Partial Fractions

Notes, Examples, & Practice Questions (with Answers)

Topics include decomposition, linear systems, factoring, long

division, and more.

When a rational expression is composed of polynomials, it can be helpful to “break
them apart” into separate, smaller fractions. (This is especially useful in Integration,
in Calculus). Here is an introduction to partial fraction decomposition.
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Partial Fractions

What are they?

"Simpler Proper Fractions" or "Reduced Rational Expression"

Suppose you want to add two rational expressions...

Example: = + 3

x2+5 x+4

Find the common denominator...

2
2x x+4 3 x2+5 2x2+8x n T+ 15
- y - = 2 =
Les X7 Xt4 2. (x4 5)x+4) 2+ 5 +4)
2 2
5x +8x+15 5x +8x+15
Combine like terms and expand denominator... 2 - 3 2
" +5)x+4) X +4x7 +5x+20
Now, suppose you want to reverse the above example.
How do you decompose the 'large rational expression' back into 'partial fractions'?
2
5x +38x+15
Example: Decompose ———— into partial fractions...
x3 +4X2 +5x+20
Step 1: Factor the di inat
ep actor the denominator Sa Axd + 55+ 20
2 2
5x +8x+1s5 5x +8x+15 factor by grouping...
3.2 - 2 5 i
X 4xT +5x+20 E"+5E+4) T (x+4) + S(x+4)
Step 2: Split the denominator factors, (.\13 +5)x+4)
and place variables in the numerators...
2
Sx +8x+15 _ _AaxtB c Note: the numerator degrees
- 2 are 1 less than the
2+ 5)x +4) x7+5) x+4)

denominator degrees!
Step 3: Combine the split expressions...

2
SxT+8x+1s (Ax+B)(x +4) + C(x> +5)

2+ 5 +4)

2+ 5)(x+4)

Step 4: Drop the denominators, and solve...

2
Sx°+8x+15 = (Ax+B)x+4) + C +5)
2 2
Letx=-4 3(-9)"+8(-H+15 =0 + C(-9 +5)
this cancels A and B, 63 = 21C C =3
helping us find C...
2 _ 2
Sx " +8x+15 = (Ax+B)x+4) + 3x“+15
2 2
= Ax +4Ax+Bx+4B + 3x°+ 15
Combine like
. terms to find = (a+ 3)X2 +(4A+B)x + (4B +15)
Step 5. Replace the variables! AandB...
5x2+ 8x + 15 2
_ 2721 +0 + 3 5x +8x+ 15
&2+ 5)(x+4) x“+3) x+4)

4B+15 =15 B=0
A+3 =5 A=2




Partial Fractions

Example: 13x + 46
125 —11x - 15

Step 1: Factor the denominator _13x+d46
dx+3)(B3x—35)

Step 2: Separate the terms 13x+ 46 B A

B

(4x+3)3x—5)

multiply both sides by (4x + 3)(3x — 5)

Step 3: Solve for A and B 13x +46 = A(3x—5) + B(4x +3)

To find A,

Letx=-3/4:  13(-3/4) + 46

("gets rid of the B term") e\_rfj 30

4184 _ 229
4 4 4

To find B,

Letx =35/3:

("gets rid of the A term™) Qf_/l

65 13 29
=22+ 28 = =B
3 3 3
Step 4: Summarize (and check)
13x + 46 _ =5 4 7
12x% — 11x — 15 (@x+3) = (x-3)

To check, rewrite with common denominators and add...
—5 N 7 _ -5(3x - 5) + T(4x + 3)
“x+3)  (x-3) (dx+3)(3x-5)  (3x-5)dx+3)

@x+3 | BGx=3)

A(-9/4 — 5) + B(-3 +3)

13(5/3) + 46 = A(5—35) + B(20/3 + 3)

-15x+ 25+ 28x + 21

(3x - 5)[dx + 3)

13x + 46

12x% — 11x — 15

e



Example:

Separate the following rational expression into partial fractions:

Partial Fractions

2
—4x” —2x+ 10

S Step 1: Separate the denominator..
Bx+5x+1)"

NOTE: since (x+ 1) has a multiplicity of 2, it is represented twice

R
—4x” —2x+10 _ A B c

+ —F
Bx+5)x+1)° (3x +35) BCESY x+1)

Step 2: Solve for the variables in the numerators

5
Axt —2x+10 = AR+DT + BEBx+5HEx+1) + CBx+3)
(To find C, let x = -1, eliminating A and B)
2
Ifx=-1, -4(-1 —2(-1)+10= A(0) + B@2)0) + C(Q)
§=2C C=4
(To find A, let x = -5/3, eliminating B and C)

If x=-5/3, -4(25/9) + 10/3 + 10 = A(4/9) + B(0)(-2/3) + C(0)

4 —
— A A=5
9 9

Since we know A = 5 and C = 4, let x = 0 and substitute!

