Sketching Graphs 1: Derivatives

Notes, examples, and practice test (with solutions)
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Topics include maximum/minimum, concavity, slope, velocity,
acceleration, and more.
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Derivatives and Graphs

The Function

f(X): position of each x

f(®) =0 positive (above the x-axis)
f(®) <0 negative (below the x-axis)
f(®) =0 on the x-axis

f®=0

(positive
territory) \

f®)=<0

(negative

territory)

The Ist derivative of the function
. flx)=0
S ]:tsgt?:ét}f?;eous rate of change (slope) tocal maximum

f'®=0
(increasing;

f'(x)>0  increasing
S'(x)<0  decreasing
f'(x)=0 critical value (max/min)

positive slope)

| | | \ |
f'®=0 = fix) =

(decreasing;
negative slope)

local minimmum

The 2nd derivative of the function
f"(%): acceleration (concavity) at each x
f"(®) >0  concave up

f"(®)<0 concave down
f"(®)=0  point of inflection

[r®) =<0

(concave down)

frx=0
point of inflection
|

f (X) ’/ \
point of inflection

/z|

'@ =0

(concave up)



Derivatives and Graphs (continued)

Concavity and the 2nd derivative

The 1st derivative of a function describes the instantaneous rate of change of the function. (slope)

The 2nd derivative describes the instantaneous rate of change of the 1st derivative. (concavity)

A \

\_

/

Concave down:
The slope (1st derivative) decreases.

slope A=21/2

slope B=1
slope C=0 (maximum)
slope D =-1

"The rate of change
of the function is decreasing."”
(Or, "the rate of change of the
rate of change is negative!")

Concave up:
The slope (1st derivative) increases.

slopea=-2

slope ¢ =0 (minimum)
sloped=1

"The rate of change of the
function is increasing."

(Or, "the rate of change of the

rate of change is positive!™)

slopee=3

Maximum or minimum?

If f'(x) =0, it is a critical value --- a maximum or a minimum.
How do you determine if it's a maximum or a minimum?

Look at the first derivative:
Pick a value on the left, and pick a value on the right....

If increasing on the left and decreasing on the right, then it's a maximum.

If decreasing on the left and increasing on the right, then it's a minimum.
OR,
Look at the second derivative:
For x, where f'(x) =0,
if f"(x) < 0, it is concave down; therefore, it's a maximum.

if f"(x) = 0, it is concave up; therefore, it's a minimum.

point A is a local maximum
f'@=0 f'@=<o
(lefty f'(-1)= 0 (increasing)
(right) f'(5) <0 (decreasing)

point B is a local minimum
fm=o0 M=o
(left) f'(5) < 0 (decreasing)
(right) f'(9) = 0 (increasing)



Derivatives and Graphs (continued)

Ln

Example I: y=3x-—
The x-intercept is (5/3, 0). And, y <0 for (-0, 5/3) and y >0 for (5/3, ) y

first derivative: y'=3 Since 3 > 0, the slope is always increasing.

second derivative: y" =0 There is no concavity.

X
(5/3, 0)
S
Example 2: f(x)=x" —10x+ 16
If we factor the equation, (x — 2)(x — 8), we determine the x-intercepts are (2, 0) and (8, 0).
And, f(x) is positive for the intervals ( -c0 ,2) and (8, © )
negative for the interval (2, 8)
(0,16) *
flx=2x—10
Set f'(x) =0 to find critical values.
2x—10=0
x=35
2
f(3)=()"-10(5)+16=-9 (5, -9) is relative minimum.
(2.9) (8.0)
2x—10=<0 forallx<5 functionis decreasing on interval (-co , 5)
2x—10>0 forallx>5 function is increasing on interval (5, co ) slope is 0
(5:'9)
f"(®)=2 Since 2 > 0, the function is concave up
Example 3: g(x) = x4+ 0x2 +24x - 2
()= 3x 7+ 18x +24
To find critical values, set first derivative equal to zero:
2
(xT+6x+8)=0 X)

3x+2)E+4)=0 x=-2,-4

) + 92 +24(2)—2= 22
(-4) +9(-4)> +24(-4)— 2= -18
critical points: (-2,-22) (-4, -18)
max or min? Check 2nd derivative.
g'"x)=6x+18 g"(-2)=6 (concave up; local minimum)

g"(-4)=-6 (concave down; local maximum)

To add detail to the sketch: y-interceptis (0, -2)
point of inflection: (-3, -20)
(because g"(-3)=0)




Word Problem: Velocity and Acceleration
(illustrating 1st and 2nd derivatives)

Suppose A(t) = —16’[2 + 48t + 160 represents the height of a ball (in feet) at a given time t seconds
a) If the ball was thrown from a balcony, how high is the balcony?
This is a position question; A(0) = -]6(0)2 +48(0) + 160 = 160 feet
b) What is the initial velocity?
This is an instantaneous rate of change question; h'(t) = —32t+ 48

since the initial velocity occurs at t = 0, the initial velocity is 48 feet/second

¢) When does the ball reach maximum height? What is the maximum height?
To find a maximum, use the first derivative; A'(t) = —32t + 48
A'(t) = 0 will determine critical values
Note: A"(t)=-32 Since A"(t) <0,
-32t+48=0 t=302 the entire function is concave down.
(only a maximum could exist)

The ball reaches maximum height at
3/2 seconds.

To find the maximum height, use the original function.

.
h(3/2) = -16(3/2)" +48(3/2) + 160 = -36 + 72 + 160 = 196 feet

d) What is the acceleration of the ball?

