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To Dr. David Brown and the San Diego Math Circle community.



Preface
This is a guide intended for students interested in preparing for the annual ΣF=ma~ ~ Exam, o�ered
by the American Association of Physics Teachers (AAPT), and which serves as a qualifier for the
USA Physics Olympiad (USAPhO). The content is designed as a review for a student who is already
familiar with the basic physics concepts used in each Topic, and focuses on teaching approaches,
techniques, and problem-solving strategies to optimize the application of their extant knowledge to
questions in the ΣF=ma~ ~ style.

This material has been designed from scratch, tested, and refined each and every year I instructed
the ΣF=ma~ ~ Physics class at the San Diego Math Circle. Improvements have been both from my own
observations and based on student feedback and performance after every course o�ering.
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Topic 1 � Kinematics
Kinematics is the study of objects in motion, without requiring the consideration of forces. A plurality
of ΣF=ma~ ~ Exam questions rely on the application of kinematics concepts, even if the focus of the
question is on more advanced topics.

1¨1 � Algebraic Kinematics
Question. Consider a stuntwoman jumping a motorcycle o� a ramp of height h and incline angle θ,
with launch velocity v0. How far away from the ramp will the motorcycle land?

θ

v0

h
(0,0)

y

x
g

Solution. First, recall that x and y motion can be treated independently. So, we will begin with a
look at her vertical motion to see how long she’s airborne.

θ
vx

vy
~v

First, we split v0 into x and y components, as seen at right,

v0y “ v0 sin θ

v0x “ v0 cos θ

A technique to recall which term takes the sine and which takes the cosine is presented in Topic 9.
Given this, her vertical trajectory is described by

yf “ y0 ` v0yt`

ˆ

´
1

2
g

˙

t2 ùñ 0 “ h` v0yt`

ˆ

´
1

2
g

˙

t2.

This is a quadratic equation with two solutions. Only one of the solutions is positive, so this is the
only sensible answer. The negative solution must be discarded, as our model does not consider t ă 0
and any results in that domain are consequently meaningless. So,

t “
v0y ˘

a

v0y2 ´ 4hp´g{2q

2p´g{2q
ùñ t “ ´

v0 sin θ ´
a

v02 sin2 θ ` 2hg

g
.

We can substitute this into the equation for her motion in the x direction, xf “ x0 ` v0x, to find

xf “ ´v0 cos θ

˜

v0 sin θ ´
a

v02 sin2 θ ` 2hg

g

¸

which is now ready to have numerical values substituted, had it been requested by the question.

https://saret.co/f%3Dma
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1¨2 � Graphical Kinematics

In the several plot-based kinematics questions on each ΣF=ma~ ~ Exam, the horizontal axis usually
denotes time. When this is the case, velocity is the slope (time derivative) of position, and acceleration
is the slope of velocity. Correspondingly, position is the area under (integral over time of) velocity,
which itself is the area under acceleration.

v “
dx

dt
ðñ

ż

vdt “ x

a “
dv

dt
ðñ

ż

adt “ v

It is always paramount to check that the horizontal axis of a plot shows time, before applying these
techniques to the plot in question.

Question. In the velocity-time graph below, when the object under observation begins its movement
at t “ 0 s, its position is x0 “ ´1.5 m. When does it pass the origin, and what is its acceleration at
that time?

v pm{sq

t psq

-2

-1

0

+1

+2

1 2 3

Solution. Summing area of the green region between the beginning of the motion and time t tells us
the position at that time. At t “ 1 s, the area is 0.5 below the axis, so

xpt “ 1 sq “ x0 ´ 0.5 m “ ´2 m.

By this logic, the area totals 1.5 m at t “ 3.5 s. So, this is when the object passes through x “ 0 m.

The slope of the velocity-time graph tells us the acceleration of the object. For 0 s ă t ă 2 s, the
object’s velocity is increasing by 1 m{s per second, then remains constant for t ą 2 s. So,

apx “ 0 mq “ apt “ 3.5 sq “ 0 m{s2.

https://saret.co/f%3Dma
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Topic 2 � Forces and Newton’s Laws
Considering that Newton’s 2nd Law is verbatim the name of the ΣF=ma~ ~ Exam, being familiar with
Newton’s Laws and comfortable applying them to a variety of questions might be the single most
important skill to have down pat come test day.

2¨1 � Newton’s Laws
Newton’s 1st Law. Objects in motion stay in motion [at constant velocity], and objects at rest stay at
rest, unless subject to a [net external] force.

Newton’s 2nd Law. The namesake of this exam. The net force on an object is equal in magnitude
and direction to the mass of the object times its acceleration. In equation form,

~F “ m~a

net force on object “ mass of object ¨ acceleration

Newton’s 3rd Law. Every action [(force)] has an equal and opposite reaction [(force)].

