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Abstract

The method of Polymath bounds the de Bruijn—-Newman constant by A < tg + %y& where
H;, is shown to have no zeros with Im z > yo to the right of a height X (RH verified for ¢ up to
X/2), and a barrier condition holds at X. Polymath observed that this gives A = O(1/log X).
We study the constant C in bounds A < (C'+0(1))/log X for the arguments in which the zero-
free region is established by a triangle inequality applied to Polymath’s approximation, with
or without a mollifier; C' is a property of this method, not of A. We define the best constant
Copt attainable in this class and prove 4 < Cypy < 4wo = 4.9146.. . ., where (( + wp) = 2, for
mollifiers of length at most N/2 (N =~ \/m is the length of the sum) and Copy = 4wy exactly
without a mollifier. The upper value comes from an explicit criterion for the non-vanishing of
H; in which each term of the sum keeps its own effective exponent; its hypotheses are explicit
inequalities at the single point & = X, and the resulting bounds for A are conditional on the
verification of RH and on the barrier. The lower value comes from the primes in (N/2, N],
whose coefficients no such mollifier can change. At the present height the bound A < 0.174 has
log(X/4m) - 0.174 = 4.68. Numerically, for optimised mollifiers the boundary of the zero-free
region is close to a level set of the effective exponent of the last term of the sum; we report how
the level depends on the mollifier length. Finally, the triangle inequality amounts to giving
every cross-energy of the partial sums its most negative value; at the present height the phases
of the terminal primes are close to equidistributed. We do not prove the Riemann hypothesis,
and none of these bounds says anything about it.

1 Introduction

Let Hy(z foo '’ & (u) cos(zu) du, where ®(u) = oo (2rinted — 3rn2ed)e=™"¢" 5o that

Hy(z) = 8{(2 %). By the work of de Bruijn and Newman [I], [7] there is a constant A such that
H; has only real zeros exactly when ¢ > A. The Riemann hypothesis (RH) is equivalent to A < 0,
and Rodgers and Tao proved A > 0 [12]. Polymath [11] proved A < 0.22; with the verification
of RH up to height 3 - 10'? [I0] their criterion gives A < 0.2, and with optimised mollifiers we
obtained A < 0.174 [CE13|. Other claims announced in 2026 are compared with our results in
Section R



Three different objects. It is important to keep apart: (A) the constant A, a fixed number,
equal to 0 if RH holds; (B) the bound B(X) = t + 3¢3 that a method produces when RH has
been verified up to X/2; and (C) the coefficient C'(X) = B(X)log %, which has the same limiting
behaviour as B(X) log X; at finite heights the value depends on this normalisation, and we always
use log %. This paper is about (C), and its main results concern the limit X — co. A statement
such as C'(X) >4 — o(1) does not mean A > 4/log X, which would contradict RH; it means that
a certain kind of proof cannot produce a bound B(X) with a smaller coefficient. Such limitations
are fully compatible with A = 0.

Figure (a) shows the mechanism at low height: as ¢ decreases, neighbouring real zeros of Hy
collide and leave the real axis. Polymath’s criterion (Theorem (1| below) controls three regions
(Figure [I{b)): to the left of a height X the zeros are real because RH has been verified there; a
barrier near X prevents zeros from entering that region; and to the right of X one shows that Hy,
has no zeros with Im z > yg. Zeros may remain in the strip 0 < Imz < yp, but by de Bruijn’s
argument they reach the real axis by time ty + %y%
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Figure 1: (a) Real zeros of H; for x < 72, computed by direct numerical integration (double
precision). Going back in ¢, pairs of neighbouring zeros collide and become complex. The horizontal
line is the bound A < 0.174 of [CE1L3| (preprint). (b) Schematic of Polymath’s criterion: (i) RH
verified for < X; (iii) barrier; (ii) no zeros of Hy, with |y| > yo for z > X + /1 — y3. The strip
ly| < yo is not controlled; de Bruijn’s argument closes it in time %y%

Polymath showed that the zeros of H; are real and simple for x > exp(C/t), with an unspecified
absolute constant C' [I1, Thm. 1.5], refining Ki, Kim and Lee [5]. They observed that, combined
with their criterion and ignoring the barrier condition, this gives A = O(1/logT) once RH is
verified up to height T, and they gave a heuristic argument that one cannot do substantially
better without major new information on RH [11l §10]. Their table of conditional bounds [1I],
Table 1] illustrates the 1/logT behaviour. The O(1/log X) law is therefore not new; the purpose
of this paper is to determine the constant for a precisely defined class of arguments. Throughout,
L =log 4, or Lzlog% when z = X.

The class consists of the triangle certificates of Definition hypothesis (ii) of Polymath’s
criterion is established by bounding the modulus of a mollified version of Polymath’s main term
from below by 1 minus the sum of the absolute values of the other terms. For a class D of
admissible mollifier lengths, Copt (D) denotes the smallest asymptotic coefficient lim inf B(X) log X
that such certificates can reach (Definition . Let wy > 0 be defined by ((3 + wp) = 2, so



wo = 1.2286472389981 . .. and 4wy = 4.9145889559 . . ..
Theorem A. (a) Without a mollifier, Copt({1}) = 4wy.

(b) For mollifiers of length D < N/2, where N ~ \/X/47m is the length of the sum, 4 <
Copt({D < N/2}) < dwy.

