Trigonometry ldentities |

Introduction

Includes notes, formulas, examples, and practice test (with solutions)
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Intro to Trigonometry Identities: Notes and Examples

Definition of Identity: An equation which is true for every value of Example: 3(x+4)=3x+12
the variable.

(Every value of x is true)

Definitions

Notes
"Reciprocal Identities”
T
,1 = Csc X L sinx y
Sin X Cscx
i = Secx bt Cos x © [
Cos x Sec x X
1l — Cotx L — Tanx
Tan x Cotx e oppositt  _ y
hypotenuse r 1 .
g E
Csco — hypotenuse _ 1 T d
opposite y
"Quotient Identities” or "Ratio Identities” (or, "Tangent Identities”)
Tanx = —?:igsxx Sin@_%= y,f:L_T o
Cos© X ¥ x & T
r
Cotx= —C,OS =
Sin x
"Pythagorean Identities” (Pythagorean Theorem) In the right triangle above, we
) know
2 Sz a8
X B¢
sin’©+ Cos’o =1 ?
2 2 ) 2
1+ Tan’© = sec’@ sinZ4 post = T e 1 X =u=L=1
r r £2 2
1+ Cot’© =cse’e
Sin2+ Cos? = 1 Sin2 | Cos? 1
: 2 2 — e 2
Note: (CosX) = Cos X Sin 2 Sin 2 Sin 2 Sin




Definitions

"Sign Identities” or "Odd/Even Identities"”

(Negative Angles)
'Odd Functions'
Sin (-x) = —-Sinx
Csc(x)= —Cscx
Tan (-x)= —Tanx

Cot(x)= —Cotx

"Double Angles”

Sin 2X = 2SinXCosX

'Even Functions'
Cos (-x) =Cos x

Sec (-x) = Sec x

Cos 2X = Cos’X — Sin’X

= 2Co0s?X — 1

=1—28in’X

2TanX
Tan 2X = =T’ X

"Sum and Difference Identities”

sin (A + B) = sinAcosB + cosAsinB

cos (A + B) = cosAcosB — sinAsinB

tan (A +B)= _tanA + tanB
1 —tanAtanB

sin (A - B) = sinAcosB — cosAsinB

cos (A - B) = cosAcosB + sinAsinB

tan(A-B)=  tanA — tanB
1 + tanAtanB

Notes

Note: X° is an even function
X3 is an odd function

30

Sin (-30)= -1/2= —(Sin 30)
Cos (-30) = 4/3/2= Cos 30

Tan (-30) = -1/43= — (Tan 30)

Examples:
1) Sin2(90)#28in©0)=2 X
Sin 2(90) = Sin (180) =0 L
=2 Sin (90) Cos (90) =2 (1) (0)=0 L~
2) sm2(30)7£ 2sin30=2.12=1 ¥
Sin 2(30)=Sin60= A3/2 L~

or

2 Cos(30)Sin(30) =2+ 43 /212 = 43/2 WV

3) sin 90 # sin 30 + sin 60

1 4 12 + A3

sin 90 = sin (30 + 60) = sin(30)cos(60) + sin(60)cos(30)

=12 .12 +4324AN3n |/

= 1/4 + 34 = 1



Trigonometry Identities: Examples and Strategies

1) Simplify: cos (-x) - tan (-x)

Strategy cos (-x) - tan (-x)

1) get rid of the negatives
2) trv to change terms to
sin's and cos's

COsX.-tanx

cosine is an "even" identity; tan is an "odd" identity

quotient identity (for tangent)

3) simplify COS X » LS
COS X N
algebra/simplify
- sinx
2) Prove:
) ﬂ = secx
sin x
fanx _
sin x
Strategy: quotient identity (for tangent)
1) choose 'more complex' side sin x
t; simpiy , COS X/ = gecx
trv to change terms to sines F . .
N sih x - 7
and cosines simplify
3) simplify
1
cosy  seex
: reciprocal identity
SeCX = secx

