
On the Convergence of Credit Risk in Current
Consumer Automobile Loans

Jackson P. Lautier, FSA1, Vladimir Pozdnyakov1, Jun Yan1

1Department of Statistics, University of Connecticut

March 23, 2023

J.P. Lautier Credit Risk Convergence 1 / 58



1 Introduction

2 Data

3 Credit Risk Convergence
Relevant Statistical Results
Empirical Results
A Digression on COVID-19
Additional Robustness Analysis

4 Financial Implications
Lender Profitability Analysis
A Consumer Perspective

5 Conclusion

6 Appendix
Statistical Details
Detailed Empirical Results

J.P. Lautier Credit Risk Convergence 2 / 58



Table of Contents

1 Introduction

2 Data

3 Credit Risk Convergence
Relevant Statistical Results
Empirical Results
A Digression on COVID-19
Additional Robustness Analysis

4 Financial Implications
Lender Profitability Analysis
A Consumer Perspective

5 Conclusion

6 Appendix
Statistical Details
Detailed Empirical Results

J.P. Lautier Credit Risk Convergence 3 / 58



A junior credit analyst’s observation
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Figure: ABS loss curves all eventually flatten (see after vertical dashed
line at age 40), despite being a subprime pool (top curves) or a more
prime pool (bottom curve)
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A tale of two papers

▶ Observation: After a sustained period of performance, current loans
appear to stay current, regardless of the loan’s initial risk
classification. =⇒

▶ Contribution 1: A rigorous statistical demonstration of the concept
of credit risk convergence: borrowers of secured consumer
automobile loans in different credit risk bands that remain current
eventually converge in default risk.

▶ Reflection: The cost of borrowing is positively associated with risk
and is assigned at loan origination via risk-based pricing (e.g.,
Edelberg, 2006; Phillips, 2013). If current risky borrowers eventually
become better credits, does this mean they eventually outperform
their APR? =⇒

▶ Contribution 2: A study of the financial implications of credit risk
convergence in light of the differences in APR due to risk-based
pricing for both lenders and consumers.
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How to classify this paper

At its heart, our work falls within the space of consumer finance,
sharing genetic material with work in payday loans (e.g. Melzer,
2011; Bertrand and Morse, 2011), credit cards (e.g. Gross and
Souleles, 2002; Agarwal et al., 2014), and automobile loans (e.g.
Adams et al., 2009; Grunewald et al., 2020) to name but a few.

But, it requires statistical tools to empirically validate a current
borrower’s declining credit risk over time. Hence, we take effort to
establish credit risk convergence, which then allows us to offer
evidence of a possible inefficiency within consumer credit markets
and opine on surprising borrower behavior.

We also reveal a rich source of publicly available consumer debt
data that is currently underutilized in the literature.
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Regulation AB

The Securities and Exchange Commission (SEC) recently
implemented changes to the rules governing the issuance of
asset-backed securities (ABS) (Securities and Exchange
Commission, 2014, 2016).

Notably, it requires public issuers of ABS to make freely available
pertinent loan-level information and payment performance on a
monthly basis beginning in 2017.

The data in xml format may be accessed via the Electronic Data
Gathering, Analysis, and Retrieval (EDGAR) system operated by
the SEC.
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Selected Bonds

We wrote Python code to scrape SEC filings to amass over
275,000 consumer automobile loans from the ABS bonds:

▶ CarMax Auto Owner Trust 2017-2 (CarMax, 2017);

▶ Ally Auto Receivables Trust 2017-3 (Ally, 2017);

▶ Santander Drive Auto Receivables Trust 2017-2 (Santander, 2017b);

▶ Drive Auto Receivables Trust 2017-1 (Santander, 2017a).

These four bonds were selected because:

(i) Taken together, they span the full consumer credit profile;

(ii) No issuer is a subsidiary of an auto manufacturer;

(iii) The paying periods span the same macroeconomic
environment (i.e., actively paying starting in March-April-May
2017 for 44-52 months).
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Why auto loans?