(c) The families that realise the value 4wy in (a) establish hypothesis (ii) of Theorem 1] on the
whole region, including Polymath’s error terms. Hence A < (dwg + o(1))/log X along any
sequence of heights X at which RH has been verified up to X/2 and the barrier condition
(iii) holds for the parameters (to,yo) of Corollary|[7

Theorem A is proved in Section [5| The value 4wy is the constructed coefficient (Corollary ,
and (a) shows that it is optimal without a mollifier (Corollary [I2). We do not know where
Copt({D < N/2}) lies in [4,4wp]. The results are, in order:

e Theorem 2] an explicit lower bound for |f;|, the main term of Polymath’s approximation to
H;, in which each term keeps its own effective exponent o, = HTy + ﬁ(L —logn): a finite
sum is computed exactly and the rest is bounded by elementary integrals. With Lemmas
and [5| it reduces hypothesis (ii) to two inequalities at the single point x = X (Theorem @,
whose asymptotic form gives 4wq (Corollary .

e Proposition [9] and Corollary the primes N/2 < p < N are not divisible by any d < N/2
other than 1, so their coefficients survive every mollifier of length D < N/2; this forces C' > 4.
Proposition without a mollifier the first terms of the sum force C > 4wy.

e Section |§| (numerical, not certified): for optimised mollifiers the boundary of the zero-free
region is close to a level set % + éL ~ w of the effective exponent of the last term, and we
report how w depends on the mollifier length D.

. Section the triangle inequality is the same as giving every cross-energy |Fp, | —|Fy,_1]*—|an|?
of the partial sums its most negative value. This is the link with the rest of the series, and
it is where a phase-sensitive certificate would have to gain.

The bounds for A obtained in this paper are conditional on the verification of RH up to X/2 and
on the barrier condition at X; the unconditional bounds quoted are 0.22 [I1], 0.2 [10] and 0.174
[CE13] (preprint, not yet refereed). Appendix [A] lists every constant imported from [I1] with its
source and every inequality used in the proofs; Appendix [B]lists the computations and says which
are certified.

2 Polymath’s criterion and approximation

Theorem 1 ([I1, Thm. 1.2]). Let tg, X > 0 and 0 < yo < 1, and assume: (i) ((oc +iT) # 0 for
H% <o <1and0<T < X/2; (ii) H(z+iy) #0 forz > X +/1 —y3 and yo <y < /T —2{p;
(ii) Hy(x +iy) #0 for X <o < X ++/1— 92, Vi +2(to—t) <y < V1—2t and 0 <t < tg.
ThenAStQ—i—%yg.

Hypothesis (iii) is the barrier. It is a finite computation at a given X; at ¢ = 0 it concerns ¢
itself near height X /2, so it cannot be replaced by an analytic argument, and in this paper it is
always an assumption.



In the region 0 < t < %, 0 <y <1,z > 200, Polymath [ITI, Thm. 1.3] write Hy/B; =
ft + O<(ea + ep +ecy), where B; is an explicit non-vanishing factor, and

N

fe(z +1iy) = Z

n= 1

_ 1 _ t
VZnswm by = 58, N_L ﬁjLTGJ’

with s, = 1+y2_im+%a(1+y2_m), a(s) = 5=+ 15 +5 log ==, and explicit &,y satisfying [11], (20)—(22)]

—y/2 1+y t ty
< 0.02y<£> v Res, > ,L_f <7 . 1
vl <e gy : 5 Tl |%|_2(x_6) (1)
In the middle inequality we weakened the last term of [T} (21)], — 555 (1 — 3y + 4y(1+y))+, using
that the bracket is at most 1 for 0 <y <1 and =z > 200 (Appendix . Polymath also give explicit
bounds [I1], (23), (24)] for ea +ep and ec, and if | f;| > ea +ep+ecy, then Hy # 0 [11], Cor. 1.4].
From the formula for s, one also has the upper bound

1+y 3t
Res, < —~ ) —, 2
€Sy < 5 +4 +2x2 (2)
since, with sg = 1+?J2_m7Re2i < %, Re -y <0 for y <1, and 1logl2—fr|§%+x%.

Mollified triangle inequalities. Polymath [I1] and the author [CE13] establish hypothesis (ii)
with a mollifier ngD Agd—%*, A1 = 1, and the inequality

el Yo Pald™ e > £i=1=) ealn™ =g ) [ep ln? =7, 3)

d<D n>2 n>1

where ¢ =341, 4< D, nja<n Adbn/ds ¢, is defined in the same way, 0 < Re sy, g > |y| and k > |k|
[CE13, Lemma 3]. Any real weights give a valid bound, and D =1 (so ¢, = b, for n < N) is the
unmollified triangle inequality.

Definition 1. Let 0 < tg < 3,0 < yo < /T — 2fg, zx = X++/1 —y and N = N(xx). A triangle
certificate of length D at height X is a choice of real weights A1 = 1, Ag, ..., Ap and of admissible
0,9,k as in . ) for which £ > 0att =ty, x =2xx,y =yo. Its value is B = to+%y8. For a set D of
lengths (we use D = {1} and D = {D < N/2}), Copt(D) is the infimum of liminfx_, B(X)log X
over all families X +— (certificate at height X with length in D) defined for all large X.

Positivity of £ at the corner point (zx,yo) is necessary for any proof of (i) by (3)); a complete
proof also needs £ to exceed the error terms on the whole region. So Copy is a lower bound for the
coefficient of every such proof, and an upper bound for Cyp is obtained by exhibiting complete
proofs (Section ' Copt is a purely analytic quantity: hypotheses (i) and (iii) play no role in its
definition.

3 An explicit criterion

For0<t<Z 2>200and0<y<1-2put
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so that N < eM and % <M< %%—%e‘L, and let O'A:A—EM and op = 04 — y — k be the
smallest values of «,, and f3,, for n < N. Thus «, decreases from about %y + %L for small n to
oA R HTy + &L for n ~ N. For an integer 1 < ng < N let

Sp= Zn on +/ 1=t gy, Z n~Pn +/ e Atythyvege? gy

log no log no
Theorem 2. In this range,
[filw +iy)| > Gt,2,y) :=1— Sa — "0Me V2 (1 4 Sp).

