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Abstract5

Asset-backed securities (ABS) play a vital role in financing American consumer6

automobile debt. Recently, economic analysis into ABS has benefited from the public7

release of data, which provides a new, rich source of loan level consumer auto loan8

information. Because this loan lifetime data is discrete-time and subject to random9

left-truncation, however, it is nontrivial to analyze. This has attracted recent study,10

but there is still no suitable approach to model this ABS loan lifetime data that incor-11

porates regression coefficients for the lifetime of interest. We thus generalize the con-12

ditional, bivariate distribution to link to covariates, while keeping the left-truncation13

distribution unspecified. We solve the high-dimensional, constrained likelihood-based14

parameter estimation problem numerically, using a block coordinate descent design.15

Under suitable regularity conditions, we provide the complete large sample, multivari-16

ate normal distribution of the estimators. This allows for large sample inference into17

variable and model selection. We prove all results, verify with simulation, and general-18

ize for right-censoring. We then apply our methods in an economic study of borrower19

prepayment behavior for 19,772 consumer auto loans from the 2017-3 Ally Auto Re-20

ceivables Trust ABS bond. We find that borrowers with pick-up trucks prepay more21

slowly, all else equal, among other consumer finance insights.22

Keywords: Asset-level disclosures, consumer behavior, length-biased sampling, house-23

hold finance, Reg AB II, survival analysis24

1 Introduction25

The American consumer automobile debt marketplace is an economic behemoth, with total26

outstanding American consumer automobile debt exceeding $1,400 billion (Federal Reserve,27
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2023). Despite its size, there is a dearth of economic analysis into the behavior of consumers28

with auto loans, especially in comparison to residential mortgages (Lautier et al., 2024).29

This has recently begun to change, with improvements in data availability (Securities and30

Exchange Commission, 2014), statistical methods (Lautier et al., 2024, 2025, 2026), and a31

growing interest among economic researchers (e.g., Katcher et al., 2024; Lautier et al., 2024,32

2025, 2026). A major hurdle still outstanding, however, is to perform an economic study33

of consumer auto loan lifetimes using this newly available consumer auto debt data that34

considers heterogeneity among the borrowers, such as differences in credit, vehicle type, and35

loan contract details. In this paper, therefore, we present the first known regression-based36

economic analysis of the Securities and Exchange Commission (2014) loan level data.37

Statistically, we desire to model consumer auto loan lifetimes using a survival model ca-38

pable of handling regressors. This is a robust literature base that includes the famous Cox39

(1972) proportional hazards model and has long since been canonized in classical textbooks40

(e.g., Klein and Moeschberger, 2003). Despite this, the Securities and Exchange Commis-41

sion (2014) data presents two key challenges that, together, require new methods. First,42

it is monthly loan data, and this requires an assumption of a discrete-time survival model43

(Lautier et al., 2026). This reduces the literature base substantially because ties must now44

be permitted, as many loans will terminate in the same month. Discrete-time, by itself, still45

produces excellent reference textbooks (e.g., Tutz and Schmid, 2016). Therefore, it is the46

combination of the second challenge that requires our forthcoming effort. Specifically, the Se-47

curities and Exchange Commission (2014) data consists of observational discrete lifetime data48

contained within asset-backed securities (ABS). Critically, this means that left-truncation is49

also present (Lautier et al., 2025, 2026), and it is this combination of discrete lifetime data50

subject to random left-truncation that has received limited study (Lautier et al., 2026).51

When regressors are assumed present, which is the aim of this paper, the set of related52

literature narrows even further. Kalbfleisch and Lawless (1991) presents a discrete-time,53

semi-parametric regression model for right-truncated data, which can conceivably be applied54
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to left-truncated data by reversing the timeline (see also the closely related work of Gross55

and Huber-Carol (1992)). We prefer to avoid consideration of a baseline hazard, however,56

because Lautier et al. (2024) demonstrate that the difference between estimated hazard rates57

by risk group for consumer auto loans are not constant with time (i.e, the proposed credit58

risk convergence is inferred from a convergence of hazard rates by risk group as loan age59

increases). We also find the proportional hazard assumption to be questionable within our60

application to loan prepayments in Section 4. This need to avoid the proportional hazards61

model limits the applicability of other related studies (e.g., Alioum and Commenges, 1996;62

Pan and Chappell, 2002; Qin and Shen, 2010; Teodorescu et al., 2010; Su and Wang, 2012;63

Rennert and Xie, 2018; Wu et al., 2018; Chen and Yi, 2021). An additional challenge is64

that the nature of auto ABS data does not allow for the typical uniformity assumption of65

the left-truncation random variable, known as length-biased sampling (e.g., Wang, 1996; Qin66

and Shen, 2010) nor rank regression (e.g., Lai and Ying, 1991). Given this outstanding gap67

in suitable methods to properly analyze the Securities and Exchange Commission (2014)68

economic ABS data with regressors, therefore, a new formulation is needed.69

Our approach will utilize the known, finite term of consumer auto loans to generalize70

the conditional bivariate density function of the left-truncation and lifetime random vari-71

ables studied in Lautier et al. (2025, 2026) to consider covariates. This formulation embeds72

left-truncation and discrete-time at the onset of the problem, whereas classical approaches73

typically first focus on discrete-time and right-censoring (e.g., Tutz and Schmid, 2016). This74

implies we are sampling jointly from a conditional bivariate distribution of left-truncated75

and lifetime random variables, which is better aligned to the Securities and Exchange Com-76

mission (2014) data than the classical approach of generating N pairs and keeping only those77

(i.e., random n ≤ N) that fit the left-truncation requirements (e.g., Woodroofe, 1985). In78

other words, the latter sampling scheme would erroneously imply ABS investors also have79

access to loans that terminated prior to being included in the investment security.80

The closest relative to what we propose is Lautier et al. (2025), whereby the lifetime81
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of interest follows a traditional parametric lifetime and the left-truncation random variable82

follows an unspecified, discrete distribution. In this paper, we will allow this lifetime pa-83

rameter to be linked to a set of covariates, akin to a generalized linear model (GLM) (e.g.,84

Ravishanker and Dey, 2002, §11.4, pg. 422), while maintaining the desired flexibility in the85

left-truncation random variable. The problem of parameter estimation in this setting is86

nontrivial, however, because the presence of left-truncation creates a complex, constrained87

optimization problem over a large dimension in the likelihood. Even in the simpler setting88

of Lautier et al. (2025), which does not admit heterogeneity via regressors, direct numerical89

approaches can fail to yield a viable estimate over the dimension needed to model the auto90

ABS lifetime data. Utilizing this model will require overcoming these challenges, and it is91

our proposed method to do so that forms the basis of this paper.92

Our parameter estimation method begins by proving that a stationary point of the con-93

strained optimization problem created by the likelihood is equivalent to a stationary point94

of the unconstrained version of the same optimization problem. This is a generalization of a95

case specific result first appearing in Lautier et al. (2026) and is a valuable simplification of96

the problem. Specifically, with this established, we may then pursue the unconstrained nu-97

merical technique of locating extrema via the Newton-Raphson method, suitably adjusted to98

handle the large dimension of the parameter set and specifics of the likelihood. For example,99

we will utilize coordinate or block coordinate descent to split the higher dimension problem100

into two smaller dimension problems (Wright, 2015). This creates a novel iterative algorithm101

to locate zeros of the gradient of the loglikelihood, from which parameter estimates follow.102

Attractively, this approach maintains desirable statistical properties under mild regular-103

ity conditions, from which large sample inference for variable and model selection follow.104

We present all calculation details, including closed-form formulas for the update steps of105

each block iterative optimization and the resulting asymptotic covariance matrix to assess106

estimation uncertainty. Complete proofs may be found in the Supplemental Material, and107

all results are also verified numerically via simulation studies in Section 3. Throughout,108
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we leave the forms of the lifetime density and link functions unspecified, which allows for109

a wide generalization of our results. We then generalize further to accommodate the type110

of right-censoring commonly found in ABS data (e.g., Lautier et al., 2023), which greatly111

expands the practical utility of these results. For full methodological details, see Section 2.112

We then utilize our methods for an economic study into borrower prepayment behavior113

for consumer auto loans contained within the AART (2017) ABS bond. This is the first114

known study of prepayment behavior using the Securities and Exchange Commission (2014)115

ABS data with regressors. It provides new economic insight into this nascent field, especially116

in comparison to mortgages (e.g., Deng et al., 2000; Calhoun and Deng, 2002; Ambrose and117

Sanders, 2003; Jones and Sirmans, 2019). We find expected drivers of prepayment behavior,118

such as borrower credit score, loan terms (e.g., interest rate, co-obligor) and subvention (e.g.,119

cash or interest rate rebates). We also find the interesting result that drivers of pick-up trucks120

tend to prepay more slowly, all else equal. These results provide updated comparison points121

to early, related economic literature (e.g., Ohta and Griliches, 1986; Ohta, 1987; Thompson122

and Noordewier, 1992). For much more discussion, please see Section 4.123

The Supplemental Material provides complete proofs and many additional details. For124

complete data and replication code, please see the public git repository found here:125

https://github.com/jackson-lautier/left-truncation-regression.126

2 Methods127

We first consider the likelihood-based estimation problem. Next, we provide results for large128

sample inference. Finally, we generalize all results to handle right-censoring.129

2.1 Likelihood Estimation130

This is a three-part subsection that first formally states the optimization problem, then131

proposes a numerical solution, and closes by providing the details of its implementation.132
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2.1.1 Optimization Problem133

Let the lifetime of interest, denoted X, be a discrete random variable with support, U =134

{∆ + 1,∆ + 2, . . . , ω}, where ∆ ∈ N and ω ∈ N+ are nonrandom (i.e., known at the onset135

of the problem). Denote the discrete, left-truncation random variable as Y , with support136

V = {∆ + 1,∆ + 2, . . . ,∆ +m}, where m ∈ N+ is nonrandom. We observe X if and only137

if X ≥ Y , and so the support of the joint, conditional distribution of (X, Y | X ≥ Y ) is a138

trapezoid, A = {(u, v) ∈ U × V : u ≥ v} (Lautier et al., 2026). We further assume that,139

conditioning on the observed covariates to be introduced next, X and Y are independent (a140

reasonable assumption for ABS data (Lautier et al., 2023, §4.3)).141

It is desirable to allow X to depend on a set of observed explanatory variables. Denote142

the observed sample as Sn = {(Xi, Yi | zi)}1≤i≤n, where zi = (1, Z1i, Z2i, . . . , Zki)
⊤ is a vector143

of observed explanatory variables for each left-truncated sample pair, (Xi, Yi). Denote the144

probability mass function (pmf) of X as f(u; pi) for u ∈ U , where the parameter pi ∈ P ,145

where P is a convex set (e.g., R+ or R), depends on zi in the following manner. Define a146

link function, µi, that provides a functional relationship between pi and a linear function of147

the explanatory variables, ηi(zi,β) ≡ ηi = z⊤
i β, where β = (β0, β1, β2, . . . , βk)

⊤ ∈ Rk+1 is a148

set of unknown coefficient parameters. This is the familiar generalized linear model (GLM)149

form (e.g., Ravishanker and Dey, 2002, §11.4, pg. 422),150

f(Xi; pi = µi(ηi(zi,β))) ≡ f(Xi; zi,β) ≡ fi ◦ µi ◦ ηi. (1)

Remark. The different notation in (1) oscillates between over-explained and overly casual.151

We make this stylistic choice for the purposes of narrative clarity, as each form will ease152

exposition at various points in the coming discourse. Furthermore, it will at times become153

necessary to clarify the input of f (i.e., either the observed Xi or the more general u), and154

we will do so by writing fi for f(Xi; ·) and fu for f(u; ·).155

The pmf of Y is denoted by g, and it is a parametric distribution such that Pr(Y = v) =156
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g(v) = gv, where each probability point mass, gv ∈ g = (g∆+1, . . . , g∆+m)
⊤, is a parameter157

to be estimated for v ∈ V . This, along with the assumption X ⊥ Y , allows us to write the158

conditional bivariate pmf that generates the sample, Sn, denoted h∗, as159

h∗(u, v; zi,β, g) =
f(u;zi,β)gv
α(zi,β, g)

, (u, v) ∈ A, (2)

where α(zi,β, g) ≡ αi ≡ Pr(X ≥ Y ;zi,β, g),160

αi =
ω∑

u=∆+1

f(u;zi,β)

(min(u,∆+m)∑
v=∆+1

gv

)
=

∆+m∑
v=∆+1

gv

( ω∑
u=v

f(u;zi,β)

)
.

