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Abstract

Let Λ be the de Bruijn–Newman constant; the Riemann hypothesis (RH) is equivalent to
Λ ≤ 0, and Rodgers and Tao proved Λ ≥ 0. We ask how small Λ can be if ζ has a zero 1

2 +δ+iγ
with δ > 0. Using de Bruijn’s strip, the zero dynamics of the Polymath project, and an explicit
local zero count for the deformations Hτ that we prove here, we show unconditionally that

Λ ≥ δ2

70 log γ log log γ
,

with an explicit bound at each height; the numerical steps of the proof are certified in ball
arithmetic. The proof follows a weighted sum over all zeros of Hτ in the upper half-plane,
integrated across collisions of zeros by a monotonicity lemma; it bounds Λ, not the survival
time of the given zero. For a single pair, the interaction term of the exact equation for its
imaginary part is, at τ = 0, the energy slope ∂σ log |ξ| of the other zeros at the zero itself; under
local isolation and regular spacing the bound becomes linear in δ. On the 21 off-line zeros of
the Davenport–Heilbronn function with δ > 0.005 and height below 800, freezing the energy
slope predicts the survival time to within 7%, and we show by a computer-assisted argument
that its constant satisfies 0.228 < Λf ≤ 3.125. Finally, we prove a heat-flow Landau formula
for fixed n and 0 < t ≤ 1

2 : under the flow the memory of a prime decays like p−(t/4) log(γ/2πp)

and rotates, while composite numbers acquire a memory governed by a deformed von Mangoldt
function Λt, which is positive for prime powers, for all squarefree n, and for small t when n has
two prime factors (numerically in all cases tested); the main term dominates when t

4 log n < 1.
The formula matches the exactly computed zeros of Ht. We do not prove RH.

1 Introduction and results

For real τ let

Hτ (z) =

∫ ∞

0
eτu

2
Φ(u) cos(zu) du, Φ(u) =

∑
n≥1

(
2π2n4e9u − 3πn2e5u

)
e−πn2e4u ,

so thatH0(z) =
1
8ξ(

1
2+

iz
2 ) and ∂τHτ = −∂zzHτ . All zeros ofHτ are real if and only if τ ≥ Λ [4, 13].

RH is equivalent to Λ ≤ 0; Rodgers and Tao proved Λ ≥ 0 [20], Polymath proved Λ ≤ 0.22 [19],
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the verification of RH up to 3 · 1012 gives Λ ≤ 0.2 [17], and smaller upper bounds were announced
in 2026 [7, 8], [CE13]. A zero 1

2 + δ + iγ of ζ corresponds to the zeros 2γ ± 2iδ of H0.
We ask how small Λ can be if ζ has an off-line zero. De Bruijn’s argument gives the opposite

inequality: the zero of maximal imaginary part y satisfies ∂τy ≤ −1/y, so an isolated maximal
pair reaches the axis by time y2/2 = 2δ2 [4, 23]. Planat [16] keeps the interaction term to sharpen
upper bounds for Λ, and Tao remarks that de Bruijn’s bound can only be sharp for an isolated
zero [23]. We have not found a lower bound for Λ in terms of (δ, γ) in the literature.

Theorem 1.1. If ζ(12 + δ + iγ) = 0 with δ > 0 and γ > 0, then γ > 3 · 1012 and

Λ ≥ δ2

70 log γ log log γ
.

More precisely, Λ ≥ T (γ) δ2, where T (γ) is given by the explicit formula (3); numerical values are
in Table 1.

Corollary 1.2 (zero-free region in terms of Λ). Every zero β + iγ of ζ with γ ≥ 3 · 1012 satisfies

|β − 1
2 | ≤

(
70Λ log γ log log γ

)1/2
.

Corollary 1.2 is Theorem 1.1 solved for δ, using the symmetry β ↔ 1 − β. It recovers RH
from Λ = 0, as it must, but a quantitative upper bound Λ ≤ ε only gives a zero-free region of
width ≍

√
ε log γ log log γ, which shrinks to nothing as ε→ 0 at a fixed height but widens with the

height. If the given zero has maximal δ among all zeros of ζ, Theorem 1.1 and de Bruijn’s bound
bracket Λ: δ2/(70 log γ log log γ) ≤ Λ ≤ 2δ2.

Two times should be kept apart: the time τabs at which the given zero (or rather the zero of
Hτ continuing it) reaches the real axis, and Λ, the time after which no nonreal zero remains. The
proof bounds Λ only: it shows that a weighted sum over all the zeros of Hτ in the upper half-plane
near x0 = 2γ stays positive, so some nonreal zero survives, not necessarily the one we started
from. Simulations and the Davenport–Heilbronn test (Sections 8 and 9) measure τabs of individual
zeros, which can be smaller than Λ.

All the numerical inequalities used in the proof of Theorem 1.1 (the final step of the local zero
count, Lemma 3.2, and the maximisation over p and γ that gives the constant 70) are certified
in ball arithmetic (Appendix A), and the integration of the differential inequality across collisions
of zeros rests on a monotonicity lemma for continuous functions with a countable exceptional set
(Appendix B).

The ingredients are:

• an explicit local zero count for Hτ , uniform for small τ (Lemma 3.2); the Polymath project
proves such a count with unspecified constants [19, Thm. 1.5];

• a weighted functional F =
∑
ϕ(Re z)(Im z)p over the zeros in the upper half-plane, whose

derivative is bounded below by a sum of local terms (Proposition 5.2);

• a choice p ≍ log log γ that balances a Hölder inequality (Section 6).

Section 4 gives the exact equation for a single pair and its link with the energy slope of [CE10].
Section 7 proves a sharper bound, linear in δ, under local isolation and regular spacing. Section 8
compares both bounds with simulations, and Section 9 tests the dynamics on the genuine off-line
zeros of the Davenport–Heilbronn function. Section 10 studies the arithmetic memory of the zeros
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under the flow: the memory is erased at a power rate (Proposition 10.1), and numerically it follows
a deformed Landau law (Conjecture 10.2). Section 11 proves that law as a Landau formula for Ht

(Theorem 11.1), proves that the deformed von Mangoldt function is positive at prime powers, at
squarefree integers, and for small t at integers with two prime factors (Proposition 11.8), and tests
the formula on exactly computed zeros of Ht.

2 Known inputs

We use the following facts, valid for 0 ≤ τ ≤ 1
2 . Zeros are counted with multiplicity and written

zk = xk + iyk.

(P1) Strip. Every zero of Hτ satisfies | Im z| ≤ 1 [4, Thm. 13].

(P2) Symmetry. Hτ is even and real on R, so its zeros are symmetric under z 7→ −z and z 7→ z̄;
Hτ is entire of order 1 and Hτ (0) =

∫∞
0 eτu

2
Φ ≥ H0(0) = ξ(12)/8 > 0.062, since Φ > 0 [19,

Sect. 3].

(P3) Dynamics. If zk(τ0) is a simple zero of Hτ0 , real or not, it lies on a smooth branch zk(τ) with

∂τzk = 2
∑
m ̸=k

′ 1

zk − zm
,

the sum taken over the symmetric pairs ±zm. A zero of multiplicity r ≥ 2 splits into r
distinct zeros z0 +

√
2(τ − τ0)λi +O(|τ − τ0|), with λi the roots of the probabilists’ Hermite

polynomial Her [19, Prop. 3.1].

(P4) Gaussian representation. For τ > 0,

Hτ (z) =

∫
R
Gτ (w)H0(z + iw) dw, Gτ (w) = (4πτ)−1/2e−w2/4τ .

Indeed, H0(z) = 1
2

∫
RΦ(|u|)eizudu and

∫
Gτ (w)e

−wudw = eτu
2
; Fubini applies because Φ

decays double exponentially.

(P5) Verification of RH. All zeros of ζ with 0 < γ ≤ 3 · 1012 lie on the critical line [17].

In the variable s = 1
2 + iz

2 , the point z = x+ iy corresponds to s = 1
2 − y

2 + ix
2 . By the functional

equation |ξ(σ + it)| = |ξ(1− σ + it)|, so |H0(x+ iy)| = 1
8 |ξ(

1
2 + |y|

2 + ix
2 )|.

3 Explicit zero counting for Hτ

Lemma 3.1 (bounds for ξ). Let t ≥ 50, σ ≥ 1
2 and s = σ + it. Put

At(σ) =
σ

2
log

|s|
2π

+ log |s− 1|+ 1

2
log |s|+ 1

2
log π − πt

4
.

Then

log |ξ(s)| ≤ Ut(σ) := At(σ) +
1

3t
+ logmin

(
4
√
t, ζ(σ)

)
,

where ζ(σ) is used only for σ > 1. If σ > 1, then

log |ξ(s)| ≥ At(σ)−
σ3

6t2
− 1

3t
+ log

ζ(2σ)

ζ(σ)
.
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Proof. Write ξ(s) = 1
2s(s− 1)π−s/2Γ( s2)ζ(s). Stirling’s formula with error term [15, Ch. 8, Sect. 4]

gives, for Re z > 0, log Γ(z) = (z − 1
2) log z − z + 1

2 log 2π + θ/(6|z|) with |θ| ≤ 1. With z = s/2
and arg(s/2) = π

2 − arctan σ
t ,

log |Γ( s2)| =
(σ
2
− 1

2

)
log

|s|
2

− πt

4
+

( t
2
arctan

σ

t
− σ

2

)
+

1

2
log 2π +

θ

3|s|
.

The bracket lies in [−σ3/(6t2), 0]. Collecting terms gives log |ξ(s)| = At(σ)+(bracket)+θ/(3|s|)+
log |ζ(s)|.

For ζ, the Euler–Maclaurin formula with N = ⌈t⌉ gives |ζ(s)| ≤
∑

n≤N n−σ + N1−σ

|s−1| +
1
2N

−σ +
|s|

2σNσ [25, Sect. 4.11]. For 1
2 ≤ σ ≤ 2 and t ≥ 50 the right side is at most 3

√
t+2 ≤ 4

√
t; for σ > 1

also |ζ(s)| ≤ ζ(σ), and ζ(σ) ≤ ζ(2) < 4
√
t for σ ≥ 2. The lower bound uses |ζ(s)| ≥ ζ(2σ)/ζ(σ)

for σ > 1.

Lemma 3.2 (explicit local count). Let X ≥ 200, ℓX = log X+1
4π and 0 ≤ τ ≤ 1/(100 ℓX). The

number of zeros of Hτ , with multiplicity, with X ≤ Re z ≤ X + 1 is at most

B(X) := 2.07 ℓX + 2.5.

The same holds for −X − 1 ≤ Re z ≤ −X.

Proof. By (P1) the zeros in question lie in the box [X,X+1]× [−1, 1]. Put Y0 = 2, c = X+ 1
2−iY0,

r = (14 + (Y0 + 1)2)1/2 = 3.0414 and R = e r = 8.2673. The box lies in |z − c| ≤ r, so Jensen’s
formula gives

#{zeros in the box} ≤ 1

log(R/r)
log

max|z−c|=R |Hτ (z)|
|Hτ (c)|

= log
max|z−c|=R |Hτ (z)|

|Hτ (c)|
. (1)

Write tc =
1
2(X + 1

2) ≥ 100 and sc = σc+ itc with σc =
1
2 +

Y0
2 = 3

2 ; then H0(c+ iw) = 1
8ξ(sc−

w
2 ).

For τ = 0 the argument below applies with G0 = δ0, so assume τ > 0.
Upper bound on the circle. Let z = x+iy with |z−c| = R, and put t = x/2 ∈ [tc−4.14, tc+4.14]

and σy = 1
2 + |y|

2 . Let Ũt(σ) = max 1
2
≤σ′≤σ Ut(σ

′), which is nondecreasing. By (P4), the remark

after (P5) and Lemma 3.1,

|Hτ (z)| ≤
1

8

∫
Gτ (w) e

Ũt(
1
2
+

|y+w|
2

) dw.

For σ ≤ σy +
1
2 ≤ 6.2 one has ∂σAt ≤ 1

2 log
t
2π + (0.75σ2 + 1.5σ − 1)/t2 ≤ 1

2 log
t
2π + 37.4/t2, and

the ζ term is nonincreasing in σ. Hence for |w| ≤ 1

Ũt

(
1
2 + |y+w|

2

)
≤ Ũt(σy) + κ1|w|, κ1 =

1

4
log

tc + 4.14

2π
+

18.7

(tc − 4.14)2
.

Since
∫
Gτe

κ1|w|dw ≤ 2eκ
2
1τ , and the region |w| > 1 contributes, relative to eŨt(σy), an amount ηup

that is bounded in closed form in Appendix A (ηup ≤ 2 · 10−31; its Gaussian weight is at most

e−25ℓX , while Ũt grows only like |w|
4 log(t+ |w|)), we get

log |Hτ (z)| ≤ Ũt(σy) + log 2 + κ21τ − log 8 + 1
2ηup.
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Lower bound at the centre. Since ξ has no zeros in Re s > 1, L = log ξ is analytic there. Put
λ = 1

2L
′(sc) = a+ ib and write ξ(sc − w

2 ) = ξ(sc)e
−λwρ(w). Completing the square, Gτ (w)e

−λw =

eλ
2τGτ (w + 2λτ), so

Hτ (c) =
ξ(sc)

8
eλ

2τ
(
1 +

∫
Gτ (w + 2λτ) (ρ(w)− 1) dw

)
, |Gτ (w + 2λτ)| = eb

2τGτ (w + 2aτ).

Here L′ =M ′/M+ζ ′/ζ withM(s) = 1
2s(s−1)π−s/2Γ( s2). Since |ζ

′/ζ(sc)| ≤ |ζ ′/ζ(32)| = 1.5053, we

have a− ≤ a ≤ a+ and |b| ≤ b+, with a± = 1
2(Re

M ′

M (sc)±1.5053) and b+ = 1
2(| Im

M ′

M (sc)|+1.5053).
Numerically a− ≥ 1

4ℓX − 0.76 and b+ ≤ 1.15.
For |w| ≤ 0.6 the segment [sc − w

2 , sc] stays in 1.2 ≤ Re s ≤ 1.8. There |L′′| ≤ |(M ′/M)′| +
(log ζ)′′(1.2) ≤ K2 := 24.832 + π

4tc
+ 3

t2c
, because |(ζ ′/ζ)′(s)| ≤

∑
Λ(n) log nn−Re s = (log ζ)′′(Re s)

and |(M ′/M)′(s)| ≤ |s|−2+|s−1|−2+1
4 |ψ

′( s2)| with |ψ′(z)| ≤
∑

n≥0 |z+n|−2 ≤ (Im z)−2+π/(2 Im z).

