CROSS-ENERGY OF DIRICHLET PARTIAL SUMS.
PART 16: STRUCTURAL LIMITS OF THE CROSS-ENERGY METHOD

PEDRO CACERES

ABSTRACT. This is Part 16 of a series on the cross-energy Ca2(N,s) = |Xn(s)]? — | Xn-1(s)]* —
N729 of the partial sums of ¢. It explains why the cross-energy alone cannot prove the Riemann
hypothesis. The Epstein zeta function of m? + 100n? has nonnegative coefficients, a simple pole,
a functional equation, the C-transform representation and the whole anatomy of the cross-energy,
and a real zero at 0.8133678 ..., where its cross-energy collapses: no argument that uses only these
properties can prove RH. Superpositions with a Dirichlet L-function move zeros off the line, the
convolution identities that express the Euler product through partial sums do not see s, positivity
of cosine sums at the primes pays a correction from the pole, and twists and scale recursions do not
supply the missing input. The paper ends with the claims of the author’s earlier preprints that do
not hold, each with a counterexample. We do not prove the Riemann hypothesis.
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1. INTRODUCTION

Let Xn(s) = > p<n k~° be the partial sums of the Dirichlet series of {, with s = o + it. The
cross-energy of consecutive partial sums is

_ N
Co(N,'s) = | Xn(s)* — [Xn_1(s)]> = N7 = 2Re (Xn_1(s) N5) =2N 7 Y 07 cos (t log ;).
n<N
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It records how the newest term N ~° interacts with all the previous ones. This part explains why
the cross-energy alone cannot prove RH: every property that Cs sees is shared by an Epstein zeta
function with a real zero off the line, and the natural ways of bringing in the Euler product through
partial sums are blind to s.

Throughout, p = B + i7 is a nontrivial zero of (, ® = supf, A = s(1 — s), &(s) = %3(3 —
1)7r_s/2F(§)§(s), and

1
Cp=Y ——— =247 —logdr = 0.0461914 . ..
B zp:p(l_p) + 0 — log 4w :

the sum taken in symmetric order [Dal; under RH, p(1 — p) = |p|? = 1 ++2. We write Yn(s) =
N'=%/(1 — s) for the continuous envelope of Xy and X§ = Xy — 1N ~%.

This paper is Part 16 of the series Cross-energy of Dirichlet partial sums (seventeen parts; the
plan of the series is in Part 1 [CE1]). It uses the notation and the basic results of Part 1, in
particular [CE1, Theorem A], which are cited with the prefix [CE1].

1.1. Main results. Structural limits (Section 2). The Epstein zeta function of m? + 100n?
has nonnegative coefficients, a pole, a functional equation, the C-transform representation and
the whole anatomy of [CE1, Theorem 3.11], and a real zero at 0.8133678. .., where its cross-energy
collapses (Theorem 2.2): no argument that uses only these properties can prove RH. Superpositions,
convolution identities, Bochner duality and twists give further limits, and the section ends with the
claims of the earlier preprints that do not hold.

1.2. What is new and what is classical. The Epstein obstruction in cross-energy form (Theorem
2.2) and the limits of superpositions, convolution identities and twists are, as far as we know, new
in this form. The real zeros of Epstein zeta functions are classical [BG]. We do not prove the
Riemann hypothesis.

2. STRUCTURAL LIMITS

The criteria of the other parts of the series are equivalent to RH or implied by it, and each was
tested on functions that share some of the structure of { and have zeros off the critical line. This
section collects what those tests show about the reach of the cross-energy. It contains four kinds
of statement: a control that has every property of ¢ used by Co except the Euler product (the
Epstein zeta function of m? + 100n?); constructions in which zeros leave the line (superpositions);
identities and positivity principles that provably cannot see the real part of a zero; and the pole
barrier, which limits every linear positivity argument. It ends with the comparison table of ¢ and
the Davenport—Heilbronn function and with the list of statements that do not hold.

2.1. The Epstein obstruction. C; for a general Dirichlet series. We use the notation of
Part 1 [CE1]: for real coefficients (a,,) with Dirichlet series F, the cross-energy K%(x,s) of [CEL,
(3.18)], Hypothesis (H), [CE1, Lemma 3.10] and [CE1, Theorem 3.11]. [CE1, Lemma 3.10] is the C-
transform representation of Part 1 [CE1] in the generality of (H), F(s) = lim, [X%(s) —ca'™*/(1—
s)], and [CE1, Theorem 3.11] gives the anatomy [CE1, (3.20)] and, for § < %, the trichotomy,
whether or not F(s) = 0.

For ¢ this is the trichotomy of [CEl, Theorem 3.2], and through it RH takes the form of a
non-collapse statement: since limy Co (N, p) is +oo, 1/(y% + %) or 0 according as 8 < %, 8= % or

B> %, and since 1 — p is a zero with real part 1 — /3,

RH 1}\511 inf Cy(N, p) > 0 for every nontrivial zero p. (2.1)
—00
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This is a reformulation, not a reduction: by [CE1, (3.20)], liminfy C2(N,s) > 0 is equivalent to
o< % at every point s of the strip, zero or not. The Epstein zeta function below shows that (2.1)
cannot be proved from the structure that Cs sees.

An Epstein zeta function with an off-line zero. Let Q(m,n) = m? + 100n? and

Zo(s)= > Qmn) =D rok)k™,  ro(k)=#{(m,n):Q(m,n) =k} >0.  (2.2)

(m,n)#£(0,0) k>1

The following facts are classical. Zg is meromorphic on C with a single simple pole at s = 1, of
residue 27/4/400 = 7/10. Hypothesis (H) holds with ¢ = 7/10 (the area of the ellipse Q < 1), with
0 = % by Gauss’s argument and 6 = % by the classical lattice-point estimate for ellipses; we use
0 = 3. With Ag(s) = (10/7)°I'(s)Zq(s) one has Ag(s) = Ag(1 — s), by the theta transformation
and Zg+(s) = 100°Zg(s) for the dual form Q*(m,n) = m? + n?/100. The coefficients are real, so
the zeros of Zg are symmetric under p — 1 — p, exactly as for (. Splitting the Mellin integral of
the theta function at 1 gives, with £ = 100,

—1/2 s, m(v — S, T
T = S g S G 09
v#0 v#£0

where I'(s, y) is the incomplete gamma function and both sums converge rapidly for every s.

Proposition 2.1 (a real zero off the line). Zg has a real zero fy = 0.813367836786 . . ., and the
reflected zero 1 — By = 0.186632163214 .

The existence of real zeros in (2, 1) for m? + kn? once k exceeds a threshold k ~ 49.17 (Vk ~
7.0123) is classical [BG]. The value was computed from (2.3) and validated in three ways: for k = 1
the same code reproduces 4¢(s)L(s, x—4) to 107%; Z5(0.7) = 0.54710 from (2.3) agrees with the
value 0.5476 obtained by lattice summation through [CE1l, Lemma 3.10]; and as k varies there is
no real zero in (%, 1) at k = 40, and there is one at 0.529, 0.680 and 0.813 for k£ = 50, 60, 100,
consistent with the threshold of [BG]. Status: classical [BG] (existence); the value is numerical
(anc/epstein/epstein_checks.py).