Note that these laws also apply to entire systems, when the objects compromising that system are
static in the reference frame of the system.

These laws will be applied to countless questions, and when you need one you may need them all.
Many questions will involve force balance or solving for net accelerations, with a subsequent applica-
tion of the kinematics techniques discussed in Topic 1.

Question. A block of mass m1 “ 5 kg is resting upon a crate of mass m2 “ 10 kg, which is sitting
on a surface with coe�cient of kinetic friction µ “ 0.5. What magnitude of force needs to be applied
to the crate in order to slide them together at constant velocity?

Solution. Because the box and the crate are not moving relative to each other, we can treat this
question as one system, with mass m “ 15 kg. As such, the force of friction is Fµ ď µmg “ 75 N.

If we want the crate-box system to move with constant velocity, Newton’s 2nd Law requires there be
no net force, so the force with which we push the crate must be equal in magnitude to the maximum
force of kinetic friction. Thus, Fpush “ 75 N.

https://saret.co/f%3Dma
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2¨2 � Inclined Planes
Question. How long does it take a box with massm “ 25 kg to slide down a frictionless ramp sloping
at θ “ 30˝, with a base L “ 10 m long?

L

θ

m
y

x

K

‖

Solution. Let’s start by making a free body diagram, and and decompose Fg intoK and } components.
Defining and switching to your own new coordinate system, such as converting px, yq to pK, }q, is a
very useful technique for many ΣF=ma~ ~ Exam questions, and beyond.

θ

FN

Fg

FN

FgK

Fg‖

Fg

The box remains on the surface of the plane, so ~FnetK “ 0. This
reveals two vector equations for us to solve, which can be rewritten
as scalar equations.

~FnetK “ 0 “ ~FN ` ~FgK ùñ FN “ ´FgK

~Fg “ ~FgK ` ~Fg} ùñ FgK “ Fg cos θ

With an application of the Pythagorean Theorem, we see

Fg
2 “ Fg

2 cos2 θ ` F 2
g} ùñ Fg} “ Fg sin θ.

Now we’re ready to substitute some numbers, namely θ “ 30˝ and m “ 25 kg,

a} “
Fnet}

m
“
Fg}

m
“
Fg
m

sin θ “
mg

m
sin θ “ g sin θ “ 5 m{s2.

Note that only the length of the base of the ramp is given. The length of the surface of the ramp is the
length of the hypotenuse of the triangle, which is p10 mq{pcos 30˝q « 11.5 m. Now, we can conclude
our solution with a kinematics equation in the } direction.

x} “ x},0 `
1

2
a}t

2 ùñ 11.5 “ 0`
1

2
¨ 5 ¨ t2 ùñ t “ 2.2 s

Remark. The mass of the box did not a�ect the motion in any way relevant to answering this ques-
tion. This is a result of the combination of linear scaling of the force of gravity with mass, and the
inverse scaling of acceleration with mass. Though unique to gravity, this motif appears with su�cient
frequency on the ΣF=ma~ ~ Exam to deserve your attention when it emerges during your studies.

https://saret.co/f%3Dma
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Topic 3 � Simple Harmonic Oscillators
Ever-present on ΣF=ma~ ~ Exams, simple harmonic oscillators, often referred to as SHOs, are systems
acted upon by one and only one precisely linear restoring force. That is, the restoring force acting on
the system has a form F pxq “ ´kx, where x is the characteristic displacement of the system and k is
the force constant. In this case, the equation of motion could be written as

F “ ´kx

ma “ ´kx

m:x “ ´kx

This di�erential equation, which you need not know how to solve for the ΣF=ma~ ~ Exam, has solutions
of the form

x “ A cospωt` φq

with amplitude A, given by the maximum displacement from equilibrium, phase shift φ, and natural
oscillation frequency

ω “

c

k

m
.

The energy stored in this system is given by an application of the work-energy theorem to be

Eosc “
1

2
kA2.

These results are likely familiar to you as modeling the simple harmonic motion of a mass on a spring.
However, note that this derivation does not describe the progenitor of the restoring force, only its form,
and thus applies to many systems, as shown in this Topic.

3¨1 � Spring Oscillators
Question. Consider a simple system of one mass on a single spring. What can we say about the forces
and energy in this system? What is its natural oscillation frequency?

m
k

m
k

x

Fspring

Solution. Hooke’s Law tells us that the restoring force from a spring
stretched a distance ~x from equilibrium is ~F “ ´k~x. This tells us
that the natural frequency of oscillation of this system is ω “

a

k{m.

