Indirect Proofs

Examples and practice questions

Topics include parallel lines and transversals, equidistance
theorem, congruent triangles, circles, and more.
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Indirect Proofs What is it?  An indirect proof is a "proof by contradiction”

It's often used when given statement/conclusions are NOT true.

Instead of proving something is true,
you prove it indirectly by showing that is cannot be false.

The first step is to assume the opposite outcome....
then, proceed with the proof until a contradiction is revealed....

Example: Given: £ R #’ 41 T

Paragraph Proof
Prove: TR # TI

There are 2 possible outcomes: TR =TI OR TR #TL...

Let's assume that TR = TL...

IfTR=TL then £ R= /I
(because if congruent sides, then opposite sides are congruent)

R I
However, .~ R 74 P
2 Column Proof 50, there is a contradiction! Therefore, TR 7! TI
Statements Reasons
D LRE ST 1) Given
2) TR ETD 2) Assume for contradiction
L .
3) LR= /1 3) If congruent sides, then congruent angles "If there is a contradiction, then the null hypothesis is false...”
and,
Since statements 1) and 3) contradict each other, "if the null hypothesis is false, then the converse must be true.”
the assumption is incorrect...
therefore, TR % TI
Example: Given: P is not the midpoint of HK
=~ T Statements Reasons
HT 2 K
Prove: TB does not bisect 1) TP biesects  HIK 1) Assume for contradiction
2 JHme g / KIP 2) Definition of angle bisector
J (bisector divides angle into 2 = parts
3) HI 2 K 3) Given
4) TP 27 4) Reflexive property
5) /NHIP = A KIP 5) SAS (Side-Angle-Side) 3,2, 4
H P K 6) HP ¥ PK 6) CPCTC (Corresponding Parts of
Congruent Triangles are Congruent)
I 7) P is the midpoint of HK 7) Defiition of Midpoint
(A midpoint divides a segment into
equal parts)
8) P is not the midpoint of HK 8) Given
Since statements 7) and 8) contradict each other,
H R p T K

the assumption 1) is incorrect....

If assumption 1), then contradiction exists...
If contradiction does not exist, then assumption 1) is false!!

("contrapositive')



Given: ABZAD
LBAC’;’g ZDAC

Prove: BC 4’ DC

Given: Circle O
OB is NOT an altitude

Prove: OB does NOT bisect .~ AOC

Indirect Proofs

Statements Reasons

1) AB Z AD 1) Given

2) /BAC %’ ZDAC  |2) Given

3) BC ¥ DC 3) Assume to reach a contradiction
4) AC = AC 4) Reflexive Property

ol
5) AABC = A ADC | 5) SSS (Side-Side-Side) 1.3, 4

6) . BAC= / DAC 6) CPCTC (Corresponding Parts of

Congruent Triangles are Congruent)

However, statements
2) and 6) contradict

each other..
Statements Reasons
1) Circle O 1) Given
2) ‘OB is NOT an altitude 2) Given

3) A0 ZCo

4) OB bisects / AOC
5) /A0BZ / COB
6) OB 2 OB

7) A AOBE A COB
8) ~/ OBAY / OBC

9) ~_ OBA and OBC
are right angles

10) OB is an altitude

3) All radii are congruent

4) Assume to reach contradiction

5) Definition of angle bisector

6) Reflexive Property

7) SAS (Side-Angle-Side) 3.5.6

8) CPCTC

9) Right Angle Theorem (If angles are

congruent and supplementary, then they
are right angles)

10) Definition of altitude (if a segment from a
vertex to opposite side of triangle forms 2
right angles. it is an altitude)

However. statements 2) and 10)
contradict each other!



Example: Prove that if /. ABC is isosceles with base BC, Indirect Proofs and Reasoning

and if D is a point on BC that is not a midpoint,

then AD does not bisect .~ BAC. Statements Reasons
First, draw a diagram... A 1) /A ABC is isosceles 1) Given
2) AD bisects / BAC 2) Assume for contradiction
(AD may or may not bisect angle BAC..
We're assuming it does bisect..)
3) AB = AC 3) Definition of Isosceles triangle
4) /BADZ= /CAD 4) Definition of angle bisectorr
5) AD £ AD 5) Reflexive property
—t . .
6)ABAD = ACAD | 6) SAS (Side-Angle-Side) 3, 4.5
B D C S
7) BD = CD 7) CPCTC (Cortresponding Parts of
Congruent Triangles are Congruent)
Then, establish "Givens" and "Prove" 8) Dis NOT amidpoint | 8) Given
for 2 column proof... of BC
Given: ABC is isosceles 9) D is midpoint of BC 0) If a point divides a segment BC into
D is NOT midpoint of BC equal segments, then it is a mipoint

Prove: AD does NOT bisect /BAC . . o
Since statements 8) and 9) contradict each other, the assumption is incorrect!

Example: Given: Transversal ¢ cuts lines mand n Statements Reasons
mAsl #m L2 Dm/ 1=m /3 1) Assume for contradiction
(angles 1 and 3 may or may not
Provee m /1 #m_~ 3 be equal. We'll assume they are)

2) Transversal tcutsmandn | 2) Given

Hm| n 3) If alternate interior angles are congruent,
then the lines are parallel
H ml=ms2 4) If parallel lines cut by a transversal,
then corresponding angles are congruent
55 m L1 7/m/_2 5) Given

Proof by contradiction: since statements 4) and 5) contradict each other,
our assumption in statement 1) is false...

