Calculus Introduction:

Continuity and Differentiability

Notes, Examples, and Practice Quiz (w/solutions)
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Topics include definition of continuous, limits and
asymptotes, differentiable function, and more.
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Continuity/Discontinuity

Definition: A function f{x) is continuous at point 'a' if

1) fla) is defined

2) ]J'ma ) exists A function is continuous if every point on the interval is continuous
—

X

3) I fx) = fla)
X—a

‘What is it? A function is continuous

"if you can draw a graph without lifting your pencil off the paper"

DIScontinuity Examples:
Removable Discontinuity "hole” Tump Discontinuity Vertical asymptote "undefined part"
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Note: An entire function may not be continuous, BUT
Can a piecewise function be continuous?  Yes! it may contain "intervals” of continuity.
For example: g(x) is not continuous, BUT
Example: the intervals [-7, -3] and (-3, 7] are continuous!
2x+1 if x<0
=g
x“+1 ifx>0 ‘Why is this not a continuous function?

!
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Answer: It's not a function!! (violates vertical line test)

Since the pieces meet at the same spot, it's continuous!




Example: Describe the discontinuity of each function at x =0 b) x| c) X
X X
) 1 im
x x>0~ ~ 7% - , ,
limit does not exist; f{0) is undefined;
lim -~ asymptote, infinite discontinuity
x0T~ to
b) x| lim
X x>0 - -1 limit does not exist f{0) is undefined;
Tm B jump discontinuity SR
x>0t = 1
<
c} X lim _ Lo . .
X x>0 1 limit exists: equals 1  f{0) is undefined
lim removable discontinui ole
x>0t T 1 v ¢
Examples: What values of a and b make the functions continuous?
3jb+a if X =-2 2ax—b if x=1
x) = x2+5 if -2<x<1 ax) = x2-10 if 1<x<4
2x+a if 1=x a+bx if 4 <x
W7 +5 =21 +a ?
fm ) im 2 lim o lim . 2a(1)—b = (1) —10
x> xsel’ 6=2+a x-1 Xl 2a-b = -9
4=a
lim lim #%-10 = a+b(4)
2 x4 x-=4T _
lm _im 3b+(4) = (-2) +5 6 =a+4db
320 x2

"The equations must be equal at the break points"
(In other words, where one piece of the function stops,
the next piece must resume in the same place.)

then, solve the system: 2a—b=-9 g3 -4b=-36
atdb=6 a14b=6

9a = -30

=-10/3
b= 7/3




Differentiable function

A function that is diffentiable at every point in the domain. (A function that has a derivative)
A curve that is smooth and continous. (no discontinuities or cusps)

What is it? "If you can determine the instantaneous rate of change at any point, it's differentiable.”

Comparison: If lim tim tim i
p <ob’ Jf < sb- then < b does not exist
and,

If the slope ffom the left is not equal to the slope ffom the right,
then the slope (instantaneous rate of change cannot be determined!)

NON-differentiable Examples

Cusp Undefined slope (not a function!) Discontinuity
/
I
/| -

Corner

At x = 2, what is the slope?
& From the left. the slope is 0
From the right, the slope is 1

The instantaneous rate of
change at x = 2 is ambiguous.

Therefore, the derivative cannot be determined!!

When is a function differentiable?
When you can determine the slope at every point on the given curve!

Important note: To be differentiable, the function must be continuous.

If a function is continuous, it may or may not be differentiable (at every point).
But,
if a function is differentiable, it must be continuous!




Example: 1s the function f{x) differentiable on the
mterval [-2, 5] 2

NO... Itis not differentiable at x =-1 and x=2 /
| | | |

%) Differentiability

(because the IROC at each point is ambiguous.. 1 T 1 1
at x = -1 from the left, the slope is -2, but

the slope at x = -1 from the rightis 1..

then, at x = 2, the slope from the left is 1. but
the slope from the right is 0)