Taylor’s formula then gives |ρ(w) − 1| ≤ exp(K2w
2/8) − 1. For |w| > 0.6 we use |ρ(w)| ≤

exp
(
Ũtc(

1
2 + |σc− w

2 − 1
2 |)−Ψ+a±w

)
, where Ψ is the lower bound of Lemma 3.1 at sc. This gives

|Hτ (c)| ≥
eΨ

8
e((a−)2+−b2+)τ (1− ε),

with ε := supa−≤a′≤a+ e
b2+τ

∫
Gτ (w + 2a′τ)ha′(w) dw, where ha′ is the majorant of |ρ − 1| just

described (the tail majorant uses a′ in place of a). Because τ ≤ 1/(100ℓX), the Gaussian has
variance at most 0.02/ℓX and centre within 0.011 of 0. The inner part is bounded in closed form
by the Gaussian moment

∫
N (m, v)(eβw

2 − 1) dw = (1− 2βv)−1/2eβm
2/(1−2βv) − 1 with β = K2/8,

v = 2τ and |m| ≤ 2max(|a−|, a+)τ , and the tail |w| > 0.6 by a Gaussian tail estimate; Appendix A
gives ε ≤ 0.0237 for every X ≥ 200.

Conclusion. Inserting both bounds in (1), the count is at most

max
|z−c|=R

Ũt(σy)−Ψ+ log 2 + (κ21 − (a−)
2
+ + b2+)τ − log(1− ε) + 1

2ηup.

Up to terms that are O(1/tc) or O(τ), the leading part is σmax−σc
2 log tc

2π = R
4 ℓc = 2.06683 ℓc,

ℓc = log tc
2π ≤ ℓX , where σmax = 1

2 + Y0+R
2 is attained at the bottom of the circle. In Appendix A

we write the whole expression as R
4 ℓc + g and bound g by majorants that are nondecreasing in

u = 1/tc and nonincreasing in ℓc; so a single evaluation at X = 200, in ball arithmetic, bounds g
for every X ≥ 200 and every admissible τ . It gives g ≤ 2.4067, against 2.5+(2.07− R

4 )ℓc ≥ 2.5088.
Hence the count is at most 2.0668 ℓX + 2.4067 ≤ B(X) (computer-assisted, certify lemmaC.py).
The case Re z < 0 follows from (P2).

Lemma 3.3 (global count). For 0 ≤ τ ≤ 1
2 and ρ ≥ 200, the number Nτ (ρ) of zeros of Hτ with

|Re z| ≤ ρ satisfies Nτ (ρ) ≤ ρ log ρ. Moreover Nτ (200) ≤ 750.

Proof. The zeros counted lie in |z| ≤ ρ+1. By Jensen’s formula with centre 0 and radii ρ+1 and
e(ρ+ 1), and by (P2), Nτ (ρ) ≤ log

(
I(e(ρ+ 1))/H0(0)

)
, where I(r) =

∫∞
0 eu

2/2Φ(u) cosh(ru) du ≥
max|z|=r |Hτ (z)|. From Φ(u) ≤ 2.01π2e9u−πe4u and cosh(ru) ≤ eru, I(r) ≤ 2.01π2

∫∞
0 ef(u)du

with the concave f(u) = u2

2 + (r + 9)u − πe4u. Its maximiser satisfies 4πe4u
∗
= r + 9 + u∗, so

u∗ ≤ 1
4 log(

r
4π + 2) for r ≥ 200, f(u∗) ≤ (r + 9 + u∗

2 )u∗ − r+9
4 , and f ′(u) ≤ −(e4 − 1)(r + 9) for

u ≥ u∗ + 1. Hence
∫∞
0 ef ≤ (u∗ + 1 + 1

(e4−1)(r+9)
)ef(u

∗), and since log(2.01π2(u∗ + 2)) < r+9
4 ,

log I(r) ≤ r+10
4 log( r

4π + 2) + 3. With H0(0) > 0.062, r = e(ρ + 1), e(ρ + 1) + 10 ≤ e(ρ + 5) and
e(ρ+1)

4π +2 ≤ ρ+2. This gives Nτ (ρ) ≤ e
4(ρ+5) log(ρ+2)+3+ log 1

0.062 ≤ e
4(ρ+5) log(ρ+2)+6 ≤
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ρ log ρ, and at ρ = 200 the middle term is 745.6, so Nτ (200) ≤ 750. (Numerical quadrature gives
the sharper value 389.8, lowcount.py; it is not used, since only the order of magnitude of this
count enters, through terms below 10−20.)

4 The exact equation and the energy slope

Lemma 4.1. Let z = x+ iy, y > 0, be a simple zero of Hτ . Then

∂τy = −1

y
− 2y

∑
xk real

1

(x− xk)2 + y2
−

∑
w nonreal, w ̸=z,z̄

2(y − Imw)

|z − w|2
.

Proof. Take imaginary parts in (P3): Im 2
z−z̄ = − 1

y , Im 2
z−xk

= − 2y
(x−xk)2+y2

, and Im 2
z−w =

−2(y−Imw)
|z−w|2 .

Remark 4.2 (the energy slope). At τ = 0 write z = 2γ+2iδ and xk = 2γk. Then 2y
∑

k
1

(x−xk)2+y2
=∑

k
δ

δ2+(γ−γk)2
. Whether or not the other zeros of ζ are on the line, Lemma 4.1 at τ = 0 reads

∂τδ = − 1

4δ
− 1

2
Srest

(
1
2 + δ + iγ

)
,

where S(σ, t) = ∂σ log |ξ(σ + it)| =
∑

ρ
σ−β

(σ−β)2+(t−γ)2
is the horizontal logarithmic derivative of

the completed zeta function (the sum converging in symmetric order, or absolutely after pairing ρ
with 1 − ρ̄). In [CE10, Sect. 3] it is called the energy slope, because it is the slope in σ of log |ξ|,
whose mean controls the cross-energy C2 there; but here we use only its definition as a logarithmic
derivative, and no identity between energies is claimed. Here Srest omits only the pair 1

2 ± δ + iγ;
the mirror pair 1

2 ± δ − iγ is included and matches the mirror terms exactly. Thus the horizontal
logarithmic derivative of ξ, with the singular contribution of the pair removed, determines the
collective contribution of the remaining zeros to the initial velocity of the zero under the heat flow:
the flow pulls an off-line zero towards the line at a speed equal to half of it, plus the self-interaction
1
4δ . The mean of S over t is π times the density of zeros, that is 1

2 log
γ
2π .

5 The weighted functional

Notation. Throughout this section γ ≥ 3 · 1012, x0 = 2γ, and

W = log(3 + x0), B̂ = B(4x0), τC =
1

200 log x0
.

For X ≤ x20 one has ℓX < 2 log x0, so by Lemma 3.2 every closed unit interval [X,X + 1] with
200 ≤ |X| ≤ x20 contains at most B(|X|) zeros of Hτ for 0 ≤ τ ≤ τC , and at most B̂ if |X| ≤ 4x0;
for negative intervals [X,X + 1] the relevant height is |X + 1|, and intervals within |x| ≤ 200 are
covered by Lemma 3.3. Since nonreal zeros come in conjugate pairs, such an interval contains at
most B̂/2 zeros in the open upper half-plane. Let

ψ(x) = sech
(x− x0

W

)
.

Then 0 < ψ ≤ 1, |ψ′| ≤ ψ/W , |ψ′′| ≤ ψ/W 2, ψ(x′) ≤ e|x
′−x|/Wψ(x),

∫
ψ = πW , and, since ψ is

unimodal,
∑

j∈Z sup[j,j+1] ψ ≤ πW +2. For R ≥ x0 let χR be 1 on |x−x0| ≤ R, 0 on |x−x0| ≥ 2R,
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and the cubic smoothstep in between, so |χ′
R| ≤

3
2R and χ′

R is Lipschitz with constant 6/R2. Put
ϕ = ψχR and

FR(τ) =
∑

k: yk>0

ϕ(xk) y
p
k , p ≥ 2,

a finite sum over the zeros of Hτ in the upper half-plane. We call a zero central if |xk−x0| ≤ x0/2.

Lemma 5.1 (explicit sums). Let 0 ≤ τ ≤ τC , let zk be a central zero, y ∈ (0, 1], and write
∆x = xk−xm and η = 10−9B̂. Let s2 = 2+2

∑
j≥1

1
1+j2

= 4.1533, sc = 2+8
∑

j≥1
1

4+j2
= 7.2832,

and let Hn be the harmonic numbers. Summing over all zeros zm with multiplicity,

(i)
∑
m

1

∆x2 + y2
≤ B̂

( 2

y2
+ 2ζ(2)

)
+ η.

Summing only over the zeros zm in the open upper half-plane,

(ii)
∑
m

1

1 + ∆x2
≤ 1

2s2B̂ + η, (iii)
∑
m

4

4 + ∆x2
≤ 1

2scB̂ + η,

(iv)
∑

|∆x|≤W

min
(1
2
,

1

|∆x|

)
≤ H⌈W ⌉−1B̂, (v)

∑
|∆x|>W

∆x−2 ≤
(
⌊W ⌋−2 + ⌊W ⌋−1

)
B̂ + η.

Finally, over all zeros,

(vi)
∣∣∣ ∑
m: |∆x|>1

′
Re

2

zk − zm

∣∣∣ ≤ E3B̂, E3 = 4H⌈1.5x0⌉+3 + 4 +
8

3

(
1 +

2.1

B̂

)
(1 + 10−3).

Proof. Group the zeros by the closed unit intervals ∆x ∈ [j, j + 1] and ∆x ∈ [−j − 1,−j], j ≥ 0.
Zeros with |∆x| ≤ xk. These have 0 ≤ xm ≤ 2xk ≤ 3x0. Each interval with xm ≥ 200 holds at

most B̂ of them, and at most B̂/2 upper ones. The at most 750 zeros with |xm| ≤ 200 (Lemma 3.3)
lie at distance ≥ x0/2− 200 and contribute less than 10−20. On the two intervals with j = 0 the
weights in (i), (ii), (iii) are at most y−2, 1, 1; on the others at most j−2, (1 + j2)−1, 4(4 + j2)−1.
For (iv) and (v), min(12 , 1/|∆x|) ≤

1
2 for |∆x| ≤ 2 and ≤ 1/j on the j-th interval, and ∆x−2 ≤ j−2

there.
Zeros with |∆x| > xk. The weights are at most ∆x−2. Counting with Lemma 3.2 up to height x20

(at most B(X) ≤ 2.07 ·2 log x0+2.5 per unit interval) gives at most 2
∑

j>xk
(4.2 log x0+2.5)j−2 ≤

(9 log x0 + 5)/xk. Beyond x20, partial summation with Lemma 3.3 gives at most 2
∫∞
x2
0/2

ρ log ρ ·
2ρ−3dρ ≤ 8 log x0/x

2
0. Both are below η for x0 ≥ 6 · 1012. This proves (i)–(v).

For (vi), split the zeros into three groups.

• 0 ≤ xm ≤ 2xk + 2, |∆x| > 1. Each term is at most 2/|∆x| ≤ 2/j on the j-th interval,
1 ≤ j ≤ ⌈xk⌉+ 2, giving at most 4H⌈1.5x0⌉+3B̂ (plus 10−9 for xm ≤ 200).

• −2xk − 2 ≤ xm < 0. There are at most (2xk + 2)B̂ + 750 of them, each at distance ≥ xk,
giving at most 4B̂(1 + 1/xk) + 10−9; the excess 4B̂/xk is absorbed by the factor 1 + 10−3

below.

• The symmetric set {|xm| > 2xk+2}. Here |zm| ≥ 2|zk|, so pairing zm with −zm gives
∣∣ 2
zk−w+

2
zk+w

∣∣ = 4|zk|
|z2k−w2| ≤

16|zk|
3|w|2 . Summing over pairs with xm > 2xk +2, using Lemma 3.2 up to x20

and Lemma 3.3 beyond, gives at most 16
3 (xk+1)B(2xk)+2.1

2xk
(1+10−9) ≤ 8

3(B̂+2.1)(1+10−3).
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Proposition 5.2 (explicit differential inequality). Let 0 ≤ τ ≤ τC be such that all zeros of Hτ

with |Re z − x0| ≤ 2R+ 1 are simple. Then

dFR

dτ
≥ −

∑
k: yk>0

κk ϕ(xk) y
p−2
k − ER(τ),

where, for every central zero, κk = κ with

κ = p+B̂
[
s2p(p−1)+

(
4+4ζ(2)+sc+dW

)
p+e1/W

( 2

W 2
+
p

W

)
+
2 + E3

W
+10−6(p2+p+1)

]
, (2)

dW = 2e
WH⌈W ⌉−1+2(⌊W ⌋−2+⌊W ⌋−1). For every other zero κk is finite and bounded by a polynomial

in |xk|. The error satisfies sup0≤τ≤τC |ER(τ)| → 0 as R → ∞ (Lemma 5.3). Informally (this

simplification is not used by the certification), for γ ≥ 3 · 1012 one has κ ≤ p + B̂(4.154p2 +
14.55p+ 4.44).

Proof. By (P3),

dFR

dτ
=

∑
yk>0

(
pϕky

p−1
k ẏk + ϕ′ky

p
kẋk

)
, żk =

∑
m

′ 2

zk − zm
.

Every other zero zm is either z̄k, real, an upper zero, or the conjugate of another upper zero.
All zeros have |y| ≤ 1 by (P1). We call a quantity negligible if it is supported on zeros with
|x − x0| ≥ R − 1; such zeros carry ψ ≤ 2e−(R−1)/W . These quantities form ER; Lemma 5.3
below bounds ER uniformly in τ , also near collisions. For a central zero we bound each kind of
contribution as follows.

(a) The conjugate z̄k contributes −pϕkyp−2
k .

(b) Real zeros contribute −2pϕky
p
k

∑ 1
∆x2+y2k

≥ −(4 + 4ζ(2))p B̂ ϕky
p−2
k − 2pηϕky

p
k, by

Lemma 5.1(i) and yk ≤ 1.
(c) Conjugates z̄n of other upper zeros. With u = yk + yn ∈ [yk, 2], each contributes

−2pϕky
p−1
k

u
∆x2+u2 ≥ −2pϕky

p−2
k

4
4+∆x2 . By Lemma 5.1(iii), applied to the real parts xn of the

upper zeros zn, the total is at least −scp B̂ ϕkyp−2
k − 2pηϕky

p−2
k .