Ifx=0, -4(0)% —2(0)+10 = 50+1) + BO+50+1)+ 40+5)

10=5+35B + 20

B=-3
Step 3: Summarize (and check)
2
—4x" - 2x+10 5 3 4
= - 2
Gx+ 5HE+ 1)’ (3x+5) (x+1) x+1)
2
5x+1) 3Ex+HE+D 4(3x + 5)
_— —_—
Gx+5)x+1) x+ 1DGx + S + 1) x+ 17 Gx+5)
2 2
SXT+10x+5 —Ox"—24x— 15 + 12X +20

—4)(2 —2x+ 10
(Bx + 5)(x + 1)° Gx+ )+ 1) ‘/



Partial Fraction Decomposition: Using Linear System

Example: —6x2+3x+5

X3“X

"Express method"
Let x = 0 (to eliminate B and C)
0+0+5 =-1A+0B+0C
A=-5
Let x = -1 (to eliminate A and C)
6+(-3)+5 = 0A+2B+0C
B=-2
Letx =1 (to eliminate A and B)
6+3+5 = 0A+0B+ 2C

c=1

step 4: solve the system

Step 5. Express the Partial Fraction!

—6x

step 1: Factor the denominator
3 2_
x-x = x(x ) = xE+DE-1
step 2: 'decompose into partial fractions’
—6x%+3x+5
B n C
P -x x+1) x-1)
step 3: common denominators and simplify
EZ+DE-DA X(x—-1)B . x(x+1)C
e — +
X(x+DE-1) X+ DE-1) XX+ DE-1)
—6x2+3x+5 x+Dx-DA + xx-1B +  xxtIC
//
-1A  + B! -Bx + Cx%+Cx

(regroup the terms)

(A+B+Cx% + ((B+Ox + A(D

632  + 3x +5
A+B +C = —6
~-B +C = 3
-A = 3

A=-5 5+B+C = -6 B+C =3
B +C =3
B+1=3
2C =2
B=-2
c=1
-5 -2 1

+

X T&TD =D




2 Partial Fractions
Example: X —2x-2 .

3 Factor the denominator, then decompose into partial fractions
X 1
2
X7 —2x-2 A Bx+C
- +
x-DEZ2+x+1) x-1) x2 +x+1)

Solve the rational equation with common denominators...
2

x° —2x-2 B A x2+x+1) (Bx+cC) -1
x- D2 +x+1) -1 x2+x+1) x2+x+1) G-

2 2

x" —-2x-2 = A (x-+x+1) + (Bx+C)i(x—1)

2 2 2 _ _

X 2x—2 = Ax® +Ax + A + Bx Bx + Cx C

"Collect Like Terms"
2 2 2
X = (A+B
* ( ) Solve the system:
X -2x = (A-B+Ox ATB =1
A-B+C==2
constant -2 = (A-0 A—-C=-2
2A - B =4
3A = -3
A=-1
B=2
X —2x—2 A Bx +C
= +
x-DEZ+x+1) x-1 x2+x+1)
-1 2x+1
- +

x-1) (x2+x+1)




"Telescoping Series" and Partial Fractions

Example: Find the sum of the series:

e 1
Z n2—1

n=2

Change to a partial fraction:
! 1 1 1
-1 @rn@-1») 7 2-D7 2@+ D)

co

1 1
Z 2m-1)  2n+1)
n=2

N

The sequence approaches zero as n goes to o

Note: this is a telescoping series -- its partial sums eventually
have a fixed number of terms (after cancellations)

1 1
so, the series= 5 + T = -~

This technique of finding a partial sum is also known
as using a 'method of differences’

S SRS U A SR B B
21— 6 T |4~ 6 — + o= == +..

Changing the equation to partial fractions:

A B 1
(n+1) n-1) = 2
An-1)+Bn+1) _ 1
-1 -1 ®—1

An-1)+Ba+1)=1

[fn=1, tlien A(1-1)+B(1+1)=1
2B =1
B=172

Ifn=-1,then A(-1-1)+B(-1+1)=1

-2A=1

A=-172
-1/2 n 1/2 _ 1
(n+1) m-1) = 24




Debating issues and polling numbers?

