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Quadratics Overview: Forms, Graphs, & Word Problems |

Definition of Quadratic: A polynomial of degree 2
Three Forms:

"Standard Form" - f(x)= ax’+bx+c  wherea¥0
vertex is <i f] ( i) ) (0, ¢) is the y-intercept
2a ; \2a

"Vertex Form" -- f(X)= a(x - h)2 +k

'Vertex form' displays the vertex: (h, k)

If a > 0, the parabola faces up;

"Intercept Form" or "Factored Form" -- f(X) =a(x— Xl)(x — X2)

'Intercept form' shows the x-intercepts:

®:0 (.0

vertex is minimum value

If a < 0, the parabola faces down;

vertex is maximum value

The axis of symmetry is a vertical line through

the midpoint of X, and X,

(Algebra techniques can change a quadratic from one form to another. )

Example: f(x)=x2+10x+ 16

f(0)=0+0+16=16 (0. 16) is y-intercept

(standard form — intercept form) Factor: x2+ 10x+ 16
E+8x+2)

x+8)xE+2)=0 (-8, 0) & (-2, 0) are x-intercepts
midpoint of -8 & -2 is -5 axis of symmetry: x=-5
(standard form — vertex form)  Completing the Square: x2+ 10x + 16
x2+10x +25 —25+16
x+5°—9
b _ -10 il
e =-5
2 2(1
a~ 20 i
S

f(-5)=25-50+16=-9 — = | vertexis (-5, -9)

y-intercept: (0, 16)
x-intercepts: (-8, 0) (-2. 0)
vertex: (-5, -9)

Xx=-5

(0. 16)
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| Quadratics Overview (continued) ‘

Example:  £@)= $x+ Hx—~T) Note: the vertex is identified in
3 different ways!

I x-intercepts are (-4, 0) and (7, 0) | because f(-4)=0 and f(7)=0

3

vertical line of symmetry through x = >

midpoint of (-4, 0) & (7, 0)is (3/2, 0)

Since the line of symmetry goes through the vertex. the vertex is | (3/2, £(3/2)) \/

Expand/Distribute:  3(x + 4)(x —7) Bx+12)x—=17)
3x2+12x —21x — 84

(intercept form ——— standard form)

3x2—9x — 84

y-intercept is (0, -84) | because f(0) =-84

vertex? —b _ 9 3
2a - 23) 2

£(3/2)=3 32+ 4)(3/2-T) = -363/4

e T

Complete the square: 3x’—9x —84 fx)= 3(x2— 3x — 28)

(standard form ——— vertex form)
I® - y2ox -28
3

f—gﬁ = x2-3x +9/4—9/4 —28

(-4.0) | (7.0
\ ﬂl f(x) _ (x—3/2) — 121/4
[ 3
|
2
~|’ | f=36- 3 - 3% 7
0. -89l | : ‘
\/
(312, -90.75) h k
Example: f(x)= (x— 1)2— 25
Vertex is (h, k) ——=|(1.-25)
Axis of symmetry: x=h —>
(vertex form —— standard form) Expand: (x— 1)2— 25 (x-DE-1)-25
x2_2x+1 —25 S
x=1)

\

(6.0)

4.0

(standard form —————> intercept form) Factor: x°—2x — 24 x—6)(x+4)

("roots" are x =6 and x =-4)

-int ts: (6.0) (-4.0 -24
x-intercepts: (6, 0) (-4, 0) (0. -24) a.-25)




Quadratics Overview: Word Problems

1) The product of two consecutive even numbers is 3024. What are the numbers?

Let x = 1st number
X + 2 = 2nd number

X(x+2)=13024
x?+2x —3024=0

(x+56)(x—54)=0

x=54
x+2=56

x=—358
or

x+2= —54

2) A manufacturer of television screens has daily production costs of C =800 —10x +

How many tv screens (X) should he produce each day to minimize costs?

The Cost function consists of inputs (x)
and outputs (y)

y (daily cost) 0 800
) 3 |772.25
0. 8000 H 0 |725
nsd N 4 20 | 700
R P 725
0 (20, 700) 30
+——t—
10 20 30 X (tv screens)

y-intercept: (0, 800)
(represents the fixed costs)

vertex: (20, 700) is the global minimum
(represents minimized costs)

3) A kid launches a water balloon from a 3rd floor window.