Example: Is the function g(x) differentiable on the
interval [-2, 517

of g(x).. In other words, it indicates the slope at every

YES.. Because this graph displays the DERIVATIVE T /
point on g(x) I | | |

g'(x)  (derivative of g(x))

at x = -1, the slope of g(x) is -2

at x = 2, the slope of g(x) is 1

Example: What values of a and b would make this function must be continuous. Therefore,
function differentiable? 5
x*=ax+b atx=10
52 if x<10 100=10a+b
fx)= . and, the function must have the same
ax+b if x=10 derivative at x = 10 (from the left and right)

from the left, derivative is 2x...
s0, 20

and, if a = 20,

from the right, derivative is a + 0 b must be -100

therefore, a must be 20

check: ifa=20
b=-100

atx =10,

top is 100
bottom is 20(10) - 100 = 100

top derivative is 20
and lower derivative is 20

Example: N ] ;
x"+1 if x=0
8= - oo this piecewise fnetion & confimuons
1 if x<0 s Note: this piecewise function is continuous
i I R and smooth...
Is this function continnous?  Yes, because each piece meets
atx=0
atx=0, (O)2 +1=1 differentiable? ~ Yes, because the IROC (slope) at the "break point"

and, the limit as x approaches 0 from
the left also equals 1

is the same from the left and the right..

Both derivatives are 0 whenx =0
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Theory & College
== A

"You've always been so close.
‘What happened?"

"Sweetie pi, you're
being irrational."

"The difference
between
Pi and Three"”

L. Friedman #17 2-6-12

Eventually. Dr. Sigmund Calculus -- renowned math psychologist --
realized it's impossible to know what exactly separates this couple.

www.mathplane com

(*approximately .14159)

Continuity and Differentiation Exercises-—->

(with Solutions)




I. Explain why each is not a continuous function:

]
il
i} Exercise: Identifying Continuous &
N '\ Differentiable Functions
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II. Determine if the following functions are continuous. Then, graph:
3x+2 if x<0 2x+8 if x<-3
fix) = gx)= if -3<x< hx)= _1
22 i %20 2 if -3=x<4 ®= —

18-4xif =x=4




I11. Determine where (and why) the functions are not differentiable. Then, sketch the graphs.

FE)=|x—3+4 2

X if x=<1 3
gx)=4 4 if x=1 h(x) = x+2
x2 if x=1
IV: Determine the intervals where the functions are a) continuous b) differentiable
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Continuous: Continuous:
Differentiable; Differentiable:
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Continuous: Continuous:
Differentiable:

Differentiable:




V. Sketch a possible graph for the function fthat has the given properties.

1) f(3) exists 2) fi-1) exists ‘
. im lim _ fix) does not exist
hm3 JIx) does not exist " & = f-1) il
X — -
3) f(S) exists 4) ﬂz) does not exist ﬁS) exists

J(x) is not continuous

]jm. fX) exists lim fx) exists [is n_ot differentiable
=5 x— 1 at x=35
VI. What values would make the piecewise functions continuous?
x—4 2 e
—  if X:}gl 2% 7x+3 ifx%—-3
=) Wx -2 X+3
gx) = h(x)
ifx=-3

if x=4



VII. More Questions
D fix)= 5+Ax—2 2)

why is f{x) not continuous at x = 2?

if x<3
3 k=

kx+3. ifx=3

If h(x)is a continuous function, what is k?

2 Jif o x=-1
Do) = ax+b Lif -1<x<3
-2 Jif x = 3

If fix) is continuous, what are a and b?

5)  Where is the mterval differentiable?

(1.7 or [1,7] 2

g = x+ [eos(TTx) |

why is g(x) not continuous at x = 2?



Sketch examples of functions containing the following features. (BONUS: write a possible equation)

1) Vertical asymptote @ x =-4 2) Continuous @ x=1; a"comer" atx=1 3) ]jin:) f1%) does exist; f3) % gng Jx)
X
4) Infinite discontinuity @ x =-5 5) Jump discontinuity @ x =3 6) Step discontimiity @ x =5

7) Kink @ (-1, 5) 8) Cusp @ (4, 5) 9) }31111)2 exists, but f(2) has no value




I. Explain why each is not a continuous function: SOLUTIONS
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Exercise: Identifying Continuous &
Differentiable Functions

/|

"jump" discontinuity --
limit does not existatx =2

vertical asymptote
function is not defined at x = 3;
limit x +3 DNE

1
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A =1 so,itis defined 1~

lim )

x=>1/® =3

HOWEVER, D % lim x) X
x—=1

(removable discontinuity/"hole")

Not a function!

