Transformations of Functions
(Advanced)

Notes, Examples, and Practice Questions (with solutions)

10

Topics include shifts, stretches, reflections, graphing, odd/even,
domain/range, and more.
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Identifying Properties and Transformations of Functions

Example: If the point (2, 7) is on the EVEN function f{x), identify another point.

(—2,7) Ifa function is even, then for every point, there is another point reflected over the y-axis
(the function's line of symmetry is the y-axis)
Definition of 'even function' : f{-x) = fx)
Since fi2)=7 and f-2) =f2)

1 then f{-2)=7
Suppose h(x) = 5 f(3-x)+5
Determine 2 points in the function h(x)
Approach 1: Finding the 2 points and solving
1
Since we know f{2) and f{-2). we'll select these points for /i(x). So.we'lluse 1: h(l)= 5 fB-D+5
7
In other words, where does f{3 —x)=f(2)? = % f2)+5 and, we know f{2) = 7
3-x=2 . 1
= 5+ T+5 =172
x=1
R
And, where does fi3 —x)=f-2)7 2 )

, 1
3-x=-2 / Then, we'll use 5: h(5)= 7ﬂ3—5)+5
Xx=5

= % fi—2)+5 and, we know from above
that f{-2) =7

1 —
= .7 +5=172
5 7

17
(-3
Approach 2: Recognizing translations/transformations

h(x) = %)‘(3—:;)+5

If we rewrite the equation: 1 g_5 H+5
2 X3 %f(—(x—ii))+5
1 .
Eﬁ—x_+3}+.5 / / \ \
a () b ¢ d
%f(f(x—3}> +5
27 (-2,7)
(b) horizontal expansion is 1 (none) 2.7 (-2, 7
(-) horizontal reflection over y-axis (2.7 2,7
(¢) horizontal shift of 3 to the right (1,7 (5.7

Observation: Because of the vertical shift, ‘ )
the function (x) is notan (a) vertical shrink (x 1/2) (1,7/2) (5.7/2)

‘even’ function any more

(d) wvertical shift of up 5 (1,17/2) ‘ (5,17/2) ‘




Graphing and identifying transformations

Example: If the point (-3, 5) is on the ODD function f{x). identify another point.

(3 2 =5 )
Definition of 'odd function': fl-x) = —f(x)

Since f{-3) = 5, then f{-(-3)) = —f-3)

f3) = -3
Suppose g(x) = —4}‘(—; x+2)—-1

Determine 2 points in function g(x)
Approach 1: Finding the 2 inputs and solving
Since we know the outputs for f{3) and f{-3), we'll choose those points for g(x)

where does f{ %x +2) = fi3)?

| So, we'lluse 5;

—wx4+2=

5 - /
XxX=5

Then, where does f{ %x +2) =f1-3)?

&%)

~f () +D)-1

= —43)— 1
= —4(-5—1= 19
(5. 19)

. . _ ag L _
%x+2 ~ 3 B So, we'lluse -25:  g(-25)= —4f( 5 (25)+2)—1
= -25 / = —4f(-3) 1
——4(5)—1=-21
(-25. -21)

Approach 2: Using transformations and translations

o(x) = —4}‘(—;x+2)—1 i

,_4f(% x+ 10)) -1

a b c

Taking a point in f{x),

Note: The order that each point is () reflect over the x-axis
translated and transformed

matters! Be careful..
(the shifts are last)

vertical stretch of 4

horizontal expansion by 5

horizontal shift of 10 to the left

vertical shift of 1 unit down

expansion (inside function)

(b)

change in x
horizontal shift (inside)

@
¢
(d)

vertical stretch (outside)
change in y reflection (outside)

vertical shift (outside)

If a function is odd, then for every point, there is another point reflected over the origin.

Note: if we used another number, such as 10,
what happens?

2(10)= -4]'(%{10)4- -1
£(10) =412 +2)~ 1
= -4ty — 1

Since we don't know what f{4)
equals, we can't determine that point!

