
Engineering design problems and non-parametric statistical results

I. Tension/compression spring design
Consider: 𝑋 = [𝑥1 𝑥2 𝑥3] = [𝑑 𝐷 𝑁],

Minimize: 𝑓 (𝑋) = (𝑥3 + 2)𝑥2𝑥21,

Subject to: 𝑔1(𝑋) = 1 −
𝑥3𝑥32

71785𝑥41
≤ 0,

𝑔2(𝑋) =
4𝑥22 − 𝑥1𝑥2

12566
(

𝑥2𝑥31 − 𝑥41
)
+ 1

5108𝑥21
− 1 ≤ 0,

𝑔3(𝑋) = 1 −
140.45𝑥1
𝑥3𝑥22

≤ 0,

𝑔4(𝑋) =
𝑥1 + 𝑥2
1.5

− 1 ≤ 0,

Variable range: 0.05 ≤ 𝑥1 ≤ 2,
0.25 ≤ 𝑥2 ≤ 1.3,
2 ≤ 𝑥3 ≤ 15.

II. Pressure vessel design
Consider: 𝑋 = [𝑥1 𝑥2 𝑥3 𝑥4] = [𝑇𝑠 𝑇ℎ 𝑅 𝐿],

Minimize: 𝑓 (𝑋) = 0.6224𝑥1𝑥2𝑥3 + 1.7781𝑥2𝑥23 + 3.1661𝑥4𝑥21 + 19.84𝑥3𝑥21,
Subject to: 𝑔1(𝑋) = −𝑥1 + 0.0193𝑥3 ≤ 0,

𝑔2(𝑋) = −𝑥3 + 0.00954𝑥3 ≤ 0,

𝑔3(𝑋) = −𝜋𝑥4𝑥23 −
4
3
𝜋𝑥33 + 1296000 ≤ 0,

𝑔4(𝑋) = 𝑥4 − 240 ≤ 0,
Variable range: 0 ≤ 𝑥1 ≤ 99,

0 ≤ 𝑥2 ≤ 99,
10 ≤ 𝑥3 ≤ 200,
10 ≤ 𝑥4 ≤ 200.
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III. Welded-beam design
Consider: 𝑋 = [𝑥1 𝑥2 𝑥3 𝑥4] = [ℎ 𝑙 𝑡 𝑏],

Minimize: 𝑓 (𝑋) = 1.10471𝑥2𝑥21 + 0.04811𝑥3𝑥4(14 + 𝑥2),
Subject to: 𝑔1(𝑋) = 𝜏(𝑋) − 𝜏𝑚𝑎𝑥 ≤ 0,

𝑔2(𝑋) = 𝜎(𝑋) − 𝜎𝑚𝑎𝑥 ≤ 0,
𝑔3(𝑋) = 𝑥1 − 𝑥4 ≤ 0,

𝑔4(𝑋) = 1.10471𝑥21 + 0.04811𝑥3𝑥4(14 + 𝑥2) − 5 ≤ 0,
𝑔5(𝑋) = 0.125 − 𝑥1 ≤ 0,
𝑔6(𝑋) = 𝛿(𝑋) − 𝛿𝑚𝑎𝑥 ≤ 0,
𝑔7(𝑋) = 𝑃 − 𝑃𝑐(𝑋) ≤ 0,

Variable range: 0.1 ≤ 𝑥1 ≤ 2,
0.1 ≤ 𝑥2 ≤ 10,
0.1 ≤ 𝑥3 ≤ 10,
0.1 ≤ 𝑥4 ≤ 2,

where 𝜏(𝑋) =
√

(𝜏′)2 + 2(𝜏′)(𝜏′′)
𝑥2
2𝑅

+ (𝜏′′)2,

𝜏′ = 𝑃
√

2𝑥1𝑥2
, 𝜏′′ = 𝑀𝑅

𝐽
, 𝑀 = 𝑃

(

𝐿 +
𝑥2
2
)

,

𝑅 =

√

𝑥22
4

+
(𝑥1 + 𝑥3

2

)2
,

𝐽 = 2
{

√

2𝑥1𝑥2
[𝑥22
4

+
(𝑥1 + 𝑥3

2

)2]}

,

𝜎(𝑋) = 6𝑃𝐿
𝑥4𝑥23

, 𝛿(𝑋) = 6𝑃𝐿3

𝐸𝑥4𝑥23
,

𝑃𝑐(𝑋) =
4.013𝐸

√

𝑥23𝑥
6
4

36

𝐿2

(

1 −
𝑥3
2𝐿

√

𝐸
4𝐺

)

,

𝜏𝑚𝑎𝑥 = 13600 psi, 𝜎𝑚𝑎𝑥 = 30000 psi, 𝛿𝑚𝑎𝑥 = 0.25 in.,

𝑃 = 6000 lb, 𝐿 = 14 in., 𝐸 = 30 × 106 psi, 𝐺 = 12 × 106 psi.
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IV. Speed reducer design
Consider: 𝑋 = [𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥7],

Minimize: 𝑓 (𝑋) = 0.7854𝑥1𝑥22(3.3333𝑥
2
3 + 14.9334𝑥3 − 43.0934) − 1.508𝑥1(𝑥26 + 𝑥27) + 7.4777(𝑥36 + 𝑥37)