All questions on the ΣF=ma~ ~ Exam concerning springs with more in-
tricate setups than this are focused on determining a new or e�ective
spring constant. They may require an application of this spring con-
stant to determine a new natural oscillation frequency, but the spring
constant itself is the key. This is discussed at length and in several
geometries in Topic 4.

Notice that all quantities in this question which depend on position are in fact dependent on displace-
ment. So, if a spring system were subject to a constant external force, we simply adjust the equilibrium
position so the additional spring force balances the external forces. This is explored in Topic 4¨4.

https://saret.co/f%3Dma
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3¨2 � Pendulums and the Small Angle Approximation

On the ΣF=ma~ ~ Exam, we assume rotational oscillations take place over a small angle θ, unless we are
explicitly told otherwise. This allows us to make the crucial simplification sin θ « θ.

m

θ

`

s

Fg

FT

Question. What is the natural oscillation frequency of a simple pendulum
which consists of a bob of mass m on a massless string of length `?

Solution. Trigonometry says that the component of FT along the path of the
pendulum is FTθ “ FT sin θ « FT θ, with FT « ´Fg. So,

FTθ « ´Fgθ “ ´Fg
s

`
.

In the small angle approximation, true path of the pendulum is taken to be equivalent to the horizontal
path s. Since FTθ is along this path, we can see this system is subject to is a restoring force FTθpsq 9´s.

As derived at the beginning of this Topic, any system with a restoring force characterized by a force
constant k has a natural oscillation frequency of ω “

a

k{m. Here, k “ mg{`, so the natural
oscillation frequency of our simple pendulum is

ω “

c

g

`
.

Physical pendulums, those with mass distributions more complicated than a single mass at the end of
a string, are discussed in Topic 5¨3.

3¨3 � Other Oscillators

All other oscillating systems on the ΣF=ma~ ~ Exam will be dealt with in the same manner as those
shown throughout this Topic. This is illustrated through a question about a fluid-based oscillator.

2y

ρ

L

A A

g

Question. Consider a U-tube manometer of constant cross-sectional
area A filled with water with density ρ, as shown at right. When at
rest, the total volume of the water is V “ LA. If the water is perturbed
by a distance y, what is the frequency of oscillation of the water?

Solution. The key to answering this question is finding the restoring
force on the water in the manometer. This force will be due to the
weight of 2yA of displaced water, acting on a total mass of ρLA of
water. Thus, we can say

F “ mg “ 2ρyAg “ ´ky ùñ ω “

d

2ρAg

ρLA
“

c

2g

L
.

Notice this is only dependent on a couple of physical parameters, such as the total amount of water L
and the gravitational acceleration g, but not the density of water ρ, the magnitude of the displacement
y, nor the geometry of the manometer, which only appears in the question as A.

https://saret.co/f%3Dma
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Topic 4 � Springs
Many questions on the ΣF=ma~ ~ Exam deal with oscillation of spring systems, with geometries beyond
the simple one outlined in Topic 3¨1. Questions on these complex spring constructions focus on
determining a new or e�ective spring constant, which is sometimes applied to determine the natural
oscillation frequency of the system.

4¨1 � Springs in Series
Question. Consider two identical springs joined end-to-end, or in series. If we exert a force F on the
mass m at the end of this system, by how much will it be displaced?

m
k k

F

Solution. First, for any displacement x the mass experiences, we
observe from the symmetry of the system that the green point will be
displaced by x{2. That point also has F exerted on it, by both the
spring on its left and its right, as all of these are in equilibrium once
the system has reached its new position. So, x{2 “ F {k, and thus
x “ 2F {k. Given the definition k ” F {x, we see that kseries “ k{2.

Exercise. Rework this system when the two springs have di�erent spring constants, k1 ‰ k2.
Hint. The equilibrium condition is the same.

4¨2 � Springs in Parallel

m

k1

k2

F

F

F1

F2

m

Question. Examine this system two springs with equal rest lengths,
but di�erent spring constants, joined in parallel. If we exert a force
F on the mass m, how far will it be displaced?

Solution. Since both springs are extended by the same x, we can
write a system of two equations,

x “
F1

k1
“
F2

k2
and F “ F1 ` F2.

Solving this for F , we see that k1x` k2x “ F , and x “ F { pk1 ` k2q.
The definition of the spring constant implies that kparallel “ k1 ` k2.

https://saret.co/f%3Dma
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4¨3 � Springs in Pieces

m
kc k

m
kc k

xxc

Question. Consider a uniform spring with spring constant k and
unstretched length L, which has been cut into two pieces. One piece
has an unstretched length 1

NL, where N is a dimensionless number.
What is the spring constant of this new piece?

