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Abstract

Topologically interlocked material systems are two-dimensional assemblies
of unit elements from which no element can be removed from the assembly
without disassembly of the entire system. Consequently, such tile assem-
blies are able to carry transverse mechanical loads. Archimedean and Laves
tilings are investigated as templates for the material system architecture. It
is demonstrated under point loads that the architecture significantly affects
the force-deflection response. Stiffness, load carrying capacity and toughness
varied by a factor of at least three from the system with the poorest per-
formance to the system with the best performance. Across all architectures
stiffness, strength and toughness are found to be strongly and linearly corre-
lated. Architecture characterizing parameters and their relationship to the
mechanical behavior are investigated. It is shown that the measure of the
smallest tile area in an assembly provides the best predictor of mechanical
behavior. With small tiles present in the assembly the contact force network
structure is well developed and the internal load path is channeled through
these stiffest components of the assembly.

Keywords: Architectured Material Systems, Plates, Cross-property
Relationships, Architecture-Property Relationships

1. Introduction

Plates are ubiquitous two-dimensional structural units able to carry trans-
verse loads. Commonly, plates are monolithic [1], but plates-type structures
can also be assembled from topologically interlocked unit elements in the form
of convex polyhedra. Planar assemblies of convex polyhedra were considered
as early as in the 17th century [2]. A renewed interest in such structures
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occurred recently in the civil engineering [3, 4, 5, 6, 7, 8, 9] and materials
engineering context [10, 11, 12, 13, 14, 15, 16].

In such assemblies individual building blocks (or tiles) are shaped and
arranged in the assembly such that no building block can be removed with-
out the disassembly of the overall system. When considering such systems
in the context of material design [17, 18, 19] they provide a unique method
to expand the material property space and for quasi-static loading has been
demonstrated to enable the transformation of a brittle response of a mono-
lithic plate made of brittle materials (such as ceramics, glasses or brittle
polymers) into a quasi-ductile response in the assembled plate-type struc-
ture [20, 21, 22]. Moreover, [23] demonstrated that for certain classes of
solid-architecture combination a simultaneous improvement of strength and
toughness of the assembled plate relative to the monolithic plate is possible.
Such favourable mechanical performance of the assembled plate structures
also were found to extend to impact loading by altering the relationship be-
tween impact velocity and residual velocity [24] and increased impact energy
absorption capacity [25, 26, 27]. In addition, assembled plate structures can
serve as the template for the implementation of adaptive structural configu-
rations [28, 29] to control system stiffness, strength and toughness.

In such prior work interlocked assemblies of building blocks have com-
monly been considered from the viewpoint of assemblies of all identical build-
ing blocks [30]. Such a viewpoint is limiting on what types of architectures
can be obtained. The material architecture can be expanded when the start-
ing point for the construction of the interlocked material system is an under-
lying grid instead of the particles [31, 32, 33, 34, 35, 36]. The construction
of topologically interlocked material systems emerging from underlying grid
systems is best placed into the context of the theory of tessellations [37] as
such an approach provides ordering principles for the architectures of con-
cern. The rules set forth in [38] are then applicable to realize the interlocking
building blocks related to a tessellation pattern.

The present study is connected to a background of prior work on the
mechanics of plate-type topologically interlocked assemblies. Prior work on
the mechanics of flat vaults [39, 40, 41, 42] has focused on the stability of
such systems under gravity loads while a second body of work has considered
applied displacement loads [43, 44, 45, 23, 46]. What has emerged is that
an understanding of the load-deformation response plate-type topologically
interlocked assemblies clearly cannot be conducted within the framework of
monolithic plates, and that the assembly architecture shall be an integral
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part of the description of the respective mechanical response.

There has been an absence of systematic investigations into the me-
chanical behavior of architectured plate systems constructed on the basis
of underlying grid systems (tessellations). In prior studies of such system
(31, 32, 33, 34, 35, 36] no systematic analysis of the mechanical response of
possible architectures even within a confined geometric space has been re-
ported. There is furthermore a lack of understanding of the relationships
between the system architecture and the mechanical response. This study
seeks to fill this gap with the ultimate objective to determine how the me-
chanical response of architectured plates relates to the underlying tessella-
tion patterns. All possible Archimedean and Laves tilings are investigated.
Cross-property relationships between stiffness, strength and toughness [47]
are determined as relationships between the plate architecture and the plate
mechanical response characteristics.

