Definite Integrals:

Antiderivatives, concepts, and applications

Notes, Examples, and Practice Exercises

Topics include velocity, distance traveled, “finding C”,
average value, area, geometric shapes, and more.

Mathplane.com



Finding antiderivatives and integrals

Integral or Antiderivative?

Antiderivatives and Indefinite Integrals are similar....

If you find an antiderivative, then you find one function.

(there are others)
If you find the indefinite integral, then you find all
the functions at once!

A definite integral is different, because it
produces an actual value...

Antiderivative: A function that has a given function as its derivative.

F(x)= x3 +7 is an antiderivative of f{x) = 3x2

Indefinite Integral: A family of functions that have a given function
as a common derivative.

S 3X2

(Definite) Integral: An integral evaluated over an interval

-x3 +c (where C is any constant)

(which determines area under a curve)

"limit of a Riemann Sum where the partitions approach 0"

4 4

2 3

S X" = X = (4)3 _(1)3 = 63
1 1
Some techniques:
4
Example: S x—3N2x+4)dx Approach: Multiply the binomials (FOIL)
1 4 4
, 3 2
S xP-x-12 a0 = E X _x
3 2
(Definite) Integral ! !
= 128 16 —as

3

2 _
2 —1—12%_ -9

e
Example: 2
P S XAxAL dx Approach: Divide the rational equation (i.e. separate the terms)
X
1
e e
x? x 1
% N % dx = X+ 1+ —X dx
(Definite) Integral 1 1
x2 ¢ 2 1
tx+ Inx = +e+Ine — | T1+inl
1
2 2
+te +1 - (312) = +e —1/2
Example: S X (% - /\4/:(_ ) dx = Approach: Change radicals to exponent form; then, combine
ER 7 2 ; 9
Indefinite Integral S %2 < & = X3 X _ 3 3 4 5 4 P
A 9 K o
3 4



Finding antiderivatives and integrals

sm;Zx}

cos (2x)

Example:

5

Approach: U-substitution

Approach: Change form with trig identity

arctan(u) + C

sin(2x) * 1 S sin(2x) CO_SE(ZX) dx u = cos(2x)
cos(2x) cos(2x) dx du = -2sin(2x) dx
. -2 Cs -1 .
sin(2x) u” dx 5 du = sin(2x)dx
S tan(2x)sec(2x) dx =
S 2 sin(2x) dx
L 1
2 2 tan(2x)sec(2x) dx = —sec(2x) + C
2 _ _
2 -1 1 1
0 S—du = u o I B
2 1 2 T u
= 1 sec(2x)
2c08(2x) 2 +C
Example: 1 ,
Y dx = In(x)+C X must be positive! Restrict the Domain
£ . X o X
xample. S & rewrite: n it
9 + x* :
a1+ =—)
X 2
inverse tangent — 4 dx u" = }3;— g‘“ — %x
a+ 2 .
2
s
31 ’
2 g 4 dx dx
1+ = = arctan(x) + C
( ) 1+x? ®
1 x2
§ arctan( 37 ) +C 1
1+
Example: ! rewrite:
e & x w=4x  du
1+ (4x) - ~¢
so, we need a 4 in the equation...
1+ (4X)
L an-](4x) +C



Antiderivatives and Integrals Quiz

I. First and Second Antiderivatives
1) f(x) = 3x% +6x +5

If f{3) = 10, whatis f{x)?

2) frx)=2-12x+ 102

o) =4
@ =12

Find (%)

3) FE =202 +12x% - 6x

Find fx) and f"(x)

) frx) = xF+axiox+1

Find f'(x) and f(x)

4
D) S 18+ dsecxtany — ~ +

—

6)
dx
2
1+x



II. Position, Velocity, Acceleration Antiderivatives and Integrals Quiz

1) The particle's movement with respect to time has the following velocity.
v(t) = st + cost

Find the position function of the particle if s(0) =0

2) a(t) = 3cost — 2sint
s(0)=0
v(0)=4

What is the function s(t) that describes
the position of a particle?

What is the function v(t) that describes
the velocity of a particle?

