CROSS-ENERGY OF DIRICHLET PARTIAL SUMS.
PART 4: ZEROS OF TRUNCATIONS: SPIRALS, SECTIONS AND THE
CIRCLES OF THE PRIMES

PEDRO CACERES

ABSTRACT. We study what the zeros of three truncations of the Riemann zeta function, and the
zeros of ( seen on the Euler factors of single primes, say about the real parts of the zeros. For a
simple zero p = 8 + iv, the nearby zero p, of F,(s) = X,_1(s) — nlf“"/(l — s), X, the partial
sums, satisfies p, = p +n""/(2¢(p)) + O,(n"*Plogn + n=P~1): a logarithmic spiral of radius
n=?/(2|¢'(p)]). On the critical line the trajectory crosses the line ylog2/m 4 9 times, |9] < 1, in
every range (N,2N] with N > No(p) (no uniform Ny known), and sampling at the integers sees
every crossing; off the line it stops crossing. With the endpoint term %N ~ % restored the zeros form
helices of radius |p|N =71 /(12|¢'(p)|) around the lines through the zeros, with explicit constants
and hypotheses certified in interval arithmetic for 100 zeros. An off-line pair converges at two
rates whose product does not depend on (: the spirals measure 8 but do not force it. For the
sections Y, - k™ ° the real parts of the zeros are governed by a polygon on a torus with one free
direction per prime: a new prime never lowers the right edge, the powers 4, 8, 16 lower it (in interval
arithmetic), and numerically every prime power p*, k > 2, up to 128 except 112 does. The “ellipse”
of the author’s 2024 preprint is an exact circle, the Euler factor of a “prime” e; we correct it and
show that a fraction 1 —gd(3)/m = 84.7% of the zeros lie left of its centre (85.0% observed). Under
RH, on the circle of a true prime, Landau’s formula makes the zeros lean toward the angle 7w (under
GRH toward 7 + arg x(p) for L(s, x)); the bias lives in the exact positions and is blind to 8. We
do not prove the Riemann hypothesis.

1. INTRODUCTION

1.1. Truncations and circles. Write s = 0 +it, Xn(s) =), .y k~° for the partial sums of the
Riemann zeta function, and, as in Part 1 [CE1], X{(s) = Xn(s)—3N* and Yy(s) = N'75/(1—s).
In the critical strip Xx and Yy both diverge and ((s) = limy[X§(s) — Yn(s)]; this additive
representation, the cross-energy Ca(n,s) = | X, (s)|> — | Xn—1(5)|?> — n 727 built on it, and the helix
that Cy describes at a fixed point s (Theorem A, [CE1, Thm. 3.2]) are the subject of [CE1]. This
paper looks at the other side of the same identities: at the zeros of three truncations of (,

Fo(s) = Xp—1(s) — Ya(s), Sn(s) = Xn(s),
Nl—s
C1-—s
and at what the zeros of ¢ look like on the circles [p~*| = p~@ of the Euler factors (1 —p~%)7L.
The three truncations differ from ¢ by terms of increasing order. By Euler—-Maclaurin summation,
F,=(- %n‘s + Os(n=°"1) and Dy = ¢ — %N‘S_l + O4(N=°73), while Sy differs from ¢ by
the divergent term Yy and has zeros far from those of (. In both convergent cases the leading
error is a multiple of n™%, which on the vertical line Re s = o runs over the circle |w| = n~7, and

Dn(s) = X§(s) — Yn(s) = Xn(s) — IN7#
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a simple zero p of { is followed by a zero of the truncation that turns around p on a scaled copy
of the curve n — n?: a logarithmic spiral of radius proportional to n=# (Sections 2 and 3). The
rate of convergence is the real part of the zero. For the sections Sy, the substitution x, = p~*
turns Sy into a polynomial in one variable per prime p < N, and Kronecker’s theorem turns the
question of where its zeros lie into a question about closed polygons on the torus of the prime circles
(Section 4). Finally, the zeros of ¢ themselves can be placed on the circle of one Euler factor at the
angle vlog p; Landau’s formula says what they see there (Section 6). The case p = e, which is not
a prime, is the “ellipse” of the author’s preprint [E24], and Section 5 is its erratum.

1.2. What is classical and what is new. The approximation of zeros of { by zeros of truncations
is classical in several forms. Zeros of the sections Sy were studied by Turédn [Tu], who showed
that their absence from o > 1 for all large N would imply the Riemann hypothesis (RH), by
Montgomery [Mo83] and Montgomery and Vaughan [MV], who located the right edge of their zeros
asymptotically, and numerically by Borwein, Fee, Ferguson and van der Waall [BFFW]; Gonek and
Ledoan [GL] count them, and Platt and Trudgian [PT16] decided for which N they reach o > 1.
Landau’s formula [Lan| and its consequences for the distribution of ya modulo 1 (Hlawka [HI],
Ford and Zaharescu [FZ]) are classical, as is Turing’s method [Tg] for verifying RH up to a given
height. What we add is the following: the spiral description of the convergence of the zeros of F),
and Dy, with an explicit and checkable version; the observation that an off-line pair converges at
two rates whose product is fixed, so that these truncations measure § without constraining it; a
crossing count that is a version of Turing’s method in which each zero carries the weight +log2/;
the reduction of the right edge of the zeros of Sy to a polygon condition with one free side per
large prime, with the prime step and the behaviour of prime powers; and the correction of [E24],
together with the comparison between the circle of e, the circles of the primes and the twisted
circles of a Dirichlet L-function. Table 1 separates the two kinds of statements; “new” means new
as far as we know, and several of the new statements are elementary once formulated.

statement status origin
Proposition 1 (spiral of a zero) proved new in this form; standard
perturbation argument
Theorems 5 and 6 (crossings) proved, no uniform Ny(p) new
Lemma 9 (Backlund) proved classical [Ed]
Proposition 10 (explicit spiral) proved; hypotheses certified in new
Arb, 100 zeros
Proposition 12 (torus) proved classical (Bohr, Kronecker)
Propositions 13, 14 (prime step, polygons) proved new, elementary
Proposition 15 (powers of two) computer-assisted, Arb new
Propositions 16, 18 (circle of e) proved erratum to [E24]; elemen-
tary
Theorem 19, Proposition 21 (Landau) classical; twisted case in outline  classical [Lan]
Corollary 20 (bias on the circle of a prime) conditional on RH reading of [Lan]
heat-flow Landau law proved in [CE15] summary of Part 15

TABLE 1. What is proved, and what is classical.

1.3. Results and their status. The status of each result is stated where it appears; here is the
list.
e The spiral of a zero (Proposition 1, proved): the zero p, of F}, near a simple zero p satisfies
pn = p+n"/(2¢(p)) + O,(n"?Plogn + n~P~1). Numerically the exponents are —0.494
and —0.485 at p1, p2, and —0.809, —0.191 at the off-line pair of the Davenport—Heilbronn
function, whose rates differ by 2(8 — 1) (Figure 1).
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e Crossings of the spiral (Theorem 5, continuous crossings, and Theorem 6, sampling at the
integers, both proved; Proposition 7, no crossings off the line, proved): for a simple zero on
the critical line and N > Ny(p), the trajectory Re p, — % has exactly vlog2/m + 9 zeros in
(N,2N], |9] < 1, all simple and more than one unit apart, so that the sequence Re p,, — %

changes sign the same number of times; off the line it stops changing sign. The threshold
No(p) depends on p, and the proof gives no uniform bound for it; consecutive zeros are
more than one unit apart once N > « as well. Numerically for the first 29 zeros and for
the Davenport-Heilbronn function (Figure 2); for finitely many zeros this is a Turing-type
count (Remark 8).

e The explicit spiral (Lemma 9, classical; Proposition 10, proved): under three checkable
hypotheses Dy has exactly one zero py near p and py = p+ pN P11 + 0x)/(12¢ (p))
with an explicit bound for 6. The proposition is a theorem conditional on (H1)-(H3);
separately, the hypotheses are certified in interval arithmetic for the first 100 zeros and all
N > N§(p), 0.39]p| < N§* < 0.64|p| (computer-assisted). For the Davenport-Heilbronn
function the corrected Hurwitz pieces converge at the rate M~ (6+2) (Remark 11, proved in
outline, and numerical; Figure 3).

e Zeros of the sections (Proposition 12, proved, after Bohr and Kronecker; Proposition 13,
the prime step, proved; Proposition 14, polygon reduction, proved; Proposition 15, e(2¥) <
e(2k — 1) for k = 2,3,4, computer-assisted in interval arithmetic): the right edge e(N) of
the real parts of the zeros of Sy rises at every prime and falls at every prime power pF,
k > 2, up to 128 except 121 = 112 (numerical, Figure 4); the mechanism for the powers of
2 is heuristic, and we conjecture e(2¥) < e(2F — 1) for every k > 2.

e The circle of e (Propositions 16 and 18, proved; Remark 17, proved): the curve of [E24]
is the circle with centre r2/(1 — r?) and radius r/(1 — 72), r = e~%; equidistributed angles
put a fraction 1 — gd(a)/m of the zeros left of its centre, 84.71% at o = 5 against 85.04%
observed for the 341 zeros with 0 < v < 600 (Figure 5). The critical circle is the fixed circle
of the involution s — 1 — 5, and this is all that the symmetry gives.

e The circles of the primes (Theorem 19, classical [Lan]; Corollary 20, conditional on RH;
Proposition 21, proved in outline; Remark 22): under RH the zeros lean toward 7 on the
circle of every prime power and are unbiased on the circle of any other base; under GRH,
for L(s,x) they lean toward m + arg x(p). Without RH, Landau’s formula weights each
angle by 2°~/2 and no statement about the angles alone follows. Numerically (Table 2,
Figure 6) the bias survives a random displacement of each zero by a tenth of the mean
spacing and is absent for points with the local statistics of the Gaussian unitary ensemble.

e Landau’s formula under the heat flow (Section 6, a summary of Part 15 [CE15]: proved
there for fixed n and 0 < t < % [CE15, Thm. 11.1], and tested on exactly computed zeros
of H;): along the de Bruijn-Newman deformation the bias on the circle of a prime decays
like p~ (/9 108(v/2m) and rotates by —gtlogp, and the zeros acquire a bias on the circles
of composite numbers n, proved wherever the deformed von Mangoldt function satisfies
Ay(n) > 0, that is for prime powers and all squarefree n, and numerical for the other
composites (n < 2-10%).

None of these results bears on RH beyond what is said: each truncation reads off 8 for a zero that

has been located, and none excludes § # % Section 7 compares the circles that occur here with

those of Li’s criterion, of graphs and of rounded primes, and Section 8 lists open problems.