This scenario is illustrated at right with N “ 3. The green point
represents the point where the spring was cut, and the piece of the
spring in question is the green segment.

Solution. With a force F applied to the end of the original spring,
we know both pieces of the spring have the same F acting on each,
since the green point is not accelerating. Therefore, the forces acting on the green segment are of
magnitude Fc “ F . Geometrically, we see that xc “ x{N . Recalling that the spring constant k is
defined as k ” F {x, we write

kc “
Fc
xc
“
NF

x
“ Nk.

Remark. The spring constant k is not solely a material property of the spring, but also depends on
its construction. Otherwise, this result would be quite inexplicable.

4¨4 � Springs in Gravity
Question. Imagine a massless vertical spring with equilibrium length `. A massm is placed upon this
spring. What is the equilibrium position of this system, and what is its natural oscillation frequency?

k

m y

`
`1

Solution. Equilibrium is achieved when the force of gravity on the
mass is balanced by the spring force. In equation form,

mg “ ky ùñ y “
mg

k
ùñ `1 “ `´

mg

k
.

Now, let us consider the oscillation frequency of this system. Recall
that the derivation of the natural oscillation frequency presented in
Topic 3 was not dependent on the absolute rest position of the sys-
tem, but rather its displacement from that rest position.

This condition remains satisfied if the system is modified, as long as the restoring force is still linear
in displacement. Fortunately, even from an adjusted equilibrium length `1, the force resulting from an
additional displacement d is still

F pdq “ ´kd

and natural oscillation frequency of this system is the familiar ω “
a

k{m.

Remark. This simple adjustment is does not apply to calculating the energy stored in the spring. In
the above question, where the spring is compressed a distance y in its new equilibrium position, the
energy the spring will store under additional compression d is

∆E “
1

2
k py ` dq2 ´

1

2
ky2 “

1

2
kd2 ` kyd.

Observe the additional term kyd, which is linear in d and, notably, does depend on whether y and d
are parallel or antiparallel.

https://saret.co/f%3Dma
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Topic 5 � Moments of Inertia
Many questions on theΣF=ma~ ~ Exam require you to know the moments of inertia of so-called common
objects. The seven shapes shown in Topic 5¨1, together with the parallel axis theorem presented in
Topic 5¨2, should su�ce. At points in this guide, we will use the moment of inertia coe�cient κ to
represent objects possessing a moment of inertia I “ κmr2, where r is the length scale of the object.

5¨1 � Moments of Common Objects

z

z

z

r

r

r

r

`

1
2`

1
2`

r

z

z

z

z

Point Mass
I “ 1mr2

Ring
I “ 1mr2

Disk
I “ 1

2mr
2

about end

I “ 1
3m`

2

Rods

I “ 1
12m`

2

about center

hollow

I “ 2
3mr

2

Spheres

I “ 2
5mr

2

solid

Remark. Extruding symmetric shapes in z does not change the value of κ. Moments depend solely
on distribution of mass and distance of each element, or chunk of mass, from the axis of rotation.
Corollary. If an object is stretched in z, and its mass remains constant, the value of I will not change.
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5¨2 � Parallel Axis Theorem

r

zz1

d

The parallel axis theorem states that the moment of inertia of an object
about an axis of rotation that does not pass through its center of mass
is the moment of inertia of that object, plus the total mass times the
square of the distance between these two axes. In mathematical form,

I 1z “ Iz `md
2.

`

d

zz1Perhaps this is most clearly demonstrated by considering the moments
of inertia of a rod of length ` about its center and about its end.

I 1z “ Iz `md
2 “

1

12
m`2 `m

ˆ

`

2

˙2

“
1

3
m`2

5¨3 � Physical Pendulums

Some pendulums on theΣF=ma~ ~ Exam are not the simple kind, where there is a massm at the end of a
rope or rod of length `. Instead, they are physical pendulums, characterized by some mass distribution
possessing a moment of inertia I, about whichever axis of rotation they are pivoted upon.

Note that this moment of inertia is distinct from the moment of inertia about the center of mass of
an object and calculating it usually requires an application of the parallel axis theorem.

θ

`

Fg

cm

Question. What is the period of oscillation of a nonuniform rod of mass m
which is pivoted at one end a distance ` from its center of mass? The rod has
moment of inertia I about the axis of rotation passing through this pivot point.

Solution. We can treat the whole rod as a point mass m located at the center
of mass of the rod. Using the rotational equivalent of Newton’s 2nd Law, and a
small angle approximation,

τ “ Iα “ ´Fg` sin θ « ´mg`θ.