▶ Subject matter expertise (Lautier former ABS auto analyst);

▶ Auto loans have a high priority of payment =⇒ if default risk
doesn’t converge for auto loans, it probably doesn’t converge.

(unofficial consumer ABS credit analyst motto: “You can live
in your car, but you can’t drive your house to work.”)
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Loan selection

We filtered loans to be as comparable as possible:

▶ No co-borrowers;

▶ Income underwriting level: “stated not verified”;

▶ No subvention;

▶ Used vehicles only;

▶ No loans in repossession status at ABS start;

▶ Loan age ≤ 18 months at ABS start;

▶ Loan term 72-73 months only;

▶ No unclear loan outcome (i.e., no default but total principle
paid less than outstanding balance as of ABS start);

Number of loans left for analysis: 58,118. Largest geographic
concentration (TX 13%); manufacturer (Nissan 13%).

J.P. Lautier Credit Risk Convergence 11 / 58



Risk-Based Pricing

Following Phillips (2013), a borrower’s interest rate in risk band a,
ra, is

ra = rc +m + la,

where rc is the cost of capital, m is the added profit margin, and la
is a factor that varies by risk band. More generally,

la ≡ f (PTI,%Down, Loan AMT,Vehicle Val.,Credit, etc.).

That is, the interest rate is the market’s reflection of a borrower’s
(i.e., loan’s) risk profile.
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Risk band assignment

Hence, we can defer to the market and assign borrowers to risk
bands via interest rate. Specifically,

Risk Band APR Range Count Default%1

deep subprime 20%+ 21,630 52%
subprime 15-20% 21,332 37%
near prime 10-15% 6,677 21%

prime 5-10% 6,300 10%
super prime 0-5% 2,179 4%

58,118

Note: The terms “deep subprime”, “subprime”, etc. also
correspond well to the traditional credit score ranges (Consumer
Financial Protection Bureau, 2019); see next slide.

1We define 3 consecutive months of missed payments = default.
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Summary of 58,118 loans
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Figure: Details by bond, assigned risk band

J.P. Lautier Credit Risk Convergence 14 / 58



Table of Contents

1 Introduction

2 Data

3 Credit Risk Convergence
Relevant Statistical Results
Empirical Results
A Digression on COVID-19
Additional Robustness Analysis

4 Financial Implications
Lender Profitability Analysis
A Consumer Perspective

5 Conclusion

6 Appendix
Statistical Details
Detailed Empirical Results

J.P. Lautier Credit Risk Convergence 15 / 58



Survival Analysis 101

We are interested in the time-to-loan termination random variable
(RV), X . The classical tool from survival analysis is the hazard
rate,

λ(x) = Pr(X = x | X ≥ x) =
Pr(X = x)

Pr(X ≥ x)
. (1)

The probability in (1) is ideal for a current loan analysis. Further, a
reliable estimate of (1) allows us to recover the distribution
function of X via

1− F (x−) = Pr(X ≥ x) =

{
1, x ≤ xmin∏x−1

xmin
{1− λ(x)} x > xmin,

where xmin is the lowest recoverable value of the lifetime X .
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Statistical challenges of ABS data

When estimating the time-to-event distribution from loans sampled
from a securitization pool, there are incomplete data challenges:

▶ Left-truncation (there is a delay from loan origination until
the trust begins actively paying);

▶ Right-censoring (many loans will be known to be active but
not yet terminated);

▶ Discrete-time (loan payments due monthly; assuming
continuous time req. unrealistic assumptions (i.e.,“no ties”))

The combination of left-truncation and discrete time has received
surprisingly limited study in the statistical literature. See the
papers Lautier et al. (2021) and Lautier et al. (2023) for a rigorous
treatment in the context of ABS.
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Generalization: Competing risks

We need more: to distinguish between a default and prepayment.