3) a(f) = 2t+1
v(l) =5

s(0) = 7

What is the position
at 2 seconds?



III. Graphing Antiderivatives and Integrals Quiz

1) Fis the anti-derivative of f f(x)
F(0) =1 1

Using the graph of f, sketch F

£ F(x)

2)

+ f(x)

168

if f{0) = 3, using the graph of £'(x), sketch the graph f(x)




IV. Applications Antiderivatives and Integrals Quiz

1) A rock was dropped off of a cliff.
If it hit the ground at a speed of 120 feet per second,
what is the height of the cliff?

2) A math company estimates its marginal cost is 1.92 — .002x where X is the number of units.
If the cost of producing 1 unit is 562 dollars, what is the cost of producing 100 units?

3) Find fix) such that f'(x) = x> and the line x + v =0 is tangent to f{x)



Antiderivatives and Integrals Quiz SOLUTIONS

I. First and Second Antiderivatives
The derivative of f{x) is f'(x)... So, the antiderivative of '(x) is flx)...
1) /@) = 3x2+6x+5 fx) is (%) : I'(x)is fix)

The antiderivative of 3x2 +6x+5 is x3 + 3X2 + 5%
If f13) = 10, whatis flx)?
Since f{3) = 10, 3 2

X" +3x"+5x+C = 10 whenx=3 C=-50

10
_// 0 = <3 +3x? + 5% 50

27+ 27T+ 15 + C = 10

() +3@)%+56)+C

2) fr=2-12x+1 0x2 The antiderivative of f"(x) is f'(x)... (the derivative of /" is /") Then, the antiderivative of f'(x) is f(x)...
3
2 10x 3
ey e L 16
f0)=1 Sy = 2x — ox 3 t¢C ' = 1(;x - 6x% X+ -
. o 2 0@ _
1@ =12 since f'(2) = 12, 2(2) — 6(2) + 5 = 12 A
ey - M o3 2 16 e
Find f{x) 4 - 24 + B80/3 + C =12 12 3
C =517 whenis fl0)=4 ?
3
flx) = 2x - ox> + lgx + % When C=4
5
6_X4 3 rx2 4+ L8 x 44
3
3 fx)=200 +12x% - 6x J () is the derivative of /'(x)... %) is the antiderivative of /(x)...
Find flx) and f"(x) FUx) = 60x2+24x— 6 fx)is sty -t +c (where C is any constant)
ey — P 2
0 e - xS+axd-x+1 f(X)_fz +x' - S—+x+c
Find f'(x) and f(x)
x." X X z
S = —+t5 ~ 6_+T +Cx+D
where C and D are constants
5) 2 4 1 -3x
x°+ 4secxtany — — — + 7 Te dx
x 1-x
to check: simply take the derivative.
5 (does it match the indefinite integral? yes!)
X ) 3
+ dsecr —dlny + sin"lx ——;e T+
answer: use trig substitution....
6 ! .
S dx let x = tan(u) 5
1+ 2 i sec= (u) du
-1 2 = gec? (u) 1+ tanz(u)
du
-1
dr = sec? (u) du 1 5 1 1
sec” (u) du _
| B = U e > tan'l(x) =1,1_1
s0 u= tan"(x) sec” (u) . ) 4 4 | 2
-1 - -




II. Position, Velocity, Acceleration

SOLUTIONS

1) The particle's movement with respect to time has the following velocity.

v(t) = sint + cost

Antiderivatives and Integrals Quiz

s(t) = -cost +sint+ C

Find the position function of the particle if s(0) =0

s'(t) = v(t)

anti-derivative of v(t) equals s(t)

S\-'=s

2)  a(t) = 3cost— 2sint
s()=0
v(0)=4

What is the function s(t) that describes
the position of a particle?