This result is analogous to what we saw for a simple pendulum in Topic 3¨2. We can follow the
derivation exhibited there to find

ω “

c

mg`

I
.

Exercise. Apply this process to determine the natural oscillation frequency for a uniform disk pivoted
a distance R{2 from its center.

https://saret.co/f%3Dma
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Topic 6 � Rotational Dynamics
Numerous questions on the ΣF=ma~ ~ Exam deal with rotational dynamics, often in concert with trans-
lational motion. Notably, every motion can be described as combination of translation and rotation.

6¨1 � Parallels of Rotation and Translation
Let’s begin by considering rotational motions alone before combining them. Fortunately, rotational
dynamics are strongly analogous to linear systems.

Rotation Relations Translation

~τ
~τ “ ~r ˆ ~F

τ “ rKF “ rFK
~F

~α ~α “
~a

r
~a “ r~α ~a

~ω ~ω “
~v

r
~v “ r~ω ~v

~θ ~θ “
~x

r
~x “ r~θ ~x

I
I 9 mr2

See Topic 5
m

K K “ 1
2Iω

2 ` 1
2mv

2 K

These relations enable us to convert our favorite equations and relations from basic kinematics and
dynamics to rotational equivalents. For example,

x “ x0 ` v0t`
1

2
at2 ùñ θ “ θ0 ` ω0t`

1

2
αt2.

https://saret.co/f%3Dma
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6¨2 � Rotational Energy
This question pertains to an experiment performed to find the moment of inertia of an object.

Question. A ball of massm and radius R is gently dropped on a surface, while spinning with angular
velocity ω0. Later, as it is rolling without slipping, it has a translational velocity v. No energy is lost
to the surface during this motion. Determine the moment of inertia coe�cient κ for this ball.

later
ùñ

v
ω0 ω

Solution. Being told no energy is lost to the surface is a strong indicator we should use conservation
of energy to answer this question. We can write the initial rotational energy of the sphere,

E0 “
1

2
κmR2ω0

2.

When it’s rolling without slipping, v “ ωR. So,

E “
1

2
mv2 `

1

2
κmR2ω2 “

1

2

`

mR2ω2 ` κmR2ω2
˘

“
1

2
p1` κqmR2ω2.

As we said at the beginning of this solution, energy is conserved. So, we can equate E0 and E to see

1

2
p1` κqmR2ω2 “

1

2
κmR2ω0

2 ùñ p1` κqω2 “ κω0
2.

Solving this for κ reveals

κ “
ω2

ω0
2 ´ ω2

“
v2

ω0
2R2 ´ v2

.

If numerical values were given for ω0, v, and R, we could now calculate κ.

While discussing this question, a student asked “What would happen when the object stops slipping?
Why doesn’t it keep accelerating the same way it has been and start slipping the other way?”

The subtlety behind this remark arises from the di�erence between static and kinetic friction, even
when µs “ µk “ µ. When the ball is both rolling and slipping, it is subject to kinetic friction, which
is given by Fk “ µkN .

However, once the ball reaches the exact speed where v “ ωR, the contact point between the ball
and surface is no longer slipping. Consequently, the frictional force enters the static regime, where
Fs ď µsN . As such, the force of static friction is able to provide precisely the amount of force and
torque required to keep the ball rolling without slipping.

https://saret.co/f%3Dma
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6¨3 � Rotational Impulse
This question concerns the delivery of a fixed impulse to a rod, leading to simultaneous translational
and rotational motion.

Question. A force F is applied to a uniform rod of mass m and length ` at a distance d from its
center of mass over a short interval ∆t. Describe the subsequent motion of this rod.

vcm

ωcm

d later
ùñ

F

Solution. First, let’s approach the translational component of the motion. Newton’s 2nd Law says

F “ ma “ m
dv

dt
“
dp

dt
“

∆p

∆t
so that F∆t “ J “ ∆p

where J is an impulse. From here, we can write

J “ F∆t “ ma∆t “ mvcm ùñ vcm “
F∆t

m

which, perhaps surprisingly, is independent of d. Now, let’s discuss the rotational component. By the
same logic,

Jτ “ F∆td “ Iα∆t “ Iωcm “
1

12
m`2ωcm ùñ ωcm “ 12

Jd

m`2
.

Upon seeing the solution to this question, a student asked “Does d a�ect the energy imparted on the
rod?” Well, the energy imparted on the rod is equal to the work done by this force on the rod.

∆E “ F∆y “ J
∆y

∆t
.

If ∆t is small, ∆y « d∆θ `∆x, which means

α “
Jd

I∆t
and a “

J

m∆t
.

