Binomial Expansion

Notes, Examples, Formulas, and Practice
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Topics include factorials, combinations, polynomial multiplication,
Pascal’s Triangle, and more
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Binomial (Expansion) Theorem
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Example: Expand the binomial (2x + y}4

"Place the first terms"

"Place the second terms"

"Add the coefficients" ( g ) (ZX)4 (Y)O + ( ;1

Simplify
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Finding the term:

The r'™® term of the expansion (a + b)n is

wheren = (r- 1)

<11>an—@—nb@—n
r—1

Example: Find the 15th term of (x2 + y}n

<152%1>(X2 \22-05-1) 05D
<ﬁ ) )" "

319.770x 16y 14

Alternative method (if you forget the formula)...
"Begin the binomial expansion and determine the pattern!"

1st term

2nd term 3rd term

22 22 21 [
(f>@2> wf'*(l)@2> wf+(?)@2fﬂm2

s0, the 15th term will be... <22 )

14
(observe: the difference 2.8
between the 1st term and x7)
15th term is 14 terms...) "

)
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Example: Find the constant term in the binomial expansion of (x2 + %)

a b
: 5 10

since the 'a’ and 'b' terms are multiplied, we 1 SC 5 (xz) (i)
need to figure out which term would £
cancel the variable x... 50049

, . whi ; , 10 - = 177324147
In other words. which term will have an 3003 - X . 0 = 177324147
exponent in the 3/x term that is double X

the exponent in the x2 term

Pascal's Triangle

1
11
121 Note: each number is the
sum of the adjoining
1331 number(s) above...
14641 <6>
2/ T—— == T7throw, 3rd position... 15
1 5101051
1 6 152015 6 1 6! _ 6x5x4x3x2x1 30

42 T3 =15
1 7213535217 1 (4x3x2x1)x2x1 2

1 8 28 56 70 56 28 8 1

s e (£} (1)+(£)+3) )+ ()

This is the 6th row in Pascal's Triangle...

1+5+10+10+5+1= 32

1 6 152015 6 1
1 7213535217 1
1 8 28 56 70 56 28 8 1




"..., and this can be used for
counting and probability..."

Factorial !

A= ne(n = 2)(n - 2)no(2):(2)

Why is he using an

exclamation point? I don't
find this exciting at all...

"I don't get it."

English students may struggle
to understand this math concept!

Practice Exercises -=2>



I. Expand the following: Binomial Expansion Quiz

5
) x+y) =

2) m-p) =

4
D b+2) =

5 @x-3) -

3) (X2+y3)6 =

II. Find the term:

1) (x+4y)  Sthterm

12
2) 3x—2) 6th term

3) em+p2**t othterm



Binomial Expansion Quiz

III. More Questions and Concepts

A) Condense/Simplify the following Binomial Expansions...

1 /5% 10 54,8 5% g.61.2 5 4.3 5 2.4
<O>a +<1>3ab+<2>9ab+<3>27ab + 1y 8la" b’ +

Lh La

5
> 243b

B) Use binomial expansion to find:

4
1) (1.001) Hint: .001= 10

2) (998)° Hint: .002 =2(10)"

C) Miscellaneous

5
1) What is the 5th term in the expansion of (x + 3y2 )y ?

3
2) What is the coefficient of the st” term in the expansion of (s —5t) ?

3) In the expansion of (2k + 2)18 , what is the term that includes k 79



4) Expand the following (2 + 31)5 Binomial Expansion Quiz

g 7
5) Find the X3 term from the expansion  (2x +——)

6) Solve the following: find n

s



One afternoon,

expand (x + y)7

"The first term is XT .
and the last term will be y7 .
But, what is the coefficient

of the second term??

ErYEty . xty =
x7 + 77277

There must be a simple way."

while struggling with his pre-calculus homework,

expand (x + y)7

".. That is also incorrect..

Ugh.. I cannot figure out

tyxty ..(xty = this binomial expansion..."

2+ 200r
r

L. Friedman #243 (6-24-16)
mathplane com

Blaise saw a pattern!

expand (x + y)?

Gy ty . (xty =

@ 8 HWEE DH@HNE LNEE 8
[ €0 2L 250 57 o €51 E2

Pascal's
Triangle




Binomial Expansion Quiz

I. Expand the following: SOLUTIONS

5
1) (x+y) = stepl: xterms Y43 +x? +x! +x0
2
step 2: y terms }.,0 n 3;1 4 }_,3_|_ ¥ + 3,.4+ y

X5+ 5X4y+]OX3y3 + 10X2y3 +'5)q.r4 +y5
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step 3: coefficients (