What is the function v(t) that describes
the velocity of a particle?

a(t) is acceleration (second derivative)
v(t) is velocity (first derivative)

s(t) is position (function)

3) a(t) = 2t+1
v(l) =5
s(0) =7

What is the position
at 2 seconds?

since s(0) = 0

0

0

1=2C

find anti-derivative of a(t)...
v(f) = 3sint+ 2cost + C
since v(0) = 4,
4 = 3sin(0) + 2cos(0) + C
4=0+2+C

2=C

v(t) = 3sint + 2cost + 2

a(t) =v'(t)
s0, V(1) is anti-derivative of a(t)

V() =t +t+C

vty = 1) +()+C
5=2+C
3=cC

v(t) = tZ +t + 3

-cos(0) + sin(0) + C

-1+0+C

s(t) = -cost + sint + 1

find anti-derivative of v(t)...
s(f) = -3cost+ 2sint + 2t + C
since s(0) =0
0= -3cos(0) + 2sin(0) + 2(0) + C
=3+0+0+C

3 =C

s(t) = -3cost+ 2sint + 2t + 3

v(t) = s'(t)
50, s(t) is anti-deriative of v(t)
s) = 3 +t2 +3t + C
3 2
s0)=0+0+0+C
7=C

3 2

s)= —+ —+3t + 7
O= 5+

ats2) =83 +2 + 6+ 7 =17

L».)|N




1II. Graphing Antiderivatives and Integrals Quiz

1) Fis the anti-derivative of f f(x)
F(0) =1 1

Using the graph of f, sketch F

The max and min points in the f{x) function A

are points of inflection in the F(x) function ! ! ! !
The zeros in the f{x) function
are max and min points in the F(x) function T

Since the area below the x-axis is larger than
the area above the axis, then the graph will
end lower than it began... (In fact, (0, 1) is the
highest point in the interval..)

T F(x)
(0. 1) 4 point of
\mﬂecnon
| | | | |
I I I I I
-+ maximum pt. of
_— inflection
minimum pt. of
inflection
2)
|
T o—o T £()
i o - i
| | | | | -
1 1 1 1 1
T o—0 (0.3)
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if f{0) = 3, using the graph of £'(x), sketch the graph f(x)




IV. Applications

SOLUTIONS
1) A rock was dropped off of a cliff.

If it hit the ground at a speed of 120 feet per second,
what is the height of the cliff?

h(t)=-16t2 + votts, where h(t) is height in feet

t is time in seconds

Vy is the initial velocity
S Is the initial height
Since the rock was dropped, the initial velocity is 0

speed of rock: h'(t)... () =-32t+vy +0

120 = -32t+ 0

t= -15/4

when the time is 15/4

The rock hits the ground (at 120 ft/sec)

Antiderivatives and Integrals Quiz

h(®)

2
-16(15/4)" +0(15/4) + 5,

-16(225/16) + 0 + s

0
height must be 225 feet..
2) A math company estimates its marginal costis 1.92 — .002x where X is the number of units.
If the cost of producing 1 unit is 562 dollars, what is the cost of producing 100 units?
Marginal cost is the rate of change of cost, ¢'(x)=1.92 — .002x
To find the cost function, we need the anti-derivative.
2
c(x)=1.92x— Ogi +C
to find C, we need a value to set... 5
. ¢(100) = 1.92(100) ~ .001(100)" + 560.081
(1, 562) 562= 1.92(1)—.001(1)" +C
= 192 — 10 + 560.081 =|742.081
562-1919 = C
C = 560.081
3) Find f{x) such that f'(x) = x> and the fine x + v =0 is tangent to f{x)
First, we want to find f{x)...
find the anti-derivative of f'(x): x4 +C
4
then, figure out C (i.e. what value would make the curve have the tangent x +y =10)
At the tangent point, the slope of the line and the slope of f{x) will be the same...
y =-X... slope is -1... therefore, f'(x)=-1... x4
= +C=y 4
. _ 4 fx) = D ST 3
this occurs at x =-1.... Ifx=-1,theny=1 ) 4 4 1
ooy

C=3/4



"Tomorrow, we'll continue
integration by parts.. Come Integration
prepared!" uv = u'v + v By Parts

Integration
Buy Parts

N~ L
I-._
Y udv = uv - L\ v du

"Hey, dude. Are you
gettting this parts thing?"

m 1L

ACE's

hardware
E i\ used books, &
school supplies

"Mr. Ace, I said I need to buy integration parts.
It's for my math class. Are you sure you don't
have a dx, a plus C, or a squiggly thing?"