Rotational kinematics says

∆x “
1

2
a∆t2 “

J∆t

2m
and ∆θ “

1

2
α∆t2 “

Jd∆t

2I
“ 12

d

`2
J∆t

2m

from which it follows that

∆y “
J∆t

2m

ˆ

1` 12
d2

`2

˙

ùñ ∆E “
J2

2m

ˆ

1` 12
d2

`2

˙

which sensibly depends on d.
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6¨4 � The Coriolis E�ect
The Coriolis e�ect is the presence of a fictitious Coriolis force which exists in rotating reference frames,
much like the centrifugal force. Most ΣF=ma~ ~ Exams have questions pertaining to the Coriolis e�ect,
though many are graphical in nature rather than requiring explicit calculation. Graphical questions
almost invariably require use of the right hand rule to determine the direction of the Coriolis force.

The Coriolis force acting on an object of mass m is given by

~Fcoriolis “ ´2m~Ωˆ ~v

where ~Ω is the rotational velocity of the frame and ~v is the object’s velocity relative to the frame. Make
sure to account for the negative sign when performing your right hand rule gestures.

Question. Consider a child on a spinning merry-go-round, holding a coin. What does he observe if
he (a) drops the coin, (b) throws the coin towards the center of the merry-go-round, or (c) throws the
coin vertically upwards?

~Ω

R

Solution. In this question, ~Ω is pointing out of the page, as per the right hand rule.

(a) If he drops the coin, ~vcoin is parallel to ~Ω, so their cross product is zero and there is no Coriolis
force. The coin will fall at his feet.

(b) If he throws the coin towards the center of the merry-go-round, we have

~Fcoriolis „ ~Ωˆ ~v which has the direction `ẑ ˆ´r̂ “ `θ̂

telling us the coin gets ahead of the child, as it is being accelerated in the direction of his motion.

(c) If he throws the coin up above his head, by the same argument we saw in (a), he could catch it
right in his hands.
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Topic 7 � Orbits
Orbit-based questions are fairly common on the ΣF=ma~ ~ Exam. The simplest kind, circular orbits, are
characterized by the straightforward requirement that the radial force matches the force corresponding
to the centripetal acceleration.

Remark. A centripetal force, while responsible for a centripetal acceleration, is not physically caused
by any interaction, but is instead either a net force, or a result of another force. This could be any
force on the orbiting object, but is most commonly gravity or tension. There is no “centripetal force.”

7¨1 � Circular Orbits
Question. An object of massm orbits a much more massive, stationary body of massM , in a perfectly
circular path with a radius R, subject only to gravity. What is the period of this orbit?

Solution. As stated in the beginning of this Topic, we will begin by equating the radial force to the
centripetal acceleration.

M

m

R

v

Fcentripetal “
mv2

R
“
GMm

R2
“ Fgravitational.

So, for a given R,

v “

c

GM

R
.

At constant v and R, each orbit traverses one circumference, a distance of 2πR, so

T “ 2π
R

v
“ 2π

R
b

GM
R

“ 2π

c

R3

GM
.

7¨2 � Non-Gravitational Orbits
This result applies to non-gravitational orbits. Regardless of the force on an orbiter, orbits are stable
when F 9 R´2, and all have the same form. We will take F “ fR´2, without loss of generality. Then,

fR´2 “ F “
mv2

R
ùñ v “

c

f

mR
.

For orbits governed by gravity, we get a familiar result,

f “ GMm ùñ v “

c

GM

R
.

The proof that orbits are stable when F 9 R´2 is interesting, but beyond the scope of this guide.
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7¨3 � Kepler’s Laws
Kepler’s 1st Law. All bound orbits are elliptical with the orbited body at a focus. Notice that circular
orbits are elliptical with the two foci at the same point in space. The various geometries of orbits,
both bound and unbound, are discussed further in Topic 7¨4.

Kepler’s 2nd Law. A line joining orbiter and orbited sweeps equal areas in equal times.

9θ1 9θ3

9θ2

2a

2b

T ¨
r2

2
¨
dθ

dt
“ πab

t1 “ t2 “ t3

9θ1 ą 9θ2 ą 9θ3

There is a subtle but important distinction between 9θ “ dθ{dt and ω, due to the speed of the orbiting
object changing continuously throughout any non-circular orbit. If you are unfamiliar with this nota-
tion, don’t fret. You will likely not encounter it again until advanced mechanics in your sophomore
or junior year of college physics.