1.4. Relation to earlier work of the author. The material of Sections 2-4 and 6 appeared
in Section 2 of version 3 of [CP]; the material of Section 5 and 7 in Part VIII of an earlier series
[C8]. Both are collected and revised here. Two corrections with respect to version 3 of [CP] are
made: the angle of the spiral is —ylogn — arg(’(p), not 7 —ylogn — arg (’(p), so that the sign in
the crossing formula is + (checked numerically, see Section 2), and the error term of Proposition 1
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carries a factor logn. Section 5 is the erratum [Er] to [E24]. Li’s coefficients, which Part VIII
computed on a third circle, are in [CE5]; the Thara zeta function of regular graphs and the primes
rounded to a common scale are in Part 17 [CE17].

1.5. Notation. Throughout p = 844 is a nontrivial zero of {, p1 = %—l—z"yl, v1 = 14.1347..., A is
von Mangoldt’s function and N(T') the number of zeros with 0 < v < T'. The Davenport—Heilbronn
function is f(s) = >, a(n)n™* with a periodic modulo 5, a(1) =1, a(2) = &, a(3) = —k, a(4) = —1,
a(5) =0, k = (v/10 — 2¢/5—-2)/(v/5—1) [DH]; it satisfies a functional equation of the same type as
¢, has no Euler product and has zeros off the critical line, the first at 0.808517 + 85.699348: and its
partner 0.191483 + 85.699348; [CE17]. In Section 6, x is a Dirichlet character (in [CE3] the same
letter denotes the factor of the functional equation). Part 11 [CE11] writes Dy for the partial sum
Xn; here Dy is the corrected sum X](\’; —Yy.

2. THE SPIRAL OF A ZERO

We use Euler-Maclaurin summation in the form of [CE1, Sect. 2] and [T, Sect. 2.1]: for an
integer n > 1, X,_1(s) = ((s) — {(s,n), where (s, ) is the Hurwitz zeta function, and

) o) = T bt 2 O (e )
s,x) = T — x
T o1 2 12 K
uniformly for s in a compact set K C {0 > =3} \ {1} and > 1; the remainder is
—W I Bs(v)(z+v)"*3dv, with Bs the periodic Bernoulli function, and since Bz has mean

0 one more integration by parts gives the stated order. The function E(s,x) = ((s,z)—z17%/(s—1)
is analytic at s = 1 as well, and the expansion of E holds on compact subsets of o > —3. Hence

1-s 1

n _ S . —o—
17$:C(8)—§HS—EHSI+O[((TL 3).

(2) F(s) = Xn-1(s) —

Proposition 1 (the spiral of a zero). Let p = 8 + iy be a simple zero of ¢ with 0 < < 1. There
are § > 0 and ny, depending on p, such that for n > ny the function F,, has exactly one zero py in
the disc |s — p| < 9§, and
n-* —28 —B-1
pn=p+——+0,(n" " logn+n .
n 2(;/(p) P( )

Thus p, moves on a logarithmic spiral around p, at the angle —ylogn—arg ('(p) and at the distance
n=P/(2|¢'(p)|) to leading order; the rate of convergence is 5.

Proof. Choose 6 < min(8,1 — 3)/2 so small that p is the only zero of ¢ in |s — p| < §, and let
c = min,_,—s[((s)| > 0. By (2), |F, —¢| < n~P*% on the closed disc for n large, which is < ¢;
by Rouché’s theorem F,, has exactly one zero p, in the disc. Write e = p, — p and d = {/(p).
Since [¢(s)| > |d||s — p|/2 for |s — p| small, 0 = F,(p,) and (2) give first |¢| = O,(n"?). Then
C(pn) = d=+ O(|<]?) and

%n_p" = %n_pe_alog" = %n_p(l + O(le|log n)),
so that (2) at p,, reads de = 307" 4+ Oy(n 2P logn + n=F71). O

Status: proved. Version 3 of [CP] gave the angle as m — ylogn — arg ('(p) and the error without
the factor logn; the sign is fixed by the computation above, and numerically, at p; with {'(p1) =
0.783297 4 0.124700i, the displacement p,, — p1 for n = 103, 3-10% and 10* differs in argument from
n=P1/(2¢'(p1)) by —0.0217, 0.0067 and —0.0187, not by 7 (zerospiral/sign check.py).
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Remark 2 (an off-line pair, and the helix of the cross-energy). A zero on the critical line is its own
reflection under s — 1 — 5, and its spiral closes at the rate n=1/2, circling the line. An off-line
pair p, 1 — p gives two spirals with the rates n=? and n~ (=P their product is n~! whatever j is,
so the functional equation imposes no constraint here. Proposition 1 measures 3 for a zero that
has been located, but does not force 8 = % It complements the helix of [CE1, Thm. 3.2]: at a

point s, X,,_1(s)n* turns around the centre n'=2°/(1 — s) at the radius |¢(s)|n~7 with the angle
tlogn + arg((s); at a zero this radius vanishes, and what remains turning with the angle vlogn is
the spiral of the approximate zero. Status: proved (consequence of Proposition 1).

Remark 3 (the normalized displacement and the cross-energy at p,). Put J,(p) = 2 (p)(pn — p).
Proposition 1 gives J,(p) =n"" + Op(n_m logn +n~P71), that is,

n’Tn(p) =1+ Op(n_ﬂ logn + n_l),

for every simple zero in the strip. This normalization removes the dependence on (8 of the leading
term, and with it the information that the spiral carries about 5. On the side of the cross-energy
there is an exact identity at the zeros of the truncation. Since Fo(pn) = 0 means X,,_1(pn) =
Yo(pn) =n'=Pn /(1 — pp), and Ca(n,s) = 2Re (X,—1(s)n*),

1 2(1 — g,,) nt=20n

C =2pl72" R = : = Re pp.
2(1, pn) n el—pn H_pn‘g On € Pn

At p, the point X, _1n=% of the helix of [CE1, Thm. 3.2] sits exactly at its centre n'=27/(1 —
s), and the phase ylogn enters Co(n,p,) only through p,, to leading order through o, = 8 +
Re (n™?/(2¢'(p))) + - .., so that

2(1-p)
1 —pf?

The identity holds to 22 digits in the computations of spiral_crossings/continuous_check.py.
Status: proved (the identity is exact); like the spiral itself, it reads § and does not constrain it.

log Cao(n, pr) = (1 —25)logn + log — Re (n*p/C’(p)) logn + o(n P logn).

We followed p, by Newton’s method for 100 < n < 2-10° (zerospiral/spz.py, Figure 1).
For p; the distance |p, — p1| decays like n=949 (least squares for n > 103) and equals 1.43 - 103
at n = 2-10°, as predicted by $n"1/2/|¢'(p1)| = 1.41 - 1073; for py the exponent is —0.485. For
the Davenport—Heilbronn function the same perturbation argument applies to its partial sums
Y ken @(k)E™%, with n a multiple of 5: there is no pole term, and since 221:1 a(b) = 0 the tail
is cn™ + O(|s|n=771) with ¢ = —é yba(b) # 0, so the rate is again n=?. Its on-line zero at
v = 43.0813 converges like n=499 the off-line zero 0.8085 + 85.699i like n~ 8% and its partner
0.1915 4 85.699i like n=0191 against the predicted exponents —0.5, —0.8085 and —0.1915. The two
rates of the pair differ by 0.618, against 2(8 — %) = 0.617 (further details in Appendix A). Status:

numerical.

2.1. Crossings of the spiral. The spiral can be read without knowing its centre. To speak of

crossings between consecutive integers we extend Fj, to real x > 1 by
xlfs

s—1’

Fx(s) = C(S) - E(3733)’ E(S,l‘) = C(S,l‘) -

which agrees with F;, at the integers. We separate the statement into a continuous one, about the
trajectory x — p, (Theorem 5), and a discrete one, about its samples at the integers (Theorem 6).
Both need, besides (1), the size of the s- and z-derivatives of E.
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(b) Davenport-Heilbronn off-line pair: the left zero

(2) Z: the zero of F, spirals into 1, circles slowly, the right one is already there (c) speed of convergence n"*: the exponent is —Re p

radius n=2/(2|¢'(p1)]), angle —ylogn —arg '(p1) 0.06
® zero near 0.1915 + 85.70i (left of the line)

@ zero near 0.8085 + 85.70i (right of the line)

Im(pn - p1)
°
S
8
@
©
>
g
Im(p, - p)
°
°
8

1074 4 == Z,py=%+1413i slope -0.501 (pred. -0.500)
— = DH, ontheline, y = 43.08 slope -0.501 (pred. -0.500)
-0.08 2 —_ + r y

20 =300 100000 (multiples of 5), same scale: DH, 0.8085 + 85.70i slope -0.809 (pred. -0.809)

the right zero stays within 5e-03 of e it — = DH, 01915 + 85.70i (partner) slope -0.199 (pred. -0197)

-0425 -0.100 -0.075 -0.050 -0.025 0.000 0.025 0.050 -0.06 .
Re(ps - py) (dashed: critical line) -006 -004 -002 000 0.02 0.04 0.06 10 10° 104 10°

Re(p, - p) n

FIGURE 1. The spiral of a zero (Proposition 1). (a) The zero p, of F, near pq,
as pn — p1, for 60 < n < 20000, coloured by log;gn. (b) The two zeros of the
Davenport—Heilbronn partial sums near its off-line pair at height 85.699, on the
same scale (300 < n < 2-10°, multiples of 5): the zero left of the critical line circles
slowly, the zero right of it stays close to its limit. (¢) |p, — p| against n (n a multiple
of 5), with the slopes fitted on this grid for n > 10 (they differ from those quoted
in the text, fitted on another grid, by at most 0.008) and the predicted slopes — Re p.

Lemma 4 (the error term and its derivatives). Let K be a compact subset of the strip 0 < o < 1.
Uniformly for s € K and x > 3,

(a) E(s,z)= %:17_8 + Ok (z7771),

(b) OsE(s,x) = -3z *logz + Og (277 logz),

(¢) 0:E(s,x)=a%—s((s+1,2)=—52°"1+ Ok (x777?).

Proof. (a) is (1). (b) Let K’ be the closed @—neighbourhood of K, a compact subset of o > —1.
The function E(s,z) is analytic in s (the poles at s = 1 of ((s,z) and of 2'7%/(s — 1) cancel), and
by (1), which holds uniformly on K’, r(s,z) = E(s,x) — 32~° satisfies [r(s/,2)| < Cz~ Res'=1 for
s’ € K" and 2 > 1. Cauchy’s estimate on the circle |s'—s| = 1/log z, on which z~ 8¢5 < e 277 gives
|0s7(s,z)| < Cex™"tlogz, and d5(327°) = —3z *logz. (c) For o0 > 1, 8,((s,2) = —8 > psolk +
2)751 = —sC(s+1,2); both sides are analytic in s # 1 (the pole of ((s+1,z) at s = 0 is cancelled
by the factor s), so the identity holds for all s # 1. With 9,[z'~%/(s — 1)] = —2~* this gives the
first equality. By (1) for ((s+ 1,z), s((s+ 1,z) =275 + $275" 1 + Ok (z7772). O

By Lemma 4(a) the proof of Proposition 1 applies to F, verbatim: for x > x1(p) there is exactly
one zero p, of F, in |s — p| <6, and p, = p+27°/(2¢'(p)) + Op(z= 2P logx + z7F71).