Let Zx be a two-state RV with probabilities dependent on x (i.e.,
given time x , Zx ∈ {1, 2}). This is a mulitstate process (e.g.,
Beyersmann et al., 2009). In survival analysis lingo:

▶ λ01
τ (x): cause-specific hazard rate for default (event of interest).

▶ λ02
τ (x): cause-specific hazard rate for prepayment (comp. event).

▶ λτ (x) = λ01
τ (x) + λ02

τ (x): all-cause hazard rate.

Formally,

λ0i
τ (x) = Pr(X = x ,Zx = i | X ≥ x) =

Pr(X = x ,Zx = i)

Pr(X ≥ x)
, i = 1, 2,

Goal: estimate λ0i
τ by risk band.
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Estimating λ0i
τ

If we assume Y ⊥ (X ,Zx) (reasonable for ABS) and define
f 0i∗,τ (x) = Pr(X = x ,X ≤ C ,Zx = i | X ≥ Y ), i = 1, 2,
Cτ (x) = Pr(Y ≤ x ≤ min(X ,C ) | X ≥ Y ), then

λ0i
τ (x) =

Pr(X = x ,Zx = i)

Pr(X ≥ x)
=

f 0i∗,τ (x)

Cτ (x)
. (2)

Estimation of (2) follows naturally with

f̂ 0i∗,τ,n(x) =
1

n

n∑
j=1

1Xj≤Cj1ZXj
=i1min(Xj ,Cj )=x ,

Ĉτ,n(x) =
1

n

n∑
j=1

1Yj≤x≤min(Xj ,Cj );

that is, λ̂0i
τ,n(x) = f̂ 0i∗,τ,n(x)/Ĉτ,n(x), i = 1, 2.

Note: the RVs Y and C correspond to censoring and truncation; see

Lautier et al. (2023) for details.
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Hypothesis test

We prove the estimator λ̂0i
τ,n(x) (itself a RV!) has attractive statistical

properties (asymptotic normality & independence, see Proposition 1 in
the Appendix). In combination with Lemma 1 (Appendix), this leads to a
straightforward large sample hypothesis test.

Specifically, let a, a′ be two different risk bands (e.g., subprime vs. prime,
etc.). Then we may test

H0 : λ
01
τ,(a) = λ01

τ,(a′) vs. H1 : λ
01
τ,(a) ̸= λ01

τ,(a′),

for each age x by determining if the asymptotic confidence intervals in
(3) overlap. Decision rule:

▶ Confidence intervals overlap =⇒ fail to reject H0 =⇒ can’t claim
λ01
τ,(a) ̸= λ01

τ,(a′) =⇒ conditional default risk converged.

▶ Confidence intervals do not overlap =⇒ reject H0 =⇒ accept
λ01
τ,(a) ̸= λ01

τ,(a′) =⇒ conditional default risk has not converged.
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Credit Risk Convergence Visualization
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Credit risk convergence matrix (months)

deep sub. subprime near-prime prime sup.-prime

deep sub. 10 36 50 50 52
subprime 10 41 42 48
near-prime 10 13 43

prime 10 10
sup.-prime 10

Note: The first of three consecutive months of confidence interval
overlap after month 10.
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A Digression on COVID-19

Approx. Mar 2020 + 3 mo.
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2019 Credit risk convergence matrix (months)

We repeat the 2017 analysis for the same bonds issued in late
summer 2019 (SDART 2019-3, DRIVE 2019-4, CARMX 2019-4,
AART 2019-3). While there is some evidence of earlier
convergence, we see loan age also plays a role.

deep sub. subprime near-prime prime sup.-prime

deep sub. 10 39 NA NA NA
subprime 10 23 24 NA
near-prime 10 15 15

prime 10 10
sup.-prime 10

Note: The first of three consecutive months of confidence interval overlap after month

10. The complete recoverable range of X is 4, 10 ≤ X ≤ 30, 35, 38 ≤ x ≤ 43 for 72-73

month loans (i.e., “NA” =⇒ no obs. conv. within recoverable range of X ). The

above consists of 65,892 total loans.