. - s, the fimit exists L
(fails "vertical line test") :

II. Determine if the following functions are continuous. Then, graph:

Definition: A function f{x) is continuous at point 'a’
if 1) f{a) is defined

Hm :
xist
xoa flx) exists

3) tm %) =fta)
X—a

2)

Although each interval is continuous,
the entire function in not because of the gap.

i.e. fix) is undefined from 1 to 4

NO (‘Jump' .
3x+2 if x<0 discontinuity - xF8 if x=-3 YES NO
)= 5 ‘ at x = 0, the 2 parts g(x) = 2 if -3 =<x<4 (pencilnever h(x)= 1 ertical as
x°—2 if X>0 of the piecewise 18-4x if x=4 leaves the paper) x+3 (vertical asymptote)

function don't meet!)

/
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II. Determine where (and why) the functions are not differentiable. Then, sketch the graphs. SOLUTIONS

fE)=|x—-3+4

there is a "corner" at (3, 4)
(i.e. the 'slope from the left' is -1
and, the 'slope from the right' is 1)

X

if x<1

_ 3
4 if x=1 h®= —,
x2 if x>1
h(x) is undefined (and not continuous)
2(x) is not continuous atx =1 atx=-2

removable discontinuity

x

A

/

/
/
/

IV: Determine the intervals where the functions are a) continuous b) differentiable

Continuous: all real numbers

Differentiable: ( —co.-2) U (-2, Too)

anywhere except x = -2

Continuous:  all real numbers except x = -2

Differentiable: ( —co,-2) U (-2, *o0)

anywhere except x = -2

Continuous: ( —¢o, 1] U (1, *co0)

Differentiable: ( —e0, 1] U (1.5 U (5.7 U (7.7o0)

All real numbers except 1, 5, or 7

Continuous:  all real numbers

Differentiable:  all real numbers, except x =-2 or 2

("cusps" or "kinks" at x=-2 and x = 2)



V. Sketch a possible graph for the function fthat has the given properties.

1) f3) exists f3y=4

SOLUTIONS

2) fi-1) exists

tim fx) does not exist

lim ) limit from the left is 4 m _ e x—=-1"
=3 ftx) doesnotexist  pit fom (he right is -2.. x>t & = A
50 limit DNE
- —"--‘-
//
7
L1
e - These are possible graphs..
Infinitely many other
2 answers exist...
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L
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3) « f5) exists 4) f{2) does not exist S(5) exists
. fix) is not continuous ‘ < not differentiabl
]_‘|_‘[n. %) exists tim %) exists fis n_o erentiable
5 x—2 at x=35
fi5)=3 /’J\}\. ﬂ
limit as x
approaches 5
/ is -2..
/ f(x) is not //
\3/ continuous A
because of the
removeable
discontinuity
VI. What values would make the piecewise functions continuous?
Xx—4 2 +7x+
——— ifx44 BB
=) #x -2 - -y XT3
g2 = find lm X4 h(x)
Xx—=4 Ax —2 -5 ifx=-3

4 if x=4

if we substitute 4 into the function,
it is indeterminate

0 so, multiply by the conjugate

of the denominator

M 2 w-aWx+2)
Mx +2 x4

= mmox 2

x—=4

lim X4

x4 )x -2

=4

the rational expression is a line with a 'hole’

f1=2

limit from the
right is 2...

There is no
limit from the
left..

f12) DNE

limit as x
approaches 2
is 4

f5)=1

due to the 'cusp’
or 'kink', the
slope is not
defined, so

%) is not
differentiable
atx =35

To fill that hole, we find the limit as x approaches -3

lim 2x T 1)x+3 lim
X -3 (x+3) X -3

@x+1) = -5



VII. More Questions

D fix)= 5+Ax—2

why is f{x) not continuous at x = 2?

L

0 L7} 1|D
el ifx<3

3 hx) =
kx+3 if x>3

If A(x)is a continuous function, what is k?

a) h(3) must exist

b) tim h(x) must exist
Xx—=3

9 M hw = ne)

2 Jif o x=-41
9 fx= ax+b Lif -1l <x <3

-2 Lif x =3

If fix) is continuous, what are a and b?

Is

lim fl(x) = lm _fl(x) 227
+ _}7 [t

Xx=+7 X

We don't know....