3) Prove: tany+coty= cscy.secy

tany+coty= cscy.secy

Strategy: siny 21 cosy _
1) recognize the reciprocals cosy sin y

2) try to change terms to sines

and cosines 9 5
3) simplify (moving toward sin"y + cos”y
the objective) cosysmy
1
cosysiny
1 - —
cosy smy

cscy.secy

= cscy-secy

ratio/quotient identities

CSC Ve« Secy

common denominator/add fractions

cscy.secy
Pythagorean identities

CSCy.sSecy
split the fraction

reciprocal identites

CSC Y- 3eCy



4) Solve: Tanx + 1 = Secx

Try squaring both sides.

Check answers!
(extraneous solutions?)

=
5) Solve: 2sinT + /1/3_ =0

6) Verl.fy tanx — cotx _

2
(Tanx + 1) = Sec? x

2 _ 2
Tan X + 2Tanx +1 = Sec”x 1+Tan:x=Sec2x

2Tanx + Sec’x = Sec?x
2Tanx =0
Tanx =0

x=0 andﬂ—

Tanx + 1 = Secx Tan(0) + 1= Sec(0)

|//
Tan(T[)+1 = Sec( 1)

X

0+1 =1

0 +1 = -1

Use substitution

. A3 (opposite)
v- 2 U = = (potenuse)
3
4T 51T
U=""3" "3
4
Since U= % = ?ﬂ +27Tk

U=

e _sT + 27Tk
3

3

x=0+ 27Tk

where k is an integer...

. 2 2
5m X—cCos X

S =T + 6Tk
5T+ 61Tk

Invert and multiply

.2 2
5 X Cosc X

. 2 2
sSm X—Cos X

sin® x — cos? x

Simplify and
Factor (difference of squares)

sin X cos x

2 2 - sinxcosx
tan” X — cot“x
sinx cOSX Change into sines and cosines
cosx smx (quotient identity)
) 2 }
sin” X cos X sinxCosx
2 .2
COsS~ X ST X
_SmX SmX  COSX COsSX Common denominators
sinx cosx sinx cosx
.2 i 2 2 2 1
sin - x S OX cos X COs“X
2 2 o .2 2
cos“ X sin“x sin“x  cos* x

. 2 2
sm X—Cos X

sinxcosx

Combine numerator terms
and denominator terms

sin* x — cos* x

. 2 2
SmM X cosc X

2 2
(sin” x + cos” x)

. 2 2 . 2 2
(sin“x —cos” x)(sin”" x+ cos” x)

SINXCOSX

= sinxcosx

Sin?x + Cos 2x =1

(trig identity)

SINXCOSX = SINXCOSX



At this London school, math teachers, such as Henry, specialize in identities...

trigonometry
Dr. Jekyll
2

X+COS'2K'—‘1

sin

R. Louis
Stevenson
Mathematics
Department

Teaching

Identities

... and, when discipline is an issue, they turn to My. Hyde...

0105
0000
1886

Algebra 2 C

0000
(1886

L

‘0105

DETENTION!I

AR A

"... except for the dark eyes,
sneer, and pent up rage, he's
sorta like my other teacher..."

R. Louis
Stevenson
Mathematics
Department

L. Friedman #190 (5-14-15)
mathplane com




Using the Conjugate: sinA  _  1+cosA
1—cosA sinA

sinA . 1+cosA
1 —cosA 1+ cosA

sinA « (1 + cosA)

1+ cos 2A
A+ (1+ cosA)  1+cosA
sin A sinA
Combine Fractions: 1 1
T—smB — 1+smB ~ ZsSecBtanB
1+ sinB 1 1 1 — sinB
1+ sinB 1—sinB 1+sinB 1 smB
1+sinB  _1-siB
1-sin?B 1-sin?B
2sinB
1-sin?B
2sinB
c052 B
1 - 2sinB
—— = 2secBtanB
cosB * cosB
Factoring Terms: sin? x
1] - ——— = —cosx
1~ cosx
. 2
l—cosx sm- X
1 —cosx 1 - cosx