Thus, if we define the parameter space, Θ = (g,β)⊤ ∈ Rk+m+1, then, along with (2), the161

likelihood equation is162

L(Θ | Sn) =
n∏

i=1

h∗(Xi, Yi; zi,β, g). (3)

It is our objective to find the maximum likelihood estimate (MLE) of Θ within (3). Because163

we require
∑

v gv = 1, however, maximizing (3) over Θ subject to this linear constraint164

becomes a complex, multidimensional constrained optimization problem,165

Θ̂MLE = argmax
Θ

{
L(Θ | Sn) :

∆+m∑
v=∆+1

gv = 1

}
, (4)

where uniqueness and existence are assumed to avoid technicalities. To find Θ̂MLE, it is help-166

ful to show that the unconstrained and linearly constrained stationary points must coincide.167

Lemma 1. Denote u = (u1, . . . , uk)
⊤ and v = (v1, . . . , vm)

⊤ and let φ(u,v) : Rk+m 7→ R be168

a smooth function with domain (i) ui ≥ 0 or ui ≤ 0 for all 1 ≤ i ≤ k, (ii) vj ≥ 0 or vj ≤ 0169

for all 1 ≤ j ≤ m, (iii)
∑

i ui ̸= 0, and (iv)
∑

j vj ̸= 0. Further assume that for any nonzero170

scalars, π1, π2, φ(π1u, π2v) = φ(u,v) and define the following Lagrangian-type function, Λ,171
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with constraints,
∑

i ui =
∑

j vj = 1 (e.g., Ravishanker and Dey, 2002, §2.9, pg. 69),172

Λ(u,v, λ1, λ2) = φ(u,v)− λ1

(
1−

k∑
i=1

ui

)
− λ2

(
1−

m∑
j=1

vj

)
,

with λ1 ∈ R and λ2 ∈ R. If u∗, v∗, λ∗
1, and λ∗

2 is a stationary point of Λ, then λ∗
1 = λ∗

2 = 0.173

Proof. See the Supplemental Material, Section A.1.174

Lemma 1 is a generalization of an observation that first appeared in Lautier et al. (2026).175

Its practical value stems from simplifying the search implied by (4) because h∗ defined in (2)176

is a smooth function that meets the domain and scaling property requirements of Lemma 1.177

(In the interest of precision, Lemma 1 is a more general statement than what is needed here178

because it assumes two constraints versus the needed one. For an expanded discussion, see179

the Supplemental Material, Section B.) That is, again assuming uniqueness and existence,180

Θ̂MLE = argmax
Θ

{
L(Θ | Sn) :

∆+m∑
v=∆+1

gv = 1

}
= argmax

Θ
L(Θ | Sn). (5)

This equivalence holds because the likelihood is homogeneous of degree zero in the truncation181

probabilities g when β is held fixed. This is a convenient simplification because it smooths182

the searching region for Θ, reduces computation demands, and helps numerical methods183

more reliably recover global extrema (Bertsekas, 1999; Wright, 2015). We thus estimate Θ184

using a novel, iterating unconstrained numerical optimization method on the log-likelihood,185

ℓ(Θ | Sn) ≡ ℓ ≡ logL(Θ | Sn) =
n∑

i=1

log h∗(Xi, Yi, zi,β, g). (6)

2.1.2 Numerical Solution186

The (now unconstrained) objective function in (6) has enough similarity to a GLM that it187

motivates pursuing typical numeric techniques to estimate the coefficient parameters, such188

as the Newton-Raphson (NR) method (e.g., Hardin and Hilbe, 2007). There is an important189
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added complexity created by the left-truncation random variable, however, in the presence190

of the g parameters. In addition to adding a large dimension to Θ, the g parameters are191

also embedded within the α(·) term that is in the denominator of h∗ and differs for each192

observation, 1 ≤ i ≤ n. That is, if we consider again the likelihood equation in (3),193

L(Θ | Sn) =
n∏

i=1

f(Xi; zi,β)g(Yi)

α(zi,β, g)
=

∆+m∏
v=∆+1

g
γ̂n(v)
v

n∏
i=1

f(Xi; zi,β)

α(zi,β, g)
,

where γ̂n(v) =
∑

i 1(Yi = v), then we obtain the detailed objective function,194

ℓ(Θ | Sn) =
∆+m∑
v=∆+1

γ̂n(v) log gv +
n∑

i=1

log f(Xi; zi,β)−
n∑

i=1

logα(zi,β, g). (7)

An approach to estimate Θ from (7) is not immediate. Closed-form solutions are difficult195

to obtain because logα(·) is a logarithm of a summation that consists of all parameters.196

Numerically, we must take care to handle the difficulties created by the g parameters. For197

example, even in the setting where f depends only on a single parameter, p, for all 1 ≤ i ≤ n,198

the potentially large dimension of Θ stemming from g can cause direct numeric optimization199

approaches on (7) to fail (Lautier et al., 2025). Beyond this feasibility question, there may200

also be settings where the left-truncation distribution is known or it is not a priority of the201

economic investigation (i.e., a nuisance parameter). Additionally, we will demonstrate in202

Section 2.1.3 that taking a partial derivative of (7) with respect to g does not provide a203

viable candidate function for the update step of the NR method.204

Motivated by these challenges, we propose an iterative optimization procedure that is a205

form of coordinate descent or block coordinate descent (Wright, 2015). We will treat the g206

portion of Θ as one block and the β portion as the second block. Specifically, we will hold g207

fixed and maximize ℓ with respect to β. Once these estimates of β are found, they are then208

held fixed and ℓ is maximized with respect to g. This process repeats until the estimates209

of each block that maximize ℓ stabilize. Under mild regularity conditions, this blockwise210
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optimization approach can be expected to reliably return extrema of ℓ (e.g., Bertsekas, 1999;211

Tseng, 2001) (a further practical benefit of performing an unconstrained search). A natural212

analogy in statistical applications is the EM algorithm, which has a long history of close213

study (e.g., Wu, 1983).214

A final outstanding challenge shared by many numerical optimization procedures is to215

select initial values. We overcome this issue by using the estimation methods of Lautier et al.216

(2025). That is, for a given f(·; p), let p̂INIT be any p ∈ P such that217

∆+m∑
v=∆+1

(
ĥ•v∑ω

u=v f(u; p)

)( ω∑
u=v

∂

∂p
f(u; p)

)
=

∆+m∑
v=∆+1

ω∑
u=v

ĥuv

f(u; p)

∂

∂p
f(u; p), (8)

where ĥ•v :=
∑

u ĥuv > 0 and ĥuv =
∑

i 1(Xi,Yi)=(u,v)/n. Furthermore, define218

ĝv,INIT =
ĥ•v

S(v; p̂INIT)

[ ∆+m∑
k=∆+1

ĥ•k

S(k; p̂INIT)

]−1

, v ∈ V , (9)

where S(·) denotes the survival function,219

S(x; p) := Pr(X ≥ x; p) =
ω∑

u=x

f(u; p). (10)

These estimators follow from Lautier et al. (2025, Theorem 3.1) and may be generalized for220

vector-valued parametric forms of f , such as the two-parameter discrete Weibull of Nakagawa221

and Osaki (1975). See Lautier et al. (2025) for details, including approaches and replication222

code to solve (8). We are now ready to state the formal estimation procedure.223

Algorithm 1. The following approach may be used to find argmaxΘ ℓ(Θ | Sn) in (7).224

1. For a given f(·; p), use (8) to find p̂INIT and (9) to find ĝINIT.225

2. For a given link function, µ, assign β̂0,INIT = µ−1(p̂INIT) and β̂INIT = (β̂0,INIT,0k)
⊤.226

3. Fix ĝINIT and use the NR method per (11) to maximize ℓ(β | ĝINIT,Sn) starting from227

β̂INIT (for details, see §2.1.3). Call this block extrema β̂t.228
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4. Fix β̂t and use the NR method per (13) to maximize ℓ(g | β̂t,Sn) starting from ĝINIT229

(for details, see §2.1.3). Call this block extrema ĝt.230

5. Return to Step 3 with (β̂t, ĝt)⊤ replacing (β̂INIT, ĝINIT)
⊤. Repeat Steps 3 and 4 to find231

Θ̂t+1 = (β̂t+1, ĝt+1)⊤ and evaluate
∥∥∥∇ℓ(Θ̂t+1)

∥∥∥ < ϵ, where ϵ is a small, predetermined232

tolerance, such as ϵ = 10−7.233

6. If Step 5 is true, exit the procedure and set Θ̂MLE = (β̂t+1, ĝt+1)⊤. If Step 5 is false,234

repeat Step 5 starting with (β̂t+1, ĝt+1)⊤.235

Under suitable regularity conditions, the NR iteration method is known to be asymptoti-236

cally efficient (Shao, 2003, Theorem 4.19, pg. 295). In the following sections, we demonstrate237

that the above approach is effective at finding Θ̂MLE and, subsequently, generates reliable238

large sample inference on the main parameters of interest, β, as well as the g parameters.239

2.1.3 Implementation Details240

We first present the update equation needed to use the NR method for the parameter β in241

Step 3 of Algorithm 1. Let β(t) be the current estimate of β for (7). For the NR method,242

the update step to find β(t+1) is243

β(t+1) = β(t) − (Z⊤A(t)Z)−1Z⊤W(t)Jn, (11)

where Z⊤ = (z1, z2, . . . ,zn) is the (k + 1) × n design matrix, A = diag(Ai) is an n × n244

diagonal matrix with diagonal elements,245

Ai =
s(Xi, ηi)

f(Xi; zi,β)
−

(
q(Xi, ηi)

f(Xi; zi,β)

)2

− 1

αi

∆+m∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)
+

(
r(g, ηi)

αi

)2

,

where αi ≡ α(zi,β, g),246

s(Xi, ηi) =

(
∂2fi
∂µ2

i

)(
∂µi

∂ηi

)2

+

(
∂fi
∂µi

)(
∂2µi

∂η2i

)
,
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q(u, ηi) =

(
∂fu
∂µi

)(
∂µi

∂ηi

)
,

and247

r(g, ηi) =
∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

]
,

for 1 ≤ i ≤ n, W = diag(Wi) is an n× n diagonal matrix with diagonal elements,248

Wi =
q(Xi, ηi)

f(Xi; zi,β)
− 1

αi

( ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

])
,

for 1 ≤ i ≤ n, and Jn is an n × 1 unit vector. For details in the derivation of (11), see the249

Supplemental Material, Section A.2.250

The details behind Step 4 of Algorithm 1 are not as direct, however. Observe, by (6),251

∂

∂gv
ℓ(Θ | Sn) =

γ̂n(v)

gv
−

n∑
i=1

1

αi

( ω∑
u=v

f(u;zi,β)

)
=

n∑
i=1

{
1(Yi = v)

gv
− 1

αi

( ω∑
u=v

f(u;zi,β)

)}
. (12)

This is problematic because the above optimization function takes the approximate form,252

ζ(gv) ≈
k1
gv

− k2
k3gv + k4

= 0,

where ki ≥ 0, 1 ≤ i ≤ 4, are some non-negative constants. The asymptotic behavior of ζ(gv)253

is not a good candidate for the NR method, especially as we also require 0 < gv < 1 for all254

v ∈ V . In other words, it can be shown that, if left unmodified, the NR method will fail to255

converge for (12) (for details, see the Supplemental Material, Section C).256

We therefore proceed as follows. Because it is not difficult to show257

∂ℓ

∂gv
=

γ̂n(v)

gv
−

n∑
i=1

1

αi

( ω∑
u=v

f(u;zi,β)

)
= 0 ⇐⇒ γ̂n(v)− gv

n∑
i=1

1

αi

( ω∑
u=v

f(u;zi,β)

)
= 0,
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it is equivalent to consider the modified optimization function258

F(gv) = γ̂n(v)− gv

n∑
i=1

1

αi

( ω∑
u=v

f(u;zi,β)

)
=

n∑
i=1

(
1(Yi = v)− gvSvi

αi

)
,

where Svi is a generalized form of (10), Svi ≡ S(v;zi,β) =
∑ω

u=v f(u;zi,β). In other words,259

F(g) = 0 if and only if ∂ℓ/∂g = 0, and so we may apply the NR method on F to find the260

zeros of ∂ℓ/∂g. As a final comment before the formal statement of the sibling result to (11),261

recall that
∑

v gv = 1 implies there are only m−1 remaining free parameters to be estimated262

(in addition to β). Hence, for consistency in the remainder of the manuscript and without263

loss of generality, we assume g∆+m = 1−
∑∆+m−1

v=∆+1 gv. Note that (5) ensures this holds, and264

we can still perform Step 4 of Algorithm 1 as an unconstrained search.265

Thus, Step 4 of Algorithm 1 may proceed as follows. Let g(t) be the current estimate of266

g for (7). For the NR method, the update step to find (g∗)(t+1) is267

(g∗)(t+1) = (g∗)(t) − ((B∗)(t))−1((D∗)(t))⊤Jn, (13)

where g∗ = (g∆+1, . . . , g∆+m−1)
⊤, B∗ is an (m− 1)× (m− 1) matrix,268

B∗ =
n∑

i=1



B∗
i (∆ + 1,∆+ 1) B∗

i (∆ + 1,∆+ 2) . . . B∗
i (∆ + 1,∆+m− 1)

B∗
i (∆ + 2,∆+ 1) B∗

i (∆ + 2,∆+ 2) . . .

...
...

. . .

B∗
i (∆ +m− 1,∆+ 1) . . . B∗

i (∆ +m− 1,∆+m− 1)


,

where, for ∆ + 1 ≤ v, v∗ ≤ ∆+m− 1,269

B∗
i (v, v

∗) =
1

(α∗
i )

2


gvSvi(Svi − S(∆+m)i)− Sviα

∗
i , v = v∗

gvSvi(Sv∗i − S(∆+m)i), v ̸= v∗
,
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where270

α∗
i =

∆+m−1∑
v=∆+1

gvSvi +

(
1−

∆+m−1∑
j=∆+1

gv

)
S(∆+m)i,

and D∗ is an n× (m− 1) matrix,271

D∗ =



d∗1(∆ + 1) d∗1(∆ + 2) . . . d∗1(∆ +m− 1)

d∗2(∆ + 1) d∗2(∆ + 2) . . . d∗2(∆ +m− 1)

...
...

