Unit Circle and Trig Measures
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Examples and Practice Exercises (with solutions)




The Unit Circle

‘What is it? A circle with a radius of one unit...

It's also a visual representation of special angles that give exact trig values...

Here is a triangle with hypotenuse length 1...
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‘We can determine points on a circle with radius 1...
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Using the angles related to 45-45-90 and 30-60-90 right triangles, using the hypotenuse of 1, and applying

it to a coordinate plane, we create a "unit circle centered on the origin"....

Unit Circle

Quadrant II: Quadrant I:
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Quadrant llI: Quadrant IV:

s & . 51
Example: What is sin(150 ) ? What is cos(T/r) ?
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. _ opposite . 1
sine Typotenuse sin(150) = 5

cosine

adjacent 5. —#3
hypotenuse cos(—g) = 5
Now, look at the unit circle....
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Unit Circle: Finding Trig Values

Example: find sin 210"

Step 1: Draw angle in standard position

at
jo

Step 2: Find reference angle

Step 3: Identify the triangle and label

A3
30
1 30-60-90 right triangle
Step 4: distinguish 'negatives' and 'positives’
- /\fa_
30
-l ; Quadrant III
Step 5: Find Trigonometry Value
. Opposite __—1
Sie = Hypotenuse 2
. -1
Note: --- If the angle is given in radians, convert to degrees and begin.

--- Step 4 is important! Don't forget the negatives.
Also, the hypotenuse is always positive.




Unit Circle: Finding Trig Values

Example: Tan %T
(Convert to Degrees) o
5T radians 180 — 975°
4 Tt radians
Step 1: Draw Angle in standard position
225°
T
N
Step 2: Find Reference Angle
M|
45°
Step 3: Identify Triangle and label -1
45 : .
45-45-90 right triangle
Step 4: Negatives and Positives -1 s
2 Quadrant III

Step 5: Find Trigonometry Value opposite side -1

adjacent side Sl

tangent =

o
Note: 180 =TT radians 5T




‘What is a quadrantal angle?

An angle in standard position whose terminal side lies on the x or vy axis.
These angles include:

0. +90, +180, *270, T 360...

+T 30 4o

Using the unit circle or utilizing a "fictional triangle” and 'Soh Cah Toa'

Here are 2 approaches to finding the trig values of a quadrantal angle...

Example: Find sj.u(QOo )

Using the Unit Circle
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Evaluating Trig Functions of Quadrantal Angles

The trig values of a quadrantal angle will be 0, -1, 1. or undefined

We know that sin = %

50, sin(90) = % -1

Creating an (imaginary) Triangle

This triangle has a reference angle of 90..

It's opposite side is 1,
adjacent side is 0,

Il

Example: Find the value of cot( )

2

Unit Circle

-
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We know that cot = -~

l;:)

Therefore, cot( ) = 0_1 =0

-]

and, hypotenuse is 1

sin = _Opposite _
hypotenuse

._.|._.
Il
—

Creative Triangle

(‘reference angle' is 90 degrees)

Using an imaginary triangle, we know that

cot = adjacent

— 0 =0
opposite -1



Unit Circle: Finding Trig Values -- Quadrantals

Step 1: Draw angle in standard position

Step 2: "Label the point"
(Reminder: it is a UNIT circle; the
radius is 1)

Step 3: Apply the trig function

Sine =

Example: Sin 270

27n°/'\
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27o°/*\
A

0.-1)
opposite _ y _
hypotenuse r

Note: ---If the angle 1s given in radians, convert to degrees and begin.
---Observe the points and trig functions on the unit circle:
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Sin(270) = -1
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Finding Trig Values: Coterminal and "Negative" Angles

"Coterminal” Example: ~ Find the exact trig value of sin(48[}o)

Step 1: Find Coterminal angle (between 0 and 360 degrees)

Step 2: Draw the angle in standard position

Step 3: Find Reference Angle

Step 4: "Identify the triangle and label"

Step 5: Find the trigonometry valie

480° —360° = 120°

Since 480 and 120 are coterminal
angles, their trig values are equal.

120° *%
-

“T The reference angle is 60°

30-60-90 triangle...
. _ opposite side M3
Sine = =|—
hypotenuse 2

"Negative Angle” Example:  Evaluate tan(-57T7/4)

Step 1: Draw the angle in standard position

Step 2: Find the reference angle

Step 3: Identify the triangle and label

Step 4: find the trig value

Since the angle is
negative, move

'TR - clock-wise along the

-2p5° J unit circle!

]\ =577
4
\ A2
d\uf 1
-1

Opposite side _ 1

Tan= Adjacent side a1




‘anted: The
Right Angle

'

".. 3 years together at the trig factory™~\'&/:4

‘We had adjacent workspaces."

l« Nea)
-

When applying for this math job,
reference angles can be quite helpful!
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Shape Up Rki

A Geometry
Construction Company

"Well, he and the other angles had
many positive things to say about you."

Practice -2




Trig Values & Unit Circle: Practice worksheet

Evaluate the following (NO tables! NO calculators!)