Theorem 2.2 (Epstein collapse and the Obstruction Principle). (a) At the zero fo,

K®(z, By) = 1 & Ecﬁo 2720 1 O(29720) — 0, = o
Hence the analogue of (2.1) for Zg is false: Zg has a zero at which its cross-energy collapses. At
the reflected zero, K%(z,1 — By) — +o00. (b) The following hold for Zg, with only the insertion
of the weights rg(n): the Dirichlet structure with nonnegative coefficients and a simple pole at

= 1; the continuous component and the C-transform representation ([CEl, Lemma 3.10]); a
functional equation of the same type and the symmetry p — 1 — p of the zeros; every exact
identity that follows from the recurrence X,? — X,?_l = rgo(n)n~*, in particular the energy identity
|X,§2|2 - |Xf;271|2 =rgo(n)*n=27 +2rg(n) Re [Xgﬁl(s)n_g]; and the anatomy and trichotomy ([CEL,
Theorem 3.11]). (c) Consequently, no argument that uses only the properties listed in (b) can prove
(2.1) for ¢.

Proof. (a) is [CE1, Theorem 3.11] with F' = Zg, s = fy, t =0 and 0 = % < Bo; the term F(5y)
vanishes. At the real point 1— Sy < 3 all terms of [CEL, (3.18)] are positive, and Yon<a QM™% ~
cxz'=7/(1 — o) by partial summation from R(z) ~ cz, so K9(z,1— ) < 2201 — 0o. (b) collects
the classical facts above and the results of this subsection. (¢) An argument that uses only these
properties applies verbatim to Zg, and would contradict (a). O Status: (a) and (b) proved; (c) is
a methodological consequence of (a) and (b).

Direct lattice summation confirms (a) (Table 1).

Practical form. Every proposed step towards (2.1) must be tested against Zg: a step that
remains valid for Zg cannot be the step that excludes off-line zeros. Among the controls used

s
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r XCP(Bo) —cal=P /(1 —By) K9(x,By) 2-al-2M

1—0o
10° 0.0010 0.002475 [6.002475
106 —0.0017 0.000584 0.000584
107 0.0002 0.000138 0.000138
4107 0.0001 0.000058 0.000058

TABLE 1. Collapse of the cross-energy of Zg, Q = m? + 100n?, at its zero By =
0.8133678: the first column tends to Zg(8) = 0 and K follows the structural term
alone. Computed with anc/epstein/c2 numerics.py (section epstein) and anc/
epstein/epstein_checks.py.

in this series, Zg is the sharpest for Cy, because it has a pole, nonnegative coefficients and the
trichotomy, none of which the Davenport—Heilbronn function has (its Dirichlet series has no pole,
and its analogue of Cy tends to 0 at every point of o > 0).

What distinguishes (. The decisive difference between ¢ and Z is the Euler product, in the
form

!
—Cg(s) = Z A(n)n™%, A(n) > 0 supported on the prime powers. (2.4)
n>1

Proposition 2.3 (the logarithmic derivative of Zg is not one-signed). The coefficients bg(n) of
~24/Zq = 3,59 bg(n)n~* are not all nonnegative. For Q = m? 4 100n” the first negative one is
bg(10000) = —log 100, and there are 183 negative coefficients with n < 2.10°. For Q = m?+5n? the
first negative one is b(36) = —7.167038. .., and there are 2604 with n < 2-10°. Status: numerical
(anc/epstein/epstein checks.py; by from the recursion f(n)logn = -, bq(d)f(n/d), f =
rQ/2).

Positivity of A underlies every known zero-free region, through 3+4 cos §+cos 20 = 2(1+cos 6)? >
0 ([CE10, Proposition 3.6]), and it is not known to reach o = % The conclusion here is only that
any rigidity principle for Cp must use this positivity, or another property that Zg lacks. The
Epstein obstruction first appeared in [C1]; the version above corrects its statement of hypothesis
(H) (which needs 6 < o) and drops from the list (b) the Mellin transform of C3, whose analogue
for general weights we have not verified.

2.2. Superpositions and the line as a level set. The Davenport—Heilbronn phenomenon, zeros
off the line for a linear combination of L-functions with the same functional equation, can be followed
continuously. Let x5 be the real (even) character modulo 5 and

A(s,x5) = 2s(s — 1)(5/m)**T(3)L(s, x5), G:=&+eA(-,x5) (e€R),
where A(s,x5), a completed L-function, is not to be confused with the von Mangoldt function.
Then G:(s) = G<(1 — s), Ge(5) = Ge(s), and G is real on the critical line. For 0 < ¢ < 100, £ has
29 zeros and A(-, x5) has 54, all on the line. The next two propositions locate the zeros of G..
Proposition 2.4 (distant zeros of a superposition). Let 0 < & < 57%/2 and put
~ 2log(1/e) 2mi(2k + 1)

= > -
c log 5 (25), Sk =0ct log5

2m
R ={lo— o <1, |t~ Tmsy < @} (ke2).
Then: (i) G- has no zeros with o > 2 outside (J, Rg; (ii) each Ry, contains exactly one zero py of
G-, and it is simple; (iii) with § = ((0. — 1)®2 — 1 and A(s) = L(s, x5)/<(s),
5

2 4
- — = (975 —5k 470¢).
logh 1 -4’ Pk Sk+log5( 37 +O( )

2
— 5. — —_Log A sl <
e (o) lok — skl <
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The points 1 — pi are zeros as well.

Proof. The factors s(s — 1)I'($) are common to & and A(+, x5), so G- = £ H with H(s) = 1 +
£5%/2A(s), and € # 0 for o > 1. The Dirichlet series A(s) = 3 a(n)n~° has a = x5 * i, so a(1) = 1,
a(2) = a(3) = —2 and |a(n)| < 2¢(M < d(n); hence |A(s)| < ¢(0)? and |A(s) — 1| < ¢(0)? — 1 for
o > 1. Note |e5°/2| = 5(7=0¢)/2,

(i) The rectangles Ry tile the strip [0 — o] < 1. If 3 < ¢ < 0. — 1, then [e5%/2A(s)| <
571/2¢(5)2 = 0.804, s0 |H| > 0.196. If ¢ > 0.+1 > 6, then [e5/2A(s)| > 51/2(2—¢(6)?) > 2,
so |H| > 1.

(ii) Let Ho(s) = 1 + €52, whose zeros are the points sy, all simple, one in each Rj. On the
vertical sides of Ry, |€5°/2| = 5F%/2 and |Hyg| > 1 — 5~ /2 = 0.553. On the horizontal
sides %log5 € 2nZ, s0 €552 > 0and Hy > 1. On Ry, 0 > 0. — 1 > 4 and |H — Hy| =
e5%/2||A — 1] < 5'/2(¢(4)? — 1) = 0.383 < 0.553. By Rouché’s theorem H and Hy have the
same number of zeros in Ry, counted with multiplicity, namely one.

(iif) At pp we have e57%/2A(py,) = —1 = 5°%/2, so 5(Pk=5k)/2 A(p;.) = 1. Since |Im(py, — s3)| <
27/log 5 and |A(pr) — 1| < § < 1, the principal branch gives the first identity, and | Log(1+
w)| < |w|/(1 — |w|) gives the bound. Finally Log A(p) = —2-277 — 2372 + O(477), and
27Pk — 275k = O(27%|pr — sk|) = O(477¢). The last assertion follows from the functional
equation and G:(8) = G.(s). O Status: proved; the checks below are numerical (anc/
quantum/superposition/).