The trajectory is h(t) = —16t2 + 32t + 48 where t = time (seconds in the air)
h(t) = height of the water balloon

a) How high is the 3rd floor window?

b) What is the maximum height (above the ground) that the water balloon reaches?

¢) When does the water balloon burst on the ground?

Diagram to illustrate the trajectory
of the water balloon

Graph of h(t)= —16t>+ 32t + 48

Sketch of x(x + 2)
LD
il 7 y=3024
i /!
\ /1
i \ / I
y=x(x+2) | /i
oA |
SHEa
q-lof\lzm) /.40
A / |
: "‘, ,"Ji l[
T LW t X
-56 54

vertex is minimum: (-1, -1)

x-intercepts: (0,0) (-2,0)
(x values where "the product of
consecutive even numbers equals 0")

i

3

**Find the vertex to find the x value that minimizes

costs!

c= }x2_10x+soo
b -(10)
2a = 2(14) =[20 |

c= %(20)2— 10(20) + 800
=100 — 200 + 800 =

The manufacturer should produce 20 tv screens
each day to minimize costs.

=-16t2 + 32t + 48

0=t>—2t -3
0= (t-3)t+1)
t=3, -/1/

Since time isn't negative,
eliminate all values for x <0
(i.e. domain: x = 0)

h(t) (.64
2N
4 (/ \\ y-intercept: (0, 48)
/ 0, 48) \ x-intercepts: (-1, 0) (3, 0)
/! \ axis of symmetry: x = 1
/ "‘\
/ A vertex: (1, 64)
/
’,/' \
: t
(-1.0) (3.0
Answers: a) The window is 48 feet high. (the height of the balloon at t=0)

b) The maximum height is 64 feet (the vertex of the parabola)

¢) The balloon hits the ground 3 seconds after it is launched. (the x-intercept)



Quadratics Overview: Word Problems

4) An athlete makes an incredible jump modeled by the following equation: y= % (x 2 28x)

where X and y are measured in feet.
How far did the athlete jump? How high did he jump?

Sketch the trajectory of the jump and label the points:

x=14
—1 2 I
= —(x"— 28
¥ 19 ( ) :
I
Find the x-intercepts: I
_—1 2_ I
0= g &77289 |14, 9)
., (0,0) (28, 0) ;i |
_ _ |
0 19 (x)(x—28) I
(0.0) I .
28.0
x=0,28 ! (28.0)
Find the vertex (to reveal the maximum height): (Note: the domain is [0, 28], because the

jumper doesn't go underground)

Since (0, 0) and (28, 0) are x-intercepts (and the parabola has symmetry),
the vertex will go through x =14

y= _4_19((14)2 —28(14)) =4 (14, 4) is the vertex
The athlete jumped 28 feet far
note: 22 —14 et and 4 feet high...
a b

5) A rectangular backyard is 1080 square feet. To enclose the backyard, 132 feet of fence are used.
What are the dimensions of the fence?

¥
Sketch a diagram and select variables:
2% +2y = 132 x x
1080
y=—220
X
y

Solve and answer:
2x+2y=132 (perimeter)
2x +2-1080 _ 43,
X xy = 1080 (area)

2x + 2160 _ 433
X x =30, 36

2%% —132x + 2160 = 0

(30, 36) dimensions are 30' x 36'

2
X — 66X+ =
1080=0 (36, 30)

(x-30)(x-36)=0



Quadratic Equation Question and Answer

What is the vertex of f(x)= —3x2 —12x+13?
Can you find the x-intercepts? The y-intercept?

Graph the function to verify your solutions.

There are 2 ways to find the vertex:

1) The vertex is (i f (i)) b _ -(-12) _ 5 f(-2)= -3(-2)2_ 12(-2) +13 =25
2a , \2a 2a  2(-3)
a G2 | Vertex: (-2, 25)
2) Put equation into vertex form to reveal 'h' and 'k": Vertex form:

ax -hy +k

2
Complete the square! —3x —12x +13

—3( + 4%) +13

3 H4x+4) +13+12
2
=3x+2) +25

h=-2

k=25

To find the y-intercept:

£(0) =-3(0) - 120) + 13 =13

y-intercept: (0, 13)

To find x-intercept (or roots):
0=

2
=3% - 12%:13
Use quadratic formula!

