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Implicit Differentiation Notes and Examples

Explicit vs. Implicit Form:

Equations involving 2 variables are generally

expressed in explicit form y=3x+ ; (explicit form: put in the input
y=£(x) d=(.05t)" +20t—7  wvariable, and easily get the other)
a=Ar+1

In other words, one of the two variables is
explicitly given in terms of the other.

Equations where relationships are not given axey=d (implicit form: the relationship
explicitly are in implicit form. xy=1 between x and y isn't easily seen)

Sometimes it is possible to change the form
from implicit to explicit...
.... But, other times it is very difficult or
2x-y=4 —— y=2x-4 imposzible to express m explicit form.

]
¥

:><:|n—

=1 — vy 2 2

x“+2xy+ty =0 —> y=2?

So, to find the derivative, implicit differentiation is an
easier approach.

Implicit Differentiation:
Method: Implicit Differentiation Example: x2 — 23’3 +ax=2
1) Take derivatives o
2) When taking derivative of v, 2% — 5}'-&1 +4=0
insert dy (or y) dx
& Y dy -2x-4
dx _6Y2
3) Solve for d '
) Solve or% (or y) P
ax 32
3y

Example: Find the derivative with respect to x of
7 ¥
X +2xy+y =0
2x+2(ly+ 1y'x) + 2yy'= 0
22X+ 2y + 2xy' + 2yy' =0

2x + 2y = -2xy' - 2vy' y' = };_:_1 =-1
X+y=y(x-y)



Verifying Implicit Differentiation: An Example

Find the derivative of o 2
XT+y =25

Implicit Differentiation:

o x?+yr=25
Take derivatives,
mserting y' next to  2x + 2yy'=0
derivatives of y..
2yy'=—2%

Solve for y'
' =

Notice that implicit differentiation
used fewer steps and easier
equations!

Graph:

x?+y?=2s /W L
\. -Ms,n)

(0, -5)

slope (rate of change) at

(0: '5): % =)
(5, 0): —(%:l = undefined
(A125, A125); _£=-1
A12.5

Implicit Differentiation Notes and Examples

Explicit Differentiation:

xt+y?=2s
Change to implicit form },2 s il
+
V== 1
1
Find derivative y =125 )2
(using power rule) 1

= i = 2 2
¥ 7 (25— x%)° (-2%)
Simplify the result.

s -X =
(note: we could substitute 1

the denominator for y) (25 —:x 2 ) :

Then, for y= —425 — 32 y =

(-2x)

3f'=(—1)% 25— x%)

Ml»—-

_ % 1
Y= T = = Same

golution

@5 — x%)?



Example: Given x° + xy + )- =& Hid dy Implicit differentiation notes and examples

dx
2 2
o 3X Hley +xXo 1((h +Zy£=0
Derivative uses [product rule] dx dx
Inserting dy G5
dx dy [dy
: . %\ + + X |[— |l —— )=
Simplify ¥ l}, \dx
{("Move everything 2
without a dy/d to the x (W) 4oyl —3xy
other side") dx dx
dy 2
— x4+ z fo= =R
{("Factor out dy/dx") dx X 3 SR
2
Divide to finish dy 3%~y
dx X+ 2y

Example: Given x- 2x° y+3xy%=38
Evaluate the derivative at (2,3)
Use implicit differentiation
5 5 3 Plugin (2, 3)
3x°—2xy+ 1. ¥'x°]+ 3[1-y +2yy'xX]=0

Simplify — 3(4) +4(6)-3(9)

B

6(6) —2(4)
2 : gl 2
3x —4X}— l) X +3y +6yy'x=0
rxr! < ) 22 2 ; i 2
OyY'X — 2y'X" = =3x“44xy - 3y
2
y= _ 3x 4 dxy - 3y
oxy -2x2
y Calculus
Jx2ax dy
dx
\90 =
X




Implicit Differentiation and Tangent Lines

Find the equation of the line tangent to %2+ xy—yi=1 @ (2.3)
To find the equation of a line, we need the slope and a point.
The point is given: (2, 3)

And, the slope is the instantaneous rate of change (IROC) at the given point.
Use implicit differentiation to find the JROC

2+ My +x() P -2y & = g

dix dx then, the TROC at (2, 3) is
x% -y d = x-y 20-0Q) _ 7
' dx @ -203) -4
ay .7
. — = —2 — _—
= (x—2y) Xy So, the slope is 1
dy _ —2x-y ¢-3= &2
@ (x-2y)
-1 _ 1
YT XT3

Find the equation of the line tangent to 2xy + TTsiny = 2T @ (1, % )

Use implicit differentiation to find the IROC, which is the slope of the tangent lines.

