proved its equivalence to Al-
gorithm 2 and add it here for completeness.

Algorithm 6: A matching pursuit algorithm for learning a low
rank matrix approximation [5] (i.e., sparse KPCA)

Input: kernel , sparsity parameter ,

1:an column vector , a row
vector and .

2:for to do

3:compute matrix approximation

4:set to the index of

5:if then
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6:

7:

8:else

9:

10:

11:

12:

13:end if

14:end for

15:compute

Output: output sparse matrix approximation
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