J.P. Lautier Credit Risk Convergence 24 / 58



A Digression on COVID-19 (Cont.)

Approx. Mar 2020 + 3 mo.
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A Digression on COVID-19 (Summary)

Concern: the shock of the COVID-19 economic shutdown was so
severe it “filtered” all the bad risks.

▶ We see some evidence of convergence prior to May 2020.

▶ 2019 analysis: COVID had impact but loan age also plays a
role.

▶ Difficult to find a stretch of 72 consecutive months in the last
20 years without an economic shock (e.g., 9/11, global
financial crisis, European sovereign debt crisis, COVID-19)
=⇒ credit risk convergence perpetually present, even if
partially driven by filtering effects of economic crisis.
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Collateral Type & CarMax

All analysis has focused on used cars at the point of sale.

Additionally, the business model of CarMax differs than that of the
other banks (Ally, Santander) issuing the bonds.

We repeated the 2017 analysis but this time filtering on new cars.

DRIVE SDART ALLY CMAX Total
Count 7,692 7,369 1,342 9 16,412

deep sub. subprime near-prime prime sup.-prime total
Count 3,892 8,242 2,132 1,407 739 16,412
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Robustness Check: New cars, no CarMax
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Sometimes, a simple line plots suffices
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Robustness Check: Loan type

Concern: These results for secured auto loans will not extend to other
types of loans (e.g., credit-cards, peer-to-peer, unsecured, mortgages,
etc.).

▶ Borrowers are slowly building an equity position, which likely acts as
an incentive to keep making payments to own the vehicle outright
(good sign for mortgages).

▶ Auto loans are a high priority of payment (“You can live in your
car...”); may not hold for residential mortgages or vacation/income
properties.

▶ We suggest caution before accepting these results for unsecured loan
types, especially, and we leave this open as an area of further study.

▶ We postulate this “survivor bias” will extend too many other areas
of finance, such as high-yield or junk bonds, but more research is
needed.
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Robustness Checks (Summary)

We see evidence of credit risk convergence with loans written on
new cars and for a sample that does not draw meaningfully from
CarMax.

There are fewer defaults, especially for new cars within prime and
super-prime risk bands. This limits effectiveness of large sample
statistics (i.e., obtaining the confidence intervals).

We suspect the results will generalize to other forms of debt, but
more study is needed.
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Lender Profits “Backloaded”

Conventional wisdom is that the high-returns of high-risk loans that
don’t default help repay the lender for the loans that do default.

This is similar to insurance arrangements: the insured paying
premiums that don’t suffer claims help pay for the insureds that do
suffer claims.

The loans we consider are sampled from securitization pools,
however, and so the risk has already been transferred off the
lender’s books.

But, we are interested in estimating a month-by-month updated
fair loan price at the individual loan level, as it remains current.
We may use the probabilistic estimates of λ̂01

τ,n within an actuarial
approach, which we now illustrate.
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Let Bx denote the scheduled amortization balance at month x , P
denote the scheduled payment, and Rx denote the assumed
recovery of a defaulted consumer auto loan at month x .

For a given risk band a at each age x , we assume an investor
purchases a one-month risky fixed-income asset for Bx that pays
Bx+1 + P with probability 1− λ01

τ (x) and pays Rx+1 (defaults)
with probability λ01

τ (x).

Ba|x

Ba|x+1 + Pa

Rx+1

1 − λ01
τ,(a)

(x)

λ01
τ,(a)

(x)
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Actuarial (Expected) Present Value

Hence, we find the rolling one-month risk-adjusted rate of return,
r̃a|x , such that

EPV1
a|x = λ01

a (x)
Rx+1

1 + r̃a|x
+ (1− λ01

a (x))

[
Ba|x+1 + Pa

1 + r̃a|x

]
= Ba|x .

