Completing the Square & the
Quadratic Formula

Notes, Examples, and Practice Exercises (with Solutions)
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Topics include discriminant, geometric display, standard form of a
circle, deriving the quadratic formula, maximum of a parabola,
and more.
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Completing the Square (Geometrically)

x> + 8x
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What 1s missing? A square of measure 4 x 4
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Completing the Square

What is it? A technique for simplifying or solving quadratic equations.

Example: o e x*+3x—11=0

Step 1: Separate the variables (x)

x2+3x =11

Step 2: "Complete the square” using

9 9
X3t =11+
Step 3: Factor

3 3 53
+2)x+= )= ==

G+ IE+5)= 3
3.2_ 53

+= — 23

x+3) "

Step 4: Solve

r/ 3.2 53
(X+E} = vy

3, _ A
z2— 2

Example:  Change the following quadratic equation into vertex form.
y= 2x% +x-28 ‘What is the vertex?

Step 1: Separate the variables
2% +x -28
Step la: Change lead coefficientto 1 1
2+ % ). — 28

Step 2: "Complete the square”

bi2_ 1
b=1/2 so, (7) = 16

2, X 1 2
2x+ >+ Ly —28- 2
( 2 16}

NOTE: we add 2 X7 to complete the
16  Square; then, we subtract the same quantity
so the equation remains unchanged

Comments/Notes

The coefficient of the first term
must be 1.

The term is added to both sides
so that the equation does not
change.

The factored trinomial becomes
a perfect square!

Taking the square root of a square
results in + or — solution

Step 3: Factor and simplify

1,2 450
2x+——) — Y
x+5) 16

1.2 225
+ 1yt 225
2(x 1 ) 2

Step 4: Solve
2
Vertex form: y=a(x—h) +k
Vertex is (h, k):

-1 —225)

1,8




Example:
What is the center of the circle?

X+ 10x+y2 -8y +32=0

Complete the squares to answer:

Step 1: Separate the variables

The following is the general equation of a circle.

Change to standard form of a circle:

-1 +(y—kf =1
where (h, k) is the center
and r is the radius

x*+ 10x + yI-8y+ 32=0
X+ 10x + yi-gy+ =-32
Step 2: Complete the squares
BH10x+25+ yiogy+ 16 =325 416 | [ L AdoRside..
“Ty y o R ... must add to right side
Step 3: Factor the (perfect square) trinomials
X+5E+S5 + —-DHy—-4H = 9
I
&+52+@y-aF =9
\Y
Step 4: Answer [
(-1 + (- = Then h=-5 k=4 [Centeris (-5.4)]
Radius is 3
points include: (-3, 1) (-5, 7)
(2.4) (. 9)

Example: What is the maximum of this function?
3P 18x+y+22=0
Step 1: Rearrange and separate the variables
2
y+22=-3x +18x
Step 1a: Change lead coefficient to 1

y+22= —3(x° —6x )

Step 2: Complete the square
y+22+ 3(9) = —3(x* — 6x +9)
Step 3: Factor the trinomial and simplify

y—5 =3x-3)Nx-3)

y= —3(x—3}2+5

This is the general form of a parabola. If we complete
the square, we will reveal the vertex (maximum, because
this parabola faces down)

Change to vertex form of a parabola:

@
y=ax+h) +k

an

(0, -22 (6. -22)

the vertex is (3, 5)
which is the maximum of
this function




Example:  Graph the function f{x)= x7 - 2x

This quadratic does not have a "direct parent function"....

But, if we complete the square:

X2—2X+1 _—

Then, compare the result with the original function:

2 2
x"-2x+1 = (x—1)

2 2
so, x7—2x =|@Ex—-1)"-1

Now, let's graph:
parent function: x?
horizontal shift: 1 unit to the right

vertical shift: 1 unit down

Example: Graph the function x> +4x+7

Graphing: Completing the square and transformations

x-Dx-1) = (x-1)

2

(by completing the square and using the parent function)

Take the quadratic term and linear term, x2 +4x , and complete the square

X2Hax+4 — > x+2)x+2) = (x+2)°

Xtax+4 = (x+2)7

s0, 2 +4x+7

x+2)° +3

Now, let's graph:
parent function: X2
horizontal shift: 2 units to the left

vertical shift: 3 units up

X
4
2
\ / 2
x-1) -1
or
X" -2%
] 0 2 1
-
2
1
\ f
\ /s J
I \ 1 4 f
X t4x+7
orj o
(x+2) +3
2
2
X
4 -2 0 2




