Sketching Rational Expressions Il

Notes, Examples, and Practice Exercises (with Solutions)

_______————\--———-———-—-— l.l

Topics include end behavior asymptotes, intercepts, factoring,
limits, graphing, and more.
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Example: Graph the following function. Sketching Rational Expressions II

Identify the asymptotes and intercepts.

— x3+x2 © + 3
F® 1, f® = e

o
Il
[
]
Il
]

y-intercept: (0, 0)

| l /
The function crosses the y-axis at this point... i : //
x-intercept: (0, 0) and (-1, 0) : 5 : )d
1
The function lies on the x-axis. 1 : /
(this occurs when f(x)=0) 1 ,V/
1
) o _ I 71
Vertical Asymptotes: x=2 and x=-2 | P
+
The function is undefined at these x values... | y 4 !
! 1
1
Horizontal Asymptote 5 I 5
ymp ):/ + .
None. Since the degree of the numerator's lead term is 3 1 1
and the degree of the denominators lead term is 2, this | :
expression is "top heavy"... |
|
Slant Asymptote : 1
1
Since the degree of the numerator is 1 more than the : = 1
degree of the denomiantor, there is a slant asymptote. | 1
(Use long division to find it) 1 :
| 1
4x +
x 1 o+ = FE
X" —4
2 5 5 To sketch the graph,
x4 X +x° +0x+0
3 1) draw the asymptotes.
—F e Note: The graph may not cross the vertical asymptote(s).
0 +x% +4ax However, it is possible that the graph can cross through
5 a horizontal or slant asymptote (i.e. "end behavior asymptote”
— X- L 4
0 +4x +4 2) Plot the itntercepts. (0, 0) and (-1, 0)
As the function goes to infinity or negative infinity, 3) Pick points in each region or make a larger table of values
the remainder approaches 0 ("bottom heavy™).
therefore, we ignore the remainder and see the Left of the asymptote, let's pickx=-3...  f(-3) = -18/3
slant asymptote is

Middle of asymptotes, let's ryx =-1.5... f-1.5) = .64

4% 4
ERRIE &4 2=l ) = 23

Right of asymptotes, use x=3 f(3) = 36/5
18 4) Does the graph cross the slant asymptote ('end behavior asymptote")?
3 2
_ 4] - _ XX
sl (x+2)(x—2)

x+DE+2YE-2) = X +x°
Yes, at (-1, 0)

3 2 3 2

1D 4 0 5 10 X +x —dx—4 = x +x

x=-1




Quadratic End Behavior
E] 5 10 10
Example: —x*+2x3 -2 =% @imt) multiplicity of
= 3 2, there is a'bounce’
x-1) E-—DE-1)
vertical asymptote: x=1 -
horizontal asymptote: None
("top-heavy": degree of numerator > degrees of denominator)
end behavior asymptote: Parabolic asymptote (because degree of numerator is 2 (\
more than degree of denominator) 10
L _2
Long division: X +0 -1
o+l | =t taxd -2
— —=x* +203 —x2 '
0 +0 -x :
— % -t
2x + 1 _ \
end behavioris | —x2 — 1 1 0 — 2x +1 4 SRV \v
(x"—-2x+1)
i x=1
y-intercept: (0, 0) 1
A -5 i 10
x-intercept: (0, 0) —=x? (x Toox +2) =0 /
(0, k *\
'
roots are 0 with multiplicity of 2 d ! V—xio1
and, the other two roots are it !
imaginary (because the discriminate < 0) s T
I
Where does the graph cross the end behavior asymptote? I
1
|
2 —x*+2x3 —2x2 '
X 1 —_— Bt
-1 I
N |
(—x2-1)E-1D7 = 44253 —2x2 :
|
(7x271)(x2—2x+]) = x4 +23 —2x2 R
! 1
ot —a -1 = P -2 :
1
2x-1=0 1
|
x = 1/2 YES! ol
| I 1
4_ 4.3 Cubic End Behavior
.
Example: Graph y = Bk
x-3
. |
The degree of the numerator is 3 more than the degree of the denominator.
So, there is a "cubic asymptote”.. i
I
Using Synthetic Division: 3 130 06 0 U]
!
3000 {
10006 - !
End behavioris x° - {!
6 I3
X+ x4o33 46 !
o J
U T
!
x-intercepts: (1.6, 0) (2.7, 0) )
/
y-intereept: (0, -2) ; . I AN at
- & %
The cubic asymptote and vertical
asymptote intersect at (3, 27)
Does the end behavior asymptote intersect the function?
4 3
XT3 +6 40
© = o3 == o3 = -3 46 | -

0 6 NO! they do not intersect....