The proof applies to any two primitive Dirichlet characters of the same parity and conductors

. . . Tlog5 . -
q1 < q2, with 5 replaced by ¢2/q1 and the constants adjusted. The distant zeros, about —£%= with

0 < t < T on each side of the line, account for the difference % log 5 between the counting functions
of L(s,xs) and ¢. Numerically, with ¢ = 1073, 107*, 1076 and 0 < k < 5, the zeros obtained by
Newton’s method satisfy |py —s| < 6.5-1073, 8.9-107%, 1.7-107° (bound (iii): 1.4-1072, 1.8-1073,

3.4 -107%), and after subtracting the correction 10‘;5(2_51“ + 37°%) the differences are 3.1 - 1075,

5.6-1077, 2.0 - 10710, For ¢ = 59/2 the argument principle gives exactly one zero in each of
R_35,...,Rs.

Proposition 2.5 (the line as a level set). Let X (¢) = £(3 +it) and Y (t) = A(3 + it, x5), both
real for real ¢, and r = —X/Y, a real meromorphic function of t. For real ¢ and real ¢ with Y () # 0:

(i) 3+ it is a zero of G, if and only if r(t) = e, and its multiplicity is the order of vanishing of
r—eatt.
(ii) If r(to) = eo and /(o) # 0, then for € close to gy the function G. has exactly one zero near
% + itg, and it lies on the line.
(iii) If v/ (t.) = 0 # 7" (t.) and . = r(t.), then for € close to e, the function G, has exactly two
zeros near 3 +itc. If (e —e.)/r"(t.) > 0 they lie on the line, at t = t. +/2(c — &c) /1" (tc) +
O(le — &c); if (e — &) /" (te) < O they are

2le — e,
" (te)|

(iv) Let K be a compact subset of the strip and I an interval such that no G, ¢ € I, vanishes
on OK. Then the number of zeros of G in K off the line is constant on every subinterval
of I that contains no critical value r(t.) with % +it. € K, and it changes by 2 at each
nondegenerate one.

Proof. Near the line, G.(3 +i2) = X (2) +eY(z) = Y(2)(e — r(z)), with X, Y entire and real on

the real axis, which gives (i). The zeros of G, are symmetric under s — 1 —§; in the variable z this
is z — Zz. In (ii), r — € has a single zero near tg by the implicit function theorem; since the zero set is

invariant under conjugation, that zero is real. In (iii), write r(t. +w) — e = 2" (t.)w?u(w) with u

+ +ite + O(le —&|).

D=

pr =
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analytic and u(0) = 1, and ¢(w) = wy/u(w), which is analytic and invertible near 0 with ¢'(0) = 1.
Then r(t. +w) = ¢ if and only if ¢(w) = +c with ¢ = 2(e —&.) /7" (t.), so w = £c+ O(|c|?). If ¢ is
real the two zeros are real, that is, on the line; if ¢ = i|c| they are t. +i|c| + O(|c|?), and s = £ + iz
gives p4. (iv) By the argument principle the number of zeros in K is constant on I. The number
on the line changes only where a zero on the line ceases to be simple, which by (ii) and (iii) happens
only at critical values, where it changes by 2. [J Status: proved; the computations are numerical
(anc/quantum/superposition/).
The proposition reduces the zeros on the line to the graph of the single real function r(t) =

—&(3 +it)/A(3 +it, x5): a horizontal line at height ¢ meets it at the zeros on the line, a local
maximum of r above 0 is a value of € at which a pair leaves the line, and a local minimum one
at which a pair lands (Figure 2). For 0 < t < 100 the counts of solutions of r(t) = € coincide
with the zeros found directly for all twenty values of € tested. The positive critical values below
1 are 0.0931 (maximum at ¢ = 60.434, where 29 zeros on the line become 27), 0.1742 (minimum
at t = 3.777, back to 29), 0.6197 (minimum at ¢ = 57.668) and 0.8747 (minimum at ¢ = 11.020).
For the landing at ¢, = 57.668, r”(t.) = 1.7278, and (iii) predicts 5 — % = 1.0759+/¢. — ¢; the zero
followed by Newton’s method gives 1.0768, and the ratio stays at 1.0759 for 1076 < ¢, —e < 1073.

The global picture is in Figure 1. For every € > 0, G, has the larger zero count, and for small ¢

the 13 additional pairs with ¢ < 100 lie where the two terms have equal size, at § ~ 2log(1/¢)/log 5
spaced by 47/log5 = 7.81 in t (Proposition 2.4): the median 3 is 8.585, 5.733, 3.795 for ¢ = 1073

1072, 0.05, against 8.584, 5.723, 3.723. As ¢ — 0 these zeros recede to 1nﬁn1ty, while the zeros of 5
stay on the line apart from one pair, which leaves it at ¢ = 0.0931 near t = 60.43. As ¢ grows the
distant zeros enter the strip and land on the line in pairs, through square-root bifurcations, and
the number of zeros on the line increases from 29 to 54. Together with Proposition 2.4, zeros of
G reach the strip off the line either from infinity or through a critical point of r, and at no other
place can they leave the line. The two pure functions have all their zeros (in this range) on the line;
every superposition has zeros off it. In this language RH says that ( contains no second component,
however small. The same phenomenon appears in the Dirichlet series ) e2mina/ap=s of an additive
character, a superposition of several primitive L-functions when ¢ > 3: every zero found with ¢ < 40
lies off the line, with max |8 — §| = 0.66, 0.73, 0.79, 0.77, 0.78, 0.81 for a/q = 1,4, %, %, 2,4, in
accordance with [DH] (anc/quantum/).

2.3. Identities that do not see s, and positivity on the wrong side. Proposition 2.6
(convolution identities do not see s). Let f,g be arithmetic functions, h = f x g, Gp(s) =
Y om<n 9(m)m™* and Hy(s) =3, < h(n)n™°. Then for every N and every s € C

> F(d)d™* Gnyay(s) = Hn(s).

d<N

More generally the identity remains true when n=* is replaced by z¥(") = H xp ") for an arbitrary
sequence (xp) of complex numbers.

Proof. The left side is ) ,..<xn f(d)g(m)(dm)~*, and grouping the terms with dm = n gives
Hy(s). Only (dm)=* = d~*m~* was used, which also holds for z¥(#™) = g¥(d)zv(m) [ Status:
proved; the computations below are numerical (anc/euler_identities/chk.py).

With f = p, g = 1 this gives >,y pu(d)d*X|n/q)(s) = 1; with f = A, g = 1 it gives
—XN(8) = Ygen A(d)d™ X nya)(s); and for VN < y < N the decomposition by the largest
prime factor gives Xn(s) = Ey n(s) + 2, c,<n P "X|nyp|(s), where Ey n is the sum over the y-
smooth n < N. All three hold at every s, at a zero of ¢ or not, and for every value of 3; they
are consequences of unique factorization, and by the proposition they cannot restrict the position
of the zeros. In Bohr’s correspondence [Bh] X is the restriction of a polynomial in the infinitely
many variables x, to the points x, = p~*, which wind densely around the torus |z,| = p~7 as



)

=

1
=7

B (zeros with B

—E/A(- xs) on 0 =1

)

50 4

40 4

301...