2. Methods

2.1. Interlocking Assemblies

The midplane cross section of a topologically interlocked material (TIM)
system is a 2D tiling, and this tiling is considered as the basis for the cre-
ation of the TIM system [38]. TIM assemblies are considered as assemblies
of blocks (polyhedra) which have center sections conforming to the tilings.
Building blocks are constructed from the tiles of the tessellation by first pro-
jecting planes from each edge of the tile at alternating angles € from the
normal. In the following the construction principle is reviewed. Without loss
in generality the principles are depicted for a square tiling. Code for the
generation of the respective geometries is available [48].

The magnitude of the edge projection angle # is a fixed value, but its
direction will alternate between angling toward the tile center and away from
the tile center for each edge. The projection angle for all configurations in
this study was § = 17°. Within an assembly, the blocks must be oriented such
that their edge projection angles are complimentary; if the edge of one tile
is angled toward the tile center, the abutting edge of the adjacent tile must
be angled away from its center. Once the projection angles are specified,
the vertices of the block can be determined. Each block formed from an n-
sided tile will have n vertices, and if the tile is a regular polygon, a uniform
antiprism block will be formed. Blocks constructed from tiles of different sizes
and shapes naturally have differing overall dimensions. In order to control
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the aspect ratios of the TIM systems it is necessary to truncate the polyhedra
to possess a common top and bottom plane in an assembly. Two additional
planes must be defined parallel, at distance Hy and equidistant from the
tiling plane. Each building block (i.e. the trucated polyhedra) formed from
an n-sided tile now possesses 2n vertices. Every set of planes projecting from
two consecutive tile edges will yield two vertices, one by computing their
intersections with the top plane, Fig. 1(a-b), and the other by computing their
intersection with the bottom plane, Fig. 1(c-d). Computing the intersection
of all sets of planes projecting from two consecutive edges and the top or
bottom planes will locate all the vertices of the block, Fig. 1(e). Edges are
then drawn between the vertices to construct the block, Fig. 1(f). In the
interlocking assembly, Fig. 1(g), neighboring blocks impose constraints on
each other such that assembly is load carrying.

2.2. Tile Spaces

The Archimedean and the Laves tilings are considered [37]. These tile sets
are duals to each other. Archimedean tilings consist of regular polygons only
and possess one type of vertex. Laves tilings are defined as having an equal

Figure 1: Truncated block construction from a square tile. (a) The intersection of two
edge planes and the top plane defines the first top vertex. (b) The intersection of the next
two edge planes and the top plane defines the second top vertex. (c) The intersection of
two edge planes and the bottom plane defines the first bottom vertex. (d) The intersection
of the next two edge planes and the bottom plane defines the next bottom vertex. (e) All
planes and all vertices. (f) Wire frame of the resulting block. (g) Assembly of building
blocks.
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angular spacing of all edges at any vertex [37]. There are 11 Archimedean
and 11 Laves tilings. Their structure is described by the naming convention
of [37]. Integer numbers with exponents separated by periods and contained
within parenthesis describe the common vertex at all tile intersections such
that each integer represents the number of sides of a tile that shares the
vertex, and the exponent is the number of that type of tile that shares the
vertex.

The Archimedean tilings are shown in Fig. 2(a). In a TIM system, the
sides of each block must alternate between sloping toward and away from the
normal to the plane of tessellation. Therefore, all tiles are required to possess
an even number of sides. This restriction eliminates the (3%), (31.6), (3%.4%),
(3%.4.3.4), (3.4.6.4), (3.6.3.6), and (3.12?) tilings for consideration as a TIM
system. The remaining tilings from which TIM systems can be constructed
are (4%), (6), (4.6.12), and (4.8%).