Consequently Hy(x + iy) # 0 whenever G(t,z,y) > ea + e + eco. Moreover G < L for the
certificate of length D = 1 with o = A, g = €"%e~VL/2 gnd k as above.

Proof. For n < N, byn~R¢% = exp(— Re s, logn + % log?Zn) < n=% by . Hence the first sum in
f+ has modulus at least 1— "y, -y n~%". The function u — u=*® = exp(—Av+ Lv?), v = logu,
is decreasing on [1, N, because its logarithmic derivative in v is —A + fv < —(A-£LM)<0. So
by the integral test Zn0<n§N n~ % < féz u= Wy < flﬂgno e(lfA)”Jri”de, and the first sum has
modulus at least 1 — S4. In the second sum, |n= % < n~Res=tlkl 5o its terms are bounded
by n¥tkp,n=Res: < n*5” The same argument applies with A replaced by A — y — k, since
A—y—k—5IM = —k—%—%2M —L)>0fory < 1—é So the second sum is at most
1+ Sp. Together Wlth |’y[ < e0020e=vL/2 this gives | f;| > G. The second statement is [I1], Cor. 1.4].
For the last one, with D =1 and o = A the sums in (3) are > 5, .y % and > v n~P which
were just bounded by S4 and 1+ Sp. O

Remark 3. Bounding every term by the exponent of the last one, a,, > 04, gives the simpler
criterion |f;| > 2 — ((o4) — |7|(...), whose boundary is ((c4) = 2. That loses a factor of about 2
in the constant of Corollary [} The point of Theorem [2]is that the small values of n, which carry
most of the sum, have effective exponent close to % + %L, twice as far from % as the last term.

To apply Theorem [2] on a whole region we need monotonicity and a majorant for the error
terms. Write G(z,y), ca(z,y) and so on when ¢t is fixed. In Lemma [4] the integer ng is fixed and

does not change with x; we regard all quantities as functions of L = log -, so z = 4mel and
dx

ac =+
Lemma 4. Let 0 <t < 1, x1 > 200 and let ng < N(x1) be fized.
(a) For fized x, G(x,y) is increasing in y € [0,1 — %]

(b) Fizy e (0,1 — —] Assume oga(x1,y) > 1 and op(x1,y) > 1+ log ,» where Ly =log 72
Then for all x > x1,

e—(oa(r1,y)—1)L1/2
G(az,y) 2 G(.’L‘ljy) — Ry, R4 =

O-A(:Ela y) -1
Proof. (a) We have 0yA = 0ya, = % so every term of Sy decreases with y: 9,n™%" = —% logn -
(17A)v+£v2 (1— A)er v?

n~ % and the integrand e has y-derivative —ge ; the limits of integration do
not depend on y. Let T = e09%e~¥L/2(1 4 Sp) and 0 = 2—|—2( = —0y(fn) =0,(1 —A+y+k).
Then Oyn~ P — flogn - n b < OMn P for n < ng < N S eM and the y-derivative of the



integrand of Sp is fv times the integrand, with v < M. Hence 0,(1+Sp) < 0MSp < M (1+ Sp)
and

<0.02- = <0.02- - e = 1552 4
O,log T < 0.02 = 5 + M < 0.02 2+( +776>( +107%) 0.021 4 =20 = 5 <0,

since L > log % > 2.76. So G =1— 54 — T increases with y.

: LdA _t 4 2t . _1 L 11. doa _
(b) AS functlons Of L aL — 1 —+ 2 > 0, M’(L) = Qm € (0, 5], % = 4 + —5 *M/
t .. . . .
£>0; jﬁ = —ﬁ < 0, so op is increasing; and %log% is decreasing. Hence for L > Ly,

oA(L) > 04(L1) > 1 and op(L) — 1> op(Ly) — 1 > L%log% > %log%: the hypotheses persist.
Also ng < N(z1) < N(x).

The finite part of S4 decreases, since each «,, increases with L. For I4(L fli\é(nLO
¢ = (1 — A)v + Lv?, the total derivative is
M
Ua _ pp(py ) +/ Opd e dy < LeoML)
dL log 10 2
because dp¢ = —%v < 0. Here ¢(M,L) = M(1— A+ 1M)=M(1—-04) < £(1-04(L1)), using

M > % and UA(L) > 04(L1) > 1. Integrating from L; to oo gives Sa(L) < SA(L1) + Ra.
For T: the finite part of Sp decreases, since each f, increases with L. For Ip(L) =
flM(L) @l dy with oy = (1 — A+ y+k)v + in we have dry = (% — %) v < 05 so, as before,

og no

dlp 1 youny _ 1 ma-op) o 1 ~(0s-1)L/2
ar =3¢ 2° =3 '

Since 1 4+ Sp > 1,

dci <e vL/2(1 4 SB)) < efyL/2< — %(1 + SB) + 2 e~ (08— 1)L/2) ;e yL/2( —(e—1)L/2 _ y) <0,

the last step by op — 1 > %log%. So T'(z) < T(z1), and G(z,y) > G(x1,y) — Ra. O
Lemma 5. For 0 <t < 1, x>200,0<yy<y<1andoa(x,yo) > 1, we have eq +ep +eco <
E(t,z,y0), where
1+yg T
T\ t o 4.96 3|L + 5| 4+ 10.44
(X _tr )
(477) eXp( 6" " N—o1s " z— 12
+ (1 +1.03 26~ 6>) C(oalz, yo)) (e — 1),

with § = (%L2+0.626)/(x—6.66). Moreover E is non-increasing in x on the set where o z(x,yp) >
1.