20 4

10 4

IS

w

N

CROSS-ENERGY OF DIRICHLET PARTIAL SUMS, PART 16

(@) zeros of £(s) + £A\(s, xs); ticks: on-line zeros for e = 1072 and 100

{b) small coherence: the extra zeros sit far away, at 552 =1
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FIGURE 1. Zeros of the superposition G. = € + eA(-,x5). (a) Zeros with g > 1,
t < 100, for five values of ¢; ticks: zeros on the line. (b) Median 8 of the distant
zeros against 2log(1/e)/log5 (Proposition 2.4). (c¢) Number of zeros on the line and
1 . . 1 . o
in 5 < < 1. (d) Landing of one pair: § — 5 against . — ¢ (Proposition 2.5(iii)).
(a) zeros on the line of G. = solutions of r(t) = &; green: minima, red: maxima (b) zeros on the line, 0 < t < 100; dotted: critical values of r (c) landing at t. = 57.668, £ = 0.61971: prefactor
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FIGURE 2. The line as a level set (Proposition 2.5). (a) r(t)

—&/A(, x5) on the

critical line, clipped at the poles; dots: positive critical values (green minima, red
maxima); dashed: ¢ = 0.0931 and 0.6197. (b) Number of solutions of r(¢) = & with
0 < t < 100 and the zeros on the line found directly; dotted: critical values. (c)
(B— %)/\/507—5 for the pair landing at t. = 57.668, against \/2/r"(t.); the departure
for e, — e < 1076 reflects the precision of e...
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t varies; identities that follow from multiplicativity hold on the whole space of the x,. The real
part 3 enters only through the radii p~° and through the continuation term N'=%/(1 — s) of the
Euler—-Maclaurin expansion, which is not an identity between Dirichlet polynomials.

The computations confirm this. With the primes up to 10°, the prime sum

s)=2Re Y AN d*X|(n_1)4(5)
d<N
agrees with —2Re[N~X},_,(s)] to 10715 at py, p2 and at 0.37 + 20i, which is not a zero, and the
Moébius identity holds to 107! at the same points for N = 10%,10%,10%. At a zero, Euler-Maclaurin
and Y, nA(d)/d =1og N — v + o(1) give

Pn(p) — Ca(N,p) > Agl) = K(p)N'72% —2Re [N (p)] + o(N'729),
d<N

where K (p) = 1A, — 2Re(1 — p)~% and A, = 2Re 1 is the constant of the structural term of

Csy. At p1, K = 0.01286, and the left side is 0. 0133 () 0084, 0.0116 for N = 10%, 10°, 10°, the
deviations being of the size 2|¢’(p1)|N /2 of the second term. The leading terms A,N'=2Plog N
cancel, and the only arithmetic ingredient of the remaining coefficient is Mertens’ constant: the
primes reproduce the expansion of C5 and do not constrain it. Likewise, in the decomposition by
the largest prime factor with y = N?, the main term N'=?/(1 — p) of Xy (p) is shared by the large
primes and the smooth part in the proportions —log® and 1 + logd [Bul; for 9 = % the smooth
share at p; is 0.245, 0.267, 0.270 for N = 10%, 10, 108, approaching 1 — log2 = 0.307 slowly. A
quantity that sees § must compare p with 1 — p: the product pPp~ (=P = p=1=2I7 Jpes not see
B, whereas the ratio |p=|/|p~(1=?)| = p'=2# does. Summed over the zeros with a test function,
comparisons of this kind form Weil’s functional of Part 10 [CE10] (the expansion at a zero is derived
in outline above; the reflected comparison is the subject of [CE3]).

Proposition 2.7 (entropy forms and Bochner duality). Let 7" be an even real tempered distri-
bution on R and Q(f) = [[ f(z)f(y) T(z —y) dzdy for f € C(R).

(i) Q(f) > 0 for all f if and only if T is a positive measure, and then Q(f =/ |F (&2 dT(¢)
(with the normalization of the Fourier transform implicit in Parseval’s formula)
(ii) If there is a positive measure p with Q(f) = [ |f(x )|2dp(z) for all f, then p is a constant

multiple of Lebesgue measure and T' = 0(5

Proof. (i) is the Bochner—Schwartz theorem, with Parseval. (ii) By polarization the sesquilinear
forms [[ f(x)g(y)T(z —y) and [ fgdp coincide, so T'(z —y) = p(z)d(x —y) as distributions on R2.
The left side is invariant under (x,y) — (x + a,y + a), hence so is p, which is therefore c¢dz, and
then T' = ¢d. [0 Status: proved; the comparison below is numerical (anc/weil/).

For ¢, Weil’s form of Part 10 [CE10] is ) with

T = (pole) 4 (archimedean part) — Z A\(}fb) (5logn +4_ 1ogn),

and, when the zeros are on the line, T = > 0 d~, up to normalization. A second-order expansion
of a relative entropy, a variance or a Fisher information, for distributions on the integers or on
z = logn, is a form [ |h|?>dp with p > 0. By (ii) such a form cannot be Weil’s, since T is not a
multiple of § (its masses at the prime powers are negative). By (i) Weil’s form is a form of this kind
on the spectral side, Q(f) = >_, | f(7)|?, with the zeros as reference measure. A divergence between
positive distributions built from the integers therefore produces positivity on the wrong side of the
duality, and on the right side the positive measure is the set of zeros itself. For the same reason the
entropies and coherences of the normalized vector ¢(20)~/2 3" n~*|n), which is obtained from its
value at t = 0 by the diagonal unitary e~ #!°¢" depend on o alone and carry no information on

n
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the zeros. We checked the spectral representation in the basis of cubic B-splines of mesh D = 0.03,
where the form is a Toeplitz matrix [w(j —k)]: the values w(m) computed from the primes, the pole
and the archimedean term agree with > 2K (7) cos(ymD), K (r) = (2sin(rD/2)/r)® > 0, summed
over the 341 zeros with v < 600 plus the tail from the zero density, to 10710 (w(0) = 21.0981776757
from both sides) for 0 < m < 180. In this form the matrix is 3 2R’(’y)vvv$ with v, = (e7kP),
a sum of positive rank-one terms; for the Davenport—Heilbronn function the decomposition has
complex v, and the smallest eigenvalue is —2.90 at window length 4.2 and —7.47 at 5.4.

2.4. The pole barrier. Positivity and the pole. For every z, o > 0 and real ¢, with E,(s) =
Hpgx(l —p~*)7L, the inequality of Mertens and de la Vallée Poussin [T, §3.3],

—ko
3log|Ey(0)| + 4log |Ex(o + it)| + log | Ex (o + 2it)| = Z Z pT (3+4cosb, + cos26,) >0,
p<z k>1

with 6, = ktlogp, holds exactly. Inside the strip the partial products diverge, and the correction
that turns them into ¢ [CES8] must be subtracted. At (o,t) = (0.7,14.13) and z = 2 - 10° the
positive sum is 70.77, the pole correction —74.45, and the total —3.69, against the limit 3log | (o) |+
4log |¢ (o +it)| 4+ log |¢ (o + 2it)| = —3.77. Inside the strip the positive sum grows like 3217 /((1 —
o) log x), and the correction from the real point o cancels it. This cannot be avoided: a nonnegative
trigonometric polynomial ) | a; cos j6 has ag > 0, and the ag term sits at t = 0, at the pole. Counting
only leading terms, a zero at 3 + it lowers the left side by about 42°~7/((8 — o) log ), while the
margin left by the pole is about 3277 /((1 — o) log x); optimizing over o, the inequality excludes
exactly the zeros with 8 > 1 — 0.427/log x, with the same constant for z from 10% to 10!%° and
with z a power of ¢ this is the shape of the zero-free region of [CE10, Proposition 3.6]. The same
happens for the Fejér kernels of degree 2, 4, 8, 16: the combination Y, ay Re(—¢'/{)(0 + ikt) at
t = 1 is positive for ¢ > 1 and already negative at ¢ = 0.98. Status: the identity is exact; the
scaling is heuristic (leading terms); the computations are numerical (anc/euler/).