SOLUTIONS

2) g = x+ [eos(TTx)|

why is g(x) not continuous at x = 2?

limit from the left does not exist

A/
10 -
ved
: A
N pod jump discontinuity
7/
i
5 10 15
Pz |
for the limit to exist,
tim the limit from the right
+ X)) = + = =
cosl M= k@) +3 3k+3 st equal
the limit from the left...
. 3k + 3 =9
lim 2
— h®) = k(3 =
X3 @ ok k=172
i fx) =2 A% = a@3) +b
x> -1 x> 37
-a+tb=2
lim lim
fix) = a(-1)+b fx) = -2
<3 (a3 T 3a+b=-2
-a+b
? solve by elimination
a+b =2 3a+b = -2 da = 4
a=-1 b=1
Where is the interval differentiable?

(1,7) or [1,7] 7

The answer: (1, 7), because the rates of change of 1 and 7 aren't confirmed...

function at x =1 and x = 7 are
NOT differentiable...

Function at x =1 and x = 7 are
differentiable!



Sketch examples of functions containing the following features. (BONUS: write a possible equation) (Possible) SOLUTIONS

1) Vertical asymptote @ x =-4 2) Continuous @ x=1; a "comer" atx=1 3) MM fx) does exist: f(3) % ]:i:m3 fx)
X33 : X
: T T T 1T 1T1T7
] 2x-2 if x<3
; ! fy=% 6 ifx=3 &
! x+4 ‘ }.r
| x+5 ifx>3
S
| &
1
| I /
I T
i
| 2 if x=1 )
1 fx) =
: x+1ifx>1
T
i | | | | | | 1 /
. HEEEEE /
T
1 (Step and Jump are same)
4) Infinite discontinuity @ x = -5 (x+5 )E 5) Jump discontinuity @ x =3 6) Step discontinuity @ x =5
1
t
1
T
'l
T g
1
1
I N
A ;i
i >
i O
; 2 if x<3
1 ﬂ"{) =
1 x+1if x> 3
| HEEEEEE
X5 limit from left is -1
x— 5| limit from right is 1
Kink ="+ 1 +5 A gy Im i ;
7) @ (-1.5) y="[x+1+5 8) Cusp @ (4, 5) [x— 4] +5 ) x -y exists, but f(2) has no value
"-q.-.‘
[ | et

f/

B

fx) = x +(73{)EX3_) 2) (hole)



"Potsie, that was
a lucky guess.” || 'You tell 'em
i that, Malph."

AP Calculus

LanceAF #113 (11/22/13)
mathplane.com

Happy Despite Richie's help, Fonzie dropped out of Calculus.
Days (... although he did have some success with velocity and acceleration!)

Limits, Asymptotes, and Continuity Questions

(w/ answers)



L. Identify the vertical asymptote(s).
Then, describe the behavior of f{x)
to the left and right of each asymptote.

Limits, Asymptotes, and Continuity

i
<+ +
X -9

X-2 X0
1) fix = ] 2) /0= tan(x) D=4
) 9= 573 1
- x>0
X
x*-4
II. Sketch a graph of the function g(x) = x—1
Identify the slant asympiote.
III. Find and describe each discontinuity:
(e.g. Jump, infinite, removable....)
1 - __ x+5 _ Ixl ) hx) =
) 0= e 2) ™= ) hx)




IV. Find and describe each discontinuity: Limits, Asymptotes, and Continuity

(e.g. Jump, infinite, removable....)
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V. Applying the definition of continuous:

a) Does f{1) exist?

i}\ b) Does xﬁf} JX) exist?
\ /1\ |
\\ J \\ c) Does f{1)= xh_{,l} fx)?
\T \ d) Is f{x) continuous at 1 ?

VI. Find the value for a, so that the function is continous:

-
X“*—4 x <3
Jix) =
2ax x =3

-

VIL: Sketch a possible graph:

« f3) exists

. It 9= 13)

limit .
. — fix) does not exist
X33 Sx)




o

. Identify the vertical asymptote(s).
Then, describe the behavior of f{x)
to the left and right of each asymptote.