To sleepy calculus students,

LanceAF #207 (9-17-15) Integration by Parts sounds like a bunch of junk...
mathplane com




Definite Integrals and Area

Example: .
-x-1 if —3<x=0 s
fx) =
7/\/1 ~x* ifo<x<1
1
[
a) Evaluate the integral S fix) dx 2 — % - 14
-3
(Area of triangle 1) — (Area of triangle 2) — (Area of quarter circle 3)
above x-axis (1) below x-axis (-) below x-axis (-)
2
3 T
b) On the interval [-3, 1], 1 B
what is the area of the region 2+ - + o

bordered by f{x) and the x-axis?

(Area 1) + (Area 2) + (Area 3)

All the area values are positive! T T O
Example: 4
Evaluate the integral g AT —1] dx —3
]
1 4 2
Mx -1 de + g AX -1 dx
0 — 1 —+
+
3 1 3 4
x 2 %2 -1 o // _
— = - — X = 513
3 X 1/3 3 //
2 2 1 !
0 -1
1/3 and 5/3 =2
Example: Find the area between the line and the x-axis:
y=x
Y R — I I I a) between the y-axis and x = 3 3
1 X dx = 2
(Triangle) Area =~ (base)(height) ) 2
0
—2
b) between the y-axis and any x =t
t t
g = x2 _ itz
rae= 2
2 3 P! [ 0 0
) betweenx=2andx= 4 4
| y=x .
I I I . I (Trapezoid) Area=%(b1+b2)(height) o= o
2
d) between x = 2 and any t (that is greater than 2)
[ I [ ]| I t 2t
| 1.2
xdx = 2 = -t — 2 1
E 2 = (2 + )(t-2)
fi2y=2 fo=t ’ 2
. 2 2
(t-2) 1.2 Lo+ nu-2 J
! . : = 5t 4)0r2(J()




Average Value and Integrals

Average area under a curve (Integral) Mean Value Theorem
b If function f{x) is continuous on the interval [a, b], then there exists a
1 number "c"in [a, b] where b
b-a fix) dx .
. 9= o7 fﬁx}dx
a
Example: f(x)= x?+1 on the interval [0, 2]
a) Find the average value of the function
b) Find the value "c" guaranteed by the "mean value theorem"
2 2
3
a) to find average value.... 2 X _ & s oty = 14 area under the curve
g x"+1lde =5 +x = 3 *2 ( ) 3 (i.e. total value on interval [0, 2])
0 0
14
"divide by the length of the interval" 37) = % average value
2-0
b) since the function is continuous and closed on the interval,
there must be a value "c¢" such that flc) = average value b
1
= T d
so, where does the function equal % ? f©) b-a g Jx)
a
72
3 = X +1
x=242 3 : approx. 1.15 We don't include -1.15 (because it is not in the interval )
Example: fix)= 3x? has an average value of 100 on the closed interval [2, k]. What is k?
K K
a 2 g = .3 3 3 3 )
300 X7 dx X =k  —(2) =k —8 (areaunder the curve)
2 2
/ K- (c— 2)0% +2k + 4)
averagevalue = ——— _ 100 R s
200 x-2) (k—2) 100

(k2 +2k+4) =100

K +2k—96=0

\ 100 / (quadratic formula)
k= % o1] 8.85

On the closed interval [2, §.85], the average valie of 3x2 is 100

5 0 5 10 Notice, the average value 100 occurs when ¢ = 5.77 which is in the interval [0, 8.85]

(Integral Mean Value Theorem)



Distance Traveled

Example: A Pinewood Derby car slides down the ramp and stops after 5 seconds.
The velocity of the car can be modeled by the equation

vo= t2-o02t v(t)

t = time in seconds 4
v(t) = feet/second

How far did the car travel?