Theorem 5 (continuous crossings). Let p = % + iy be a simple zero of ¢, d = ('(p), ¢(x) =

vlogz + argd and u(z) = Rep, — 1. There are X(p) and C(p) such that, for z > X(p):

(i) ps is a real-analytic function of x, and

cos ¢(x) ) log x

= <C g =Rl

ua) = G ela). lela)| < Clo) 5T, 5.

(ii) the zeros of u are simple, and they are in increasing bijection yy, <> x) with the zeros xy, of

cos ¢, with |$(ye) — ¢(zx)| < T(yx), where 7(z) = C(p)z~"/*loga;
(iii) there is No(p) > X (p) such that for N > Ny(p) the number of zeros of w in (N,2N] is

~vlog2
T

+ 7, |9 < 1.
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Proof. Step 1: the trajectory and its velocity. Write e(x) = py — p and p(z) = x7°/(2d), so that
lu(x)| = 2712 /(2|d]) and € = p+O,(z~ logz). By Lemma 4(b), dsFy(ps) = ¢ (pz) — 0sE(p, ) =
d+ O,(le| + 272 logz) = d (1 + O,(z~'/%log x)), which does not vanish for z large. Since Fj(s)
is real-analytic in # and analytic in s, the implicit function theorem makes p, real-analytic, and
differentiating Fy(p,) = 0 gives
6,($) — a’BE(va '7;) )

OsFp(pz)

By Lemma 4(c) and 2% = 27Pe¢18% = 37°(1 + O, (v~ /2 log z)),

0B (par) = =L~ 10,5 = ~Lar 1 4 O, (a2 log ).

and dividing by 95F,(ps), whose relative error is O,(z~"/2logx), gives &'(z) = —px™"71/(2d) +
O,(x72logz) = p/(z) + O,(xz~2log z). The real part of p is cos ¢(z)/(2|d|v/z), and (i) follows with
e = Re(e — p).

Step 2: the phase variable. Put v(z) = 2|d|v/zu(z) = cos ¢(z) + w(z) with w = 2|d|/zre. By
(i), |w| < Ciz=?logz and |w'| < |d|z~Y2|e| + 2|d|/z|¢/| < Cox=3/?logx. Since ¢(z) = v/,
the function W(¢) = w(x(¢)) satisfies |[dW/dp| = (z/7)|w'| < (Co/y)z~/?logz. Let w(z) =
max(Cy, Ca /) z~ /2 log z, which decreases for z > €2, and choose X (p) > max(z1, e?) with x(X) <
1 and, enlarging it, with ¢(X) € 7Z, so that |cos¢(X)| = 1. Then for z > X, as a function of
¢, V(§) = cos¢ + W () with |W|,|[W'| <k < 3. Let ¢ = 5 +km and Jy = [c — 5, cp + 5.
Outside [y, Jx, [cos@| > L > [W], s0 V #0. On Ji, [V/| > |sing| — [W'| > L -1 >0 50V is
strictly monotone; at the two ends of Jy, |cos ¢| = % > |W] and cos ¢ takes opposite signs. Hence
V has exactly one zero vy, in each J, with ¢ > ¢(X) (these Ji lie in [¢p(X),00) by the choice of
X), it is simple, and V' has no other zeros on [¢(X), 00). At ¢y, |cosyy| = |W (¢r)| < k, and since
|cos(cy +t)| = |sint| > 2|t|/7 for [t| < T, |[Yp — cx| < k. With yp = 2(¢x) and x5, = x(cg) this is
(ii), with C(p) enlarged.

Step 3: counting. The zeros of u in (N,2N] are the yi with ¢y € (¢(N),d(N) + L], L = vlog?2.
Assume N_ = Ne /() > X (p) and put 7y = 5r(N-) < 5. By Step 2, [ — ci| < § for every
k. If ¢ > ¢(N), or if ¢ > ¢(N), then ¢, > ¢(N) — T, that is yp > N_, so k(yx) < k(N-) and
|, — x| < 7. Hence every k with ¢, € (¢(N) + 7n,¢(N) + L — 7n] has ¢, € (¢(N), ¢(N) + L],
and every k with ¢, € (¢(N),d(N) + L] has ¢ € (¢(N) — 78, 6(N) + L + 7n]. So the number
Z of zeros of u in (N, 2N] lies between the numbers of points of § + 7Z in the half-open intervals
(¢(N) + 7n,¢(N) + L — 7] and (¢(N) — 7, ¢(N) + L + 7n]. A half-open interval of length ¢
contains ¢/7 4+ 9 such points with || < 1, s0 |Z — L/7| < 1+ 27x /7. If L/m € Z, every integer at
distance < 1+ 27y /7 < 2 from L/ is at distance < 1. Otherwise let f € (0,1) be the fractional
part of L/7; the integers at distance < 1+ 27y /7 from L/7 are |L/7| and [L/7], at distance < 1,
as soon as 27y /7 < min(f, 1 — f). Choosing Ny(p) with Noe=™/®7) > X(p) and large enough for
this condition (which only becomes easier as N grows, since x(N_) decreases) gives (iii). O

Theorem 6 (sampling at the integers). Let p be as in Theorem 5 and let N > max(No(p),7y) be
an integer. Then consecutive zeros of u in [N,00) are more than one unit apart, and the number
of integers n € [N,2N) for which u(n)u(n+1) <0 or u(n+1) = 0 equals the number of zeros of u
in (N,2N]. In particular the sequence Re p, — %, N < n < 2N, changes sign vlog2/m + 9 times,
|9 <1 (a value O counted as a change).

Proof. By Step 2, [vn, — cx| < Gr(ye) < § 50 Yy — Y > 7 —F > 5. As Ypy1 — Y =
Y1og(r+1/yk) < V(Ykt1 — Yk)/Yk, We get yrr1 — yp = Tyi/(2y) > 1 for yp, > N > 7. So each
interval (n,n + 1], n > N, contains at most one zero of u, and it is simple. If it contains one in its
interior, u(n) and u(n+ 1) are nonzero (a zero at n or n+ 1 would be a second zero within distance
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1) and of opposite signs; if it contains n + 1, then u(n + 1) = 0; if it contains none, u(n + 1) # 0
and u does not change sign on [n,n + 1], so u(n)u(n + 1) > 0. Theorem 5(iii) gives the count. [

Status: Theorems 5 and 6 are proved. The constants X (p), C(p) and Ny(p) are effective in
principle but not computed. They depend on p through § and [{'(p)|, through the constants of
Lemma 4 on a disc around p, and, in Step 3, through the fractional part of vlog2/7. The bound
|9 < 1 is therefore an asymptotic statement for each fixed zero; the proof gives no bound for
No(p) that is uniform in p (Open problem 1 asks for a uniform version). Numerically, for p; on
[103,2 - 10%] and [4 - 103,8 - 10%], and for ps5, p1o on one dyadic range each, the normalized errors
zle|/logx and z2|e/|/logx stay below 0.46 and 14, consecutive zeros of u are at least 113 apart,
and the continuous and the sampled counts agree (3, 7, 11 against ylog2/7m = 3.12, 7.27, 10.98;
spiral crossings/continuous_check.py).

Proposition 7 (no crossings off the line). If 5 # %, then Re p, — % has the sign of B — % for all
large . To leading order this holds as soon as x=°/(2|¢'(p)|) < |8 — &, that is, for x > z¢ =

~1
CIADIERE) e
Proof. Rep, — 5 = (B — 3) + Oy(z77), and the leading term of the oscillation has amplitude
=P/ (p)])- O

Status: proved, with the threshold xg given to leading order.

For the first 29 zeros of ¢ (v < 100) and 10* < n < 2-10* the number of crossings differs from
~vlog2/m by less than 1 (3 against 3.12 at p;, 16 against 15.90 at v = 72.07, 22 against 21.81
at v = 98.83); the total is 397 against 398.1. For the Davenport—Heilbronn function, with n a
multiple of 5, the on-line zero at v = 80.33 gives 18 crossings against 17.7 for NV = 500, 2000 and
8000, and the two zeros of the off-line pair at height 85.699 give none (spiral crossings/wind.py,
spiral crossings/dhw.py, Figure 2). Status: numerical.

Remark 8 (a Turing-type count). For finitely many zeros, and N larger than all their thresholds
No(p), the counts of Theorems 5 and 6 add up to a version of Turing’s method [Tg] in which each
zero carries the weight vlog2/m: an off-line pair removes about 2ylog2/7 crossings. It is not yet a
verification method, since Ny(p) is neither explicit nor uniform; with a uniform and explicit Ny, it
would verify RH up to the height computed and no further, like Turing’s method. The threshold
logzg = B 1log (1/(2|¢'(p)| |8 — 3])) is much shorter than the detection length of the truncated
Poisson functional [CE10, Sect. 3], about 4.05/(8 — o) + 4.5 in logz at abscissa o, because F,
evaluates ( itself and not the primes. For a close off-line pair |(’(p)| is of order |3 — 3|, and z
grows like |3 — 2|7, Status: heuristic comparison.

3. THE SPIRAL WITH EXPLICIT CONSTANTS

Proposition 1 uses the truncation F,,, whose error —%n‘s fixes the rate n~?. Restoring the end-
point term gives the corrected sum Dy = X§ — Yy of the additive representation [CE1, Prop. 2.3],
whose zeros converge faster and with a leading term that can be controlled explicitly. Put

B
Tk(s, N) = (22];! s(s+1)---(s+2k— 2) N‘S_Qk“,

with the Bernoulli numbers Bs;,.