Proof. The first term is Polymath’s bound [T} (24)] for ecg, with (z/4m)~(F9/4 < (g /4)~(1Fv0)/4
and 1.24(3Y+37Y) < 1.24- 1 < 4.96. For [I1 (23)], ea+ep < ZH<N(1+|7|N|H\ny)b n~Res (edn
1), with §,, = (%log2 Tz +0.626)/(z — 6.66) < & because |log ;| < L forn < N. Sincen < N,
Iy[n¥ < 002(47 N2 /2)¥/? < 1.03, and NIl < tM/(2(@=6)), Fmally Sy Ress < S poalz) <
((oa(@,90))-

For the monotonicity, every factor of E is positive, and we check that its logarithmic derivative
in z is <0 (for z > 200, L > 2.76):



factor % log(factor) sign

—(14yo)/4 1+
e <0
e ~ Sz < 0
¢496/(N—0.125) N is a non-decreasing step function of x non-

increasing
K _ _ 3L/(z|L+ir/2|) . 3L(z—12) ;
e, h = B = PILt — 225 it <3<3|IL+ T[4+ <O
3|L+im/2]4+10.44 10.44
z—12 :
Mo in 1 4 M1 with M/(z) < & and M > 1.38 <0
1.036tkl/2(:c—6))
Cloalz,yo)) S(0a) %8, 294 > L 50, ¢ <0on (1,00 <0
s . . . 8 t3L/(8x) 1 :
e’ —1 increasing in §; % = Zlar0.626 | T6.60° negative be- <0
cause &L - 2666 < L2124 (626 for L > 2
A product and a sum of positive non-increasing functions is non-increasing. O

4 Explicit conditional upper bounds for A

Theorem 6. Let 0 < tp < 3, X > max(200,4/t), 0 < yo < I—2f5 and 1 < ng < N(X).
Assume hypotheses (i) and (iii) of Theorem and, at the single point x = X, with L = log %:

2 1
(H1) oca(X,y)>1, oB(X,y0) > 1+ zlog %; (H2) G(X,y0) — Ra > E(to, X, y0).

Then A < tg+ %y%

Proof. Let z > X and yg < y < /T — 2{. Since /T — 2ty < 1—tg < 1-2, Theoremand Lemma /4
apply (with z1 = X and ng fixed), and give G(z,y) > G(z,y0) > G(X,yp) — Ra. By Lemma
and the persistence of 04 > 1 shown in Lemma (b), ea+ep+eco < E(to,x,y0) < E(to, X, o).
Hence (H2) and Theorem [2| give hypothesis (ii) of Theorem |1} and the conclusion follows. O

The hypotheses (H1) and (H2) involve a finite sum, two one-dimensional integrals, ( at one
point and elementary functions. Table [1] lists admissible parameters, with ng = 10*. These are
not new bounds for A: each row is a consequence of Theorem [6] only if RH has been verified up
to X/2 and the barrier has been certified at that X, which has been done at none of these heights
except, for RH, the first two. At the present height the bound is weaker than the mollified ones;
its interest is that it is explicit for every X, and its asymptotic behaviour.

Corollary 7. For every € > 0 there is X such that, for every X > X, the parameters ty, yg, no
chosen in the proof satisfy (H1) and (H2) and (to + 3y3)log X < 4wy +e. Consequently A <
(4w + €)/log X for every such X at which (i) and (i) of Theorem 1| hold.

Proof. The limits are taken in the order: n > 0 fixed; then ny = ng(n); then L — oo; finally n — 0.
Parameters. Let 0 < n < %, w =L +n Yy = “’TgL and ty = %(Qw —1p). Then A =
F+2w—L 4+ 0(z7%) and BM =w—L 4+ 0(z71), s0

ca=3s+w+0(@l), op=i+w-y+0@=").

Since £+ = 1.114. ., there is L1 () with 04,05 > 1.1 for L > Ly. Let ¢() = 2—((3 +wo+2n),
which is positive because ( is decreasing on (1, 00).



X to Yo to+ 3543 Llto+343) 04 G Ra E

6.12-10'° 0.2709 0.2259  0.2964 6.61 1.368 0.0745 0.045 2-1077
5.998 - 102 0.2167 0.1999  0.2367 6.36 1.328 0.0675 0.037 2-1078
1020 0.1242 0.1430 0.1344 5.85 1.247 0.0487 0.019 2-10712
10°0  0.0450 0.0683  0.0473 5.33 1.168 0.0252 5-107% < 10728
10199 0.0221 0.0376  0.0228 5.19 1.148 0.0295 3-1077 < 107°

Table 1: Parameters satisfying the analytic conditions (H1), (H2) of Theorem [6] (ng = 10%),
conditional on zero verification up to X/2 and barrier certification at X; they are chosen with a
margin rather than at the optimum. The margin G — R4 — E is at least 0.024, large compared
with the error of the double-precision evaluation of the sums and integrals.

Choice of ng. Since (1—A)v+1v? =v(1—A+%v) <v(1—04) for v < M, the integral in Sy is

—oA

at most flogno e~ (@a—Dvgy = ZA < 10ny %! for L > Ly. Fix ng = no(n) with 10n,°! < ¢(n)/8.

L — oo with n,ng fized. For each fixed n < ng, o, = A — 4 logn — %+2w = %+w0+2n,
S0 Y10 T — S0, p /2w < (L g - 2n) — 1 =1 —c( ). Hence Sx < 1 — 3¢(n) for
L > La(n). The quantity 1 + Sp is at most ng + 10n00 ! (each n=P» < 1 because £, > op > 0),
while ¢0-92v0~%0L/2 < 91,2, - 50 the last term of G tends to 0. Also R4 < 10e=%%L 0, and E — 0
because its first term is O(e_L/4) and its second is at most 3¢(1.1)(e® — 1) with § = O(L%e~1).
Hence G(X,yo) — Ra — E > ¢(n)/2 > 0 for L > Ls3(n), which is (H2). (H1) holds because
oa,0p > 1.1 and %logyi0 = O(%). The side conditions ty < %, yo < 1 —2ty, X > 4/tg and
ng < N(X) hold for large L.