...

d∗n(∆ + 1) d∗n(∆ + 2) . . . d∗n(∆ +m− 1)


,

where, for ∆ + 1 ≤ v ≤ ∆+m− 1, d∗i (v) = 1(Yi = v)− gvSvi/α
∗
i . To find g(t+1), upon con-272

vergence of (13), set g
(t+1)
∆+m = 1−

∑∆+m−1
v=∆+1 g

(t+1)
v (again, by (5) and not a search constraint).273

For details on the derivation of (13), see the Supplemental Material, Section A.3.274

2.2 Large Sample Inference275

This is a two-part subsection that first considers the problem of variable selection by stating276

the asymptotic behavior of the parameter estimates. Next, we propose a method for model277

selection that compares the fit of a model with regressors against a null, intercept only model.278

2.2.1 Variable Selection279

The methods of Section 2.1 locate zeros of the gradient of the loglikelihood equation, (7).280

This is the standard approach of maximum likelihood estimation, which is a special case281

under the broad class of asymptotically consistent M -estimators (e.g., van der Vaart, 1998,282

§5.3, pg. 51). Therefore, under suitable regularity conditions (e.g., van der Vaart, 1998, §5.3,283

pg. 51; Mukhopadhyay, 2000, §12.2, pg. 539), Θ̂MLE is known to be consistent to Θ, with284

a distribution that is asymptotically multivariate normal. In the present section, we fully285

specify this asymptotic distribution and provide expressions that may be used to estimate286

its covariance matrix in practical data settings. Critically, this allows for inference on the287
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economic variables included in the design matrix, Z.288

It is not enough to complete the calculation of the off-diagonals of the Hessian matrix289

of the log-likelihood, (7), however. (For completeness, the negative of the Hessian of the290

log-likelihood evaluated at Θ̂MLE is the observed Fisher information (Pawitan, 2013), which291

may be used to estimate the asymptotic variance of Θ̂MLE (e.g., Shao, 2003, pg. 372).)292

The complication is again the left-truncation parameters, g, in that the linear relationship,293 ∑
v gv = 1, creates a linear dependence within Θ. Hence, a direct attempt to invert the294

Hessian of the log-likelihood will fail, as it will not have full rank. Large sample inference,295

therefore, consists of the vector of free parameters, Θ∗ = (g∆+1, . . . , g∆+m−1, β0, β1, . . . , βk)
⊤.296

This updates (7), denoted ℓ(Θ∗ | Sn) ≡ ℓ∗, to297

ℓ∗ =
∆+m−1∑
v=∆+1

γ̂n(v) log gv + γ̂n(∆ +m) log

(
1−

∆+m−1∑
k=∆+1

gk

)

+
n∑

i=1

log f(Xi; zi,β)−
n∑

i=1

logα∗(zi,β, g).

Theorem 2.1. Let Θ̂∗
MLE = Θ̂MLE \ ĝ∆+m and assume the suitable regularity conditions298

(e.g., van der Vaart, 1998, §5.3, pg. 51; Mukhopadhyay, 2000, §12.2, pg. 539) hold. Then,299

Σ1/2
n (Θ̂∗

MLE)
√
n
(
Θ̂∗

MLE −Θ∗) −→d N (0, Im+k), (14)

where the closed-form components of Σn(Θ̂
∗
MLE) are defined in Appendix A.300

Proof. See the Supplemental Material, Section A.4.301

The practical value of Theorem 2.1 is that we obtain302

V̂ar(Θ̂∗
MLE) =

(
Σn(Θ̂

∗
MLE)

)−1
.

This yields immediate hypothesis tests and confidence intervals for the economic variable303

coefficients, β. These are presented without proof for completeness.304
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Corollary 2.1.1. Suppose we wish to test H0 : βj = 0, for 0 ≤ j ≤ k. Then, under H0, the305

Wald test statistic (e.g., Kutner et al., 2005, pg. 578),306

β̂j

σ̂m+j

−→d N(0, 1),

where σ̂m+j denotes the square root of the (m+ j)th diagonal element of V̂ar(Θ̂∗
MLE). Simi-307

larly, a 100(1− θ)% confidence interval for βj is given by308

β̂j ± Φ−1(1− θ/2)σ̂m+j,

where Φ−1(1− θ/2) is the (1− θ/2)th percentile of the standard normal distribution.309

2.2.2 Model Selection310

In addition to variable selection, it is often desirable to formally assess model selection.311

For (2), we may perform a test of overall model significance against Lautier et al. (2025),312

which assumes f takes the form f(·; p). In this setting, we may treat f(·; p) as a null model,313

which does not include the economic variables, Z. In other words, f(·; p) is a model with314

an intercept only in (2), and it is thus a subset model or restricted parameter space (i.e.,315

the restrictions are βj = 0 for 1 ≤ j ≤ k). The immediate analog for the implied null and316

alternative hypothesis in this discussion within classical linear models is the overall F test317

for model significance (e.g., Kutner et al., 2005, pg. 226). In our setting, we will test this318

same null and alternative hypothesis, detailed in Corollary 2.2.1, by utilizing the statistical319

machinery of the classical likelihood ratio test (LRT).320

Theorem 2.2. Define the following null likelihood,321

L0(Θ0 | Sn) =
∆+m∏
v=∆+1

ω∏
u=v

(
f(u; p)gv

α

)∑n
i=1 1((Xi, Yi) = (u, v))

,
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where Θ0 = (p, g)⊤ and322

α ≡ Pr(Y ≤ X) =
ω∑

u=∆+1

f(u; p)

(min(u,∆+m)∑
v=∆+1

gv

)
=

∆+m∑
v=∆+1

gv

( ω∑
u=v

f(u; p)

)
.

If Θ̂0 = (p̂, ĝ)⊤, where p̂ and ĝ follow from Step 1 of Algorithm 1, then, under suitable323

regularity conditions (e.g., Lehmann and Romano, 2006, Theorem 12.4.2, pg. 515) with324

βj = 0 for 1 ≤ j ≤ k, the LRT statistic325

Ωn ≡ 2 log

(
L(Θ̂MLE)

L0(Θ̂0)

)
−→d χ

2
k,

where χ2
k denotes a chi-square distribution with k degrees of freedom.326

Proof. See the Supplemental Material, Section A.5.327

Theorem 2.2 then motivates the following large sample hypothesis test of overall model328

significance, presented without proof for completeness.329

Corollary 2.2.1. Suppose we wish to test H0 : βj = 0 for all 1 ≤ j ≤ k against the330

alternative HA : at least one βj ̸= 0, 1 ≤ j ≤ k, at the asymptotic significance level,331

0 < θ < 1. To do so, reject H0 if Ωn > χ2
1−θ, where χ

2
1−θ denotes the 100×(1−θ)th percentile332

of a chi-square distribution with k degrees of freedom, and fail to reject H0 otherwise.333

2.3 Right-Censoring334

It is desirable to generalize the results of Section 2 to handle right-censoring, a common335

incomplete data challenge of consumer auto loan lifetime data observed in ABS (e.g., Lautier336

et al., 2023). Right-censoring manifests in ABS data in two ways. First, at a given month337

that ABS data is scraped for an active ABS, there will be consumer auto loans known to be338

actively paying with an as of yet unknown termination time. Second, the loans in an ABS339

must be serviced, which includes handling borrower payments, taking action in the event of340
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nonpayment (e.g., collections calls, repossession, etc.), and ensuring the funds cleanly flow341

through the priority of payment structure defined in the ABS prospectus. Eventually, as the342

number of actively paying loans within an ABS dwindles, the administrative cost of servicing343

the few remaining active loans outweighs the economic benefit to the parent lender. When344

this point is reached, the ABS issuer will buyback all active loans and issue investors a final345

cash payment to close out the ABS transaction. For the purposes of econometric analysis,346

this will create a collection of consumer auto loans subject to right-censoring because the347

data reporting mechanism will end in conjunction with the ABS. In other words, it is not348

possible to circumvent exposure to right-censoring simply by waiting.349

We may generalize the methods of Section 2 as follows. Let ε, m +∆+ 1 ≤ ε ≤ m + ω350

be the nonrandom present time. The right-censoring time is then a constant time added to351

the start of the trust, Ci = Yi + ε − (m + ∆ + 1) ≡ Yi + τ (Lautier et al., 2026). When352

right-censoring is present, the sample takes the form Sτ,n = {(Ti, Yi, Di | zi)}1≤i≤n, where353

Ti = min(Xi, Ci) and Di = 1(Xi ≤ Ci). The likelihood therefore must change accordingly.354

Specifically, when an observation is right-censored, we have355

Pr(Ti = u, Yi = v,Di = 0 | zi) = Pr(Xi > u, v + τ = u, Yi = v)

= Pr(Xi > u, Yi = v)1(v + τ = u).

Hence, for the density, h∗ in (2), the probability of a right-censored observation is356

h̄∗(u, v; zi,β, g) =
S(u+ 1;zi,β)gv

α(zi,β, g)
. (15)

The generalized likelihood equation for right-censoring is then357

Lτ (Θ | Sτ,n) =
∏

{i:Di=1}

h∗(Ti, Yi; zi,β, g)
∏

{i:Di=0}

h̄∗(Ti, Yi; zi,β, g)

=
∏

{i:Di=1}

f(Ti; zi,β)gv
α(zi,β, g)

∏
{i:Di=0}

S(Ti + 1; zi,β)gv
α(zi,β, g)
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=
∆+m∏
v=∆+1

g
γ̂n(v)
v

∏
{i:Di=1}

f(Ti; zi,β)
∏

{i:Di=0}

S(Ti + 1; zi,β)
n∏

i=1

1

α(zi,β, g)
.

Starting from Lτ , we generalize all methods from Sections 2.1 and 2.2 for right-censoring358

in the Supplemental Material, Section D. These results are deferred to the Supplemental359

Material because the main theoretical insight stems from handling left-truncation, and it360

provides the blueprint to also handle the type of right-censoring that occurs with ABS data.361

3 Simulation Studies362

We conduct two simulation studies to numerically assess the performance of Theorems 2.1363

and 2.2 under a less than typical sample size found in ABS data. For the former, we assign364

ω = 12, ∆ = 0, m = 8, β = (β0 = 0.5, β1 = 0.5, β2 = 1, β3 = −1.5, β4 = −0.5)⊤, and365

g = (g1 = 0.3, g2 = 0.2, g3 = 0.13, g4 = 0.10, g5 = 0.09, g6 = 0.07, g7 = 0.06, g8 = 0.05)⊤.366

With the linear relationship of g, this results in 12 free parameters that require estimation.367

The presence of the g parameters due to random left-truncation can quickly increase the368

dimension of the unknown parameters such that direct numerical approaches can fail (Lautier369

et al., 2025). The distribution for g is nonuniform, which is more general than the uniformity370

assumption required by length-biased sampling (e.g., Wang, 1996; Qin and Shen, 2010). The371

design matrix was generated by Z = (1n,N1(0, 0.1)n,N2(0, 0.1)n,N3(0, 0.1)n,N4(0, 0.1)n),372

where Ni(0, 1)n represents n independent and identically distributed draws from a standard373

normal distribution, 1 ≤ i ≤ 4. For this simulation study, n = 1,000, which we choose374

to be much smaller than the sample sizes found in Section 4. We further assume that375

f(Xi) ∼ Binomial(ω −∆− 1, pi), where pi = exp(ηi)/(1 + exp(ηi)) and ηi = z⊤
i β.376

The simulation procedure consists of first generating a design matrix, Z, and then a cor-377

responding sample of size 1,000 from (2). Next, we perform the parameter estimation via378

Algorithm 1 and then calculate the implied variability of the parameter estimates by (14).379

These calculations are stored, and this process is repeated for 1,000 replicates. The results380
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Table 1: Simulation Study Results. The robustness of Theorems 2.1 and 2.2 for n = 1,000

with (ω = 12,∆ = 0,m = 8) and (ω = 8,∆ = 0,m = 5), respectively, for X following a binomial

distribution with a logit link function for 1,000 replicates. (Left) We report the absolute value

of the empirical bias (|eBias|), the empirical standard error (eSE), an average of the estimated

standard error using Theorem 2.1 (Thm 2.1 SE), and a coverage probability (CP) for 95% asymp-

totic confidence intervals using Corollary 2.1.1. (Right) We report the empirical percentile the test

statistic, Ωn (Emp) against the anticipated percentile of a chi-square distribution with four degrees

of freedom (Thm 2.2). For completeness, the observed empirical Type I error of the hypothesis test

in Corollary 2.2.1 with significance level θ = 0.05 was 0.047 over these 1,000 replicates.