For simplicity, assume a common loan of $100 amortized over 72
months with a payment that depends on the average APR of
risk-band a.

We may simply replace λ01
a with our earlier estimates λ̂01

a , but we
need an estimate of the recoveries, R.
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Estimating recovery upon default (i.e., repo proceeds)
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Figure: Estimation of recovery upon default assumption (based on 2017
sample of 58,118 loans)
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Lender Profitability (Summary)

Our risk-adjusted return calculations show that generally deep
subprime, subprime, near-prime, and prime loans are closely
clustered for approx. the first three years of the loan around 7.5%.

The negative impact of COVID is clear around month 40 (approx.
Spring 2020).

Super prime loans are fairly stable around 2.5% (risk-adjusted).

After convergence, the returns of higher APR loans (deep
subprime, subprime, near-prime) begins to accelerate (i.e., profits
are “back-loaded”).
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A Consumer Perspective
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Estimated Savings (Deep Subprime Borrowers)

Averages Mo Pmt Savings ($) Total Savings ($)
Age # Bal Pmt APR(%) # Pmts S NP P SP S NP P SP
12 6,084 13,295 344 23.01 65
15 5,622 12,887 343 22.99 62
18 5,002 12,598 343 22.99 60
24 4,082 11,976 341 22.92 55
30 3,333 11,192 342 22.87 49
36 2,766 10,245 341 22.85 43 16 577
42 2,170 9,187 339 22.85 37 14 428
48 1,782 8,237 342 22.83 32 16 386
50 1,674 7,817 342 22.85 30 17 37 55 378 813 1,212
54 1,062 6,897 338 22.81 26 16 33 49 62 287 599 888 1,117
60 4 7,493 348 21.34 27 11 30 45 136 364 541

We find that deep subprime borrowers that remain current can
maximize their savings by refinancing after about 48-50 months,
when they converge in risk to prime/super prime borrowers.

Encouragingly, most current borrowers have prepaid by about loan
age 60.
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Estimated Savings (Subprime Borrowers)

Averages Mo Pmt Savings ($) Total Savings ($)
Age # Bal Pmt APR(%) # Pmts S NP P SP S NP P SP
12 18,261 16,693 395 17.97 64
15 17,021 16,126 394 17.96 61
18 15,487 15,619 393 17.95 59
24 12,997 14,621 389 17.94 54
30 11,021 13,420 388 17.94 48
36 9,309 12,194 386 17.94 42
42 7,481 10,835 384 17.93 37 29 54 857 1,616
48 6,192 9,506 383 17.92 31 22 44 61 526 1,055 1,473
50 5,901 8,953 383 17.93 29 23 44 60 508 963 1,325
54 4,542 7,975 386 17.94 25 22 40 55 389 723 988
60 12 7,398 434 17.29 20 24 38 283 457

We find that subprime borrowers that remain current can maximize
their savings by refinancing after about 42 months, when they
converge in risk to prime borrowers.

Again, most current borrowers have prepaid by about loan age 60.
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Estimated Savings (Near-prime Borrowers)

Averages Mo Pmt Savings ($) Total Savings ($)
Age # Bal Pmt APR(%) # Pmts S NP P SP S NP P SP
12 5,807 19,111 411 12.79 64
15 5,587 18,245 407 12.76 60 39 2,206
18 5,315 17,617 405 12.74 58 40 2,158
24 4,692 16,204 402 12.72 52 35 1,657
30 4,146 14,694 400 12.71 47 37 1,546
36 3,592 13,187 398 12.71 41 31 1,116
42 3,041 11,446 394 12.67 35 28 847
48 2,622 9,862 394 12.68 29 21 39 494 928
50 2,455 9,283 395 12.69 27 20 37 436 811
54 1,663 8,218 400 12.69 24 29 44 526 798
60 63 6,435 413 11.98 17 12 148

We find that near-prime borrowers that remain current can
maximize their savings by refinancing as soon as 15 months into
the loan, when they converge in risk to prime borrowers.