2[ My +x(1)

v v
=] + T (cosy) &L = 0
dx (cosy) dx then, the slope is

dy dy _ L B
2y +2x o+ T (cosy) I = 0 2(3) _ |
Ay 2(1) + T (cos Z—T ) 2+0
- (2x+ T (cosy) ) = 2y
dy =2y and, the equation of the tangent line is:
dx —  2x+ T (cosy) T

5- )= " G-

y= _%x + 1T




Implicit differentiation to find slope

Example: Find slope of x? + }r2 =13 at (-2.3) andat (3.2)

Find v"
2x+2yy' = 0 \
2yy' =-2x ‘\ ,//
. T2x R, X
= 2y (-2, 3) . N
_X ] L(3.2)
y= B2 -
Then, to find slope at (-2, 3): ! L
(-13, 0) ‘l i
y' = =2 _ 2 /
(3) 3 /| K
at (3. 2): 1
Y' = ﬁ
)
Example: Find lines that are tangent and normal to x* y2 =9 at the point (-1, 3) v=3x+6
Utilize implicit differentiation to find y' i,/
(product rule) ,
. X + =‘\"""~-.._ 13—
2xy? +2yy'x" =0 1.3
e
2 i = o
2yy'sT =-2xy"
=2yt -y 1
4 2 X I 7
2yx
Instantaneous rate of change (dy/dx) at (-1, 3): I }/
-1
Slope of tangent: 3 Equation of tangent line: (y - 3) = 3(x -(-1))
y=3x+6
Slope of normal: -1/3 Equation of normal line: (v - 3) = -1/3(x -(-1))
L Xt3y=28

Y= 3ty



Example: Given the curve x2 — Xy + yl =16 Implicit Differentiation
and Vertical Tangent Lines

Find the coordinate(s) where the tangents are vertical:

SOLUTION:

(If a tangent line is horizontal, then the slope is 0)
If a tangent line is vertical, then the slope is undefined!

To find the instantaneous rate of change, find the derivative:

(implicit differentiation)

2= [y +x() D] 42y B — g

dx
-y —X ;1 T2y :;: =0 gy_—zi is undefined when the denominator = 0
;1 2y—x)=y—2x / 2y - x=0
::; - ’Ey_—z;; Ty

Now, find x and y:

X=2y

x2 - Xy + yz =16
(substitution)

2 )
2y) —@Qy)y+y~ =16

ay?-2y? +y2=16

3y =16

y= _/\/1:—6 = approx. ©2.31
\-/ then, x= T4.62 (approx.)

(-4.62,-2.31) and (4.62, 2.31)




Example: x% — 32 €| Since it is a bit of effort to change equation (from implicit to explicit form), Implicit differentiation: 2nd derivatives
we'll use implicit differentiation.
2
. dy d’y
Find < and 3
dr _ 1 3 1.7
&~ sY Y
2 - 4y = g product rule
2
dv d-y 3 2 dy 1 3 2 dy
- = £ = = 2 S +x. )
= 8y ax ! 3y dx 4 ¥ X3y dx
dx
_8 dr _ 1 —2x
3 dx ) dy
then, substitute ar
3 2 3 3
p . 3 .
4 _ Y -2x) v _ 30U ) | — % y o+ x.syt. 0 —2x)
dx 8 dtZ 8 8 8
1st derivative <
3 5
3y (1-2x) yo  xy(1-2%)
64 ES 32

5 5 3 5
3y —6xy. — 16y — 6xy + 12x7y°

2nd derivative

5 5 3 5
3y — 12xy” — 16y +12X2y‘

3/5
Example: y =X Find the 1st and 2nd derivatives.

First derivative (using the power rule)

day -2/5
ax = (35X

Second derivative

dzy

3 = (6125

=715

dx

2
dy 3 24
H‘{_ = _‘z_x_ = TX Yy _
54 5
v product rule
2, -4 -5 dy
—hd; _ 2 25y + W & X
dx 5 .
. )
substitute v
2 2
Sy sfm w2
dr? 5 a 5 5 ¥
y y
2
3x
4
3 f 2xy — 4x~ 5y
= = 5
h ¥
4
12x
4
3 2y — Sy
-5
5
¥

64

5
Then. use implicit differentiation to verify these 1st and 2nd derivatives: y

64

3
=X
4 dy 2
Sy @ =3
3
2 5
d 3% since y = x~
dc =5 4
y 12
4 e
then v = x~
2
X l/
; 3
s - 12
dx — 5
5
X
First defivative
10xyh 12x
a1 4
4 —
5
3 sy 2y
5
5
y
5
3 10xy 12x
5
N
2y 3 5
Note: x =y
5 3 3/5
_ﬁx 5y — & y =X
25 9
¥
5 5 5
— &
I -5
25 9 = 25 y9
¥