Θ∗ True |eBias|⋆ eSE⋆ Thm 2.1 SE⋆ CP Perc Emp Thm 2.2

g1 0.30 0.60 14.52 14.37 95.4% 0.05 0.762 0.711
g2 0.20 0.29 12.53 12.48 95.4% 0.10 1.033 1.064
g3 0.13 0.12 10.46 10.46 95.3% 0.20 1.671 1.649
g4 0.10 0.05 9.54 9.32 94.8% 0.30 2.137 2.195
g5 0.09 0.17 8.84 8.97 95.5% 0.40 2.726 2.753
g6 0.07 0.26 8.14 8.25 94.5% 0.50 3.312 3.357
g7 0.06 0.49 7.95 8.28 95.4% 0.60 3.941 4.045
β0 0.50 0.25 17.72 20.58 98.5% 0.70 4.836 4.878
β1 0.50 19.50 202.28 203.89 94.8% 0.80 6.087 5.989
β2 1.00 1.72 202.04 204.37 94.9% 0.90 7.673 7.779
β3 -1.50 8.73 208.92 204.97 94.5% 0.95 8.961 9.488
β4 -0.50 7.70 202.11 203.93 94.8% 0.99 13.676 13.277
⋆Results on a 10−3 scale (i.e., 7.1 = 0.0071).

may be found in Table 1. The absolute value of the empirical bias is small for all 12 pa-381

rameters. Furthermore, the empirical standard error is close to the empirical average of the382

estimated standard error using Theorem 2.1. Together, these results help numerically vali-383

date Theorem 2.1. Additionally, we construct 95% confidence intervals using Corollary 2.1.1,384

and the empirical coverage probabilities are close to the expected 95% for all parameters.385

The second simulation study numerically explores Theorem 2.2. In this case, ω = 8,386

∆ = 0, and m = 5. Because H0 must be true, we assign β = (β0 = 0.5, β1 = 0, β2 = 0, β3 =387

0, β4 = 0)⊤, and g = (g1 = 0.3, g2 = 0.25, g3 = 0.2, g4 = 0.15, g5 = 0.10)⊤. The design388

matrix generation, sample size, form of f(·), and linking function are the same as in the first389

simulation study. With H0 assumed true, this implies p = 0.6225 for f(·). The simulation390

procedure consists of first generating a design matrix, Z, and then a corresponding sample391

of size 1,000 from (2). Next, we perform the parameter estimation via Algorithm 1 and392
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then calculate the loglikelihood evaluated at the parameter estimate for this sample. Next,393

we perform a parameter estimation using the restricted parameter space and approach of394

Lautier et al. (2025) and then calculate the corresponding loglikelihood from Theorem 2.2.395

Finally, we calculate Ωn for this simulated sample and store the results. This process is then396

repeated for 1,000 replicates. Per Theorem 2.2, we expect a distribution of these 1,000 Ωn397

replicates to follow a chi-square distribution with four degrees of freedom. A comparison398

may be found in Table 1. We can see that the true distribution and empirical distribution399

of the 1,000 test statistics are close by comparing the empirical and true percentiles. For400

completeness, we also calculate the empirical Type I error observed over the 1,000 replicates401

for the hypothesis test described in Corollary 2.2.1 with significance level θ = 0.05 to be402

0.047, which is further numerical verification of both Theorem 2.2 and Corollary 2.2.1. For403

completeness, we conclude this section by commenting that corresponding simulation studies404

to validate the methods of Section 2.3 may be found in the Supplemental Material, Section D.405

4 Application406

We consider the Ally Auto Receivables Trust (AART) 2017-3 consumer auto loan ABS bond407

(AART, 2017). The AART 2017-3 ABS bond was issued in the spring of 2017 and was408

actively paying for 44 months. It originally contained 67,797 unique consumer auto loans409

originated between February of 2011 and April of 2017. The average credit score is 725 with a410

median credit score of 719. This corresponds to a super-prime credit risk pool (Lautier et al.,411

2024). The loan term of each loan ranges from 12 to 78 months, and average outstanding412

loan balances as of the first ABS payment are $15,605 with a median of $14,153. The auto413

loans within AART 2017-3 are for both new and used vehicles, spanning 42 different auto414

manufacturers. Additionally, loans originations span 51 states and U.S. territories.415

Detailed asset level information, known colloquially as the loan tape, provides ABS in-416

vestors with loan level demographic information as of contract signing (Securities and Ex-417
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change Commission, 2016). Specifically, there are four continuous covariates and six indica-418

tor covariates. The continuous covariates include the borrower’s credit score (cred.s), the419

annual percentage rate (int.rt), the payment-to-income (pti), and the estimated vehicle420

value (v.val). Within this context, the payment-to-income provides the scheduled monthly421

payment amount as a percentage of the total monthly income of the obligor and any other422

obligor at the origination date (Securities and Exchange Commission, 2016). It is a com-423

mon measure of risk when pricing consumer loans (Lautier et al., 2024). Prior to the model424

fitting, these four continuous time variables are scaled and centered. For the indicator vari-425

ables, we define whether a co-obligor or co-signer is present on the contract (co.sgn), the426

vehicle is new or used, with new coded as 1, (nw.usd), subvention is present with a reduced427

interest rate (sbvt.r) or cash rebate (sbvt.c), the vehicle is a pick-up truck (v.picu), and428

the vehicle is a sport-utility-vehicle (v.suv). In this setting, subvention is a form of subsidy429

received on the loan, such as cash incentives or favorable financing for the buyer (Securities430

and Exchange Commission, 2016). An advantage of the methods proposed in Section 2 is431

that we may explore potential explanatory relationships between these economic variables432

and borrower behavior. These potential insights are not yet available in related analysis (e.g.,433

Lautier et al., 2024, 2025). Additionally, it is possible to demonstrate that the proportional434

hazard assumption is questionable for the AART 2017-3 data we consider. Please see the435

Supplemental Material, Section F for details.436

We thus need the methods of Section 2, and we now review four components of this437

proposed model within the context of the AART 2017-3 data. First, the support of A438

is nonrandom and known at the onset of the estimation problem. In other words, the439

nonrandom support variables ∆, m, ω, and ε are defined using given information from the440

amortization schedule in combination with the bounds of the observed sample. Practically,441

this implies that each loan term needs to be model separately. (This is consistent with442

industry practice, as loans are often priced for borrowers by loan term.) Returning back443

to AART 2017-3, we observe the expected clustering around standard industry loan terms,444
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such as 36, 48, 60, 72, and 75 months. (Consumer auto loans are recently extending into445

longer terms (Katcher et al., 2024).) Specifically, these five loan terms account for 2,798,446

4,411, 17,741, 30,409, and 8,644 loans, respectively, or 64,003 (94.4%) of the total 67,797447

auto loans in AART 2017-3. Therefore, it is not a significant practical constraint to prepare448

separate models by loan term. (For completeness, a detailed breakdown of AART 2017-3 by449

loan term and outcome may be found in the Supplemental Material, Section E.)450

Second, we need to define an event for a time-to-event analysis. For the super-prime451

consumer auto loan data with few defaults observed within AART 2017-3, the most natural452

event is a complete loan repayment. Borrower prepayment behavior is a research topic of453

interest within economic studies in consumer finance, too, especially given it is understudied454

(Lautier et al., 2024) in comparison to residential mortgages (e.g., Deng et al., 2000; Calhoun455

and Deng, 2002; Ambrose and Sanders, 2003; Jones and Sirmans, 2019). The monthly456

reporting of AART 2017-3 provides detailed payment information (Securities and Exchange457

Commission, 2016). Therefore, we may compare the outstanding balance at each month with458

any payments received on a loan level basis. Once the outstanding balance reaches zero, we459

consider a loan repaid. We then record the loan’s age in months, and this age becomes460

the time-to-event observation. This implies that any partial prepayment will come through461

in the time-to-event data by shortening the observed lifetime of a loan. This approach is462

consistent with related literature (e.g., Lautier et al., 2024, 2025).463

Third, brief comments are necessary to clarify that the proposed methods of Section 2 are464

not designed to handle two time-to-event random variables simultaneously (i.e., a competing465

risks framework). For some consumer auto loan data, this can be problematic because a466

substantial portion of loans may default (e.g., the deep subprime loans considered in Lautier467

et al. (2024) default at an ∼50% rate). For AART 2017-3, however, only ∼6.1% of loans468

default in aggregate, with a general expected trend of more defaults as loan terms increase469

(see the Supplemental Material, Section E). Therefore, the methods of Section 2 are suit-470

able to analyze the AART 2017-3 data with minimal concerns of selection bias. This is a471
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prepayment study for a low-default, super-prime segment, not a competing-risks portfolio472

model; the latter is outside the scope of the present paper and remains a natural direction473

for future work. We discuss future generalizations for competing risks further in Section 5.474

Fourth, it is left to make a selection for the lifetime density function, f(·; pi). Because475

consumer auto loan lifetimes are integer-valued, positive, and have a finite support, a bino-476

mial distribution is a logical choice. It also has a history of investigation within the context477

of ABS consumer auto lifetime data (Lautier et al., 2025). Beyond this, we may also argue478

in favor of the binomial model from the perspective of the consumer finance application.479

For example, AART 2017-3 consists of mainly high-credit quality borrowers, who are gen-480

erally more immune to broader economic shocks and possibly more willing to make higher481

monthly payments to avoid the perceived hassle of refinancing (Lautier et al., 2024). Thus,482

prepayments may be more connected to the amortization schedule, on average. Concisely,483

the typical bell shape for a binomial distribution is reasonable for prepayments, whereas484

defaults tend to occur more sporadically throughout a loan’s lifetime. Additionally, the loan485

tape described earlier represents borrower information as of the moment a contract is signed.486

Hence, the parameter pi is effectively assessing the ability of traditional underwriting com-487

ponents to capture future loan behavior. For ABS investors, this perspective is valuable in488

helping to compare lenders and even different ABS bonds against each other. In other words,489

investors will not have future performance when pricing a new ABS bond, and it is helpful490

to calibrate loan lifetime models as of this initial time. For future work, it may be desirable491

to allow for time-varying covariates, and we recommend this as an area of future study.492

We are now prepared to analyze the AART 2017-3 data. From the discussion of the493

previous four paragraphs, we will prepare models for 36-month and 60-month consumer494

auto loans. This will allow us to demonstrate both the model for only left-truncated data495

(Sections 2.1 and 2.2) via 36-month loans and the generalized model for right-censoring496

(Section 2.3) via 60-month loans. At the same time, it represents a thorough applied study497

into borrower prepayment behavior for auto loans using the methodological approaches we498

24



propose. After data cleaning, we prepare two models for 2,756 36-month and 17,016 60-499

month consumer auto loans (see the Supplemental Material, Section E for data notes).500

The results are in Table 2. For 36-month loans, we identify ∆ = 3, m = 34, and ω = 41.501

For 60-month loans, we identify ∆ = 2, m = 60, ω = 68, and ε = 106. By Corollary 2.2.1502

(and its counterpart in the Supplemental Material, Section D), we rejectH0 at any reasonable503

significance level for both models. This implies that using regressors has improved the model504

fit in comparison to Lautier et al. (2025). We may proceed to make inference on prepayment505

speeds. For the standard logit link function, pi = exp(ηi)/(1 + exp(ηi)), ηi = z⊤
i β, and506

β = (β0, β1, . . . , β11)
⊤. Thus, we can assess the explanatory power of each economic variable507

by assessing its impact on the log-odds ratio,508

log

(
pi

1− pi

)
= z⊤

i β. (16)

That is, each βj, 1 ≤ j ≤ 11, is the additive increase in (16) from a one unit increase in509

the covariate zij, if all other covariates, zij∗, j
∗ ̸= j, are held fixed. Hence, a positive and510

significant coefficient can be associated with a slower prepayment speed and vice versa.511

With this backdrop, we can provide an economic interpretation of the fitted model in512

Table 2 with Corollary 2.1.1 (and its counterpart in the Supplemental Material, Section D).513

We will move sequentially down the ten explanatory variables. First, we see that borrower514

credit score has a significant, negative effect on loan repayment time for both models. This515

suggests that a higher borrower credit score will result in a shorter time to loan repayment, all516

else equal. One interpretation of this result is that a higher credit score provides a borrower517

with easier access to credit. Thus, there is less friction in the credit approval process to518

buy another car or refinance, and this may explain why prepayment speeds increase with519

borrower credit scores. The contract interest rate is also a negative and significant effect520

in both models, as expected. This aligns with rational borrower behavior in that a higher521

interest rate increases the cost of borrowing. Hence, all else equal, borrowers paying a higher522
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Table 2: AART 2017-3 Prepayment Behavior Regression Results. The fitted model of

Section 2 for the time-to-loan-repayment response for 36-month loans (n = 2,756, ∆ = 3, m = 34,

ω = 41) and 60-month loans (n = 17,016, ∆ = 2, m = 60, ω = 68, ε = 106) from the AART 2017-3

ABS bond. Results assume a binomial lifetime with a logit-link function.

36-Month Loans 60-Month Loans

Param. Est. S.E. Wald p-val. Sig. Est. S.E. Wald p-val. Sig.