The Laves tilings are shown in Fig. 2(b). Again, TIM systems can only be
constructed from a subset of the Laves tilings. The necessity for tiles with an
even number of sides when constructing a TIM system eliminates the [3%.6],
33.42], [3%.4.3.4], [3.12%], [4.6.12], [4.8?], and [6?] tilings. The remaining tilings
are the [3%], [3.6.3.6], [3.4.6.4], and [4%] tilings. The [4*] and [3°] tilings are
regular tilings and are equivalent to the (4*) and (6%) regular Archimedean
tilings. Therefore, only the [3.6.3.6] and [3.4.6.4] tilings are added beyond
those from the Archimedean tilings.

In summary, the tilings suitable to TIM system construction are the (44)
(or [4%]), [3.6.3.6], [3.4.6.4], (6%) (or[3%]), (4.8%), and (4.6.12) tilings. The
Laves notation was chosen to denote the [4?] and [3°] tilings instead of the
Archimedean notation of (4*) and (6) because these tilings are more simi-
lar to the other Laves tilings than to the other Archimedean tilings in this
study. The [4%], [3.6.3.6], [3.4.6.4], and [3°] tilings each consist of a single tile,
whereas the (4.8?) tiling consists of two different tiles and the (4.6.12) tiling
consists of three different tiles.

By their definition, tilings expand infinitely within a plane, yet here finite
size assemblies are considered. Boundaries in the form of a regular polygon
are defined for each tiling, such that the tiling was radially symmetric about
its center point within the boundary. Squares or hexagons meet this crite-
ria depending on the tiling but it is generally not possible to draw such a
boundary without crossing any of the tiles. In such cases, any tiles that were
intersected by the border became part of the border. Furthermore, there
are multiple possible center points for each tiling, such as centering the bor-
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der around different vertices or around the centroid of different tiles. These
various boundaries are referred to as A, B, and C variants of a given tiling.

Table 1: Number of tiles and edges lengths for the set of bounded tilings in this work.

Tiling Tiles | Edge 1 [mm] | Edge 2 [mm]
A | 49 29.7 -
4B | 64 26.0 ;
3.6.3.6]-A | 42 30.0 ;
3.6.3.6-B | 46 30.0 .
3.4.6.41-A | 48 20.0 34.6
3.4.6.41-B | 48 20.0 34.6
3.4.6.4]-C | 64 17.3 30.0
3-A | 55 15.0 .
3B | 57 15.0 ;
(4.82)-A | 49 12.2 :
(4.82)-B | 49 12.2 ;
(4.6.12)-A | 61 12.7 ;
(4.6.12)-B | 43 14.6 .
(4.6.12)-C | 61 12.6 ;

All tilings were made into plate equivalent structures of fixed thickness
value and aspect ratio. The thickness of all assemblies was set to Hy=10.0
mm. Square and hexagonal shaped assemblies are identical in that Lg is the
radius of the circle inscribed into the square or hexagon, Fig. 2(c). Prior work
[43] has shown that a minimum of 7 unit blocks per edge of the assembly
is required to create TIM systems suitable for investigation. The value of
the in-plane dimension Ly was derived for the geometric constraints imposed
by the (4.6.12)-C assembly. This assembly, by nature of the combination of
large and small building blocks imposes an upper limit on L. Geometric
constraints for the (4.6.12)-C assembly with 61 blocks lead to an assembly
having the ratio Lo/Hy = 10.39. This value of Ly/Hj is then imposed on
all other assemblies. In addition, the condition of 10% truncation of the
smallest building block type in an assembly was desired to maintain flat top
and bottom planes.

Ideally, all tilings would be constructed to have the same number of block
in each assembly. However, the tiling structure imposes geometric constraints
that such a condition cannot be met within a fixed Ly/Hy value and the



[3%.42) (324341 [3.6.3.6]

(324.3.4) (3.4.6.4) (3.6.3.6)
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Figure 2: (a) The 11 distinct Archimedean tilings. The (3%.6) tiling occurs in two forms,
both are shown here. (b) The 11 distinct Laves tilings. The [3%.6] tiling occurs in left-
handed and right-handed forms, both are shown here. (c) The set of bounded tilings
considered in this work.
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resulting bounded tilings range from 42 tiles up to 64 tiles, Table 1 and
Fig. 2(c). Table 1 lists all tile edge lengths values. The [3.4.6.4] tiling is the
only tiling considered in this study possessing than one edge length value.

