Double Absolute Values

Notes, Examples, & Practice Test (with Solutions)

Topics include absolute value, slope, “kinks and corners”,
graphing, inequalities, standard form, vertex, and more.
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Absolute Value Review Notes and Examples-—>



Stamdard Form of an Absolute Value Function

Absolute Value Review
y=ax —h|+k where (h, k) is the vertex...
slope = -3 slope =3
Examples: The vertex is on the origin (0, 0)
y = alx|
where a is the amount the parent function is
"multiplied" or "stretched".
(see graphs and tables) Pagent octed; ¥ ‘ y = 3Jx|
X|y 5o s
; 22
"Slope of the Absolute Value Line" al1 2|6
113
Also, 'a' indicates the slope: 0]0 olo
1|1
1|3
a is the slope of the absolute value line on the 2|2 2|6
right side of the vertex.

And,
-a is the slope of the absolute value line on the
left side of the vertex.

** Ifa< 0, then the graph 'faces down'

Slope on the left side of the vertex will be
positive. And, slope on the right side of the
vertex will be negative.

slope = 4 slope = -4

"Absolute Value is a Piecewise Function" i X
The vertex is a "kink" or "corner"

Example: y=|x—3|+6 .

Vertexisatx=3 (3, 6)

a=1 (k=06

Since a > 0, the function opens upward (faces up)...

Slope is 1 to the right of the vertex

slope is +1
Slope is -1 to the left of the vertex

This graph can be described in this form:

50—(3.6)
x+:3; fx>3
S =
-x+9, ifx< 3
5 0 5 10
Example: y= —3x—2|+6
......... 10 8 S Vertex: (2. 6)
! "a" value: —3
2.9
i Note: the absolute value "V" is upside down.. (opens downward)
5 11 I So, the slope left of x = 2 is positive
and, the slope right of x = 2 is negative...
The slope at x =2 (the vertex) does not exist
5 rr (because it's rate of change is ambiguous)
= (i | The rate of change coming from the left
slope is | of (2, 6) is —2... And, the rate of change
AV approaching from the right of (2, 6) is -2..
So, at 2, we don't know!




Absolute Value Equations: How many solutions? ‘

Two solutions: 5x+4/—-10=-5

(isolate the absolute value)

Steps for solving absolute value equations:

1) Isolate the absolute value

2) "Split into negative and positive equations"
3) Solve

4) Check your answer(s)!

Isx+4| = 5
(*positive equation") ('negative equation’)
S5x+4=35 5Xx+4=-5
S5x=1 Ax=-9
1 _ 9
=75 s
(Check)
|5(1/5) +4/—10=-5 [5(-9/5) + 4 — 10=-5
5 —10=-5 [-5] — 10 = -5
Vs = s 75— 10 ==
One solution:
2x+3]+8=8
2x+3/ =0 2(-3)+3]+8=8
|X+3|=0 2|0|+8:8
x+3=0 VJ 8§=28
x=-3

No solutions:
S3x+2/+20=10

SPB3x+2 = -10

Bx+2 = -2

('positive
equation’
q ) x=4/3

53(4/3) + 2| +20=10

506/ +20 =10

X 30 +20=10

(isolate the absolute value)

After isolating the absolute value,
for lax+b|=c

if ¢ =0, then 2 solutions
¢ =0, then 1 solution
¢ <, then no solutions

-=——_———1 | Absolute value output
is never negative!
Xx+2 =12
Ix=0 ('megative
equation")
0



Solving Absolute Value/Inequality Equations

Steps: 1) Solve absolute value equation

(for both 'negative' and 'positive’ values)

Example: |3X + 7’ = 10 Determine "critical points"