Example:  Given: Neighbor's ruined garden
Vet appointment

Prove: Oscar the dog did not ruin the garden.

You say that Oscar the dog ruined your garden on May 30th. Proof by Contradiction:
1 say Oscar did not ruin the garden...

Assume that Oscar did ruin the garden.

Then, he would have been in your garden on May 30th.

I have a bill from the veterinarian showing he was there from May 29 - 31.

Since Oscar was at the vet, he was not in your garden.

(Proof by contradiction: Oscar cannot be in 2 places at once!)
Therefore, Oscar did not ruin the garden....

(Since there is a contradiction. the assumption is false...)




"What do you get when a green
pattern is reflected, and then added
to a brown line segment?"

LanceAF #250 9-2-16

mathplane com

Statements

Reasons

1) Green leaves (G)

2) Line segment AB
3) Reflect leaves (GY)

4) Attach leaves (GG")

to segment AB

) Trunk U Leaves

1) Given

2) Auxilary line
(a segment connects 2 pts.)

3) Symmetric property

4) Addition Postulate

5) Definition of Tree

Bad Math
Riddle

Practice Quiz-—=2>



1) Given: Circle R Indirect Proofs

‘QR is not a perpendicular bisector

Prove: ﬁ’% uQ

Statements Reasons

S Q
"_"

=i

2) "In an isosceles triangle, if a point on the base is NOT the midpoint, then the segment from the
vertex to that point does NOT bisect the vertex angle."

Statements Reasons




3) "If aradius is NOT perpendicular to a chord, then the radius does NOT bisect chord." Indirect Proofs

Statements Reasons
4) Given: Circle E
A COE is scalene
Prove: 4(3 %l /ESN Statements Reasons




1) Given: Circle R SOLUTIONS Indirect Proofs
QR is not a perpendicular bisector
Prove: S % U
Q Q Statements Reasons
1) Circle R 1) Given
2) QRisnot | bisector 2) Given

Iy

)
I

Iz,

3) Assume to reach a contradiction

2 8

4) 4) All radii are congruent

5) QR is perpendicular bisector | 5) Equidistance Theorem

of segment SU (If 2 points are equidistant to endpoints of

a segment, then the points form a perpendicular
bisector of the segment)

However, statements 2) and 5) contradict each other...
Proof by contradiction...

2) "In an isosceles triangle, if a point on the base is NOT the midpoint, then the segment from the
vertex to that point does NOT bisect the vertex angle."

Step 1: Sketch diagram by picking out key phrases... Step 2: Write out "givens" using IF statements...

And, write "prove" using THEN statements...

"vertex angle"

"isosceles triangle"

"not midpoint"

A

Given: Isosceles Triangle ABC

D is NOT a midpoint

Prove: AD is NOT an angle bisector

Statements

Reasons

1) /\ABC is isosceles

5|
Z|

2)

3) Dis NOT a midpoint
of BC
4)

is angle bisector

5l gl
8l

)
6)

[

ABD = /\ACD

7) BD = CD

8) D is midpoint of BC

1) Given

2) Definition of Isosceles
(2 or more congruent sides)

3) Given

4) Assume for contradiction
5) Reflexive Property
6) Side-Angle-Side (SAS) (2.3, 4)

7) CPCTC (Corresponding parts of
congruent triangles are congruent)
8) Definition of Midpoint
(If point divides segment into congruent
halves, then it is a midpoint)

However, statements 3) and &) contradict each other!



3) "If a radius is NOT perpendicular to a chord, then the radius does NOT bisect chord." T Indirect Proofs
Uses Equidistance Theorem

Step 1: Sketch a di Auxilary Lines
ep 1: Sketch a diagram :
P - Step 2: Design the proof Indirect Proof SOLUTIONS

Given: Circle O

TO is NOT perpendicular top T Step 3: Use indirect proof to solve

Prove: LO does NOT bisect MP  "Then”
Statements Reasons

1) Circle O 1) Given

2) LO NOT perpendicular to MP 2) Given

3) Draw radii OP and OM 3) Auxilary lines
(line joins 2 points)
4) OF = oM 4) Al radii congruent
5) 1O bisects MP 5), Assume for contradiction
6 MD = PD 6) Definition of bisector

(Bisector divides segment
7y — into congruent halves)
) Tois perpendicular

P -
bisector of MP ) Equidistance Theorem

However, statements 2) and 7) contradict
each other!

4) Given: CircleE
) o e C = ESN or CjL ESN
JAN COE is scalene

Statements Reasons
Prove: /C ¥ /ESN

1) Circle E 1) Given

2) /\ COE is scalene 2) Given

3) L c = £ ESN 3) Assume for Contradiction

C o]
k 4) ES = EN 4) All radii are congruent

5) CO || SN 5) If corresponding angles are congruent,

then lines are parallel
s N 6) LO = é ENS 6) If lines are parallel, then corresponding

angles are congruent

7y / ESN = i ENS 7) If congruent sides, then congruent angles

8) LO = i C 8) Transitive property

9) £\ COE is isosceles 9) If base angles are congruent, then triangle

is isosceles

However, 2) and 9) contradict each other



Thanks for visiting! (Hope it helped)
If you have questions, suggestions, or requests, let us know.

Cheers.
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Also, at Mathplane Express for mobile and tables at
Mathplane.ORG

And, facebook, google+, pinterest, TeachersPayTeachers, and TES.