SOLUTIONS

Limits, Asymptotes, and Continuity

L ? X<0 5
- +4x+3
D fy= 21 2) fix) = tan(x) 3) fx) o= F =
- x>0 -
f@:w : I ) X )= (x+3)(x+1)
2 7 1
2(x+2) : | vertical asymptote: X =10 (& 3)E-3)
zeros: -1 and 1 | : behavior on rieht of 0: X-intercept: (-1, 0)
y-intercept: (0, -1/4) 1T n is any goes toward +oo y-intercept: (0, -1/3)
vertical asymptote: x=-2 - > integer , _ vertical asymptote: x =3
(function is undefined at x = -2) - - o ,ﬁ_ beha‘&?or OI:jliﬂ of 0: "Hole": x=-3
rerti : . goes toward 2 .
limit to -2 from the left: — oo vertical asymptotes: 2 - approaclulng 3 (left): —
limit to -2 from the right: +co behavior (left): +co behavior (right): — apprpac}mlg 3 (from
(test -2.0001 and -1.9999) 2_, the right): +eo
II. Sketch a graph of the function g(X) = ;X _—
1
1
Identify the slant asymptote. I
I
factor the expression:  (x-2)(x+ 2) : L
-1 ; 127 x| =®
reveals x-intercepts: (2, 0) (-2. 0) . . ;'/ =703
IRy -4 | -4/3
y-intercept: (0,4) g(0)=4/1=4 R ¢ 20
/L,-d ! 0| 4
vertical asymptote: x=1/2 lone division to T " | 1| -3
T - /'ff 1 ~ 0
find slant asymptote e 1 =
L 174 gFT I 5 (7/3
- T
since degree of numerator (2) B —— 2x-1 I
is one more than degree x-1 ‘ X“+0x+4 '
. 1
of denominator (1), L. x?2 1
there is a slant asymptote... 72 +4 #,-
slant asymptote: y = —}Jx + % —x2-14
B 17/4
III. Find and describe each discontinuity:
(e.g. Jump, infinite, removable....)
3-x Xx=<2
+5 | |
1 X)= ——=19 X —_— 3) h(x)= =
) 0= e 2) g®= ) hx) 4 x=2
(there are vertical asymptotes at (e
x=2 and x=23) ‘\ -
"nfinite discontinuity" at /
2and 3 €
"jump discontinuity” at
x=0 "removable
limit from left is -1 and discontinuity™"

limit from right is 1

atx =2




IV. Find and describe each discontinuity: SOLUTIONS Limits, Asymptotes. and Continuity
(e.g. Jump, infinite, removable,...) / infinite discontinuity
; atx=-3
1 jump
) discontinuity ~ 2) m
T atx =2
& v I : \\ "hole"
T removable l ! \\ (removable
I discontinuity ! I N el 4 X discontinuity)
l 47 atx=4 1 = atx=3
P, ,/‘:}\ e e b e bl
\\ J/ :
N/ 5
1
1
I
:
V. Applying the definition of continuous:
a) Does f{1) exist? yes... fll)=1
i)“\ b) Does X]J';T)T} fix) exist?  Ves.. the limit as x approaches 1 is 3
lim .
\\ { \ ¢) Does fil)= 7, fix)? no.. 1 7!;.
h \ . 10..
d) Is flx) continuous at 1 ? by definition: since ¢) is not satisfied, the
I function is not continuous...
by graph: since you would "lift your pencil
off the paper" at x = 1 and x= 0, the function
VI. Find the value for a, so that the function is continous: is not continuous. ..

-
x“—4

Jix) =
2ax

VIL: Sketch a possible graph:
« f(3) exists
limit -
. I 0= )

limit .
. — fix) does not exist
X33 Sx)

X< 3

to be continuous, the function must meet at x = 3..

> 2 -
at x=3, x°—4=5

x=3

therefore, at x = 3, 2ax must equal 5....

2a(3)=5 a=15/6
A piecewise function with -
jump discontinuity -
would satisfy the conditions.. "\
f3)=2 5
-
I fx)=2 L~ ]
X-->37 -

lim -
s undefined
3™ fx) is undefine

~
L¥¥]




Thanks for visiting. (Hope it helped!)

If you have suggestions, questions, or requests, let us know.

Cheers,

Mathplane.com

"Find the weekly webcomic
and more at Math Plane."

mathplane.com

Also, at Pinterest, TES, and TeachersPayTeachers.

And, Mathplane Express for mobile at Mathplane.ORG