(solve) |3x + 7| =10 2) Graph --- "open circles" or "closed circles"?
3x+7=10 3x+7="10 3) Test regions and Check answers
3x=3 3x=-17 (plugging points into the ORIGINAL equation)
x=1 x= —17/3
(graph) Since it is < , solutions don't
inchude -17/3 or 1.
- 0
+ ¥
-17/3 Open circles 1
(test regions) (check answers -- "critical points")
P L5 | |3¢-173)+ 7| = |-17+7‘= 10y
e s 7 1
Left area: try -8 Middle area: try 0 Right area: try 5
|3¢-8)+7]< 10 2 |3 +7]< 102 3@ +7]< 107
17 < 10 7 <10 15< 10
NO YES NO
Example: 3 Ix —7| +4210
solve Iacital —
(solve) 3x ~7| +4 =10 positive'! x—7= 2
Isolate the absolute value terms. x=9
Then. solve equal to 'positive answer' 3 |X _7| =i
and equal to 'negative answer' 'negative' X — 7= -
[k -7] =2 x =
(graph)
"critical values" are
x=5 and x=9 b *
5 9
"closed circles" because soltion
inchuides 5 and 9
(test regions) < ! B } ' %__5
0 5 7 9 12

Use:

0 (left) 3|(0)-7l+4=25310 YES

7 (middle) 3|(7)-7‘ +4=4#10 NO

(check answers)

12 (right) 3|(12)-7 +4= 19> 10 YES

0y
10\

3[(5)-7| + 4

3©-7| + 4

(**Remember: plug values into original equation)



Double Absolute Value Equations & Inequalities

Example: |x+5|=|x—1]

positive  positive positive . negative Notice, the other 2 possibilities offer the same results..
x+T5=x-1 x+5=—(x—1)
OR . - . .
negative  positive negative  negative
NO SOLUTION x+5=—=x+1
—(x+35 =x—-1 OR —(x+5) =-x—-1)
m=d —x—-5=x—-1 —x—-5=-=x+1
x=-2
x=—2 NO SOLUTION
y=K-1

y=[x+3| 5 / check your answer....

X=2 () +s = -1

The two absolute value functions
intersect at x = -2 13] = |3

3=3

In this case, the slope (and shape) of the absolute

Example: [2x+6] = 3x+ 4| —
ample: |2+ 6| *4l -5 values are different, and there are 2 solutions!

negative positive negative negative positive  positive positive negative
—(2x+6) = 3(x+4)-35 —(2x+6) = 3-—(x+4) -5 2x+6 = 3(x+4)—5 (2x+6) = 3e—(x+4)—5
—2x—6 =3x+12-5 OR —2x—6 = —3x —12 —5 OR 2x+6 = 3x+12-5 OR 2Xx+6=-3x—12-5
—-13 = 5x x =11 x=-1 5x=-23
=-23/5
x=-13/5
then, check your answers.... y=3x+4-5 v=[2x+6|
\\ i /
[2(-13/5) + 6] = 3|(-13/5) + 4] =5 R(-11)+6 = 3(-11)+4]—5
4 _ 2L s 16 = 3(7) — 5
=-13/5 5 5 x=-11 "
—4 16 = 16 \

[2(:23/5) + 6 = 3|(-23/5) + 4= 5 2¢-1)+ 6 =3(-1)+ 4] -5

16 _ .3 im0 /

s — 3% 73 x=-1
=.23/5
x=-23 4=4

6 4 —16

5 5 -15 -1 \= 0

The two absolute functions

intersect at (-1, 4) and (-11, 16) 5




Example: 2x+4| > [x+ 3| | Double Absolute Value Equations & Inequalities

Set equations equal to each other to positive  positive positive  negative negative  positive negative negative
find the critical value(s), where
the absolute values int(egs;ect. X4 =Xt k4 =) (A4 =x+3 —(xt4) = (x+3)
x = -1 2x+4 =-—=x-3 —Ix—4 =x+3 —2x—4 =-x-13
x =7 —3x =7 X =-1
x = -73 =-713
At x=-1:  2(-D)+4| = |(-1)+ 3 Atx=-7/3:  [2(-7/3)+ 4| = |(-7/3) + 3]
2=2 L7 23 = 23 |—"
Then, test the regions (intervals) to
solve the inequality... y=x+4 y=[x+3|
-5 -2 0 4
< o | | N
< S >
-7/3 -1
atx=-5 |2(-5) T 4] =|(-5)+ 3
6> 2 YES
at x=-2: [2(-2) + 4] > |(-2) + 3| -4 -2 [i
0>1 NO

at x=0: 2(0)+4] = [(0)+3
2(0) +4 > [(0) + 3| In the intervals (—¢0, -7/3) and (-1, ),
4>3 YES [2x + 4| is above [x + 3|