Factor by completing the square (advanced)

Example: xt+2x2+ 09

create a perfect square trinomial xtraxiaxt 9 - ax?
\X4+6X2+9 _4X2
factor
2+ 3)2 —4x2 (difference of squares)

[(}x2 +3) +2x J[(x2 +3) —2x]

(X2 +2x +3)(x> —2x + 3)

Example: xt+4

create a perfect square trinomial

5
\ xt+ax? 4 4 axt

x4+ 4X2 +4 - 4X2
2 2 2
x +2)(x"+2) —4x~
2 2 9 .
(x"+2) —4x~ (difference of squares)

(X2+ 2 +2X)(X2+ 2-2x%)

Example: xt—18x%+1

4 2 2
X —2x7+1 — 16x

(create a perfect square trinomial / (x2 - 1)(X2 -1 - 16x°

by splitting the middle) 5
x2-1) —16x°

[(x* — 1)+ 4x][(x — 1) — 4x]

(x2 +4x - 1)(x2 —4x—-1)

Example:  Solve x' — 19x°+25 = 0
2 gy y SN
) ) ) (x~+3x—35=0 (x*—3x—5) =0

X —10x"+25 — 9x

2 2 5 quadratic formula
-5 -9~

3t 9720 (o 3TN 0420
2

[(x* - 5) + 3x][(x* —5)—3x] X B

(X2+3X—5)(X2—3X—5) =0



Quadratic Formula

The quadratic formula is derived from 'completing the square'.

It can be used to find the roots of a quadratic equation
(i.e. "what values of x equal zero™)

So, it can be used to factor a quadratic equation.

Examples:
1) Solve using the quadratic formula

5
IXT+2x—5=0

Quadratic Formula

<= b :f'lsz— 4ac

2a

—2+8
a=3 2PN 2 +pe e =1 -5
b=2 X= 20) _T X= 3:1
=-5
€= T 2-8 5
6 3
2)  Factor the following function
pl
x-+10x+21 ~10+4 __,
i1 —10% 4/ 102 —a)@1) _ —102 4/ 16 — 2 -
b=10 2(1) S Z10—-4 _ -
c=21 2
-3 and -7 are zeros of the quadratic..
Therefore, (x + 3) and (x + 7) are factors.
x2+10x+21 =x+3)E+7)
The Discriminant: N
2 . L b” —4dac >0 then 2 realroots
b™ — 4ac is the discriminant
L2 2
x= —b-/Mb —dac It reveals the type of roots that a quadratic has. b —4ac =0 then1 realroot
-8 b> —dac<0 then 0 real roots
2 2 2
Examples:  x“+ 8x+ 16 X t+5x+ 14 X" +4
discriminant is b” — 4ac discriminant is b> — 4ac a=1 " discriminantis -16 <0
c=4 there are no real roots

— 8% - 4(1)(16) = 0

one x-intercept

=52 —4¢-1)(14) =81>0

Ve

(2 imaginary roots: 2i and -2i)

two x-intercepts (zeros)

—_




Completing the Square: Deriving the Quadratic Formula

Quadratic Formula

2
ax " +bx+c=0 2
x= -bZA/b - 4ac

Solve for x (by completing the square): 2a
. 2
separate the variable ax” +bx +c=0
change lead coefficient to 1 2. b
(factST out the 'a") a(x" X ) *e=0
b
2 2 Since we added a ( S ) on the left side,
cgglplete the square by a( <2 +%x + bz_ ) +e=0 + —:’ i
o
e b 2 4a ¢ weadd 1,2 o
- / D to the right side...
3 . b . b b2 4a
a(x+ﬂ}(x+ﬂ}+c=0 "r?
Factor
a(x+'L)2 +c=0 + L}
2a 4a
B 2
Isolate the binomial b 2 b
ax + F} = —43 —C ,
2 4a2
+ - 4
axt 29 4a 4a
2 2
a . b2 _ b -®c
(a) (x 2a ) 4a (a)
Square root both sides b + 2
w+ 2 = ITAL2 _ 4a
X+ 22 b c
2a
2
-b 2 _ —bIA b — dac
= + — 4a”¢ x= - Ter
X — _ /b 2a
2a 2a
Comparison: Example x2+5x-12=0
Completing the square: x2+5x-12=0 Quadratic Formula: a=1
b=5
25 25 =-
x2+5x+t = 124+ c=-12
x+ 2 )2 = 73 _ Mt
2 4 x= —(5TNG)—41)(-12)
2(1
X+ S = T 73 ( )
2 4
ey
5 L AT x= #