Lemma 9 (Backlund’s bound). For N > 1, K > 1 and o > —2K — 1,

K

((s) = Dx(s) + YTl N) + e, |Ry < 22020

T, N)|.
2 < S TaR Tl |Tr41(s, N)|
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(a) the zero p, of F,, crosses the line only if B =% (b) the count is an integer and depends only on y (c) length after which an off-line zero stops crossing

- —— ylog2/n £X3 —— integers: |{'(p)| =1
10 ® (, first29 zeros, 10*sn=2-10* == integers: close pair: |{'(0)| = 26
20 @ DHonline (V= 500,200, 8000) './‘ 104 —— primes: Let = 4.05/6 + 4.5 [S1]
102 = 4 DH off-line pair: 0 /
3 - .
= e °
=B /4‘ 3 10°
A 1073 A 2
~ 10 v 74 £
L 5 o g
- & 10 o 10
@ _10-3 5 / £
@ <
<) e 5
£ * o
@ . 1
o g yd S 10
S .
.
107" / 10
0 - *
2000 2250 2500 2750 3000 3250 3500 3750 4000 0 20 40 60 80 100 1074 1072 1072 107"
n Y 6=p-1

FIGURE 2. Crossings of the spiral (Theorems 5, 6 and Proposition 7). (a) Re p, — 3
for 2000 < n < 4000: the first zero of ¢, an on-line zero of the Davenport—Heilbronn
function, and the two zeros of its off-line pair at height 85.699 (symmetric logarithmic
scale). (b) Crossings of the critical line for 10* < n < 2-10* against ylog2/7. (c)
The length log g after which an off-line zero at distance § = § — % from the line
stops crossing, for |(’(p)| = 1 and for a close pair, against the detection length of
the truncated Poisson functional of [CE10, Sect. 3].

Consequently ( — Dy = Ti(1 +n) with Ty = 5N~*"! and
s+ D(s+2)]  Js+5 [(s+1)(s +2)(s +3)(s +4)|
60N2 o+5 2520N4

Status: classical [Ed, Sect. 6.4]; the second statement is the case K = 2, with |T5 /71| = |(s+1)(s+
2)|/(60N?) and |T3/T1| = |(s+1)--- (s +4)|/(2520N*). Numerically the remainder is at most 0.26
and 0.39 times Backlund’s bound for K = 1,2 at the points tested (helix explicit/em check.py).

Inl < nn(s) =

Proposition 10 (the explicit spiral). Let p = 3 + i be a simple zero of (, d = {'(p), and put

‘p‘N_ﬁ_l 3qn " — —
an o NTE 2 |s$|ag~NK ), 7 |33@«N”N(3)
Assume
(H1) Mary < |d|/2,
(H2) 7 < 4,

(H3) (1+rn/lphN"™™ < 3.
Then Dy has exactly one zero py in |s — p| < ry, and

pN—~1 N ~ 9IMaqn
P (14 6y), 0N§(1+—)N7"N1+ 14 .
o) Lo 1] PN e

For N >3 (for N > 2 if 8 > 0.45) the three hypotheses are monotone in N: once they hold, they
hold for all larger N.

Proof. On |s — p| = ry, Taylor’s formula and (H1) give |((s)| > |d|ry — MQT]ZV/Q > %|d\rN = %qN.
By Lemma 9, |((s) — Dn(s)| < |T1(s)|(1 +77), and |T1(s)| = %N“’_l <gn(1+rn/|p|)N™, since
Is| <|p|+rnand o > f—ry. By (H2) and (H3), |( — Dy| < % . gqN = %qN < %qN on the circle.
By Rouché’s theorem Dy and ¢ have the same number of zeros in the disc, and ¢ has exactly one,
since [((s) —d(s—p)| < Maor3;/2 < |d|ry on the circle. Write e = px —p, so |e| < rn. The equation
¢(pn) =Ti(pn)(1 +n(pn)) becomes

PN =p+

M. 2
e+ r=Ti(p) (14 )N (L nlon)), el < 22
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because T1(p +¢) = Ti(p)(1 + ¢/p)N~¢. Dividing by T1(p), whose modulus is gy, gives € =
TlT(p)(l + 0n) with, exactly,

K

Ti(p)

Here [e/p| < rn/lpl, N5 —1] = [e=l8N —1] < elellosN 1 < N™ — 1, and |n(pn)| < v (pn) <)
because py lies in the disc. Hence

146y = (1+ %)N*E(l +(pn)) —

2
MQT’N

\9N|§‘(1+Z>N€(1+n)—1‘+l] <1+ )N+ -1+ ,

Pl
using [(14+a)(14+b)(14+c¢)—1] < (1 +a|])(1+ |b])(1 + |¢]) — 1 (expand the product) with a =¢/p,
b= N"7°—1,c=n(pn), and Mar% /(2qn) = 9Magn/(2|d|?). As N grows, gy and ry decrease,
hence so do the disc, Ms and 77 (each 7 (s) decreases in N), and (H1), (H2) are preserved. For (H3),
rylog N is a constant times g(N) = N=#~llog N, and ¢'(N) = N*5*2(1 —(B+1)logN) <0 for
N > e!/(B+1): this threshold is at most e2/3 < 2 for 8 > %, less than 2 for § > 1/log2 —1 = 0.4427,
and less than 3 for every 8 > 0. So both factors of (H3) decrease, and (H3) is preserved. O

Status: proved, as a theorem conditional on (H1)-(H3). The verification of the hypotheses for
given p and N is a separate step, which we now make rigorous for the first 100 zeros.

Certification of (H1)—(H3) in interval arithmetic. We used the ball arithmetic of Arb [Jo]
through python-flint, at 96 bits (helix explicit/arb hypotheses.py). The zeros pi, k < 100,
are Arb’s rigorous enclosures, and d = (’(pg) is the first-order coefficient of the Taylor series of ¢ at
the ball pj. By the maximum principle M; is at most the maximum of [¢”| on the circle |s —p| =7,
centred at the ball pi, with  an upper bound for rx plus the radius of the ball. We cut the circle
into 256 arcs with midpoints ¢;; on the arc of ¢;, |s — ¢j| < h = 7r/256 and

|§<k+ e 12:11B h10
‘//CJ+U‘<Z + 2 ; Pozi,
k<10 Po

with the Taylor coefficients at ¢; computed as balls, and B an Arb upper bound for || on the circle
|w — p| =7+ h+ po (the integral form of Taylor’s remainder with Cauchy’s estimate for ¢12) and
the maximum principle for B), obtained by evaluating ¢ on 400 boxes that cover that circle. The
bound 7 uses |s+ j| < [p+j|+7rand 0 +5 > 5 —r 4+ 5. For each zero, the first N at which
(H1)-(H3) are certified is N§*'*, and by monotonicity they hold for all N > N§'*. We find

0.391|p| < N§™ < 0.636|p|  (k < 100),

from N§* = 9 at p; to 129 at pigo; N§™* exceeds by at most 1 the floating-point estimate of
teorema.py, in the same folder, which samples |[¢”| at 48 points. At N = N§'* the certified bound
for |0 | is between 0.34 and 1.16, and it tends to 0 as N — oo. Status: computer-assisted (rigorous).
The comparison of the bound with the actual || is numerical: for Ny < N < max(4Ny, 3000) the
measured |fy|, with py computed by Newton’s method in double precision, is at most 0.32 times
the bound (helix_explicit/teorema.py). The normalized displacement (py — p) N3/ runs on a
circle of radius |p|/(12]¢'(p)|), measured 1.4856 against 1.4860 at p; (helix_explicit/helice.py),
and |py — p| decays with slopes between —1.502 and —1.508 for the seven zeros with v < 42
(helix_explicit/eje3.py). In the space (o,t,log N) the zeros of Dy thus form helices of radius
IpIN=P=1/(12|¢'(p)|) around the vertical lines {(53,7)} x R through the zeros p = B+ iy of ¢
(Proposition 10 does not assume 3 = %; for the zeros computed here g = 2, and Remark 11
shows helices around off-line axes), while the zeros of Xy alone, without the pole and endpoint
corrections, wander over the strip (Figure 3). Status: numerical.
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Remark 11 (off-line pairs and the Davenport—Heilbronn function). An off-line pair would give two
helices with the rates N~(8TD and N=2-8) whose product is N=3 whatever 3 is; as for Propo-
sition 1, the functional equation imposes no constraint, and Proposition 10 measures S without
forcing it. For the Davenport—Heilbronn function, f(s) =57 Zgzl a(b)((s, g), we apply the same
correction to each Hurwitz piece:

4 M

. _ —s (M +b/5)t=¢
Fa(s) = 3 a5 [ (k+ 8) ™ = (a8~ - QLD
b=1 k=0
By (1) for ((s ,5) each bracket is ((s, ) — 15(M %) =14+ O(M—773). Since >, a(b) = 0 the
terms of order M ~*~! cancel, and expandmg (M + %) —1 gives
5P b
p p+ )(Zb ( )5) M—p—2 (1_'_0(1))’

P 12/(p)

with rate M~(#+2) by the argument of Proposition 1. Status: proved in outline (the o(1) is not
made explicit). The measured slopes are —2.8065 and —2.1900 for the pair 0.8085, 0.1915 + 85.699:
(predicted —2.8085, —2.1915), —2.6490 and —2.3477 for the pair at height 114.163 (predicted
—2.6508, —2.3492), and —2.4982 for the on-line zero at 83.109; at M = 4000 the modulus of the
displacement agrees with the prediction to 3-10~% in relative terms. The two zeros of a pair converge
at rates that differ by 2(3 — ), measured 0.6165 against 0.6170 (helix_explicit/dh helice.py).
Status: numerical.

4. ZEROS OF THE SECTIONS

For the sections Sy(s) = Ekg N k7% there is no limit to approach, and the question is where
their zeros lie. With x, = p~° for the primes p < IV, Sy is the value of the polynomial

PN((ﬂfp p<N Z H xvp(k

k<N p<N

in m(N) variables. Write T for the unit circle and, for real a and w = (wy,) € T™™W) Py (a,w) =
P ((p™wp)p). Put

Ay ={aeR: Py(a,w) =0 for some w € T},
e(N) =sup Ay,  my(a) = min |Py(a,w)|.

A zero of Py(a,-) is a closed polygon whose sides have the lengths k=%, k < N, and in which only
the directions of the sides p~® with p prime are free; the direction of a composite side is fixed by
those of its prime factors.

Proposition 12 (the torus). The closure of the set of real parts of the zeros of Sy is An.