Acceleration is the instantaneous rate of change of the velocity; use the 2nd derivative h"(t) =-32 feet/sec 2

g) When does the ball hit the ground?
This is a position question; find where h(t) =10 —16‘[2 448t +160=0

-16(t% — 3t—10) =0

maximum:
- —5)t+2)=
h(3/2) = 196 16(t=5)(t+2)=0
n(3/2)=0 t=-2,5
h"(3/2) =<0
The ball is on the ground at 5 seconds. (time cannot be -2!)
h(t) /
(feet) 200‘/
1569
L4
4
FooT
f
’ =
/50
;
]
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(seconds)
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AP Calculus

LanceAF #113 (11/22/13)
mathplane com

Happy Despite Richie's help, Fonzie dropped out of Calculus.
Days (... although he did have some success with velocity and acceleration!)

Practice Quiz (and solutions) -—=>



Derivatives and graphs Quiz

I Solve:
) f)=x +3x° —4x+09 2) g)= —t+5t+11
a) f(-1)= a) g(5)=
b) f'@) = b) g(1)=
o) ['(0) = c) g"3)=
Il Answer:

f@= i’ -20x%47

a) What is the y-intercept?

b) Identify any relative maximum(s).

¢) Where are the points of inflection?

III. Find the first and second derivatives of the function f(x)= x3 + 6% 24 (£):4
Identify the x-intercept(s), y-intercept, and any critical values. Describe the concavity.
Then, sketch a graph of the function.

J®




IV. For each point, determine whether the
values are < > Or =to zero.

8 f@3)
63)
£163) N
B) f(1)
e
) £
716)
D) /')
£1@®)

***Challenge™** ,
N f'®
V. The following is the graph of f'(x)
(** It's the graph of the derivative of f(x))

1) Sketch a graph of f(x).

2) Sketch a graph of f"(x).

) f&® 2) ')




Derivatives and graphs Quiz

SOLUTIONS
1. Solve:
) fE)=x +3x° —4x+9 2) g)= —t+5t+11
a) f(-1)= ('1)5 + 3(-1)3 —4(-1)+9 a) g(5)= -(5)2 +5(5)+ 11 = -25+25+11=[11
1 -3+4+90=
b) f'@Q)= f(x)=5x +0x*—4 b) g()= gH=-2t+5
F@=50"+0@ -4 =2 g)=-21)+5+3
) 'O = rrx) =205+ 18x ) &'®)= gy=2
£7(0)=200)° +18(0) 0] g'®
II. Answer:

f@= i’ -20x%47

a) What is the y-intercept?  The point where the function crosses the y-axis: (0, ?) 0.7
fO) = (0)4+ 12(0)3 -20(0)2 +7 =7 :
b) Identify any relative maximum(s). 2
Relative max: any x, where /'(x)=0 and f"(x)<0 1) = 4x>+ 36x% — 40x fr@®)=12x +72x - 40
‘ (0, 7) is the only relative maximum 4X(X2 +0x-10)=0 f"(0)=-40 concave down
(1,0) and (-10, -3993) are relative minimums 4x(x+ 10)(x-1)=0 f::(l) =44 concave up
¢) Where are the points of inflection? critical points @ x =0, 1, -10 J"(-10) =440 concave up

point of inflection: second derivative equals 0 ) =12x 24 72% - 40

i ——
(quadratic formula) -18 A324 + 120

2
T 4(3x~ +18x- 10)=0 ;
X=——3 +
-0 — A111
III.  Find the first and second derivatives of the function f(x)= x3 + 6x2+ (£):4 3

Identify the x-intercept(s), y-intercept, and any critical values. Describe the concavity.
Then, sketch a graph of the function.

Fi®) = 3x%+12x+09

frlEy=6x+12 fx
x-intercepts: f(x) =0 y-intercept: f(0) = 10
3 2
©0.0) (3,0 X +6x*+9x=0 ©) +6(0) +9(0)=0 1s
) ) 2
X(X+6x+9)=0 ©, 0) 5 4 3 2 - <
XX +3)(x+3)=0 T e e —rt
x=0,-3 i
critical values:  f'(x) = 3x%+12x+9=0 (-1, -4) is a minimum
2 1-10
3ERTHax+3)=0 (-3, 0) is a maximum
I+ DE+3)=0 | s
x=-land-3 (-2. -2) is point of inflection
points of inflection: f"(x)=6x+12=0
6(x+2)=0 concave down X < -2

Xx=-2 concave up X = -2




IV. For each point, determine whether the SOLUTIONS
values are < > Or =to zero.

A) f(-3) =0 J&)
f'(-3) =0 (local minimum) B
f"(-3) =0 (concave up) A
B) /(1) =0 D

f'(1) <0 (negative slope)

C) f(5) =0 u X

f"(5) =0 (concave up)

D) f'(8) =0 (positive slope)
F"@® =0 (point of inflection)

***Cha]lenge*** fl(X)

V. The following is the graph of f'(x)
(** It's the graph of the derivative of f(x)) T

1) Sketch a graph of f(x).

2) Sketch a graph of f"(x). \\\\

D f® ) '®

pt. of inflection
T (slope atf'(2)is 0)  maximum +
"4)=0

since f'(x) < 0,
f(x) is decreasing;
since the slope is
positive, it will be
concave up.

minimum

+ f(z)=o +

f(x) is the derivative of f'(x).
so the sketch describes the
instantaneous rates of change

(slopes) of each xin f'(x)