β0 1.1056 0.0242 45.65 <0.0001 *** 0.6022 0.0064 94.07 <0.0001 ***
cred.s -0.4547 0.0118 -38.55 <0.0001 *** -0.2361 0.0028 -84.24 <0.0001 ***
int.rt -0.2125 0.0118 -17.97 <0.0001 *** -0.2306 0.0033 -69.74 <0.0001 ***
pti 0.0881 0.0103 8.52 <0.0001 *** 0.0835 0.0025 33.93 <0.0001 ***
v.val 0.0008 0.0151 0.05 0.9588 -0.1053 0.0038 -28.01 <0.0001 ***
co.sgn 0.2104 0.0178 11.82 <0.0001 *** 0.1434 0.0045 31.63 <0.0001 ***
nw.usd 0.0527 0.0316 1.67 0.0949 . 0.0065 0.0085 0.77 0.4432
sbvt.r 1.1142 0.0507 21.96 <0.0001 *** 0.7890 0.0120 65.86 <0.0001 ***
sbvt.c 0.0293 0.0256 1.15 0.2520 0.0163 0.0069 2.36 0.0183 *
v.picu 0.1275 0.0225 5.67 <0.0001 *** 0.1837 0.0061 30.27 <0.0001 ***
v.suv -0.0195 0.0222 -0.88 0.3778 0.0119 0.0057 2.08 0.0374 *

Significance levels: α = 0.001 (***), α = 0.01 (**), α = 0.05 (*), and α = 0.1 (.).

borrowing cost will attempt to pay down their loans sooner.523

The payment-to-income (PTI) of a borrower has a positive and significant effect in both524

models. This implies that a higher PTI will decrease an auto loan’s prepayment rate. A525

higher PTI is typically associated with a higher perceived credit risk, as a larger share of a526

borrower’s income is required to meet the monthly payment. Phrased differently, a borrower527

with a higher PTI may have less economic freedom to replace an existing auto loan with an528

alternative option, which would work to lower the prepayment rate. Vehicle value at contract529

origination is not significant for 36-month loans, and it has a negative and significant effect530

for 60-month loans. This implies that borrowers purchasing a more expensive vehicle, all else531

equal, will pay down their loans faster. It is reasonable to interpret vehicle purchase price532

as a proxy for a borrower’s affluence, which implies greater flexibility to obtain financing.533

Similarly, a higher initial vehicle value may be associated with a higher future trade-in value,534

which can facilitate the purchase of a new vehicle (and hence a prepayment).535

Next, we see that the presence of a co-obligor or co-signer has a positive and significant536

effect on the time-until-loan-repayment for both models. Consumer loan contracts that537
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include a co-borrower often indicate that the vehicle’s driver could obtain improved financing538

terms with a second party bearing legal responsibility to repay the loan. This is likely539

associated with a borrower in a weaker financial position that may not have access to the540

resources to more quickly pay down an auto loan. A new vehicle purchase has a slightly541

positive and significant effect for 36-month loans, and it is not significant for 60-month542

loans. All else equal, borrowers that finance a new vehicle prepay more slowly. Over a 36-543

month period, which is consistent with a typical auto lease contract (Lautier et al., 2023), a544

borrower may feel that the car retains enough modern features to not need replacing within545

a three-year window. In comparing the two models, information about a car being new or546

used has explanatory power on prepayment speeds for 36-month loans while vehicle value547

does not and vice versa for 60-month loans. Hence, over a longer period of time, it is the548

monetary initial value of the auto that carries a higher importance than whether it is new549

or used, which is consistent with a rational economic actor.550

For both models, the largest magnitude, significant effect on borrower prepayment speed551

is the presence of subvention on the contractual interest rate. This is a validating result for552

the modeling process we propose because it indicates that borrowers paying a below market553

borrowing cost rationally prepay more slowly, all else equal. This aligns with the expectation554

that borrowers with a higher credit score are generally more financially sophisticated (e.g.,555

Lautier et al., 2024), which comes through via a demonstrated slower prepayment when it556

is economically efficient to do so. For cash subvention, the effect is slightly positive in both557

models, and it is only significant for 60-month loans. The presence of a cash rebate indicates558

a loan contract that is signed at a below market cost, from which it is rational to prepay more559

slowly. Subvention via the interest rate has many times the impact of cash-based subvention,560

however. These results may be of interest to compare with the ability of subvention programs561

to improve auto sales (Thompson and Noordewier, 1992).562

Perhaps the most interesting result in Table 2 is that consumer auto loan contracts se-563

cured by pick-up trucks prepay more slowly than other consumer auto loans, ceteris paribus.564
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The effect is significant in both models. Possible interpretations for this are that pick-up565

trucks may be more associated with working vehicles or providing some other benefit to a566

borrower, like hauling, towing, or traversing off-road terrain. If so, such borrowers may make567

repayment decisions more dependent on vehicle utility than borrowing terms. Additionally,568

pick-up trucks are known to retain their value better than other vehicle types (Birch, 2012),569

and so a slower prepayment rate may reflect a slower than typical depreciation rate on the570

underlying, secured vehicle. Contrast this to the sport-utility vehicle (SUV) indicator, which571

is slightly negative and not significant for 36-month loans and just positive and significant572

for 60-month loans. This may reflect improving fuel efficiency of SUVs, which lessens the573

impact of gasoline prices on consumer preferences (e.g., Ohta and Griliches, 1986; Ohta,574

1987). With the increasing popularity of SUVs among consumers, it is not surprising to find575

no significant effect in comparison to non-SUVs. That is, the SUV is a modern replacement576

for the traditional consumer sedan in American families, whereas a pick-up truck still retains577

a distinctive vehicle type among consumers (e.g., Costa, 2014).578

We also provide point estimates plus 95% asymptotic confidence intervals using the meth-579

ods of Section 2 for the parameters of the left-truncation random variable, g, corresponding580

to Table 2 in Figure 1. From a visual inspection, it is apparent that the distribution of Y is581

non-uniform for both models. Additionally, we may perform the hypothesis test of Lautier582

et al. (2026, Corollary 3.5.1) to formally test if Y follows a discrete uniform distribution583

for 36-month loans. We find a p-value of approximately zero, which is further evidence584

that Y is non-uniform. This has been documented before for ABS data and is attributed585

to the seasonality observed in auto sales (Lautier et al., 2026). The non-uniformity of Y586

violates length-biased sampling-based approaches (e.g., Wang, 1996; Qin and Shen, 2010)587

and reinforces why the flexibility of the model in (2) is necessary for auto ABS loan data.588

We conclude this section with an outline for how the regression model we propose may be589

used in industry settings. We suggest first setting up a database that is fed by the (Securities590

and Exchange Commission, 2014) monthly reporting for all publicly issued consumer auto591
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Figure 1: AART 2017-3 Left-Truncation Distribution. Point estimates and asymptotic

confidence intervals for g follow via Section 2 and correspond to the coefficient estimates in Table 2.

These non-uniform distributions are not suitable for length-biased sampling-based approaches.

ABS. Next, this data can feed into a regression model similar to Table 2. We suggest fitting a592

separate model for the various different issuers, such as AART, CarMax Auto Owner Trust,593

Drive Auto Receivables Trust, and Santander Drive Auto Receivables Trust (for a complete594

list, see D’Onofrio et al. (2020)). These issuer specific models may then be compared against595

each other to search for potential issuer-level differences in the explanatory power of the596

loan tape variables in Table 2 on underlying loan lifetimes. These insights may then inform597

internal pricing, risk management, or credit rating models at an issuer level, which can598

then be compared to market prices and rating agencies. Similarly, a regression model can599

be fit within one issuer, such as AART, but for different vintages, such as AART 2017-3600

versus AART 2019-4 to compare performance over time. Additionally, this ABS-specific601

regression model may be updated on a monthly basis to compare observed performance602
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versus expectation at issuance. This can help identify material deviations sooner, which can603

inform more timely buy and sell decisions. In all cases, the regression model we propose can604

be the stochastic foundation of a cash flow model built using the ABS loan tape, whereas605

previous iterations were unable to use this loan level information (e.g., Lautier et al., 2023).606

5 Discussion607

We propose a new lifetime model capable of handling the required combination of discrete-608

time, left-truncation, and inherent data heterogeneity needed to analyze the recent release of609

public consumer auto loan data contained within ABS (Securities and Exchange Commission,610

2014). Specifically, we generalize Lautier et al. (2025) to allow for regressors, which provides611

a new level of depth to the growing body of research in this area (e.g., Katcher et al., 2024;612

Lautier et al., 2024, 2025, 2026). In sum, there are two components to this paper.613

First, we review the proposed methods of Section 2. We derive the likelihood function and614

numerically optimize it to find the coefficient estimates. This is a nontrivial problem because615

it is a constrained optimization of high-dimension. The procedure we propose is summarized616

in Algorithm 1, which provides general, closed-form update steps. We next provide a fully-617

stated, large sample covariance matrix to quantify estimator uncertainty. This allows for618

inference into variable and model selection, as summarized in Theorems 2.1 and 2.2 and619

Corollaries 2.1.1 and 2.2.1, respectively. Throughout, we leave the left-truncation random620

variable completely unspecified. Finally, we generalize all methods for the type of right-621

censoring found in ABS data, greatly expanding the practical utility of these methods. All622

methods are verified numerically in Section 3 with proofs in the Supplemental Material.623

Second, we utilize these methods for a first-of-its-kind economic study into prepayment624

behavior for consumer auto loans using the Securities and Exchange Commission (2014)625

data from the AART (2017) consumer ABS bond. We fit two regression models spanning626

19,772 consumer auto loans with original loan terms of 36 and 60 months. Pleasingly, we find627
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evidence that borrowers prepay rationally, such as prepayment speeds increasing for higher628

contract interest rates or prepayment speeds decreasing for subvented contract interest rates,629

all else equal. We also find the interesting result that consumers with pick-up trucks tend630

to prepay more slowly than consumers without pick-up trucks, ceteris paribus, among other631

results summarized in Section 4, which concludes with suggestions for industry professionals.632

We conclude with some suggested areas of further study. The most immediate is to633

generalize the methods of Section 2 to handle time-varying covariates, such as current unem-634

ployment or interest rates. While the Securities and Exchange Commission (2014) regressors635

are a point-in-time variable recorded at loan origination, it would likely be of value to overlay636

current payment data with broader economic indicators. Looking ahead, it would also be637

desirable to study the complex problem of competing risks (i.e., a generalization of Lautier638

et al. (2024) to handle covariates). A competing risks framework is valuable because of639

the profitability difference between defaulted and prepaid loans. There are various interpre-640

tations and competing risk frameworks, however (Klein and Moeschberger, 2003), and so641

a careful study will be necessary to properly handle two simultaneous, random event out-642

comes. Furthermore, we also suggest to expand the prepayment study of Section 4 into a643

focused, applied economic study. This would help close the gap between the robust economic644

literature into mortgage prepayments (e.g., Deng et al., 2000; Calhoun and Deng, 2002; Am-645

brose and Sanders, 2003; Jones and Sirmans, 2019) and minimal literature into auto loan646

prepayments (Lautier et al., 2024). Finally, we postulate that our survival methods may find647

suitable applications in other fields, such as medicine, insurance, or engineering.648

A Theorem 2.1 Statement Details649

For the covariance matrix, Σn(Θ̂
∗
MLE), defined in Theorem 2.1, we have650

−Σn(Θ̂
∗
MLE) =

Σ11 Σ12

Σ⊤
12 Σ22

 ,
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where651

Σ11 =
n∑

i=1



B̃∗
i (∆ + 1,∆+ 1) B̃∗

i (∆ + 1,∆+ 2) . . . B̃∗
i (∆ + 1,∆+m− 1)

B̃∗
i (∆ + 2,∆+ 1) B̃∗

i (∆ + 2,∆+ 2) . . .

...
...

. . .

B̃∗
i (∆ +m− 1,∆+ 1) . . . B̃∗

i (∆ +m− 1,∆+m− 1)


,

for ∆ + 1 ≤ v, v∗ ≤ ∆+m− 1, with652

B̃∗
i (v, v

∗) =


− 1(Yi = ∆+m)

(1−
∑∆+m−1

k=∆+1 gv)2
+

(Svi − S(∆+m)i)(Sv∗i − S(∆+m)i)

(α∗
i )

2
, v ̸= v∗

−1(Yi = v)

g2v
− 1(Yi = ∆+m)

(1−
∑∆+m−1

k=∆+1 gv)2
+

(Svi − S(∆+m)i)
2

(α∗
i )

2
, v = v∗,

653

Σ12 =

[
J⊤
n D̃

∗
∆+1Z J⊤

n D̃
∗
∆+2Z . . . J⊤

n D̃
∗
∆+m−1Z

]⊤
,

for ∆ + 1 ≤ v, v∗ ≤ ∆+m− 1, where D̃∗
v = diag(d̃∗i (v)) is an n× n diagonal matrix with654

d̃∗i (v) =
r∗(g∗, ηi)(Svi − S(∆+m)i)

(α∗
i )

2
− 1

α∗
i

( ω∑
u=v

q(u, ηi)−
ω∑

u=∆+m

q(u, ηi)

)
,

655

r∗(g∗, ηi) =
∆+m−1∑
v=∆+1

gv

( ω∑
u=v

q(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

q(u, ηi),

and Σ22 = Z⊤(A∗)Z, where A∗ = diag(A∗
i ) is an n× n diagonal matrix with656

A∗
i =

s(Xi, ηi)

f(Xi; zi,β)
−

(
q(Xi, ηi)

f(Xi; zi,β)

)2

+
r∗(g∗, ηi)

2

(α∗
i )

2

− 1

α∗
i

(∆+m−1∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

s(u, ηi)

)
.
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Supplemental Material

Left-Truncation Regression: Supplemental Material

This is an online companion supplement to the manuscript, Discrete time-to-event regres-

sion analysis under left-truncation with applications to consumer finance. Please attribute

any citations to the original manuscript. This companion includes proofs and derivations of

all major results, comments on the applicability of Lemma 1 when covariates are assumed

present, additional explanation for the Newton Raphson optimization approach employed,

complete details on generalizing Section 2 for right-censoring, additional details on the appli-

cation in Section 4, and further explanation on why the consumer ABS data likely violates

the proportional hazard assumption. For reference, all data and replication code are publicly

available at https://github.com/jackson-lautier/left-truncation-regression.