Twisting by characters does not remove the pole term.

Proposition 2.8 (twists). Let F'(0) = _;<, cje? be a nonnegative trigonometric polynomial,
not identically zero, let 1) be a Dirichlet character mod ¢, and put

@y (0,t) = Z cjlog E; (0 +ijt, W), log E,(s,v) = ZZ M

k
71<J p<z k>1

Then ®,(0,t) > 0 for all 2, ¢ > 0 and ¢, and its j = 0 term is ¢g log F(c, %) with ¢g > 0 and 9"
the principal character mod ¢q. For 0 < ¢ < 1 this term is co 2!~ /((1 — o) log z) (1 + o(1)).
Proof. The prime power p*, p 1 q, contributes

—ko B —ko
E S gettklam vt —tlonn) pT F(k(arg 1 (p) — tlogp)) > 0,
i

k

and the primes dividing g contribute nothing. The constant coefficient ¢ is the mean of F', which is
positive. The asymptotic is the prime number theorem in the form > p~7 ~ 2177 /((1—0)log ),
the terms k£ > 2 being of lower order. [J Status: proved. B

The same argument applies to several characters at once, with F' a nonnegative trigonometric
polynomial on a torus. A twist rotates the phase of each prime by arg(p) but leaves the mean of
F' attached to the principal character, which carries the pole. For a single nonprincipal character
there is no pole: for the character modulo 5 of the Davenport—Heilbronn function the uncorrected
product E,(s,x) approaches L(s, x) in the strip, with |F, /L—1| = 0.070, 0.025, 0.017, 0.009, 0.003
at s = 0.75485.7i for x = 103,...,2-10°%; but no linear inequality with nonnegative coefficients can
be built from it alone. The quadratic analogue, averaging | Zp x(p)ap|? over a family of characters,
is the large sieve, which is how the density estimates used after [CE10, Theorem 3.7] are proved.
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Proposition 2.9 (no linear polarization without the pole). Let F(z) = ZJK:1 cjcos(tjz + ¢;)
with real ¢;, ¢; and distinct ¢; > 0, so that F' has no constant term. If F'(logp) > 0 for all but
finitely many primes p, then F' = 0. ‘

Proof. For real u # 0 the partial sums Zpgx p~ 17" are bounded as x — oo; this is the prime

number theorem in the form ¢((1 +4u) # 0 [T, Ch. III]. Since }° . p~! — oo, the weighted mean
(Ge = p<s G(logp)p™'/ Zpgpr tends to 0 for every G(x) = cos(uz + ¢) with u # 0, and to
1 for G = 1. Hence (F'), — 0. Expanding the square,

F2 — % Z c?—l—% Z c? cos(2t;x+2¢;) —I—Z cicr [ cos((tj—ty)m+d;— dr) +cos((tj+tr)z+ i+ o)),
J J Jj<k

in which every non-constant term has a nonzero frequency, so (F?), — 23~ cjz. If F(logp) > 0 for

all large p, then F(logp)? < || F|leF (logp) there, and the finitely many exceptions do not affect the

limits; hence 3 3 c? < ||F|loo limg (F'), = 0. O Status: proved; the optimization below is numerical

(anc/polarization/lp.py).

The proposition explains the term ag > 0 in [CE10, (3.3)] and in Proposition 2.8: a combination
of the values Re %(U + it;) that is positive prime by prime must contain the point ¢ = 0, that is,
the pole. The obstruction is the uniform distribution of the angles ¢logp, which follows from the
absence of zeros on ¢ = 1. Finitely many primes can be polarized: maximizing min, F'(logp) by
linear programming over 80 frequencies in [0.5,40] with |¢;| < 1 gives a positive minimum 12.6,
5.5 and 1.6 on the primes up to 30, 100 and 1000, but the optimized F is then negative on 57%,
52% and 59% of the primes from there to 10°. In the language of Part 10 [CE10] the same barrier
appears twice: the Poisson kernel hs; that represents the energy slope is not admissible in the
explicit formula for o < 1 ([CE10, Theorem 3.13(a)]), and the partition-function reading of ¢ has
its phase transition at o = 1 ([CE10, Remark 3.11]). A positivity without the pole term can only
be quadratic, | Y a,n %% > 0: this is the route of the density theorems ([CE10, Proposition 3.9]),
which show that off-line zeros are rare and not that they are absent, and of Weil’s functional, whose
margin on windows collapses superexponentially [CE12].

2.5. What the cross-energy cannot do by itself. The results of this section and of Part 10
[CE10] can be summarized as a list of no-go statements. Each is proved, or is a direct consequence
of a proved statement, unless marked otherwise.

1. Properties shared with Z¢g. Nonnegative coefficients, a pole, the C-transform representation,
a functional equation, the exact recurrence identities and the trichotomy do not imply the
non-collapse statement (2.1) (Theorem 2.2).

2. Identities from unique factorization. Convolution identities between partial sums hold at
every s and cannot locate zeros (Proposition 2.6).

3. Positive divergences. Entropy, variance and Fisher-information forms built from distribu-
tions on the integers are positive on the wrong side of the Bochner duality and cannot be
Weil’s form (Proposition 2.7).

4. Linear positivity. Any linear inequality that is positive prime by prime contains the pole,
and pays a correction of size x!77 inside the strip; twisting does not help (Propositions
2.8, 2.9). This limits the energy-slope argument to the region of de la Vallée Poussin type
([CE10, Proposition 3.6]).

5. Quadratic means. Averaged over t the cross-energy keeps only its diagonal; this gives
density theorems but cannot exclude a single zero, and mollification stops at the Jensen
gap ([CE10, Proposition 3.9], [CE10, Remark 3.10]).

6. Finite prime data. The truncated Poisson functional W7y, is exact, but its limit L — oo at
fixed o0 < 11is equivalent to controlling all zeros with 8 > o, and any finite certificate certifies
nothing beyond the known zero-free regions ([CE10, Theorem 3.13], [CE10, Corollary 3.14]).
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Remark 2.10 (scale recursions are neutral). The decompositions of A — 1 into type I and type
IT pieces (Vaughan’s identity, A — 1 = p * (log —7), the recursion ), M(z/k) = 1) are covariant
under dilations: by Mellin transformation the scale operator f Z_n<z f(z/n) is multiplication
by ((s), a profile 2% is mapped to a multiple of 2%, and a bilinear sum inherits the exponent of
its factors (for Y, ;u(m)m==> o (A(n) — 1)n~* the ratio to the product of the ¢* norms
stays between 0.3 and 0.5 with no power trend). Such recursions gain only logarithms, which is
consistent with the fact that elementary methods stop at savings exp(—(log z)¢). Exact periodicity
of N(x) — cx and multiplicativity together determine the ordinary primes among Beurling systems
up to finitely many primes [Hil; each alone fails, as the Davenport—Heilbronn function and Beurling
systems with large oscillation show [DMV, BDV]. Status: the Mellin identity is elementary; the
bilinear ratios are numerical (anc/scale recursions/); the conclusion about proof strategies is
heuristic.