(d) Pairs of upper zeros {k,m}. Label the pair so that yk ≥ ym, and put D = |zk − zm|,
∆y = yk − ym. The two contributions add up to Tkm = −2p∆y (ϕky

p−1
k − ϕmy

p−1
m )/D2, which is

nonnegative unless ϕky
p−1
k > ϕmy

p−1
m . In that case

Tkm ≥ −2p(p− 1)ϕky
p−2
k

∆y2

D2
− 2pχk(ψk − ψm)+

∆y

D2
yp−1
m − 2pψm(χk − χm)+

∆y

D2
yp−1
m .

(d1) Since ∆y ≤ 1, ∆y2/D2 ≤ 1/(1 + ∆x2). Charged to k, the first term gives at least −s2p(p−
1)B̂ϕky

p−2
k − 2p2ηϕky

p−2
k by Lemma 5.1(ii).

(d2) For |∆x| ≤ W : (ψk − ψm)+ ≤ |∆x| sup |ψ′| ≤ e
W |∆x|ψk and |∆x|∆y/D2 ≤ min(12 , 1/|∆x|).

For |∆x| > W : (ψk − ψm)+∆y/D
2 ≤ ψk∆x

−2. With yp−1
m ≤ yp−2

k and Lemma 5.1(iv),(v),

the second term gives at least −dW pB̂ϕkyp−2
k − 2pηϕky

p−2
k .

(d3) The third term vanishes unless χm < 1, that is |xm − x0| > R; it is negligible, because
(χk − χm)+∆y/D

2 ≤ min( 3
4R ,∆x

−2).
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(e) The horizontal term ϕ′ky
p
kẋk. Write ϕ′ = χψ′ + χ′ψ. The part with χ′ is negligible: pairing

the terms of two upper zeros as in (e1) bounds it by a sum over zeros in the transition zone. For
g = χψ′ we have |g| ≤ ϕ/W . On a segment of length ≤ 1 that does not meet |x − x0| ≥ R − 1
we have χ ≡ 1, so there |g′| = |ψ′′| ≤ e1/Wψh/W

2 and |g| ≤ e1/Wψh/W for either endpoint h.
Segments that do meet that region give negligible terms.

(e1) For upper zeros k,m with |∆x| ≤ 1, let h be the higher one. The pair contributes 2∆x
D2 (gky

p
k−

gmy
p
m), and |gkypk − gmy

p
m| ≤ sup |g′| |∆x| yph + sup |g| p∆y yp−1

h . Using 2∆x2 ≤ 2D2 and

2|∆x|∆y ≤ D2, the pair contributes at least −e1/W ( 2
W 2 + p

W )ϕhy
p−2
h . A zero has at most B̂

upper partners with |∆x| ≤ 1 (two unit intervals).

(e2) For a non-upper zero with |∆x| ≤ 1, |Re 2
zk−zm

| = 2|∆x|
∆x2+(yk−ym)2

≤ 1
yk
, since ym ≤ 0. There

are at most 2B̂ of them, contributing at least − 2
W B̂ϕky

p−1
k .

(e3) For |∆x| > 1, Lemma 5.1(vi) gives at least −E3
W B̂ϕky

p
k.

The η-terms total at most 10−8B̂p2ϕky
p−2
k and are absorbed into the last term of (2). Adding

(a)–(e) and using yk ≤ 1 gives (2) for central zeros.
For a non-central zero the same argument applies with B̂ replaced by the counts of Lemmas 3.2

and 3.3 near its own height. Every unit interval meeting |x| ≤ ρ holds at most Nτ (ρ + 1) ≤
(ρ+ 1) log(ρ+ 1) zeros, so κk ≤ Cp2(|xk|+ 3)2 with an absolute C.

For the numerical form (an informal simplification, not used in the certified proof of Ap-
pendix A): B̂ ≥ 61 and W ≥ 29.42, and on γ ≥ 3 · 1012 the coefficients of p and of 1 in (2), divided
by B̂, are at most their values 14.548 and 4.434 at γ = 3 · 1012. They decrease with W apart from
jumps below 0.004 at integer values of W ; on a dense scan of 29.42 ≤ W ≤ 200 the maximum is
attained at W = 29.42, and the decrease continues beyond.

Lemma 5.3 (the cut-off error). In Proposition 5.2, |ER(τ)| ≤ C p2 (x0 + 2R + 2)3 e−(R−1)/W for
every τ ∈ [0, τC ] at which the zeros with |Re z−x0| ≤ 2R+1 are simple, with an absolute constant
C. In particular supτ |ER(τ)| → 0 as R → ∞; letting R → ∞ is not essential, a fixed large R
suffices.

Proof. The negligible pieces are: the terms (a)–(e) of zeros with |xk − x0| ≥ R− 1; the third term
(d3) of (d); the parts of (e) with χ′; and the segments in (e1) that meet |x − x0| ≥ R − 1. Each
is bounded after the pairing used in the proof, never through an individual term of the equation
of motion: (a) by ϕky

p−2
k ; (b) by ypk/(∆x

2 + y2k) ≤ yp−2
k per real partner; (c) by yp−1

k u/(∆x2 +

u2) ≤ yp−2
k ; (d1) with ∆y2/D2 ≤ 1; (d2) with |∆x|∆y/D2 ≤ 1

2 ; (d3) with (χk − χm)+∆y/D
2 ≤

min( 3
4R ,∆x

−2) and ψm ≤ 2e−(R−1)/W ; the χ′ parts of (e) by pairing upper zeros with |∆x| ≤ 1
(only the Lipschitz constant 6/R2 of χ′ is used), by |Re 2

zk−zm
| ≤ 1/yk for non-upper partners,

and, for |∆x| > 1, by the ± pairing of Lemma 5.1(vi). So every negligible piece is at most
Cp2ψ yp−2 times the number of partners within distance 1, plus convergent far-field sums, with
ψ ≤ 2e−(R−1)/W (the factor p2 comes from (d1) and (e1)). The zeros involved have |x−x0| ≤ 2R+1,
so |x| ≤ x0 + 2R + 1. For |x| ≤ x20 the unit intervals are counted by Lemma 3.2 (τC ≤ 1/(100ℓX)
there); beyond x20, where Lemma 3.2 is not available for τ ≤ τC , Lemma 3.3 gives at most ρ log ρ
zeros with |Re z| ≤ ρ. Both counts are polynomial in x0 + 2R, which gives the bound.
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6 Proof of Theorem 1.1

By (P5) we may assume γ > 3 · 1012. Since | Im z| ≤ 1 at τ = 0, we have δ ≤ 1
2 . Take x0 = 2γ and

y0 = 2δ; then FR(0) ≥ ϕ(x0)y
p
0 = yp0 . Let κ be as in (2) and put

µ = 1
2B̂ (πW + 2).

Step 1: Hölder. With exponents p
2 and p

p−2 ,∑
k

κkϕky
p−2
k ≤

(∑
k

ϕkκ
p/2
k

)2/p
F

1−2/p
R ,

the sums running over the upper zeros. The central upper zeros contribute at most
κp/2

∑
central ψk ≤ κp/2µ, since each unit interval holds at most B̂/2 of them and

∑
j sup[j,j+1] ψ ≤

πW + 2. Every other zero has ψk ≤ 2e−|xk−x0|/W ≤ 2e−x0/(2W ), while κk and the number of
zeros grow only polynomially (Proposition 5.2, Lemma 3.3). So the rest contribute less than

10−1010κp/2µ. Hence
(∑

k ϕkκ
p/2
k

)2/p ≤ (1 + 10−100)κµ2/p.

Step 2: differential inequality. Let GR = F
2/p
R . Fix ϑ ∈ (0, 1) and let τ1 be the first time in

[0, τC ] with GR ≤ ϑy20 (or τ1 = τC). On [0, τ1], Proposition 5.2 and Step 1 give

dGR

dτ
=

2

p
F

2/p−1
R

dFR

dτ
≥ −2

p
(1 + 10−100)κµ2/p − 2

p
(ϑy20)

1−p/2ER

at every τ ∈ [0, τ1] outside the set ER of times at which Hτ has a multiple zero with |Re z − x0| ≤
2R + 1. By Lemma B.2, ER is finite. At every τ /∈ ER the zeros near the support of ϕ move on
smooth branches, so GR is differentiable there and the inequality holds for its derivative.

Step 3: integration across collisions. By Lemma B.3, FR, and hence GR (since FR ≥ (ϑy20)
p/2 >

0 on [0, τ1]), is continuous on [0, τ1]. Lemma B.1, a mean value inequality for continuous functions
whose upper right Dini derivative is bounded below outside a countable set, applied with the finite
set ER, gives on [0, τ1]

GR(τ) ≥ y20 −
(2
p
(1 + 10−100)κµ2/p + oR(1)

)
τ.

Countability is essential: for the Cantor function c, the continuous function −c has derivative 0
outside the Cantor set, which is uncountable, and yet decreases. Here the exceptional set is finite.
Let R→ ∞ and then ϑ→ 0. For every τ < min

(
τC , y

2
0p/(2(1+ 10−100)κµ2/p)

)
we get FR(τ) > 0,

so Hτ has a zero in the upper half-plane and τ < Λ. Hence, for every integer p ≥ 2,

Λ ≥ T (γ) δ2, T (γ) = max
p≥2

2p

(1 + 10−100)κ(p)µ2/p
, (3)

provided T (γ)δ2 ≤ τC ; this side condition is proved in Step 4.
Step 4: the constant. Put L = log γ and K0(γ) = 1/(T (γ)L logL). Appendix A certifies in ball

arithmetic (certify constant.py):

• on log(3 · 1012) ≤ L ≤ 106, split into 10463 cells of relative width 10−3, with the integer
p that is optimal at the left end of each cell and every ingredient of κ and µ taken at the
unfavourable end of the cell, K0 ≤ 68.653, the maximum being attained in the first cell;

• for L ≥ 106, with p = ⌈2 logµ⌉ (so µ2/p ≤ e), an explicit majorant that is decreasing in L
gives K0 ≤ 52.79; as L→ ∞ the bound tends to e · 2.07 · 2s2 = 46.74.
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The side condition T (γ)δ2 ≤ τC holds for every γ ≥ 3 · 1012: since κ ≥ B̂s2p
2 and minp p µ

2/p =
2e logµ, we have T (γ) ≤ 1/(e s2B̂ logµ), while δ2 ≤ 1

4 , B̂ ≥ 2.07 log(2γ) and e s2 · 2.07 logµ ≥
186 > 50, which gives T (γ)δ2 ≤ 1

4T (γ) ≤ 1/(200 log x0) = τC . Hence K0(γ) < 68.66 < 70 for all
γ ≥ 3 · 1012, which is Theorem 1.1.

γ W B̂ p T (γ) K0(γ)

3 · 1012 29.42 61.04 19 1.512 · 10−4 68.57
1015 35.23 73.06 20 1.219 · 10−4 67.08
1020 46.74 96.89 21 8.707 · 10−5 65.12
1030 69.77 144.56 22 5.430 · 10−5 62.95
1050 115.82 239.88 24 3.005 · 10−5 60.90
10100 230.95 478.20 27 1.356 · 10−5 58.87
10200 461.21 954.84 30 6.169 · 10−6 57.40

Table 1: The explicit constants: W = log(3 + 2γ), B̂ = B(8γ), the optimal p, T (γ) from (3) (so
Λ ≥ T (γ)δ2), and K0 = 1/(T log γ log log γ).

Remark 6.1 (where the constant comes from). The dominant term of κ is s2p
2B̂ ≈ 4.15p2B̂ from

(d1), the vertical interaction of pairs of upper zeros at distances ≲ 1. With p ≈ 2 logµ ≈ 4 log log γ
and B̂ ≈ 2.07 log γ this gives T ≈ 2/(e s2 p B̂). The factor log γ comes from the Jensen count, which
is about 26 times the true density 1

4π log γ
2π of zeros of H0 per unit length. The factor log log γ

comes from allowing arbitrary clusters of other off-line zeros near the given one. Both margins are
thin by design, and both are certified: 68.65 against 70 in K0, and 2.41 against 2.51 in Lemma 3.2.

One may ask whether the quadratic functional
∑
w(xk)y

2
k gives a simpler argument, since its

interactions might take a symmetric form. They do: for p = 2 and a constant weight, the dynamics
(P3) give exactly

d

dτ

∑
yk>0

y2k = −2N+ −
∑
yk>0

∑
xm real

4y2k
(xk − xm)2 + y2k

−
∑
{k,m}

(4(yk − ym)2

|zk − zm|2
+

4(yk + ym)2

|zk − z̄m|2
)
,

with N+ the number of upper zeros and the last sum over pairs of upper zeros. Every term has a
sign, but the wrong one for a lower bound, and the right side is controlled by the number of upper
zeros rather than by the functional itself. This is why we take p > 2 and use Hölder’s inequality,
which converts the counts into a power of FR.

7 A sharper bound under local regularity

For a single pair, Lemma 4.1 can be integrated with a finer count. Let z(τ) = x(τ) + iy(τ),
y(0) = y0 ≤ 1, and let τabs be the first time with y = 0. On [0, τabs) assume:

(I) z, z̄ are the only nonreal zeros with |Rew−x(τ)| ≤ U , and the other nonreal zeros w satisfy∑
4/|Rew − x|2 ≤ ε1;

(C) the number of real zeros in [x(τ) − u, x(τ) + u] is at most 2ϱu + A for 0 < u ≤ U , and the
real zeros with |xk − x| > U satisfy

∑
(x− xk)

−2 ≤ ε2.

At τ = 0, (C) holds with A = O(log γ) by Lemma 3.2; numerically A = 1.7–2.2 at heights 2000
and 6000 (Section 8). Theorem 7.1 is a statement about a whole trajectory: (I) and (C) are
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hypotheses on the configuration of the zeros at every τ < τabs, and they cannot be verified from
the configuration at τ = 0 alone, since the other zeros move and may approach. Evaluating (I)
and (C) at τ = 0 only, as in the simulations below, gives a heuristic prediction, not a bound.

Theorem 7.1 (conditional on (I), (C)). Put

a = 1 + 2A, c = 2πϱ+ 2
(2ϱU +A

U2
+ ε2

)
+ ε1, T (y0) =

1

c

(
y0 −

a

c
log

(
1 +

cy0
a

))
.

Then τabs ≥ T (y0) and Λ ≥ T (y0). In terms of the zero of ζ, with ϱ = 1
4πL and L = log γ

2π ,

Λ ≥ 4δ

L
− 4a

L2
log

(
1 +

Lδ

a

)
(1 + o(1)).