. 2
1—sin” X — cosx

1~ cosx

COSz X —Cosx

1—cosx

cosx(cosx — 1)

1—cosx

cosx(cosx — 1)
(-1)(cosx — 1)

= TCOSX

Trigonometry Identities Techniques




Recognize Identity and Factors:

Using conjugate to shrink expression:

Multiple approaches: 2

sin? x + cot? xs

1) factoring

2
cot A

1+ sinA
sinA cscA— 1
2
csc A —1
cscA —1
(cscA — I)(cscA + 1)
cscA — 1
cscA +1
1, sinA 1+sina
SinA sinA sinA
cscx— 1
BEETEC
csex— 1 L1+ sinx
1~ sinx 1 + sinx

csex + csexsing — 1 — sinx

in?x —

smzx 1+ cotzxj

1+ sin?x

csCX ~— sinx

2
cos X

L2
1 _ osin'x
Sinx sinx

2
cos X

L2
sin x
sinx

1
SIX

2
cos X
2
cos X

SMx
= C5CX

2
cos X

|
—

Il
—

2) change to sines and cosines

sjnzx(cscz x) =1

Trigonometry Identity Techniques

. 2
sin” x +
sin

2
sin X + cos

X

2
cos™ X
—— sm
2

1

x =1




Combine fractions to condense expression:  anx 1 + seex

= 2cscx
1+ secx tanx

’[anzx + 1+ secx)z

tanx(1 + secx)

tanzx + 1+ 2secx + seczx

tanx(1 + secx)

2 2
sec X + 2secx t+ sec” X

tanx(1 + secx)

2secx(1 + secx)

tanx(1 + secx)

2 -
cosX
sinx
COSX
_2_ = 2¢sex
Smx
.. . . L2
Recognizing unusual identity: sin A + cosA = 1
1+ 6in 'L - A)
2
.2
sin A N N
1+ cosA cos

CIASA)(I — cosA)
1 +/Q‘65A + COsA

1—cosA + cosA =1

Change to sines and cosines: 2sec?x — 2sec?xsin2x ~sin?x—cos? x = 1

2 2si 2
sin x .
- — smzx — coszx
cos” X cos<x
2 — 2si .
— 2sin x
B - sjnzx - coszx
cos” X
. 2
2(1 —sin ~ x)
_ - Si'(lzX - coszx
coszx

2 - smzx - coszx
2 2

1 - sn“x + 1 cos™ X

coszx + 51'112 X =1

Trigonometry Identity Techniques




Using Trig Identities, factoring, and Unit Circle Angles

A) TmX+CotX=-2

Step 1: I want to get rid of the inverse.. (CotX)

\_.: 3 \i ery 14 o v 4
TanlX 4+ 1= 2Tan X Multiply everything by TanX

Tan’X + 2T X+1 =0

Step 2: Move everything to one side and factor

(Tm X+ 1)(TmX+1)=0 Step 3: Find solitions and check
Tan X = -1
X=-1r 31r 2 ‘ | + Tan (-45) = -1
4 4 = ‘ g Tan {135) = -1
Check: Tan %+ Cot 1
=-1+-1=-2
B) 2(3032 . Cos X =2 -%ec X Step 1: Factor the left side to see if it leads

Cog X (2CosX-1)=2C0sX — 1

to anything.

CosX CosX Step 2: Combine the elements on the right side.
(2CosX -1) Cos X = 2CosX -1 Step 3: Move everything to one side and factor.
Cos X
=0

(2CosX-1) Cos X - (2CosX-1) ( 1 )

(2CosX - 1) (Cox X -

2C0sX-1=0
CosX=112

CosX ey
(distributive property

to rearrange and regroup)

CosX=1/Cos X
.