.
) (m-p) =
m’ —7m®p +21m° p? - 35m* p? +35m3 p* —201m? 3+ M p —p’
3) ® +2}4 = step 1: first terms --- b v b2 bl bl
step 2: second terms - 20 ol 22 3 Hd
step 3: coefficients --- (4 ) ( 4) (4 ) ( 4 3 (4)
0 1 2 3 -
combine and simplify --- b4 + 8b3 + ?_:ﬂ::2 +32b+ 16
5
4) (2x—3) = 5 5. _ 51 5
) ( ) first term: ( 0 ) 29)°(3)° = sror 32x7)(1)

i)(zx:ﬁ @) = -2 e )e3) = 1501655 )

s d term:
second term < TET

etc.... 32x° — 240" + 7205 — 1080 + 810x — 243

Dty =

12 412, .2
x4+ 6}5'.10}73 + ISXSyG + 20}(6379 + ]5X4}r1"+ 6X‘y15+ ylg

Binomial (Expansion) Theorem

i}

II. Find the term: using the formula:
n

7 (a+b) = Z DA -k k
D (x+4 5th term 7 -(5 - 5-1 a b
) x+4y) <5_1> <7Dy S |k

7
<4 jx3(4y)4 = 35%3 (256}74) = 8960){3}74

12

2) (3x—2) 6thterm  find the pattern:
-55427328x"

B R PN DR : 12 7 (9P
Ist term: | (BX)I (-2) the 6th term will be ( ;) Gx)’ (-2) /9
. /12 7 .
2nd term: ( : )(3;:)11 2! 792 2187x7 -32
24
3) @m+p?)™ oth term The r ! term of the expansion (a + b)n

(2;) em'6p)®

6 10
735471 65.536m0 P ( n )an—(r—ljb(r—l)
r—1

48.199,827,456m16p 16




‘ Binomial Expansion Quiz

III. More Questions and Concepts
o o ] SOLUTIONS
A) Condense/Simplify the following Binomial Expansions...

) <g>a‘°+ <§>3a8b+ <§>9a6b2+ <§>27a4b3 n <j>81a2b4 + <§ >243b5 (a2+3b)
? (3)54 + (1‘)53@1 +<3> 522" + (;)51(_2}3 + (i)(-zf G+t o 81

B) Use binomial expansion to find:
4 . - From Pascal's triangle the coefficients
b @001 Hint: 001 =10 will be 1,4, 6,4, 1

3 -9 .
3 200° 4-17100 1.0

3 + 6+ 14107

3.4 4 0 -
(1+103) 1-1+10 + 4.17.10
1 + .004 + .000006  + .000000004 + .000000000001

1.004006004001

From the 4th row in Pascal's triangle, the
coefficients willbe 1,3.3.1

2) (998)° Hint: .002 =2(10)"

a-@i03)?
1-1%@107) + 3 2@10)" + 3.1 (107 + 1.1% @107 Y3

1 + —.006 + .000012 + —.000000008
904011992
C) Miscellaneous
1) What is the 5th term in the expansion of (x + 3y2 )5 2 Note, since %% is in the first term, x! is in the fifth term...
Remember, a power of 5 means there will be six terms...
5% 5. 20 5% 1, 2.4 5% 0...2.5
. 53 o+ x (3y7) Ti5x"@y) 7
Coefficients for 5th power: 1, 5, 10, 10, 5. 1 <0 > 870y <4 Gy
(first term) (fifth term) (sixth term)
s.xLgiy®  =|405xyS

3
2) What is the coefficient of the st2 term in the expansion of (s — 5t) ?
The STZ term occurs when the coefficient is 3...

3.0
1s7(-50)° + 3525t + 351 (s + 15%-5)°

Coefficients for 3rd power: 1,3,3,1
s3 - 1552t + 7552 — 125 coefficient is 75

3) In the expansion of (2k+ 2)18 . what is the term that includes k 7o

18

R T e e R

8342470656k

31824 - 2181{7



4) Expand the following (2 + 37)° SOLUTIONS Binomial Expansion Quiz

Method 1: DeMoivre's Theotem Method 2: Binomial Expansion Theorem

Step 1: convert into polar cis form s
2 +30)°
! r =413
Af13 Step 1: Apply first part of binomial expansion
3 E3= 56.3099
S
R
2 P + 2%t + 23(3172 + 22(3133 12160t + 2%0°

=]
Af13 cis 56.3099

Step 2: Add the coefficients (using Pascal's triangle or combinations)

Step 2: apply DeMoivre's Theorem
5.0 f5),4..1, (313 2 |5 5
n ; 3 > + + +
[reis] =1 cs(s) (0>2 (30) +(1 }2 (kD)) 2}2 (30) +(3 }2 (3:) ( }2 (3:) >2 (31)”
; 5 ; 5
[4/13 ¢is 563009 ] = 169413 cis281.55 32+ 80(3)  + 809%) + 407’y +10@stity + 243
i + — i+ 810 + 243i
Step 3: convert to rectangular complex form 32+ Ho 720 1080i
121 — 59T

L f__\\ 122

L /3.45
- 597

~17

5) Find the X3 term from the expansion (2x +——)

7 40 -
(2%) (%) = i/ (2x)4(i)’ S

7 5 g 2 -
occurs when 5120 (%) == 21(32%°

"=y @) =yt
(2x)5(%)2 = i3 el 43008x°
6) Solve the following: find n 6(111176j - %
) e
o! 30 - 1)!

_ 3(1y/1 ! answer: n=18




Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Cheers

mathplane.com

Mathplane Express for mobile and tablets at Mathplane.org

Also, at TES and TeachersPayTeachers



