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Different Planes can be a Pain!

The Cartesian Plane

¥ -axis

(4,

4)

('4: 3)

origin

Origin: (0, 0)

Quadrants I, II, III, and IV

(4,

Points: (X, ¥)

Polar Coordinate System (Plane)

(4,60 )

"Qrigin" or "Pole" : (0.22)

Points: (1,.&)

(Iz_. 2;00) )

o




Polar Coordinate System (continued)

Note the difference!

(3,1507)

Vs.

o0

Note the similarity!

(4. 210%)

and

[

(4,-150")

(4. 210%)

(4. -1507) Note: Consider all the coterminal angles and (-r)

Example: (4, 210° )

(4.210° ) = (4.360° n+210°)

= (-4.360" n+30")

(n is any integer)




Comparing Rectangular and Polar Coordinates
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(3.3)
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Rectangular: (3, 3) Rectangular Coordinates: (X. y)

Polar: (342 .457) Polar Coordinates: (r,&)

SR

ZUINS

VS A

Important Implications: To convert from Rectangular to Polar coordinates,

SJ'II*C—>=1,l cose=% X+ vy =7

Or, to convert from polar to rectangular,

X =1C08 & y =rsin &




Polar Coordinates vs. Rectangular Coordinates

Example: Convert rectangular coordinates (3, 7) into polar coordinates

X=10C08 5

y=r1sine
&) = (A58 . 66.58%)

2 +y2 = g2

9 +49=58 r= A58

_y
mes 3 =5

S —66.8°

-

G.7 |

Example: Convert polar coordinates (4, 387 ) into rectangular coordinates

X =IC0s x=4cos(38oj x=3.15
. ‘ o 2.46
y=r15m< y =4sin(38" ) y=2.46
3.15
Example: Change (-6, 11) into polar coordinates
X =1C08 S
v =r13inS Tie
t, o) = (W157, 118.79)
2 2 2
X +y° =1
2 2 a3
(-6)° +(11)° = 2
—5
r= /157
36+121 = 157
é‘_.—
-y 11 _ s 5° ince it is i
mne_T == = 61.3 and, since it is in Quadrant I,
&= 1187° \ P & ¢
oL
Example: Express (5, 102°) as rectangular coordinates (5.1027)
X=T1Cos s x=5cos(]02o) x= —1.04
y=r1sinS y=5sin(102” )  y=4.89
4.89

-1.04




Imaginary Plane of Complex Numbers

"Imaginary"” Number: i=4/-1

"Complex" Number: z=x+y or z=(X V)
where X is the real component
y is the imaginary component

¥ (imaginary)

z=x+yi
// Y
7
— x (real) Rectangular Form: x + yi
B A X
<
— -5-2i
y-axis (imaginary)
T .
y=sn< Polar Form:
@\ z=r(cos< +isins )
X=cos S x-axis (real) or
rCis<




Complex Numbers: Polar and Rectangular
Random Notes and Formulas

rcos e +isine ) ——— rCis &

Polar Form (1, < )
Z,Z, =1,1,C8(& |+ S,) Rectangular Form (X, y)

(Complex) Polar Form rCis &

T ) B
- gl +
1 _ Tl Cis (& —@'3 ) (Complex) Rectangular Form a + bi
¥

Converting rectangular to polar using a graph:

Examples: Convert 1+1i into polar Convert 5 — 4i into polar
i i 5
a=1 (real term) a=>2
Az . b=1 (imaginary term) 3 b=-4
R
45-45-90 triangle -4 1("; t’}”“”
— ythagorean
R 1 =2 4l theorem)
S= 45
o =]
) cosso = — = 38.65
W11 Cis(321.357) S I
360 - 38.65=1321.35
Converting Polar to Rectangular using the graph:
Example: Convert 4Cis120° into Rectangular
I i
4 s real term a = -2
o imaginary term b = 24/3
| 120 243 ol 120° = V3
R R 6
-2+1243
30-60-90 3
triangle
Also, expressed as (complex Plane
For Z=a+hbi Z=x+1iy or Argand Diagram)