Scale recursions, measured. We tested the neutrality of Remark 2.10 on the dyadic block
A(M;8) =3 pyen<ons(A(n) — 1)n™%, whose growth exponent in M is sup 3 — o (3 — o under RH,
1 — o trivially), comparing ¢ with the Beurling system with a zero at 0.75 +20i [CE17] and, in (e),
with the Davenport—Heilbronn function.

(a) No feedback. The state D(x;s) = Cz(s;A), the C-transform [CEL, (2.12)] of A, satisfies
D(2x) — D(z) = A(x;s) up to a smooth term: the forcing is fixed by the primes in (z, 2z]
and does not depend on D(x), so there is no feedback for a Lyapunov function to use, and
a bound for D is a bound for the sum of the forcings, which is the original problem. What
is visible is coherence. At s = 0.6+ 20i and z = 2%, 10 < k < 25, the cosine between forcing
and state is 0.99 to 1.00 in every window for the Beurling system, whose zero pumps in
phase (the forcing grows with exponent 0.154 against 0.75 — o = 0.15), while for ( it rotates
through both signs, between —0.95 and +0.95. The ratio r of consecutive forcings gives the
Prony estimate s+ logr/log 2, which for the Beurling system scatters around its zero (real
parts 0.56 to 0.93, heights 19.81 to 20.20, mean 0.76 + 20.007) and for ¢ does not converge
(scale_recursions/lyap_prony.py).

(b) Type I against type II. Vaughan’s identity with U = V = M3 splits A(M) exactly into a
type I part P, which uses only the data at scales < M 1/3 together with the exact integers,
and a type Il part T3 = > - /s ambn(mn) ™. At s = 0.6 and M = 219 1P| = 20.86,
|T3] = 20.76 and |A| = 0.103; at s = 0.6 + 207, |P| = 1.92, |T3] = 1.87 and |A] =
0.171 (scale_recursions/vaughan_split.py; the author’s notes give | P| = 20.84, with the
integer sums in P replaced by their Euler-Maclaurin main terms). The cancellation that
would have to be proved is between the two types, not within either; bounding the blocks
one at a time gives only the exponents +0.385 (with the internal cancellation of each block)
and +0.427 (absolute values), against the trivial 1—o = 0.400 (author’s notes, s = 0.64203).
The blocks |A(M)| themselves stay between 0.04 and 0.42 for M =210 ... 223,

(c) Mébius times divisor. From A —1 = p* (log—7), A(M) = >, u(d)d=*T'(M/d) with
I(y) = >, <p<o,(logb — 7(b))b~°. The divisor problem splits I' into a smooth main term
and an error O(y?2=7%¢); summed over d < M'? by the triangle inequality the error
contributes at most M(1+0p)/2=0+¢ " which with Huxley’s §p = 131/416 [Hu03] is M0-057+e
at 0 = 0.6, below the trivial exponent 0.400. That part is provable. What remains are long
Mobius sums: the main term, which carries ) ;.o 1t(d)/d (measured exponent +0.329 at

s = 0.6 + 20i), and the range d > M'/? (—0.248; the divisor error with d < M'/? measures
—0.246 with its cancellation and —0.019 by the triangle inequality; author’s notes). So a
power saving for the primes follows from the divisor problem, which is solved, and a power
saving for long M6bius sums, which is the open core.

(d) The Mébius recursion. The identity >, M(x/k) = 1 holds exactly in both systems up

to 10% (2269791 generalized integers for the Beurling system), and the scale operator is
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multiplication by (, respectively by (p, so the recursion has the same form in a system
where M grows: by itself it cannot force decay.

(e) Periodicity and multiplicativity. The same recursion ». . a(n)B(z/n) =1, b = a1, in
four systems gives the exponents of the twisted dyadic increments of > b(v)v~* in Table
2 (scale_recursions/sierra.py, mobius_res.py). The Davenport-Heilbronn function
reproduces 0.8085 — o to 0.01, the Beurling system 0.75 — o to 0.04, and ¢ and L(s, x5) lie
0.03 to 0.06 above % — o (logarithmic factors at this range). Only the cell that has both
properties behaves as RH predicts, and by Hilberdink’s theorem [Hil] that cell contains a
single system.

system periodic multiplicative ¢ = 0.6 0.7 0.8 0.9
¢ (t=20) yes yes —-0.05 —0.15 —-0.24 -0.34
L(s,xs5) (t =20) yes yes —-0.07 -0.17 —-0.27 —-0.36
Davenport-Heilbronn (¢t = 85.7) yes no +0.22 +0.12 +40.02 -0.09
Beurling, zero 0.75 + 20i (¢t = 20) no yes +0.11 40.01 -0.09 -0.18

TABLE 2. Exponents of the twisted dyadic increments of > __b(v)v~%, b the Dirich-
let inverse of the coefficients a of each system, up to x = 10%; "periodic” refers to
A(z) — cx, A the summatory function of a. The values predicted by the rightmost

zero are + — o, 3 — 0, 0.8085 — o and 0.75 — 0.

v<x

(f) Mébius against the sawtooth. In Y . p(n){z/n} = zm(z) — 1, m(z) = >, ., p(n)/n,
the fast half n < \/z, where {x/n} oscillates, is trivially at most \/x and has measured
exponent 0.256 up to 107; the slow half, where {z/n} is piecewise linear, has exponent
0.485, as the total (0.484), and the two halves are uncorrelated (correlation —0.04). The
2 x 2 table is visible in the fast half (exponents 0.26, 0.31, 0.43 for ¢, Davenport—Heilbronn
and Beurling up to 10°), but for ¢ that half is free. The hyperbola identity >°, ., M(z/k) =
L—am(r) + >, u(n){z/n} + rM(r), r = |/z], is exact (checked to 107), but with
m(r) = M(r)/r — [7° M(u)u=2du it brings back M at every scale above /z: it is circular
(scale_recursions/mitades.py, hiperbola.py).

All the variants end in long M6bius sums or in bilinear forms of type II with both factors at least
2/3, the front on which the best known result is the Vinogradov—Korobov region. Status: (a), (b),
(d), (e) and (f) are numerical (anc/scale_recursions/), except the block-inheritance exponents
in (b) and the measured exponents in (c), which are from the author’s working notes; the reduction
in (c) is proved in outline; the conclusion is heuristic.

2.6. The Davenport—Heilbronn function as a Cy control. The Davenport—Heilbronn function
f=cL(s,x)+ caL(s,X) (x a complex character modulo 5) has a functional equation of the same
type as ¢ and zeros off the line, the first at 0.808517 + 85.699348: [DH]. Each criterion of this paper
was tested on it; Table 3 summarizes the results, with the corrections of Part 10 [CE10] and of
[CE12] applied.