Example: —x+3|+7 < 5x+2/—10

1) Find possible critical values: 2) Check answers 3) Test the regions...

ositive ositive
7 7 ifx=2/3, then < I * I ‘ | ‘*;;
—(x+3)+7 = 5(x+2) —10 |
—|(2/3)+3|+7 = 5|(2/3)+2/— 10 -10 -5 0 23 3
—X+4 =35x +0
23 103 =103 7 atx=0, +(0)+3|+7<5(0)+ 2~ 10
x=
4 =0 NO
positive negative
if x=-6, then atx=-10, YES... atx=3, YES...
—(x+3)+7 = 57(x+2) —10
—|(-6) + 3|+ 7= 3|(-6)+2| - 10
—x+4 = —5x—20 In the intervals ( —oo | -5] and [2/3, o0 ),
‘=6 P >( —jx+3|+7 isunder orat Sx+2|— 10
y=5x+2/-10
negative positive 1\ 10
if x=15/2, then
- —x+3) +7 = 5x+2) —10 |
—|(5/2)+ 3+ 7 = 5(5/2)+2 - 10
X+10 = 5x +0 -
32 = 252 )( .
X = 3512 /
negative negative E K
“ “ if x = -5, then i . i

@) FT= 57(x+2) 10
®+3) ®+2) 5)+3]+ 7= 5(-5)+ 2|~ 10 i
x+10 = —5x-20 Yy ’

5=35 \//
Xx= —5




Example: y=x+1] + x—4|

y =[x+ 1] The graph "turns" or "kinks" at —1 y=x—4

y=[x+1 + x—4

The graph turns atx=-1 andx =4

(the "corners" are at -1 and 4)

atx=-1,y=+5 (-1, 5)
atx=4, y=+5 (4.5

The graph turmns at x =4

Graphing Double Absolute Values

-5 ]

The slope in the interval ( —o0, —1) is -2
slope of [x + 1|is -1 and slope of [x — 4]is -1
and, the sum of the slopes/rates of change is -2

The slope in the interval (-1.4) is 0

slope of [x + 1|is +1 and slope of [x — 4] is -1
and, the sum of the slopes is 0

The slope in the interval (4, o0 ) is 2

slope of x + 1|is +1 and slope of [x — 4| is +1
and, the sum of the slopes is +2

5 [i 5
Example: v= 3[x—2| + [x|
y=3k—2 v =[x
5 5 y=3x—-2 + |¥
10
-5 0 2 -5 0 5
5
NOTE: slope does not exist at kinks The "kinks" occuratx =2 and x=0 ——r—
and corners. Why?
Because the slope from the left g?:hilgpe:rgtfee:tfgoiﬁtg:lﬁ;:;? the sums
is different than the slope from P ’ I 0 2 5
the right. It's ambiguous and ex: slopeatx=1is -3 + 1 = -2
cannot be defined...

Example: y= 2x+3| — [x— 3

the "comers/kinks" will occurat x=—5 andx =3

atx=-5, y=-38 atx=3, y=16

2[x + 5|

The slope of the line left of (-5, -8) is —1
between (-5, -8) and (3, 16) is +3
right of (3, 16) is +1




How to sketch a double absolute value graph
30
Example: Sketch y=2x+4| — [x—7|
Step 1: Identify the "kinks" or "corners" of the composite graph (7,22)
Take each segment and find the maximum or minimum 128
2[x + 4| ----> minimum occurs at X =—4
~ K= 7 ---> maximum occurs at x =7 e
Step 2: Draw segment(s) connecting the corners...
Ifx=-4, theny=-11.... So, (-4, -11)is a 'corner’ =0 b / T 20
Ifx=7,theny=22.... So,(7.22)is a 'cormer’
(-4,-11) f .,
Step 3: Extend the graph
Method 1: Use the slopes to extend lines... Method 2: Identify a point in each region. Then, draw lines...
2lx +4|: slope forx <-4 is —2 The corners are at (-4, -11) and (7, 22)
forx=-4 is 2 We need to extend a ray from x = -4 to the left...
— k=7 : slopeforx<7is 1 so, pick a point less than -4...
slope forx > 7 is —1 Ifx=-10, theny = -5

and, we need to extend a ray from x = 7 to the right...
so, combined: slope for x<-4 is -1 (—2+1) so0, pick a point greater than 7...
slope for —4<x<T7is 3 (2+1)
. Ifx =15, then y =30
slopefor x»7 is 1 (2+(-1)