A Proofs

Please see Section 2 for complete statements.

A.1 Proof of Lemma 1

Proof. We will proceed using a proof by contradiction. Without loss of generality, denote

the partial derivative with respect to the ith component of φ, 1 ≤ i ≤ k,

φ
(u)
i (u,v) =

∂

∂ui

φ(u,v),

and assume λ∗
1 ̸= 0. Then, for any λ1 in an interval that contains λ∗

1 but not 0, the assumed

scaling property of φ in Lemma 1 yields

Λ(u,v, λ1, λ2) = φ(u,v)− λ1

(
1−

k∑
i=1

ui

)
− λ2

(
1−

m∑
j=1

vj

)

= φ(λ1u,v)− λ1

(
1−

k∑
i=1

ui

)
− λ2

(
1−

m∑
j=1

vj

)
. (S.1)
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Therefore, from (S.1) and with the multivariate chain rule (e.g., Rudin, 1976, Theorem 9.15,

pg. 214), we have, at the stationary point u∗, v∗, λ∗
1, and λ∗

2,

0 =
∂

∂λ1

Λ(u∗,v∗, λ∗
1, λ

∗
2) =

k∑
i=1

u∗
iφ

(u)
i (λ∗

1u
∗,v∗)− 1 +

k∑
i=1

u∗
i , (S.2)

and, for i = 1, . . . , k,

0 =
∂

∂ui

Λ(u∗,v∗, λ∗
1, λ

∗
2) = λ∗

1φ
(u)
i (λ∗

1u
∗,v∗) + λ∗

1.

Hence,
k∑

i=1

u∗
i

(
∂

∂ui

Λ(u∗,v∗, λ∗
1, λ

∗
2)

)
= λ∗

1

( k∑
i=1

u∗
i

(
φ
(u)
i (λ∗

1u
∗,v∗) + 1

))
= 0.

But, from (S.2),
k∑

i=1

u∗
i

(
φ
(u)
i (λ∗

1u
∗,v∗) + 1

)
= 1,

which implies λ∗
1 = 0, a contradiction.

A.2 Derivation of Equation (11)

Proof. It is our objective to differentiate ℓ ≡ ℓ(Θ | Sn) with respect to β, per the NR method

(Hardin and Hilbe, 2007), to demonstrate

β(t+1) = β(t) −
(

∂2ℓ

∂β∂β⊤

)−1(
∂ℓ

∂β

)
= β(t) − (Z⊤A(t)Z)−1Z⊤W(t)Jn.

Per the notation introduced in (1), we have

∂f(Xi; zi,β)

∂βj

=

(
∂fi
∂µi

)(
∂µi

∂ηi

)(
∂ηi
∂βj

)
,

2
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and

∂α(zi,β, g)

∂βj

=
∆+m∑
v=∆+1

gv

[ ω∑
u=v

(
∂fu
∂µi

)(
∂µi

∂ηi

)(
∂ηi
∂βj

)]
.

Thus, with αi ≡ α(zi,β, g), we obtain via Rudin (1976, Theorem 5.5, pg. 105)

∂ℓ

∂βj

=
n∑

i=1

q(Xi, ηi)

f(Xi; zi,β)

(
∂ηi
∂βj

)
−

n∑
i=1

1

αi

{ ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

(
∂ηi
∂βj

)]}
.

Because,

∂ηi
∂βj

= zij,

we may write

∂ℓ

∂βj

=
n∑

i=1

{
q(Xi, ηi)

f(Xi; zi,β)
− 1

αi

( ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

])}
zij.

Therefore,

∂ℓ

∂β
= Z⊤WJn. (S.3)

Next, we require

∂ℓ

∂βj∂βj∗
=

∂

∂βj∗

n∑
i=1

Wizij

=
n∑

i=1

{
∂

∂βj∗

q(Xi, ηi)

f(Xi; zi,β)
− ∂

∂βj∗

1

αi

( ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

])}
zij.

We work from left to right. By Rudin (1976, Theorem 5.3(c), pg. 104),

∂

∂βj∗

q(Xi, ηi)

f(Xi; zi,β)
=

1

f 2
i

[(
∂qi
∂βj∗

)
fi − qi

(
∂fi
∂βj∗

)]
.

Continuing, with Rudin (1976, Theorem 5.3(b), pg. 104),

∂qi
∂βj∗

=
∂

∂βj∗

(
∂fi
∂µi

)(
∂µi

∂ηi

)
=

[(
∂2fi
∂µ2

i

)(
∂µi

∂ηi

)2

+

(
∂fi
∂µi

)(
∂2µi

∂η2i

)]
zij∗ .

3
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But,

∂fi
∂βj∗

=

(
∂fi
∂µi

)(
∂µi

∂ηi

)
zij∗ ,

and so,

∂

∂βj∗

q(Xi, ηi)

f(Xi; zi,β)
=

[
s(Xi, ηi)

f(Xi; zi,β)
−
(

q(Xi, ηi)

f(Xi; zi,β)

)2]
zij∗ . (S.4)

Proceeding, define ri ≡ r(g, ηi) and use Rudin (1976, Theorem 5.3(c), pg. 104) to write

∂

∂βj∗

1

αi

( ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

])
=

1

α2
i

[(
∂ri
∂βj∗

)
αi − ri

(
∂αi

∂βj∗

)]
.

Now,

∂

∂βj∗
r(g, ηi) =

∆+m∑
v=∆+1

gv

( ω∑
u=v

∂

∂βj∗
q(u, ηi)

)

=

[ ∆+m∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)]
zij∗ ,

and

∂

∂βj∗
αi =

[ ∆+m∑
v=∆+1

gv

( ω∑
u=v

q(u, ηi)

)]
zij∗ = r(g, ηi)zij∗ .

Hence,

∂

∂βj∗

1

αi

( ∆+m∑
v=∆+1

gv

[ ω∑
u=v

q(u, ηi)

])
=

{
1

αi

∆+m∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)
−
(
r(g, ηi)

αi

)2}
zij∗ . (S.5)

Therefore, combine (S.4) and (S.5) to obtain

∂

∂βj∗
Wi = Aizij∗ =⇒ ∂ℓ

∂βj∂βj∗
=

n∑
i=1

Aizij∗zij.

That is,

∂2ℓ

∂β∂β⊤ = Z⊤AZ,

which, along with (S.3), completes the proof.

4
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A.3 Derivation of Equation (13)

Proof. It is our objective to differentiate F(g∗) with respect to g∗ per the NR method

(Hardin and Hilbe, 2007), to demonstrate

(g∗)(t+1) = (g∗)(t) −
(
∂F
∂g∗

)−1

F(g∗)

= (g∗)(t) − ((B∗)(t))−1((D∗)(t))⊤Jn.

It follows through standard matrix operations that F(g∗) = (D∗)⊤Jn. Hence, it is left to

show

∂F
∂g∗ = B∗.

Observe, for ∆ + 1 ≤ v, v∗ ≤ ∆+m− 1,

∂F(gv)

∂gv∗
=

n∑
i=1

∂

∂gv∗
d∗i (v) = −

n∑
i=1

∂

∂gv∗

gvSvi

α∗
i

.

Therefore, by Rudin (1976, Theorem 5.3(c), pg. 104) and with

∂α∗
i

∂g∗v
= Sv∗i − S(∆+m)i, (S.6)

we have

− ∂

∂gv∗

gvSvi

α∗
i

= B∗
i (v, v

∗),

which completes the proof.

A.4 Proof of Theorem 2.1

Proof. Per Shao (e.g., 2003, pg. 372), under the assumption that the suitable regularity

conditions (e.g., van der Vaart, 1998, §5.3, pg. 51; Mukhopadhyay, 2000, §12.2, pg. 539)

5
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hold, (14) follows if we can demonstrate

−Σn(Θ
∗) =

Σ11 Σ12

Σ⊤
12 Σ22

 =


∂2ℓ∗

∂g∗∂(g∗)⊤
∂ℓ∗

∂g∗∂β(
∂ℓ∗

∂g∗∂β

)⊤
∂2ℓ∗

∂β∂β⊤

 .

We proceed to do so by working through each of the four blocks of −Σn. Observe first,

∂α∗

∂βj

=
∂

∂βj

{∆+m−1∑
v=∆+1

gvSvi +

(
1−

∆+m−1∑
j=∆+1

gv

)
S(∆+m)i

}

=

(∆+m−1∑
v=∆+1

gv

( ω∑
u=v

q(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

q(u, ηi)

)
zij,

by (S.6) and

∂

∂βj

Svi =
ω∑

u=v

q(u, ηi)zij. (S.7)

Thus,

∂ℓ∗

∂gv
=

n∑
i=1

(
1(Yi = v)

gv
− 1(Yi = ∆+m)

1−
∑∆+m−1

k=∆+1 gv
−

Svi − S(∆+m)i

α∗
i

)
,

and

∂ℓ∗

∂β
= Z⊤W∗Jn,

where W∗ = diag(W ∗
i ) is an n× n dimension matrix with diagonal elements

W ∗
i =

q(Xi, ηi)

f(Xi; zi,β)
− 1

α∗
i

(∆+m−1∑
v=∆+1

gv

( ω∑
u=v

q(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

q(u, ηi)

)
=

q(Xi, ηi)

f(Xi; zi,β)
− r∗(g∗, ηi)

α∗
i

.

Hence,

∂2ℓ∗

∂gv∂gv∗
=

∂

∂gv∗

n∑
i=1

(
1(Yi = v)

gv
− 1(Yi = ∆+m)

1−
∑∆+m−1

k=∆+1 gv
−

Svi − S(∆+m)i

α∗
i

)
=

n∑
i=1

B̃∗
i ,

6
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and so,

∂2ℓ∗

∂g∗∂(g∗)⊤
= Σ11.

Next, for ease of exposition, we proceed to the lower right quadrant of −Σn. That is, we

require

∂2ℓ∗

∂βj∂βj∗
=

∂

∂βj∗

n∑
i=1

W ∗
i zij =

n∑
i=1

(
∂

∂βj∗
W ∗

i

)
zij.

By (S.4), we obtain

∂

∂βj∗
W ∗

i =

[
s(Xi, ηi)

f(Xi; zi,β)
−
(

q(Xi, ηi)

f(Xi; zi,β)

)2]
zij∗ −

∂

∂βj∗

(
r∗(g∗, ηi)

α∗
i

)
. (S.8)

Now,

∂

∂βj∗
r∗(g∗, ηi) =

(∆+m−1∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

s(u, ηi)

)
zij∗ ,

and

∂

∂βj∗

1

α∗
i

= −r∗(g∗, ηi)

(α∗
i )

2
zij∗ . (S.9)

Therefore, by Rudin (1976, Theorem 5.3(b), pg. 104),

∂

∂βj∗

(
r∗(g∗, ηi)

α∗
i

)
= − r∗(g∗, ηi)

2

(α∗
i )

2
zij∗

+
1

α∗
i

(∆+m−1∑
v=∆+1

gv

( ω∑
u=v

s(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ω∑
u=∆+m

s(u, ηi)

)
zij∗ .

Hence, returning to (S.8), we obtain

∂2ℓ∗

∂βj∂βj∗
=

n∑
i=1

(
∂

∂βj∗
W ∗

i

)
zij =

n∑
i=1

A∗
i zij∗zij.

That is,

∂2ℓ∗

∂β∂β⊤ = Z⊤(A∗)Z = Σ22.

7
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For the off-diagonals of Σn, it is left to calculate

∂ℓ∗

∂gv∂βj

=
∂

∂βj

n∑
i=1

(
1(Yi = v)

gv
− 1(Yi = ∆+m)

1−
∑∆+m−1

k=∆+1 gv
−

Svi − S(∆+m)i

α∗
i

)
= −

n∑
i=1

∂

∂βj

(
Svi − S(∆+m)i

α∗
i

)
.

By (S.7), (S.9), and Rudin (1976, Theorem 5.3(b), pg. 104), we obtain

∂ℓ∗

∂g∗∂β
=

[
J⊤
n D̃

∗
∆+1Z J⊤

n D̃
∗
∆+2Z . . . J⊤

n D̃
∗
∆+m−1Z

]⊤
= Σ12.

The proof is then complete by the symmetry of the second derivatives (e.g., Rudin, 1976,

Theorem 9.41, pg. 235-6).

A.5 Proof of Theorem 2.2

Proof. With the regularity conditions of Lehmann and Romano (2006, Theorem 12.4.2, pg.