Proof. Integration by parts against the counting function gives
∑

k
1

(x−xk)2+y2
≤ πϱ

y + A
y2
+ 2ϱU+A

U2 +

ε2. With Lemma 4.1 this gives ∂τy ≥ −a/y−c on [0, τabs). Put φ(y) =
∫ y
0

v dv
a+cv . Then

d
dτφ(y) ≥ −1,

so φ(y(τ)) ≥ T (y0)− τ , and letting τ → τabs gives τabs ≥ T (y0). For τ < τabs the function Hτ has
a nonreal zero, so τ < Λ.

The bound is linear, ≈ 4δ/L, when Lδ ≫ a, and quadratic, ≈ 2δ2/a, when Lδ ≪ a. In the linear
regime the speed L/4 at which δ decreases equals the speed at which the heat flow shifts the effective
critical line of the deformed partial sums. Under the flow the n-th Dirichlet term is multiplied by
e(τ/4) log

2 n, the centre term of the cross-energy C2 of [CE1] becomes b2nn
1−2σ/(1− s+ τ

2 log n), and
with the gamma factor the shift at height γ is τ

4 (log
γ
2π − log n) (Figure 2d; the mechanism is that

of [19]).

8 Numerical test

Zeros and method. We computed the 10142 zeros of ζ up to height 104, with Riemann–Siegel
and the C1 correction; the Lehmer pair is reproduced to 2 · 10−6. We inserted an off-line pair
x0 ± iy0 halfway between two consecutive zeros, at heights γ ≈ 2000 and 6000, at five positions
each, with y0 = 0.4, 0.8, 1.6. The last value lies outside the strip and serves as a stress test. We
integrated (P3) with the 300 nearest zeros on each side exactly and the rest as a frozen field.

Results.

• In all 30 runs, the bound of Theorem 7.1 (with A measured at τ = 0), the simulated
absorption time and y20/2 come in that order (Figure 1a). The bound is 0.19–0.54 of the
simulated time.

• The energy slope Srest at τ = 0 predicts the simulated times with a correlation of 0.998
between logarithms (Figure 1b). The times exceed the prediction by 7–29%, because the
pair repels its neighbours and lowers Srest as τ grows.

• The explicit bound of Theorem 1.1 is smaller than the simulated times by a factor of order
103 at these heights. The factor log γ is the price of not knowing the local spacing; the factor
log log γ is the price of clusters.

12



Clusters. Theorem 1.1 allows other off-line zeros near the given one, and the simulations show
why this matters. With y0 = 0.8 at γ ≈ 2000, an isolated inserted pair becomes real at τ = 0.135.
When two or five further pairs (y0 = 0.2–0.7, within 2.4 units of x) are inserted around it, all
zeros become real by τ = 0.090 and 0.086. The other upper zeros attract the top one vertically,
and once absorbed they add to the density of real zeros. These times still exceed the conditional
bound for the isolated pair (≈ 0.05), but they show that clusters can speed up absorption.

Figure 1: (a) Lower bound of Theorem 7.1 (open), simulated absorption time (filled) and 2δ2, 30
runs. (b) Simulated times against the prediction from the energy slope Srest at τ = 0. (c) The
lower bound of Theorem 7.1 for Λ as a function of the height of a hypothetical off-line zero, for
δ = 0.05, 0.2 and local excess A = 0, 2, log γ.

Figure 2: Context. (a) Trajectories of inserted off-line pairs at γ ≈ 2000; dashed: ∂τy = −1/y −
L/2. (b) Absorption times against the formula of Theorem 7.1 with A = 0; dotted: ×1.2, the
average excess of the simulations. (c) What an upper bound Λ ≤ τ∗ would exclude by Theorem 7.1

with that factor. (d) The cross-energy C2 of the deformed partial sums
∑

k≤n e
(τ/4) log2 kk−s follows

the deformed expansion, τ = −0.2.

9 Genuine off-line zeros: the Davenport–Heilbronn function

The simulations of Section 8 use pairs inserted by hand among the zeros of ζ. To test the dynamics
on zeros that really are off the line, we use the Davenport–Heilbronn function

f(s) = 1
2(1− iκ)L(s, χ) + 1

2(1 + iκ)L(s, χ̄), κ =

√
10− 2

√
5− 2√

5− 1
,

with χ the character mod 5 with χ(2) = i [3]. Its Dirichlet coefficients are real. The completed
function ξf (s) = (π/5)−(s+1)/2Γ( s+1

2 )f(s) satisfies ξf (s) = ξf (1 − s), yet f has infinitely many
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zeros off the critical line, including infinitely many in Re s > 1 [3], [25, Sect. 10.25]; numerical

zeros are listed in [22, 2]. We put Hf
0 (z) = ξf (

1
2 +

iz
2 ), which is even, real on R and of order 1, and

define Hf
τ by the Gaussian representation (P4).

The energy-slope time. For a zero ρ = β + iγ with δ = β − 1
2 > 0, the interaction term of

Lemma 4.1 at τ = 0 can be computed from ξf alone:

Srest(ρ) = Re
ξ′′f (ρ)

2ξ′f (ρ)
− 1

2β − 1
,

which is ∂σ log |ξf (s)/((s− ρ)(s− 1 + ρ̄))| at s = ρ. Freezing Srest in ∂τδ = − 1
4δ −

1
2Srest gives the

energy-slope time

TS(ρ) =

∫ δ

0

u du
1
4 + 1

2Srestu
=

2δ

Srest
− 1

S2
rest

log
(
1 + 2Srestδ

)
,

which tends to de Bruijn’s 2δ2 as Srest → 0.

Proposition 9.1 (comparison). Let z(τ) = x(τ)+ iy(τ) be a nonreal zero of Hτ (for ξ or ξf ) that
stays simple and obeys Lemma 4.1 on [0, τabs). Write that lemma as ∂τy = −1/y − J(τ) and put
Srest(τ) := J(τ), so that Srest(0) is the quantity above and ∂τδ = − 1

4δ − 1
2Srest(τ) with δ = y/2.

Assume 1
4 + 1

2Srest(0)u > 0 for 0 < u ≤ δ(0) (automatic if Srest(0) ≥ 0). If the interaction term
does not increase along the flow, Srest(τ) ≤ Srest(0), then τabs ≥ TS(ρ).

Proof. ∂τδ ≥ − 1
4δ − 1

2Srest(0), and the solution of the frozen equation reaches 0 at time TS .
Compare the two as in the proof of Theorem 7.1.

The hypothesis is natural: a zero leaving the line pushes its neighbours away, which lowers
Srest. We do not prove it in general. Note that de Bruijn’s bound 2δ2 and TS differ only through
Srest.

Method. We located all zeros of f with 0.505 < Re s < 1.75 and 1 < Im s < 800 by the argument
principle on unit boxes, and refined them by Newton’s method; in every box the winding number
equals the number of zeros found. There are no zeros with Re s ≥ 1.75, since

∑
n≥2 |an|n−σ < 1

there; zeros with 0 < δ ≤ 0.005 are not covered by the scan. The search finds 21 zeros, the
first four of which agree with [22, 2]. For each zero we tracked the corresponding zero of Hf

τ by
Newton’s method on the Gaussian integral, with no truncation of the zero set and no frozen field,
until it reached the real axis. We obtained τabs by extrapolating y2 linearly over the last steps.
The measured initial velocity agrees with Lemma 4.1; at γ = 85.70 it is ∂τy = −1.90 against
−1/(2δ)−Srest = −1.88. We also counted the zeros of ξf (

1
2 + it) in |t−γ| < 3 and compared them

with the expected number 6
2π log 5γ

2π . As a control we did the same in 207 random windows away
from off-line zeros: the mean difference is 0.01 and the standard deviation 0.55.

Results. Table 2 lists, for each zero, δ, the initial interaction term Srest, the frozen-slope
prediction TS , the computed time τabs and their ratio; the relative error of the prediction is
1− TS/τabs ∈ [0, 6.8%]. For a pair alone, y2 = y20 − 2τ exactly; Figure 3 shows y(τ)2 for six zeros,
and its deviation from that straight line, 2–20% of y20 at the end, is the interaction with the other
zeros. The frozen-slope law follows the computed curves closely, and always lies below them. The
prediction from the initial slope and the exact integration of the dynamics are different things: the
first uses only Srest(0), the second follows all the zeros. For all 21 zeros:
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γ δ Srest/S̄ TS τabs TS/τabs 2δ2 ∆N

85.70 0.3085 0.123 0.1722 0.1765 0.976 0.1904 −2.0
114.16 0.1508 0.065 0.0442 0.0445 0.993 0.0455 −2.3
166.48 0.0744 0.033 0.0110 0.0110 0.998 0.0111 −1.7
176.70 0.2243 0.115 0.0928 0.0946 0.980 0.1006 −2.7
240.40 0.3695 0.201 0.2180 0.2304 0.946 0.2731 −3.0
320.88 0.3195 0.167 0.1712 0.1786 0.958 0.2042 −2.3
331.05 0.2682 0.164 0.1239 0.1287 0.963 0.1439 −1.3
366.64 0.1285 0.078 0.0318 0.0321 0.991 0.0330 −2.4
411.80 0.3159 0.196 0.1618 0.1705 0.949 0.1996 −2.5
440.48 0.2089 0.128 0.0791 0.0811 0.976 0.0873 −2.6
520.94 0.0159 0.011 0.0005 0.0005 1.000 0.0005 −1.8
531.28 0.3470 0.196 0.1901 0.2011 0.945 0.2408 −1.8
548.91 0.2295 0.154 0.0924 0.0954 0.968 0.1054 −2.8
566.51 0.2866 0.194 0.1345 0.1413 0.952 0.1642 −1.8
595.02 0.0829 0.047 0.0135 0.0136 0.996 0.0137 −1.9
611.78 0.1283 0.146 0.0306 0.0312 0.981 0.0329 −1.9
646.99 0.1108 0.065 0.0238 0.0240 0.993 0.0245 −2.0
657.11 0.2606 0.186 0.1134 0.1186 0.956 0.1358 −2.0
692.89 0.2887 0.188 0.1364 0.1432 0.952 0.1667 −2.0
737.77 0.2774 0.198 0.1253 0.1320 0.949 0.1539 −2.1
783.65 0.3530 0.232 0.1862 0.1998 0.932 0.2492 −2.1

Table 2: All zeros β + iγ of the Davenport–Heilbronn function with 0.505 < β < 1.75 and
1 < γ < 800 (one of each symmetric quadruple). Here δ = β− 1

2 ; S̄ = 1
2 log

5γ
2π is the mean value of

the energy slope; TS is the energy-slope time; τabs is the time at which the zero of Hf
τ reaches the

real axis; and ∆N is the number of zeros of ξf (
1
2 + it) in |t− γ| < 3 minus the expected number.

• The energy slope predicts the survival time: 0.932 ≤ TS/τabs ≤ 1.000 (mean 0.969), and
always TS ≤ τabs, as Proposition 9.1 predicts when the interaction weakens along the flow.

• The isolated-pair time is nearly attained: τabs ≤ 2δ2 for each zero, with 0.80 ≤ τabs/2δ
2 ≤

0.9995. For a zero that is not the one of maximal imaginary part this is not de Bruijn’s
theorem; it reflects Srest > 0 along the flow.

• Every off-line pair sits in a hole. Srest is only 1–23% of its mean. Within 3 units of γ the line
holds on average 2.15 fewer zeros than expected (sample standard deviation 0.42), against
0.01 ± 0.55 in the control; the difference is 17.8 standard errors with the control’s spread.
Since the expected count includes the off-line pair itself, this says that the total count is
normal: the pair occupies the two places that two zeros on the line would occupy, as if
two zeros had collided and left the line. Consequently the mean-field law of Theorem 7.1,
which assumes regular spacing, underestimates the survival time by factors 0.52–0.94. These
off-line zeros are isolated, and their dynamics is that of an isolated pair.

• The unconditional bound is far from these times. The bound δ2/(70 log γ log log γ), which
is calibrated for ζ and shown here only for comparison, lies 860–1650 times below τabs. A
cluster of off-line zeros, which the proof must allow, is the only mechanism we know that
could shorten the survival time towards it.

• The tracked zero at γ = 240.40 reaches the axis at τ = 0.2304, so numerically Λf ≥ 0.230;
Theorem 9.2 below turns this into a computer-assisted bound.
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Figure 3: y(τ)2 for six of the off-line zeros of the Davenport–Heilbronn function under the heat

flow, with y = Im z of the corresponding zero of Hf
τ (y0 = 2δ). (a) The flow (solid), the isolated-

pair law y2 = y20−2τ (dotted) and the frozen energy-slope law ∂τy = −1/y−Srest(0) (dashed). (b)
The relative deviation from the isolated-pair law, which measures the interaction with the other
zeros.

The de Bruijn–Newman constant of f . Let Λf be the infimum of the τ for which all zeros of

Hf
τ are real (the generalized de Bruijn–Newman constant of f ; for Dirichlet L-functions see [21],

and for function fields [1]).

Theorem 9.2 (computer-assisted). The de Bruijn–Newman constant of the Davenport–Heilbronn
function satisfies

0.228 < Λf ≤ 3.125.

Proof. Kernel. Each L(s, χ) with χ odd has the theta representation (π/5)−(s+1)/2Γ( s+1
2 )L(s, χ) =∫∞

0

∑
n nχ(n)e

−πn2x/5x(s+1)/2 dx
x . Substituting x = e4u and s = 1

2 + iz
2 gives Hf

0 (z) =∫
RΦf (u)e

izudu, with Φf (u) = 4
∑

n ann e
3u−πn2e4u/5 (the an being the real Dirichlet coefficients of

f). This kernel decays like exp(−π
5 e

4u) as u→ +∞. The theta function θf (x) =
∑

n ann e
−πn2x/5

of the self-dual combination f satisfies θf (1/x) = x3/2θf (x) (with the root number +1; this is
equivalent to ξf (s) = ξf (1− s)), which says exactly that Φf is even. Hence the same decay holds

as u → −∞. Therefore Hf
τ (z) =

∫
eτu

2
Φf (u)e

izudu is even, real on R and of order 1 for every τ ,
and agrees with the Gaussian representation (P4).

Upper bound. |f(s) − 1| ≤
∑

n≥2 |an|n−σ < 1 for σ ≥ 1.75, so by the functional equation all

zeros of ξf satisfy −0.75 < Re s < 1.75. Equivalently, all zeros of Hf
0 satisfy | Im z| < 2.5. De

Bruijn’s theorem [4, Thm. 13] applies to
∫
Φ(u)eizudu with Φ real, even, integrable and Φ(u) =

O(exp(−|u|2+ε)), which Φf satisfies. It gives that Hf
τ has only real zeros for τ ≥ 2.52/2 = 3.125.