2] is 'magnitude’ of Z

Imaginary
= AI;' 2 2 -
(length of 1) attb

a=rcos < Y

b =rsin = a X Real




Example: z, = 5\ -G z,
Find 7z, and - Idenﬁfylzll and |z, |
_ . 2
Zy = 2403+ 20

Method 1: Using Cis

CIS and Component Vectors

z, = 2A/3 + 2
10Cis(210) 4Cis(30)
X = ICOSCy 4 60 y =rsin>
—=5A/3
30
30 _5/\/3_ = 10cos & /\/_ 2= 4sin
2143
_ . 2
> o -5\f3 SN = 4~
60 cos S = ———
2
S = 210" (quadrant IIT) < =30"  (quadrantI)
Z1%Z3 = 10Cis(210) . 4Cis(30) = 40Cis(240)
“1 , 5
> = 1OC1S(210)/ 4Cis(30) = i_CiS(IEO)
2
Method 2: Using component vector
z .
z, = 5)/3 s z, = 2Af3 + 2 L SA3 51 (oM -2
Z I S
2 203 +2 (2A3 -2
2124 = (T5Af3 — ST 2A/3 + 1) FOIL
=30 + 10A/3 1 - 10A/3 1 - 10
12 + 4
30 ~ 1043 i — 10473 i + 10
—40 + 0 -5
20 - ZOMI' > = —;; + 0i
40Cis(240) 5 asy &
3 Cis
z, = 5p3 — s — Ilez/\/(_s/\/;)er(.s)z =/\/?5+25 10
Note: These are the same measures as
each hypotenuse in the above graphs
. — 2 =
7 =23 H A == \Zz\‘/\/(zaf?)ﬂmz AN +a —a
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undefined?

~t?

"I think.. the 4i, Em..."
"So, which is it?"

A young Descartes and his friend ponder
the existence of imaginary numbers...

More Examples-—>



Examples: Convert to rectangular coordinates and a + bi complex form Polar Coordinates

N < . )
4cis45 8cis100
We know the radius is 4 units
a5 N
and the angle is 45 degrees fx nna;gana:y Quadrant TI
imaginary
i
A s
4 ! 242 7.88 7.88| 18
<1
e}
457 °
o [ g 100 -
real 22 -1.39 real -1.39
Using the formulas: Using the formulas:
y=rsins X =T1C08 Y ¥ =r13ins X =r1C0S =
y = 4sin(45%) %= dcos@5?) v = 8sin(100° ) x = 8cos(100° )
= 2A2 =207 = 7.8% x=-1.39
_ - + 7
(242, 24/2) 24T = AT (7.88,-1.39) 1.39 + 7.88i

Examples: Identify the related coordinates and convert to polar form rcis ©

1i43 —2+iAfs
pagary imaginary
(1, /\/3_ ) Pythagorean Theorem
' radius is 3 X =r1cos S
2 -2=3cos S
A3
3 5 = cos™! (-2/3)
2.435) s e 1318
1 real W y=1sing
) real /\E = 3sin
S=snlofs
30-60-90 5 in Quadrant IT
right 2cis60
triangle 2 131.8 degrees
A3 3 2
As cosx="3"
x= 4827
- 3cis131.8°
! 2 reference angle

X =1c0s & v =rsine

2

x2+y2 =r




Example: On a rectangular xy-plane, graph x=4 and y=2 Polar Coordinates

¥y x=4
7|
K y=2
&
X
vV
On a polar coordinate (Argand) plane, graph r=4 and &= 2
3 = 2 (radians)
=4 2,114.59°)
(circle with radius 4)
every point is
(r, 114.59" )
(-3, 114.59°)

Example: For the line y =2, what is the equation in polar coordinates?

}..
sins = T
= csc r
y = rsins
30 2 4
substitue v =2
: 60 2 4
A3 NI
2=rsne 90 ) B
= ,2
sin & 150 2 4
r= 2cse S 195 -3.86 -7.72




Example: Find (5cis30° )(2¢is60° ) Polar Coordinates
Method 1:  Use the formula
o]
(5)(2)cis(30° +60° ) = 10cis90 < 2,2, =1,1,Cis(& |+ ©,)
Method 2: Change to complex number form and solve
. Q -
(5¢is30° ) = 25M3 + 2.5i (2cis60 ) = 1 +4/3 i
a + bi a+ bi
imaginary (b) imaginary (b)
2
° 2.5 3
e}
30° . 60 ]
2503 real (a) 1 real (a)
o
(5¢is30° )(2cis60 ) =  (2.5M3 + 25i) 1 +431)
FOIL
2503 + 750 + 250 + 254(31° imaginary (b)
25M3 + 100 — 23543 10
0 + 10i
90°
change back to polar form
. o}
10¢is90 real (a)
e M 2T
Example: <8c1s(?} 3 CIS(T}
.G ) 1 . 0w -1 M3
11, Cis(S |+ ) 8CiS60" —--> 4+ 443 5 cis(-1207) 7 e Rl
-1/4 |
1 ; T
(8)(7)61-3(?— NT) = | deis(TD) s 60
443
V3 A3 “120°
1
imaginary 4 7
2 real e
60 (4+4A/§:‘)(%— 43:')
p
-2/3 N_M_f—m—f—ﬁ‘
4
2-2/3i




Example: Convert r=—5sin< Polar Coordinates

r=-5
r , 2, .2 _
5 y =155 —> sin = i XTFyTH+sy=0 complete the square
= —5y : 2 2 25 25
2 2 2 X-+}'-+5V+4—=0+4—
2 2 X“+y©t =r~ 4
x“+y~- = —5y B .
2+ (y+ 3 y = —4* standard form of circle with
o 2 . - — &1
x2+ }'2 +5y=0 (circle) = center (0, —5/2)

r=—35in<

Example: Wheredo r=1+sin< and r= 2sin intersect?