The graph shows the (cubic) velocity equation. 2
At every point on the curve, the velocity of the car is shown
at that instant. Therefore, the area under the curve, will
represent the total distance traveled. (each instant added up)
0 2 4 6
5
t
g t? - (}.2t3 dt (seconds)
0
5
3 4
1 02t - 1235 3125 _ |10417
3 4 3
0

Acceleration, Velocity, Position

Example: A bug travels along the x-axis.
The model of its velocity is v(f) = t2—8t+15

where 0=<17= 18 minutes, and the initial position s(0) =43 feet
What is the position of the bug when its acceleration is 6 inches per minute?

To find the acceleration of the bug, we must find v'(t).

vi)=2t-8 6=2t-8 The accleration oceurs at 14 minutes
t=14

Then, to find the position function, we must find the antiderivative of v(t)

3
s(r)=5 t2-gt+15 = ;——412+15t+ C

3
s(@) = 3’— —4t2 + 15t + 43

then, s(14)= 914.67 - 784 + 210 + 43 =|383.67

since s(0)=43, C=43



"Reese, this new teacher is
trying to kill my GPA."

LanceAF #156 (9-18-14)
mathplane com

John

talculus B Connor

High School

1im
t >2029

1984

"It's looking bleak...

"He came from my old school.
...Sarah, he's trouble. We need
to get out of here now!"

... I'll never survive
this class..."

"I think it's when
our final exam is."

"What does ‘judgment
day' mean?"

B s

The

A teaching style that is mechanical and relentless... ‘

Terminator

Practice Quiz-—->



A) Integral and Area Concepts

4 8
S 8(x) dx = —10 S g®) dc = 4 2(x) is an EVEN function
0 4

1) Sketch a possible graph that includes the interval [-8. 8]

2) Evaluate the following:

8 4 4 0
S g(x) dx = S g(x) dx = S g®) dx = S g(x) dx =
0 -4 -8 4

8 4 4 g
S 5g(x) dx = S gx) dv = S 8(x) +3 dx = S 28()— 1 dr =
0 4 0 4

3) What is the average value between x = 0 and x = 4? Between x =-8 and x =-4? Betweenx = -4 and x =47

B) 13
S h(x) dx where A(x)= 2x% +3x+5

1

1) Evaluate the integral using the Fundamental Theorem of Calculus

2) Compare the value using 4 right rectangle sums

3) Compare using 3 mid-rectangle sums

4) Compare using 4 trapezoids



1) Find the area of the region bordered by the line and the x-axis:

Integral and Area Concepts

a) between the y-axis and x =6

6 y= % Xx+2 | i
b) betweenx=2andx=6 d
- I’
c) between x = 2 and any t (that is greater than 2) —2
0 2 4 6 8
7 10
2) f(x)is an ODD function
S fE) de =20 S de = 14
0 0
a) Sketch a (possible) graph of f{x) which includes the interval [-10, 10]
b) Evaluate the following:
10 0 -7 10
S fx) dr = S fx) dx = S fdx = S f®dx =
7 -7 0 -10
€) What is the average value between x=-7 and x = 7?7
Between x =0 and x = 10?
Between x =7 and x = 107
d) Evaluate the following:
7 7 10

Sf(x)+3dt= S—f(x)—4dr= S 4f(x) dx =

0 0 0



3) A particle moves along the x-axis.
At any time (t), its acceleration is  a(t) = 6t — 18.

At t =0, the velocity is 24. v(0) =24
At t =1, the position of the particle is 20 x(1) =20

a) What is the function describing the velocity of the particle?

b) Write an expression for the position of the particle in terms of time (t).

¢) When is the particle at rest?

4) Graph and Evaluate:

a 1 b) 0
SIXI-ﬂbf S/\‘/ls—x?- dx

2 -4
0 0

Integral and Area Concepts

c) 4
Sz+/\/16—X2 dx
0

n




5) The following graph shows the speed of a car traveling cross country...
Estimate how far the car traveled between hour 2 and hour 8.
(***Use trapezoid rule with 6 intervals to approximate)

fit)
miles/
hour
80
'\\
| T
50
\
[
/
/
5 10

t hours

6) The acceleration of a particle can be modeled by the function a(f) = 2t— 8

If the velocity of the particle at 1 second is 5 fi/sec,

a) find the velocity function v(t).

b) Find the displacement of the particle over the first 6 seconds.