Value. to+ 1yg = 82 — 4@ + y20 = 4w°+8" + O(IOg L), so, with log X = L + log4n, (to +

) log X = (dwo + 877)(1 + lOgL47r) + O(%). Given ¢, take n = £/16 and X. such that
L > max(Ly, Lo, L3) and the last two terms are below £/2. O

The optimum over (g, yo) in Theorem @ computed in Figure 3| gives LA = 6.67 at X = 10'°,
6.31 at 6 - 102 and 5.13 at 10'9, decreasing slowly towards 4wg = 4.915.

5 Lower bounds for mollified triangle certificates

This section gives lower bounds for Cypt in the restricted class of Definition (I} they are limitations
of a method of proof, not lower bounds for A. We first record the explicit prime count that is used.

Lemma 8. For every real N > 2-10°, ©(N) — n(N/2) > 315!]\/

Proof. Rosser and Schoenfeld [13, (3.5), (3.6)] proved w(z) >
1.25506 2

ez for @ = 17 and 7(z) <

N N

m(N) = m(N/2) - SIOgN log N

h(N).

log N ) N

2 =:
(3 0.62753 log N — log 2 log N

The function h is increasing, and h(N) > 0 exactly when log N > 2%@8%, that is N > 134228.

At N = 2-10°, h = 0.0013556... > 0 (checked in ball arithmetic; a sieve also confirms the
inequality at every integer and half-integer N € [2-105,2 - 107], with ratio at least 1.52). O



Proposition 9. Let 0 <t < %, 0<y<1,z>200 with N >2- 10°, and D < N/2. For any real
weights A\g with A\ =1 and any admissible o, g, k in ,

/

Ni=e t t
L<1-2 /= “log2 4+ =
= 1T 3gNy T T oAt ety
In particular, £ > 0 implies JA>1—£log2—%—bgg’é7°]%m.

Proof. If p is a prime with D < p < N, its only divisor d < D is d = 1, so ¢, = Aib, = b,: the
coefficient cannot be cancelled by the other weights. Dropping the non-negative g-term and all
terms with n not a prime in (N/2, N], and using o < Re s, we get £ < I—ZN/2<p§N bpp~ Res«. For
such p, bpp*Res* =p~» with e, = Res*—ﬁlogp. By and logp > log N —log2 > M—log2—%
(since N > eM — 1),

t 5t ,
— 4+ —— <,

t 3t t 2 t
€p§A+ﬁ+7—*<M—10g2—*):0A+110g2+2N 5,2 =

2¢2 4 N

% < ﬁ If e, > 0, then p~% > N~ % > N_"/; if e, < 0, then p™ > 1 > N (as

o’ > 0). By Lemma 8 there are at least % such primes, which gives the bound. The last

because

/

statement follows by taking logarithms in % < 1. O

Corollary 10. Suppose that, for every large X, a certificate of length D < N/2 in the sense of
Deﬁm’tion is given. Then liminfx o (to + %y%) log X > 4. Hence Copt({D < N/2}) > 4.

Proof. If (ty + %yg) log X is unbounded along a subsequence there is nothing to prove there, so
we may assume it bounded; then ¢y — 0 and yo — 0. Proposition [0] at z = xx gives, since
o4 =0 4+ 00+ O(x"), that M0 + 101 > 1§ with § = 218N 4 01059+ O(271/2) — 0.
So tg > 4(1 —yo — 26) and

to+ sy > myin(%(l—y)Jr%yQ) -¥=-1-5-%,
the minimum being at y = 4/L. Since log X/L — 1 and 6 — 0, the claim follows. O

Without a mollifier the obstruction comes instead from the first terms of the sum, and it is
stronger.

Proposition 11. Let D =1 in , and let 0 < t < %, 0<y<1,x>200. If L >0, then for
every 2 <ng < N,

—at + 14y 3t
Zno‘ <1, an—T—i-Z(L—logn)—Fﬁ.
Proof. With D =1, ¢, = b, for n < N. Dropping the g—telzrm and the terms n > ng, and using
o < Res, and , L< 1—222217”71_1%5* <1—=3 0, n %, O

Corollary 12. Suppose that, for every large X, a certificate of length D = 1 is given. Then
lim inf x o (to + %y%) log X > 4wg. Hence Copi({1}) > 4wy.



Proof. As before we may assume that Blog X is bounded along the sequence considered, so toL
and y2 L are bounded and yo — 0, to — 0. Let L = log X andax =% + %L, which is bounded;
pass to a subsequence with ax — a. For fixed n, a;f = % +ax — 1%Ologn +0(z72) — % + a.
Propositiongives S0, nl/272 < 1 for every ng. Hence %+a > 1 and C(% +a) < 2,80 a > wy.
Now toL = 4ax — 2yq, so

BL = toL + 3L = dax — 2yo + Ly > 4ax — 2,

the minimum over yy being at yo = 2/L. Since log X/L — 1, liminf Blog X > 4a > 4wy along the
subsequence, and the claim follows. O

Proof of Theorem A. (a) Corollary gives Copt({1}) > 4wg. For the reverse inequality, the
parameters of Corollary 7| satisfy (H1) and (H2), so by Lemma 4| G(zx,y0) > G(X,y) — Ra >
E >0, and by Theorem 2] £ > G > 0 for the certificate of length 1 with o = A; its value satisfies
Blog X < 4wgy+e¢ for X > X.. (b) The lower bound is Corollary and the upper bound follows
from (a) since 1 < N/2. (c) is Theorem [6] and Corollary [1 O

Remark 13 (Scope of the floor). (1) The floor concerns certificates of the form (3): absolute values
of the coefficients, a mollifier of length D < N/2, and positivity near X. The proof uses only primes
p € (D, NJ, so the same argument, with the prime number theorem in the interval ((1 —€)N, N] in
place of Lemma [8] gives the floor 4 also for D < (1 —€)N with € > 0 fixed. For D = N — o(N) we
claim nothing, and for D > N the weights can be chosen to cancel every ¢, with 2 < n < N, so the
argument says nothing. (2) It does not apply to methods that use the phases of the terms, that
is, cancellation between the n~*%; see Section |7} (3) The two obstructions are different: without a
mollifier the small n force % + 2w > % + wq (Corollary ; a mollifier removes them, and then the
terminal primes force % +w > 1 (Corollary , where 5 +w ~ 04 is the effective exponent of the
last term.