"Yes, you are!... Plus,
after you make a point,

"I am not
irrational.”

you go on and on endlessly!"

"The red one is negative. And,
the blue one is improper. They
will never come together..."

"I'm mixed, and I'm not
getting between them."

{reg

3

"There you go again.
Typical blue: taking sides."

"I'm not biased.

You are!"

Vote Here!
—e=

X-=3

Partial
F(r)actions

After decomposition, even the most rational expressions can turn into partial fractions...

| } i

+ 4 "United we stand, divided we
fall. Let us not split into factions
which must destroy that wnion
upon Which our existence hangs."

Patrick Henry (March 1799)

PRACTICE QUESTIONS-->



Find the partial fractions (using decomposition):

) 4—x
x+2)(x+4)

3 2
2) 10~ — 15x° —35x

2
X"—x—6



3) 8x+35

x% +3x—10

x2+6

4) 3
3X3 +4xT —4x



2
5 3 —2x+12

2 +4)

5

6)

x+2)7% x+1)



7y 13x% —8x - 25

2x3 4’6x2

—x+3

g
8) x% —sx? 47 - —xt12

X3 *3X2




"For example, if baseball
is 90% mental and the

other half is physical, let b = baseball
then... vh... um..." :

nwolz1agood
2oitsrmsriisM
Insrmhisgsd

("Don't worry. Mr. Berra

will figure it out..."

"Yep. it ain't over
'til it's over!"

"Didn't he get
stuck yesterday?"

Everyone loved Yogi's math class! LanceAF #147 (7-15-14)
mathplane com

ANSWERS-->



Find the partial fractions:

Solutions

X"—x—6

1) 4—-x
E+2DE+4 A B B 4-x
x+2) T x+4) x+2)x+49)
Ax+4) + B(x+2) = 4-x
Tofind A, letx=-2 To find B, letx = -4
(eliminating B) (eliminating A)
A(-2+4) + B(-2+2) = 4- (-2) A(-4+4) +B(-4+2) = 4—(-4)
2A = 6 OB = 8
= 3 4
A3 B =-4 x+2) x+4)
10x° - 15%° — 35x
2) 2 Step 1: Use long division
X"—x—6
10x — 5
P 3 2
XX 10x” — 15x~ —35x
—105 -10x? - 60x
0 —5x% + 25x
—  sxPsx 4+ 30
0 + 20 — 30
20x — 30
0x -5 + —3
X"—x—6
Step 2: Separate rational expression into partial fractions
20x — 30 A ., _B
x*-x-6 (x—3) (x+2)
20x — 30 = A(x+2) + B(x—3)
Letx=-2" 40 — 30 = A(0) + B(-5)
B=14
Letx=3 60 — 30 = A(5) + B(0)
A=6
Step 3: Summarize and Check
3 2
10x~ — 15x° —35x 6 14
= - + — 1
; 10x — 5 =% &+2)




8x+5

3) 28:;+5
X +3x—-10
(x+5)(x—2)

2
X +6

4)
3 2
IxT+H4x7 —4x

x(3x2 +4x — 4)

X(3x—-2)(x+2)

-3/2 . 29/8 5/8
X (3x—2) (x+2)

L + L —
x+5) T ®-2 X2 +3x- 10
Ax—-12) B(x+35) B8x+5
®+5Hx-2)  @+HE-2) x?+3x-10
Ax—-2) t BEx+35) = 8x+5
Ax—2A + Bx + 5B = 8x + 5
(A+B)X) — 24+ 5B = 8x + 5
Then, we know A+B =38 2A+2B = 16
TIATSB =3 —2A + 5B =5
A=35 7B = 21
B=3 then, A = 5
B=3
5 3
G5 T xo2)
A - B . C x2 +6
X 3x -2 x+2)
( ) ( ) 3x3 + 4x2 —4x
Creating common denominators....
2
(Bx—2)(x+2)A x(x+2)B x(3x—2)C _ X +6
x(3x - 2)(x +2) X(x—-2)x+2) X(3x—-2)(x+2) 3x3 1+ 4x2 - 4x
@Gx—-2x+DA  + xEx+2)B  + x(3x—-2)C = X +6
Pick values to find A, B, and C...
If we let x = -2, that will eliminate A and B....
2
(-8)MA + -30)B + -2(8)C = (2) +6
16C = 10 C=5/8
If we let x = 0, then we eliminate B and C...
2
-2)2A + 02B + 0-2)C = (0) +6
-4A = 6 A= -32
If x=2/3, then this eliminates A and C...
(0)(8/3)A + (2/3)(8/3)B + (2/3}(0)C = 4/9+6
16 58 _ 29
0 B = 5 B 3



