Rotation of Axes: Conics

Formulas, Examples, and practice test (with solutions)
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Rotation of Axes

Determine the x'y' coordinates of a given point if the coordinate axes are rotated through a given angle.

Example: (0,1) 30°
: y'-axig
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- 2
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X' = xeos & +ysin = X-axis 30
. 3 ~ - - 3 5 - e T 5
y' = —xsin & + ycos & |
- >
x' = 0cos(30) + 1sin(30) x'=172
y' = —0sin(30) + lcos(30) ¥V =A3/2
The coordinates of the point related to the xy-axes (0, 1)
The coordinates of the point related to the rotated x"v"-axis (1/2, /\(372)
0
Example: (3,1) 70 oaxis axis
2 { s 2
G.1 4 (1.97, -2.48)
X-axis
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x' = 3cos(70) + 1sin(70) x'= 1.97

"= —3sin(70) + 1(cos70) y' = -2.48

-
Il

The coordinates of the point related to the xy-axes (3, 1)

The coordinates of the point related to the rotated xv-axis (1.97, —2.48)



Rotation of Axes

Determine the original xy-coordinates from a given point in a rotated x'y'-coordinate axes.

Example: (3, 4) inside a 30 degree rotated xy-axes

X =x'cos  — y'sin &
y=xX'sin= +y'cos

X = 3c0s(30) — 4sin(30) ﬂ -

2
—_ H 3
+
y= 3sin(30) + 4cos(30) = 4 2af3

Application/Example: Show that xy = 4 is a conic rotated though an angle of 45 degrees.

X =x'cos(45) — y'sin(45) X = I sz_ 1

y=x'sin(45) + y'cos(45) y =

2
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X-axis

x'-axis
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Then, substitute:
Xy =4
ik -y - N2 wry) =4
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T ®oY)-EHY) =4
W2 2
@ -y") =38
Hyperbola!
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note: the vertices of the hyperbola
on the x'y' rotated axes are

242, 0) and (242, 0)




2 2 ~ 0

General Form: A“+Bxy+C~ +Dx+Ey +F

B —44C <0 = AC >0 = A and C' are the same sign = s an ellipse ;
B —44C >0 = AC <0 = A and C areof different sigcn = is a hyperbola

B —44C =0 = AC' =0 = A orCiszero = is a parabola .

Example: xz +4xy + yz— 3i=0
What type of conic is it?

It appears to be a circle, because the A and C terms are the same..
But, there is a B term...

2

B® —4AC = 12 = 0 therefore, it is a hyperbola!

Rotate the axes so that the new expression contains no "xy" term.

A-C
cot2e) = B
1 -1
cotez) =— 4 =0
=]
28 =90
& =45

Convert the x and y coordinates into x' and y' terms...

x = x'cos(45) — y'sin(45)
x=x'cos & —y'sinS x = zﬁx._/\zLZ_y.
y=xsin +y'cos S y = x'sin(45) + y'cos(45)

SN2 N,

Y Z—X +2—y

Substitute and simplify...

P taxyty2-3=0

/N T

A N a2 Mgy A2 Mgy, A2

2 2 2
L2 1 1 ,2_ 1.2 1,
7 X —Xy+7y2+4(7}( —2—y)+ TXZ_XY"'_Y =3
center: (0, 0)
3x'2 _y,z -3 vertex: (1, 0) and (-1, 0) on the x'y'-coordinate plane..
foet: (2,0) and (-2, 0) on the x'y'-coordiante plane..
_I_Ty =1 asymptotes: y'=/J3_x' and y'=-/\,?3_x



Incomplete proofs: minus 5 points...
Missed power theorems: minus 10 points...

Incorrect circles answers: minus 35 points...
MR. CARD valid 7th . S :
GEOMETRY until PERIOD Getting out of this geometry test with

"Bonus question: a passing grade: PRICELESS!

what is the area of the
striped intersection of
the circles?"

"There are some math grades you can't buy.
But, for everything else, there is extra credit from Mister Card."

Practice Quiz-=>



Rotation of Conics Exercise

In the following general equations,
a) Identify the conic
b) Rotate the axes, and write the new expression containing no 'xy' term