6 Optimised mollifiers: numerical observations

For given (t,z) and mollifier length D, let ymin (¢, z; D) be the smallest y for which the optimised
value of £ in (iteratively reweighted least squares over the weights, as in [CE13]) is positive.
We computed it in double precision and by bisection (resolution 8 - 107%): with D = 30 for
t € {0.10,0.13,0.154,0.18,0.22} and = € {6 -102,2-10'3,6 - 10'3}, and for ¢t = 0.154 at nine
heights between 6 - 10'2 and 3 - 10'* (Figure (b)); and, at ¢t = 0.154, for several mollifier lengths
(Table . These computations are not certified, and the optimiser is not guaranteed to find the
global optimum, S0 ymin is an upper estimate of the true threshold of the method. The data and
scripts are among the ancillary files.

Observation 14. For D = 30, whenever ymi, = 0.1, the data satisfy

min t
y2 + 5L €[0.614,0.631],  mean 0.624,

w =

for all the values of ¢t and x computed. Equivalently, the boundary of the zero-free region is where
the effective exponent of the last term, o4 ~ % + w, reaches =~ 1.124. For smaller y the ~-term
takes over and w increases. The quantity w drifts slowly with the height, by at most about 0.01
per factor 10 in z, in a direction that depends on ¢.
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This is a numerical regularity, not a law: it was measured with one mollifier length, on a
limited range of heights and of ¢, and we do not claim that w has a limit, nor that a limit would
be independent of D or of the optimisation. Two different limits are relevant: limx_, . wp(X) for
fixed D, and the limit along D = D(X) — oo; we expect only the second to approach the floor
w = % of Corollary but we do not know whether wp(X) can approach % for fixed D, and the
two limits need not coincide. Table [2| shows the dependence on D at fixed ¢ and .

r=6-10"2 (L =26.89) z=6-10" (L =29.19)

D Ymin wp Ymin wp
10 0.2336 0.6345 0.1438 0.6339
30 0.2133 0.6243 0.1273 0.6257
60 0.2047 0.6200 0.1211 0.6225
120 0.1984 0.6169 - -
240 0.1945 0.6149 - —

Table 2: Dependence on the mollifier length at ¢ = 0.154: ymin(t,2; D) and wp = y‘“% + %L
(numerical, double precision, not certified; script ymin D.py).

At fixed height, wp decreases monotonically with D: at 2 = 6-10'2 by 0.010, 0.004, 0.003 and
0.002 from one length to the next. With D = 240 it is 0.6149, already at the level 5 = 0.6143,
and it shows no sign of stopping there; a crude extrapolation of the last differences (ratio about
0.65 per doubling of D) would give a limit near 0.61 at this height. So the closeness of the D = 30
level to %2 appears to be a coincidence of that length, and Observation [14| describes D = 30 only.
Even so, at these heights wp stays far above the floor %; whether it can approach % as D and
X grow is open problem (A) of Section |8| Between the two heights the change of wp is at most
0.003, with no consistent sign.

The parameters of Polymath’s conditional table [11l Table 1], obtained with an Euler mollifier,
give w decreasing from 0.716 at X = 2-10'2 to 0.617 at X = 9-10%! (Figure (C)) The level 0.624
observed with D = 30 is close to 5* = 0.614, but Table [2 shows that longer mollifiers go below it.

(a) Theorem 2 (rigorous, no mollifier): (b) Optimised moliifier, D = 30 (numerical, not certified); (c) Effective exponent of the last term
Helx +iy) = 0 for Y(t, x) Sy < 1 — 4/x lines: y = 2w — tL/4, w = 0.624 at the boundary of the

10 07
—t=0.1 o ical)
o2 0.80 o el
02 06 .
03
08 075 ®
05
-~ =]
1 o070 DDE‘
06 B , oo
< 04 %
X s S e go
S £ I 065 ° H
> £ g ES o, °
04 >03 N + %5 ee00 o o ® o ®
-
— g 0.60 Wo/2 =0.614 (X - limit, Corollary 7)
—
02 —
\\1\ 055
02 —e
01 . T
— —__
T ° —~— 0.50
\.\ . ~ w=} (X~ floor, Corollary 10)
0.0 0.0 L 'y

30 40 50 60 70 26 27 28 29 30 3 00 01 02 03 0.4 05 06
L= log(x/4m) L =log(x/4m) strip width y