TIM systems require a bounding frame (fence) for constraint. The bound-
ing frames were constructed by expanding each tiling beyond the boundaries
drawn in Fig. 2(c) such that there exists a tile adjacent to every side of the
outer tiles in the bounded set. Blocks were generated on these additional
tiles such that the blocks formed from the bounded tiling were completely
surrounded by this additional set of blocks. The blocks in the outermost set
were fused into a single part to serve as a frame for the assembly. The outer
profile of this conglomerate frame was cut into either a square or hexagon
shape as appropriate.

The geometry of the single-tile systems is such that they can be flipped
over and rotated to exactly overlay their original position. However, the
multi-tile systems do not typically share this property. The TIM system
configurations used in this study are named after the bounded tiling from
which they were created, and if the response of the assembly is direction
dependent, the load direction will be indicated. For example, the [41]-A
assembly is not direction dependent, but the [4.8%]-A assembly is, therefore
it will be denoted as two separate configurations [4.82]-A(-) and [4.8%]-A(+).
The complete set of TIM system configurations in this study is shown in
Appendix A.

2.3. Analysis

Finite element models are created for the analysis of the transverse force-
deflection response. Individual building blocks are linear elastic and interact
with each other by contact and friction. Details of the analysis approach are
provided in Appendix B. The analysis approach followed in this study has
been validated in prior work [24]. The bounding frame is considered as rigid.
Displacement boundary conditions are applied such that the bounding frame
is fixed in space. A monotonically increasing displacement (u) transversely to
the assembly plane is imposed onto a rigid indenter. The indenter is located
centrally to the assembly and interacts with the assembly by contact. The
reaction force (F')at the reference node for the indenter is recorded. The
computed force (F') -deflection (u) response is depicted as both raw and
filtered data. The total work ALLWK, the strain energy ALLSE and friction
dissipation ALLFD are computed in dependence of the applied displacement.



191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

System characteristic points are marked on the F-u plots and these were
extracted from each simulated configuration:

1. Stiffness as the secant to 80% of the maximum force,

2. Strength as the maximum force recorded,

3. Displacement usq at the point the force drops to 50% of its maximum
value,

4. Toughness as the integral of F-u up usg, and

5. Displacement ug;, at the point the magnitude of the frictional dissipa-
tion becomes greater than the strain energy (ALLFD > ALLSE).

3. Results

Results for computations for three exemplar assemblies are shown first:
() the [3.4.6.4]-B system with a single tile type, Fig. 3(a), (i) the [4.8%]-
A(+) system with two different tiles, Fig. 4(a) , and (4i) the [4.6.12]-A(+)
system composed of three different tiles, Fig. 5(a). The computed force (F') -
displacement (u) records for the indenter are shown in Figs 3(b), 4(b), 5(b),
while the corresponding records of system energies ALLWK, ALLSE, ALLFD are
shown in Figs 3(c), 4(c), 5(c).

The F-u curves (Figs 3(b), 4(b), 5(b)) overall possess the skewed parabola
shape with a gradual load decrease past the maximum load, similar to what
has been documented in other investigations on TIM systems [20, 21, 22, 23].
Stiffness, strength, toughness, the rate of force drop post the load maximum,
and the slip onset vary distinctly between assembly architectures. Initially,
the F-u curves are smooth and deformation is by tilting of unit blocks and
their elastic deformation. As deformation progresses, local slip events become
apparent in the F-u curve as intermittent load drops.

The three examples depicted represent conditions where the onset of slip
dominance is significantly different. The contribution of slip to the defor-
mation response can be assessed from the evolution of the systems energies
during loading, Figs 3(c), 4(c), 5(c). For the [3.4.6.4]-B case, slip is a strongly
dominant factor. Friction dissipation is of equal magnitude as the strain en-
ergy already during early stages of loading, and slip becomes dominant past
the maximum load at u = 7.58 mm. For the [4.8%]-B configuration and the
[4.6.12]-A(+4) case, the strain energy is much larger than the frictional dis-
sipation over much of the load history. The slip onset condition is delayed
t0 ug;,=21.05 mm for the [4.8%]-B case and to ug;;,=20.6 mm [4.6.12]-A(+)
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Figure 3: (a) The [3.4.6.4]-B TIM system constructed with one tile type, (b) System
energies, (c¢) Force-deflection response, (d) Vector plot of compressive principal stresses
op3 at the maximum load 0,3 = [—28, +1]MPa.