Lower bound. No exclusion of zeros is needed: we exhibit one nonreal zero of Hf
τ0 with a

rigorous Rouché argument, and every error (discretisation of the Gaussian integral, truncation,

rounding) is enclosed. Suppose Hf
τ1 had only real zeros for some τ1 ≤ τ0 = 0.228. Being even, real

and of order 1, it would lie in the Laguerre–Pólya class. That class is preserved by e−τ∂2
z , τ ≥ 0

[18], [4, Thm. 13 with ∆ = 0], so Hf
τ0 would have only real zeros. We show that Hf

τ0 has a zero in
the rectangle Q = [480.6116, 480.7716]× [0.0289, 0.1156], which lies in the open upper half-plane.
Since the set of τ with only real zeros is closed (Hurwitz), it follows that Λf > τ0.
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Let τ0 be the double-precision number nearest to 0.228, namely 0.22800000000000000822 . . . >
0.228. Let A(z) = h

∑
|jh|≤10Gτ0(jh)H

f
0 (z + ijh) be the trapezoidal approximation to (P4), with

exact step h = 1/16. All computations below use interval arithmetic with outward rounding (script
ia.py), and ξf is evaluated only in Re s ≥ 1

2 , using the functional equation.

• Enclosures of A. The Hurwitz zeta functions are enclosed by Euler–Maclaurin summa-
tion with M = 11 Bernoulli terms. The remainder bound |B2M |/(2M)! · |(s)2M |(N +
a)1−σ−2M/(σ + 2M − 1) follows from |B̃2M | ≤ |B2M | (compare [5]). log Γ is enclosed by
Stirling’s series with K = 5 terms and the remainder bound of [6, Sect. 5.11(ii)].

• |Hf
τ0 − A|. The discrete tail |jh| > 10 is at most 5 · 10−43. The trapezoidal error is at

most 2M0/(e
2π/h − 1) ≤ 10−40 [24], where M0 = sup|b|≤1

∫
|Gτ0(w+ ib)Hf

0 (z− b+ iw)| dw is

bounded using |Gτ (w + ib)| ≤ eb
2/4τGτ (w). Both bounds use a first-order Euler–Maclaurin

majorant of |Hf
0 | on boxes, and both hold uniformly on ∂Q.

• Lipschitz control. By the maximum principle and the majorant, |A| ≤ 386.1 on Q0.15 (Q
enlarged by 0.15), so |A′| ≤ 3861 on ∂Q0.05 by Cauchy’s estimate. Enclosures of A at 894
points of ∂Q0.05 (spacing 10−3) then give |A| ≤ 2.951 on ∂Q0.05, hence |A′| ≤ 59.01 on ∂Q.

• Winding. On 330 points of ∂Q with spacing 1.5 · 10−3, every enclosure of A has modulus
≥ 0.0994 > 59.01 · 1.5 · 10−3 = 0.0885. Therefore A maps each boundary segment into a disc
that does not contain 0, and the winding number of A along ∂Q, read off from the enclosures,
is exactly 1.

• Rouché. On ∂Q, |A| ≥ 0.0994− 0.0885/2 > 0.055, while |Hf
τ0 −A| ≤ 1.2 · 10−14. Hence Hf

τ0

has exactly one zero in Q.

The interval arithmetic assumes that the platform’s elementary functions (exp, log, cos, sin, arctan)
are accurate to 10−12, relative for exp and log and absolute for the others. This is far above their
documented accuracy of a few ulp; a spot check against 50-digit references gives errors below
1.2 · 10−16 (script libm check.py). The tails 10 < |w| ≤ 60 and the bound for M0 are computed
in floating point with a relative safety factor, which is negligible against margins of order 1040.
Beyond |w| = 60 the contributions are below e−3400, since there Gτ0(w) Γ(

σ+1
2 ) ≤ e−w2

. The whole
verification runs in about 100 seconds (script certify ia.py).

Independent verification in Arb. We repeated the whole verification in the Arb ball-arithmetic
library (python-flint), which encloses the Hurwitz zeta and log Γ functions rigorously and takes
τ0 = 0.228 exactly (script certify flint.py). That run makes no assumption on elementary
functions, and its margins are larger:

• |A| ≤ 6.50 on ∂Q0.15, from ball enclosures over boundary segments;

• |A| ≤ 1.053 on ∂Q0.05, hence |A′| ≤ 21.05 on ∂Q;

• 21.05 · 1.5 · 10−3 = 0.0315 < min∂Q |A| = 0.0994;

• |Hf
τ0 −A| ≤ 2 · 10−40;

• winding number 1.

It runs in about six minutes.
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Figure 4: The Davenport–Heilbronn test. (a) Six of the 21 off-line zeros under the heat flow (solid)
and the energy-slope law with Srest frozen at τ = 0 (dashed); dots mark τabs. (b) Predictions and
bounds against the measured absorption time; the dashed line is equality. (c) Number of zeros on
the line within 3 units of each off-line zero, minus the expected number, against random windows.

What this suggests for ζ. If ζ had an off-line zero and behaved like f , the zero would sit
in a hole of two missing on-line zeros. For the off-line zero of maximal δ one would then expect
Λ ≳ 0.9 ·2δ2, far above the worst-case bound of Theorem 1.1. Closing that gap rigorously amounts
to excluding clusters of off-line zeros, which we cannot do.

10 The arithmetic memory of the zeros under the heat flow

Landau’s formula. For a fixed integer n ≥ 2, Landau’s formula [12], in Gonek’s uniform form
[9], gives ∑

T<γ≤T+H

niγ = −H

2π

Λ(n)√
n

+On(log T ), 1 ≤ H ≤ T,

the sum running over the zeros 1
2 + iγ of ζ (we write it for zeros on the line; it holds for

∑
nρ−1/2

in general). Averaged over the ∼ H
2π log T

2π zeros in the window, ⟨niγ⟩ ≈ −Λ(n)/(
√
n log T

2π ).
Geometrically, niγ is the complex conjugate of the position of the zero on the circle traced by
the local Euler factor p−s/(1 − p−s) on the critical line when n = p. Landau’s formula says that
this angle is biased, and only at prime powers: the zeros remember the primes and nothing else.
We ask what happens to this memory under the heat flow. Write xk(t) for the zeros of Ht and
γk(t) = xk(t)/2, so that γk(0) = γk.

Proposition 10.1 (the memory is erased). Let 0 < t ≤ 1
2 and n ≥ 2. There are absolute constants

C, c > 0 such that, for T ≥ max(eC/t, 2πn2) and 1 ≤ H ≤ T ,∑
T<γk(t)≤T+H

niγk(t) ≪ log T

log n
+H log n log T T−ct.

In particular, the average of niγk(t) over T < γk(t) ≤ 2T is O(log n · T−ct), whereas at t = 0 it is
∼ −Λ(n)/(

√
n log T ), which is nonzero only for prime powers n.

Proof. Let g(x, t) = x
4π log x

4π − x
4π + 11

8 + t
16 log

x
4π , and for large m let ξm be the solution of

g(ξm, t) = m. By [19, Thm. 1.5(i)], for x ≥ eC0/t every zero of Ht with real part x is real and lies
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within O(x−ct) of some ξm, where C0 is the absolute constant of [19]. By [19, Thm. 1.5(ii)], for
each index m ≥ eC0/t there is exactly one zero in the disk |z−ξm| ≤ c/ log ξm. Since g(x, t) ≥ eC0/t

for x ≥ 4πeC0/t, and 4π ≤ e2/t, the second statement applies for x ≥ eC/t with C = C0 +2. Hence
for x ≥ eC/t every zero of Ht is real and simple, and the zeros are in one-to-one correspondence
with the ξm, with xk = ξm + O(x−ct). Replacing each xk in (2T, 2T + 2H] by its ξm changes∑
eixk logn/2 by ≪ log n

∑
k x

−ct
k ≪ H log T log nT−ct, since the window contains ≪ H log T zeros

[19, Thm. 1.5(iv)]. It changes the range of m by O(1) terms.
For the smooth sum, write eiξm logn/2 = e2πiF (m) with F (m) = ξm log n/(4π). Then

F ′(m) =
log n

4π ∂xg(ξm, t)
=

log n

log(ξm/4π) + πt/(4ξm)
,

which is decreasing in m and lies in [log n/(2 log T ), 12 ] since T ≥ 2πn2. By the Kusmin–Landau

inequality [10, Thm. 2.1],
∣∣∑

m e
2πiF (m)

∣∣ ≤ cot(πλ/2) ≪ 1/λ with λ = log n/(2 log T ).

Proposition 10.1 is qualitative: c is not explicit, and it gives no main term. The numerics
below suggest that the memory decays at an exact rate depending on n, with a rotation, and that
it appears at composite n.

The conjectured law. Put α∗(γ) =
1
2 log

γ
2π + iπ

4 , which is the conjugate of the leading term of
α(s) = (logM0)

′(s) of [19] at s = 1− iγ. Define the deformed coefficients

cm(t, γ) = btmm
−(t/2)α∗(γ) = exp

( t
4
log2m− t

2
α∗(γ) logm

)
,

and the deformed von Mangoldt function λt(n; γ) as the formal coefficients of −D′/D =∑
n λt(n; γ)n

−s for D(s) =
∑

m cmm
−s. The series diverges for every s, since btm = m(t/4) logm;

it is meaningful only truncated at m ≲ (γ/2π)1/2, as in [19], and for fixed n ≪ γ the coefficient
λt(n; γ) depends only on cm with m | n:

λt(n; γ) = cn log n−
∑

d|n, d<n

λt(d; γ) cn/d.

Conjecture 10.2 (heat-flow Landau law). For fixed 0 < t ≤ 1
2 and n ≥ 2, and T → ∞ with

1 ≤ H ≤ T , ∑
T<γk(t)≤T+H

niγk(t) = − 1

2π

∫ T+H

T

λt(n; γ)√
n

dγ +On,t(log
2 T ).

Conjecture 10.2 is proved in Section 11 (Theorem 11.1), with the error term On,t(log T +
H
T log2 T ). We keep the conjecture and its heuristic derivation here, as they were found first.

Consequences.

• At t = 0, cm = 1 and λ0 = Λ, which is Landau’s formula.

• For a prime, λt(p; γ) = log p · p−(t/4)(log(γ/2πp)+iπ/2). The memory of p decays like
p−(t/4) log(γ/2πp), a power T−(t/4) log p of the height consistent with Proposition 10.1, and it
rotates by the angle −π

8 t log p.
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• The weights btm = e(t/4) log
2 m are not multiplicative: cab = cacb e

(t/2) log a log b. So composite
numbers acquire a memory that ζ does not have (provably for squarefree n and, for small t,
for n with two prime factors; numerically in all cases tested; Proposition 11.8). For example
λt(6; γ) = c2c3 log 6 (e

(t/2) log 2 log 3 − 1), which is ≈ t
2 log 2 log 3 log 6 for small t. Under the

flow, the zeros see the arithmetic of the deformed Dirichlet series
∑
btmm

−s rather than that
of the Euler product.

Heuristic derivation. By [19, Thm. 1.3], Ht(x + iy)/Bt(x + iy) =
∑

m≤N btmm
−s∗ +

(mirror term) + (error) for 0 ≤ y ≤ 1, with s∗ = 1+y−ix
2 + t

2α(
1+y−ix

2 ). Integrate (H ′
t/Ht)(z)n

iz/2

around the rectangle [2T, 2T + 2H]× [−1, 1], which contains every zero with T < γk(t) ≤ T +H,
since | Im zk| < 1 for t > 0.

• Top edge. Because Ht is real on R, (H ′
t/Ht)(z̄) = (H ′

t/Ht)(z). On the top edge the integrand
therefore oscillates like eix(logn+logm)/2 and contributes O(log T ).

• Bottom edge. Expanding log
∑

m b
t
mm

−s∗ =
∑
κmm

−s∗ , the term m = n is stationary. After
conjugation it contributes − 1

2π

∫
λt(n; γ)n

−1/2dγ, with λt(n) = log n · κn · n−(t/2)ᾱ, which is
the recursion above. The other terms of the bottom edge oscillate.

• Vertical edges. The usual Borel–Carathéodory argument gives O(log2 T ).

From the heuristic to a proof. The main term is of size H T−(t/4) logn, so the error has to be
controlled to a relative precision o(T−(t/4) logn). This needs no new saddle-point analysis. On the
line y = 1 the relative error of [19, Thm. 1.3] is already Ot(x

−1 log2 x) (by [19, (23), (24)]; [19,
p. 9] states only the cruder bound eA, eB, eC,0 = O(x−ct), uniform in t, while for fixed t (23) gives

eA + eB ≪t ℓ
2/x and (24) gives eC,0 ≪ x−1/2e−(t/16)ℓ2 , with ℓ = log x

4π , which decays faster than
any power of x; the slow rate x−ct in [19, Thm. 1.5] comes from ft − 1, the deviation of the main
sum [19, (14)] from 1, not from the approximation error), and the mirror term is O(x−1/2) and
oscillates. Integrating by parts on the horizontal sides, the error enters only through log(Ht/Bt),
so no bound for its derivative is needed. The details are in Section 11.

Numerical evidence. We moved the 10142 zeros of ζ below height 104 forward under the
dynamics (P3) up to t = 0.8. This is an approximation: the 40 nearest neighbours of each zero are
treated exactly and the far field is frozen. We then compared the averages of niγk(t) over 1000 <
γk < 9000 with the averaged prediction ⟨−λt(n; γ)/(

√
n log γ

2π )⟩. The real and imaginary parts
agree within 10−3 for all n ∈ {2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 15, 30} and t ∈ {0.05, 0.1, 0.2, 0.4, 0.8}
(Figure 5 and Table 3). In particular, the memory of the composites 6, 10, 12, 15 is exactly zero at
t = 0 and grows as predicted.

Remark 10.3 (backwards in time). Heuristically, for t < 0 the factor p−(t/4) log(γ/2πp) amplifies the
memory of the primes p ≈ (γ/2π)1/2. Their predicted bias exceeds 1 once log γ

2π ≳ 4/|t|, which is
impossible if all the zeros are real. This is consistent with the theorem of Rodgers and Tao that Ht

has nonreal zeros for every t < 0 [20]. It is not a proof: Theorem 11.1 is proved only for 0 < t ≤ 1
2 ,

and this regime is far beyond its range.
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n t measured ⟨niγk(t)⟩ Conjecture 10.2

2 0.8 −0.0325 + 0.0069i −0.0326 + 0.0072i
5 0.4 −0.0481 + 0.0124i −0.0484 + 0.0125i
7 0.8 −0.0150 + 0.0107i −0.0158 + 0.0111i

13 0.4 −0.0363 + 0.0154i −0.0365 + 0.0155i
6 0.4 −0.0066 + 0.0019i −0.0065 + 0.0019i

10 0.4 −0.0078 + 0.0030i −0.0079 + 0.0030i
15 0.4 −0.0105 + 0.0048i −0.0104 + 0.0047i
12 0.8 −0.0032 + 0.0031i −0.0032 + 0.0032i

Table 3: The heat-flow Landau law, measured on the zeros of Ht coming from the zeros of ζ with
1000 < γ < 9000. The values of t exceed the range t ≤ 1

2 of Conjecture 10.2 and Theorem 11.1
only in the numerics.