The row of the Euler product is the only one in which f behaves like {: convergence of a logarith-
mic Dirichlet series is controlled by the zeros to its right, whether or not there is an FEuler product.
In every other row the difference comes from the coefficients. Those of log ¢ are A(n)/logn > 0
and live on prime powers; those of log f change sign and live mostly on composite integers. The
pole is the second difference: the trichotomy of Cy and its crossing at a zero are traces of the pole
of ¢ at s = 1, and f, whose series has no pole, has neither. The Epstein function Zg of Theorem
2.2 removes this second difference and keeps the first, which is why it is the sharper control for the
statements of this paper about C5. The full anatomy of an off-line zero of f, the Beurling controls
and the function-field controls are in [CE17]; the Beurling system of [BDR] type, which shares every
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quantity ¢ Davenport—Heilbronn f

limit of Cy trichotomy at o = 3 0 for all o > 0 (no pole)

sign changes of the signed helix ra- 202 of 202 zeros 287 of 303 zeros

dius, 0 <t < 400

convergence of a truncated zero rate n=1/2 rates n*ﬁ, n~(1=P) at the off-

[CE4] line pair (measured n=0-809

0191

explicit spiral of a truncated zero rate N—3/2 M—281 pf—219

[CEA4]

zeros on the circles of the primes bias toward 7 spikes of both signs

[CE4]

prime-signal energy ~ Cp up to 108 grows, rate ~ 20 — 1

local energy in Gaussian windows inside Cp + B(H) grows from 0.22 to 2.06

energy slope ([CE10, Theorems 3.2, min; S =~ 0.39(c — 3) one failure interval per off-line

3.7)) Z€ro

truncated functional Wy ([CE10, inside the RH band [CE10, negative outside the disc

Theorem 3.13]) (3.5)]

Weil matrices on windows [CE12] positive where computed; mar- negative for L > L*, 3.42 <
gin ~ 10—(5.4261’—12.6)7 L S 5 L* S 3.43

two-window Weil form [CE12] |Y|/D < 0.94 up to 3-10° —

Euler product [CES8] converges right of the zeros converges right of the zeros

Euler helix, pairs 3 £ § [CES] Omin ~ 4-107° at x = 10° —

extrema of Z without crossing none for ¢ < 10° 8, at the off-line pairs

TABLE 3. ¢ and the Davenport—Heilbronn function under the Cy criteria. The
threshold 3.42 < L* < 3.43 replaces the value 3.6 of earlier versions, which is where
the negative eigenvalue first exceeds double precision; the margin law 10763L% of
earlier versions holds only in a fixed finite basis; in converged bases the margin of ¢
follows 10~ (542" ~12.6) [CE12).

zero of ¢ and has an additional real zero at 0.6, and its detection by the reflected cross-energy, are
in [CE3].

2.7. What does not hold. The following assertions of the author’s earlier preprints, or of earlier
versions of the consolidated paper, are not valid, or not proved, and are not used here.

1.

Cy(N,o,t) = 0 does not imply o = % Finite crossings of the cross-energy occur off the
critical line. The simplest example is C2(2, s) = 2Re27% = 2177 cos(t log 2), which vanishes
at t = m/(2log2) for every o. At zeros, the crossing law of Part 1 [CEl] is a statement

about the Hurwitz tail at an arbitrary point s: a zero p with 8 # % and |v| large, if it
existed, would have its own crossing at n*(p) =%+ % + (28 — 1)(% -3 +0(2).
The vanishing of XG—YS does not force | X§|? and |Y{|? to be linear in N. The continuous
energy |Y{(s)|? = N2727/|1 — s|? is linear in N if and only if ¢ = 4, but at every zero,
whatever its abscissa, X{(p) — Y (p) = 0 and | X (p)|? — |V (p)|? = O,(N~2P): the two
energies agree at every zero, and their comparison does not locate it.

The multiplicative three-regime mechanism is withdrawn. The ratio Xn(s)/Yn(s) tends to
1 at every point of the strip, zeros included, so it carries no information on the zeros; only

the additive discrepancy does ([CE1, Proposition 2.4]).

. The crossing point at a zero on the line is n* = 7> + % + ﬁ + O(y™), not 42 + % as

stated in [C1].
Uniqueness of the crossing. The claim of exactly one sign change of Cy(, p) for N > K|~|
(Part IV of the earlier series) rests on a sketch; what is proved here is uniqueness for
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n > |v]3/? at every zero on the line with |y| > to ([CE1, Proposition 3.6]) and, for |y| > to
with # not effective, on the whole range beyond the transition Ny, = |y|/27+k+/]7[+O0(1)
([CE2, Corollary 2.13], which inherits one lemma verified numerically); for small || the
range between |y|/27 and |y|*/2 is numerical.

6. The transition-law prediction “confirmed on 18 zeros up to t = 20000” in [C1] is exact for
16 of the 18 zeros and off by one for the other 2.

7. Weil’s form for the Davenport—Heilbronn function becomes negative at 3.42 < L* < 3.43,
not 3.6, and the law 10763L% for the margin of ¢ holds only in a fixed finite basis; in bases
large enough to converge the margin follows logjy Amin ~ —(5.42¢ — 12.6) on 2 < L < 5
[CE12]. (An intermediate fit 10~50L%% 41 1.95 < L < 3 was not converged in the basis
size.)

None of these points affects the exact identities or the theorems of the series. We do not prove
the Riemann hypothesis.

3. DISCUSSION

The controls show which property of ¢ each statement of the series uses.

1. The Epstein obstruction is the sharpest limit. Every property that Cs sees holds for the
Epstein function of m? + 100n?, as does the C-transform representation. These properties
are nonnegative coefficients, a simple pole, a functional equation and coefficient sums with
a power saving. The Epstein function still has a real zero at 0.8133678..., at which its
cross-energy collapses (Theorem 2.2). An argument for RH must therefore use a property
that the Epstein function lacks. The natural one is the Euler product. Section 2 shows that
the convolution identities that express the Euler product in terms of partial sums are blind
to s (Proposition 2.6), and that twists, superpositions and scale recursions do not supply it
either.

2. The two structures and their meeting point. The Davenport—Heilbronn function shows that
the functional equation alone does not suffice, and the Epstein function and the Beurling
systems of [BDR] (see [CE17]) show that a pole, positivity and regular integers do not suffice
either. What remains is the coupling of the functional equation with the Euler product.
The cross-energy carries the first through the pole and the second only through the primes
in its arithmetic version. Its reflection CI'®, which pairs s with 1 — s in a single partial-sum
identity, carries both at once and is studied in [CE3]. The Euler—Caceres bound of [CE11]
measures the Jensen moment of { against a smoothed Euler product.

3.1. Open problems.

e Which property of the Euler product, absent for the Epstein function of m? + 100n?, can
be expressed in terms of the partial sums Xy alone?

We do not prove the Riemann hypothesis.