(x+10)—1

- _/”T |

/

a
(-3.9) (3. -5)
(-3.-5) (3. 5)
(-3, -20) (3. 20)
(-15, -20) (15, 20)
(-25, -20) (5. 20)

‘ (-25. -21) ‘ (5. 19)
(-3.5) (3.-5)
(-15, 5) (15, -5)
(25, 5) (5, -5)
(-25, 20) (5, -20)
(-25, -20) (5, 20)
(-25, -21) m




THE CARTESIAN
SCHOOL OF
GRAPHIC DESIGN

"Wow, he looks a lot
| like his father.."

Class of 2014
- Congratulations!

They grow up
so fast.

¥+
.
<

"You think so? I think
that's a bit of a stretch.”

"Son, never forget your roots."
"Absolutely."

4

Parent . . . ..
. After some reflection, Junior leaves his origin,
Functions ' LAF #142 (6-11-14
and pursues a career in cartography. AF £142 (6-11-14)

mathplane com

Practice Exercises-—>



Graphing and Parent Functions Quiz

In the following, a) identify the parent function
b) describe any translations and transformations
c) sketch the functions
d) (optional) determine the domain and range

-1 2
Dy=k-2/+4 2) )= F&+3)
10
5
5
-10 -5 0 10
5 0 5 1 5
-5
=10
3) y=2/x-1+3 4) y=—3x—3|+5
10
10
5
5
-5 0 10
-5 0 5 10 15
5
-5
5) (x—3)°+3 2
) Yy="X~ x+4
6 e= S
10
10
5
5
-10 -5 0 10




1) What is the equation of a circle with diameter 20 and its center translated Transformations (Advanced)

8 units to the left and 11 units up from the origin?

2) Find the domain and range of the following:

a) X2+Y2 —4x =21

b) 5%% + 5y2 — 20x + 25y = 100



1). Which is the equation of the line? v
a) y=-xt+4
b) y=8x+4

_._i
c) y=x+4 /
d) y=4x+4 /

2) Ifyou shifted y=3x+ 6 five units to the right, what would the new linear equation be?

a) y=3x+11
b) y=8x+6
c) y=3x+1
d) y=3x—-9
e) y=8x+11

3) The function f{x) = x is linear. Express each transformation in slope intercept form (y = mx + b).

a) ~fix+7)+4 = b) f(Bx+9)—-5 = € 3f4-x)+6 =

4) Write the equation of a line that bisects quadrants IT and IV.

5) Find the missing term: X v
-12 17
-2 3
1 -5
0 L]
6 -19

6) What is the equation of a line that is perpendicular to the y-axis and passes through the (-4, 5)?

Transformations (Advanced)




Part I: determine the following from the graph:
1) Interval(s) where the function is
a) increasing
b) decreasing
2) Relative
a) maximum(s)
b) minimum(s)
3) Absolute
a) maximum

b) minimum

Part II: ex)= —2f(x+3)—4

Find the intervals where g(x) is increasing and decreasing

Determine the absolute and relative maximum(s) and minimum(s)

Sketch g(x)

f®)

('?: 4)

('2: ])

Transformations (Advanced)

(4, 6)

(99 '2)




Identify the transformed functions in the graphs: ‘ Transformations (Advanced)

1
~f(x) 5 5 5
I/ \'\\ fl \V’/ \\.\ \I /
-5 \ /I/ 5 -5 5 5 NLAS
\ 'l 3 -3 -3
a) b)
Sketch the following transformations:
ISP O | g +—wofp—t+—F———————
46y
70 5 0 5 10 15 20
1D .................. 1D ....................
g(|XU | | | | | | 1o | | | | | | 2g(2x)72 " 5 S S
10 0 10
5 0 5 10 15 20
-10
[ e T T




fix) has arange [5, oo ) and domain (—4, 11]
e(x) = 3f-2x+4)-5

The range of g(x) ?

The domain of g(x) ?

pE)= 3h(—2x+4)—1
px)

h(x)

Transformations (Advanced)




Write the equation of the functions in each graph.

Transformations (Advanced)

) =
J®)
-10 -
g =
&)
"--.___‘_\
—
-15 -1




Even, Odd,
& NWeither

"That's OK.. It can
happen to anyone.
Even me.."

"I agree: it's neither
here nor there..."

"I'm sorry for being
so odd lately..."

Friendship is a function (of) accepting the behavior of another..
and, perhaps some self-reflection...