(15, 30)

36

20

-1

slope =-1

10 20
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Practice Quiz (and Solutions)-—2>



I. Solve the equations Double Absolute Values Quiz

a) [x+6/=x— 10| b) [x+ 1]
[x—1|

Il
Ln

II. Solve the inequalities
8) K+3|+[2x—4>6 b) [x—4 < —x+35+2

2=x*3 50 d) 2x+ 1] < 3x+ 5
x| -2



IT1. Graph Double Absolute Values Quiz

a) y = [KTx+4 b) y=x+6—x+1 €) y=2x-3 + 3x+1]

25

28

-5 ] 5

IV. Graph and Solve

Q) 7 = R+5+ [x=3 b) [x+4] =—2x+4[+6
10 10
5 5
-10 -5 0 5 0
-10 -5 0 5 0
5
-5
s
L




1. Solve the equations

SOLUTIONS Double Absolute Values Quiz
a) [x+ 6| =[x — 10| b) k1]
) | =1 l H =5 cross multiply: Sx—1] = [x+ 1]
(x+6)=(x-10) OR (x+6)=—(x-10)
. Sx-1) = (x+1) OR 35(x-1)=—-x+1)
no solution x=2 ) .
find possible solutions: x=3/2 X =23

—(x+6)= (x-10) OR —(x+6)=—(x- 10)

5.(x—1)=(x+1) OR 5:-—(x—1) = —(x+1)
no solution Sx+5 =x+1

Sx+5 = -x—1
x =23 x= 312
check: x=2: |(2)+6]=1(2) — 10|
§ =8 L check your answers: check: x=2/3: I2/3) + 1] _s x=13/2 m= 5
l23y-1 TG
[5/3 | [52]
a2 =5 |/ T =5 V/
[-1/3 | | 1/2
II. Solve the inequalities
a) K+3+[2x—4/>6 b) k-4 < —x+5+2
Find "critical values" where Test each region Find any "critical values"
equations equal 6
. -4) = —— 5
(x+3)+(@x-4)=6 -3 " 32 /1\ 5 **After checking each (x-4) (x+5)+2
P possibility, we find X-4=x+7 no solution
x= T7/3 1 73 there are no critical
values..... —(x-4) = —(xt35+2
X+3)+-2x-4)=6 =.3: -10| = 7 L.
x+3)+—( ) atx=-3: 0] +[-10] > 6 YES So, the solution is x+4=-x-3 no solution
2/ ; - - ither all real numbers
atx=3/2: [9/2|+|-1] > 6 NO o _
302 PR ] or no real numbers... —x-4 = +2
atx=>5: |8+ 6| = 6 YES “2x=

If we test x=0,
not sohitions

—x+H+Q

=3/2
1(0) - 4] <—(0) + 5| + 2 v

(=o0. 1) U (7/3. 0)
x=-5/3 4 < -3 NO

NO SOLUTIONS

2+ 3]
k-2

>1 If x = 2 or -2, the left equation is undefined
- Then, to find other values, cross multiply...

)

If you graph each equation,
2x+3 = 10} =20 you see there are no intersections...