¢) Find the distance traveled by the particle over the first 6 seconds.

where t is time in seconds

Integral and Area Concepts




A)

Integral and Area Concepts

4 8
S 2(x) dx = —10 S gx) dx = 4 g(x) is an EVEN function SOLUTIONS
0 4 area is 4 4
. ] . Even functions
1) Sketch a possible graph that includes the interval [-8, 8] | /7§ ave s etry
ki I over the y-axis
-8 - 8
-10 area is 10
2) Evaluate the following; under the x-axis
s0, -10
8 4 4 0
Sg(x}dx——ﬁ Sg(x}dx=—20 Sg(x}dx—*lﬁ Sg(x}dx=1o
-8 4
0 -4 since integral from 0 to 4
is -10, the
ntegral from 4 to 0 is the
opposite..
8 4 4 8
S 58(x) dr = =50 S gx) dr = 0 S () +3 dv = 2 S 28@)-1dr = 4
4 0 4
5x(-10)=-50 the partition is
. . -10 + 34-0) = 2
a straight line (“4-0) 2(4) — 1(8-4) =4

with no width..

3) What is the average value between x =0 and x =4? Between x =-8 and x =-4? Betweenx=-4 and x =4?

‘\\
PN o o area -10
Average value is boundary width W - .25 -
B) 13
S h(x) dx where h(x)= 2x* +3x+5

1

1) Evaluate the integral using the Fundamental Theorem of Calculus

2) Compare the value using 4 right rectangle sums
(3x49) + (3x124) +(3x235) + (3x382) = 2370
Right rectangles overestimate the true value!
3) Compare using 3 mid-rectangle sums

3 rectangles: 1to 5 mid: h(3) 4x32
9to 13 mid: h(11) 4 x 280

4) Compare using 4 trapezoids
the height of each trapezoid is 3...
so, (1/2)(3)[h(1) + 2h(4) + 2h(7) + 2h(10) + h(13)]

3/2 [10 + 98 + 248 + 470 + 382 ] = 1812

_ -20
-8) _ [OEEO R

S

1464 2/3 +
253112 +
65 —
13 3 5 13
2 2% 4 3x + 5% _ 2/3
2X +3x +5 dx 3 2 32 -
1
1 = 1776
\ h(1) = 10
\
\ h(4) = 49
i
N h(7) = 124
- —_—
Tt h(10) = 235
1 4 7 10 13 h(13) = 382
10 49  Other method is just adding up 4 trapezoids....

First trapezoid has an area 1/2(basel + base2)(height) = 88.5

1 4



1) Find the area of the region bordered by the line and the x-axis:

SOLUTIONS

Integral and Area Concepts
a) between the y-axis and x =6

6 ! !
N | _ 2 1 ~
= — = 1 L —
area of the trapezoid 3 2+35)6) =21 S z—x+2dx _ ): +ox = 6 y—7x+27
0 0
b) betweenx=2andx=6
6 6 —4
. 1 1 _ x?
area of the trapezoid = —-(3 + 5)(4) =16 S x+2de = 5 tx| =
2 2 L
¢) between x = 2 and any t (that is greater than 2)
basel base2 height t .
1 _
— (A + O Nt—2 2
(2 +AHXE-2) S%X+2d\’:§—+2x SENCHPN - : ; : ;
1
— 3+ —2) 2 2,
T (t+10)(t—2)
. : 7 10
2) f(x)is an ODD function
S £ ds =20 S f®ds = 14
0 0

a) Sketch a (possible) graph of f{x) which includes the interval [-10, 10]

Odd function reflects over the origin...