case, far into the deformation histories. Slip alone is not the sole determining
factor for the strength of a system. While the [3.4.6.4]-B with the largest
slip contribution also possesses the lowest strength F),,, =415.9 N, the two
other systems possess distinctly different strength despite similarly delayed
slip: Fynaq for [4.8%-B is 872.7 N and for [4.6.12]-A(+) it is 1249.0 N. Past
the maximum load, failure is gradual at least until the latest stages of the
deformation history. For the [3.4.6.4]-B assembly, strong local intermittent
load drops are associate with slip events and load carrying capacity is lost
early, (uso =14.0 mm). For the other two assemblies slip events are less pro-
nounced in the F-u data, and usy values are significantly larger: us0=15.6
mm for [4.8%]-B and 17.3 mm for [4.6.12]-A(+). As a consequence, tough-
ness values are also significantly different. The toughness is the least for
3.4.6.4]-B, followed by [4.8%]-B and [4.6.12]-A(+).

In TIM systems, load transfer is dominated by compressive loads in build-
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Figure 4: (a) The [4.8%]-B TIM system constructed with two tile types, (b) System ener-
gies (c) Force-deflection response, Vector plot of compressive principal stresses o,3 at the
maximum load with o,3 = [—52, +2]MPa.

ing blocks balanced by tensile loads in the bounding frame. The computed
load transfer patterns in the assemblies are depicted as vector plots of the
compressive principal stress o,3 at the state of maximum load. In the as-
sembly [3.4.6.4]-B the distribution of 0,3 is found to be rather homogeneous
throughout and the entire assembly perimeter transfers load to the bounding
frame, Fig. 3(d). For the assembly [4.8%]-B it is found that o3 is less in the
larger tiles than it is in the smaller ones and a distinct load transfer pattern
is seen, Fig. 4(d). Now loads are transferred to the frame only along a subset
of faces to the bounding frame but both types of tiles contribute. The find-
ing of load transfer being dominant via the smallest building blocks is also
present in the results for the [4.6.12]-A(+) assembly, Fig. 5(d). In this case
load transfer to the frame is found to occur predominantly via the faces of
the smallest building blocks.

Subsequently, the characteristics of all computed configurations are con-
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Figure 5: (a) The [4.6.12]-A(+) TIM system constructed with three tile types, (b) System
energies, (c¢) Force-deflection response, (d) Vector plot of compressive principal stresses
op3 at the maximum load with 0,3 = [-120, +1]MPa.

sidered in the form of cross-property relationships. Strength and stiffness
were linearly correlated to a high degree, Fig. 6(a). Stiffness and toughness,
Fig. 6(b), (R?*=0.65) as well as strength and toughness, Fig. 6(c), (R*=0.80)
are also linearly correlated, but at a somewhat smaller R? value. From the
results Figs 3, 4 and 5 it could be inferred that the prevalence of slip would
be a good predictor of TIM properties. However, this was found to be only
partially the case. Strength is related to ug;, but the correlation is weak,
Fig. 6(d) (R*=0.64). The relationship between stiffness and ug;, is even
weaker at R? = (.43.

4. Discussion

The TIM plate systems introduced in this study exhibit attractive prop-
erties in terms of their failure. Conventional plate theory cannot be used to
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describe the systems under consideration, despite the fact that the mechani-
cal function (to carry transverse loads) is the same for monolithic plates and
the TIM systems presented here. In the TIM plate systems gradual decrease
in load past the maximum load is realized even if the material used to make
the building blocks would be considered as brittle itself. Such a response is
found across all system architectures considered.