Cos X=1
CosX=1,-1

1 _
Cosx ) =0
Step 4: Solve and check.
2
AT Check X =060
: 2112) - 12=2-2
—A.I'"E‘— ¥ il ) .'- i
2 214y -112=10
12 -112 =0
{rultiply both sides by Cosine) 0=0

(zquate root hoth sides)




C) CotX = CseX 2

1 = (TanX) CgcX - 2TanX
1+2TanX= SinX 1 . _ .
Cos X  Siix Multiply by TanX (to get rid of the CotX)
1+ 2TanX = SecX --- since 1 + Tan? = Sec?

Step 1: Try to simplify and get a common trig sign.

simplify
square both sides
and substitute

2 2
1 +4TanX +4Tan X = Sec X

2
1 +4TanX +4Tan X= 1+ Tan2 X

5 Step 2: Factor and solve.
3Tan " X +4TanX =0

TanX 3TanX +4) =0

TanX =0 3 TanX +4=0 |
X=0,180 TanX = -4/3 :
X =-53,127 ‘
/E( yf radiang . 9/{_ 2214

Radiang

FMust check your answers!
CotX=0CgcX-2
Cot 0 iz undefined.. Cot of 180 is undefined...

Reminder: 0 < SimeX =1
therefore 1 = CscX

027 cammot work..

Fnally, 2.214 or 127 degrees..

Cot (127) = Cse (127) - 2
275=1.25 2

-75=-75



Examples: Solve the following:

1) CoseCote= 2Cose For oos e < 360°

o Subtract 2Cos< from both sides
Cose Cote= 2Cose
(This produces an equation = 0)

Cose Cote —2Cose = 0 Factor out Cos&

Coso (Cote— 2) = 0 Separate and solve
Cose =0 (Cote—2) =0
e =90"or 270° Cote =2

o = 266" or 206.6°
*Note: At the beginning, we didn't divide both
sides by Cosine. (this could cancel possible
solutions). Instead., we moved everything to one
side and factored out the Cosine.

2) 2Cos’© +3Sn& =3 TFor 0°<© < 360

2Cos % & +3Sine =3 We see a Cosine term and a Sine term. To make them the same,

we can substitute the identity: (1 - sin 2 ) = cos?

201 -sin’e )+3Sine—3=0

Then, simplify the equations, placing all terms on the left
2—2Sn’e +3sine—3=0 equal to zero.

ZSinze — 38ine +1=0 Separate and Solve

(2Sine— 1)(Sine —1)=0
28ine—1 =0 Sine —1=0
sine =1/2 Sne =1

<
& = 30° or 150° S =9



Solve the following Trig Problems Algebraically.
Then, verify your solutions Graphically.

1) y=cos2& and y=sin& 005 o < 360O
2) y=cos2x and y=cosx+2 0 x££ 2T
SOLUTIONS

1) y=cos2& and y=sin&

(To find solutions, set equations equal to each other)

cos2 & =sines

1— ZSinze =sins

1—2sin26 —sin&s =0
25in26 +sines — 1=0
(2sine — )(sine+1)=0

2sines —1 =0

s
s = 5

(=] (o]
& =30 or 150

2) y=cos2x

Substitution (Double Angle Identity)
Set equation equal to zero

Re-arrange the polynomial

Factor
Solve
sine+1 =0
sineS = -1
o= 270°

and y=cosx+2

(Set equations equal to each other)

Ccos2X =cosx + 2
2cos?x —1 =cosx +2

2cos?x —1 —cosx —2=0

Substitution (Double Angle Identity)

Set equation equal to zero

Re-arrange the polynomial

2cos?x — cosx —3=0 Factor
(2cosx — 3)(cosx +1)=0 Solve
2cosx —3=0 cosx+1=0
=
COS\X\_—\%\ cosx= —1
-
No Solution! x=T
(cos /i 1)

y=sin&
j (] 3
142!
0 —+ : — : '
30 90 150 180 270 . 360
-1
y=cos2S

y=cosx+2

/
v
P

\i/ i \3'2_;”’ a
| 2
§ : y =cos2x
cos21r=1 VJ
X_

costr+2=1 ‘//



Study Break:
Math Snacks

anceAF =335 6-3

SRR/l I8 SN
WWW 1!];1'_1::.-‘.‘.111':, co1m

Preferable to ordinary computer cookies...