Observation: Note how the graph looks like a cubic function
interrupted/divide by a vertical asymptote slicing through at x =3



Algebra I: Slope
h = height (feet)
h t =time (15 second units)

Ah
slope m= 3

m is undefined

chair lift ski lift to ski cliff
line mountain top slope

hospital

Algebra II: Continuity and End Behavior

h(t) = happiness level

h( t) t =time
-_,—JM
t
chair lift ski lift to ski cliff hospital morphine
line mountain top slope

Math Graphs
&
Skiing

"Watch out for
Vertical Drops!"

(suggestion for skiers and
math students)

L. Friedman #13 1-8-12
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xz(x—T)
E-Hix+D

Vertical Asymptote(s)

Horizontal Asymptote
(or, End Behavior Asymptote)

x-intercept(s)
y-intercept
Domain

Does the graph cross over the Horizontal/End Behavior Asymptote?

R R

X" +2x—3

Vertical Asymptote(s)

Horizontal Asymptote
(or, End Behavior Asymptote)

x-intercept(s)
y-intercept
Domain
"Hole"?

Does the graph cross over the Horizontal/End Behavior Asymptote?

Rational Expressions 2 Graphing Exercises




3)

4

_ 3P+ 7x-20
x—1

Vertical Asymptote:
Horizontal Asymptote:
Slant/Oblique Asymptote:
x-intercept(s):

y-intercept:

Does curve cross 'end behavior asymptote'?

hex) = 2X22* 5x—3

x —16
Vertical Asymptote:
Horizontal Asymptote:
Slant/Oblique Asymptote:
x-intercept(s):
y-intercept:

Does curve cross 'end behavior asymptote'?

Vertical Asymptote:
Horizontal Asymptote:
End Behavior Asymptote:
x-intercept(s):
y-intercept:

Does curve cross 'end behavior asymptote'?

20

-5




6 fx) =

7)

§)

x3 — 16X
2t +2x+12

Vertical Asymptote:
Horizontal Asymptote:
Slant/Oblique Asymptote:
x-intercept(s):

y-intercept:

Does curve cross 'end behavior asymptote'?

x—2

2

gx=

Vertical Asymptote:
Horizontal Asymptote:
x-intercept(s):
y-intercept:

Does curve cross 'end behavior asymptote'?

3x% +5x—2

) = =

Vertical Asymptote:
Horizontal Asymptote:
x-intercept(s):
y-intercept:

Does curve cross 'end behavior asymptote'?




| More Rational Expression Topics

A) y-axis
lim _ lim -
\ o = =
1\ .
| 1i lim _
! = xsqt I®
AN
i El
t > lim _ S =
, N more
- ~——
< H | s =
o T X-axis 1
- 1m _
\\ : 100 & =
T 2 =
AV
1 lim -
; x—>—00 1= £(0) =
\Tl
N
BONUS: Can you determine the rational expression from the graph?
B) Use long division and transformations to graph y = itzq

0 f@= ——

What is the Average Rate Of Change on the interval [3, 5] ?

Lh

What is the AROC between 1 and 3?




h(t) = -16t7+ 200t + Marth

"When does the AP. 0110
rocket land?" moof
/ €l
‘ ‘5}‘5

R
"Do we solve for 't'?
= Or, for h'?"
"I don't know. I thought
"At night!" we always solve for 'x".
— : Where are the x's?"
2 )

. "Uh, Mr. Houston

N we have a problem

Teaching this crew about quadratics IIIthzsslstigle
was a challenge for Professor Houston P

SOLUTIONS-->



1) x? x-7 SOLUTIONS ‘ Rational Expressions 2 Graphing Exercises

C m-aiE+ 4

Vertical Asymptote(s) x=4 x=-1

Horizontal Asymptote Degree of numerator: 3; Degree of numerator: 3
(or, End Behavior Asymptote)  therefore, look at lead coefficients:  y=1

x-intercept(s) (0, 0) with multiplicity of 2.. (7. 0)

y-intercept (0, 0)

Domain all real numbers, exceptx # 0, 7

Does the graph cross over the HorizontalEnd Behavior Asymptote?
In other words, does the graph intersect y =1

_ x2 (x-7)

] _ v J
-9 x4+ 1)

cross multiply and expand... Note: the x-intercept (0, 0) has a multiplicity of 2, so there
is a "bounce"
x3-7x2 = (x2 -Bx+16)x+ 1) the cross-over point is at (-2, 1)
These and the asymptotes help sketch the curves...
372 = B3o7x2isx 16

o
Il

8x+ 16 YES!