Figure 5: Arithmetic memory of the zeros under the heat flow. (a) Primes: −Re (solid, dots)
and Im (dashed, squares) of ⟨piγk(t)⟩, measured, and Conjecture 10.2 (lines). (b) The same for the
composites 6, 10, 12, 15, whose memory is created by the flow.

11 A Landau formula for Ht

In this section we prove Conjecture 10.2. Throughout, 0 < t ≤ 1
2 is fixed, z = x + iy, ℓ = log x

4π ,

bm = e(t/4) log
2 m and g(z) = niz/2 = eiz logn/2. We use the notation of [19, (6)–(11), (14)–(19)]:

M0(s) =
s(s− 1)

16
π−s/2

√
2π e(

s
2
− 1

2
) log s

2
− s

2 , α(s) =
1

2s
+

1

s− 1
+

1

2
log

s

2π
,

Mt(s) = e
t
4
α(s)2M0(s), and Bt(z) =Mt(

1−iz
2 ). Note that α =M ′

0/M0 and µ :=M ′
t/Mt = α+ t

2αα
′.

On the line y = 1 we write

s = 1− ix
2 , s′ = 1− s = ix

2 , s∗ = s+ t
2α(s), s′∗ = s′ + t

2α(s
′), Γ =

Mt(s
′)

Mt(s)
.

(In [19] the ratio Γ is denoted γ [19, (16)], and the second sum below is written
∑
nybnn

−s∗−κPm ,
with κPm the quantity of [19, (18)], so that nyn−s∗−κPm = n−s′∗ . We write Γ and κPm to avoid a
clash with the height variable γ and with the coefficients κn below.)
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The deformed von Mangoldt function. Define Λt(n), n ≥ 1, by Λt(1) = 0 and

bn log n =
∑
d|n

Λt(d) bn/d. (4)

Equivalently, logDt(s) =
∑

n≥2 κnn
−s with κn = Λt(n)/ log n, as formal Dirichlet series, where

Dt(s) =
∑

m bmm
−s. The values Λt(n) are real, Λ0 = Λ, Λt(p) = bp log p, and κn depends only on

the bd with d | n. Since m 7→ m−(t/2)α∗ is completely multiplicative, multiplying (4) by n−(t/2)α∗(γ)

gives the recursion of Section 10, so that

λt(n; γ) = Λt(n)n
−(t/2)α∗(γ) = Λt(n)n

−iπt/8
( γ

2π

)− t
4
logn

. (5)

Theorem 11.1 (heat-flow Landau formula). Let 0 < t ≤ 1
2 and n ≥ 2. There is T0 = T0(n, t)

such that for T ≥ T0 and 1 ≤ H ≤ T∑
T<Re zk/2≤T+H

nizk/2 = −Λt(n)n
−iπt/8

2π
√
n

∫ T+H

T

( γ

2π

)− t
4
logn

dγ +On,t

(
log T +

H

T
log2 T

)
,

where zk runs over the zeros of Ht, with multiplicity. For 2T ≥ eC/t, with C the absolute constant
of [19, Thm. 1.5(i)], these zeros are real, so the left side is

∑
T<γk(t)≤T+H niγk(t). In particular,

Conjecture 10.2 holds.

By (5), the main term is − 1
2π

∫ T+H
T λt(n; γ)n

−1/2dγ. It has size ≪n,t H T−(t/4) logn, and

≍n,t H T−(t/4) logn when Λt(n) ̸= 0. Theorem 11.1 is an identity with an error term for every
n and t; whether the main term dominates the error depends on the exponent θ = t

4 log n.

Corollary 11.2 (when the memory is detected). Let 0 < t ≤ 1
2 , n ≥ 2 with Λt(n) ̸= 0, and

θ = t
4 log n.

1. If θ < 1 and H = H(T ) ≤ T satisfies H/(T θ log T ) → ∞, the main term of Theorem 11.1
dominates: the sum equals the main term times 1 + o(1).

2. If θ ≥ 1, then for every 1 ≤ H ≤ T the main term is On,t(T
1−θ) = On,t(1), below the error

term On,t(log T ), and the theorem does not detect the memory of n.

Proof. The main term is ≍ HT−θ. In (1), HT−θ/ log T → ∞, and HT−θ/(HT log2 T ) =
T 1−θ/ log2 T → ∞. In (2), HT−θ ≤ T 1−θ ≤ 1.

For t ≤ 1
2 the detection range θ < 1 is n < e4/t, which contains n < e8 ≈ 2981 for every

admissible t. In particular, in the range of Corollary 11.2(1), the theorem is an asymptotic formula.

The case n = 1 of the proof (Remark 11.6) gives ( 1
2π

∫ T+H
T log γ

2πdγ)(1+o(1)) zeros in the window,

so in that range (and Λt(n) ̸= 0) the mean of niγk(t) is −λt(n;T )/(
√
n log T

2π ) (1 + o(1)) when
also H = o(T ). The first two consequences listed after Conjecture 10.2 are therefore proved: the
decay of the memory of p by the factor p−(t/4) log(γ/2πp) and the rotation by −π

8 t log p. The third,
a nonzero memory of a composite n, is proved wherever Λt(n) > 0 is proved: for prime powers
and for all squarefree n (Proposition 11.8). For the other composites the positivity of Λt(n), hence
the memory, is numerical (n ≤ 2 · 104). The constant T0 is effective but astronomically large: the
proof needs log T

2π ≥ 4 log(nK) + 8 with K ≥ e16/t, that is T ≥ 2πe8(nK)4 ≥ 2πn4e8+64/t, besides

2T ≥ x1(t,K) of Lemma 11.3. This T0 is effective for the sum over Re zk; the rewriting as
∑
niγk(t)

also needs 2T ≥ eC/t and so inherits the unspecified constant C of [19]. The numerics below test
the formula far below that range. The rate in Proposition 10.1 becomes the exact exponent t

4 log n
for fixed n; Proposition 10.1 remains of interest because it is uniform in n.
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Lemma 11.3 (the line y = 1). Let K ≥ e16/t be an integer and AK =
∑

m≤K bmm
−s∗. Write

1∑
m≤K bmm−w =

∑
M≥1 βMM

−w for Rew large, with real βM . There is x1(t,K) such that for

x ≥ x1 the following hold, with σ = Re s∗. First, σ ≥ 1 + t
4ℓ −

t
x2 , Re s

′
∗ ≥ 0, |Γ| ≤ 2( x

4π )
−1/2,∑

2≤M≤K |κM |M−σ +
∑

M≥2 |βM |M−σ(1 + logM) ≤ 1
4 , and |AK − 1| ≤ 1

4 . Second, F (x) =

Ht(x+ i)/Bt(x+ i) satisfies |F (x)− 1| ≤ 1
2 , and its principal logarithm L(x) = logF (x) satisfies

L(x) =
∑

2≤M≤K

κMM
−s∗ + Γ

∑
m≤K

∑
M≥1

bmβM m−s′∗M−s∗ +Ot,K

(ℓ2
x

)
, (6)

where the first sum is finite, the double series converges absolutely, and κM are the coefficients of
logDt. (The full series

∑
M≥2 |κM |M−σ diverges, since κp = bp grows faster than any power of p;

only M ≤ K is used below.)

Proof. Theorem 1.3 of [19] holds in the region 0 < t ≤ 1
2 , 0 ≤ y ≤ 1, x ≥ 200 [19, (5)]; we use

it at y = 1 and take x1 ≥ 200. At y = 1 it gives F = A + ΓB + E with A =
∑

m≤N bmm
−s∗ ,

B =
∑

m≤N bmm
−s′∗ , N = ⌊

√
x/4π + t/16⌋ [19, (19)], and |E| ≤ eA + eB + eC,0. The bounds

for σ and |Γ| are [19, (20), (21)], and Re s′∗ = t
2 Reα(

ix
2 ) = t

4ℓ −
t
2(1 + x2

4 )
−1 ≥ 0. The explicit

bounds [19, (23), (24)] give eA + eB ≪ (1 + t2ℓ2)x−1
∑

m≤N bmm
−σ and eC,0 ≪ x−1/2e−(t/16)ℓ2 , so

|E| ≪t ℓ
2/x.

For m ≤ N we have logm ≤ ℓ
2 + x−1/3, hence bmm

−σ ≤ m−1−η and bmm
−Re s′∗ ≤ m−η,

with η = t
8ℓ − x−1/3. Since η logK ≥ 2ℓ − 1, the terms with K < m ≤ N contribute ≤∑

m>K m−1−η ≪ x−2 toA and≪ x−1/2
∑

m>K m−η ≪K x−2 to ΓB. Let u =
∑

2≤m≤K bmm
−σ(1+

logm) ≤
∑

m≥2m
−1−η(1 + logm), which tends to 0 as x → ∞. Then |AK − 1| ≤ u, |ΓBK | ≤

2K1+(t/4) logK( x
4π )

−1/2 with BK =
∑

m≤K bmm
−s′∗ , and

F = AK(1 + w), w =
ΓBK + E1

AK
, |E1| ≪t

ℓ2

x
, |w| ≪t,K x−1/2.

So |F−1| ≤ 1
2 for large x, and L = logAK+log(1+w) = logAK+ΓBK/AK+O(|E1|+|w|2). Next,

logAK =
∑

j≥1
(−1)j−1

j (AK − 1)j =
∑

M≥2 κ
(K)
M M−s∗ , where κ

(K)
M = κM for M ≤ K, because the

coefficient of M−s in the logarithm of a Dirichlet series with constant term 1 depends only on the
coefficients at the divisors of M . Every product bm1 · · · bmj (m1 · · ·mj)

−σ with 2 ≤ mi ≤ K is at
most (m1 · · ·mj)

−1−η, so∑
M>K

|κ(K)
M |M−σ ≤ K−η/2

∑
j≥1

1

j

(
ζ(1 + η

2 )− 1
)j ≤ 3(2K)−η/2 ≪K x−1,

using ζ(w) − 1 ≤ 3 · 2−w for w ≥ 2 and t
16 log(2K) ≥ 1. The same argument with u bounds the

sum of |κM |M−σ over 2 ≤M ≤ K (where κM = κ
(K)
M ) by

∑
j j

−1uj , and the βM sum by
∑

j≥1 u
j ,

since 1/AK =
∑

j≥0(1 − AK)j and 1 + log(m1 · · ·mj) ≤
∏
(1 + logmi). Finally ΓBK/AK is the

double series in (6).

Lemma 11.4 (local structure). There are x0(t) and C(t) with the following properties for a ≥
x0 and z0 = a + i. (i) Ht has at most C log a zeros in |z − z0| ≤ 4. (ii) For |z − z0| ≤ 2,
(H ′

t/Ht)(z) =
∑

|zk−z0|≤4(z − zk)
−1 + O(C log a). (iii) If no zero of Ht has real part a, then∣∣ ∫ 1

−1(H
′
t/Ht)(a+ iy) g(a+ iy) dy

∣∣ ≤ Cn log a, with Cn depending on n and t.
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Proof. Let |z − z0| ≤ 8, so |y| ≤ 9 and |x − a| ≤ 8, and let Aτ (σ) be the function of Lemma 3.1,

whose subscript is the height. Elementary estimates give Aτ (σ) ≤ Aτ (1) +
σ−1
2 log τ

2π + (1+σ)2

τ for

σ ≥ 1
2 . By (P4), the remark after (P5) and Lemma 3.1 with τ = x

2 and σ = 1
2 + |y+w|

2 ,

|Ht(z)| ≤
1

8

∫
Gt(w) exp

(
Ax/2(1) +

|y + w| − 1

4
ℓ+

(3 + |y + w|)2

x
+ log(4

√
x) + 1

)
dw.

Since
∫
Gt(w)e

c|w|+2w2/xdw ≤ 4ec
2t(1+16t/x) for x ≥ 32, this gives log |Ht(z)| ≤ − log 8 +Ax/2(1) +

|y|−1
4 ℓ+ t

16ℓ
2+ 1

2 log x+6 for large x. On the other hand, Lemma 11.3 gives |Ht(z0)| ≥ 1
2 |Mt(1− ia

2 )|.
Here log |M0(σ + iτ)| = Aτ (σ)− log 8 + θ with −σ3/(6τ2) ≤ θ ≤ 0, as in the proof of Lemma 3.1,
since M0 is 1

8 · 1
2s(s − 1)π−s/2 times the main term of Stirling’s formula for the Gamma function

at s
2 ; and

t
4 Reα(1−

ia
2 )

2 = t
16ℓ

2
a − tπ2

64 +O(ℓa/a) with ℓa = log a
4π . As |Ax/2(1)−Aa/2(1)| ≤ π+1

for |x − a| ≤ 8, we get log |Ht(z)/Ht(z0)| ≤ 2ℓ + 1
2 log x + 12 ≤ 3 log a on |z − z0| ≤ 8. Jensen’s

formula then gives (i) with C = 3/ log 2, and Lemma α of [25, Sect. 3.9] gives (ii).
For (iii), the segment {a + iy : |y| ≤ 1} lies in |z − z0| ≤ 2. By (ii) it suffices to bound∫ 1

−1 g(a + iy)(a + iy − zk)
−1dy for each of the O(log a) zeros zk = u + iv in |z − z0| ≤ 4, where

u ̸= a and |v| ≤ v0 :=
√
1− 2t by [4, Thm. 13]. Since |g(a+ iy)− g(a+ iv)| ≤ 1

2n
1/2 log n |y− v| ≤

1
2n

1/2 log n |a+ iy− zk|, the integral is g(a+ iv)
∫ 1
−1

dy
a−u+i(y−v) +O(n1/2 log n). The last integral is

−i log a−u+i(1−v)
a−u−i(1+v) , with the principal branch, because the path stays in a half-plane ±Re > 0. Its

modulus is at most π + log 1+v0
1−v0

.