Proof. If Sy(a +it) = 0, then Py(a,w) = 0 with w, = p~®. Conversely let Py(a,w) = 0. The
function g(s) = Py ((p~*wp)p) is a nonzero exponential polynomial (its term k& = 1 is 1) with a
zero at a, which is isolated. Since the numbers logp are linearly independent over @, Kronecker’s
theorem gives real t; with p~* — w, for all p < N, so Sy(s + it;) — g(s) uniformly on compact
sets, and by Hurwitz’s theorem Sy (s + it;) has zeros s; — a. Hence a is a limit of real parts of
zeros of Sy. Finally Ay is closed, since T™™) is compact. ([l

Status: proved; this is Bohr’s method for Dirichlet polynomials [T, Sect. 11.6]. For N = 2 the
zeros of 1+ 27% are the points i(2m + 1)7/log2 and Az = {0}. For N = 3 the condition is that 1,
27% and 37 form a triangle, so A3 = [—1,0.78788], the right end being the root of 27 + 37 =
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(a) Zeros in (0,t,l0gN), 3= N =400, 4 <t<42 (b) (px — PN on the circle of radius |p|/(12]Z'(p)|) (lines)
zeros of Xy . + y=14.13,20=N=400
o zerosof X5 - Y5 151 “_:/"'-"""“""'—‘-‘ y=21.02,20 5 N <400
— zerosof { o - y=25.01,20sN=400
e
1.0 / \\.
i 7
1 .
% R
= a 05 v{' “;l
E z A i
S 3 2l i
g g i
|00 T i
g '{L i
E 3 i
sl 4 rZ
IR 4
b 4
Vi
-1.01
S /=/
-15 o
-1.5 -1.0 -0.5 0.0 05 1.0 1.5
Re[(py — p)N>"]
(c) the explicit spiral: first 100 zeros (d) Davenport-Heilbronn: rates M~ +2); the off-line pair differs by 26

®  maxover Nz No of |6]/bound . ® 0.8085+ 85.70i: slope -2.8065 (pred. -2.8085)
No/|p| (H1-H3 hold for N = Ng) 10-2 4 T~ e 0.1915 + 85.70i: slope -2.1900 (pred. -2.1915)

1.0 e o 1483.109/: slope -2.4982 (pred. -2.5000)
0.8
0.6
0.4 107° 4

.
I L R LA L TP A

0.0 T T T . - -
50 100 150 200 0% 10°
y M (N=5M)

F1GURE 3. The explicit spiral (Proposition 10). (a) Zeros of Xy (grey) and of Dy =
X§ — Y (blue) in (o,t,log;o N); vertical lines at the zeros of ¢. (b) (py — p)N3/2
for the first three zeros and the circles of radius |p|/(12[¢'(p)]). (c) For the first
100 zeros, the measured |fy| divided by the bound of Proposition 10, and the ratio
Ny/|p| from which the hypotheses hold in the floating-point check of teorema.py
(the certified thresholds are at most one unit larger, with ratios 0.391-0.636). (d)
Davenport—Heilbronn function: |pp; — p| for the two zeros of the off-line pair at

height 85.699 and for an on-line zero, with the predicted displacements (lines), rates
M—(B+2)

Proposition 13 (the prime step). If p is prime, then e(p) = sup{a > 0 : my_1(a) < p~*}; in
particular e(p) > e(p — 1).

Proof. Let a > 0. The image of the torus under w — P,_1(a,w) is connected, and at w = 1 it

takes the value >, k7% > 12> p~ If my_1(a) < p~¢, it contains a point z with |z| = p~¢, and
the free coordinate w, with p~%w, = —z gives a zero of P,(a,-), because p divides no k < p. If
mp—1(a) > p~?, then |Py_1(a,w)| > |[p~%w,| on the torus and Pp,(a,-) has no zero. Since my_1 =0
on A,_1, e(p) > e(p—1). O

Status: proved.

For a composite N the direction of N~° is fixed by those of its prime factors, and no such
statement holds. We computed e(N) for 3 < N < 60 by minimizing |Py(a,-)| on the torus with
many random starts and bisecting in a (sections/edges.py, sections/torus.py); each value is
a lower bound for e(N) up to the bisection tolerance, since the zero found is genuine, and an upper
bound only to the extent that the minimization finds the global minimum. In all 15 cases where
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N is prime, e(N) > e(N — 1), as Proposition 13 requires. In all 8 cases where N is a prime power
(4,8,9,16,25,27,32,49), e(N) < e(N — 1); for the other composites the edge rose 13 times and
fell 21 times (Figure 4). The edge exceeds 1 for the first time at N = 19 (1.0070), falls below 1
again at N = 20, 21 and 28, and lies between 1.006 and 1.033 for 29 < N < 60, in agreement with
the theorem of Platt and Trudgian [PT16] that Sy has no zeros in o > 1 exactly when N < 18
or N € {20,21,28}. Turdn showed that Sy(s) # 0 for o > 1 and all large N would imply RH
[Tu]; Montgomery showed that Sy has zeros with o > 1 + (% —1—¢)loglog N/log N for large
N [Mo83], and Montgomery and Vaughan gave the matching bound from the other side [MV].
The configuration in which all primes have direction 7, which turns Py(a, -) into the Liouville sum
Y nen A(n)n™® of Turdn’s problem, is not extremal: its largest root is 0.901 at N = 19, against
e(19) = 1.007 (sections/liou.py). Status: numerical.

The dimension of the problem can be reduced. Two primes larger than v/ N have product larger
than IV, so every n < N contains at most one of them, to the first power.

Proposition 14 (polygon reduction). For N > 2 and a > 0 write

Py(a,w) = Ry(w)+ > w,p *Cp(w),
\/N<p§N

where w' = (wp)p<\/ﬁ, Ry collects the terms n™¢ Hp w;p(n) with n free of primes larger than VN,
and Cp = m~*[], wgq(m) over the m < N/p free of such primes (so C, =1 forp> N/2). Then

a € Ay if and only if there is w' € Tr(VN) for which the largest of the numbers |Ry(w')| and
p~ | Cp(w)], VN < p < N, is at most the sum of the others.

Proof. The coordinates w, with p > v/ N appear in no Ry and no C,, and each appears in exactly
one term. For fixed w’, the sums >_ wpl, with free |wy| = 1 and lengths £, = p~¢|Cy(w’)| fill the
annulus max(0,2max, £, — >, £,) < 2] < > £, Hence Py(a,-) vanishes for some choice of these
coordinates if and only if |Ry(w’)| lies in that annulus, which is the polygon condition. O

Status: proved. By Bertrand’s postulate there is always a prime in (N/2, N], a side of length
p~® independent of w’; Proposition 13 is the case in which this is the only change from N — 1 to
N. For 4 < N < 8 the problem has one variable, ws, and for 9 < N < 24 two. For N = 4 the sides

are |1+ 2z + 22|, z = 27%wy, and 37%; the minimum of |1+ z + 22| on |wy| = 1 is @(1 —47%) when

27 >2-4/3, and 3‘“—?(1—4_“) is decreasing, so e(4) = 0.62629 is the root of 37 = @(1—4_“).
At a = e(3), where 37% =1 — 2% the inequality 37 < @(1 — 479) reduces to 27¢G) > 2/y/3 — 1,
which holds (0.5792 > 0.1547); hence e(4) < e(3). Status: proved.

Proposition 15 (powers of two). e(2¥) < e(2¥ — 1) for k = 2,3,4. More precisely e(8) < 0.93 <
0.97 < e(7) and e(16) < 0.975 < 0.99 < e(15).

Proof. k = 2 is the computation above. Write the polygon defect of Proposition 14 as Def =
max; (&- — Zj# fj), where ¢; are the side lengths; the polygon closes if and only if Def < 0. All the
following inequalities are evaluated in the ball arithmetic of Arb [Jo], which encloses every rounding
error. Lower bounds. For N =7 at a = 0.97 and N = 15 at a = 0.99 we exhibit points w’ (binary
floating-point numbers, taken as exact) at which the Arb enclosure of Def is negative (< —0.0083
and < —0.0028), so the polygon closes, 0.97 € A; and 0.99 € Ay5. Upper bounds. For N = 8
on 0.93 < a < 3 (variables #3,a) and N = 16 on 0.975 < a < 3 (variables 62, 63,a) we cover the
domain by boxes and evaluate the side lengths on each box in ball arithmetic; the result encloses
their values on the whole box, so no Lipschitz bound is needed. A box is discarded when the lower
bound of Def is positive, and bisected otherwise. Since Py(a,w) = Py(a,w), the first angle can be
restricted to [0, 7]. All boxes are discarded: 2010 boxes for N = 8 and 271344 for N = 16, after at
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most 14 and 24 bisections. For a > 3 the term 1 dominates: with Q@ = Ry(w'), |Q| > 1—> n"¢
over its terms n > 1, which exceeds the sum of the lengths of the remaining sides (0.857 against
0.053 for N = 8, 0.814 against 0.014 for N = 16, certified at a = 3; the left side increases and the
right side decreases with a). Since Ay is closed, e(8) < 0.93 and e(16) < 0.975. O

Status:  computer-assisted proof in interval arithmetic (sections/arbcert.py, 64-bit
balls, under a minute). The earlier double-precision certificates sections/cert8.py and
sections/cert16.py, with explicit Lipschitz bounds but without control of rounding, give the
same conclusions and are kept for comparison.

With the reduction we extended the computation of e(N) to N < 128 (sections/red.py,
sections/careful.py, sections/polycert.py). The powers 64, 81, 125 and 128 again lower the
edge, from 1.0320, 1.0328, 1.0392, 1.0383 to 1.0277, 1.0300, 1.0380, 1.0366, but 121 = 11? raises it
slightly, from 1.03714 to 1.03720. At a = 1.03719 the polygon for N = 121 closes (defect —2-1079),
while 1600 independent minimizations for N = 120 return the same positive defect 1.8 - 10~%. The
regularity of prime powers is therefore not a general law. Status: numerical.

The powers of 2 behave differently because of a mechanism that can be read off the extremal
configurations. In Py, the powers of 2 form the geometric sum 142+ --+2F71 = (1-2F)/(1—2),
and at the edge the direction of ws sits near a k-th root of unity, where this sum nearly cancels:
k6, mod 27 is 0.0087, 0.0677, 0.1287, 0.2277 for k = 3,...,6. The new term z* completes the
geometric sum and undoes the cancellation. In the form of Proposition 14 the edge of N — 1 is
the point where the minimum of the polygon defect reaches 0. If this minimum is attained at a
single point w*, where the side Ry_; is the largest, adding eq_“wlg, q = p*, changes the defect by
eq " Re (Ry—1(w*) wi¥) /|[Rv—1(w*)| + O(€?), so the edge moves to the left when this projection
is positive. For ¢ = 2¥ the normalized projection is 0.93, 0.92, 0.94, 0.99 for k = 3,...,6. For 112
the powers of 11 give only 1 + 211, the projection is 0.10, and the edge moves to a second local
minimum. Status: heuristic, with numerical inputs. We expect e(2¥) < e(2F —1) for every k > 2; it
holds for £ < 4 by Proposition 15 and numerically for £ < 7, and the powers 9, 27, 81 of 3 behave
in the same way.

(a) right edge of the zeros of ksz>S (b) what each new integer does to the edge

________ mmm adding a prime (prime step: always = 0)

adding a prime power

.A.o,A.A'.cAO’n.Aoo.uA- 02 W adding another composite

o

o J'A"A" ........

x

o

©
—

.