Figure 2: Width of the uncontrolled strip. (a) The zero-free bound Y (¢,x) of Theorem [2[ and
Lemma (no = 10%; smallest y with G > E). (b) ymin(t, ) for the optimised mollifier with D = 30
(numerical, not certified), with the lines y = 2w — 5L, w = 0.624. (c) The quantity w = § + L L at
the boundary, for the mollifier data (dots) and for the parameters of Polymath’s conditional table
(squares), with the asymptotic values wy/2 (Corollary [7) and 1 (floor, Corollary .
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Remark 15 (A heuristic envelope). If the zero-free region at height X contained {y > 2w — 1L} for
all relevant ¢, the bound ¢ + %yQ with ¢ = %(2@0 — ) would be minimised at y = 4/L, with value
8w _ 5 aparabola in 1/L. With w = 0.624 this gives 0.1746 at X = 6 - 10'2. The minima of
t+ %y?mn computed directly from the D = 30 data are 0.1761, 0.1676 and 0.1605 at X = 6 - 10'2,
210" and 6-10'3, and the certified bound with D = 240 is 0.174 [CE13]. This is only a heuristic.
The law fails for y < 0.1, close to the optimal y = 4/L =~ 0.15, and asymptotically yo must be at

least of order % to make the y-term negligible, as in the proof of Corollary

(a) Bounds for A against 1/log(X/4m) (b) C = log(X/4n) - B; horizontal lines are X - w limits only
0.35 explict criterion, no molifier (conditional: RH to X/2, barrier assume: d) 7
- imit of the c , barier assumed
e 4u-8U% m of the floor for D < N/2 (Cor. 10)
- finite-X floor r0p. 9 (D= N/2)
030 u- 24 (he 30) 6
olyma al table ifien)
[ Polymath 2019 %
0.251 A Platt-Trudgian 2021 =51 @ Q.
'V Gomila 2026 (not peer reviewed) < % Oo
certified bound [C1] (preprint) 2
< w s
s
5 0.20 34
2 g
H O N S
« S o . . B [
s S o = e s [
g 015 X § 3 T
s e e 8 -
------- [ Pt
......... o L ion, no mollifier (conditional)
o104 e e 2 s e construction (no molifier)
,
/
/
0051 AT T T T 1
A Platt-Trudgian 2021
Gomila 2026 (not peer reviewed)
certified bound [C1] (preprint)
0.00 [
0.00 0.01 0.02 0.03 0.04 20 40 60 80 100
u=1/log(X/4n) 10910 X

Figure 3: (a) Bounds for A against u = 1/log(X/4m), where X/2 is the height of RH verification.
Solid dark line: the optimum of Theorem |§| over (o, o), a constructive bound conditional on zero
verification and on the barrier, for 100 < X < 109, Dashed: its limit 4wgu, the constructive
asymptotic upper coefficient (barrier assumed). Dotted: 4u — 8u?, the X — oo form of the floor of
Corollary |10 for mollified triangle certificates with D < N/2; dash-dotted: the weaker finite-height
floor given by Proposition [0] Both are limitations of this class of proofs, not lower bounds for
A. Orange: the heuristic of Remark Circles: Polymath’s conditional table (Euler mollifier,
barrier verified, zero-free region checked at one point). Markers: published or announced bounds
[11l 10l 4], [CE13]. (b) The same data as C' = log(X/4n) - B against log;, X. The two horizontal
lines are the asymptotic (X — 00) values 4wy (constructed, no mollifier) and 4 (floor for D < N/2);
neither is a bound at finite X, and neither bounds A.

7 What the triangle inequality discards: phases and cross-energy

Write the first sum of f; (or of its mollified version) as Fy(s) = >,y n, an = cyn™° with ¢; =1,
and let F}, be its partial sums. Expanding |F,|? = |F,_1 + a,|?,

N
|FN|2 = 1+Z(|an’2+c(n))a C(n) = |Fn|2_ |F’n71|2 - |an|2 =2Re (anFn71)~ (4)

n=2

For ¢, = 1, C(n) is the cross-energy Ca(n, s) of the partial sums of ¢ studied in this series [CEI].
Write C(n) = 2|ay||Fn—1|cosb,. The step |F,| > |Fn,—1] — |an| of the triangle inequality is an
equality exactly when cos#,, = —1 and |Fj,—1| > |an|; when 1 — %" -, |a,| > 0, this bound is the
minimum of |F| over all choices of the phases. So the bound |Fy| > 1— 3" <, |ay|, and with it
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every certificate , is what gives when every cross-energy takes its most negative value. Propo-
sition [9] exploits exactly this: the terminal primes contribute ZN/2<p§N lay| > N'=7"/(3log N) in
this worst case, whatever their phases.

Numerically the phases are far from the worst case (script phases.py; double precision, not
certified). At X = 6-10'2, ¢t = 0.154, y = 0.2 (N = 690988, 26262 terminal primes), over 400
points z € [X, X +400]: the unmollified triangle value 1 -3 -, |a,| is —1.19, while |Fy| > 0.566
(median 0.95); for the terminal primes, > |a,| = 0.0095 while | a,| has median 4 - 107° and
maximum 9 - 1077, the size (3" |ay|?)'/? = 6 - 107° of a sum with random phases; and the mean
of cos B, over the terminal primes lies in [—0.008,0.007]. These are values at finitely many points,
not a certificate.

If the phases of the terminal block behaved like independent random phases uniformly in

z, its size would be of order (3, lap|?)'/? ~ N'/2794_ and the condition o4 > 1 behind the
floor would weaken to o4 > % But a certificate must hold for every x > X, and controlling
SUp, | >-n/2<p<n pl 18 a large-values problem for Dirichlet polynomials [6], [CET], for which the
mean-square size is not enough. A phase-sensitive certificate would therefore have to bound an
energy such as En(s) = | Y gc, < can”°|?, which keeps the interactions e® log(n/m) " yniformly on

the region. We do not claim that such a bound exists or that it would go below 4.