+ 0.7854(𝑥4𝑥26 + 𝑥5𝑥
2
7),

Subject to: 𝑔1(𝑋) = 27
𝑥1𝑥22𝑥3

− 1 ≤ 0,

𝑔2(𝑋) = 397.5
𝑥1𝑥22𝑥

2
3

− 1 ≤ 0,

𝑔3(𝑋) =
1.93𝑥34
𝑥2𝑥3𝑥46

− 1 ≤ 0,

𝑔4(𝑋) =
1.93𝑥35
𝑥2𝑥3𝑥47

− 1 ≤ 0,

𝑔5(𝑋) =

(

(

745𝑥4
𝑥2𝑥3

)2
+ 16.9 × 106

)1∕2

110𝑥36
− 1 ≤ 0,

𝑔6(𝑋) =

(

(

745𝑥5
𝑥2𝑥3

)2
+ 157.5 × 106

)1∕2

85𝑥37
− 1 ≤ 0,

𝑔7(𝑋) =
𝑥2𝑥3
40

− 1 ≤ 0,

𝑔8(𝑋) =
5𝑥2
𝑥1

− 1 ≤ 0,

𝑔9(𝑋) =
𝑥1
12𝑥2

− 1 ≤ 0,

𝑔10(𝑋) =
1.5𝑥6 + 1.9

𝑥4
− 1 ≤ 0,

𝑔11(𝑋) =
1.1𝑥7 + 1.9

𝑥5
− 1 ≤ 0,

Variable range: 2.6 ≤ 𝑥1 ≤ 3.6,
0.7 ≤ 𝑥2 ≤ 0.8,
17 ≤ 𝑥3 ≤ 28,
7.3 ≤ 𝑥4 ≤ 8.3,
7.3 ≤ 𝑥5 ≤ 8.3,
2.9 ≤ 𝑥6 ≤ 3.9,
5 ≤ 𝑥7 ≤ 5.5.
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V. Three-bar truss design
Consider: 𝑋 = [𝑥1 𝑥2] = [𝐴1 𝐴2],

Minimize: 𝑓 (𝑋) = (2
√

2𝑥1 + 𝑥2) × 𝑙,

Subject to: 𝑔1(𝑋) =

√

2𝑥1 + 𝑥2
√

2𝑥21 + 2𝑥1𝑥2
𝑃 − 𝜎 ≤ 0,

𝑔2(𝑋) =
𝑥2

√

2𝑥21 + 2𝑥1𝑥2
𝑃 − 𝜎 ≤ 0,

𝑔3(𝑋) = 1
√

2𝑥2 + 𝑥1
𝑃 − 𝜎 ≤ 0,

Variable range: 0 ≤ 𝑥1, 𝑥2 ≤ 1,

where 𝑙 = 100 cm, 𝑃 = 2 KN∕cm2, 𝜎 = 2 KN∕cm2.
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Table A.3
Parameter setting of the comparison algorithms

Ref. Algorithm Parameter settings Year

[55] Aquila Optimizer (AO) 𝛼, 𝛿 = 0.1, 𝑟1 = 10, 𝑈 = 0.00565, 𝜔 = 0.005 2021

[56] Artificial Rabbits Optimization (ARO) no special parameters 2022

[57] Coati Optimization Algorithm (COA) 𝐼 = 1 or 2, 𝑝𝑠 = 1
2
⋅ setting 𝑝𝑠, 2023

because each generation uses (2 × 𝑝𝑠 + 1) FEs.

[58] Dandelion Optimizer (DO) 𝑟𝑎𝑛𝑑𝑛 = 1.5 2022

[59] Electric Eel Foraging Optimization (EEFO) no special parameters 2024

[60] Five Phases Algorithm (FPA) no special parameters 2023

[61] Gannet Optimization Algorithm (GOA) 𝑟 = 0.5, 𝑞 = 0.5, 𝑐 = 0.2 2022

[62] Hippopotamus Optimization (HO) 𝑇 = 0.6, 𝑟6 = 0.5, 𝑝𝑠 = 1
3
⋅ setting 𝑝𝑠, 2024

because each generation uses (3 × 𝑝𝑠) FEs.

[63] Mountain Gazelle Optimizer (MGO) 𝑟𝑖 = 1 or 2, 𝑝𝑠 = 1
4
⋅ setting 𝑝𝑠, 2022

because each generation uses (4 × 𝑝𝑠) FEs.

[64] Marine Predators Algorithm (MPA) 𝑃 = 0.5,FADs = 0.2, 𝑝𝑠 = 1
2
⋅ setting 𝑝𝑠, 2020

because each generation uses (2 × 𝑝𝑠) FEs.

[65] QUasi-Affine TRansformation Evolutionary 𝐹 = 0.7, (QUATRE/Best/1) 2016

(QUATRE)

[66] Reptile Search Algorithm (RSA) 𝛼 = 0.1, 𝛽 = 0.1 2022

[67] Sea-horse Optimizer (SHO) 𝑢, 𝑣, 𝑙 = 0.05, 𝑟1 = 0, 𝑟2 = 0.1 , 𝑝𝑠 = 2
3
⋅ setting 𝑝𝑠, 2023

because each generation uses (1.5 × 𝑝𝑠) FEs.

[68] Slime Mould Algorithm (SMA) 𝑧 = 0.03 2020

[69] Tunicate Swarm Algorithm (TSA) 𝑃𝑚𝑖𝑛 = 1, 𝑃𝑚𝑎𝑥 = 4 2020

[70] Zebra Optimization Algorithm (ZOA) 𝑅 = 0.01, 𝑃𝑠 = 0.5, 𝑝𝑠 = 1
2
⋅ setting 𝑝𝑠, 2022

because each generation uses (2 × 𝑝𝑠) FEs.
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