The overall transverse force-deflection response of TIM systems can been
explained by the formation of multiple force chains in the granular-like as-
sembly. Such force chains are distinctly visible in Fig. 5(d), i.e. the strongest
TIM system here, but to a lesser extent in Fig. 3(d), i.e. the weakest TIM
system here. In the TIM systems, force chains extend from the top plate
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face at the location at which the load is applied to the opposing bottom
plate face and the plate support. In the mechanics of granular materials,
it is common practice to ascribe truss and beam mechanics characteristics
(such as buckling) to describe the force chain response under load [49]. As the
plate deflection increases so do the angles between the force chains and the
plate reference plane. Such a process is similar to what happens in a Mises-
truss. In [45] a comprehensive model for this approach was demonstrated for
the [4*]-A tiling. In the conventional Mises truss, the transverse force (F) is
related to the initial and current angle of inclination of the trusses, 6y and @,
respectively, as:

2EA cos 6
F= 7 [1_COS(90E9)} sin (6 — 0) (1)
with EA/L stiffness of the individual trusses, with E the modulus of the
truss, A the cross section and L the length. Furthermore, 6, the inclination
of the trusses in the initial configuration and 6 the rotation of the trusses
during deformation. The maximum force value, F},.., i.e. the strength of
the Mises truss is:

Frow = 2eA [1 — /cos? 90] i (2)

L

In the application of the Mises truss model to the TIM plates, the fol-
lowing geometric correlations applies tanfy ~ Hy/Lo. Also, F' > 0 as the
block to block interactions do not carry tension. The stiffness of the trusses
(EA/L) is replaced by a stiffness K which represents represents the stiffness
of the force chain. In granular systems, the stiffness of the force chain Kj is
related to a mechanical stiffness K, (representing the the contact interaction)
and a geometrical stiffness K, (representing the contact force and particle
shape), [50]. In a model in which slip is absent and tan @ ~ (Hy — u)/Lo. In
a more realistic case, 6 is modified to account for slip as (1 + 7), where =
is a slip coefficient. Then, the Mises truss model for the deflection of TIM
plate is given as:

cos 6y
cos [0 — (1 + )]
whereas the TIM plate strength is

Fmaz - (KC + Kg) [1 - 3\/ cos? 60i| v (4)
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Consequently, the stiffness (K') of the TIM plate is

F,
K — max
The toughness (W) is
1
W = §Fma12H0 (6)

where the factor 2 account for the presence multiple sequential force
chains in the system [45]. From the Mises model, the observation of a linear
dependence of strength on stiffness,6(a), of toughness on stiffness, 6(b), and
of toughness on strength, 7?7, is consistent.

It is of interest to relate the system mechanical characteristics to the ar-
chitectural aspects in order to find predictors of system performance. As
strength is well correlated with both stiffness and toughness, a predictor
for strength is also capable of predicting stiffness and toughness. To start,
strength was correlated against measures of the degree of segmentation.
First, the number of tiles in an assembly is considered, Table 1. For the
relationship between number of tiles and strength the coefficient of determi-
nation R? = 0.02. Next, strength was correlated against the degree of seg-
mentation in the assembly. One measure of the degree of segmentation is the
total contact area between all segmented bodies in the assembly. The total
contact area between all segmented bodies in the assembly is computed in the
assembly’s initial position before any displacement had occurred. Strength
and total contact area between all segmented bodies in the assembly are
well correlated, Fig. 7(a) (R* = 0.77). Smaller values of total contact area
lead to higher strength. This suggests that the less segmented a structure
is, the greater its strength will be. This argument would intuitively agree
with the fact that a monolithic plate is generally stronger than its segmented
counterparts. A second measure of the degree of segmentation is the number
of contact interfaces in the assembly, defined as a state of contact between
any two bodies. Strength and the number of contact interfaces are less sig-
nificantly related, Fig. 7(b) (R? = 0.61), but an increase in the number of
contact interfaces is correlated to an increase in strength suggesting that the
more segmented a structure is, the greater its strength will be. The correla-
tions between strength and the two measures of segmentation are in obvious
disagreement. Clearly, to determine the degree of segmentation alone is in-
sufficient in predicting the properties of the TIM systems under consideration
here.
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The present data suggests that TIM behavior must be dependent on how
the system is segmented rather than how much it is segmented. The assem-
blies having a larger number of contact interfaces did so by having building
blocks with a greater number of sides. It is possible to increase the number of
contact interfaces by increasing the number of building blocks, but the TIM
systems in this study all had approximately the same number of building
blocks. Therefore, the increase in strength seen with the increase in con-
tact interfaces might be attributed to the presence of larger building blocks,
rather than to the increase in contact interfaces. This might describe the
gap in strength values that is seen between the weakest configurations (all
based on tessellations with a single four-sided tile) and the other configura-
tions which also include larger tiles with a larger number of sides, Fig. 7(b).
To further investigate the dependence of the mechanical behavior on sys-
tem architecture, strength is correlated against the area of the largest tile
in the tessellation from which each TIM system was constructed, Fig. 8(a).
Strength is found as positively correlated with the largest tile area in the
assembly (R? = 0.52). This finding does support the previous conjecture
that TIM systems with larger blocks would be stronger, but with a coeffi-
cient of determination R? = 0.52 it is not a strong correlation. Given that
the bounded tilings in this study all have approximately the same number
of tiles and about the same total area, if there are larger tiles in a tiling, it
must also possess some smaller tiles. Thus, strength is correlated against the
area of the smallest tile in the tessellation from which each TIM system was
constructed, Fig. 8(b). This relationship possesses a coefficient of determi-
nation R? = 0.73 and suggests that the smallest tile size is a better predictor
of strength than the largest tile size.