Solve by substitution:
1+ sine = 2sine
1= sin&=
oy = 90°

NOTE: The graphs intersect at (2, 90° )
They also pass through the origin, but at different times!

r=1+snS r=2s0
y

3 y=1+ sinx = sin & r=1+sinS = r=2sine

y = 2sinx 0 0 1 0 0

/ - 30 | 12 302 30 1

' | 90 1 2 90 2

z X (radians) 120 | A32 1.86 120 1.73

180 | 0 1 180 0

210 | -172 12 210 -1

2 270 -1 0 270 -2

330 | -12 12 330 -1




How many "petals" are on the (polar coordinate) graph of r= —3sin5 & ?

Polar Coordinate Graph

The graph of y = —3sin3X is periodic

| | | | | | | y= 3simsx
with maximum and minimum values of 3 and -3

Therefore, to determine the "tips" of the petals,

solve
3 =—3sin5 =
(i.e. find values of &
and where r=3 or -3)
-3 =-3sin5 &
-4
3 =-3sin5 S -3 =—3sin5 &
-1 =sins & 1 =sins &
Let5S= A Let5&= A
-1 =sinA 1 =sinA
A= 3T T 1 15T 19T _ T 5T 9 13 17T
2, 2 2, 2 2 2 2 2 2 2
58 . A 5&._ A
therefore, therefore,
3T 7T 11 15T 197T o = T 5T 9T 13T 177r
= 10 . 10. 10 ., 10 . 10 ... . .

\ /

These values of < are where the tips of the petals occur...
Now, we have to determine which ones overlap....

r= —3sin5 &
f (r, =) j’
3Tr 2 1
— (3 ) ST
(3 7T 5T
(3.0 (3.5
1 Same 91r
3, . P ] 1
(3. 10) points! 3. 10) A i
(3, 3T / 131
B 2 (-3: 10 )
1971
3, = 17T
(3, 10) 3.0

there are 5 "petals"”...



Math

valentine =

r happy valentine's day!

A Valentine's Day Flower that lasts forever... (as long as you recharge the batteries!)

Practice Quiz-=>



Polar and Rectangular Quick Quiz

I. Convert the following:
1) Rectangular to Polar
A) 3,3 B) (0.-2) C) (-1,43)

2) Polar to Rectangular

A) (6,907) B) (8. ) C) (-2, 60")

II. Plot (3,120 ° ) on the graph. Identify two other coordinates that have the same location.

III. Sketch r=1+sin S Give the rectangular equation.




Polar and Rectangular Quick Quiz (continued)

IV: Complex Numbers
D z,=3-i Z, = 4+4i

A) Express Z,and Z, in polar form

B) Find Z, Z,

C) Determine |Z,| and |2,

2) Z=2Cis120°

A) Find z?

B) Find Z°

C) Express the answers in A) and B)
in Complex form; and, graph.




Polar and Rectangular Quick Quiz (continued)

Express each product in polar and rectangular form.

A) (2Cis115°)(3Cis65° )

B) (8Cis60°)( 5 Cis(-120°)

V. Compute using 2 methods — Verify solutions from A) and B) are equivalent!

Ay (1- M/B_)(l - M/S_) B) Convert to polar form (CIS) and solve.

A) _6Cis3 0° B) Convert to Complex/Rectangular Form a + bi.
3Cis150° then, divide to confirm the answer in A)



Teaching an Old
Dog new Tricks

Diophantus,
Oka, &
Gauss

School of Mathematics

Grades K-9 %

Restrooms

Teachers

My age is 84.
-

It's never too late to
learn mathematics!