c) Graph

1) 6x° +dxy +9y2—20=0

2) 4x? - 12xy+9yZ 4+ 12x+8y = 0




3) 2 - 8xy + 2y2 -6 =0 Rotation of Conics Exercise

-4 -2 0 2 4

4) 4x?—6xy+4yl-6y-2 =0




In the following general equations,
a) Identify the conic

Rotation of Conics Exercise

b) Rotate the axes, and write the new expression containing no "xy' term SOLUTIONS
c) Graph
1) 6x° +4xy + 992 —20=0 a) BZ-sAC . )
X
2
(@ —4@®® = —200 < 0
Since less than zero, it's a|rotated ellipse... ¥ 2
_ A-C
b) cot2=) =
) cot2) 3 63.4°
6o -
cot(2=) = 1 = -3/4
. 2 H X
arccot(-3/4) = 2>
12687 = 2
S 634
-2
¢) x = x'cos(63.4) — y'sin(63.4)
X = 455" — .3%'
x=x'cos &y —y'sin &y . )
y = X'sin(63.4) + y'cos(63.4) tan(63.4) = 2 (slope of x'-axis)
=x'sin +y'cos = ' 1
v Sty = y = 89x" + 45y then, -1/2 (slope of y'-axis)
then, substitute:
2
6x°+dxy +0y2—20—0 == 6(45x — 89y)° + 4(.45% — .897)(89x' + A45y) + 9(89x%' + 45y) — 20
(2007 — 8xy + 79y2 ) + a(doxE — Toxy + 20xy — A0y’ 2) + ouTox'd 4+ sy + 20y'2) = 20
901x? + oxy + 494y = 20 oyt ) minor semi-axis: 1.4
2 + 4 center: (0, 0) major semi-axis: 2
2) 4x?- 12y +oy? - 2 ;
y+0y<+12x+8y =0  a) B~ —4AC y b
2
(-12) = 4(H)(9) =0 —4
-
Since it equals 0, it's 4 rotated parabola...
- A-C
b) cot(2&) 5 |,
cot(2&y) = % = 5/12
ﬁsmf’
23 = 6738 / 3 . - - ‘x
= =337
c) x = x'cos(33.7) — y'sin(33.7) 5
x=x'cos & — y'sin &= X = .83x' — .55y
y=xsinC +y'eos S v = x'sin(33.7) + y'cos(33.7)
y = .55x" + .83y 4

then, substitute..

. "2 2
4(.83x' — .55y")" — 12(.83%' — .55y)(.35%' + .83y) + 0(.55%' +.83y") + 12(.83%' — .55y + 5(.55%' + .83y) = 0

tan(33.7) = .67 (slope of x'-axis) )
perpendicular

then, -1.5 (slope of y'-axis)

4(69x2 — 91x'y' + 309'0) — 124652 + 30y — 46y D) + 0(30x' 2+ 91Xy + .69y’ 2) + 9.96X' — 6.67' + 4.4x' + 6.64y =0

14.35¢ = —12.9y'2 x = —o(y)

0x' % +0xy + 12,97 +14.35% + 0y’ = 0

vertex: (0, 0) Opens to the left...



3 2;;2 —8xy + 2y2 -6 =0 a) B2 —4AC SOLUTIONS ‘ Rotation of Conics Exercise

(8% —4(2)2) = 48 >0 y

¥
Since it is greater than 0, it's a|rotated hyperbola ...

b) cot2&y) = A];c /

i X

IS
—

/
cot2ey) = 2-2 — ]

= I

25 = o0 / g o
o = 45 / =7
2 X
¢) X = x'cos(45) — y'sin(45) T
— f
3 . -
x=x'cos & — y'sin & = 2£X'*/g/—2_§’

oy
)
y=x'sin & +y'cos & y = x'sin(45) + y'cos(45)

N2 L M2 /
¥ = 2_X + ?y /
then, substitute.. H—

2(2£X' - /;Lz_y')z - g(zﬁx' - gy')(gx' +/2L2_y') + 2(2£

<+ /\/2_},)2 — 6 tan(45) = 1 so, y=(1)x becomes the x'axis
2

5 and, v = (-1)x becomes the y'axis
1., 1 .2 1,2 1 2 1.2

H=—x'" — x4+ gy — - . ! . 1

(2 Xy +5y0) 8(23 2y)+2(2x +Xy+7y2) 6

vertex (on the x'y'- coordinate plane): (0. 1) (0. -1)

‘vertical hyperbola' center: (0, 0) ‘
o2 +oxy + 6y'2 -6 Y'2 x'2 . co-vertex (on the x'y'-coordinate plane): (/3. 0) (- A3, 0)
1~ 3
1 axl-exy+ayl-6y-2=0 2 .
yrammoy 8 B —4AC y x
2
x=%x'cos & — y'sin & (-6)" —4(4)4) = -28<0
y=xsinS +ycos S rotated AND shifted ellipse 4
B 1
b) tan(263) = ¥
c) x = x'cos(45) — y'sin(45) ) A-C
Lo N2 M tan(25y) = 4'f undefined
= = o ¥ K
2 2 - .
/\/2_ 2& = 90
x=5-&-Y) -
& = 45
y = X'sin(45) + y'cos(45) <
AN M i
y 3% + 27y
V2
y=5—E&+y)
then, substitute..

R a2 2 - —
2Ax—y) —3(xP-yd) +2x +y) 3N 2 (x+y)= 2 center: (2.12, .30) on the x'y'-coordinate plane

% foxy + 7y.2 —3A2x —3A 2y =2 vertices: (-.55, .30) and (4.79, .30)
(complete the square) co-vertices: (2.12, 1.30) and (2.12, -.70)
9 1 18 9 18 approximate values
x? -3 2x'+7+7(y'2—3 ¥V b2y =2 4=+ (app )

= 196 27 18

2 2
x — 212" + (v — .30

w2 Py - 2=y 2 0 C- 212 4 Ay - 30 = 714 714 I
A2 AMes | T 7 x 12) ¢ - 30 =7




Thanks for visiting. (Hope it helps!)
If you have questions, suggestions, or requests, let us know

Cheers

mathplane.com

Also, at TeachersPayTeachers, Facebook, Google+, TES, and
Pinterest.