(= —bEA/ b dac

2a

(-12)* /\/(-12)2- A(-3)(13)
203)

12+A300 _ 6X 5N3
-6 -3

x-intercepts

(-4.89, 0)
(approximately)

(0.89, 0)

(‘separate’ the equation)

(factor out the -3)

2
(b/2) =4, so add 4 to 'complete the square'
(Note: adding a 4 on the left, the
equation changes by -12. therefore, you
must add a 12 to the right side!)

Vertex: (-2, 25)

| (0.13)

(-4.89.0) | (.89, 0)

Rt o

+ s . . 2
(Notice: Since coefficient of x~

is negative 3, parabola faces
downward)

www.mathplane.com
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Quadratics Practice Quiz

I. Understanding Quadratic equations

Identify the quadratic form, axis of symmetry, vertex, x-intercept(s), and y-intercept for each equation.

Then, sketch the graph.

A) x*—6x+5
Form:
Axis of Symmetry:
Vertex:
X-intercepts:

y-intercept:

B) y= —2(x+3) +2
Form:
Axis of Symmetry:
Vertex:
x-intercepts:

y-intercept:

C) fE=3x+1Dx+4)

Form:

Axis of Symmetry:
Vertex:
x-intercepts:

y-intercept:

-5

-5




Identify the quadratic form, axis of symmetry, vertex, x-intercept(s),
Then, sketch the graph.

D) y= —2x +5x+7

Form:

Axis of Symmetry:
Vertex:
x-intercepts:

y-intercept:

E) y=3x+Tx—-1)

Form:

Axis of Symmetry:
Vertex:
x-intercepts:

y-intercept:

1 2
F) y=T(x+5) +1

Form:

Axis of Symmetry:
Vertex:
x-intercepts:

y-intercept:

and y-intercept for each equation.

Quadratics Practice Quiz

40

20

-5




II. Changing forms
A) Change to Vertex form

<2+ 10x — 24 X% 463+ 7 =2z + 1)(x + 3)

B) Change to Intercept Form

2 1 2_1
y=3x"+18x+ 15 S @x+13)” -

C) Change to Standard Form

y=2x+4)x-7) y=(x+5 -3 y=&+ i)+

III. Discriminant

Using the discriminant, determine how many x-intercepts (i.e. real zeros) exist. Then, identify the x-intercept(s).

2
o+ 14x + 33 T2t x2+ 8x+ 40 e

IV: Application/Word Problem
A kid throws a tennis ball from a balcony. The trajectory is described by the following equation:

h(t) = —16t% + 48t + 64 where t is time (seconds)
h(t) is height of the ball (feet)

a) What is the height of the balcony?
b) What is the maximum height the tennis ball reaches?

c) When does the ball hit the ground?



The position of a diver above the water is modeled by

,’
h(t)= —4.9t" +3t +10 %

where t= time in seconds
h(t) = height above water in meters
10m

a) When will the diver hit the water?

b) What is the domain of this function?

¢) What is the range of this function?

Jim throws a snack up to his friend standing on a balcony 30 feet above the ground.
The path of the snack is modeled by the equation

g
h(t) = —16t" + 32t+5

where t = time in seconds
h(t) = height in feet

Will the snack reach Jim's fiiend? 5\5“2
B




ht) = —16t7+ 200t + 8 Masth

"When does the AP. 0110
rocket land?" / mooA
/ €l
(= A
"Do we solve for 't'?
Or, for 'h'?"

"I don't know. I thought
we always solve for 'x'.
Where are the x's?"

"Uh, Mr. Houston,
we have a problem."

Teaching this crew about quadratics 131?51;%1&;
was a challenge for Professor Houston P

Solutions -=2



Quadratics Practice Quiz

I. Understanding Quadratic equations

Identify the quadratic form, axis of symmetry, vertex, x-intercept(s), and y-intercept for each equation.