Completing the square (geometrically)

x? —10x
X
2
X X
x—10
2
X X —10x
x—10
T
|
|
[
|
2 [
x—10 X —10x
|
|
[~~~
x—10

10

10x

x—10

10

To create a square, the sides must be equal.
So. we must subtract 10 from the vertical

sides and redistribute...

x—10

x—10

2
x—10 X

10

— 20x+ 100

10x — 100

We need a small piece to complete the

square:

x—10

x—10

x—10

5

x2—10x +25

x—10

25

x— 10




Completing the Square and Quadratic Formula Quiz

I. Factor by Completing the Square

a) x2+4x+8 b) x?+3x—4 c) —X2+4X+9

r
d) 4x* —8x+ 17 &) XT +2x+ 10 f) sx7+3x +1

I1. Solve by Completing the Square

a) x*+4x=7 b) —2x*+9x+3=0 ¢ x’+6x = 11

I1I. Solve using the Quadratic Formula

2 2 _
a) X2+7X—3=0 b) 2x +8x =—4 ) x +3x+5=0



Completing the Square and Quadratic Formula Quiz

SOLUTIONS

1. Factor by Completing the Square

a) x?+4x+8
x2+4x +3 separate
ol
x?+4x +4 +8-4

()

Z+2)E+2) + 4 factor the

(x+ 2)2 t4 trinomial
d) 4x? —8x+17
aosx +17 separae
4(x2-2x ) +17 "change a to 1"

=

HxI-2x +1)+17 —4 p ¥
A

add 4 subtract 4

factor the
trinomial

*
Ax—1)"+13

II. Solve by Completing the Square

Ziax=7

a} X
add

X2 H4x +4 =7 +4
sides

x+Dx+2)=11

Nx+2? =11

(x+2)= * #11

x= -2 #l11

III. Solve using the Quadratic Formula

a) x>+ 7x—3=0

x= D TN b2— dac

2a
a=1 DN D= 4
=7 x= 2(1)
c=-3
-7+ A/ 61
=7

(%5 to both

b) x2+3x—4

T note: 3/2 is
2

e) XT +2x+10

I~J|C;,-‘

2

XT +2x+ 10

1
T(X2 +6x ) +10

1 9
T(x2+ 6x +9 ) +10 — 3

1 2

b

2a

b) 2x%+09x+3=0

-1 (-x2—4x

¢) —x*+4x+9
(- 4x—9)

1(xP—4x +4 —9-1) (%5

1 (x—-2)2-13)

2
13- (x—-2)

5(x2+

2
f) 5x"+3x +1

change 1st
coefficient to 1

separate
o)

factor the
trinomial

2
5x +3x +1

2 3 35 9
3 4 —l=_7
S(xT+ X )+1 ( 2

5 100

Sx+2y+1- 5

11

3 2
&) T 3p

100

c) x* +6x = —11

—2_(x2+_%x) =—3 X* +6x +0
¥
2 9 81, 81 L3
2(x TX+1 ) =—3+ ¢ (-2) (x+3)
—2(x+—9)-2 —105 X+3=:
4 g
9 Z_ 105
+ 2y =
(x 4} 16 X_i+/u
=7 T
9+ ANos
x+— == -

= —-11+9
=2
No
A2 REAL
solutions

x=-3Fis2

2 +8xt4=
e ®) N - 120
=41 X= 2(2)
(= _8TN32
4
x= "2 iMZ_

-3 IMBF — 41)B)

2¢1)

2
c) X +3x+5=0
a=-1
b=3
c=35 =
33X A 20
Xx= -2
(= 37N
2




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Mathplane Express for mobile at Mathplane.org

Also, at Facebook, Google+, Pinterest, TES, and
TeachersPayTeachers