1) sin 30

4) gec 0

7) cos -45

10) msl
3

13) csc 5Tr
6

2) tan 210

5) sin 225

8) =in 270

11) sin 37
4

14) cos 310

3 cac 120

G) cot 315

9) cot 180

12) tan 7T

o

15) cos -



Trig Values and Unit Circle Worksheet: Coterminal and Negative Angles

Evaluate the following (without using a calculator or table)

1) sin(420°) 2) cos(%ﬂ)
4) tan(-135") 5) SeC(lla—W)
7) cos(77) 8) —cof( 143—”1*)
10) ~sin(450" ) 11) csc(-450° )

3) —tan(135° )

6) csc(_lls_qr)

9) cse(900° )

12) cot(*zg%r)



1) CDS(OO)

2) tan(’T] )

3) sin(90 )

|

4) sec( — |—2)

5) cot(180” )

-

6) S]II(T)

7) ese( 2'/W )

Evaluating Trig Functions of Quadrantal Angles




Trig Values & Unit Circle: Practice Worksheet

SOLUTIONS

Evaluate the following:
1) sin 30 2) tan 210 3) csc 120 5
1 j S i 2 23 120°
I 555 5= R
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AT - 5 [T~%0 é
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4) sec 0 5) sin 225 6) cot 315
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7) cos -45 8) s 270 9) cot 180
; y X -1
1 sl = = cot= _—=
/V?.: | 1 ¥ 0
NT \ﬂ 1 | S QS 0
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2 @©,-1) Undefined
10) cos% - e A1yEmBTIE _ o6 12) tan "‘51‘ B
2 w2
4@— L " /\/T //-\1
1 T ! -1
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13) ese SN _ ;500 14) cos 31T =540° 15) cos =T _ °
6 3
cse = hyp x :
opp 5 - gos=— 340
1 150
— D e LAY : ‘
—===l —al3 —_— = .l (_1, U)
: 30° 1 LU 2 \maﬁ_

(same golution ag
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Trig Values and Unit Circle Worksheet: Coterminal and Negative Angles
SOLUTIONS
Evaluate the following (without using a calculator or table)
1) sin(420”) 2) cos( 2Ty  coterminal 3) —tan(135 )
4 angle
d
z )
N3 | . N3 A _sm_ I Nz R tan(135) = ~— =1
2 :_f: 60 ! ! 1 135 .
1 cosI = ﬁ so|—tan(135) = 1
4
2 -1
terminal -
4) tan(—1350) 1 5) sec(ﬂ} :I(IJGTGS ? 6) cse( ﬂ) coterminal
tan(-135) = —— 3 & 3 angle
umr 6T ST — 11| 127 i
3 3 3 3— - 3 3

s
-135°
-1 -
45
W2
7) cos(7T")
T — 2 — 27 — 27T
cos(7T7) = cos( )
)/_\ cos = )1(—
(-1.0
cos(77T) = -1

10) ~sin(450" )
coterminal angles

—sin(90°)

(0, 1)

AR

sin = —31;

NI

since sin(90) = 1,

T 127 2T
37T 3 T 3 2
27, -1
cot(=—) = -
3 A3, 1
270 1
—cot( =Ly =
so, —cof( 3 ) I\E
11) cse(—4507 )
cse(—90) = —1
CsC=

then -sin(90) =

-1

csc(éOO) or csc( %)

243

R

2

9) csc(900 )

540...
180

900 - 360
540 - 360

undefined

csc(180) is

12) cot( 20Ty

6
2, 36T _ 7T
6 6 6
210
_]J ds
2
N3
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1) cos(Oo)

2) tan(’T] )

3) sin(90 )

|

4) sec( — |—2)

5) cot(180” )

-

3
6) S]II(T)

7) ese( 2'/W )
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X

an
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sin=y

secC :L
X

O

—
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undefined

(negative angle
goes clockwise)

NPANY;

ARYan

_ X
cot = v
j undefined
\ sin =y
/ -1
(0. -1)
1
Cs8C = \7
(1.0)
undefined

ah

]

1
1
-1
1
1
0
0
-1
1
1
-1
0
-1
1

Evaluating Trig Functions of Quadrantal Angles

SOLUTIONS

reference angle is 0

adjacent

cos = —————
hypotenuse

reference angle is 0

= opposite
adjacent

reference angle is 90

sin = Opposite
hypotenuse

reference angle is 90

_ hypotenuse
see adjacent = undefined

reference angle is 0

adjacent

cot = — = undefined
opposite
reference angle is 90
. _ opposite B
s hypotenuse -1
reference angle is 0
hypotenuse
cse = -
opposite undefmed



Hope this introduction helps.

If you have questions, suggestions, or requests, let us know.

Good luck!

mathplane.com

Also, more trig and math resources at Mathplane Express for mobile at
Mathplane.ORG

One more question....

What is the exact value of sin(-210)?

Answer on the next page...



What is the exact value of sjn(-zltjc']?

AN

210 210

Note: the ‘direction’ of the angle is clock-wise...