0.1

o
=
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edge(N) - edge(N-1)

o
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right edge of the real parts of the zeros
o
o

-0.11

- 14 (E— 1)_;%’;& (asymptotic only)

o
o

% all primes at angle r (Liouville): root of A(n)n~? =
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FIGURE 4. Zeros of the sections Sy(s) = > <y k™ °. (a) The right edge e(N) of
the real parts of the zeros, 3 < N < 60, marked by the type of N; dashed: the
asymptotic 1+ (% —1)loglog N/log N of [Mo83, MV]; crosses: the largest real root
of the Liouville sum. (b) The change e(N) — e(IN — 1): positive for every prime
(Proposition 13), negative for every prime power up to 60.
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5. THE CIRCLE OF e: AN ERRATUM TO THE 2024 ELLIPSE

In 2024 the author proposed to study ¢ through a plane curve [E24]. For fixed a > 0 the values
of the exponential series DC(a + i) = >+, e @) trace a closed curve, which was fitted by
an ellipse, and the zeros of ¢ were placed on it. This section is the erratum [Er] to [E24]: the curve
is an exact circle, it is the Euler factor of a single “prime” of size e, and the positions of the zeros
on it reflect only the equidistribution of their ordinates. Here  denotes, as in [E24], the imaginary
part of the variable; it is not the real part of a zero.

Proposition 16 (the curve is a circle). For a > 0 put r = e~“. The curve § — DC(a +if3) is the

circle with )
R
centre h = ﬁ, radius R = 1_7177“2, w= e,
For a = %, h = 0.5819767 and R = 0.9595174. Moreover 1+ DC(s) = (1—e~*)~L, the Euler factor
(I—p*)tatp=e.

Proof. Summing the geometric series, DC(s) = e */(1—e %) =1/(e®* —1). Put w = e™*; for fixed
o the point w = re~% runs over the circle |w| = r, and w — w/(1 —w) is a M&bius transformation,
so the image is a circle. It is symmetric about the real axis and meets it at /(1 —7r) and —r/(1+7);
its centre is the midpoint 72/(1 — r2) and its radius is half the distance, /(1 — r?). O

Status: proved. The preprint [E24] reported the centre 0.581974, semi-axes 0.959513 and
0.959276, and the ratio 1.6487206 = e'/2 of the major semi-axis to the centre. The difference
between the two semi-axes was a fitting artefact; the exact values are those above.

For a true prime p the same construction with w, = p~® sends the vertical line Res = o to the
circle |wy| = p~?, and the critical line to |w,| = p~/2; for p = e this is |w| = 1/y/e (Figure 5,
left). A single Euler factor has no zeros, and its poles s = 27ik/logp lie on one vertical line: the
“Riemann hypothesis for one prime” holds trivially and says nothing about (.

Remark 17 (the critical circle is the fixed circle of the symmetry). The zeros of ¢ are symmetric

under the involution ¢(s) = 1 — §, which combines the functional equation with ((s) = {(s). For
every p > 1 and w, = p~%,
wp(u(s)) =p 7 = ———
pwp(s)

S0 ¢ acts as the inversion w — 1/(pw) in the circle |w| = p~ /2. The image of the critical line is the
fixed circle of this inversion, and the circles |w| = p~? and |w| = p~(}=%) are exchanged. The same
holds for Li’s variable z = 1 — 1/s, where ¢ becomes z — 1/z [CE3], and for the variable u of the
Thara zeta function of a (¢ + 1)-regular graph, where it becomes u — 1/(qu) [CE17]. The symmetry
determines the circle, but it only forces the zeros to occur in pairs p, ¢(p); RH is the statement that
every zero is fixed by ¢. The function DC' alone has the different symmetry DC(—s) = —1—DC(s),

whose fixed line is a = 0. Status: proved (elementary).

Proposition 18 (the zeros on the circle of €). Let a > 0, r = e~ %, and let the angle ¢ be uniformly

distributed modulo 2w. Then z = DC(a + i¢) is dfistm'buted on the circle of Proposition 16 with
arc-length density proportional to |1 — w|?, w = re ', and
gd(a)

P(Rez < h)=1—-=2——, gd(«) = arccos(sech o) = arctan(sinh a),
T

the Gudermannian function. For a = % this is 0.84709. Consequently, the fraction of the zeros
B+ iy with 0 < v <T whose point DC(% + i) lies left of the centre tends to 0.84709 as T — co.

Proof. The derivative of w + w/(1 — w) is (1 — w)™2, so arc length on the image is |1 — w| ™2
times arc length on |w| = r, and a uniform angle has image density proportional to |1 — w|?.
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With ¢ = cos¢, Rez = (rc —r?)/(1 — 2rc +r?), and Rez < h is equivalent, after multiplying
by (1 — 2rc+r3)(1 —72) > 0, to c(r +r3) < 2r2, that is, cos¢ < 2r/(1 + r?) = sech, which
has probability 1 — arccos(sech ) /7. The last statement follows from Hlawka’s theorem that the
ordinates «y are uniformly distributed modulo 27 [HI], since the set {cos ¢ < secha} is an interval
with boundary of measure zero. ([l

Status: proved (the last statement with Hlawka’s theorem, which is unconditional). The 341
zeros with 0 < v < 600 give 290/341 = 85.04% (ellipse/fig8a.py, Figure 5, right). The map
wraps the critical line around the circle infinitely often, so only v mod 27 survives, and the Mdbius
map pushes uniform angles away from the pole w = 1. The angular patterns of [E24, Figs. 11-14]
are consequences of this and carry no further information about the zeros.

1. w = e*(-s): each vertical line is a circle, 2. The 2024 "ellipse" DC(s) = 1/(e"s = 1): an exact
the critical line is |w| = 1/ve circle, the Euler factor of a prime of size e
1.00 A 1.0
075 ===
0.51
0.50
0.25
0.0
5 a
g 000 £
-0.25 1
-0.5 1
-0.50 -
~0.75 { = |w| = ex-112) = e @z v “101
--- a=%ando=1 = DC(%+iB): exact circle, centre 0.581977, radius 0.959517
-1.00 1 * zeros Yz+iy at angle -y mod 2n ¢ zeros: 85.0% left of centre (uniform angle: 84.7%)
-1.0 -0.5 0.0 0.5 1.0 0.0 0.5 1.0 15
Re w Re DC

F1GURE 5. The circle of e (Propositions 16 and 18). Left: w = e~ maps each
vertical line to a circle; the critical line goes to |w| = 1/4/e, and the zeros with
0 < v < 600 sit at the angle —y mod 27. Right: the 2024 curve DC(% +1f3) is the
exact circle with centre 0.5819767 and radius 0.9595174; 85.0% of the zeros lie left
of the centre, against 84.7% for uniform angles.

What survives of [E24]. Two other statements of [E24] are corrected elsewhere in this series.
The harmonic decomposition of [E24, Sect. 7.2] survives as the straight-line law | X, (p)]? = (n +
3)/1p|> + O(n™1) at a zero on the critical line [CE5, Sect. 2]. The claim of [E24, Sect. 7.2] that the
harmonic offset H,, — | X,, (3 +i7)[>+n/(3+7?) has the same limit at two zeros is not correct: by the
straight-line law the offset at a zero on the critical line is H, — 3 (1 ++2) "' +0(n1), so the difference
between its values at the first and at the second zero tends to & [(3+43) ™! = ($+1%)~!] = —0.001369,
not to 0 [CE1]. Finally, recording the height as a third coordinate lifts the circle |w| = e~/
helix; applied to the cross-energy instead of to e~*, this lift is the helix of [CE1, Thm. 3.2].

to a

6. THE CIRCLES OF THE PRIMES
With a true prime the circle carries arithmetic information. The tool is Landau’s formula.
Theorem 19 (Landau). For fized z > 1, as T — oo,

Z xf = —221\(:6) + Oz (logT),
0<y<T g

where A(x) = 0 unless x is a prime power.
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Status: classical [Lan].

Corollary 20 (the bias on the circle of a prime). Assume RH. On the circle |t~%| = 7% of a
prime power x, the zero p sits at the angle —vlogx, and
1 A(z)

—_— Z cos(ylogz) = —————-
N(T) 2=, Vi log oL

while, still under RH, for x > 1 not a prime power the mean is O,(1/T). Under RH the angles of
the zeros on the circle of a prime power are biased toward 7, and those on the circle of any other
base are not.

(1+0(1)),

Proof. Under RH, z = /2 "71°8% for every zero; take real parts in Theorem 19, divide by 1/z and
by N(T) = % log % + O(logT). For = not a prime power the main term vanishes and the error
is Oz(logT)/N(T) = O,(1/T). O

Status: conditional on RH. Theorem 19 itself is unconditional, but it controls ) | 2, which equals

NZDD 2831987 and in which each angle is weighted by 2 _%; the two sums agree after division
by v/ only if every zero counted has § = % Every statement below about the means of the angles
~vlog x, for prime powers and for other bases alike, is therefore conditional on RH (on GRH for
L(s,x)), unless stated otherwise; Open problem 4 asks for an unconditional version. Results on
the distribution of yo modulo 1 in this direction are due to Ford and Zaharescu [FZ]. Table 2
compares the means for the 202 zeros with 0 < 7y < 400 with the prediction —(7/27)A(b)/(v/bN)
of Corollary 20, N = 202 (landau/features.py); all these zeros lie on the critical line, so for them
the angle sum and Landau’s sum coincide.

base b 2 3 5 7 e 6 10
measured —0.1465 —0.1938 —0.2259 —-0.2224 —-0.0031 +0.0135 +0.0094
Corollary 20 —0.1545 —0.1999 —0.2268 —0.2318 0 0 0

TABLE 2. Mean of cos(ylogb) over the 202 zeros with 0 < v < 400. The circle of
[E24] is the column b = e.

The full spectrum » . 400 cos(ylogn), 2 < n < 40, has spikes exactly at the prime powers,
all negative, of 92%-100% of the prediction —(7'/27)A(n)/y/n at the primes and 73%-98% at the
higher prime powers, and it is at most 7.1 in modulus at the other integers (landau/landau.py,
Figure 6; details in Appendix A). For the Davenport—Heilbronn function the same sum over its zeros,
S Ren?~1/2, reproduces —(T'/27w)b(n)/y/n, where b(n) are the Dirichlet coefficients of — f'/ f; these
take both signs and are not supported on prime powers (4+46.58 against +45.91 at n = 4, —50.73
against —50.33 at n = 6, +49.11 against +48.51 at n = 9). The one-signed spectrum is the Euler
product seen from the zeros. Status: numerical.