Kepler’s 3rd Law. The square of the period T of an orbit is proportional to the cube of the radius R
of the same closed orbit, as derived in Topic 7¨1. In equation form,

T 2 9 R3

square of period 9 cube of radius

The derivation shown there can be generalized to elliptical orbits without much di�culty, but is not
required knowledge for the ΣF=ma~ ~ Exam and will not be covered here.
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7¨4 � Non-Circular Orbits
The geometry of gravitational orbits depend on the ratio between v and

a

GM{R. Within the range
of bound orbits, where 0 ă v ă

a

2GM{R, the quantity R can represent either the apogee or the
perigee, the furthest and closest distance between the orbiter and the orbited, respectively, or both.

v

Stationary

Elliptical

Circular

Elliptical

Parabolic

Hyperbolic

v “ 0

v “

c

GM

R

v “

c

2
GM

R

R “ apogee

R “ perigee

v “ escape speed

R
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Topic 8 � Dimensional Analysis
EveryΣF=ma~ ~ Exam features a few dimensional analysis questions, often masquerading as challenging
questions from other topics. Recognizing these questions is crucial, as they can often be answered
easily, or at least have several choices eliminated, before applying any other more time-consuming
techniques.

A conspicuous clue that a question should be approached with dimensional analysis techniques is
the answer choices having di�erent dimensions. Some questions may have several choices with the
same units. These can still make use of this dimensional analysis to eliminate answer choices, but still
require other methods to narrow it down to a single answer.

`

m
θ

g

Question. What is the period of a pendulum composed of a mass m hanging on a rope of length `
experiencing acceleration due to gravity g?

(A)
a

g{`

(B)
a

`{g

(C)
a

mg{`

(D)
a

`{mg

(E)
?
g`

Solution. All answer choices have unique units, so we will approach this question with dimensional
analysis techniques. Since we want to find an expression for the period of the pendulum, we are
looking for any answer choices with units of seconds.

There is only one mass in the question, and it can’t cancel with itself, so
?
m should not appear in

our answer choice at all. Thus, we can eliminate choices (C) and (D).

We also need the lengths in g and ` to cancel each other out, so we can eliminate choice (E).

We can finish by manually checking the units of the remaining choices,

(A)
c

g

`
ùñ

„c

g

`



“

ˆ

m
s2
¨

1

m

˙
1
2

“ s´1

(B)

c

`

g
ùñ

„
c

`

g



“

ˆ

m ¨
s2

m

˙

1
2

“ s

Now, we can see the correct answer is (B).
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Topic 9 � Extremal Analysis
Many physics questions, both on and o� the ΣF=ma~ ~ Exam, can benefit from the application of ex-
tremal analysis. Use of this technique is split into two distinct motifs.

9¨1 � Vector Decompositions
A very frequent point of error and lag is the struggle of application of trigonometry to questions
involving inclined planes, torques, and more. Perhaps the most common and illustrative lag point is
recalling which components of a vector decomposition are the sine and cosine terms.

Question. Consider the inclined plane discussed in Topic 2¨2. What is the normal force experienced
by a mass placed upon this plane?

L

θ

m
y

x

K

‖

Solution. As before, let’s make a free body diagram, and and decompose Fg intoK and } components.

θ

FN

Fg

FN

FgK

Fg‖

Fg

Since the box is remaining along the surface of the plane, there is no
acceleration in the K direction. This requires

~FnetK “ 0 “ ~FN ` ~FgK ùñ FN “ ´FgK.

Now, all that remains to do is determine the magnitude of ~FgK
in terms of Fg. We know the magnitude is of the form

~FgK “ Fg trig θ.

Consider the extreme case where θ “ 0. In this situation, we can see that ~FN and ~Fg are perfectly
antiparallel, and thus equal in magnitude. Thus, in this extreme, ~FgK “ Fg. So, whichever trigono-
metric function is required to find ~FgK must have a value of trig 0 “ 1. A bonus of familiarity with
the small angle approximation, discussed in Topic 3¨2, is knowing

sin θ « θ ùñ sin 0 “ 0.

As such, the trig function required here must clearly be the cosine. Thus, we can confidently say

~FgK “ Fg cos θ and ~Fg} “ Fg sin θ.

So,
FN “ Fg cos θ.
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9¨2 � Verifying Solutions
The second and more oft-used motif of extremal analysis is used for checking answers.

m1

m2

Question. Two masses, m1 and m2, are connected by a massless rope hung over a frictionless and
massless pulley, in a configuration known as an Atwood’s Machine. What is the downwards accelera-
tion of m1, if the local acceleration due to gravity is g?

(A)
ˆ

m1 ´m2

m1

˙

g

(B)
ˆ

m1 ´m2

m2

˙

g

(C)
ˆ

m1 ´m2

m1 `m2

˙

g

(D)
ˆ

m2 ´m1

m1 `m2

˙

g

(E)
ˆ

m1 `m2

m1 ´m2

˙

g

Solution.We can consider several extreme cases, and check which choices have the desired behaviors.