Surprisingly, it appears many current near-prime borrowers follow a
similar prepayment pattern as deep subprime, subprime borrowers
(i.e., waiting until about loan age 60).
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Estimated Savings (Prime Borrowers)

Averages Mo Pmt Savings ($) Total Savings ($)
Age # Bal Pmt APR(%) # Pmts S NP P SP S NP P SP
12 5,173 18,582 358 7.83 64 39 2,327
15 5,283 17,611 354 7.81 60 33 1,880
18 5,315 16,706 350 7.78 57 30 1,627
24 4,971 15,097 346 7.76 52 32 1,535
30 4,538 13,503 345 7.74 46 30 1,245
36 4,096 11,866 344 7.73 39 21 755
42 3,697 10,274 342 7.72 34 23 703
48 3,191 8,615 343 7.71 28 21 513
50 2,963 8,101 345 7.71 26 21 460
54 1,898 7,075 351 7.66 22 18 324
60 28 6,920 435 7.74 17

We find that prime borrowers that remain current can maximize
their savings by refinancing as soon as 12 months into the loan,
when they converge in risk to super prime borrowers.

Surprisingly, it appears many current prime borrowers follow a
similar prepayment pattern as deep subprime, subprime borrowers
(i.e., waiting until about loan age 60).
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Analyzing Consumer Behavior

We can use the sibling cause-specific hazard rate estimator for
prepayments, λ̂02

τ,n, to analyze prepayment behavior by risk band.

We also overlay the Manheim Used Vehicle Value Index (ticker:
MUVVI) and timing of the Economic Impact Payments for the 2017
and 2019 issuance.
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Analyzing Consumer Behavior (Cont.)
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Figure: Conditional prepayment behavior by risk band (2017)
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Analyzing Consumer Behavior (Cont.)

10

15

20

25

0 20 40 60
Loan Age (Months)

M
an

he
im

 U
se

d 
C

ar
 I

nd
ex

 (
$)

EIP1 EIP2 EIP3 CTC

0.00

0.02

0.04

0.06

0.08

0 20 40 60
Loan Age (Months)

E
st

im
at

ed
 C

S
H

 R
at

e 
(R

ep
ay

m
en

t)

deep_subprime subprime near_prime prime super_prime

Figure: Conditional prepayment behavior by risk band (2019)
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Analyzing Consumer Behavior (Summary)

All consumers are “too slow” to refinance, leaving potentially
thousands of dollars on the table (these $ estimates increase for
the 2019 credit risk convergence matrix).

In a surprise related to expectations of consumer sophistication and
credit score, we estimate that it is actually prime and near-prime
consumers that leave the most money on the table.

Prepayment behavior is consistent across all risk bands and
appears to be partially driven by economic impact payments (EIP)
and rising used auto values over the observation period rather than
a borrower’s understanding of their changing risk profile.
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Concluding remarks

Credit risk convergence: Regardless of a borrower’s credit profile at
contract signing, the longer a borrower remains active and paying, the
lower the risk of default (intuitive: we contribute the method to measure,
the when, and the economic implications).

Money on the table: Deep subprime, subprime, near-prime, and prime
borrowers that don’t refinance potentially overpay by thousands of dollars
given an updated risk profile. In a surprise, it is actually the near-prime
and prime borrowers that leave more money on the table.

Not alternative financing : We analyze secured auto loans from major
financial institutions in a core economic lending space; such potentially
large market inefficiencies are troubling.

Other consumer loan types(?): We find convergence between 2-5 years
for 72-month auto loans. If convergence for traditional 30-year mortgages
happens at a similar rate, the potential consumer inefficiencies

could be substantial.
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What can be done?