Value between 0 and 7 is 20... between 0 and 10 is 14... Therefore, between 7 and 10 is -6

b) Ewvaluate the following:

10 0 -7 0 10
Sf(x)dx— Sf(X)a‘x— ~20 Sfix)dx=_gﬂxm = Sf(x“‘"“ﬂ
7 -7 0 -7 -10
. _ _ 0
¢) What is the average value between x=-7 and x =77 11 =@
Between x = 0 and x = 107 0 ,
Betweenx=T7andx=10? -6 | 5
7 = -
d) Evaluate the following:
Sf(x)+3dx= Eﬁ.\iﬁ Esdx S —f(x)—4dc = S 4f®) de =
0 0 0 0
0 -20 — 28 =| 48 4.14 =56
20 + 21 =41




SOLUTIONS Integral and Area Concepts

3) A particle moves along the x-axis.
At any time (t). its accelerationis a(t) = 6t — 18.

At t=0, the velocity is 24. v(0)=24
At t=1, the position of the particle is 20 x(1)= 20

a) What is the function describing the velocity of the particle?

Since the derivative of velocity leads to acceleration,
the anti-derivative of acceleration will lead to velocity!

S 6t—18dt = 3t> - 18t+C To determine C. use the given point (0, 24)

2 _
then, 24 =3(0)* — 18(0) + C W= 32— 18t+ 2
4=C

b) Write an expression for the position of the particle in terms of time (t).

Since the derivative of position is velocity, the anti-derivative of velocity is position...

S stP-1st+ 24 @ = t° —ot? +24t+C To determine C, use the position point (1, 20)

then, 20=(1) — 9(1)* +24(1) + C

20=16+C

)
s 2 =t3 —ot? +24t+ 4

c) When is the particle at rest?

The particle is at rest when its velocity is 0. (rate of change = 0)

velocity function: v(t) = 32— 18t+ 24

5
0= 3t"—18t+ 24 2 and 4

0=>3(t2 — 6t +8)
0=3(t—2)t—4)

4) Graph and Evaluate:

by 0 c) 4
2 ! area of triangles: ) - 1 5 - —
S\x\dx S /\/mfx? dx T’IT@) =47 5 /\/lﬁ—x dx s + 47
2+ 1 -[5a]
-2 -4 0

Recognize that this is 1/4 of a circle
(or, 1/2 of a semicircle)

-2

_dl




5) The following graph shows the speed of a car traveling cross country...
Estimate how far the car traveled between hour 2 and hour 8.
(***Use trapezoid rule with 6 intervals to approximate)

o E fit) dt

SOLUTIONS

Integral and Area Concepts

(Using integrals to find distance traveled)

fit) s NOTE: the y-axis is "miles/hour" and
- the x-axis is "hours"...
miles/
hour s0, if you multiply the x by the y, you
get "miles”! Each square unit is miles..
80
/ a 6 intervals: f(’.i) = 4_0
50 f(3) = 50 dt =
/i f4) = 60 t=1
\ f(5) = 67
f fl6) = 70
JJ fi7) = 63 1
Ir f(8) = 52 7 (1) [40+ 100 + 120 + 134 + 140 + 126 + 52]
5 10 t hours approx. 356 miles...
6) The acceleration of a particle can be modeled by the function a(f) = 2t—28 where t is time in seconds
If the velocity of the particle at 1 second is 5 fi/sec,
a) find the velocity function v(t). )
vit) = 5 a(®) v(1) =5
so, 5= (1) —8D+C V() = t° -8t + 12
= 5 2t-8 dt
c=12
= t“-8t+C
b) Find the displacement of the particle over the first 6 seconds.
b
5 6 6
w(t) = 2 3 3 216
5 tT —8t + 12 dt t _ 4"+ 12t = Y - 144 + 72 ﬂ
a 0 3 N
0
¢) Find the distance traveled by the particle over the first 6 seconds.
Find positive intervals and negative intervals...
t° -8t +12 =0
(t-2)t-6) =0 t=2 and t=6 the particle changes direction!
2 6 ) 2
G - s
Lo 2 + 2_ 5 = — AT 12t 32
tost+nd St 8L+ 12 dt 3 3 - 16 + 24 — [0-040 _ 32
D) b
& O
6
0 2
; 2., 216
v(t) T AT 12 = 44+ — 8 s
; 3 16t 24)|=|232
3

distance traveled:




Thanks for visiting. (Hope it helps!)
If you have questions, suggestions, or requests, let us know.

Cheers.
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