Solutions -=2




Polar and Rectangular Quick Quiz

I. Convert the following;
1) Rectangular to Polar

(343, 45%)

A) (3.3)
1'?
o +9=r2 3
3
=343
' o= 45"

2) Polar to Rectangular

A) (6.90°)

B) (0.—2)

(0: -

B) (8.7)
X=1C0s&

x=8(-1)=-8
¥ =r5ins

y=8(0)=0

('8: 0)

SOLUTIONS

C) (-1.43)
(2,270%) | 30-60-90 riangle)
B (2,120)
also, -1
(-2, 900) X =1C0s =
: (-1) = (2)cos120° |~
C) (-2.60°)
=-2cos60
=-2(1/2) =-1
y = -25in60
=-2(4312) =-43
(-1,-43)

II. Plot (3,120 ° ) on the graph. Identify two other coordinates that have the same location.

(3, 480" )
(-3,-607)

(3,-2407)

are 3 possibilities....

ITI. Sketch r=1+smn=

= r
0 1
30 3/2

Give the rectangular equation.

60 | (2 +A3)2

90 2
120 | (2 +43)12
150 | 3/2

180 1

210

270
330 172
360 1

12
240 | 2-A3)2
0

N ks
sin&= 2
T

7 7 g
re=x" +y°

g g
r=Nx" +y°

(substitute and simplify)

2 i
X -|—}!' = IJXE +y2 +}!




Polar and Rectangular Quick Quiz (continued)

IV: Complex Numbers

D z,=3-1 Z,=4+4

A) Express Z,and Z, in polar form
Z = M0Cis(341.6")

Z = 4/42Cis45°

B) Find Z, Z,

44/20Ci5(386.6°) =

8A/5Cis(26.6°)

C) Determine ‘Zl‘ and ‘Z?_‘

SOLUTIONS

(45-45-90 triangle)

L2
e

Z1= f1!32+(-1)2 = Mo

2) Z=2Cis120

A) Find Z?

(2Cis1207)(2Cis120° )= (2x2)Cis(120+120) = |4Cis240°

B) Find Z°

2° Cis(5 x 120) = 32Cis(600%) = |32Cis240"

C) Express the answers in A) and B)
in Complex form; and, graph.

r=4 =
2Cis120 r=32
— X =rc0s240
=(-1,-43)
x=4(-172) =-2

X = 32cos240

r= 410 r=442
= =45°
tan = = -1/3
== -18.4°
=)
= 341.6
Z,| =442

y = r5in240

x=32(-1/2)=-16

y = 32sin240

y=4(-A32)=2A3 y=132 (-A32) =-1645

(-2.-24/3)

(-16, -1643)




SOLUTIONS

Polar and Rectangular Quick Quiz (continued)

Express each product in polar and rectangular form.
22y =115Cis (&, + 2
A) (2Cis115°)(3Cis65° ) 12 =11 s (S 1))

. 180
2.3 Cis (115 +65) =
I N
6Cis(180°) | (Polar) 6
-6+ 0i=—6 (rectangular)
1 @ y
B) (8Cis60)( 5 Cis(-120") ‘ . ;
1 . - 60 X
8- 3 Cis(60 + (-120) = 4(c0s300 + isin300) = B 2 R
1_ .03 2 s
4Cis (-60) = 2 _ ;A3
ce0) Mm i 2—) R ELE
4Cis(3007)
(note: 300 is the coterminal 2-i2a/3
angle of -60 that is between
0 and 360)
V. Compute using 2 methods — Verify solutions from A) and B) are equivalent!
Ay (1- i/‘u/fa'_)(l - f/\/z_) B) Convert to polar form (CIS) and solve.
- - -2 _—
"FOIL" 1—-143 —143 +i<(3 :
1-2i4/3-3 _anO (2CIS300)(2CIS300) =
. &= = 300 N .
tans = }; 4CISE00 = -360
—2—i2/3 —
tan © =_/\/3_ 4Cis240
1 4(cos240 + isin240)
0 A\ M8 4(-1/2 — iN3/2)
1—i43 = 2Cis300
-2-i2/43
A) 6Cis30° B) Convert to Complex/Rectangular Form a + bi.
3Cis150° then, divide to confirm the answer in A)
Z r , ) . S .
Zl - Leis(9,-9,) 6Cis30 = 3Cis150 = : 313 +3i muitiply by 2
- 2
— (343 + 31) 2

- 2
2

6
6 3 3/
2 CI18(30 - 150)

_6/3 +61 (33~ 3i) mltby
(343 + 3i) (33 — 37) conmeate

conjugate

3
33
= 2Cis(-120 2
(-120) e 3 54+ 18— 188/3 1 - 18 A/3 i
. 343, 31
= 2C15(2400) 5 + 2 2740

-1-p310




Thanks for downloading this packet. (Hope it helps!)
If you have questions, suggestions, or feedback, let us know.

Cheers

mathplane.com

Also, at Facebook, Google+, Pinterest, TES, and
TeachersPayTeachers

Mathplane Express for mobile at Mathplane.org