APPENDIX A. NUMERICAL METHODS AND DATA

All computations use double precision in Python (NumPy, SciPy), except where a number of
digits is stated; those use mpmath or Python’s decimal arithmetic. The zeros of ( with 0 < v < 600
(341 ordinates) and the first 1000 ordinates were computed once and are reused throughout; where
a statement depends on the precision of an ordinate ([CE2, Remark 2.12]), the ordinates are
refined to 10712, ( is evaluated by Euler-Maclaurin summation with Bernoulli corrections, and
the Davenport—Heilbronn function f through Hurwitz zeta functions; its eight off-line zeros with
v < 400 are those listed in [CE17]. A(n) is computed by sieve up to 10® (up to 10° for v). Every
value in the tables was obtained by the script cited in its Status line, and every script prints the
numbers quoted in the text.
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e Section 2. The Epstein zeta function of m? + 100n? from the incomplete-gamma expan-
sion, its real zero, the collapse table and the coefficients by (epstein/); the superposition
&+ eA(-, x5) (quantum/); the convolution identities and polarization (euler_identities/
, polarization/); the scale recursions, the Vaughan split, the coherence and Prony esti-
mates and the 2 x 2 table (scale_recursions/, with the Beurling primes and generalized
integers built as in [CE17]). The block-inheritance exponents and the M&bius-times-divisor
exponents quoted after Remark 2.10 are from the author’s working notes.

How this work was produced. The cross-energy Cy and the research program are the author’s,
beginning with his preprints of 2017 and the series [C1]-[C8]. The author used Claude (Anthropic),
an Al assistant, as a research and writing aid: to derive and check proofs, to write and run
the Python computations, to test claims against the Davenport—Heilbronn control and against
counterexamples, to search the literature, and to draft and edit the text and figures. In preparing
this series, the material of the consolidated paper (version 3), of the earlier series [C1]-[C8] and
of the author’s manuscript on the asymptotic balance of partial sums was inventoried result by
result, regrouped into the seventeen parts of the series (Table 1 of [CE1]), and checked again; the
corrections found in the process are stated where they apply and listed in Section 2. Several claims
of the author’s earlier preprints were found to be incorrect and are not used. The author directed
the work, checked the results and is responsible for the content.

Data availability. The scripts are included in the ancillary directory anc/ of the source package,
one subdirectory per topic as listed above. The directory anc/lean/ contains a draft Lean 4/math-
lib formalization of the pair identity and the strict part of [CE10, Theorem 3.2] (disc lemma), and
of the finite core of Proposition 2.8 (a nonnegative trigonometric polynomial has positive mean, and
the weighted prime sums are nonnegative with constant part ag ) wp); the prime number theorem
asymptotic of Proposition 2.8 is not formalized. The files are a draft: they have not been compiled
or checked by Lean, and no result of this paper depends on them (anc/lean/README.md). The
earlier preprints [C1]-[C8] and the versions 1-4 of the consolidated paper are deposited on Zenodo
under the DOIs listed in the references.

REFERENCES

[BDR] F. Broucke, G. Debruyne, Sz. Révész, Some examples of well-behaved Beurling number systems,
Trans. Amer. Math. Soc. 378 (2025), 477-501, doi:10.1090/tran/9274, arXiv:2309.01567.

[BDV] F. Broucke, G. Debruyne, J. Vindas, Beurling integers with RH and large oscillation, Adv. Math. 370
(2020), 107240.

[BG] P.T. Bateman and E. Grosswald, On Epstein’s zeta function, Acta Arith. 9 (1964), 365-373.

[Bh] H. Bohr, Uber die Bedeutung der Potenzreihen unendlich vieler Variabeln in der Theorie der
Dirichlet—schen Reihen > a,,/n®, Nachr. Ges. Wiss. Géttingen, Math.-Phys. Kl. (1913), 441-488.

[Bu] A. A. Buchstab, Asymptotic estimates of a general number-theoretic function, Mat. Sb. 2(44) (1937),
1239-1246.

[C1] P. Caceres, Cross-energy of Dirichlet partial sums and the zeros of the Riemann zeta function:
critical-line detection, a Fresnel transition law, and structural limits, preprint, Zenodo, 2026,
doi:10.5281 /zenodo.23066932.

[C8]  P. Caceres, Cross-energy of Dirichlet partial sums VIII: circles for the critical line and a pointwise
C5 energy inequality, preprint, Zenodo, 2026, doi:10.5281/zenodo.23070589.

[CE1] P. Caceres, Cross-energy of Dirichlet partial sums. Part 1: The C-transform and the cross-energy,
preprint, 2026.

[CE2] P. Caceres, Cross-energy of Dirichlet partial sums. Part 2: The transition at the critical line and
Hardy’s function, preprint, 2026.

[CE3] P. Caceres, Cross-energy of Dirichlet partial sums. Part 3: The reflected cross-energy, preprint, 2026.

[CE4] P. Caceres, Cross-energy of Dirichlet partial sums. Part 4: Zeros of truncations: spirals, sections and
the circles of the primes, preprint, 2026.


https://doi.org/10.1090/tran/9274
https://doi.org/10.5281/zenodo.23066932
https://doi.org/10.5281/zenodo.23070589

16 PEDRO CACERES

[CE6] P. Caceres, Cross-energy of Dirichlet partial sums. Part 6: Second-order asymptotics and limiting
fluctuations of the prime energy, preprint, 2026.

[CET7] P. Caceres, Cross-energy of Dirichlet partial sums. Part 7: Multiplicative resonance and large values
of Dirichlet polynomials, preprint, 2026.

[CE8] P. Caceres, Cross-energy of Dirichlet partial sums. Part 8: The Euler product inside the critical strip,
preprint, 2026.

[CE10] P. Caceres, Cross-energy of Dirichlet partial sums. Part 10: Jensen’s formula, the energy slope and
Weil’s functional, preprint, 2026.

[CE11] P. Caceres, Cross-energy of Dirichlet partial sums. Part 11: The Euler-Caceres bound, preprint,
2026.

[CE12] P. Caceres, Cross-energy of Dirichlet partial sums. Part 12: Weil positivity at the windows of the
zeros, preprint, 2026.

[CE1T] P. Caceres, Cross-energy of Dirichlet partial sums. Part 17: Controls for the Riemann hypothesis:
Davenport—Heilbronn, Beurling systems and function fields, preprint, 2026.

[Da] H. Davenport, Multiplicative Number Theory, 3rd ed., Graduate Texts in Mathematics 74, Springer,
2000.

[DH] H. Davenport, H. Heilbronn, On the zeros of certain Dirichlet series I, II, J. London Math. Soc. 11
(1936), 181-185 and 307-312.

[DMV] H. G. Diamond, H. L. Montgomery, U. M. A. Vorhauer, Beurling primes with large oscillation, Math.
Ann. 334 (2006), 1-36.

[Hil] T. Hilberdink, Generalised prime systems with periodic integer counting function, Acta Arith. 152
(2012), 217-241.

[Hu03] M. N. Huxley, Exponential sums and lattice points III, Proc. London Math. Soc. (3) 87 (2003),
591-6009.

[T] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd ed., Oxford University Press,
1986.

UNIVERSIDAD EUROPEA DE VALENCIA, VALENCIA, SPAIN
Email address: pedrojesus.caceres@universidadeuropea.es



	1. Introduction
	1.1. Main results
	1.2. What is new and what is classical

	2. Structural limits
	2.1. The Epstein obstruction
	2.2. Superpositions and the line as a level set
	2.3. Identities that do not see s, and positivity on the wrong side
	2.4. The pole barrier
	2.5. What the cross-energy cannot do by itself
	2.6. The Davenport–Heilbronn function as a C_2 control
	2.7. What does not hold

	3. Discussion
	3.1. Open problems

	Appendix A. Numerical methods and data
	References