Lemma 11.5 (oscillatory integrals). If Ψ ∈ C2[a, b] and |Ψ′| ≥ λ > 0, then
∣∣ ∫ b

a e
Ψdx

∣∣ ≤
sup[a,b] |eΨ|

(
2
λ +

∫ b
a

|Ψ′′|
|Ψ′|2dx

)
. If ψ ∈ C1[a, b] and λ ∈ R \ {0}, then

∣∣ ∫ b
a ψe

iλxdx
∣∣ ≤ (2 sup |ψ| +∫ b

a |ψ′|)/|λ|.

Proof. Integrate by parts:
∫
eΨ = [eΨ/Ψ′]ba +

∫
eΨΨ′′/Ψ′2, and similarly for ψeiλx.

Proof of Theorem 11.1. Fix n and t and let K = max(n, ⌈e16/t⌉). Let T be large, 1 ≤ H ≤ T ,
a = 2T and b = 2T + 2H. Moving a and b to the right by an arbitrarily small amount, we may
assume that no zero has real part a or b; the bounds below do not depend on this. By [4, Thm. 13]
(restated as [19, Thm. 3.2]) every zero satisfies | Im zk| ≤

√
1− 2t < 1, so by the argument principle∑

a<Re zk<b

g(zk) =
1

2πi

∮
∂R

H ′
t

Ht
(z) g(z) dz, R = [a, b]× [−1, 1].

By Lemma 11.4(iii) the vertical sides contribute On,t(log T ).
The horizontal sides. Put φ(x) = (B′

t/Bt)(x+ i) = − i
2µ(s), so that (H ′

t/Ht)(x+ i) = φ(x) +

L′(x) with L as in Lemma 11.3. Since Ht is real on R, (H ′
t/Ht)(x− i) = φ(x) + L′(x). Hence the

top and bottom sides contribute

I+ = − 1

2πi

∫ b

a
(φ+ L′) g(x+ i) dx, I− =

1

2πi

∫ b

a
(φ+ L′) g(x− i) dx.

Here g(x± i) = n∓1/2eiλx with λ = 1
2 log n, |φ| ≪ ℓ and |φ′| ≪ ℓ/x, so Lemma 11.5 bounds the φ

terms by On(log T ). In the L′ terms we integrate by parts:∫ b

a
L′g(x+ i) dx =

[
Lg(x+ i)

]b
a
− iλ

∫ b

a
Lg(x+ i) dx,
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∫ b

a
L′g(x− i) dx =

[
Lg(x− i)

]b
a
− iλ

∫ b

a
Lg(x− i) dx.

The boundary terms are O(n1/2) since |L| ≤ 1. We insert (6). The error term of (6) contributes

≪n,t

∫ b
a ℓ

2x−1dx≪ H
T log2 T . Each remaining term is eΨ for an explicit Ψ. We use d

dxs∗ = − i
2(1+

t
2α

′(s)), d
dxs

′
∗ = i

2(1 + t
2α

′(s′)), d
dx log Γ = i

2(µ(s) + µ(s′)), together with α′(s), α′(s′) = O(1/x),

α′′ = O(x−2) and µ(s) + µ(s′) = ℓ+O(ℓ/x), which hold because ss′ = x2

4 + ix
2 .

(a) κMM
−s∗g(x+ i), 2 ≤M ≤ K: Ψ′ = i

2 log(nM) +O( logMx ) and Ψ′′ = O( logM
x2 ). Lemma 11.5

gives On,t(1) in total.

(b) κMM−s∗g(x− i), 2 ≤ M ≤ K, M ̸= n: Ψ′ = i
2 log

n
M +O( logMx ), and | log n

M | ≥ 1
2K . Again

On,t(1) in total.

(c) Γ bmβMm
−s′∗M−s∗g(x + i) and the conjugate terms times g(x − i), m ≤ K, M ≥ 1: Ψ′ =

± i
2

(
ℓ + log Mn±1

m

)
+ O( ℓ+logM

x ), so |Ψ′| ≥ ℓ
4 once ℓ ≥ 4 log(nK) + 8, and Ψ′′ = OK( 1x +

logM
x2 ), since µ′(s), µ′(s′) = O(1/x) and α′′ = O(x−2). By Lemma 11.5 each term is ≪

|Γ|bm|βM |M−σn1/2(1 + logM)(ℓ−1 + H
T ). Summing with Lemma 11.3 gives On,t(T

−1/2).

(d) The diagonal termM = n in Lg(x−i). Since s∗ = 1+ ix
2 +

t
2α(1+

ix
2 ), we have κnn

−s∗g(x−i) =
κnn

−1/2n−(t/2)α(1+ix/2), which does not oscillate. Its contribution to I− is

−iλ
2πi

∫ b

a
κnn

− 1
2
− t

2
α(1+ ix

2
)dx = −Λt(n)

2π
√
n

∫ T+H

T
n−

t
2
α(1+iγ)dγ.

Finally α(1 + iγ) = α∗(γ) + O(1/γ), so replacing α(1 + iγ) by α∗(γ) costs On,t(H/T ), and
(5) gives the main term.

Adding up,
∑

a<Re zk<b g(zk) equals the main term plus On,t(log T + H
T log2 T ).

Remark 11.6 (the count). With g ≡ 1 the same argument applies: the L terms give L(b)−L(a) =

O(1) and the φ terms give − 1
π

∫ b
a Imφdx = 1

2π

∫ b
a Reµ(s) dx, and Reµ(s) = ℓ

2 +O( ℓx). Hence the

number of zeros with T < Re zk/2 ≤ T + H is 1
2π

∫ T+H
T log γ

2πdγ + Ot(log T + H
T log T ). This is

consistent with the zero count of [19]; for X ≥ eC/t, with the unspecified absolute constant C,
[19, Thm. 1.5(iii)] gives the sharper Nt(X) = g(X, t) + O(1) for the number Nt(X) of zeros with
real part in (0, X], where g(x, t) is the function of the proof of Proposition 10.1 (not the weight g
above).

Remark 11.7 (why t > 0 helps). For t = 0 the line y = 1 is the line Re s = 1, where log ζ does not
converge absolutely, and Landau’s proof moves the contour to Re s > 1. For t > 0 the effective
variable s∗ has Re s∗ ≈ 1 + t

4 log
x
4π , which tends to infinity with the height. That is why the

logarithm of the deformed Dirichlet sum can be expanded on the line y = 1 itself, and why its
coefficients carry the factor n−(t/4) log(x/4π): the decay of the memory is the drift of the effective
abscissa. The price is that the constants degenerate as t→ 0 (K ≥ e16/t).

11.1 The sign of the deformed von Mangoldt function

After the rotation, the memory has the sign of −Λt(n). The classical Λ vanishes off the prime
powers, while Λt(n), t > 0, is in general nonzero at composite n; so the flow changes the arithmetic
structure of the coefficients.
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Proposition 11.8 (positivity). Let t > 0.

1. Λt(p
k) > 0 for every prime power.

2. For squarefree n = p1 · · · pk, Λt(n) is given by the connected-graph expansion (7) below, and
Λt(n) > 0.

3. For every n ≥ 2, Λt(n) = Λ(n) + t
4 log n

(
Λ(n) log n + (Λ ∗ Λ)(n)

)
+ On(t

2). Hence, if
n = paqb has exactly two distinct prime factors, Λt(n) = t

2 log n log p log q + On(t
2) > 0

for 0 < t < t0(n); if n has at least three distinct prime factors and is not squarefree, the
first-order term vanishes.

Proof of (1). Indeed, k 7→ bpk = e(t/4)k
2 log2 p is log-convex and equals 1 at k = 0, so by Kaluza’s

theorem [11] 1/
∑

k bpkX
k = 1−C(X) with C having nonnegative coefficients and linear coefficient

bp. Hence
∑

k κpkX
k = − log(1−C(X)) =

∑
j≥1C(X)j/j, whose coefficient of Xk is at least bkp/k.

□
Proof of (2). The sign follows from a cluster expansion. Let n = p1 · · · pk with distinct primes

and, for S ⊆ [k] = {1, . . . , k}, dS =
∏

i∈S pi. Since log2 dS =
∑

i∈S log2 pi + 2
∑

i<j∈S log pi log pj ,

bdS =
∏
i∈S

bpi
∏

i<j∈S
(1 + wij), wij = e(t/2) log pi log pj − 1 > 0.

We claim that

Λt(n) = logn ·
k∏

i=1

bpi ·
∑
G

∏
ij∈G

wij , (7)

the sum running over the connected graphs G on the vertex set [k] (for k = 1, the graph with one
vertex and empty product 1). In particular Λt(n) > 0 for every squarefree n ≥ 2 and t > 0, and
k = 2 gives Λt(pq) = bpbq log(pq) (e

(t/2) log p log q − 1).
Proof of (7). By (4),

∑
n Λt(n)n

−s = −D′
t/Dt = −(logDt)

′, so Λt(n) = κn log n with κn the

coefficient of n−s in logDt =
∑

j≥1
(−1)j−1

j (Dt−1)j . The Dirichlet series supported on the integers
that do not divide n form an ideal, and for squarefree n the quotient algebra is isomorphic to
R = R[X1, . . . , Xk]/(X

2
1 , . . . , X

2
k) via d

−s
S 7→ XS =

∏
i∈S Xi: indeed dSdS′ divides n exactly when

S ∩ S′ = ∅, which is when XSXS′ ̸= 0. Hence κn is the coefficient of X1 · · ·Xk in logZ, where

Z =
∑
S⊆[k]

bdSX
S =

∑
S

∏
i∈S

bpiXi

∑
G on S

∏
ij∈G

wij ,

the inner sum running over all graphs on the vertex set S. Grouping each graph by its con-
nected components, which partition S, gives Z =

∑
π

∏
B∈π cBX

B, summed over the sets π of
pairwise disjoint nonempty blocks, with cB =

∏
i∈B bpi

∑
G connected on B

∏
ij∈Gwij . In R a prod-

uct XB1 · · ·XBr vanishes unless the blocks are disjoint, and each set of r disjoint blocks occurs
r! times in (

∑
B cBX

B)r; so Z = exp
(∑

B ̸=∅ cBX
B
)
in R (the exponential formula, or Möbius

inversion on the Boolean lattice). Thus logZ =
∑

B cBX
B and κn = c[k], which is (7). A check

in 50-digit arithmetic against the recursion (4) for n = 6, 30, 210, 2310 (1, 4, 38 and 728 connected
graphs) at t = 0.1 and t = 0.5 gives agreement to relative error below 10−48 (lam sign.py).

Proof of (3). Since bm = 1 + t
4 log

2m + Om(t2), logDt = log ζ + t
4

∑
m log2 mm−s

ζ(s) + O(t2)

coefficientwise, so κn = Λ(n)
logn + t

4(µ ∗ log
2)(n) +On(t

2), and (µ ∗ log2)(n) = Λ(n) log n+ (Λ ∗Λ)(n).
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For n = paqb the only factorizations n = de with Λ(d)Λ(e) ̸= 0 are d = pa, e = qb and the reverse,
so (Λ ∗ Λ)(n) = 2 log p log q; it vanishes when n has three or more distinct prime factors. □

Numerics and an open question. The cases not covered by (1)–(3) are the n that are neither
squarefree nor prime powers, at all t for three or more prime factors and at large t for two. In 60-
digit arithmetic, Λt(n) > 0 for all such n ≤ 2 · 104 at 12 values 0.001 ≤ t ≤ 2, and for all 7-smooth
n ≤ 1012 (which have many repeated factors) at t = 0.01, 0.1, 0.5, 1, 2, in 150-digit arithmetic; the
first-order law (3) is confirmed at t = 10−4 (lam sign ext.py; the earlier double-precision check
lam sign.py covers n ≤ 2 ·104 at five values of t). We have found no sign change. On this evidence
the zeros of Ht lean toward the angle π − π

8 t log n on the circle of every n ≥ 2, whereas the zeros
of ζ lean only on the circles of the prime powers. Whether Λt(n) > 0 for all n ≥ 2 and t > 0 is
open; a proof would need an expansion that, unlike (7), handles repeated prime factors, where the
quotient algebra is

∏
iR[Xi]/(X

ki+1
i ) and the weights e(t/2)aiaj log pi log pj depend on the exponents.

Numerical test with exact zeros. The numerics of Section 10 use an approximate dynam-
ics. To test Theorem 11.1 directly we computed the zeros of Ht on 200 ≤ x ≤ 18200 for
t = 0.05, 0.1, 0.2, 0.4 from the Gaussian representation (P4), with 48-point Gauss–Hermite quadra-
ture in w and ζ by Euler–Maclaurin (htzeros.py; relative accuracy 10−7 against mpmath; at t = 0
the routine reproduces the zeros of ζ to 10−7). For each t the routine finds 9065 zeros on this
interval, the same number as for ζ, consistent with all of them being real and simple; the smallest
gaps are 0.62, 0.85, 1.09 and 1.34. The approximate dynamics of Section 10 puts the zeros within
4 · 10−4, 9 · 10−4, 2.2 · 10−3 and 5.9 · 10−3 of these (maximum over the zeros; the medians are ten
times smaller), which supports Table 3; rerunning flow fwd.py and heat landau.py reproduces
that table. Table 4 compares the sums S =

∑
1000<γk(t)≤9000 n

iγk(t) with the main term M of The-
orem 11.1. Over this window the main terms reach 837 in modulus, while |S −M | ≤ 3 for n ≤ 15
and |S −M | ≤ 6.7 for n = 30, at all four values of t. Landau’s prediction for ζ, − H

2πΛ(n)/
√
n,

misses by up to 582, and the main term without the rotation factor n−iπt/8 misses by up to 118.
For the windows (1000, 1000+H] with 250 ≤ H ≤ 8000 the largest error over these n lies between
3.2 and 10.1 and does not grow with H, as the error term O(log T ) predicts (landau check.py).
The composites 6, 10, 12, 15 follow the theorem as closely as the primes do. For n = 30 the main
term is the smallest, |M | = 1.7 and 5.7 at t = 0.05 and 0.1, and there the error |S−M | = 6.63 and
5.96 exceeds |S| = 5.09 and 2.04, the distance to Landau’s prediction 0. So at these heights the
window does not resolve the memory of 30 for small t; only at t = 0.2 and 0.4 is S clearly closer
to M than to 0 (|S −M | = 4.89, 3.40 against |S| = 11.30, 27.98). Status: numerical, in double
precision; the heights are far below T0(n, t).
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t = 0.1 t = 0.4

n measured S Theorem 11.1 measured S Theorem 11.1

2 −565.7 + 13.3i −563.7 + 15.3i −416.1 + 43.3i −413.9 + 45.2i
3 −695.1 + 31.6i −694.9 + 30.0i −438.6 + 78.0i −438.4 + 76.4i
5 −750.0 + 47.1i −750.2 + 47.5i −402.8 + 104.0i −402.9 + 104.1i
7 −745.7 + 58.1i −746.9 + 57.2i −366.1 + 116.5i −367.4 + 115.9i

4 −377.3 + 21.1i −377.3 + 20.6i −230.9 + 51.4i −230.9 + 51.1i
8 −265.2 + 22.6i −264.3 + 21.6i −150.5 + 51.9i −149.9 + 50.8i
9 −386.6 + 34.4i −387.5 + 33.5i −205.8 + 74.7i −206.8 + 74.3i

6 −28.4 + 1.4i −28.1 + 2.0i −54.8 + 15.6i −54.3 + 15.7i
10 −37.6 + 4.6i −39.3 + 3.6i −64.6 + 24.8i −65.9 + 24.9i
12 −27.0 + 1.8i −27.0 + 2.6i −47.6 + 19.0i −47.5 + 19.5i
15 −59.2 + 7.6i −57.8 + 6.2i −87.3 + 39.8i −86.6 + 39.2i
30 −0.4− 2.0i −5.7 + 0.8i −24.4 + 13.7i −27.0 + 15.9i

Table 4: Theorem 11.1 on the exactly computed zeros of Ht: S =
∑

1000<γk(t)≤9000 n
iγk(t) against

the main term −Λt(n)n−iπt/8

2π
√
n

∫ 9000
1000 (

γ
2π )

− t
4
logndγ. Rows: primes, prime powers, composites; for the

composites Landau’s formula at t = 0 predicts no bias. The same agreement holds at t = 0.05 and
t = 0.2 (landau check.out).