Second derivative

s s | X-?fs l/
25 Ec X =5




Inverse Implicit Differentiation Notes and Examples

Let's compare y' vs X'

derivative of x with
respect to y

derivative of y with dy

s 9%
respect to x dx ¥ dy

i 3
Given: x —x},-'+},-'2 =4

: R \ : dx
?oor —— f i
Find v' ¢ s Find ' or dy

- N o "To find dxidy, we
W X-[Mx'y+x1) ]+2y=0 insert ¥’ whenever

LWy +xO)y]+2yy =0
talang the denvative

B y-xy +2yy' =0 I“y—- X'y—x+2y=0 of x'
-Xxy' +2yy' = -3X2+§,-' 3X2X’— Xy = x-2y
y (-x+2y) = -3x’+y ¥ (3x—y)= x-2y

= —3X2+¥ o K2y _ -x+ 2y

= 3X2+ }:

¥ = Z
(-x+2y) (3x—y)
& Reciprocals e



Implicit Differentiation: Word Problem Examples

1) A 25-foot ladder is leaning against a wall. If the top of the ladder is slipping down the wall at a rate of 2 feet/second,
how fast will the bottom be moving away from the wall when the top is 20 feet above the ground?

Step 1: Draw diagram, list variables and formulas

length to bottom of ladder = x
length to top of ladder = y

x2+y? = 625 ft? (pythagorean theorem)
down the wall at dy
a rate of 2 ft/sec at =~ 2 fisec

(change of y with respect to time)

moving away from < _ ,
the wall d '
(change of x with respect to time) Important note: we're seeking dx/dt, (the change of x

with respect to time)..
Step 2: Set up equation and use implicit differentiation. Simply taking the derivative of y = A/625 - x°
-X
(625 - x2)

shows us dy/dx, (the change in y with respect to x)

5 (-112)
X2 + y2 = 625 ﬁ2 172 (625 =X ) . ('ZX) =

dx dy _ derivative
2 gt Y g with respect to time
Using explicit differentiation & chain rule
Substitute and solve:
= Af625 - y2
2x X+ 220 2 filsec) = 0 ¥ .
5 (112) -
dx _ 1/2 (625 - -
- ) - (2y)= Ai62s v 2
2 2 2 dx dy dx
x) +(Q0ft) =6251t & - ddy
When y =20 ft, x=15 feet -y
feet

A 2 2
625ft — Y.

If y = 20 feet, then

2015 )55+ (80 & Jsec) =0

dax _ 2
30 ft at 80 ft /sec

—(20 feet)

feet &Y
dx _ 80ft /Se°=2.67ﬁ/sec e g Oy
at 305 - dt sec 4’ 625 ﬁ2— 400 ft2
sec 15

Step 3: Check answer

25 25 X i i
22 21 20

11.87 13.56 16.25 17.35 18.33
From 22 to 20 feet (one second), From 21 to 19 feet (one second). From 20 to 18 feet (one second)
the ladder moved out 3.13 feet the ladder moved out 2.69 feet... the ladder moved 2.35 feet...

2.67 feet per second is
a reasonable answer! P/



Implicit Differentiation: Word Problem Examples (continued)

2) Oil erupts from a ruptured tanker, spreading in a circle whose area increases at a constant
rate of 6 square miles per hour. How fast is the radius of the spill increasing when the

area is 9 square miles?

Step 1: Draw a diagram, list variables, and consider formulas

spill area A=Tl’1"2

"area is increasing dA i
at a rate of 6 square ~at _ ° hour
miles per hour"

"how fast is the ik

radius of the spill G
increasing?"

When area is 9T sq. miles, the radius is 3 miles.

Step 2: Implicit differentiation

Take derivative with respect to t

Step 3: Verify Answer

2

A=T1"
%: 2ﬂ”3’£
dt d

Plug in values and solve

i
miles™ _ . dr
= 27 (3 miles) —
6 hour 2Ty & dt

4
dr 6 miles T]I”_ miles/hour

‘dt ~ hour.2T (3 miles) a

‘(or: .318 miles/hour)

When area of spill is 97" square miles, the
radius is increasing at .318 miles per hour.