Essential part of a well-rounded, academic diet.

Try with (t), or any beverage...

Also, look for Honey Graham Squares
in the geometry section of your local store...

Practice Quiz -2



Quiz: Factoring and Trig Identities

[. Solve for 0< & <360 and 0=<X =27

2
1) Tan’e + Tanes — 12 =0 2) 2Cos” X = 3SinX

pl
3) 5— 7SinX = 2Cos? X 4) 2Sec” X —2TanX =6

2
5) 4Cos "= =—-2Cos= 6) CosX + SinXTanX =2



II. Simplify the following

2
1) tan"©

secs+ 1 +1

2) (sec26 - ])(csc2@ -1

3) cotA +tanA
csczA

4) 1+ cos2x
cotx

Quiz: Factoring and Trig Identities




III. Solving more trig equations

1) Solve forx where 0 <x<2T[

Ssinx — /V3_= 3sinxg

3) Solve for B where 0<B<2TT

sinB + tan? B = sinB

5) Find all solutions and graph:

2siny — escx =0

-2

Quiz: Factoring and Trig Identities

2) Solve fory where 0°< y= 360°

Wsinycosy — siny = 0

4) Find a general solution (in degrees)

12‘[31128—4 =0

6) Solve and graph: 1-sinx = Af3cosx

270 360 0 90 180 270 360




Quiz: Factoring and Trig Identities SOLUTIONS

I.Solve for 0= & <360 and 0=<X=2Tr
1) Tan’e + Tanes —12=0

(Tan &+ 4)(Tan &— 3) = 0

Tan S +4=0 Tancy—3 =0

Tan & = —4 Tane=3

== 104° o= T1.5°
284° 251.5°

3) 5—7SinX = 2Cos? X

5 — 7SinX = 2(1 — Sin’ X)

5— 78X = 2 — 2 Sin® X (SinX = 3)=0
252 X — 7SinX +3 =0 Shﬁ Extraneous
in® X — -
(28inX — 1)(SinX — 3) =0 (2SinX-1) =0
o L
SinX = P
X= T 5
6 6
5) 4Cos’S =—2CosS
4Cos’ES +2Cos © =0
2C0s S+ Cos S =0
Cos &= =0
Cos & (2Cos=+1)=0 - -
= = 90 270
2Cos=+1=10
Coso=-_L1
2
**Note: To check these _ o o
answers, simply plug S = 120 240

solutions into original
equation.

2) ZCOS2 X =38inX

2(1 - Sin® X) = 38X (SinX +2) =0
. 2 . Sn¥= -2 Extraneous
2-28in” X = 3SinX
2 : _ —
28in” X +38inX —2 =0 2SmX = 1=0
e 1
(2SinX — 1)(SinX + 2) = 0 SmX = —
X= T 5
6 6
2
4) 2Sec” X - 2TanX =6
2
2(1+ Tan” X) - 2Tan X = 6
. TanX —2=0
2+2Tan” X —2TanX—6 =0 Tan X — 2