8 Discussion

What the constant measures. The bounds have the form A ~ C/log X with C' = 8w, where
% + w is the effective exponent of the last term of the sum at the boundary of the zero-free
region. Without a mollifier, the small terms force w > %2 asymptotically, and this is attained:
Copt({1}) = 4wo = 4.915. With any mollifier of length at most N/2, used near X, the terminal
primes force w > § — o(1), that is Copy > 4. These are statements about X — oco. At a finite
height, Proposition @ forces much less: minimising ¢t + %yz under its constraint gives C > 1.44
at X = 6-10'2, 2.22 at 10%°, 3.16 at 10°" and 3.53 at 10'%° (floor_finite.py, Figure [3); and
the constructed coeflficient approaches 4wy from above. So finite-height values of C' cannot be
compared directly with the bracket [4,4wg]. At the present height the certified bound of [CE13]
(preprint) has C = 0.17399 - log(X/47) = 4.68. Polymath’s table has C' = 5.42 at X = 2-10'? and
4.80 at 9 -10?!, and Platt-Trudgian’s bound has C' = 5.38.

What is new. (1) The law A = O(1/log X) is due to Polymath [I1, §10]. (2) The explicit
coefficient 4wy, and its optimality without a mollifier, come from keeping the individual exponents
of the terms (Theorem [ Corollaries [7] and [12)); we are not aware of an earlier explicit value. (3)
The floor 4 for mollified triangle certificates, from the terminal primes that no mollifier of length
< N/2 can touch, explains why optimising the weights cannot improve such bounds indefinitely;
it is a structural limitation of the method, not a statement about A.

Recent claims. Several upper bounds announced in 2026, none of them refereed at the time
of writing, can be read on the same scale, all at the height of [10]. Gomila’s A < 0.1787854 [4],
obtained with Euler mollifiers, has C' = 4.81. Gordon’s A < 0.158 [2], which uses new analytic
estimates, has C' = 4.25. Planat’s certified comparison A < 0.148612 [9], conditional on three
analytic premises, has C' = 4.00. Hakimoglu-Brown’s A < 0.13963 [3] has C' = 3.75. None of these
finite-height values conflicts with the floor, which at this height only forces C' > 1.44, and the floor
concerns mollified triangle certificates in any case. The last bound assumes a zero-free half-plane
Res > % claimed in an unrefereed manuscript [§], an input outside the class considered here.
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No information on RH. All the curves in Figure [3{reach A = 0 only as X — co. Since X/2 is
the height up to which RH has been verified, this limit presupposes RH, and the conclusion A < 0
is equivalent to RH by the theorem of de Bruijn and Newman. The C'/log X law is consistent with
Polymath’s heuristic that bounds better than O(1/log X) would require major new information
on RH [I1l §10]. It does not decide RH. The barrier (iii) must be verified at each X, and the
observations of Section [6] are numerical.

Open problems. (A) Determine Cop({D < N/2}) € [4,4wp]; in particular, is it equal to 47
This requires a sequence of mollifiers whose certificates reach the floor asymptotically, not only
better numerical parameters. (B) Go below 4 with a phase-sensitive certificate (Section : a
uniform lower bound for |Fy| that uses the cross-energies C(n), or the argument principle on the
uncontrolled strip, rather than their worst case. (C) A rigorous mollified version of Theorem
with an explicit Euler-type mollifier and an explicit constant below 4.915.

A Audit of the imported constants

Each item imported from [11] (arXiv:1904.12438v2) was compared with the source.

item [i1] use here

criterion Thm. 1.2: (i) H;’O < o < 1, exact
0<T < X/2; (ii), (iii) as in Theo-

rem (T} 0 <yo <1

range (5): 0<t< 1 ,0<y<1,2>200 exact; Theorem uses y < 1 — %

e by N, sy @ (14), (15), (16), (17 ) (9) exact

1| (20): < 902 (g /4m)v/? exact

Re 5. (21): > M2 4+ L — ;L (1 -3y + weakened to —-5: the bracket is < 1
4y(12+y))+ for0<y <1, z>200

|| (22): < 2(526) exact

Re s, (upper) not in [11] , proved in Section

es+en (23): anN(l + majorised in Lemma o0 < 0,
INFpy) ba_(edn— — 1), yln? <1+ 5)Y? <103, NI <

2 1og? 2 10.626 etM/2(z=6)

6” == gxiWGH(QSG :

ec.o (24): (&) exp( — HL2 +  1.24(3Y +37Y) <4.14 < 4.96; y — yo
L2438V 437Y) | 3|L+z7r/2|+10 44)

N—0.125 12

non-vanishing Cor. 1.4 / (25): |ft| > eq +ep+  exact
€C.,0 = Ht 7é 0

mollified bound [CE13l Lemma 3] (13)

prime count [13, (3.5), (3.6)] Lemma §]

The inequalities derived from these in the proofs are: b,n~R¢% < n=2 and the integral test

(Theorem; the y- and L-derivatives in Lemma the table of logarithmic derivatives in Lemma
ep < o’ in Proposition @ Each item was compared with arXiv:1904.12438v2 in two independent
passes; the formulas match and the simplifications are valid.

B Computations

All scripts are among the ancillary files (anc/README.md). Elementary: the finite-height
floor of Section (floor/floor finite.py).  Certified: the prime count of Lemma
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(floor/prime floor_check.py: ball arithmetic for h(2-10%), exact sieve on [2-105,2-107]). The
value wy is computed by root finding on ((s) = 2 and enclosed in ball arithmetic (floor/w0.py).
Double precision, not certified: Table [I| and the curves of Theorem @] (thm3.py, curve3.py,
ythm3.py; the margins are at least 0.024), the mollifier thresholds of Section @] (ymin_g.py,
ymin D.py, optmoll3.py), the phases of Section [7] (floor/phases.py), and Figure [Ifa). None
of the theorems depends on an uncertified computation; Table [I] illustrates Theorem [6] at finite
heights.

Use of AI tools. The computations and the drafting of this paper were carried out with the
assistance of an Al system (Claude, Anthropic), under the author’s direction. An independent Al
review of the proofs led to the per-term form of Theorem [2| and a second one audited the constants
imported from [I1]. The author checked the results and takes responsibility for them.
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