2 SOLUTIONS
5) 3 —2x+12 5 2
2 2 (Ax+B)x +4 + Cx+D = 3xT -2+ 12
x= +4)
Expand and regroup...
Decompose using partial fractions... 3 2 2
Ax" +4Ax +Bx” +4B + Cx +D= 3x —-2x+12
2
Ax+B Cx+D 3x —2x+12 3 3 A=10
S, t2..2° Axt = ox
(x“+4) =" +4) 2 + 4)2 ) 5
Bx~ = 3x B=3
We want common denominators... 1Ax + Cx = —2x Since A = 0. fhen C = —2
2 2
(Ax tB)x™ +4 Cx+D _ X —&x+12 B+D = 12 Since B= 3,thenD =0
2 2 2
2+ 1) x"+4 o2+
2
3 —2x X -2x+12
+ T 5 45 |=
2 2 2
(x“+4) (x"+4) o2+ 4)2
-5
2
x+2) (x+1)
_A B 4 < _ 5
x+1) (x+2) (x+2)2 2
x+2) x+1)
Common Denominators...
2
Ax+2) Bx+ 1)(x+2) Clx+1) 5
2 2 2 L T,
x+DE+D) (x+DE+2) (x+ 1)(x+2) x+2% x+1)
"Drop the denominators"...
2
A(x+2) + B+Dx+2) + C(x+1) = 5
Using Elimination, let x = —1 Al-1+ 2); + B(O) + CO = 5
A = 5
let x = =2 A(0) +  B(0) + C2+1) = 5
C =-5
Now, weknow A =5 and C = -5....
To find B, we'lllet x = 0,
527 + B2 + -5(1) =5 . P -
. N i - _ 5
2 2 -5 = 5 =1 (x+2) x+2
20 + 2B : : (x+2) G+2% (4 1)




7 13:2 _jx - Step 1: Factor the denominator SOLUTIONS
w6t oxts Using grouping... M
2
x2(x —3) - 1x~3) (@7 - Dix = 3)
2x% - Dx-3)
Step 2: Split the factors
13x% —8x 25 Ax + B c
- + (the numerators are 1 degree
(2X2 — )& -3) (2X2 -1 (x—3) less than the denominators)

Step 3: Get common denominators

2

13x° —8x 25

Ax + B (x-3) C (2x2—1)

2x? - -3

2

13x™ —8x 25§

2x? - - 3)

+
(2);2 -1) ®-3) x-3) (232 -1)

A}(2 ~3Ax+Bx —3B + ZCX2

2x? - )x-3)

Step 4: Solve for A, B, and C 5x + 7 N -
2
2 2 — x—3
1352 —§x-25 = AX~ -3Ax+Bx —3B + 2Cx~ — C ex" -1 (x—3)
2
1352 —8x-25 = (A+20%" + (3A+B)x + (3B~ C)
= 3A+6C = 39 Cc =4
A+2C 13 ——= 17¢ = 63
3A+B = 8 B =7
BAYB=-8 — oo =
B+eC = 31 D A =5
s 4 3 SB-C =8 3B+18C=03 &
8 x7 -5xT +7x7 —x" —4x+12 —
3
X~ —3x
Step 1: Long division.. Step 2: Partial Fractions of remainder...
2 -2x+1 B Ax + B
* 2x7 —4xt+12 . _C
3.2 - 3 .2 = 2 _
e B I SR x7-3x x xo3
— X5*3X Step 3: common denominator and solve
2 ! + : 2 2
—ZX
b 2% d4x 112 — (AX+B)x—3) + Cx’)
*2);4 +6x3
3 2 Letx=3 (to eliminate the A and B terms)
X X 2
N 23)" ~4(3)+12 = (BA+B)0) + oC
— X —3X
—_— 18 = 9C
2X2 —4x+ 12
C=2 —4 2
2 2 *
2x° —4x+12 = (Ax+B)x—3) + 2%° x x -3
2
—4x + 12 = Ax —3Ax+Bx - 3B
- 2 ince there is no x° term, A =0
X2 —22x +1 + 2 + smce tere 1s no X erm, =
® x4 Since A=0, B= -4




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Mathplane Express for mobile and tablets at Mathplane.org

Also at Facebook, Google+, TES, TeachersPayTeachers, and
Pinterest.