=2 the graph crosses over at (2, 1)

2) fix) = 2)(:2_7?(_1 (2x+Dx-1)
x?+2x-3 T®EHE-1)

Vertical Asymptote(s) x=-3

Horizontal Asymptote y=2
(or. End Behavior Asymptote)

I
x-intercept(s) (-1/2,0) | I
y-intercept (0, 1/3) i
Domain All real numbers except X?L 1,-3 ' }
Holes (1. 3/4) h
|
Does the graph cross over the Horizontal'End Behavior Asymptote? -1D 5 i (i 5 10
2x2-x-1 (s + (- 1) :
x2+2x-3 o 2T Taraa- e,
2x2-x-1 = 2x% +4x-6 , - Gx+D :
x+3) I
5=5x ( : No Solution | : 49
I

2x+6 = 2x+1
the solution x = 1 occurs at the "hole"..

S0, there is no cross-over point... 6 =1



»  y= 3x% +7x - 20 (Bx—5)x+4) 113 7 20 P T
— x—1
x-1 x=1) 3 10 3x2+ 7x - 20 | i
310 -10 x—1 } /
_ N
Vertical Asymptote: x=1 ) /
3x + 10 is the slant asymptote k
Horizontal Asymptote: none !/‘
Slant/Oblique Asymptote: v =3x+ 10 3% + 7% ~ 20 iy ‘r '
XH10= S . i
x-intercept(s): (5/3,0) (-4, 0) ' N
) |
y-intereept: (0, 20) 3x? + 75— 10 = 3x% +7x~ 20 ";r‘ N
1 L ‘
Daoes curve cross "end behavior asymptote'? NO -10 % -20 | ff \
1 |
no solution, so curve never =6 =7 T o
crosses the slant asymptote | / I |
i \
{/ |
/ \
y=3x+10 x=1
2% —5x-3 (2x+ D(E—3)
9 hx = |
2 T (x—
216 x+4)(x—4) |
I
I 10 \
. . _ o degree of numerator: 2 | |
Vertical Asymptote:  x =4 and x=—4 degree of denominator: 2 i 1 I
ients: I !
Horizontal Asymptote: y =2 same, so use coefficients: 2/1 ' . ‘
| |
Slant/Oblique As tote: | |
q ymp None 2 y=2 —-T-—t-— b bk SECE R o S
. . 2 2x -5x-3 ! 1
x-intercepi(s): (-1/2,0) and (3, 0) y=2 2 16 T 3 i 1 . ‘ 5 10
y-intercept: (0. 3/16) 5 5 | I
2% —32 =2x"-5x-3 [ |
Does curve cross 'end behavior asymptote'?  YES! 20 - | 5 |
=29 = -5x - |
{1 ‘
\ . ss _ : |
1
|1
X4—X3:"1 x=-4 x=4
5) _ x4 - X 3 +1 If x > 1, the answer is positive ‘
) = x~1 If x < -1, the answer is positive |
If 0 <x < 1. the answer is negative (but not -1) | ;
If -1 < x < 0, the answer is positive iHI
Vertical Asymptote:  x — 1 .", there is no x-intercept I I S ;I
|
Horizontal Asymptote:  None (because it's "top heavy") ! !f
degree of numerator > degree of denominator ;
End Behavior Asymptote: 3 ;
. x5 /
x-intercept(s): None i
Using synthetic division: 4 | 7
y-intercept: (0, —1) |
1 -1 0 0 1 |
Does curve cross 'end behavior asymptote'? 1 0 0 |
0 I
3 -xd4 NO !
D S |
x—-1 |
4__3 |
x4 —x3: X —x +1 X3+ =1 |
i x=1