Positions, not statistics. The arithmetic information lies in the exact positions of the zeros,
not in their local statistics. Displacing each zero independently by a Gaussian amount of standard
deviation € times the local mean spacing 27/ log(y/27) keeps, on average over 200 draws, a fraction
0.961, 0.888, 0.731 and 0.317 of the prime spikes (p < 13, relative to Landau’s prediction) for
e = 0.02, 0.1, 0.2 and 0.5; the undisplaced zeros give 0.964. Points with the statistics of the
Gaussian unitary ensemble, unfolded to the same density, keep 0.04 +£0.06 (landau/features.py).
Pair correlation [Mo] and the spacing statistics [Od] are therefore blind to the prime spikes, which
require the positions to a fraction of the mean spacing. Status: numerical.

Twisted circles. The same holds for Dirichlet L-functions, with the character visible in the
angle.
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(a) Z: = cos(y log n) over zeros with y < 400 (b) Davenport-Heilbronn: = Re n*(p-1/2)

I 17 1T 1 « _ _
N s a1l - Igllll_L 40 I I I I I i I
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= = S
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%‘ =207 | = —_ < 0
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Q [24
W w = -
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l 1 40 l 1 i i
= = — — Landau: =(T/2mA(n)/¥n = —(T/2n) b(n)Vn
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(c) angles y log b mod 2m, b = 2 and b = e (dotted: uniform) (d) prime spikes kept after random displacement
—— angle y-log 2 (Euler factor of p = 2) I_ 1.0 7 —8— true zeros, randomly displaced
20 | = angle yloge(circle of [B24]) @
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FIGURE 6. (a) 20<7<400 cos(ylogn) for 2 < n < 40 (bars) and Landau’s predic-
tion —(T/27)A(n)/+/n (marks). (b) The same sum for the Davenport—Heilbronn
function and —(7'/27)b(n)/y/n. (c¢) Histogram of vlogb mod 27 for b = 2 and for
b = e, the circle of [E24]. (d) Fraction of the prime spikes (p < 13) kept after
an independent Gaussian displacement of each zero, in units of the mean spacing;

shaded band: points with the statistics of the Gaussian unitary ensemble and the
same density.

Proposition 21 (Landau’s formula for L(s, x)). Let x be a primitive Dirichlet character and x > 1
fized. Summing over the nontrivial zeros p =  + iy of L(s,x),

Y af= —%A(af)x(w) + Oy llogT), 3 ar = T

0<~y<T ly|<T

A(z)x(x) + Opx (logT).

3

Under the generalized Riemann hypothesis the zeros lean, on the circle of p, toward the angle
™ + arg X(p)-

Proof in outline. The first formula follows from the contour argument for Theorem 19 applied to

—%(s,x)ms = > . A(n)x(n)(xz/n)®: the term n = x of the integral on Res = ¢ > 1 from ¢ to
c+ 1T gives %A(m)x(m), the residues at the zeros give — Y 2, and the remaining sides contribute
Oz (logT). The zeros of L(s,x) with =T < < 0 are the conjugates of the zeros of L(s, x) with
0 < v < T, and the first formula for ¥, conjugated, gives the same main term; adding gives the

second. Under GRH, >, <7 2 = —LA(z)x(z)//z+O0(log T), whose argument is m+arg x(z). O

Status: proved in outline (classical in substance). For the character x modulo 5 with x(2) =i
and the 606 zeros of L(s, x) found on the critical line with |y[ < 400, the fit of 37,490 n" by
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cA(n)x(n)/y/n gives ¢ = —126.6 against —71'/m = —127.3, and the mean directions on the circles
of p=2,3,7,11 are within 0.0047 of 7w + arg x(p) (twin/landau_chi.py; details in Appendix A).
Status: numerical.

Remark 22 (the angles do not see [3). The angle of a zero p = 3 + i7y on the circle of p is —ylogp,
which does not depend on 5: moving a zero horizontally at fixed height leaves every angle statistic
unchanged, and changes only the modulus 2°~1/2 of its term in Theorem 19. Statistics of the
angles alone therefore cannot exclude off-line zeros; under RH they are equivalent to Theorem 19,
and without RH they are a different quantity. The joint distribution of the angles on the circles
of several primes has the Fourier coefficients N (7")~! Zw(m/n)”, which Theorem 19 determines

under RH. The quadratic version of the question, how small a Dirichlet polynomial Y a,n?" can
be at all zeros simultaneously, is Weil’s form in a basis of Dirichlet polynomials, which is studied
in Part 12 [CE12]. Status: remark.

Landau’s formula under the heat flow. The circles of the primes can be followed along the
de Bruijn-Newman deformation Hy(z) = [;~ e’ ®(u) cos(zu) du, Ho(z) = TE(3 4+ 2). Write 2 (1)
for its zeros and vi(t) = xk(t)/2, so that 74(0) are the ordinates of the zeros of ¢, and replace
by 7x(t) in Corollary 20. This is studied in Part 15 [CE15, Sect. 10], and we only summarize it.
For 0 < t < 1 the bias is erased: the mean of n"*®) over T' < 7, (t) < 2T is O(logn - T~ [CE15,
Prop. 10.1] (unconditional, with ¢ not explicit). Part 15 proves the precise law [CE15, Thm. 11.1],
which it first conjectured [CE15, Conj. 10.2]: for fixed n > 2 and 0 < ¢t < %, and 1 < H < T with
T > TQ (n, t),

, 1 [T N (n; H
S = _2/ t(”f’”dwon,t(logTJr = log? T),
T<m(O<T+H T "

so that in a window of heights around -,

(i — A7)

Vn log 5
where A¢(n;7) are the coefficients of —D'/D for D(s) = > c¢nm™®, ¢y = exp (ilong -
%a* log m) and a, = %log% + %T; they satisfy A\i(n;7y) = ¢,logn — Zd‘n,kn A(d;y)en g At
=0, ¢y, = 1, \p = A, and this is Corollary 20 (under RH). For ¢ > 0 it says three things
about the circles. (a) Decay: A\ (p;y) = logp - p~ /D oe(r/2m)+i7/2) "5 the bias on the circle of
a prime is multiplied by p~#/4108(¥/27p). the exponent Llogp log % is largest at p = (7y/2m)Y/2,

so the primes near (/2m)'/2 forget fastest. (b) Rotation: the mean of p"*®*) no longer points to

7 but to 7 — Stlogp. (c) Memory of composites: the weights e(t/4)108” m 410 not multiplicative,

Cap = cacpelt/DNoralogd o for instance A\ (6;7) = cacslog6 (elt/2)1og2logd _ 1) ~ %log2log3log 6,
which is not 0 although A(6) = 0. Under the flow the zeros acquire a bias on the circles of composite
numbers, which the zeros of { do not have under RH (Corollary 20; numerically, the columns 6
and 10 of Table 2). This is proved for the squarefree n, where Ay(n) > 0 by a connected-graph
expansion [CE15, Rem. 11.7], and is numerical for the other composites.

The proof in [CE15, Sect. 11] is Landau’s contour argument, applied to H]/H; on the rectangle
[2T, 2T +2H] x [—1,1]. On the lines Im z = 41 the effective approximation of the Polymath project
writes H; as an explicit factor times ) b,m™%, by, = e(t/d) 10g2m, plus a mirror term of relative
size O(z~1/2) and an error of relative size O(z~'log?x), where z = Rez. The effective abscissa
Res, =~ 1+ i log ~ tends to infinity with the height, so the logarithm of the deformed sum can be

expanded on the contour itself. Its coefficient at n is A¢(n)/logn, where by logn = 3_;, A¢(d)by/a,

and the term n~% carries the factor n=(#/2%+: the decay and the rotation of the memory come
from the drift of this abscissa. Integrating by parts, the error enters only through log(H;/B;) and
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not through its derivative. Jensen’s formula handles the vertical sides. The constant Tp(n,t) is
effective but astronomically large, Ty > 2mntedT04/ ) for the sum over the real parts of the zeros;
the form with ~(¢) uses the reality of the zeros for 2T > ¢€/t, with the unspecified constant C' of
the Polymath project.

Part 15 tests the law on zeros of ¢ moved forward by an approximate dynamics and on exactly
computed zeros of Hy; in the first test the means agree with the law within 1073, in the second the
sums, of modulus up to 837, differ from its main term by at most 6.7, and the rotation (b) is needed
to fit the data (Appendix A). Status: proved in [CE15] for fixed n and 0 < t < %; the comparisons
are numerical, and we have recomputed only the predictions (landau/heat_rotation.py).

Backwards in time the same factor amplifies the bias. At p ~ (y/ 27r)1/ 2 the predicted value is
3 exp (\t\% — L), L = log 5-, which exceeds 1 once L > 4/[t|. A mean of numbers of modulus 1
cannot exceed 1, so this is impossible if all the zeros of H; are real. It is consistent with the theorem
of Rodgers and Tao that H; has non-real zeros for every t < 0 [RT]. Status: heuristic, since the
theorem is proved only for 0 < ¢ <  [CEL5, Sect. 11].

7. ONE CIRCLE IS NOT ENOUGH

The circles of this paper and of the rest of the series can be compared in one table. In each
setting a vertical line, or the critical line, is mapped to a circle by a variable in which the functional
equation becomes an inversion (Remark 17).

setting circle zeros on it operator RH

one prime e, Sect. 5 le=| = e /2 none — trivial

¢ via e”®, Sect. 5 wrapped |w| = e~/ angles uniform — uninformative
¢ via p~*, Sect. 6 wrapped |w| = p~/? biased toward 7 (RH) — blind to

¢ via Li [CE5] [1-1/s]=1 infinitely many none known equivalent
Thara, (q + 1)-regular [CE17] |u| = ¢~ /2 finitely many adjacency matrix decidable
primes at pace § [CE17] le™%| = e70/2 infinite per period none can fail [DMV]
curves over Fy [We] lu| = ¢~ /2 29 Frobenius proved

TABLE 3. Circles for the critical line.

Li’s criterion [Li] uses the Mobius variable z = 1 — 1/s, which maps the critical line bijectively
onto |z| = 1 without wrapping; its coefficients, and the identity of the first one with half the
constant Cp = 2 + 9 — log4n of [CE5] under RH, are in [CE5]. The Thara zeta function of a
regular graph, for which the analogue of RH is the Ramanujan property, and the Beurling primes
obtained by rounding every logp to a multiple of 4, which put the whole Euler product on one
circle without making it rational, are in [CE17].

Where RH is known or decided, two things hold together: the circle carries finitely many zeros,
and those zeros are the spectrum of an operator whose symmetry forces them onto the circle. The
2024 circle carries a single prime. The circle of a true prime sees the zeros through Landau’s formula,
with a one-signed spectrum that the Davenport—Heilbronn function does not have; Landau’s sum
> aP carries the factors 2%, but it does not constrain 3, and the angle statistics, which are what
the circle shows, do not depend on 5 (Remark 22). Li’s circle carries all zeros of ( but no operator.
¢ itself does not live on one circle: its Euler product uses one circle [p~%| = p~7 for each prime,
and by the linear independence of the log p the critical line winds densely around the infinite torus
of these circles [BJ]. The finite part of this torus, with one circle per prime p < N, is the torus of
Section 4, on which the zeros of the sections are polygons.