515) assumed satisfied, it is only necessary to demonstrate Θ0 is a composite parameter

space of Θ. This is done most directly through using Lehmann and Romano (2006, (12.84),

pg. 515). That is,

Θ0 = {Θ = (g, β0, β1, . . . , βk)
⊤ : AΘ = 0k},

where A is the dimension k × (k + 1 +m) matrix,

A =

[
0k×(m+1) Ik

]
.

For completeness, we also remark that the estimator p̂ from Lautier et al. (2025) is equivalent

in efficiency (under the terminology of Lehmann and Romano (2006, Theorem 12.4.2, pg.

515)) to β̂ = µ−1(p̂) by the invariance property of the maximum likelihood estimate (e.g.,

Mukhopadhyay, 2000, Theorem 7.2.1, pg. 250).

8
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B Lemma 1 Single Constraint

Lemma 1, as stated, is a more general case than required in Section 2. Specifically, the

optimization presented in (4) has a single restriction on g, whereas Lemma 1 assumes two

restrictions in line with Lautier et al. (2026). For completeness and clarity, therefore, we

present Lemma B.1, which has a clearer connection to the methodological developments in

the main manuscript.

Lemma B.1. Denote u = (u1, . . . , uk)
⊤ and let φ(u) : Rk 7→ R be a smooth function with

domain (i) ui ≥ 0 or ui ≤ 0 for all 1 ≤ i ≤ k and (ii)
∑

i ui ̸= 0. Further assume that for

any nonzero scalar, π1, φ(π1u) = φ(u) and define the following Lagrangian-type function,

Λ, with constraints,
∑

i ui = 1 (e.g., Ravishanker and Dey, 2002, §2.9, pg. 69),

Λ(u, λ1) = φ(u)− λ1

(
1−

k∑
i=1

ui

)
,

with λ1 ∈ R. If u∗ and λ∗
1 is a stationary point of Λ, then λ∗

1 = 0.

Proof. Lemma B.1 is a special case of Lemma 1 where φ(u, g) = φ(u), for all g, and

λ2 = 0.

Because f(·; ·,β) takes the form of (1), h∗ will remain a smooth function that meets the

domain and scaling property requirements of Lemma B.1 for all β.

C Newton Raphson Optimization Comments

We demonstrate the Newton Raphson method will fail to converge for the optimization

function (12). Define, for v ∈ V ,

di(v) =
1(Yi = v)

gv
− 1

αi

( ω∑
u=v

f(u;zi,β)

)
,

9
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and the n×m dimension matrix,

D =



d1(∆ + 1) d1(∆ + 2) . . . d1(∆ +m)

d2(∆ + 1) d2(∆ + 2) . . . d2(∆ +m)

...
...

...

dn(∆ + 1) dn(∆ + 2) . . . dn(∆ +m)


.

Then,

∂ℓ

∂gv
≡ ℓ′(g) = D⊤Jn.

Furthermore,

∂2ℓ

∂gv∂gv∗
=

∂

∂gv∗

n∑
i=1

di(v)

=
∂

∂gv∗

n∑
i=1

{
1(Yi = v)

gv
− 1

αi

( ω∑
u=v

f(u;zi,β)

)}
=

n∑
i=1

{
∂

∂gv∗

1(Yi = v)

gv
−
( ω∑

u=v

f(u;zi,β)

)
1

α2
i

∂

∂gv∗
αi

}
=

n∑
i=1

{
∂

∂gv∗

1(Yi = v)

gv
−
( ω∑

u=v

f(u;zi,β)

)
1

α2
i

( ω∑
u=v∗

f(u;zi,β)

)}
.

Thus, if we define

Bi(v, v
∗) =


−1(Yi = v)

g2v
+

1

α2
i

( ω∑
u=v

f(u;zi,β)

)2

, v = v∗( ω∑
u=v

f(u;zi,β)

)
1

α2
i

( ω∑
u=v∗

f(u;zi,β)

)
, v ̸= v∗

,

10
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and the n×m dimension matrix,

B =
n∑

i=1



Bi(∆ + 1,∆+ 1) Bi(∆ + 1,∆+ 2) . . . Bi(∆ + 1,∆+m)

Bi(∆ + 2,∆+ 1) Bi(∆ + 2,∆+ 2) . . .

...
...

. . .

Bi(∆ +m,∆+ 1) . . . Bi(∆ +m,∆+m)


,

then

∂2ℓ

∂g∂g⊤ ≡ ℓ′′(g) = B.

Therefore, the update step of the Newton Raphson method is

g(t+1) = g(t) − (ℓ′′(g(t)))−1ℓ′(g(t))

= g(t) − (B(t))−1D(t)Jn. (S.10)

But, if we set ∆ = 0 without loss of generality and let v ∈ V ,

m∑
k=1

Bi(v, k)gk = Bi(v, 1)g1 +Bi(v, 2)g2 + · · ·+Bi(v,m)gm

=
Si(v)Si(1)g1

α2
i

+ · · ·+
(
− 1(Yi = v)

g2v
+

Si(v)
2

α2
i

)
gv + · · ·+ Si(v)Si(m)gm

α2
i

= −1(Yi = v)

gv
+

Si(v)Si(1)g1
α2
i

+ · · ·+ Si(v)Si(v)gv
α2
i

+ · · ·+ Si(v)Si(m)gm
α2
i

= −1(Yi = v)

gv
+

Si(v)

αi

(
Si(1)g1 + Si(2)g2 + · · ·+ Si(m)gm

αi

)
= −1(Yi = v)

gv
+

Si(v)

αi

αi

αi

= −di(v),

where

Si(v) =
ω∑

u=v

f(u;zi,β).

11
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This implies

D⊤Jn = −Bg,

and, therefore, convergence of (S.10) is not possible because

g(t+1) = g(t) + (B(t))−1B(t)g(t) = 2g(t).

D Right-Censoring Additional Details

The purpose of the present section is to provide all relevant details to generalize the results of

Sections 2.1 and 2.2 to also handle right-censoring. We will employ the subscript τ to indicate

that right-censoring is assumed to be present in the data. Depending on the censoring rate,

the observational support of X becomes {∆ + 1, . . . , ξ}, where ξ = min(ω, ε − 1) (Lautier

et al., 2023). To proceed to estimation, observe that when Di = 0, h̄∗ defined in (15) is a

smooth function that meets the domain and scaling property requirements of Lemma 1 (i.e.,

Lemma B.1). As in Section 2.1, therefore, it is sufficient to locate stationary points of the

unconstrained optimization problem. This allows us to proceed with the objective function,

logLτ (Θ | Sτ,n) ≡ ℓτ (Θ | Sτ,n) ≡ ℓτ

=
∆+m∑
v=∆+1

γ̂n(v) log gv +
∑

{i:Di=1}

log f(Ti; zi,β)

+
∑

{i:Di=0}

logS(Ti + 1; zi,β)−
n∑

i=1

logα(zi,β, g). (S.11)

To find argmaxΘ ℓτ , we may again use Algorithm 1 but with modified implementation details

to reflect the differences between (S.11) and (7). Specifically, we need to modify the initial

values, (8) and (9), and the two update steps, (11) and (13).

Per Lautier et al. (2025, Theorem 3.1), for a given f(·; p), let p̂τ,INIT be any p ∈ P such

12
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that

∆+m∑
v=∆+1

(
γ̂n(v)∑ξ

u=v f(u; p)

)( ξ∑
u=v

∂

∂p
f(u; p)

)

=
n∑

i=1

(
Di

f(Ti; p)

∂

∂p
f(Ti; p) +

1−Di

S(Ti + 1; p)

∂

∂p
S(Ti + 1; p)

)
, (S.12)

and define

ĝτ,v,INIT =
γ̂n(v)

S(v; p̂τ,INIT)

[ ∆+m∑
k=∆+1

γ̂n(k)

S(k; p̂τ,INIT)

]−1

, v ∈ V . (S.13)

As with (8) and (9), these estimators may be generalized for vector-valued parametric forms

of f , such as the two-parameter discrete Weibull of Nakagawa and Osaki (1975). See Lautier

et al. (2025) for details, including approaches and replication code to solve (S.12).

We now proceed to modify (11). Per the NR method (Hardin and Hilbe, 2007), we seek

β(t+1)
τ = β(t)

τ −
(

∂2ℓτ
∂β∂β⊤

)−1(
∂ℓτ
∂β

)
.

To begin, observe

∂ℓτ
∂βj

=
n∑

i=1

{
1(Di = 1)q(Ti, ηi)

f(Ti; zi,β)

+
1(Di = 0)

∑ξ
u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)
− 1

αi

( ∆+m∑
v=∆+1

gv

[ ξ∑
u=v

q(u, ηi)

])}
zij. (S.14)

Remark. The indicator convention in (S.14) follows for ease of exposition. That is, it is

understood in (S.14) and all following statements that q(Ti, ηi)/f(Ti; zi,β) appears only when

Di = 1 and
∑ξ

u=Ti+1 q(u, ηi)/S(Ti + 1;zi,β) appears only when Di = 0. This avoids any

complications when Di = 1 and S(·; zi,β) = 0.

Therefore,

∂ℓτ
∂β

= Z⊤WτJn,

13
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where Wτ = diag(Wτ,i) is an n× n diagonal matrix with diagonal elements,

Wτ,i =
1(Di = 1)q(Ti, ηi)

f(Ti; zi,β)
+

1(Di = 0)
∑ξ

u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)
− 1

αi

( ∆+m∑
v=∆+1

gv

[ ξ∑
u=v

q(u, ηi)

])
,

for 1 ≤ i ≤ n. Next, we require

∂ℓτ
∂βj∂βj∗

=
∂ℓτ
∂βj∗

n∑
i=1

Wτ,izij.

By Rudin (1976, Theorem 5.3(c), pg. 104), we may write

∂ℓτ
∂βj∗

∑ξ
u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)
=

[∑ξ
u=Ti+1 s(u, ηi)

S(Ti + 1; zi,β)
−
(∑ξ

u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)

)2]
zij∗ ,

which, along with (S.4) and (S.5), yields

∂ℓτ
∂βj∂βj∗

= Z⊤AτZ,

where Aτ = diag(Aτ,i) is an n× n diagonal matrix with diagonal elements,

Aτ,i =

{
1(Di = 1)

[
s(Ti, ηi)

f(Ti; zi,β)
−
(

q(Ti, ηi)

f(Ti; zi,β)

)2]
+ 1(Di = 0)

[∑ξ
u=Ti+1 s(u, ηi)

S(Ti + 1; zi,β)
−
(∑ξ

u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)

)2]
− 1

αi

∆+m∑
v=∆+1

gv

( ξ∑
u=v

s(u, ηi)

)
+

(
r(g, ηi)

αi

)2}
.

Thus, the modified update step to replace (11) becomes

β(t+1)
τ = β(t)

τ − (Z⊤A(t)
τ Z)−1Z⊤W(t)

τ Jn. (S.15)

14
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For the modifications to (13), it is sufficient to observe

∂

∂gv
ℓτ (Θ) =

∂

∂gv
ℓ(Θ).

In other words, no modifications are necessary for (13). This produces a complete modifica-

tion to Algorithm 1 for administrative right-censoring. We state it now for completeness.

Algorithm D.1. The following approach may be used to find argmaxΘ ℓτ (Θ | Sτ,n) in

(S.11).

1. For a given f(·; p), use (S.12) to find p̂τ,INIT and (S.13) to find ĝτ,INIT.

2. For a given link function, µ, assign β̂0,τ,INIT = µ−1(p̂τ,INIT) and β̂τ,INIT = (β̂0,τ,INIT,0k)
⊤.

3. Fix ĝτ,INIT and use the NR method per (S.15) to maximize ℓτ (β | ĝτ,INIT,Sτ,n) starting

from β̂τ,INIT. Call this block extrema β̂t
τ .

4. Fix β̂t
τ and use the NR method per (13) to maximize ℓτ (g | β̂t

τ ,Sτ,n) starting from

ĝτ,INIT. Call this block extrema ĝt
τ .

5. Return to Step 3 with (β̂t
τ , ĝ

t
τ )

⊤ replacing (β̂τ,INIT, ĝτ,INIT)
⊤. Repeat Steps 3 and 4 to find

Θ̂t+1
τ = (β̂t+1

τ , ĝt+1
τ )⊤ and evaluate

∥∥∥∇ℓτ (Θ̂
t+1
τ )

∥∥∥ < ϵ, where ϵ is a small, predetermined

tolerance, such as ϵ = 10−7.

6. If Step 5 is true, exit the procedure and set Θ̂τ,MLE = (β̂t+1
τ , ĝt+1

τ )⊤. If Step 5 is false,

repeat Step 5 starting with (β̂t+1
τ , ĝt+1

τ )⊤.

For variable selection, it is necessary to modify Theorem 2.1. This begins by first updating

(S.11) for the vector of free parameters. Denote ℓτ (Θ
∗ | Sτ,n) ≡ ℓ∗τ and write

ℓ∗τ =
∆+m−1∑
v=∆+1

γ̂n(v) log gv + γ̂n(∆ +m) log

(
1−

∆+m−1∑
k=∆+1

gk

)

15
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+
∑

{i:Di=1}

log f(Ti; zi,β) +
∑

{i:Di=0}

logS(Ti + 1; zi,β)−
n∑

i=1

logα∗(zi,β, g).