Solutions-—>




Graphing and Parent Functions Quiz

In the following, a) identify the parent function

SOLUTIONS

b) describe any translations and transformations
c) sketch the functions
d) (optional) determine the domain and range

1) y=x—2/+4

parent function:
y=[

horizontal shift (c):
2 units to the right

vertical shift (d):
4 units up

domain: all real numbers
range: y =4

N y=24x—-1+3

parent function:
y=nx
horizontal shift (c):
1 unit to the right

vertical shift (d):
3 units up

ampitude (a):
vertical stretch by 2

y=[x-2[+4

y=2M¥-1+3

domain: x> 1
(term under radical
must be non-negative)

range: y >3

5) y=—(x—3)3+3

parent function:
y= %3 (cubic)

horizontal shift (c):
3 units to the right

vertical shift (d):
up 3 units

reflected over the x-axis

domain: all real numbers
range: all real numbers

-~

If f(x) is the parent function,

af(b(x-c))+d isthe transformed function where

a is the "stretch"

b is the "compression"

¢ is the "horizontal shift"

d is the "vertical shift"

2) = Fx+3)
parent function:
fo=x

horizontal shift (c):
3 units to the left

amplitude (a): 1/2

(shrink by 2) L 3
reflection over the x-axis
domain: all real numbers
(—w.,w)

range: fx)<0
(=00, 0]

]

4) y=—]3x—-3/+5

**first, rewrite the equation

10
‘y=—B@—])+5

horizontal shift (c):
1 unit to the right

vertical shift (d):
5 units up

reflected over the x-axis

-1 2
y=7&+3)

parent function: y = [x]

"compression" (b): 5 0
1/3 of the width

domain: all real numbers
range: y=5 5

2
6 gm= Y

g =7+ 9’

y=—x-3)+3

parent function:

5 10

y=-3x-3|+H5

y=x2

horizontal shift (¢): o(x) = <2

4 units to the left -

amplitude (a):

1/2, so it shrinks -10 T 0 5 10

-5
89 =3+ )’

domain: all real numbers
range: g(x)>=0




1) What is the equation of a circle with diameter 20 and its center translated
8 units to the left and 11 units up from the origin?

since diameter is 20, radius is 10...

origin shifted & units to the left: (-8
origin shifted 11 units up: (-8, 11)

G-+ -1 =1

2 2
(x+8)" +(y— 11y = 100

2) Find the domain and range of the following:

a) x2 +y2 —dx=21

s0 we know it's a circle.
X +yl-ax=21

To find the center, we complete the square. Then,
express the equation in standard form.

x? +yl-dax=21
x2-dx+y? =21

x2-4x+4 +y? =21+4

(x-2Dx-2)+y2 =25 Domain: [-3, 7]
x -2 +@y-0)? =25 Range: [-5, 5]
h=2
k=0

The center is (2, 0)
The radius is 5

b) 5x2+ 5y2 —20x + 25y = 100
First, divide entire equation by 5
x2 +y? —4x+3y = 20

Then, complete the square (to convert to standard form)

s caxid rylesyr 2 —0+a+ B
2 5 2_ 121
x=2 +O+5) = -
5
h=2 k:—i— center: (2, -5/2)

radius: 11/2

Domain: [-7/2, 15/2]

Range: [-8, 3]

SOLUTIONS Transformations (Advanced)

The coefficients of x2 and y2 are the same,

(-18, 11) 2, 11)
-15 -10 -5 0
Yo
(-3.0 (7.0
(2,0) X
2.-5)
To check vour solutions, plug points into original equation:
@5 @F +6F-42) =21
4+25-8 =21
(-3, 00 (-3)* + ()% — 4(-3) =21
9 +0 +12 =21
.3
-7/2, -512 : (1512, -5/2)
772, ) (2,-52)

(2.-8)