12 Status

• Unconditional and explicit, with certified numerical steps: Lemmas 3.1–3.3, Proposition 5.2,
Theorem 1.1 and Corollary 1.2. They use only (P1)–(P5) from [4, 19, 17], Stirling’s formula
and the Euler–Maclaurin formula. The final inequality of Lemma 3.2 and the maximisation
over p and γ in (3) are certified in Arb ball arithmetic (Appendix A); the bound Nτ (200) ≤
750 is analytic. The integration of the differential inequality across collisions of zeros uses
the monotonicity lemma of Appendix B.

• Unconditional, qualitative: Proposition 10.1, the heat flow erases the Landau memory at a
power rate (from [19, Thm. 1.5]).

• Unconditional, asymptotic: Theorem 11.1, the heat-flow Landau formula, which proves Con-
jecture 10.2 for fixed n ≥ 2 and 0 < t ≤ 1

2 , with error On,t(log T + H
T log2 T ). It uses [19,

Thm. 1.3, (20)–(24)], de Bruijn’s strip, Lemma 3.1, Jensen’s formula and Lemma α of [25,
Sect. 3.9]. The constant T0(n, t) is effective for the sum over Re zk but astronomically large
(T0 ≥ 2πn4e8+64/t); the form with γk(t) uses the reality of the zeros for 2T ≥ eC/t, with
the unspecified constant C of [19, Thm. 1.5]. The statement is not uniform in n. The main
term dominates only when t

4 log n < 1 and the window is long enough (Corollary 11.2). The
positivity of the deformed von Mangoldt function, and hence the nonzero memory of n, is
proved for prime powers, for all squarefree n, and for small t when n has exactly two distinct
prime factors; for the other composites it is numerical (Proposition 11.8 and the checks after
it); whether it holds for all n and t is open. The test on the exactly computed zeros of Ht

(Table 4) is numerical.

• Conditional on (I), (C): Theorem 7.1, the linear regime.

• Computer-assisted: Theorem 9.2, 0.228 < Λf ≤ 3.125 for the Davenport–Heilbronn func-
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tion, verified independently with outward-rounded interval arithmetic and with Arb ball
arithmetic.

• Numerical, on genuine off-line zeros: the energy-slope law TS ≤ τabs (with τabs ≤ 2δ2

observed for every zero) and the hole of two missing zeros around each off-line zero of the
Davenport–Heilbronn function (Section 9); Proposition 9.1 is conditional on the interaction
term not increasing.

• Heuristic: the deformed cross-energy picture and the identification of the drift L/4 with the
shift of the effective critical line.

• Not used: a zero-free half-plane Re s > 7
8 , claimed in an unverified manuscript [14], would

give (P1) with 3
4 in place of 1 and slightly better constants; nothing in this paper depends

on it.

• Relation to the literature: the upper-bound version of the dynamics is used in [16, 23]. As
far as we know, lower bounds for Λ in terms of a hypothetical off-line zero, and the link with
the energy slope, are new.

• What this does not do: prove RH. The bound shows that Λ dominates a distance
≍ δ2/(log γ log log γ) from each zero to the critical line, a distance that tends to 0 with the
height. The rigidity proved by Rodgers and Tao, Λ ≥ 0, points the other way.

A Certified numerical inequalities

A.1. The final step of Lemma 3.2 (certify lemmaC.py, Arb through python-flint, 128 bits,
about two seconds). Put u = 1/tc, ℓc = log tc

2π and σmax = 1
2 + Y0+R

2 , so that σmax−σc
2 = R

4 . For a

point z = c+Reiθ write dx = R cos θ, t = tc +
dx
2 , λ = log t

tc
≤ u dx

2 . For 1
2 ≤ σ′ ≤ σy, Lemma 3.1

gives

Ut(σ
′)−Ψ =

R

4
ℓc − c(σ′)ℓc +m0(σ

′)+ q(σ′)λ− π

8
dx+Q(σ′, u)+

1

3t
+
u

3
+
σ3cu

2

6
− log

ζ(3)

ζ(3/2)
−N,

where N ≥ 0 collects the terms of Ψ in |sc|/tc and |sc − 1|/tc, and where either m0 = log ζ(σ′),
c = σmax−σ′

2 , q = σ′

2 +
3
2 (used for σ′ ≥ 1.1), orm0 = log 4+ 1

2 log 2π, c =
σmax−σ′

2 − 1
2 , q =

σ′

2 +2 (from
log 4

√
t, used for σ′ ≤ 1.1); in both cases c ≥ 0, and Q ≤

(
(σ′3+σ′2)/4+(σ′− 1)2/2

)
u2/(1− Ru

2 )2.
Hence, for ℓc ≥ ℓa and u ≤ ua, −c ℓc ≤ −c ℓa, and qλ − π

8dx ≤ −(π8 − qmaxua

2 )dx for dx ≥ 0 and
≤ π

8 |dx| for dx < 0. The σ′-range [12 , σmax] is split into cells of length 10−3 (with log ζ at the left
end, since it decreases), and the circle into 20000 arcs, each with the upper end of σy and the lower
end of dx; the maximum of Ũt(σy) over each arc is bounded by the running maximum over the
σ′-cells below σy. The remaining terms are bounded as follows, all by functions nondecreasing in
u and nonincreasing in ℓc (using τ ≤ 1/(100ℓX) ≤ 1/(100ℓc)):

• κ1 ≤ ℓc
4 + Ru

8 + 18.7 u2

(1−Ru/2)2
, from ∂σAt ≤ 1

2 log
t
2π + (0.75σ2 + 1.5σ)/t2 for σ ≤ σmax +

1
2 ;

• a− ≥ ℓc
4 −

1
2 |

ζ′

ζ (
3
2)|−0.488u2, a+ ≤ ℓc

4 +
1
2 |

ζ′

ζ (
3
2)|+1.5u2 and b+ ≤ 1

2(
π
4+2.5u+0.226u2+| ζ

′

ζ (
3
2)|),

from Binet’s formula |ψ(z)− log z + 1
2z | ≤ 0.113/(Im z)2 for Re z = 3

4 , Im z ≥ 50;

• K2 ≤ (log ζ)′′(1.2) + 3u2 + π
4u, from |ψ′(z)| ≤ (Im z)−2 + π/(2 Im z);
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• ε ≤ eb
2
+τ

(
(1− 4βτ)−1/2eβm

2/(1−4βτ) − 1 + Itail
)
, with β = K2/8, m = 2max(|a−|, a+)τ , and

Itail the Gaussian tail over |w| > 0.6 of |ρ(w)|+1, where |ρ(w)| ≤ exp
(
Ũtc(

3
2+

|w|
2 )−Ψ+a|w|

)
and ∂σAt ≤ 1

2 log
|s|
2π+

1
2+

3
4u; the tail integrals are bounded by the tangent line of the concave

exponent at the end point;

• ηup, the region |w| > 1 on the circle, in the same way.

At ta = 100.25 (X = 200): the σ′-dependent part is at most 0.8978, − log ζ(3)
ζ(3/2) = 0.7762,

log 2, the u-terms 0.0069, the τ -terms 0.0087, ε ≤ 0.0237 and ηup ≤ 2 · 10−31, so g ≤ 2.4067 <
2.5 + (2.07 − R

4 )ℓa = 2.5088. Since every bound is monotone in the right direction, this one
evaluation covers all X ≥ 200; at X = 2 · 103, 2 · 106 and 2 · 1012 the same script gives g ≤ 2.014,
1.725 and 1.614.

A.2. The constant 70 (certify constant.py, about one second). With L = log γ, every
ingredient of κ and µ in (2) and Step 4 is monotone in L: B̂, µ, E3 increase; W increases, so 1/W ,
e1/W /W and 1/W 2 decrease; dW is bounded with Hn ≤ log n+γE+ 1

2n , ⌈W ⌉−1 ≤W and ⌊W ⌋ ≥
W − 1. On each cell [La, Lb] the script evaluates κ and µ with each ingredient at the unfavourable
end, for the integer p that is optimal at La (chosen in floating point), and divides by 2pLa logLa.
On log(3 · 1012) ≤ L ≤ 106 (10463 cells) the maximum is 68.653, in the first cell. For L ≥ 106,
with p = ⌈2 logµ⌉ ≤ 4 logL+2 logC3 +1, µ ≤ C3L

2, B̂ ≤ (2.07+ 1.566/L)L, dW and (2+E3)/W

bounded by decreasing majorants, K0 ≤ e
2L logL+

e B̂/L
2 logL

(
(s2+10−6)(4 logL+2 logC3+1)+c1+

c0
2

)
,

which decreases in L and is 52.79 at L = 106.

A.3. The global count. Nτ (200) ≤ 750 follows from the analytic bound of Lemma 3.3 and
needs no computation.

B Integration across collisions

Lemma B.1 (monotonicity with a countable exceptional set). Let f : [a, b] → R be continuous,

E ⊂ [a, b] countable and c ∈ R. If D+f(τ) = lim suph↓0
f(τ+h)−f(τ)

h ≥ −c for every τ ∈ [a, b) \ E,
then f(b)− f(a) ≥ −c(b− a).

Proof. Let η > 0, g(τ) = f(τ)+(c+η)τ , and suppose g(b) < g(a). Since g(E) is countable, there is
y ∈ (g(b), g(a)) \ g(E). Let τ∗ = sup{τ ∈ [a, b] : g(τ) ≥ y}. By continuity g(τ∗) = y, so τ∗ < b and
τ∗ /∈ E, and g(τ) < y for τ∗ < τ ≤ b. Hence D+g(τ∗) ≤ 0, while D+g(τ∗) = D+f(τ∗) + c+ η ≥ η.
This contradiction gives g(b) ≥ g(a), and η → 0 gives the claim.

Countability cannot be dropped: minus the Cantor function is continuous, has derivative 0
outside the Cantor set, and decreases.

Lemma B.2 (collision times). For fixed R, the set ER of τ ∈ [0, τC ] at which Hτ has a multiple
zero with |Re z − x0| ≤ 2R+ 1 is finite.

Proof. Fix τ0. By (P1) the zeros in question lie in a compact box; choose a rectangle Q containing
{|Re z − x0| ≤ 2R + 1, | Im z| ≤ 1}, with horizontal sides on | Im z| = 2 (free of zeros for every
τ ∈ [0, 12 ] by (P1)) and vertical sides that avoid the zeros of Hτ0 . Since Hτ (z) is entire in (τ, z) ∈
C2 (by the double exponential decay of Φ), for τ near τ0 no zero lies on ∂Q, and the power
sums 1

2πi

∮
∂Q z

kH ′
τ (z)/Hτ (z) dz of the zeros in Q are analytic in τ ; so is the discriminant ∆(τ) =
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∏
i<j(zi − zj)

2 of these zeros, a polynomial in the power sums. ∆ ̸≡ 0. Otherwise, by Puiseux
expansion of the zeros in Q, there would be an interval of τ on which some zero z(τ) has constant

multiplicity r ≥ 2 and depends analytically on τ ; differentiating H
(r−2)
τ (z(τ)) = 0 and using

∂τHτ = −H ′′
τ and H

(r−1)
τ (z(τ)) = 0 gives H

(r)
τ (z(τ)) = 0, which contradicts multiplicity r. (This

is also the content of the splitting statement in (P3).) So the zeros of ∆ are isolated near τ0.
Compactness of [0, τC ] gives finiteness.

Lemma B.3 (continuity of the functional). For fixed R and p ≥ 2, FR is continuous on [0, τC ].
Near a collision at τ0 the colliding zeros satisfy zj(τ) = z0 + O(|τ − τ0|1/2), so FR is Hölder
continuous of exponent 1

2 there; it has no jumps.

Proof. FR(τ) =
∑
g(zk) with g(z) = ϕ(Re z)(Im z)p+, a continuous function that vanishes outside

{|Re z−x0| < 2R} and on the real axis. With Q as above, Hurwitz’s theorem shows that the zeros
of Hτ in Q, as a multiset, depend continuously on τ ; hence so does the finite sum

∑
zk∈Q g(zk),

and the zeros outside Q contribute 0. The Hölder statement follows from the splitting in (P3) and
the Lipschitz continuity of g on | Im z| ≤ 1, p ≥ 2.

C Computational reproducibility

The ancillary files (anc/README.md) list every script with its section, input, output and run
time. Certified in ball arithmetic (Arb via python-flint): Lemma 3.2 (certify lemmaC.py), the
constant 70 (certify constant.py) and Theorem 9.2 (certify flint.py, and independently
certify ia.py with outward rounding). Computed in double or multiple precision, not certified:
the simulations of Section 8, the Davenport–Heilbronn trajectories and Table 2, the numerics of
Sections 10 and 11, and the sign checks of Λt (60- and 150-digit mpmath). The floating-point scripts
lemmaC.py, theorem constants.py, asymptotic.py and lowcount.py of the earlier version are
kept for comparison; the certified computations replace them.

Use of AI tools. The computations and the drafting of this paper were carried out with the
assistance of an AI system (Claude, Anthropic), under the author’s direction. The author checked
the results and takes responsibility for them.
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