Answer Choice
Extreme 1
m1 “ 0
a1 “ ´g

Extreme 2
m2 “ 0
a1 “ `g

Extreme 3
m1 “ m2 “ m

a1 “ 0

(A)
ˆ

m1 ´m2

m1

˙

g

(B)
ˆ

m1 ´m2

m2

˙

g

(C)
ˆ

m1 ´m2

m1 `m2

˙

g

(D)
ˆ

m2 ´m1

m1 `m2

˙

g

(E)
ˆ

m1 `m2

m1 ´m2

˙

g

ˆ

0´m2

0

˙

g “ undef.

ˆ

0´m2

m2

˙

g “ ´g

ˆ

0´m2

0`m2

˙

g “ ´g

ˆ

m2 ´ 0

0`m2

˙

g “ `g

ˆ

0`m2

0´m2

˙

g “ ´g

ˆ

m1 ´ 0

m1

˙

g “ `g

ˆ

m1 ´ 0

0

˙

g “ undef.

ˆ

m1 ´ 0

m1 ` 0

˙

g “ `g

ˆ

0´m1

m1 ` 0

˙

g “ ´g

ˆ

m1 ` 0

m1 ´ 0

˙

g “ `g

ˆ

m´m

m

˙

g “ 0

ˆ

m´m

m

˙

g “ 0

ˆ

m´m

m`m

˙

g “ 0

ˆ

m´m

m`m

˙

g “ 0

ˆ

m`m

m´m

˙

g “ undef.

We see that only (C) has the desired behavior for all three extremes, and must be the correct answer.
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Topic 10 � Error Propagation
There are always one or two error propagation questions on each ΣF=ma~ ~ Exam. They are straight-
forward if you know the formulae and how to apply them.

If measured quantities x and y have Gaussian uncertainties ∆x and ∆y, which is always true, but
rarely explicitly stated on the ΣF=ma~ ~ Exam, uncertainties of multiple measurements follow the rules
presented in this Topic.

Note that p∆xq2 ‰ ∆px2q. Don’t write ∆x2 without parentheses under any circumstances.

10¨1 � Basic Error Propagation
Additive Uncertainties. If you have two uncertain quantities which are added,

∆px` yq “
a

p∆xq2 ` p∆yq2.

Multiplicative Uncertainties. The product of two uncertain quantities has uncertainty

∆pxyq “
a

px∆yq2 ` py∆xq2.

Uncertainty of Exponentiated Quantities. The uncertainty of an uncertain quantity raised to a
power is given by

∆pxaq “ |a|xa´1∆x.

10¨2 � Multiple Trials and Weighted Results
Error propagation for multiple trials and weighted results works the same way as additive uncertainties,
except the final uncertainty is divided by the square root of the number of trials or total weighting.

Question. Two experimenters, Xavier and Yvonne, performed the same experiment and obtained
results x˘∆x and y ˘∆y, respectively. Notably, Yvonne obtained her results over two trials, so we
wish to weight her measurement twice as much. What is the uncertainty of their collective result?

Solution. In this case, we would say

∆px` 2yq “
1
?

3

a

p∆xq2 ` 2p∆yq2.
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10¨3 � Relative Uncertainties
Another favorite method for propagating uncertainties is the use of relative uncertainties. When two
uncertain quantities are multiplied or divided, their relative uncertainties add in quadrature. For
example, if you measure a displacement x˘∆x taking place over a time t˘∆t, the velocity should
be reported as v “ x{t, with uncertainty ∆v as given by

∆v

v
“

d

ˆ

∆x

x

˙2

`

ˆ

∆t

t

˙2

.

10¨4 � Chaining Rules
Question. Consider an experiment to measure the acceleration due to gravity g, accomplished by
measuring the length and period of a simple pendulum. WemeasuredL˘∆L and T˘∆T , respectively.
What is g ˘∆g?

Solution. We know that g “ 4π2L{T 2. So, our first step is to find ∆pT´2q. We use the rule for
uncertainty of exponentiated quantities to say

∆
`

T´2
˘

“ | ´ 2|T p´2´1q∆T “ 2T´3∆T.

Next, we want to find ∆pLT´2q, which is

∆pLT´2q “

b

“

L∆ pT´2q
‰2
`
“

pT´2q∆L
‰2
“

b

“

2LT´3∆T
‰2
`
“

pT´2q∆L
‰2

from the rule for multiplicative uncertainties. Lastly, we tack on our scalar factor, and see

∆g “ 4π2
b

“

2LT´3∆T
‰2
`
“

pT´2q∆L
‰2
.
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