Because

∂ℓ∗τ
∂gv

=
∂ℓ∗

∂gv
,

we have


∂2ℓ∗τ

∂g∗∂(g∗)⊤
∂ℓ∗τ

∂g∗∂β(
∂ℓ∗τ

∂g∗∂β

)⊤
∂2ℓ∗τ

∂β∂β⊤

 =


∂2ℓ∗

∂g∗∂(g∗)⊤
∂ℓ∗

∂g∗∂β(
∂ℓ∗

∂g∗∂β

)⊤
∂2ℓ∗τ

∂β∂β⊤

 =


Σ11 Σ12

Σ⊤
12

∂2ℓ∗τ
∂β∂β⊤

 .

In other words, we need only modify the lower right quadrant of the Hessian matrix. Because

∂ℓ∗τ
∂β

= Z⊤W∗
τJn,

where W∗
τ = diag(W ∗

τ,i) is an n× n diagonal matrix with diagonal elements,

W ∗
τ,i = 1(Di = 1)

q(Ti, ηi)

f(Ti; zi,β)
+ 1(Di = 0)

∑ξ
u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)
− r∗(g∗, ηi)

α∗
i

,

it follows that

Στ,22 ≡
∂2ℓ∗τ

∂β∂β⊤ = Z⊤A∗
τZ,

where A∗
τ = diag(A∗

τ,i) is an n× n diagonal matrix with diagonal elements,

A∗
τ,i = 1(Di = 1)

[
s(Ti, ηi)

f(Ti; zi,β)
−

(
q(Ti, ηi)

f(Ti; zi,β)

)2]
+ 1(Di = 0)

[∑ξ
u=Ti+1 s(u, ηi)

S(Ti + 1; zi,β)
−
(∑ξ

u=Ti+1 q(u, ηi)

S(Ti + 1; zi,β)

)2]
+

r∗(g∗, ηi)
2

(α∗
i )

2
− 1

α∗
i

(∆+m−1∑
v=∆+1

gv

( ξ∑
u=v

s(u, ηi)

)
+

(
1−

∆+m−1∑
k=∆+1

gk

) ξ∑
u=∆+m

s(u, ηi)

)
.

Hence, the modified Theorem 2.1 is as follows. The proof closely follows Section A.4 and
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is therefore omitted for brevity.

Theorem D.1. Let Θ̂∗
τ,MLE = Θ̂τ,MLE \ ĝτ,∆+m and assume the suitable regularity conditions

(e.g., van der Vaart, 1998, §5.3, pg. 51; Mukhopadhyay, 2000, §12.2, pg. 539) hold. Then,

Σ1/2
τ,n (Θ̂

∗
τ,MLE)

√
n
(
Θ̂∗

τ,MLE −Θ∗) −→d N (0, Im+k),

where

Στ,n(Θ̂
∗
τ,MLE) =

Σ11 Σ12

Σ⊤
12 Στ,22

 .

The modified Corollary 2.1.1 then follows.

Corollary D.1.1. Suppose we wish to test H0 : βj = 0, for 0 ≤ j ≤ k. Then, under H0, the

Wald test statistic (e.g., Kutner et al., 2005, pg. 578),

β̂τ,j

σ̂τ,m+j

−→d N(0, 1),

where σ̂τ,m+j denotes the square root of the (m+ j)th diagonal element of

V̂ar(Θ̂∗
τ,MLE) =

(
Στ,n(Θ̂

∗
τ,MLE)

)−1
.

Similarly, a 100(1− θ)% confidence interval for βj is given by

β̂τ,j ± Φ−1(1− θ/2)σ̂τ,m+j,

where Φ−1(1− θ/2) is the (1− θ/2)th percentile of the standard normal distribution.

The final theoretical components from Section 2 left to modify for right-censoring are

Theorem 2.2 and Corollary 2.2.1. We do so now by providing the complete statements,

presented without proof because of its similarity to Section A.5.
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Theorem D.2. Define the following null likelihood,

Lτ,0(Θ0 | Sτ,n) = α−n

∆+m∏
v=∆+1

g
γ̂n(v)
v

∏
{i:Di=1}

f(Ti; p)
∏

{i:Di=0}

S(Ti + 1; p).

If Θ̂τ,0 = (p̂τ , ĝτ )
⊤, where p̂τ and ĝτ follow from Step 1 of Algorithm D.1, then, under

suitable regularity conditions (e.g., Lehmann and Romano, 2006, Theorem 12.4.2, pg. 515)

with βj = 0 for 1 ≤ j ≤ k, the LRT statistic

Ωτ,n ≡ 2 log

(
L(Θ̂τ,MLE)

L0(Θ̂τ,0)

)
−→d χ

2
k,

where χ2
k denotes a chi-square distribution with k degrees of freedom.

The modified Corollary 2.2.1 then follows.

Corollary D.2.1. Suppose we wish to test H0 : βj = 0 for all 1 ≤ j ≤ k against the

alternative HA : at least one βj ̸= 0, 1 ≤ j ≤ k, at the asymptotic significance level,

0 < θ < 1. To do so, reject H0 if Ωτ,n > χ2
1−θ, where χ

2
1−θ denotes the 100×(1−θ)th percentile

of a chi-square distribution with k degrees of freedom, and fail to reject H0 otherwise.

As in Section 3 and for completeness, we may numerically assess the performance of

Theorems D.1 and D.2. For consistency, we use the same study design for each suitably

modified for right-censoring. For the former, we assign ε = 15. This yields a censoring rate

of 28.44%. The results may be found in Table D1, and they confirm a consistent performance

to Section 3. For the latter, we assigned ε = 10. This yields a censoring rate of 20.36%. The

results may be found in Figure D1, and they confirm a consistent performance to Section 3.

E Application Additional Details

We present a complete count of the 67,797 consumer auto loans contained in the AART

(2017) ABS bond by original loan term in Table E1. We can observe the expected clustering
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Table D1: Simulation Study (Thm D.1). The robustness of Theorem D.1 for n = 1,000 with

ω = 12, ∆ = 0, m = 8, ε = 15, for X following a binomial distribution with a logit link function for

1,000 replicates. We report the absolute value of the empirical bias (|eBias|), the empirical standard

error (eSE), an average of the estimated standard error using Theorem D.1 (Thm D.1 SE), and a

coverage probability (CP) for 95% asymptotic confidence intervals using Corollary D.1.1.

Θ∗ True |eBias|⋆ eSE⋆ Thm D.1 SE⋆ CP

g1 0.30 0.10 13.70 14.38 95.7%
g2 0.20 0.16 11.86 12.47 96.1%
g3 0.13 0.13 10.35 10.45 95.1%
g4 0.10 0.09 9.51 9.32 94.2%
g5 0.09 0.43 8.76 9.00 95.4%
g6 0.07 0.14 8.63 8.25 94.1%
g7 0.06 0.18 8.32 8.26 94.0%
β0 0.50 0.26 20.48 21.68 96.3%
β1 0.50 7.46 224.56 214.06 93.3%
β2 1.00 9.93 213.84 214.86 94.6%
β3 -1.50 0.38 220.00 215.88 94.0%
β4 -0.50 2.05 216.74 214.11 95.0%
⋆Results on a 10−3 scale (i.e., 7.1 = 0.0071).

around standard industry loan terms, such as 36, 48, 60, and 72 months. In some cases,

lenders may defer the first payment a month or two, which may explain the unexpected

record keeping (i.e., reported loan terms for these clusters are (37, 38), (49, 50), (61, 62),

and (73, 74) months, respectively). For the purposes of the economic analysis in Section 4,

therefore, we treat (37, 38) ≡ 36 and (61, 62) ≡ 60 for consistency with industry standards.

For the analysis in Section 4, we present the following data notes. Of the 2,798 36-month

loans, we remove five loans with data irregularities. We also remove one right-censored

loan and five defaulted loans. Next, we remove 17 loans with repayment times that extend

beyond 41 months, which are likely loan extensions. Finally, we remove two loans with an

unreported credit score and twelve loans with atypical income verification records. This

leaves 2,756 36-month auto loans to analyze. For the 17,741 60-month loans, we remove

57 loans with data irregularities. We also remove 570 (∼3.22%) defaulted loans. Next,

we remove 25 loans with repayment times that extend beyond 68 months, which are likely

loan extensions. We also remove one loan with a calculated left-truncation time outside of
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Figure D1: Simulation Study (Thm D.2). The robustness of Theorem D.2 for n = 1,000 with

ω = 8, ∆ = 0, m = 5, ε = 10 for X following a binomial distribution with a logit link function for

1,000 replicates. We display the empirical density of the test statistic, Ωτ,n (dashed line), against

the anticipated density of a chi-square distribution with four degrees of freedom (solid line). For

completeness, the observed empirical Type I error of the hypothesis test in Corollary D.2.1 with

significance level θ = 0.05 was 0.045 over these 1,000 replicates.

the support space (an additional data irregularity). Finally, we remove 19 loans with an

unreported credit score and 56 loans with atypical income verification records. This leaves

17,016 60-month auto loans to analyze. For reference, complete data processing details may

be found in the publicly available replication code.
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Table E1: AART 2017-3 Loan Term and Outcome Summary. Select counts of original loan

terms for AART (2017) by outcome: right-censored, repaid in full, and defaulted. Loan terms of

(37, 38), (49, 50), (61, 62), and (73, 74) are assumed to be industry standard loan terms of 36, 48,

60, and 72 month loans, respectively. Not reported in this table are 346 loans with original loan

terms of 12, 13, 14, 15, 19, 20, 21, 23, 28, 29, 30, 31, 32, 33, 35, 36, 39, 40, 41, 42, 45, 47, 48, 51,

52, 53, 54, 57, 58, 59, 60, 63, 66, 69, 70, 71, 72, 75, and 78 months.

Term Count Censored Repaid Defaulted Censored (%) Repaid (%) Defaulted (%)

25 151 0 151 0 0.00 100.00 0.00
26 115 0 115 0 0.00 100.00 0.00
37 1,569 4 1,562 3 0.25 99.55 0.19
38 1,229 2 1,225 2 0.16 99.67 0.16
43 126 3 121 2 2.38 96.03 1.59
44 84 2 81 1 2.38 96.43 1.19
49 2,531 52 2,448 31 2.05 96.72 1.22
50 1,880 48 1,806 26 2.55 96.06 1.38
55 202 26 166 10 12.87 82.18 4.95
56 111 15 93 3 13.51 83.78 2.70
61 10,287 1,723 8,225 339 16.75 79.96 3.30
62 7,454 1,254 5,969 231 16.82 80.08 3.10
64 864 198 631 35 22.92 73.03 4.05
65 723 202 503 18 27.94 69.57 2.49
67 630 156 438 36 24.76 69.52 5.71
68 442 113 297 32 25.57 67.19 7.24
73 17,757 4,720 11,533 1,504 26.58 64.95 8.47
74 12,652 3,462 8,073 1,117 27.36 63.81 8.83
76 5,204 1,112 3,653 439 21.37 70.20 8.44
77 3,440 781 2,378 281 22.70 69.13 8.17

Note: Percentages may not sum to 100% due to rounding.

F Proportional Hazard Assumption

Per Klein and Moeschberger (2003, (8.1.1), pg. 244), the classical Cox proportional hazard

model typically takes the form,

h(t | Z) = h0(t) exp(β
⊤Z) = h0(t) exp

( p∑
k=1

βkZk

)
, (S.16)

where h(t | Z) is the hazard rate at time t, Z is a vector of covariates (i.e., risk factors),

and h0(t) is an arbitrary baseline hazard function. (We adopt the notation of Klein and

Moeschberger (2003) for convenience of reference.) In Section 4, consumer auto loans were
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Figure F1: AART 2017-3 Proportional Hazard Assumption Assessment. Estimated haz-

ard rates by loan age plus 95% asymptotic confidence intervals via Lautier et al. (2023) for 60-month

consumer auto loans by New (10,974 loans) and Used (6,042 loans) vehicle. In it is evident the

ratio of hazard rates for each group varies by time, which violates the implied constant ratio of the

proportional hazard assumption derived in (S.17).

grouped by various indicator variables. Let us consider the nw.usd indicator, which, using

the notation of (S.16) is,

Z = Z1 =


1, New Vehicle

0, Used Vehicle.

This implies that a pairwise ratio of hazards under (S.16) yields,

h(t | Z1 = 1)

h(t | Z1 = 0)
=

h0(t) exp(β1)

h0(t) exp(0)
= exp(β1) ≡ K, (S.17)

where K is some constant free from t. We can assess whether or not this assumption is

reasonable with a visual inspection of the estimated hazard for each group using Lautier
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et al. (2023). This is done in Figure F1 for the 60-month time-to-event data studied in

Section 4. It is immediate that the ratio of hazard rates as a function of time will not be

constant. In younger loan ages, for example, the two hazard rates cross frequently, and so

the ratio will sometimes be above and below one. As the loans get older, we see that the

estimated hazard rate for Used vehicles grows at a faster rate than the estimated hazard

rate for New vehicles. For loan ages closer to 60 months, the asymptotic confidence intervals

no longer overlap. Hence, the ratio of the hazard rates for the Used to New vehicle group

will grow as loan age increases, an additional example that the ratio will not be constant as

a function of time. This implies that alternative methods will be necessary to recover the

loan lifetime distribution, such as those proposed in Section 2.
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