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Mathematics 6.2
Differentiation

FURTHER APPLICATIONS
REVISION NOTES

n Tangents and normals (using function notation) Stationary points

For a curve y = f(x) at the point x = a:

What you will learn

Build on basic differentiation to solve more
advanced problems, including tangents and normals,
stationary points, maxima and minima, points of
inflection, the second derivative, optimisation
problems and rates of change.

Increasing and decreasing

Stationary points occur where 9% — . A function y = y(x) is:
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e [T " ex bl ! di
¢ Gradient of tangent: f'(a) Use the second derivative to classify them: * increasing where 5= >0
Equation of tangent: 2 : ‘ dy
s B g flal(z =&) o If :;_T';' >0 = local minimum * decreasing where & N
1 dy _ : : Use a sign chart or test values in the intervals
e Gradient of normal (if f'(a) #0): — — * If =3 =0 = local maximum detemminediiy stabsnany points.
. # ) o If &Y — = inconclusive (may be a 3 1
* Equation pf normal; ) dz? Ypoint of iflection) Example For y = z* — 4z% + 4z + 1:
H—J(“J=—WLI—G] . " it .
L Example For y = x* — 62 + 92 = 3z —8x + 4
i ;9 3 ax {
Example For f(r) = +* - 6z atz = 1. T =3°—12z+9 Solve 3z% — 8z + 4 = O:
. dy N2
p R, - : Set =2 =) r—3)=0=z=1,1 z=Zz,2
f.*{.!_) =322 -6, f(1)=-3, f(1) I Set o 0:3(x=1)x=3)=0=2=1,3 . . E
3 . 3
] ."!1: = Gz =12 Interval T < % g <7< | r>2
Tangent: y+5=-3x—-1) = y=-3z—-2 de? = = & : 4
1 1 16 Atz =1, I—'r = —6 = local maximum Sign of = + = [ +
Normal: y+56=s(z—-1) = y=-r— — dly _ R [ E T = - T 55|
3 3 Atz =3, o =6 = local minimum Function | Increasing | Decreasing | Increasing

n Points of inflection

A point of inflection is where the curve changes

. Maxima and minima (optimisation)

Write the quantity to be optimised as y = y(x).

n Using the second derivative

The second derivative can be used to:

. r dy
from concave up to concave down, or vice versa. _?, Find ﬁ and set it to zero. » classify stationary points
o d*y 3. Use the second derivative test or consider the e find points of inflection
e Find where 7 = nature of the problem to confirm a maximum . ;
J A i P - E ® determine the concavity (shape) of the curve
¢ Check that 4 changes sign. Or minimum.
dz? 4. State the maximum or minimum value and the d*y &2y dy
3I_g value of x at which it occurs : >0 -3 <0 7 changes sign
Exa:mple For y = x° — 6x: 3 ; dr dz? dz?
12 \ s i A - Concave up Concave down Point of inflection
£ ‘i‘: = 6 Example ~Arectangle has length x and wicth (10 . 2x). (local minimum)  (local maximum)
dx? Area: A = (10 - 2x) = 10z — 22*
Ser 1M g0 210 dA _ 10— 44
dz? dz
d*y Se dA 0 =25
o= is negdme for = < 0 and positive t I =0 = z=25 : 2 :
or & > (), so there is a pumi of inflection d*4 . eg y=zx &g y=—r eg y=xr
& o =% = —4 <0 = maximum
at x = 0 (the origin). d

Rates of change

If a quantity is given by a function of time, e.g.
s = s(t), the derivative gives the rate of change.

a Equation of a tangent (using % )

Maximum area = 12.5 cm®.

For a curve y = y(x), the equation of the tangent
atr=alis

n Key points to remember

¢ Use function notation for tangents and normals
(Box 1).

3 i e s B dy
e Velocity: wvit) = ‘i_; & * htahm}fr} points occur where ik 0.
: 2 s, —=er = i g -y A
e Acceleration: a(t) = %‘: y— yla) (d.r at x (I-) (z a.) o Use 7 to classify stationary points and find
a2

points of inflection.

® Always include units in your answers. sy is increasing where %‘i > () and decreasing
_ ) Example Fory=xr’atzr=2: where %4 = . =
Example s(t) = 2t* — 5¢* + 4t int ¥ - d*y
dy . dy ; s A point of inflection is where B 0 and
o de | g = =2 < atxr=2=4 changes sign. =
v(t) = — =6 — 10t + 4 P dx gES SIEN
dt ‘ ¢ Optimisation involves finding the maximum or
- e y(2) =4 minimum value of a quantity.
a(t) = d62 = 12¢ = 10 ¥(2) e In rates of change problems, differentiate with
—d = dfx =2 — 4y — ¢ et and 1 i
Att=3 v(3) =28, a(3)=26 y—d=4{x-2) = y=4xr—-4 respect to time and include units, '
s Always check your answers make sense in context.
You should now be able to:
find equaticns of tangents and normals “ Tt =
find and classify stationary points More than answers X ACADEMIA

determine intervals of increase and decrease
identify points of inflection
solve optimisation problems

000000

— deeper understanding.”

tackle rates of change and real-world modelling questions