X(XE - 16) x-intercept gives clue that middle curve

3 . i |
6) Ax) = ’;‘i XX FHE-4 goes through the oblique asymptote.. i " Sy
—2x"+2x+12 (% — 1 1
R i) | |
—2(x"—x—
|
a4 2x 412 | 5+ 0xT - 16% . | |
Vertical A tote: =-— = = ——
cal Asymptote: x=-2 andx=3 N S L I s l
Horizontal Asymptote: None X2 ~ lox T | |
e
~L I I
Slant/Oblique Asymptote: y= —%x - ;7 - x2 -x -6 | ™~ \‘\ |
| =
—9x + 6 . '
seintercept(s): (0.0) (—4,0) (4, 0) * - 4 | St o 0
e
. ] | +
y-intercept: (0, 0) | ! T
) | | =
Does curve cross 'end behavior asymptote'? s 1 | I [ IS
1 1 3 16: | l | T
x —16x |
- = 2 T OR ~Tx~6 = ~16% |
2 2 —2x* +2x+ 12 i |
YES at x=2/3 |
x3-x? —ex+x?-x ~ 6 = x° - 16x fto
I
|
Note: graphs may cross through end behavior asymptotes.
7 g = Xz_ 2 (However, they may not cross through a vertical asymptote.) XT -3 x=3
-9 |
- |
x+3)x-3) |
[ I
Vertical Asymptote: x=3 and x=-3 ; |
|
Horizontal Asymptote: y =0 (because expression is "bottom heavy" 1 |
deg. of numerator < deg. of denominator) ! I ! |
x-intercept(s): (2, 0) y=0 = | 0 ‘l 5
|
y-intercept: (0, 2/9) } I
! I
Does curve cross 'end behavior asymptote'? L |
5 I
Since there is an x-intercept @ (2, 0) | |
and the horizontal asymptote is v = 0, i |

then obviously the curve crosses the asymptote at x = 2!

R (Bx —1)(x +2)
® he <16 G+ HE-4)

Vertical Asymptote: x=-4 x=4

Horizontal Asymptote: v=3  (deg. of numerator = deg. of denominator
then, lead cofficients 3/1)

x-intercept(s):  (1/3.0) (-2, 0)

y-intercept: (0, -2/-16) ----= (0, 1/8)
Does curve cross 'end behavior asymptote”?  YES. At, (-9.2, 3)
3x2 +5x—2
o x2 —16
35248 = 3x2+5x-2

46 = 5x x=-02
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| More Rational Expression Topics

A) y-axis
lim _ lim o
Iﬂl\ gspt =+ csa J®=T12
A
| I lim o SOLUTIONS
E \ xflz_ f@= - 20T J®) 3/2
HAY
1
; Ex\ XI:‘HZ F(®) = Doesnot J = -4
1 T exist (DNE)
A e A e f@y =7
- — } : lim _
"'"--.\\ i X-axis X 00 J®) 1
\\ i f(2) = undefined
A\ lim
1 X— —00 F®=1 @ = 31
]
xL, : BONUS: Can you determine the rational expression from the graph?

7((:ir§))((:: j)) forall x # 4

S =
7 ifx=4
B) Use long division and transformations to graph y = = * < |
X =5
! 10 |
\
1
1 S — . . . :
-5 This is a 'reciprocal function’... |
E : 5 :
-5 | x+2 . . 7 I
i Vertical shift: up 1 —+1 |
—x—-5 x5 |
7 Horizontal shift: s T T-TT T T TTTTTTTTTT T
[ IS 3 0
Vertical stretch: factor of 7 |
\
I
5 i
5 1
C )= ———
) f@= |
‘What is the Average Rate Of Change on the interval [3,7]? ‘What is the AROC between 1 and 37
The average rate of change cannot be determined!
(3.5) and (7, 1) (because the interval [1, 3] includes an undefined value..)
AROC is "slope" between points... =2
A S ol
3-7 — ! !
| {
I
0 I
5 I
|
I
|
5 | .l
5 0 5 i
|
I
I 0 5 10 Vi
L 5 |
I
Why can't the AROC be determined?
sl Because the AROC is also the average of

all the instantaneous rates of change.
Since the TROC cannot be determined at x = 2,
it's impossible to determine the entire average...



Thanks for visiting. Hope it helped!
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Also, at Facebook, Teacherspayteachers, Google+, TES, and
Pinterest.