1). Which is the equation of the line? y SOLUTIONS
a) y=-xt+4
b) y=8x+4 . .
4 The y-intercept is (0, 4)
c) y=x+4 / The slope is "rise"/"run
/
-1 0 £
;‘
2) If you shifted y=3x+6 five units to the right, what would the new linear equation be? " 1
f /
.li f
a) y=3x+11 HENRP SR o
Since the entire line is shifted, slope is 3 . 7 /]
b) y=38x+6 the slope is the SAME... i
[ i
) y=3x+1 If the line is shifted 5 units to the right, then presumably, the 3 — ; i
dyy=3x-9 x-intercept would move 5 units to the right... | ,;' /
e) y=8x+11 original x-intercept is (-2, 0)... Then, new x-intercept is (3, 0) R . /
f . f
7 {
therefore, equationis y-0=3(x-3) or y=3x-9 I/ /
3) The function fix) = X is linear. Express each transformation in slope intercept form (y = mx + b).
a) Ax+7N+4 = b) f3x+9)-5 = Q) 3f4-x)+6 =
(0.0) > (3.-5) 0.0~ (4. 6)
(3: 3) - ('2: '2) (1: 1) - (3: 9)
Equation of a line going
through (4, 6) and (3, 9)

(2.2)

(0.

0)

Transformations (Advanced)

41 = 4

Equation of a line going

through (-3, -5) and (-2, -2)

y+2 =3@x+2)

y=3x+4

4) Write the equation of a line that bisects quadrants II and IV.

5) Pind the missing term:

6) What is the equation of a line that is perpendicular to the y-axis and passes through the (-4, 5)?

Answer: y=-—X
X ¥
-12 17
-2 -3
-1 -5
0 []
6 -19

= -3(x—4)

y—6
y=-3x+18

1/2
I

12

i \Y

(slope/rate of change is -2)

y=5

y-axis

3fl-x—-4))+6
each point on the line

is
reflected over the y-axis..
shifted to the right by 4
vertically stretched by 3

(slope)
and shifted up 6



Part I: determine the following from the graph: SOLUTIONS
1) Interval(s) where the function is
a) increasing oo .- U (2.4
. fx)
b) decreasing (—7.-2) U (4. o0 )

(_T: 4)
Note: Increasing and decreasing intervals

. do NOT include the maxima and minima
2) Relative

a) maximum(s)  (—7.4) and (4, 6)

('2:' 1}

Transformations (Advanced)

(4. 6)

b) minimum(s) (-2, 1)

3) Absolute
Note: The highest 'relative’ maximum (4, 6)
a) maximum (4, 6) is also the 'absolute' (or global) maximum

b) minimum None (function goes to negative infinity)

Part II: g®) = —2f(x+3)—4
Find the intervals where g(x) is increasing and decreasing
Increasing intervals: (-10,-5) U (1, o0 )
Decreasing intervals: (— o0 ,-10) U (-5, 1) Sx)

-7, 4
Determine the absolute and relative maximum(s) and minimum(s) 7.4

Relative max: (-5, -6)
Relative min: (-10, -12) and (1, -16)

(-2:' 1)

(9:' -2)

(4. 6)

Absolute max: none Note: absolute min of g(x) corresponds
o to absolut x of f{z
Absolute min: (1, -16) © absolute max of f{x)

Sketch g(x)

Let's transform each of the 4 labeled points in f{x) 5

(-7. 4): shift left 3 units  (-10, 4)
reflect over x-axis  (-10. -4)
vertical stretch by factor of 2 (-10, -8)
vertical shift down 4 units  (-10, -12) (-10,-12)
(-2, 1) left 3 units (-5, 1)
reflect over x-axis, vertical stretch by 2 (-5, -2)
vertical shift (-3, -6)
(9. -2) == (6,0)
(4. 6) ---= (1.-16)

(6.0) ©, -2)

(1, -16)




Identify the transformed functions in the graphs: SOLUTIONS ‘ Transformations (Advanced)

1
S ®) 5 5 5

, = =3 =3

a) [/ b) —flx)+1

[ " o T 1 1t ,\v. - . .
(The negative outputs .01\11' are (reflected over x-axis; shifted up 1)
reflected over the x-axis)

Sketch the following transformations:

10 le@)| 10

20 20

_ (negative portions were
reflected over the x-axis)

ex) T T ] 209-2 0

compressed
(horizontally
by 1/2)

vertically
stretched by
factor of 2

-10 0 10

=]
o

20
| (the values on the|right side of the |
| y-axis are copies/feflected onto

the left side of thq y-axis)

shifted down 2

-10

(-2.5,-12 ' (7.5, -12)



fix) has arange [5, oo ) and domain (—4, 11]

g(x) = 2x+4)—5

The range of g(x) ? [0, o )

The domain of g(x) ? [-7/2, 4)

where does (-2x +4)= 11?