The truncations of Sections 2 and 3 meet the circles of the integers rather than those of the
primes: the leading error is a multiple of n™%, and the zero of the truncation turns on a scaled
copy of n — n~P. Its rate is 3, and this is the common limitation of everything in this paper:
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each construction reads 3, or reads angles that do not depend on 3, and none of them constrains 3
by itself. The Davenport—Heilbronn function shows this in every case, except on the circles of the
primes, where the one-signed spectrum of Theorem 19 distinguishes ¢ from it but does not see .

8. OPEN PROBLEMS: A RESEARCH PROGRAMME

The results above point in three directions, which we list with their open problems. The first
is effective: to turn the asymptotic statements into verification tools. The second concerns the
sections, where the polygon reduction makes the right edge computable. The third is arithmetic:
the circles of the primes are the only construction of this paper that distinguishes ¢ from the
Davenport—Heilbronn function, and they do it through the Euler product, not through the geometry.

A. Effective spirals. 1. An explicit and uniform crossing count. Make the thresholds X (p)
and Ny(p) of Theorems 5 and 6 explicit and uniform in terms of |('(p)|, v and the distance from
p to the neighbouring zeros. In Step 3 of the proof the bound || < 1 uses the fractional part of
~vlog2/7; the weaker bound [9| < 2 holds as soon as Ne~™/ ) > X(p), without it. Summed over
the zeros, a uniform version would turn the crossing count into a verification method of the type
of Turing’s [Tg], with an error term that can be compared with his.

2. The explicit spiral at all heights. The hypotheses of Proposition 10 are now certified in
interval arithmetic for the first 100 zeros, with N§®* < 0.64|p|. Extend the certificate to all zeros
up to a given height, and decide whether Ny = O(|p|) in general; the natural route is a lower bound
for |¢'(p)| and an upper bound for ¢” near p valid on average over the zeros. What does it cost,
compared with the approximate functional equation, to locate zeros this way?

B. Sections of the zeta function. 3. Powers in the sections. Prove ¢(2F) < e(2F — 1) for
every k > 2, and decide which prime powers lower the edge: the projection mechanism of Section 4
predicts it for 2¥ and fails for 112. Is there a prime power ¢ above which e(q) < e(q — 1) never
fails, or are there infinitely many exceptions? A first step is to certify the numerical values of e(N),
N < 128, with the method of sections/arbcert.py; the cost grows with the number W(\/N) of
free angles.

C. Arithmetic on the circles. 4. The bias without RH. Show unconditionally that

> cos(ylogp) = - L losp
0<~y<T 2m \/]3

+o(T),

that is, that replacing 2*7 by z~1/2 in Theorem 19 costs only o(T). Selberg’s density theorem
controls the zeros with |8 — %\ > CloglogT/logT, C > 4, and the trivial bound those with
|3 — %] = 0(1/log T); the zeros in between are the obstacle.

5. Two circles at once. The angles on the circle of one prime do not see § (Remark 22). Is
there a functional of the joint positions of the zeros on the circles of two or more primes, computable
from Landau’s formula, that does?

6. Beyond the heat-flow Landau formula. Part 15 proves the heat-flow Landau law for
fixed n and 0 < t < % [CE15, Thm. 11.1]. Three questions remain. (a) Uniformity. Prove a
version uniform in n, as Gonek’s [Go] is for ¢. The proof in [CE15] needs log % > 4log(nK) + 8
with K = max(n, [e'9/t]), so T > 27rn*e8164/t and its constants depend on n. (b) Larger t. The
effective approximation used there is available only for ¢ < %, while the numerics of [CE15] suggest
that the law also holds at ¢t = 0.8. (c) One sign for every n. After the rotation, the bias on the circle
of n has the sign of —A;(n). Part 15 proves Ay(n) > 0 for prime powers (by Kaluza’s theorem, since
k  e(t/Dk* log?p jg log-convex) and for all squarefree n = p; - - - p, by the connected-graph (Mayer)
expansion A¢(n) =logn[]; by, > ¢ [;jeq wij, summed over the connected graphs G on {1,...,k},

with by, = e(t/9)10g”m 44 Wi = e(t/2)logpilogp; _ 1 > ( [CE15, Rem. 11.7]. The open cases are the
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n that are neither squarefree nor prime powers, such as 12 and 18. Numerically A¢(n) > 0 for all
n <2-10% and 0.01 <t < 1 [CE15, Rem. 11.7]. Is A¢(n) > 0 for every such n and every t > 07 If
so, the zeros of H; lean toward m — Stlogn on the circle of every integer n > 2. The one-signed
spectrum of Theorem 19, which is supported on the prime powers, would then be replaced by a
one-signed spectrum supported on all integers: the deformation spreads the memory of the primes
over all integers.

What the programme cannot do by itself. Each construction of Sections 2-3 reads off 3
from the rate of convergence of a zero that has been located, and the normalized displacement of
Remark 3 removes 3 altogether; the Davenport—Heilbronn function has spirals and helices around
its off-line zeros with exactly the predicted rates. The geometry therefore says where a zero is,
not why it must lie on the line. A proof of § = % along these lines would need an arithmetic
inequality, using the Euler product in an essential way, that is incompatible with the rate N=2 for
8 # %; problems 4-6, where the Euler product enters through Landau’s formula, are where such
an inequality could come from. We do not know of one.

DATA AND CODE

The ancillary scripts reproduce all tables, figures and numbers; the file anc/README. txt lists
each script, what it reproduces and its output file, and anc/run_all.sh runs them in order. The
folders are zerospiral/ (Proposition 1, Figure 1), spiral_crossings/ (Theorems 5 and 6, Re-
mark 3, Figure 2), helix explicit/ (Lemma 9, Proposition 10, Remark 11, Figure 3), sections/
(Section 4, Figure 4), ellipse/ (Section 5, Figure 5), landau/ (Table 2, Figure 6, and the predic-
tions quoted in the paragraph on the heat flow) and twin/ (twisted circles). The ordinates of the
341 zeros of ( with 0 < v < 600 are in zeros600.npz; the off-line zeros of the Davenport—Heilbronn
function with v < 400 are in landau/offline.npy. Two scripts are computer-assisted proofs in
interval arithmetic, with Arb [Jo] through python-flint: sections/arbcert.py (Proposition 15)
and helix explicit/arb hypotheses.py (the hypotheses of Proposition 10 for the first 100 ze-
ros). All other scripts use NumPy, SciPy, Matplotlib and mpmath in double or moderate precision,
without interval arithmetic: their numbers illustrate the propositions, and the proofs do not use
them. Some comments in helix explicit/ are in Spanish.

Use of Al tools. The proofs, computations and drafting of this paper were carried out with the
assistance of an Al system (Claude, Anthropic), under the author’s direction; an independent Al
review agent refereed the proofs. The author checked the results and takes responsibility for them.

APPENDIX A. NUMERICAL RECORD

This appendix collects numerical details removed from the main text; all of them are numerical,
and none is used in a proof.
The spiral for the Davenport-Heilbronn function (Section 2). At n = 2 - 10° the zero right of the
critical line is within 2.7-107° of its limit 0.8085+85.699:, and the left one still at distance 1.25-1072
from 0.1915 + 85.699:. Version 3 of [CP] reported the exponents —0.797 and —0.175, which were
fitted on all n (not only multiples of 5, so that the coefficient of the tail oscillates with n modulo 5)
and against a reference point computed from a truncation; their difference 0.622 is the same within
the noise (zerospiral/spz.py).
The spectrum of Figure 6. For n = 2 the sum 20<7<400 cos(ylogn) is —29.60 against —31.20. The
lowest ratios to the prediction, 73%, occur at 16 and 27, where the spike is smallest and the error
term O(logT') weighs most; the largest value at an integer that is not a prime power is 7.1, at
n = 38.
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Twisted circles (Proposition 21). Let x be the character modulo 5 with x(2) = i. On the critical
line its L-function has 303 zeros with 0 < v < 400 and 303 with —400 < v < 0 (sign changes of the
real rotated completed function), against 303.2 for each sign from the main term % log 257?; of the
Riemann—von Mangoldt formula, consistent with all zeros up to this height lying on the line; we did
not run a Turing-type check (twin/zeros.py). Fitting 3| 400 n?, 2 <n <40, by cA(n)x(n)/v/n
gives ¢ = —126.6, against —T'/m = —127.3, with relative residual 3%; at the integers that are not
prime powers the sum is at most 7.9 in modulus, against a median of 76 at the prime powers.
The measured mean directions on the circles of p = 2,3,7,11 are —0.4967, 0.5047, —0.5037 and
—1.0007, against 7 + arg x(p) = —%, 5, — 5,7 (twin/landau_chi.py).

The heat-flow Landau law (Section 6). Part 15 tests the law on the 10142 zeros of ¢ below height
10*, moved forward to ¢ = 0.8 by an approximate dynamics (the 40 nearest neighbours exact, the
far field frozen), with averages over 1000 < -y, < 9000. The real and imaginary parts agree with
the conjecture within 1073 for n = 2,3,4,5,6,7,8,10,11,12,13,15,30 and ¢ < 0.8; for example
—0.0325 + 0.0069¢ measured against —0.0326 4 0.0072¢ predicted at n = 2, t = 0.8, and —0.0066 +
0.0019¢ against —0.0065 + 0.0019¢ at n = 6, t = 0.4, where the bias was exactly 0 at ¢ = 0 [CE15,
Table 3, Fig. 4]. Part 15 also computes the zeros of H; themselves on 100 < ~(t) < 9100 for
t = 0.05,0.1,0.2,0.4. Over 1000 < 7(t) < 9000 the sums of n'"{) which reach 837 in modulus,
differ from the main term of the theorem by at most 3 for 2 < n < 15 and by at most 6.7 for
n = 30, whereas Landau’s prediction for ¢ misses by up to 582 [CE15, Table 4]. For n = 30 at
t < 0.1 the main term is so small that the error exceeds it, so at these heights the memory of 30
is not resolved for small . The rotation is needed to fit the data. The decay factor alone predicts
the real parts —0.0229 and —0.0148 for p = 5 and p = 13 at ¢t = 0.8, whereas the law with its phase
predicts —0.0200 and —0.0102 (landau/heat_rotation.py); the measured values in the author’s
working notes are —0.0194 and —0.0099. The faster loss of memory at large ¢ that one sees in the
real part alone is therefore the rotation, not a second-order correction to the decay.
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