Then, sketch the graph.
2
A) X" —6x+5

Form: Standard (aX2 +bx+¢)
Axis of Symmetry: x =3

Vertex: (3, -4)

x-intercepts: (5. 0) (1., 0)

(1 and 5 are zeros)
y-intercept: (0. 5)

B) y= —2(x+3)2+2

Form: Vertex ( a(x— h)2+ k)
Axis of Symmetry: x=—3
Vertex: (—3,2)

x-intercepts: (4. 0) (-2.0)

y-intercept: (0. -16)

C) f®)=3x+Dx-+4)

Form: Intercept ax —x )x—x,)

-5
Axis of Symmetry: = 7‘

Vertex: (-5/2, -27/4)

SOLUTIONS

x-intercepts: (-1, 0) (-4, 0)

y-intercept: (0. 12)

symmetry!

"reflection
vertex point"
b b a=1l or
< 2a f Za) b=-6 "mirrot
: b point"
=5 =3 (6. 5)
axis of 1a T
symmetry 2
. ’ f(3)=(@y-63)+5=—4
[ (5.0)
2 -1p 10
0=x"—-6x+5 When x =0,
0=(x—5)(x—1) ©)% +6(0)+ 5
(5: 0) and (10) y = 5
2
—2(x— (-3)) +2
h=-3 k=21
axis of symmetry goes throug ? L
the vertex!
x=h x=-3
y-intercept: (0, ?)
2
y=-2(0)+3) +2 =-16
x-intercept: (2, 0) 0=-2(x+ 3)2 +2
2
2= -2(x+3) x=-4or-2
pl
1= X+ 3 - S I S —|
9 (0, -16)
fX=3x+DEx+4
/ \ $ (0. 12)
x,.=-1 X, =-4 i
(zeros/x-intercepts)
FO)=3(00+1)0+4)=12
(0, 12) is y-intercept
Since a quadratic (parabola) is -1, 0)
symmetric, we know the midpoint - 3 1
of the zeros will be the axis of
and, the vertex lies on
. . . the axis of symmetry...
- - -5
midpoint of -1 and -4 is T_ F52)= 3(_172 N5+ )
= 27/
. s
axis of symmetty: X = -5/2 vertex: (-5/2, -27/4)




Identify the quadratic form, axis of symmetry, vertex, x-intercept(s), and y-intercept for each equation.

Then, sketch the h.
’ g SOLUTIONS

D) y=—2x2+5x+7 y=ax2+bx+c

-b -(5
Standard form B ) B
2 2(-2)

Form:

J-‘h-‘fli

5
Axis of Symmetry: = ——
4 vertex lies on axis of symmetry,
Vertex: i_ ) 8_81) S0 vertex is at x = 5/4
. ] \ _2(i)2+§(;§)+7_£
X-MICEpIS: (75 0) (-1, 0) g T =73
y-intercept: \

©.7)

x-intercepts occur when y =0
2
0=-12x" —3x—7)
y-intercept occurs when

X=0 =125 D&+ 1)

x= 7/2 and x=-1

where X jand X,

E) y=3x+Nx-1) . .
are intercepts

y=a(x-x )(x-% )

since it is intercept form,
we can see the intercepts...
-7 and 1

Form: Intercept Form (or factored form)

Axis of Symmetry: X=-3

Also, we know the axis

: -3, -48
Vertex: (3. -48) of symmetry splits the
. arabola in half.. So,
x-intercepts:  (-7,0) (1, 0) gle A of S occurs at the
y-intercept: (0, -21) midpoint of -7 and 1..

Then, to find vertex:

X=-3
y-intercept occurs when x = 0:

y=3(-3+7)(-3-1) = -48
y=3(0+7)0+-1) = -21

2
F) y=%(x+5) +1 ) .
Since the equation is in vertex form,
we can see the vertex is (-3, 1)

Form: Wertex Form

2
y=ax-h) +k

H . X=-5
Axis of Symmery: and, therefore, the axis of symmetry

Vertex: (-5, 1) I5x=-3
x-intercepts: NONE x-intercepts occur when y =0
. _ 1
y-intercept: (0. 27/2) 0= > @x+5F +1
2= (x+ 5)2 NO solutions

NOTE: we know the vertex is (-5, 1) AND
we know the parabola opens upward...
therefore, the curve never crosses the x-axis!