In terms of the Mises truss model for the deformation of TIM plate defor-
mation, the type of segmentation affects the geometric stiffness K, such that
assemblies with larger tiles as port of the assembly, 5, possess lager values
of K, than those with all equal sized tiles, 3. In systems with high K, the
force chain character is also more distinct than in systems of smaller K,.
Larger stiffness values will lead to higher values of contact pressure and thus
a reduced value of slip, i.e. a larger value of the slip factor . The findings on
architecture-property relationships suggest that the strongest TIM systems
are the ones with the least total contact area, the greatest number of contact
interfaces, and the largest (sic smallest) tiles as part of the assembly. This
combination of characteristics leads to the conclusion that TIM system con-
figurations having architectures that constrict load transfer into well defined
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Figure 7: Mechanical properties and global measures of segmentation: (a) Strength vs
total contact area between segmented bodies; (b) Strength vs number of contact interfaces
between segmented bodies.

force chains possess the greatest strength. These increasing degrees in the
concentration of force chains are well represented in the results of the com-
putations for the TIM configurations based on the [3.4.6.4]-B, [4.8%]-B, and
[4.6.12]-A tilings, Figs 3(d), 4(d), 5(d). A more distinctly developed force
chain network is thereby not related only to the presence of smaller tiles in
the assembly but also to the geometry of the tessellation as the force chain
network structure develops within a specific assembly.

The present results were confined by two constraints: assemblies are pla-
nar and the interlocking geometry is based on planar tile faces. Neither
constraint is seen as a limitation in the application of present results. The
geometric arguments on tessellations and the resulting assemblies overall can
certainly be extended to curved systems made of topologically interlocked
building blocks which have recently been demonstrated in the context of
digital design and manufacturing approaches [34, 51, 52]. As it has been
demonstrated that osteomorphic shaped interlocking [53, 54] and multiscale
interlocking [55] provide similar or improved mechanical response as planar
type interlocking, it can be argued that the present results will be applicable
to such systems as well.
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Figure 8: Mechanical properties and maximum measures of segmentation: (a) Strength
vs area of the largest tile in the base tiling; (b) Strength vs area of the smallest tile in the
base tiling.

5. Conclusion

TIM systems were constructed for 18 configurations based on six unique
tilings and their response under transversely applied displacement load is
investigated. It was found that the load responses of all configurations were
generally consistent with the typical skewed parabola that has been recorded
in other TIM systems and can well be described by an application of the
Mises truss model to the internal force chain structure. The attractive posi-
tive correlations of toughness-stiffness and toughness-strength were realized
for all configurations. There exists significant variance in the performance
of the TIM systems in this study. It was generally observed that the triple-
tile (4.6.12) configurations were the strongest, followed but the double-tile
(4.8%) configurations, the single hexagon tile [3°] configurations, and then all
the single four-sided tile configurations. The stiffest, strongest, and toughest
configurations tended to have the least total contact area between segmented
bodies, the greatest number of contact interfaces, and the smallest tiles. It
is postulated that this combination of features leads to more confined force
chains of the internal load transfer. The findings of this study allow for an
expansion of the material space. When considering a segmented material
system, a greater range of ductility is available as compared to homogeneous
materials. The tessellation pattern can be chosen to achieve the desired duc-
tility These methods can be used to design advantageous material systems
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Appendix A. TIM Assemblies