(one hour)

91" sq. miles '
— S S

28.27 sq mil
( B = 34.27 sq. miles

r= 3 miles r=3.30

radius changed
.30 miles in one hour

2
A=(3.14)r
2
12=3.14)r
r=1.95 miles

18 3q

(one hour later)

2
18 = (3.14)r

miles r=2.39 miles

(one hour later)

radius changed .33
miles in one hour

2
24=(3.14) "

r=2.76 miles

(one hour later)

2
30= (3.14)

1= 3.09 miles



Find dy/dx if y=x"

Answer: Iny=xIn(x) logarithm power rule

dy/dx: 1 dy 1
_ — + %
v dx (1)nx X—
14y _ omx+i1
y dx
gy _ +1
dx - }'(].‘[].X )

= x* (Inx + 1)



Implicit Differentiation & Inverse Trig Derivatives

Example: y = sin 1y What is ?x ?

Step 1: Change the inverse trig term

sin y = sin(sin']x)

sin(y) = x

Step 3: Use implicit diffentiation to find dv/dx

Step 2: "Draw the triangle"

¥

/\/l—xz

[h.
cos(y) =1
oL ing the triangle, -2
ax cos(y) —— ——— using the tnangle, g =
Example: v = tan ! (6x) Find the derivative.
Step 1: Change the inverse trig term Step 2: "Draw the triangle"
tany = tan( tan"! (6x) )
2
tan(y) = 6x V1+36x
6%
¥y
1
Step 3: Use implicit diffentiation to find dv/dx
2., @
sec” (Y) oy = 6
2 = 6 2 ~———  using the triangle, ?
sec” (y) *

Qine v = opposite
: hypotenuse

Pythagorean Theorem

-

2 2
a~ +b” = ¢”

Tan v = Opposite
©  adjacent

Pythagorean Theorem

a“+b° ="



"In this one, you'll revisit the
power, product, and chain rules."
| ]

"Oh, and here's a hint: remember
to differentiate with respect to x.."

"Respect x? I don't "This implicit one is a
even like x. Why do I "Do you know what the *&9%$#-ing nightmare!"
have to respect it?" word 'implicit' implies?"

LR

... A class full of implicit and explicit expressions!

Implicit
Differentiation

Practice Quiz-=>



Implicit Differentiation

1) If y=sin(x)cos(y). then @ (TT,0) %

a) —1

2) If x2+ 2},{2 = 22, what is the behavior of the graph at (-2, 3)

a) increasing, concave up
b) increasing, concave down
c) decreasing, concave up
d) decreasing, concave down

e) increasing, point of inflection

3) A plane flies 6 miles high above the ground.
At the moment, it is directly 10 miles from an airport tower, and it is approaching
the tower at a rate of 400 miles per hour.

How fast is the plane traveling?



‘ Implicit Differentiation ‘ SOLUTIONS

Use implicit differentiation to find the derivative (instantaneous rate of change)

D If y=sineosy). then @ (T.0) I _ product rule
19— coscos(y) + (-sin(y)-SL )sin(x)
a) —1 dx y y dx
b) 0 2 to find IROC at point, substitute (‘T 0)
c) 1 d d .
& = cos(Teos(0) ~ sin©) S + sin(T)
d) 1T g
= (p + @Fwo |-
o 2T 3 QY 05 © 1
2
2) If x2+ 2y2 = 22 , what is the behavior of the graph at (-2, 3)
To determine increasing or decreasing, find first derivative...
a) increasing, concave up d
xtaygE =0
b) increasing, concave down
dy _
Jh at (-2,3) d -2 1
¢) decreasing, concave up K dx * (23 Ky - %3)) =37 0
d) decreasing, concave down dy _ —=x ICIeasme...
€) increasing, point of inflection To determine concavity, find second derivative...
Notice, th hi Ilipse! d —
oee, e s AR e EY - 2}; Quotient Rule
5
d d
L 23 d dy dy _ ~12) 2 (%) oyt nE
2y) 4y*
dy _ X (3} & (- 1
-5 0 5 -y+x dx Y+X{2y) at (-2,3) d%y _ @) +(2) 3
—_— = 2 2
2y? 2y* dx 2(3)
-11/3
- 18 0
5 concave down...
3) A plane flies 6 miles high above the ground.
At the moment, it is directly 10 miles from an airport tower, and it is approaching
the tower at a rate of 400 miles per hour.
How fast is the plane traveling?
x = horizontal distance t
d = direct distance Qz’f/li =
h = height above ground
i
1 g{l -0 -
dd —at = 500mh
X2+h2:d2 gt =400 mh d 6
i 4 10
kgt 2h¥ = 2d4t
dx
16 g +12(0) = 20(-400) \




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Check out Mathplane Express for mobile and tablets.

Mathplane.org

Also, at Facebook, Google+, TES, TeachersPayTeachers, and
Pinterest.