(2x+3)=10(x) - 20
x= 23/8

d) 2x+1] < 3}x+3|
—(2x+3)=10(—=x) - 20
2(x+1)=3(x+3) -20

-8 0
x= -17/8
x=-13 ‘ ¢
13 -17/5
IRSUE 2. —(x+1)=3x +5) |
~ # 2x-2=3x+15 (test each region)
2o =-17/5 atx =-20: 2]-19| < 3|-15|
tx=2.5 8 38 < 45 YES
o 2‘|_=||-:. =16=10 2x+ 1) =3."(x+5)
YES! 2x+2=-3x-13 atx=-8  2[-7] = 3|3
14<<9 NO
=-17/5
atx=-21: _['12] _15-1p o o
[-2.1]-2 e 2. (x+1)= 3.7(x+5) atx=0: 2/]1] < 3|5
atx=s. 13 _ .o YES! 2x-2= 3x-15 2 < 15 YES
5-2 — e <=
NO [-17/8, -2) U (2, 23/8] ‘=13 Coo-13] U L1705, )




Double Absolute Values Quiz

III. Graph
a) y = [x|+[x+4 b) y=k+6-[x+1] ) y=2x—3 + 3x+1|
The "kinks" or "comers" are The comers are at Kinksatx=-1 and x=3 (-1.8) and (3, 12)
at (0,4) and (-4, 4) (=6, —5) and (-1, 5) NLLL

Connect them with a segment... e

N o7 mmEy 158

A =

<
3 0 ~ :
then, pick a point left —4: (-6, 8) The slope forx <-6 or x> -4 is zero.. 0 .5 0 5 10
pick a point right of 0: (3. 10) (horizontal fincs) | |
Then, plot points at x=-3 and x=35
(-3.18) and (5. 22)
IV. Graph and Solve
a) 7 = [x+5 + [x— 3] b) [xt4 =-2x+4[+6
Rewriteas —[x +5/+7 = [x— 3| Graphically, we see the intersections are at (-6, 2) and (-2, 2)

\ . 10
\ |x—3|/ \

w3+ /]
N
N

N N
\ J 2x+4/+6

[x+ 4

RS
A\

10
10

\
No intersection, so NO SOLUTIONS!
Algebraically: positive  positive negative negative
x+4H=-2x+4H+6 ~E+H=-2.-xT4)+6
X =-6 X-4 = 2x +14

x =-2 x=-6



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

We're also at Facebook, Google+, Pinterest, and
TeachersPayTeachers

One More topic-=2>



"Triple Absolite Value Equations"
Example: Sketch y=|x+3| + 2x — 5] — 4[5

Step 1: Find the "comers" or "kinks" where the slope changes....

[N p— > atx=-3 (3.4
2fx = 5] weeen > atx=+5 (5.-12)
BT — > atx=0 (0, 13)

Step 2: Connect the comers...
Notice, the slopes of each segment:
Left: (D+E)-(H =1
Left/middle: (1)+(-2)— (-4) = 3
Right/middle: (1) + (-2) —(4)=-5
Right: M+@2)—-H=-1

They are the sums of the individual absolute value
slopes in each interval!

Step 3: Pick a point in the left region/interval and
a point in the right region/interval...
Then, extend the graph!

Left: pickapoint<-3... Ifx=-5theny=2... (-5.2)

Right: pick a point > 5... Ifx =28, theny =-15 (8. -15)

—15

Example: Solve [x|+3x+3|—|x+7 =35

Step 1: Try all possibilities
positive positive positive

positive positive negative
Xx+3x+3)-x+7)=5

x+3x+3)-—x+7=5

x=3 5x =-11

x=1 x=-11/5

negative positive positive
“X+3E+D-x+TN=35

negative positive negative
—=X+3x+3)-—Ex+7=5

=3 x=3
x=1
Step 2: Check answers (to eliminate extraneous solutions)

After checking the solutions above, we find that
x=1 or x=-21/5
1 +31+3|-1+7=5
1+12-8 =5 |~

[-21/5] +3[-21/5+3| - |-21/5+7 =5

25 + 18/5 - 14/5 = 5 [~

Step 3: Optional: Graph the equatoin...

positive negative positive
X+3.—(x+3)-(x+7)=5

-3x=-11
x=11/3

negative negative positive
=x+3.—(x+3)-x+7)=5

positive negative negative
X+3.—xX+3)HN-—x+T)=5
x=7

x=-7

negative negative negative
—-XF+3.-—-(x+3)-—(x+7)=5

-5x =21 Sx=7
x=-21/5 x=-73
-
| =5
= ——>
(-4.2.5) 1.5
-10 [ \/ 0 5