SOLUTIONS
Find the transformations of the boundaries...
The 'outers' affect the range:

vertical stretch: 3
vertical shift: down 5

The "inners' of the function affect the domain:
S22 —2)

horizontal reflection: over the y-axis
horizontal compression: cuts domain in 1/2

‘ Transformations (Advanced) ‘

(11, 9)

\43

(Possible sketch)

atx =-7/2 horizontal shift: right 2 of fix)
(Note: reflection, compression, shift
where does (-2x + 4) = -47 must be in that order!!)
atx =4
pE)= 3h(—2x+4)—1
px) 15
h(x)
N 10
-10 -5 0 10 ]
[ -15 -10 - 1] 10 15
-10 s
-10
outer affects the output (y) U
(-8.0) 0 —>0x-3 =0 15

then, 0—1 = -1

inner affects the input (x)
w where does -2x +4=-8 ?

at x=6

therefore, (-8, 0) transforms to (6, -1)

“3h(DE-2)) -1

(0, 0) : reflect over y-axis
expand by factor of 1/2
shift right 2 units

reflect over x-axis

stretch by factor of 3
shift down 1

(2: '1)

(6. -3): reflect over y-axis

expand by factor of 1/2
shift right 2 units

-1 )

reflect over x-axis
stretch by factor of 3
shift down 1

('1: 8)



‘Write the equation of the functions in each graph.

parent function of the left part: y=|x|
shifted to the left 1 unit: y=|x+1|

reflected down (over the x-axis): y=—{x+1|

vertical stretch by factor of 2: y=-2x+1|
(slope of lines are 2 and -2)

vertical shift up 9 units: y=-2|x+1|+9
The interval is [-4, 3)
parent function of the right part is a semicircle (upper)
equation of the circle: (x — 9)2 +(y— 7)2 =16
center: (9, 7) radius: 4
upper half (x-symmetry), so we'll solve for y:
2 2
-7 =16—-(x—-9)
2
y-7 =1 /{/167(};*9)

Since only the upper half of the
circle is used, we ignore the negative...

y = +A/16—(x—9)2 +7

The interval is (5, 13]

parent function: y = /\33 X

3
vertical shift up 5 units: A/x + 5

horizontal shift 6 units to the left: /> X+6 + 5

3
reflected vertically (over the x-axis): — X+6

ordinarily, (0, 0) is between (-1, -1) and (1, 1)

In this graph, (-6, 5) is between (-9, 9) and (-3, 1)

SOLUTIONS
15
fx)
10 TN
i e
-10 - 1] 10
2 x+1[+9 if 4<x<3
fix) =
4/16_(};_9)2 +7 if 5 <x <13
15
&)
T 10
o]
+5

the y-value is up 4 and down 4 ---> vertical stretch by factor of 4

— 4 /\3/X+6 + 5

the x-value is left 3 and right 3 ---> horizontal expansion by factor of 1/3

3
-4 f\f%(x+ 6) + 5

31
y=—-40/(5x+ +5




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Also, at Facebook, Google+, TES, TeachersPayTeachers, and
Pinterest



One More Question:

The even function f{x) has a maximum at (5, 9).

What are the maxima of 3f(4 —x)+2 ?

ANSWER:

The even function f{x) has a maximum at (5, 9).

‘What are the maximaof 3 f(4—x)+2 ?

3fx+4) + 2

3f<—(x—4)>+2 ’

n

a b c d

The transformation: (5, 9)  horizontal reflection
horizontal shift
vertical stretch

vertical shift

A B S ’

d:

Since f{x) is even, it has a maximum at (-5, 9) as well as (5, 9) ("even" functions have symmetry

over the y-axis)

ANSWERS
: vertical dilation: factor of 3
horizontal expansion/reflection: -1
: horizontal shift: 4 units to the right
vertical shift: 2 units up
(-5.9) The transformation: (-5, 9) horizontal reflection (5, 9)
(-1,9) horizontal shift (9.9)
(-1,27) vertical stretch (9.27)

(-1, 29) vertical shift (9. 29)