Quadratics Practice Quiz

X=|1.25 _
10 {5/4.81/8)
| |
7 I
(O: ) s |
|
|
I
I
|
|
(Lo | | (772, 0)
5 0 I 3 1o
|
|
|
Y
|
X=|-3
|
| 20
|
|
[(-7.0) I (1, 0)
10 -5 | 1] 5 10
[ | | |
|
|
6,21\ | || 0, -21)
['reflection |
point" |
—

0, 13.5)
y-intercept |




II. Changing forms SOLUTIONS

A) Change to Vertex form

x2+ 10x — 24 xt+6x+7

(complete the square)

“2(x+ x+3)

2
y=3(x2+2x) +7 y=-2x"—8x—6
2

25+ y=x"+10x+ 25 -24 i 2

¥ y+3=3@x +2x+1) +7 y= 2@ +40) 6
2
y+25=(x+3) -24 2

= 2
) yt3=3x+1)" +7 y+(-8)=-2(x"+4x+4) —6
v=(x+5" —49 N

2z 2

y=3x+1) +4 y=-20x+2y +2
B) Change to Intercept Form

2
y=3x* + 18x + 15 +@x+13) -1

(factor to reveal intercepts) % ( 4x2 4 525 4 1 69) - %
3(x2+6x+ 5) x+6)x+7)
X2+ 13x+ 162 1

Ax+ 1)+ 5) o4

pl
X"+ 13x+42

C) Change to Standard Form

y= 2x+4)x—7) y=(x+57-3 y== 1) +4

202 - 3x - 28) (x+5)x+5)-3 G+ )E+2) +4q

)
2x2 — 6x — 56 x % 10x+25-3 2 7
5 1 Xt
2 2 x4
X T+ 10x+22 X txtoptd

TI1. Discriminant

Using the discriminant, determine how many x-intercepts (i.e. real zeros) exist. Then, identify the x-intercept(s). discriminant: b” — 4ac

<+ 14x + 33 X+ x2+8x+40 22— 5x—4
a=1 b=14 c=33 a=1 b=2 c=1 a=1 b=8 c=40 a=2 h=-5 c=-4
i 1mi - — = i i . — 4 = . .. 1 mi - el =5
discriminant: 196 — 132 =64 discriminant: 4 —4=20 disc ant: 64 — 160 = —96 discriminant: 25 — (—32) = 57

since discriminant > 0,
there are two x-intercepts:

since diseriminant = 0,
there is one x-intercept:

since discriminant > 0,
there are two x-intercepts:

since discriminant < 0,
there are
NO REAL x-intercepts

— — use quadratic formula
0=(x+11)x+3) x=-3,-11 0=@+DE+D) x=-1 (useq ) se AT
(3.0) (-11,0) -1.0) CHIN)+ 42)4) £
IV: Application/Word Problem 22 5 AT 0)
A kid throws a tennis ball from a balcony. The trajectory is described by the following equation: - B
h(t) = —16t + 48t + 64 where tis time (seconds)
h(t) is height of the ball (feet)
a) What is the height of the balcony? 64 feet
. (1 1/2, 100)
. : . : 100 feet c) the ball hits the ground when
b) What is the maximum height the tennis ball reaches? et h(t)=0 (height is zero)
¢) When does the ball hit the ground? 4 seconds 0= -16t2 + 48t + 64 (o, 64)/
a) the height of the balcony is where the _ 2L /
kid is standing with the ball at t = 0 0=16t" =3t=4) If
h(t) = -16(0)* + 48(0) + 64 = 64 feet 0=16(t-4(t+1) /
. . 4 W
b) the maximum height would be the vertex of t= /{ 4 (since ﬁ{ne c'annlot be (-1, 0) 4,0
the parabola (i.e. the tennis ball trajectory) negative, we eliminate -1)

b 48 3
2a — 2(-16) 2

h(3/2) = -16(3/2)° +48(3/2) + 64 = 36+ 72 + 64 = 100 feet

the ball reaches max. height in 1 1/2 seconds

Therefore, the ball hits
the ground after 4 seconds!