X= 634" 2434°
1.11 Radians 4.25 Radians

2
2Tan” X —2TanX—4 =0

Tan2X —TanX -2 =0

(TanX — 2)(TanX + 1) =0 TanX +1=0
TanX = —1
x=135" 315°
ﬁRad %TRad
6) CosX + SinXTanX =2 4
. SinX_ _
CosX + SinX =2
o8 CosX
.2
CosX + SI" X _2
CosX s
X=T3 3
2 .2
Cos“ X+ Sm™ X =2Co0sX
1=2C0sX
CosX=% ¥
m&
e 3
o) Lo

mathplane.com



Quiz: Factoring and Trig Identities

II. Simplify the following Solutions
1) tanze 2
Secs 1 L (Gee ©°1)
seci+ 1
Identity: (sec£=5+ 1)(sec = — 1) 1

1+ '_I_'am2 X = Sec2 X S 1

secte= —1+1=| sec=

2) (53026 - ]}(cscze -1

i ?
(tan™ & Ycot™ = ) =1

Identities:
) 2
I1+Tan" x =Sec” x .
tan and cotangent are reciprocals

] ¥
1+Cot"x =Csc™x

3) COtA + tanA CosA  SinA 1
csclA SmA . CosA w
cse” A 1—
sin“ A
Identities: Cos 2A . Sjnz A
. SmmACosA CosASnA 2 .
Tan=—S_m 5 sin -~ A - SinA | o4
Cos csc” A SinACosA CosA
08 2 o)
Cot = o8 Cos?A + sin? A
Sin
SinACosA
csc A
4) 1+ cos2x
cotx
1+ 2cos2 x—1
Identities: cotx
2 2cos? x :
Cos2x=Cos"x—Sin x 2 smx N
COSX 200" X » Tooex 2cosxsing { sin2x
Sinx

S
Cos2x= 2Co0s~-x—1

sin2x = 2sinxXcosx



III. Solving more trig equations SOLUTIONS

1) Solve forx where 0 <x<2T[

Ssinx — /V3_= 3sinxg

Zsjnx=ﬁﬁ
sjmi:E
2
_ I 2T
T3 03

3) Solve for B where 0 <B<2TT
sinB * tan® B = sinB NOTE: Do not divide both
sides by sinB (because you
sinB - taﬂzB — smB = 0 may cancel a solution)...
Instead factor the expression.
sinB(tan’B — 1) = 0

sinB=0 | B=10.Tr

2ZB-1=0

tan?B = 1

tan

ot 7

tanB = 1 or tanB = —1

w
a|”ﬁ
a|§j
aE
.=

5) Find all solutions and graph:

2siny —ecsex =0

. 2
2sin"x—1=0
(multiply by sinx)

x= 45,135, 225,315

(then, check for extraneous)

Graph 2sint and escx  The intersections of these 2 equations
are the solutions!

2) Solve fory where 0°< y < 360°

Quiz: Factoring and Trig Identities

MEsinycosy — siny = 0

cosy(/‘/z_smy -1)=0

cosy = 0 90 and 270 degtrees

ﬂ/z_sj:ﬂy*1= 0

siny =

e 45 and 135 degrees

Nz

1

4) Find a general solution (in degrees)

12tan26—4 =0

12’ S = 4
"the square root of a square
2 : ; "
tan® S = ;_ is plus and minus
+ 1 (s] (s} o
tme =T — =307, 1507, 330 , ...
A3
e 1 30°,210°, 300", ...
an =_—
3 &
. .1 307+ 180 k -
- - T — where k is any integer
tan - &= 3 o o y mieg
=307+ 180k

6) Solve and graph: 1-sinx = Af3cosx

2 2

1—2sinx +sin”x = 3cos“x

1 - 2sinx + sin2x = 3(1- sjnzx)

4sin?

X—2sink—2=0

2(2sinx + 1)(sinx — 1) = 0

-

Then, check for extraneous solutions....

utT I

6

2 T
2

y=-—sinx +1

y =/"3cosx



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Good luck!

"Find the weekly webcomic
and more at Math Plane."

mathplane.com

And, Mathplane Express for mobile at Mathplane.ORG

Also, at Facebook, Google+, Pinterest, TES, and TeachersPayTeachers