▶ Consumerus Ignoramus? : Consumers have a poor reputation in
making financial decisions (e.g. Gross and Souleles, 2002; Stango
and Zinman, 2011; Lusardi and de Bassa Scheresberg, 2013;
Campbell, 2016; Heidhues and Kőszegi, 2016; Dobbie et al., 2021),
but prepayments do accelerate as loans mature. Encourage
borrowers to self-correct (questionable effectiveness (e.g., Keys
et al., 2016; Agarwal et al., 2017)).

▶ Financial innovation: Lenders offer loans structured with a reducing
payment based on good performance (may also act as an incentive
to keep borrowers current).

▶ Competition: Competing lenders seek out these mature loans to
offer refinancing (similar to SOFI with student loans). That is,
borrower sloth possibly driven by perceived hassle, lack of options.

▶ Regulation: Require ongoing loans to be “re-underwritten” after a
sustained period of good performance OR potentially offer
borrowers cash rebates/larger trade-in values to refinance.
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Thank you!

Jackson P. Lautier, FSA
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Incomplete data details

Let T be the random time of a loan origination. Let Y be the
left-truncation random variable (it is a linear shift of T until the
time the ABS starts paying).

Then we observe X ⇐⇒ X ≥ Y .

Define C = Y + τ , where τ is a constant that depends on when
the ABS transaction (observation window) ends.

Then we observe X ⇐⇒ (X ≥ Y ) ∩ (X ≤ C ) or we observe
min(X ,C ) ⇐⇒ (X ≥ Y ) ∩ (X > C ).

We assume Y ≡ f (T ) ⊥ X (reasonable for ABS transactions, see
Lautier et al. (2023, Section 4.3)).
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Competing Risks & Defaults: Some references

There are many references on competing risks (e.g., Crowder,
2001; Pintilie, 2006; Kalbfleisch and Prentice, 2011) with some
discrete-time specific (e.g., Tutz and Schmid, 2016; Lee et al.,
2018; Schmid and Berger, 2021).

Our framing generalizes Lautier et al. (2023) with a multistate
process (e.g., Andersen et al., 1993; Beyersmann et al., 2009),
however, to avoid unrealistic assumptions, like independence
between default and prepayment (e.g., Zhang et al., 2019).

Competing risks also has a long history in modeling loan defaults
(e.g., Banasik et al., 1999; Stepanova and Thomas, 2002; Dirick
et al., 2017; Frydman and Matuszyk, 2022), but none meet our
ABS framework precisely.
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Proposition 1: Asymptotic Normality

For i ∈ {1, 2} and x ∈ {∆+ 1, . . . , ξ}, define
Λ̂0i

τ,n = (λ̂0i
τ,n(∆ + 1), . . . , λ̂0i

τ,n(ξ))
⊤. Then,

(i)

Λ̂0i
τ,n

P−→ Λ0i
τ , as n → ∞;

(ii)
√
n(Λ̂0i

τ,n −Λ0i
τ )

L−→ N(0,Σ0i ), as n → ∞,

where Λ0i
τ = (λ0i

τ (∆ + 1), . . . , λ0i
τ (ξ))

⊤ and

Σ0i = diag

(
· · · ,

f 0i∗,τ (x){Cτ (x)− f 0i∗,τ (x)}
Cτ (x)3

, · · ·
)
.

That is, the cause-specific hazard rate estimators
λ̂0i
τ,n(∆ + 1), . . . , λ̂0i

τ,n(ξ) are consistent, asymptotically normal, and
independent.
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Lemma 1: Asymptotic Confidence Intervals

The (1− θ)% asymptotic confidence interval bounded within (0, 1)
for λ0i

τ (x), x ∈ {∆+ 1, . . . , ξ}, i = 1, 2 is

exp

{
ln λ̂0i

τ,n(x)±Z(1−θ/2)

√√√√ Ĉτ,n(x)− f̂ 0i∗,τ,n(x)

nĈτ,n(x)f̂ 0i∗,τ,n(x)

}
, (3)

where Z(1−θ/2) represents the (1− θ/2)th percentile of the
standard normal distribution.
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