Figures A.9 to Fig. A.14 depict the TIM systems under consideration as
3D model geometries (i.e. using visualization capabilities in the graphical
user interface of the ABAQUS/CAE code). The rigid frames colored blue
and the individual elastic building blocks in yellow. The centrally located
cylinder represents the indenter through which the mechanical load is applied.

S ‘ A ‘
(@) (b)

Figure A.9: Assembly configurations: (a) [41]-A, (b) [41]-B.

(a) (b)

Figure A.10: Assembly configurations: (a) [3.6.3.6]-A, (b) [3.6.3.6]-B.
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Figure A.11: Assembly configurations: (a) [3.4.6.4]-A, (b) [3.4.6.4]-B, (c) [3.4.6.4]-C.

(a) (b)

Figure A.12: Assembly configurations: (a) [35]-A, (b) [3%]-B.
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Figure A.13: Assembly configurations: (a) (4.8%)-A(-), (b) (4.8%)-A(+ (4.8%)-B.

()

Figure A.14: Assembly configurations: (a) (4.6.12)-A(-), (b) (4.6.12)-A(+), (c) (4.6.12)-
B(-), (d) (4.6.12)-B(+), (e) (4.6.12)-C(-), (f) (4.6.12)-C(+).
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Appendix B. Analysis Approach

All model configurations are analyzed with finite element method. The
finite element method used is an implementation of the central difference
integration rule together with the use of diagonal element mass matrices
(ABAQUS). Only the quasi-static response of the system is of concern. In
the computations a quasi-static response is obtained through the use of the
mass scaling concept. Both a damping term related to the volumetric strain
rate and the square of the volumetric strain rate are considered.

The frame was made to be undeformable and fixed in space. The elastic
modulus of the unit elements was assigned to be £ = 1.83 GPa, the Poisson
ratio v = 0.35. These properties are motivated by a 3D printing manu-
facturing approach for the physical realization of interlocked assemblies [14].
Contact was defined between all bodies with a stiff linear pressure-overclosure
relationship and a coefficient of friction of g = 0.2. A density p = 0.95 g/cm?
was considered and mass scaling by a factor of 100 was employed to reduce
computation time. 8-node reduced integration hexahedral elements (C3D8R)
were used to mesh the blocks, while solid 4-node tetrahedral elements (C3D4)
were used for the rigid frame. Enhanced hourglass control was used on on the
hexahedral elements to reduce an observed tendency for hourglassing with
default hourglass control. The computed reaction forces on the indenter were
filtered using a second order Butterworth filter with a cutoff frequency of 50
Hz.

Several steps were undertaken to ensure the accuracy of the model com-
putation. In all computations the quasi-static mechanical response ensured
as the external work ALLWK is the sum of strain energy ALLSE and fric-
tion dissipation ALLFD. All other contributions (penalty work in the contact
ALLPW, viscous dissipation ALLVD, artificial energies ALLAE and kinetic energy
ALLKE) are negligible, at least up to conditions where slip starts to dominate
and ALLSE < ALLFD. Mesh convergence was evaluated by comparing force-
deflection data for each of the models for mesh seed size over a range from
0.15 Hy to 0.21 Hy in increments of 0.01 Hy. It was found that convergent re-
sults for the computed force-deflection behavior were obtained for almost all
cases if the mesh seed size is 0.16 Hy. The exception to that finding were the
[44]-A and [4%]-B configurations. These cases were susceptible to a perfect
alignment of meshes across contacts which tends to result in a nontraditional
hourglassing across contact interfaces. Such cross-contact hourglassing would
create a local interlocking feature between the blocks and prevent sliding. A
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w  seed size of 0.17H, was used for the [4%]-A and [4?]-B configurations to avoid
w63 the mesh alignment issues.
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