The position of a diver above the water is modeled by SOLUTIONS

h(t)= —4.9t% +3t + 10 %

where t=time in seconds

A(t) = height above water in meters 10m
a) When will the diver hit the water?

The diver hits the water when the height h(t)=0

0 = —40t2+3t+10

3 A3)? - 4(-4.9)(10)

B 2(-4.9)

3+ Al 205
t= B3EA205 o o a5 177
908

Since time (t) cannot be negative,
the diver hits the water 1.77 seconds after the jump

b) What is the domain of this function?
The domain of the modelis [0, 1.77]

Note: one could argue the domain continues after the diver
hits the water and goes under the surface... However,
after 1.77 seconds, the shape of the curve would likely
be different than the smooth parabola!

€) What is the range of this function?
First, find the maximum height of the diver. (i.e. the vertex)

-b —3
2a = 2(-4.9) = 306 —— The max. height occurs att = .306 seconds

2
h(.306) = — 4.9(.306)" +3(.306) + 10 = 10.46 meters

The range of the modelis [0, 10.46]

Note: Again, one could argue the range extends to the diver under water.
However, we would have to modify the model!

Jim throws a snack up to his friend standing on a balcony 30 feet above the ground.
The path of the snack is modeled by the equation /
N
f\

2
h(t) = —16t~ + 32t+5

where t = time in seconds
h(t) = height in feet Ay

Will the snack reach Jim's friend?
2
h()=30 —> 30= —16t" +32t+5
—16t2 +32t—25=0

Looking at the discriminant: b? — dac

(32)° — 4(-16)(-25) = —576

*Since the discriminant is negative, there

is no real solution! (i.e. there is no time (t) 5 ; 5
where the snack will reach a height of 30 feet) X \



Thanks for visiting. (Hope it helped!)

If you have questions, suggestions, or requests, let us know.

Cheers

Teaching an Old
Dog new Tricks

Diophantus,
QOka, &
Gauss
School of Mathematics

Grades K-9 %E}

Restrooms

Teachers

It's never too late to
learn mathematics!




b — 4ac

23

SN

5, 18 the axis of symmetry

—b + A/ 2
b ZMb - 4ac
Observation: 2a

Components of the quadratic formula reveal
characteristics of a parabola (quadratic).

2
—b i/\/b — 4ac

2a
R
b“ — 4ac is the discriminant
q
If b“—4ac =0 then there are 2 real zeros
(2 x-intercepts)

N
If b®—4ac =0 then there is 1 real zero
(1 x-intercept)

,,
If b®—4ac <0 then there is no real zero
(0 x-intercepts)



A basketball player's shot leaves his hand 4 feet off the ground. Taopic for Discussion

The initial velocity of the shot is 15 feet/second.

The height of the rim is 10 feet.

a) Will the player's shot reach the rim? If so, when? h(t) = ~16t% + Vot + h[j

b) Will the shot go in? If not, what velocity is needed?

Determine the model of the ball's path:

h(f) =16t + 15t + 4

The maximum height occurs at the vertex.

. f b
Vertex: -
ertex ( Y h( bf2a)> %}3

b -15 15
2
h(.46375) = —16(.46875)" +15(.46875)+4 = 7.51 Since the maximum height is 7.51 feet, the ball

352 4+ 703 + 4 never reaches the rim.

What initial velocity is needed to reach the rim?
When h(t) =10
10= —16(t* + 15(t) + 4

5 isn’ — iscrimi i A
—16t2 + V,t—6=0 15 isn't large enough the discriminant is negative

fo TWEAVG SACIC0 | T vy - 4C16)(6) = 0
2(-16)

.
Voo = 384 Initial velocity must be > 19.6 to reach the rim.

However,
(assuming the diameter of the basketball is 9.5 inches), the ball must reach a height (over) 10' 9.5" or 10.792 feet

—16t% + vt +4=10.792 —
= —uo"_' A/ \’(J‘ - 4(-]6)(-6.792)
~16t% + vt — 6.792=0 2(-16)

Vi — 4(-16)(-6.792) = 0

Vi = 434.688

Initial velocity of 20.85 (or more)



